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Abstract: We describe several numerical schemes for conservation laws well adapted to
nonlinear aerodynamics. The schemes are vertex centered, dissipative. They apply with
second-order accuracy to unstructured tetrahedrizations and extend to higher order (up to
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Schémas V6 non-linéaire pour les écoulement
compressibles

Résumé : Ce rapport décrit plusieurs schémas numériques bien adaptés a ’aérodynamique
nonlinéaire. Ces schémas sont centrés sommet, dissipatifs, précis au second ordre sur des
tetraédrisations non-structurées et d’un ordre plus élevé (jusqu’a six) sur un certain type de
triangulation et tétraédrisation cartésiennes.

Mots-clés : Aérodynamique, schémas numériques, modéles hyperboliques, équations
d’Euler, maillages non-structurés
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1 Introduction

The present work is part of a research program aimed at proposing numerical schemes suit-
able for the simulation of a class of complex compressible flow models. In this class of
complex flow models we include Large Eddy Simulation models and, for the longer term,
nonlinear aeroacoustics. We also include complex geometries and various scales, so that
unstructured meshes should also be accounted for.

This paper is the sequel of a series of works focusing on the numerical simulation of turbu-
lent flows with second-order schemes which apply on unstructured meshes, and are equipped
with a very low dissipative term, see [11],[9],|10]. It also inherits from previous investigations
concerning the numerical simulation of the propagation of acoustic waves with first-order
partial differential equations of hyperbolic type, see |21].

As for space discretization, we will consider regular meshes in regions where the flow is
smooth or homogenous, and unstructured meshes in cases where this option can be more
efficient and manageable.

The case of regular meshes is an easier one. In the case of the advection with constant
velocity, to find a good advection scheme reduces essentially to finding a good interpolation
scheme. In the case of a Courant number equal to 1., some schemes can even be exact.
Dispersion effects can be mastered without much numerical dissipation. High-order schemes
are easier to build and less computer intensive.

The case of unstructured meshes represents the most difficult one. First, mesh irregularity
amplifies dispersion phenomena. Secondly, many useful numerical methods do not extend
easily (traditional compact schemes, for example) to the “unstructured” case. The combi-
nation of nonlinear first-order hyperbolic problems and unstructured meshes is generally
addressed with methods involving dissipation, which are obtained from extensions of Go-
dunov methods. Today, essentially two families of schemes enjoy high-order of accuracy,
conservation properties and dissipation ones, viz. the adaptation of ENO-type schemes to
unstructured meshes (|6]), and the Discontinuous-Galerkin method (|8]). These high-order
methods apply to any unstructuerd mesh at the cost of an important extra complexity. This
point is analysed for ENO in [13]. According to this work, these two families of schemes are
more accurate than previous methods mainly when they are of fourth-order ([13]). In that
case, they are efficient only when enough nodes are used and a very small error is demanded.
From these remarks we can derive the following recommandations for unstructured meshes:
- (i) build second-order schemes that involve small dissipation comparable high-order schemes,
- (ii) equip the second-order scheme of superconvergence properties on Cartesian meshes and
use as often as possible Cartesian grids in subregions of the computational domain.

By superconvergence properties we mean that the scheme applies to arbitrary unstructured
meshes but in region where the mesh is Cartesian, the truncation error is smaller by several
orders of magnitude. As far as (i) is concerned, we emphasize that the task is complex.
Indeed, dissipation should offer a compensation to dispersion in the sense that excessively
dispersed high frequencies should be damped in order to avoid oscillations and large errors.
In [16], we have introduced 2D versions of a new family of schemes. In |1,2,(3,/4] 5] a higher
order extension to 2D variable coefficients and nonlinear case is built and applied. In [21], a
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4 Koobus€s Wornomé€& Camarri€s Salvetti € Dervieux

3D version that is superconvergent for linear advection is introduced. We examine here for
the 3D case several nonlinear extensions.

2 Low dissipation advection schemes : 1D

Monotonous upwind schemes of Godunov type enjoy a lot of interesting qualities due to the
perfect adequacy of the involved upwinding to unsteady waves. Unfortunately, the amount of
dissipation which they introduce seems much larger than that needed to obtain an accurate
non-oscillatory numerical solution. As a consequence, the dominant term of the numerical
error is carried by the dissipation.

We suggest to forget about strict monotonicity and to get inspired by Direct Simulation
techniques in which non-dissipative high-order approximations are stabilised in good accu-
racy conditions thanks to filters which rely on very-high even order derivatives. We shall first
show how this can be done through a one-dimensional high-order MUSCL method, modi-
fied in such a manner that the dominant dissipation term is proportional to a sixth-order
derivative in space. In the linear case, this is exactly the construction of [16] also used in [17].

2.1 Spatial 1D MUSCL formulation

Let us first consider the one-dimensional scalar conservation law
ut + f(u)y =0 1)

As in a MUSCL approximation, a mixed finite-difference/finite-volume method is used for
the discretization in space. Let z; , 1 < j < IV denote the discretization points of the mesh.
For each discretization point, we state : u; ~ u(z,) and we define the control volume C; as
the interval [z; 1,2, 1] where z; 1 = %

As in a finite-difference method, we define the unknown vector U = {u;} as point
approximation values of the function u(z) in each node j of the mesh. The time advancing
is written:

Ui+ + ¥,;(U) =0 (2)

where, similarly to finite volumes, the vector ¥(U) is built according to approximations of
f(u) defined at cell boundaries:

\I’J(U) = _((I)j+% jf%) > q)j+% = ®(uj>uj+1afj+%—7fj+%+> (3)
where

O(u,v, f,9) = 5 [(1+dsign(c))f + (1—dsign(c))g] . c=f'(u/2+v/2).

DN | =

INRIA



Nonlinear V6 schemes 5

Let us write down a particular flux:

f'_;,_l_ +f‘+l+ . f'_;,_l_ _f‘+l+
D1 = O(ujujpn, - fiiae) = % + 5819”(0)%' (4)

2

The coefficient & controls the spatial dissipation. For defining the integration values
fj41+ of f at boundaries of control volume Cj, we apply the MUSCL methodology ([24]),
2

to the left and right control volume boundary fluxes; fj 4 1= is built using linear interpolation
2
formulas :

Livg- = hi+ %Alfﬁ%* b Jiar = i B 2 A0St
fici- =i+ 5 AL 5 fioie =0 = 3 Af e

0
where A fj 41+ are slopes, i.e. approximations of difference term a—fo:
b T

Afjyr- = =8 fia = F) + B = fi-1)
Afjoar = =8 fi1 — i) + B(fi+2 = fiv) (5)

in which 8 is an upwinding parameter that controls the combination of fully upwind and
centered slopes. For 8 = 1/3 the scheme is the standard third-order accurate scheme.

We observe that if the fluxes are based on polynomial reconstruction from the average
values of the unknowns, as in ENO finite volumes, choosing a higher-order reconstruction
will produce a higher-order finite-volume scheme. In the present vertex-centered context,
high-order accuracy is not obtained by a higher-order interpolation but by an interpolation
that compensates the error coming from the final central differencing in (3). This writes as
follows:

Afjpr- = =B (fia = Fi) + B = fi-1)
+0°(=fi—1 + 3f; = 3fi+1 + fizz)
+0U (= fi—2 + 3fi-1 = 3f; + fi+1)
Afjprr = =B = F3) + 842 = fi+1)
+0°(=fi—1 + 3f; = 3fi+1 + fir2)
+0U (= f; + 3fir1 — 3fir2 + firs) (6)

where 0¢ and % are parameters that control the combination of fully upwind and centered
corrections. In order to analyse more simply this scheme, we assume that

¢ = f'(u) is constant and equal to 1 .

RR n° 0123456789
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Schemes | w | 6 | 3 o° 67 Order
1 (o[t [1/3] 0 0 3
o |o|1]13]-1/6| o 4
3 Jo|1]13] o |-1/6]| 4
4 |o|1|13]|-1/10|-1/15| 5
£ |olol1/3]-1/10]-1/15| 6
5 1)1 0 0 0 4

Table 1: Accuracy of different versions of the new schemes in 1D case; coefficients are defined
in Section 2.1. and 2.2.

Then:
W) = 5 (14 )61 fiss
+ [(1+8)3 +250° — 4507 — 469 fi—2
+  [=2(B+268+1) —850° + 509+ 7504 f;_1
+ (668 + 1260° — 8569] fj
+ [2(8 — 203 + 1) — 830¢ — 509 + 7609 fi1
+ [—(1 = 8)3 + 250° — 4507 + 467 fito
—(1-4)07 fivs
) (7)
which gives:
2 93 3 94 4 95 5 96
ww) = Lo, 800 o8R0 0 280 0 BT o)
where
C; = 1-33
Cy = 8(B+20°+20%
Cs = 1-—158—606¢
Cs = 6(B+20°+80%) .

We observe that schemes described in (3)-(6) are in general second-order accurate but
they become high-order accurate for some values of the parameters 3, 6, 6 and #?. Fifth-
order accuracy is obtained with an adequate choice of the three coefficients, viz. [ =
1/3,0. = —1/10,0% = —1/15. In that case, the numerical dissipation takes the form:

D;U) = (—fj—3+6fj—2—15f;_1+20f; —15fj41 +6fjs2+ fixs ) (8)

60Ax

INRIA



Nonlinear V6 schemes 7

The corresponding dissipative flux writes:

)

D 1(U) = &0

(=fi—2 +5fj—1 = 10f; + 10fj41 = 5fj2 + fits ) - 9)
Since this dissipation term is based on an upwinding paradigm, it has good explicit linear
stability (analysed in the sequel), together with a balanced spatial stabilisation property. In
the case where the upwinding paradigm is not invoked in the design of a particular scheme,
we can try to get inspired by (9).

Putting § = 0, leads to a central-differenced (non-dissipative) sixth-order accurate scheme.

2.2 Central differencing and dissipation

The usual central-differences three-point scheme is penalized by a dispersion leading error.
This error is compensated in the case where we introduce the finite-element P; consistent
mass matrix with a weight w to be chosen between 0 and 1. The time advancing is written:

M,U(t) + Az¥(U) = 0 (10)

(M,U®)); = (1 =w)Uje +wmyj1Uj1, +wmyjUj e +wmy j1Ujer s

where
mji—-1 = 1/6Al‘
mj’j = 2/3ACE
m;i+1 = 1/6AZ‘ .

(11)

Then we can combine this time derivative with a flux as defined above, with the coefficients
3,0¢ and 0% chosen equal to zero. A fourth-order accurate central-differenced scheme is
obtained with these options (w = 1, 8 = 0, #° = ¢ = 0). However, this scheme lacks
dissipation for our purposes, we propose to add a sixth-order derivative. In order to prepare
an extension to gas dynamics, we introduce this dissipation into the simplified Riemann
solver ®. This is done with the following two ingredients:

(i)- a unique extrapolation f;/2+ f;+1/2 of the flux for both left state and right state,
(ii)- the same fifth-order derivatives T}, /5/2 for left and right state, but with different signs.
This writes:

Buv.fg) = 3[(1+dsign(e)f + (1—bsign(e)g] . = F/(u/2+v/2)
f = f;;l/Qij/2+fj+1/2+Tj+1/2/2
9 = finp =12+ /2= Tinp/2.

RR n° 0123456789



8 Koobus€s Wornomé€& Camarri€s Salvetti € Dervieux

Terms f;/2 + fj11/2 will contribute to the central differenced flux, while terms T} ;/5/2
will appear only in dissipative terms and finally give the sixth-order dissipation. According
to the Pascal triangle, a fifth-order difference evaluated between j and j + 1 can be written
as follows (C > 0):

Tjy172 = C(=fj—2 +5fj—1 = 10f; + 10fj41 = 5fj42 + fits) (13)

introducing 6 fx k-1 = fr — fr—1 we get:

Tit1/2=C(0fj-15-2—40f; 51+ 60f415 —40fjr241+ 0fj13,42)

introducing the central difference ka = 0.55k+17k + 0.55fk7k_1 we get:
Tjp12 = C(20f51 = 50f; -1+ 60 115 —50fir2 11+ 20fit2)

In order to introduce the same level of dissipation as in the upwind case (8), we choose the

constant C as: 5
c
C=—.
60

2.3 Time advancing stability
2.3.1 With a diagonal mass matrix

We can combine the above scheme with the standard Runge-Kutta time advancing.

U<0> =y
= At ¥(U™)
= At (U™ +V1/2)
= At U(U™ +V5/2)
V4 = At U(U™ +V3)
Untl = UM+ V)64 Va/3+V3/34V4/6

(14)

In many case a linearized version can be used. Let us recall the Jameson variant ([23])
which applied to any number of stage and writes as follows:

U =gyr
At
Uk =g 20 g (kD) g=1... 15
1 (NJ)FN_ICJrl ( : o ()
Urtt =U

We recall in Table[2 some typical maximal CFL numbers for the six-stage RK scheme, which
ensure a global accuracy of five for the two best schemes of the proposed family. This table
illustrates that the above schemes can be used with CFL number of the order of the unity.

INRIA



Nonlinear V6 schemes 9

w| B | ¢° 07 [0 | CFLmas
0 1 1
0/1/3| o 0 |1| 2310
0|1/3|-1/6 | 0 |1] 0263
0|13 0 | -1/6 |1| 1.332
01/3|-1/10|-1/15 1| 1.867
1] 0 0 0 |1| .303

Table 2: Maximal Courant numbers (explicit RK6 scheme) for the four different FV-V6 and
the FE-V6 spatial schemes(1D analysis)

2.3.2 With a consistent mass matrix

The stable time steps of diagonal mass-matrix version do not apply to the mass-consistent
case,

U =yn

At
k) —pygO =" -l (k=1 =1...N 16
U = U0 T (OO), a9
untl =yu

see (Tabl2).

2.3.3 Implicit time stepping

All of these schemes can be advanced in time with implicit schemes such as BDF1 and
BDF2, see [15]. Combination with Defect Correction (]20]) is also possible. Linear stability
is unconditional in all cases.

3 Unstructured two-dimensional case

The family of 2D schemes that is considered is a mized finite-volume finite-element approz-
imation, applying on triangulations, and of vertez-centered type. We refer to [18] for a
detailed description of this family of scheme.

3.1 Dual finite volume

Around each vertex is built a cell following to main options:

- either the cell is limited by part of the medians of surrounding triangles,

- or the cell is built according to an idea of Barth ([7]) by joining the center of edges with
the center of the smallest circle containing the considered triangle.

RR n° 0123456789



10 Koobus€s Wornomé€& Camarri€s Salvetti € Dervieux

Figure 2: Circumcenter “Barth” cell con-
Figure 1: Median cell construction struction

Figure 3: Trace of the medians division on  Figure 4: Trace of Barth division on two
two Friedrichs-Keller elements Friedrichs-Keller elements

The fluxes are assembled on an edge-based process, i.e. for each edge ij between two
nodes i and j, and then summed for each node i as follows:

meas(C’i) Wi,t F +X (I)ij = 0 (17)

where ®;; are elementary fluxes computed with Riemann solvers.
We first recall the features of an extended version proposed in [16], [17] for Euler calculations.

The numerical integration of a finite-volume upwind scheme with constant-by-cell inter-
polation generally leads to approximations which are only first-order accurate. The MUSCL
methodology of van Leer has been extended to vertex-centered unstructured formulations
in order to reach second order accuracy (see for example [18]). This extension relies on the
evaluation fluxes with extrapolated values F;;, F; at the interface of the cells (Figure [5):
with:

INRIA
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—

{Fi‘ = F + 05 (VF).ij (18)

Fjy = F; — 05 (VF)jiij

where the “extrapolation slopes” (V F');;,5i are obtained using a combination of centered and
upwind gradients.

In order to increase the accuracy of the basic MUSCL construction, we propose to define
these slopes as follows : _ . .
The centered gradient (VF);; is defined as (VF); .ij = F; — Fj.
The nodal gradient (ﬁF)Z is calculated on the cell C; as the average of the gradients of the
triangles which include the considered node :

- 1 meas(T) = 7
(VF); = FV® (19)
TGRS IR

In order to define other approximations of the gradients, let us define the upwind and
downwind triangles T;; and T};. The element T;; is upwind to the vertex ¢ with respect to
the edge ij if, for any sufficiently small positive number 7, the vector —7ij starting from S;
is inside the element Tj;. Symmetrically, the element T}; is downwind to the vertex i with
respect to the edge ij if, for any sufficiently small positive number 7, the vector nﬁ starting
from S; is inside the element T};. With reference to Figure[6, let €,;, €mi, €, and €;5 be the
components of vector ji (resp. z}) in the oblique system of axes (z'?z, zfn) (resp. jr, j?s)):

]Z = em-m + emiz'm,

’L] = Ejrj’l’ + stjs.

Then saying that T;; and T); are upstream and downstream elements means that they have
been chosen in such a way that the components e,.;, etc. are all nonnegative:

T;; upwind and T);; downwind < €,;, €mi, €7, €55 are all non-negative.

RR n° 0123456789
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The upwind gradient (ﬁF) ; is computed as the usual finite-element gradient on T;; and
the downwind gradient (VF) on T)j;. This writes :
(VF), = VF|z, and (VF) = VF|g, where VF|r = Y F;V®]|r are the P1-

keT
Galerkin gradients on triangle 7. This option allows extensions to Local Extremum Dimin-

ishing (LED) schemes as shown in [23] [14].
We also need to define: . .
(VE)§ig =F; — F; .

We now specify our method for computing the extrapolation slopes (ﬁ F);; and (ﬁ F)j;

+£c (ﬁ ) ij = 2(VF)§.ij it (ﬁ F)d,.ij (20)

-

+&a |(VF)p: ij — 2(VF)iij + (VF).ij|

The computation of F)j; is analogous:

(VF)juij = (1- )f F)g.ij + ﬁ(ﬁF)d
+Ee [((VF) qj — Q(VF)U ij + (VF) (21)
+8a |(VF)ps,ij — 2(VF);.0j + (VF) ;

The term (ﬁF) is the gradient at the point DJ;. This last gradient is computed by
D,
interpolation of the nodal gradient values at the nodes contained in the face opposite to @
in the upwind triangle 7;;.

Figure 6: Localisation of the extra interpolation points Dy; and D7, of nodal gradients

The coefficients 3, £¢ and £¢ are upwinding parameters that control the combination of
fully upwind and centered slopes.

INRIA
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3.2 Consistent-mass variant

A important variant of the above scheme involves a time derivative that is evaluated with
the finite-element consistent mass matrix, expressed in terms of the usual P; test functions
as follows:

MEPM = / Yirh; dv (22)

which carries an extra parameter w equal to 1 when the matrix is from FEM, 0 when we
keep the previous diagonal one:
My = w/ Yih; dv+ (1 —w)MFVMj

MEFYMj = meas(Cy) if i=3, 0 else.

3.3 Analysis of Cartesian case (2D/median/2D /Barth)

We have introduced a discretization of the spatial flux, which is parameterized with the
coefficients 3, £¢, € and §. We have also introduced a discretization of the time derivative,
parameterized with a coefficient w as a weight between a diagonal finite-volume-like mass
matrix and a finite-element one. We restrict to an advection model:

Ui+ aU, +0U, =0 . (23)

We denote by U?:9:¢e:¢a the discrete solution of obtained by applying the above scheme
with the parameters (5,0, w,&.,&q). Let us give a few truncation error calculations.

3.3.1 Basic beta-delta-scheme

upeot = —al, —bU,
+T5
+T5
+T4
+T5
7 7
+0(A 6,%7%, y°) (24)

RR n° 0123456789
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with the following second-order term:

T =
3
( 66 )Cle Uszzy
36—1
(38-1) Uyyy
with the following third-order term:
T3 =
I} Ax3
B
—6 <3 |C1|AZ? Upssy
0 s |C1|AzAy U,
- g 1‘ TAY TTYY
B
—0 <§ |CI‘A5‘/2 Usyyy
i Ay?
—0 (E C3E Uyyyy
with the following fourth-order term
T, =
aéAx4 -
G 1
(24 - 7_ CIAJ) waawy
5 _ 1 CiAz?Ay U,
12 36 Y Yasayy
543 1
58 1
<_ - 72) OlAyS Usyyyy
5
gAy4 Uyyyyy

INRIA
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and the following fifth-order term:
Ts =
Axd
- ﬁ Q—x UIJJLLI
727 Ay
—(5£|01|Al‘4 U.
12 TTTTXTY
50
—5ﬁ|Cl\Aac3Ay [ —
50
—(5E|C’1\Aac2Ay2 Usaayyy
50
—5ﬁ|Cl\AacAy3 Usayyyy
) p Ch|Ay* U,
- E| 11Ay TYyyyy
B ., Ay’
_55035 Uyyyyyy (25)
and where the C;’s are affine in Ax and Ay:
C1 = bAx+alAy
Cy = [bAz + aAy|+ | — bAx + 2aAy|
Cs = [bAz + aAy|+ |+ 2bAz — aAy]| . (26)

3.3.2 Analysis of consistent-mass variant

The basic # — § — w scheme involves a diagonal mass-matrix version when w = 0 and a full
consistent mass-matrix for w = 1. We give now the extra terms introduced by the general

case (w # 0):

B.0:w,0,0 _ 78,:8,0,0,0
Ut - Ut

RR n° 0123456789
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with the following second-order term:

P =
+%wa2 Usze
+%C1 Az Ugzy
+%Cl Ay Usyy
—I—%wAyQ Uyyy
with the following third-order term:
P; = 0
with the following fourth-order term:
P =
_a%(g i % - %)Am“ D—
_%(5 4 % - %)Cle?’ ——
_%(5 + % - %)Clesz Uszayy
25+ 2~ SIOATAY Usryyy
_%(ﬁ + % — %)C1Ay3 Uzyyyy
—blw—Q(ﬂ + % - %)Ay4 Uyyyyy

we do not give the further terms and refer to |[15]. The above terms allow to verify that for
6 =0and w=1, P, and T, compensate, P; and T3 vanish, the scheme is fourth accurate.

The scheme is not dissipative and this can carry some stability problems for compressible
flows and non-regular meshes. We can add a dissipation term as in Sec. 2.2. An adaptation
will rely on dissipation fluxes:

Ty; = C(2(VF)py, .ij — 5(VF).ij + 6(VF);.ij — 5(VF)},.ij + 2(VF) -, ij) -

INRIA
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3.3.3 Analysis of £, terms
We assume w = 0.

Utﬂ761075670 _ Utﬁ,&O,O,O

+Q2
+Qs3
+Q4
+@s
AzT Ay’
JAN A —— 6 2
with the following second-order term:
Q2 = 0
with the following third-order term:
Qs
2€c
—0(&) |C1|AzAY  Usayy
2€
—0 (%) ‘01|Ay Usyyy
&
-0 (g ~o Unywy
with the following fourth-order term:
Qs = 0

RR n° 0123456789
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and the following fifth-order term:

€c

C'2 A Ux;ca:wcx

_6_C |Cl |A374L Uxau:x:cy

5
gc |Ol ‘Axg Ay U;cacmcyy

5
EC =210 | Az Ay? Usaayyy

5 c
5 |C’1\Aa:Ay Uzzyyyy

—5*C |Cy |Ay Usyyyyy

Sc

3.3.4 Analysis of £; terms
We assume w = 0.

8,860,064 _ 176:8,0,0,0
Ut - Ut

+Rs
+R3
+Ry
+Rs
Az” AyT

JAV A p—
+O(x’Ay7A‘r7

Ay°) (30)

with the following second-order term:
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with the following third-order term:

Rs

&a
s
( 6 J».L‘LI
284
-5 (%) C1AZ? Usea,

24

I

=0 ) |Cy |Ay Usyyy

€a
—0 (6) Uyyyy

|2

with the following fourth-order term:
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and the following fifth-order term:

Rs =
A 5

—J%CQA—”; A
R LN -
675d|c AZ3AY Usesayy
Hgdlclm 2042 Usvayny
67§d|0 |Ax Ay Uszyyyy
7€d |C |Ay Usyyyyy
557%03 L Uy - (31)

We observe in the first term that Ay appears as denominator. Coefficient Co, see (26),
contains a term in Az. Then the scheme is fifth-order accurate only if the ratio Az/Ay
is bounded. Conversely, assuming that Az Ay tends to zero while (Ax)%/Ay increases
indefinitely, we deduce that the scheme is not consistent for unbounded stretching. From
this standpoint, it inherits the consistency problem for stretched meshes which was already
noticed in [27].

If we restrict to the case where the second component b of the advection velocity is zero,
then Cy = 3|a|Ay and the first term writes:

1 )
—55—&02 A Usrwwwer = 5 5 |a|AJE Useazaa - (32)

This defines a level of the dissipation coefficient that can be used with stability and accuracy.

3.3.5 Conclusion of analysis

To sum up, the diagonal-mass-matrix schemes, i.e. w = 0, have only sixth-order dissipation
and are in general second-order accurate but they become higher-order accurate for some
values of the parameters 3 (see [19]), £¢ and &%, see [12] and Table[3. The case of unstruc-
tured meshes show the usual behavior for schemes with diagonalised matrix, first-order in
general, second-order for smooth variation of mesh size. Better convergence can be observed
in practice, we refer to |1]. Also, the level of dissipation of this family of schemes is much
smaller than for usual MUSCL schemes, see [16].

The consistent-mass-matrix , i.e. w = 1 schemes can be made fourth-order accurate.
But they are without any dissipation. In order to increase the robustness, particularly for
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w| B £ &7 14 | Order

(-scheme 01]1/3 0 0 1 3

B-scheme 0|1/3 0 0 0 4

FV-V6 Method | 0 | 1/3 | -1/30 | -2/15 [ 1| 5

FE-V6 Method | 1 | 1/3 0 0 1 6

Table 3: Accuracy of different versions of the new scheme in 2D Cartesian case

non-regular meshes, we propose to add a dissipation term based on a sixth-order derivative,
and introducting only an extra fifth-order truncation error. In case of unstructured meshes,
the finite-element analysis applies and second-order is obtained.

4 Extension to Euler
The Euler equations are denoted by:
Wi +divF=0 , F=(FGQG) (33)

In practice, we need to introduce some dissipation with a Riemann solver. The interest
of a good upwinding is a rather rational way in introducing dissipation. The flux difference
splitting proposed by Roe writes:

or

in which for a diagonalisable matrix A = T~'AT, |A| denotes T~'|A|T and where U holds
for the Roe average of Ur and Uy, in short:

(F(UL) + F(UR))/2 — [AO)|(Ur —UL)/2 , A = (34)

which enjoys the following property:

F(Ugr) - F(UL) — AU)(Ur - UL) -

In (high enough) supersonic case, A(U) = |A(U)| orA(U) = —|A(U)| and Roe’s splitting is
fully upwind. We also observe that

|A()|(Ur = UL)/2 = T~ Diag(|A\il, Dol Nsl, )T = sign(A)A,
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where
sign(A) = T 'Diag(sign(\1), sign(\a), sign(\3))T. (35)

thus this averaging also permits the following equivalent formulation:

(F(UL) + F(Ur))/2 — sign(A(U))(F(Ur) — F(UL))/2 . (36)
4.1 High-order FV-NLV6 spatial scheme
The algorithm for assembling scheme FV-NLV6 can be summed up as follows.
0. A background flow U = (p, pu, pv, E) on each vertex of the mesh are given.
1. Compute the fluxes FF = F(U), G = G(U) on each vertex (vertexwise loop).

2. Compute the nodal gradients VF, VG of the fluxes on each vertex (elementwise
loop). This is done by applying the nodal gradient formula:

(ﬁp)l - meai(C’i) T;;i mea;(T) k;(p)k6@z (37)

3. Start edgewise assembly loop:
compute the extrapolated slopes :

2ij + (VF))E, i (38)

and analog for (VF);;.
Define flux interpolations:

F = (Faé)
_ _ 1 _
fij = 7 + §V i
_ _ 1. _
Fii = Fj— §V.7-'ﬂ
(39)
The central differenced flux then writes:
(I)ij = 0.5 (ﬁij + .7?]'1') © My (40)
4. Evaluate the stabilisation term:
Dij =056 S’LgTL(AZ])(]?jZ © Ny — fij . nij) (41)
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where A;; is defined by:
Ay = (FL,G) U +U;)/2) - nij. (42)
5. Compute the final edge flux as:

upwind .
! = O,

— Dy (43)
and add (substract) it to flux assembly at vertex i (j).

Remarks:

- We note in passing that choosing flux interpolation allows to escape to the second-order
limitation advocated by Wu and Wang (|28]) for MUSCL schemes.

- Positivity holds for the first-order diagonal-mass-matrix version which is the usual
upwind scheme. However, a rigourously monotone limited high-order version remains to be
found. Consistent-mass-matrix versions are generally not positive.

- As remarked in the analysis (see statement [31), the combination of median cells and
upwinding produces inconsistent error terms under the form of quotients ﬁ—fj or % which
can produce large errors when the previous quotient are large, that is when mesh is stretched.
One way to escape this inconsistency without losing the low dispersion properties (typically,
fifth-order accuracy) consists of using the Barth construction of cells (Section 3.1).

4.2 High-order FE-NLV6 spatial scheme
The algorithm for assembling scheme FE-NLV6 can be summed up as follows.

0. A background flow U = (p, pu, pv, E) on each vertex of the mesh are given.
1. Compute the fluxes F = (F,G) = (F(U),G(U)) on each vertex (vertexwise loop).

2. Compute the nodal gradients VF, VG of the fluxes on each vertex (elementwise
loop). This is done by applying the nodal gradient formula:

S 1 meas(T) _
(VF); = eas(C) TZCL 5 k;T (F), Vo
VO = o X G X @9 (9

TeC; keT

3. Start edgewise assembly loop: compute the dissipation fluxes:

T,;=C (2(6?)% cij — 5(VF)L - ij + 6(VF)S; -ij — 5(VF)E - ij + Q(ﬁf‘)m) .

Ji
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In order to tune the dissipation to a value close to the one appearing in the upwind scheme
(30), with £, = —1/30, &, = —2/15, we choose:

c="2 (45)

Define flux interpolations:

_ 1 - _
Fij = Fi+Fy) e nyg+Ti - ni
_ 1 - _ _
Fii = Fi+Fj) - nyg —Tij - ni
(46)
The central differenced flux then writes:
(I)ij = 0.5 (]:—ij + .7:_]1) © Ny (47)
4. Evaluate the stabilisation term:
Dij = 0.5 0 ||| sign(Aij)Tij - 7ij (48)
where A;; is defined by:
Aij = (F,G")((U: +U;)/2) - ny (49)
and where 7;; is defined later.
5. Compute the final edge flux as:
o = @y — Dy, (50)

add (substract) it to flux assembly at vertex i (j), and multiply by the inverse mass matrix
in order to obtain the update of the variable.

- In the same way as in the FV analysis (see statement [31), the use of the normal vector
computed from median cells for the dissipation terms will produce inconsistent error terms
under the form of quotients ﬁ—‘; or ﬁ—z. Passing to Barth cells is not a good idea since we
would lose the accuracy benefit of the consistent mass matrix. Qur proposal is:

- to keep the FE normal in consistent central fluxes,
- to use as n;; the projection of it on edge z}

- =

Mj = MNgj - 17 1] -

INRIA



Nonlinear V6 schemes 25

4.3 High-order FE-LV6 spatial scheme

The transformation from linear LV 6 schemes introduced in [15, 16] where the primitive vari-
ables are interpolated, into the non-linear NLV 6 schemes introduced in this paper demands
an important transformation from a MUSCL scheme, and results in a more computer inten-
sive algorithm. For the case where the used is interested only by a combination of FEM-type
approximation with a sophisticated dissipation, we describe now how to assemble a simpli-
fied scheme FE-LV6 with primitive variables interpolation. This writes as follows:

0. A background flow U = (p, pu, pv, E) on each vertex of the mesh is given.
1. Compute the primitive variable U = (p,u,v,p) on each vertex (vertexwise loop).

2. Compute the nodal gradients VU .

(OO = i S meas(l) S (i7), § o] (51)

meas(C;

3. Start edgewise assembly loop:
compute the extrapolated slopes :

)5 ij + (60))% (ij (52)

and analog for ﬁ(U)]Z
Define left and right variable interpolations:

(53)

And recover the left and right values of conservative variables U;;, U;;. The upwind differ-
enced flux then writes: 4

q)ij — (I)mean"(Uij, Uji) (54)
and add (substract) it to flux assembly at vertex i (j) and multiply flux assembly by the
inverse mass matrix in order to obtain the update of the variable.

We recall that for § = £. = £; = 0, this scheme is fourth-order accurate, see [15], but the
scheme may lack dissipation for our purpose. Each term in &, or &, introduces a fifth-order
derivative (multiplied by flux’s Jacobian F’) in the modified equation, except in the case
where £, = —&4, which produces a sixth-order dissipation with O(Axz®) weigth in Cartesian
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Ax = Ay case. In order to be at same level of dissipation as for FE-NLV6, we suggest to
take:

30 30

== Gi=3-

Remark: In order to recover consistency for stretched meshes, a modification similar to
the one applied to FE-NLV6 is necessary.

4.4 Boundary conditions

Boundary conditions have a crucial influence on the quality of practical acoustic simulations.
Non-reflecting boundary conditions are necessary in order to avoid spurious reflecting waves
to travel in the computational domain. In this preliminary study, we shall not consider
problems with possible reflections, and we shall use in the presented calculations upwind
farfield conditions relying on the Steger-Warming flux splitting. In short, fluxes between
boundary cell and external medium are computed as follows:

(I)fmternal — A+(U1)Uz + A_(UOO)UOO

where A = g—g - n, n being the normal to boundary, U, the background flow and
perturbation specified at farfield.

4.5 Time advancing

As explicit time advancing we can use, as in the 1D case, a standart Runge-Kutta scheme
or the linearized version defined above. We observe that for FV versions, time-steps are
comparable to usual upwind schemes, and for FE versions, time-steps are three times smaller.
An implicit Backward-Differencing formula can also be applied with a spatially-first-order
accurate simplified Jacobian. An interesting option is a second-order Backward-Differencing
formula applied also with a spatially-first-order accurate simplified Jacobian under the form
of a two-step-Newton Defect Correction as in [20].

5 In three dimensions

5.1 Upwind elements

As in 2D, the element T;; is upwind to the vertex ¢ with respect to the edge ij if, for any
small enough real number 7, the vector —m'_j" is inside the element T;;. Symmetrically, the
element Tj; is downwind to the vertex ¢ with respect to the edge ij if, for any small enough
real number 7, the vector 7ji is inside h real element T;;. This is sketched in Figure[7l
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Tij

Figure 7: Edge-upwind tetrahedra

5.2 Medians cells

Extension to 3-D of median cells is not complicated. OnThey are made by the common
surface between two vertices of an element and the triangles connecting:

e the middle of the bar linking the considered apices,
o the center of gravity of the faces of the element having this bar as an edge,
o the center of gravity of the element.

By analogy with 2-D, one should rather construct cells as regular as possible when the
mesh is non-structured. Then, one would wish the cells be rectangle parallelepipeds centered
around the apices when the mesh is the 3-D equivalent to Friedrichs-Keller mesh. First, it
is important to define the shape of the volumetric elements.

5.3 Superconvergent tetrahedrization

N. Gourvitch proposed to use the combination of a particular splitting of cubes into tetra-
hedra and of splitting of a tetrahedron into part of cells centered around each vertex, see
for example [21]. We recall these techniques in the next two sections.

In 3-D, space is first divided into hexahedra. For sake of simplicity, the case of a Cartesian
mesh is considered. Thus, we consider rectangles parallelepipeds (thereafter called blocks),
whose volumes are V) = Ax x Ay x Az. Tt is desirable to end up with tetrahedral elements;
thus, one must divide these blocks. In Table[11], we define three different ways to do this. The
two first ones are standard. The first division (D1) minimizes the number of sub-tetrahedra,
but generates a big central element, (volume =V;/3), and four peripheral elements (Volume
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= V5/6). The second division (D2) yields two identical prisms, each being subdivided into
three tetrahedra. These tetrahedra are not similar, some of them involve a vertex with three
angles of 7/2, while and the central ones do not and have rather small and large angles. For
both (D1) and (D2) divisions, the resulting dual cells are rather unsymmetrical. In order
to get dual cells that are as regular as possible, and to come back to a Finite Differences
scheme, a 3-D adapted division is built The ("INew Generation” Division, or NGD) splits
the block in six identical tetrahedra, with volumes V; /6, each being the image of its neighbors
in a mirror. All these elements have in common a diagonal of the block. The coordinates of
the tetrahedra resulting from the three divisions are shown in Figures 10 and 11} depending
upon the local numbers of the block vertices. Figures 8 and [9 show the D1 and NGD
divisions.

Figure 8: D1 division Figure 9: NGD division

Lemma 1: In the case of a conformal tetrahedrization obtained by dividing a regular grid
of parallelepiped with fized Ax, Ay, Az, an element-wise x-derivative (resp. y-derivative, z-
derivative) is computed from only two vertices, aligned with the x-direction (resp. y-direction,
z-direction); a nodal x-derivative (resp. y-derivative, z-derivative)is computed from exactly
three vertices, aligned with the x-direction (resp. y-direction, z-direction).C]

5.4 NGC cells

"New Generation Cells" (or NGC) denotes the group of polyhedra such that, for a given
element, the common surface between two neighboring vertices joins:

e the middle of the edge connecting these two vertices,
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8 7
Element vertices
] 3 / D1 D2 NGD
| 1 (2,6,7,5) | (1,2,3,6) | (2,1,4,6)
| 2 (2,347 | (1,5,6,7) | (3,24,6)
| 3 (58,74) | (6,1,7,3) | (7,3,4,6)
L 3 4 (1,2,4,5) | (1,5,7,8) | (8,7,4,6)
5 (2757774) (1777378) (5787476)
6 (1733478) (1753476)
1 2

Figure 11: Sub-tetrahedra vertices identified
Figure 10: Local numbering ~ from local block numbering for the three dif-
of vertices in a block ferent splitings

e the "surface center" of the faces of the element having this edge in common,

e the "volume center" of the element,

where

e the "surface center" of a given face is its c.c.c. if it comprises only acute angles
otherwise, it is the closest point of the triangle, i.e. the middle of its longest edge,

e the "volume center" of an element is its c.c.s. if the former is located inside the
element; otherwise, it is the closest point, i.e. the "surface center" of the largest
surface.

One can notice that when tetrahedra result from NGD then all the elements faces
are rectangle triangles. In this case, the cell joins the middle of the longest edge of the
tetrahedron to the middles of the other edges. The cells generated in this way are blocks,
centered around the vertices of the mesh. Figures[12 and [13 show the trace of the division
of an element into cells, according to the old and new methods, respectively.

Lemma 2: In the case of a conformal tetrahedrization obtained by dividing a regular grid of
parallelepiped with fized Ax, Ay, Az, the new FE-NLV6 scheme finite-volume formulation
reduces to the usual one with cubes. [

Lemma 3: In the case of a conformal tetrahedrization obtained by dividing a regular grid
of parallelepiped with fived Ax, Ay, Az, the new FE-NLV6 scheme is fifth-order accurate
in space. [J
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Figure 12: Trace of medians cells on a tetra-  Figure 13: Trace of NGC on a tetrahedron
hedron resulting from NGD resulting from NGD

6 Conclusion

We have proposed a new family of schemes for the Euler equations. This family extends the
V6 family studied in [15][16]]17] [1] [9]]10][11] |21].

The LV6 schemes of [15][16][17] [9][10][11] were based on MUSCL schemes, involving so-
phisticated primitive variable reconstruction in order to enjoy low dissipation properties,
due to the related dissipation, which is based on a model of sixth derivative. In the case of
advection with uniform velocity, those schemes present superconvergence properties, in the
sense that, when applied to a Cartesian subregion of mesh, these second-order schemes are
of higher order (up to sixth-order) .

The main novelty of the present work concerns the reconstruction of flux functions in-
stead of primitive variables. Upwinding is made through sign-based Riemann solvers for
using only flux values. The proposed schemes still apply to unstructured triangulations
with second-order accuracy where they stay essentially second-order accurate, and involve a
tunable small stabilisation term made with a sixth-order derivative. The accuracy is much
better that for usual second-order schemes.

In contrast to LV6 schemes, the new NLV6schemes enjoy superconvergence properties also
for nonlinear arbitrary fluzes. Superconvergence order of accuracy is between 4 and 6.

FV-V6NL: the first family of schemes is of MUSCL type. The schemes can be explicit
without any matrix inversion (lumped/diagonal or finite-volume mass matrix). Stability
condition for multistage time advancing allows Courant number more that unity.

For a bounded stretching, up to six-order accuracy is reached for Cartesian meshes with the
median cell construction, but consistency is lost for arbitrary stretching.
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Sixth-order accuracy is reached for Cartesian meshes without limitation on stretching when
the following options are applied :

- the Barth cell construction,

- Gourvitch splitting of cubes.

On non-Cartesian mesh, accuracy lies between first-order and second-order, depending on
the mesh regularity. Explicit time advancing does not require mass matrix solution.

FE-V6NL: the second family uses the finite-element consistent mass matrix. Only me-
dian cells can be considered for accuracy. Explicit time advancing requires mass matrix
solution. Stable time steps are typically three times smaller than with the first FV-V6NL
family. Then explicit time stepping can be more expensive. On Cartesian meshes, accu-
racy can be of fourth-order at least in 2D case. On non-Cartesian mesh, accuracy remains
second-order on arbitrary meshes, in particular, we expect that accuracy will be better for
meshes in which mesh size varies rather suddenly. Stretched meshes should also be well
accepted by this approximation. Spatial accuracy is conserved in the case of implicit time
advancing, and in this case the mass matrix does not carry extra cpu cost.

These schemes have been introduced into a LES CFD software and numerical experiments
for FV-V6NL and FE-V6NL will be shown in a report following this one.
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