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hk]:�P]UqH{y�0nuwPn[�¢r�nu]:{PqY]U¤gjl]Un[hlr�wPn[h:£

� � ��( �������#�% &
 
������ 
B����	�� 
������ �#����	���	���� ���

a¡w|nuwyj�wPnuw|o[h5ou~T �r�n[��h���X[]U\?]:h=wP�1EÀwi�io[nuwQ�mjífg~@]`]Un�xzw�f�{��¢wPjêwy�#r¢nTjl]Uq�]:hkjlr�nu�»sTo[{P�¢r¢jlr�]:hê�uou]�j�w�j�Xu]
~@]Uql��]:��j"{P�i]BsTo[{P�Uf`wy�ijlXu]êr¢ng�PwP���P]:�²ou~g �r¢n[�ur¢nu�)jlw)oun[hkjl]B{P�ifÀ Y{B�P]BhU£�_�ni��w|qkj�oun[{�j�]U��fP¦Bj�Xu]ê{P\?wPounTj#wP�
�irth�hkr�~[{�j�r¢w|n­ �Xurt��X�jlXu]:f?r�n|j�qlwu�io[��]Àhl]U]U\�hê\�o[�HX��t{yq��P]:q5jlX[{Pn­jlXK{�j�n[]U]:�i]B��j�w»wP�ijH{yr�n�{Pn�{|�U��ouqH{�j�]
nuw|niªÈwThl�Ur¢���t{�j�wPqlf�ngou\?]Uq�r��:{y�"hlwP��oijlr�wPnÙ£ ½ hÀ{���wPn[hl]:sTou]:n[��]|¦[j�Xu]m�iwP\?r�n[{ynTj)jl]:ql\ wP�-jlXu]»nTo[\m]:qlrt�U{P�
]:qlq�wPq�rth��U{yq�q�r¢]B�­�gf�j�Xu]��irthlhlr�~[{�j�r¢w|nÙ£

� ]²hlou�P�|]:hkj=jlw»��wPq��P]�jY{y�@w|oijYhzj�qlrt�%jY\?wPnuwPjlwPn[r��Ur°jzf�{yn[�­jlw»�|]�j�r�n[hl~ur�ql]B���gf <)r�q�]:�%j�dgr�\�ou�t{�j�r¢w|n
j�]:�HXunurts|o[]:h)r¢n� �Xurt��X�nuw|niªí�ir�h�hlr¢~[{yjlr��P]
Xur��PXiª«wPqH�i]:q�{P~u~uq�wB¤ir�\?{yjlr�wPn[h�{yq�]�hkj�{P�ur��¢rthk]B�&r¢n��|wgwi�&{P�U�Uoiª
qH{P�Uf²��w|n[�ir°j�r�wPn[h#jlXK{yn �ih#jlw)2[�°j�]UqHh� �Xurt��X»ql]:�¢f²wPn��P]:qlfTª«Xur¢�|X
]:�P]Un�wPqH�i]Uq"�i]:qlr���{yjlr��P]:h:£ � ]YhkX[{P�¢� 2[qHhkj
hlXuw�  Xuw�  j�Xurth
�U{yn �@]��iwPnu]mjlXuq�wPou�|X {�wPn[]�ªí�ir¢\?]:n[hkr�wPn[{P�"Xur��PXiª«wPqH�i]Uq²a�_`dK³ % \m]UjlXuwi�Ù¦Ù\?wi�ir¢ª
2[]B� r¢n¨hlo[��X¨{�\�{Pnunu]Uq²jlX[{yj²jlXu]��uwP\?r¢nK{yn|j��irth�hkr�~[{�j�r¢w|n jl]Uq�\ rth²~uqlw|~@wPqljlr�wPn[{y��j�w&{�hlr¢¤Tj�Xiª«wPqH�i]Uq
�i]:qlr���{yjlr��P]=r�n»hl~[{P�U]P£ "ín�jlX[]��¢r�nu]:{Pq��U{Phl]P¦QjlXurth"rth�]U¤i{|�%j��¢fÀj�Xu]Y��w|n[hkjlq�o[�%j�r¢w|n�wy� (+*SJ�-i{P��hlw)o[hl]:��r¢n (+* �S-«£

!#"%$ &#')(+*-,.(0/1$3254768&)9;:=<?>A@CB�D)/E(+*F,E>HG
%#]�j�o[h 2Kq�hkj���w|n[hlr��i]:q�j�Xu]
wPnu]Uª«�ir�\?]Un[hlr�wPn[{P�§hl�:{y�t{yq���wPnKhk]:ql��{yjlr�wPn��t{B 

ut + f(u)x = 0
®I*B±

½ h`r¢n {�a�_`dK³ %A{y~[~uqlwQ¤ir¢\�{yjlr�wPnÙ¦@{�\mr¢¤i]:��2[nur¢j�]�ª«�ur�40]Uq�]Un[�U]Q´02[nur°j�]�ª«�PwP��ou\?]�\?]�j�Xuwi��rth`o[hk]B�&��w|q
j�Xu]À�irthl��q�]�j�r�¬:{�j�r¢w|n�r�n�hl~[{P�U]P£'%Ù]Uj

xj
¦
1 ≤ j ≤ N

�u]UnuwPjl]�j�Xu]À�irthl�Uql]Ujlr�¬:{yjlr�wPn�~@w|r¢nTj�hêwy�§j�Xu]`\?]:hkX#£
?[wPqê]:{|��X��ir�h���q�]�j�r¢¬B{�j�r¢w|n�~@wPr�n|j:¦g ê]`hkj�{yjl];Q

uj ≈ u(xj)
{Pn[�� ê]`�i]�2[nu])jlX[]`�UwPn|j�q�wP�[�Pw|�¢o[\m]

Cj
{Ph

j�Xu]
r¢nTjl]:ql��{P�
[xj− 1

2
, xj+ 1

2
]
 �Xu]:ql]

xj+ 1
2

=
xj + xj+1

2

£
½ h�r�n {32Knur°j�]�ªí�ir�40]Uq�]UnK��] \?]�j�Xuwi�§¦� ê] �i]�2[nu] jlXu] oun �gnuwQ �n �P]:��jlw|q

U = {uj}
{Ph�~@wPr�n|j

{P~u~uqlwQ¤ir�\?{yjlr�wPn���{y��ou]:hYwP��jlXu]²��o[n[�%j�r¢w|n
u(x)

r�n&]:{P�HX�nuwi�i]
j
wy��j�Xu]
\?]:hlXÙ£5WYXu]²jlr�\?]�{P�u��{yn[�Ur¢n[�

rthY �q�r°jljl]:n Q
Uj,t + Ψj(U) = 0

®M�|±
 �Xu]:ql]|¦Khlr�\?r¢�t{yq��¢f�j�w�2[nur¢jl]»�PwP��ou\?]:h:¦[jlXu]��P]B�%jlw|q

Ψ(U)
rth)�uour��°j²{P�:��wPqH�ir�nu�mj�w�{P~u~uq�wB¤ir�\�{�jlr�wPnKhYwP�

f(u)
�i]�2[nu]:�&{yj���]:�¢�Ù�@wPo[n[�u{yq�r¢]Bh�Q

Ψj(U) =
1

∆x
(Φj+ 1

2
− Φj− 1

2
) I Φj+ 1

2
= Φ(uj , uj+1, fj+ 1

2

− , fj+ 1
2

+)
®M�|±

 �Xu]Uq�]

Φ(u, v, f, g) =
1

2
[ (1 + δsign(c))f + (1 − δsign(c))g ] , c = f ′(u/2 + v/2).

Øçä"åÙØçæ
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%#]�j�o[hY �q�r¢jl]
�iw� �n&{m~[{Pqkj�r��Uou��{Pq  [oi¤ Q

Φj+ 1
2

= Φ(uj , uj+1, fj+ 1
2

− , fj+ 1
2

+) =
fj+ 1

2

− + fj+ 1
2

+

2
+ δsign(c)

fj+ 1
2

− − fj+ 1
2

+

2
.

®¯�T±

WYXu]���wi]�9­��r�]UnTj
δ
��wPnTjlq�wP�thmjlX[]�hl~[{�j�r�{P�)�ir�h�hlr¢~[{yjlr�wPnÙ£ ?uw|q­�u]�2[nur�nu�¨j�Xu]�r¢nTjl]:�PqH{�jlr�wPn �y{y��ou]:h

fj± 1
2

±

wP�
f
{�j`�@wPounK�u{yq�r¢]Bh�wP�5��w|n|j�qlw|�Ù�Pw|�¢o[\m]

Cj
¦K �]�{P~u~u��f�j�Xu]»a�_Àd[³ %¥\?]�j�Xuwi�iw|�¢w|�PfI®O(F���K-ç±�¦

j�w)j�Xu]���]��çj-{Pn[��q�r��PX|j-��wPnTjlq�wP�T�PwP��ou\?]ê�@w|oun[�u{PqlfH [oi¤i]Bh I fj± 1
2

±

r�h"�uo[r¢�¢j�oKhkr�nu�`��r�nu]:{yq"r�n|j�]Uq�~@wP�t{�j�r¢w|n
��w|ql\�ou�t{PhNQ

fj+ 1
2

− = fj + 1
2 ∆fj+ 1

2

− I fj+ 1
2

+ = fj+1 − 1
2 ∆fj+ 1

2

+

fj− 1
2

− = fj−1 + 1
2 ∆fj− 1

2

− I fj− 1
2

+ = fj − 1
2 ∆fj− 1

2

+

 �X[]Uq�]
∆fj± 1

2

±

{Pql]
hk��wP~@]BhU¦irÈ£ ]|£-{P~u~uq�wB¤ir�\�{�j�r¢w|n[hêwy���ur�40]Uq�]Un[�U]Àj�]Uq�\ ∂f

∂x
∆x

Q

∆fj+ 1
2

− = (1 − β) (fj+1 − fj) + β (fj − fj−1)

∆fj+ 1
2

+ = (1 − β) (fj+1 − fj) + β (fj+2 − fj+1)
® UP±

r�n¨ �Xurt��X
β
rth�{yn¨ou~T �r�n[�ir�nu�¡~[{Pq�{P\?]�jl]:qÀj�X[{�j»��wPnTjlq�wP�thÀjlXu]���w|\��ur¢nK{�jlr�wPn¨wy����ou�¢��f ou~g �r¢nK�¨{ynK�

�U]Un|j�]Uq�]:��hl�¢w|~@]:h:£'?[wPq
β = 1/3

j�Xu]�hl�HXu]:\m]
r�hYjlXu]�hkj�{Pn[�u{Pq��­j�Xur¢qH�gª«wPqH�i]Uq�{|�U��ouqH{�j�]²hl�HXu]:\m]|£
� ]mw|�[hk]:ql�P]�j�X[{�j²r¢�5j�Xu]� [oi¤i]:h²{yq�]��[{|hk]B�¡w|n ~@wP��fgnuwP\?rt{y�"ql]B��wPn[hkjlq�o[��jlr�wPn¡��qlw|\ j�Xu]?{B�P]:q�{P�P]

��{P��ou]:hÀwy�=j�Xu]?oun �gnuw� �n[h:¦#{PhÀr�n ¿ê^HG 2[nur°j�]?�Pw|�¢ou\?]BhU¦#��Xuwiw|hlr¢nu��{�X[r¢�|Xu]UqlªÈw|q��i]:q`ql]B��w|n[hzj�qloK�%jlr�wPn
 �r��¢�=~[qlwi�uo[��]­{&Xur��PX[]UqlªÈwPqH�i]:qH2[nur¢jl]�ª«�PwP��ou\?]­h��HXu]U\?]P£!"ínIj�Xu]­~uq�]:hl]UnTj��P]Uqlj�]�¤gª«�U]Un|j�]Uq�]:�I��w|n|j�]�¤gj:¦
Xur��PXuªÈwPqH�i]:q�{|�U��o[q�{|��f?rth�nuwPjYw|�ij�{Pr¢n[]:���gf�{»Xur��PXu]:qkª«wPqH�i]Uqêr�n|j�]Uq�~@wP�t{�jlr�wPn��uoij��gf�{yn�r�n|j�]Uq�~@wP�t{�j�r¢w|n
j�X[{�j)��wP\?~@]:n[hl{yjl]:h�jlXu]
]Uq�q�wPqY��w|\?r¢nu�m��qlw|\ jlX[]H2[nK{y�Ù�U]Un|j�q�{P�Ù�ir�40]Uq�]Un[�Ur¢n[�?r¢n¨®M�|±%£=WYXur�h� �qlr¢jl]Bh�{Ph
��w|�¢��wQ �hSQ

∆fj+ 1
2

− = (1 − β) (fj+1 − fj) + β (fj − fj−1)

+ θc (− fj−1 + 3fj − 3fj+1 + fj+2 )

+ θd (− fj−2 + 3fj−1 − 3fj + fj+1 )

∆fj+ 1
2

+ = (1 − β) (fj+1 − fj) + β (fj+2 − fj+1)

+ θc (− fj−1 + 3fj − 3fj+1 + fj+2 )

+ θd (− fj + 3fj+1 − 3fj+2 + fj+3 )
® J|±

 �Xu]Uq�]
θc {yn[� θd {Pql]5~[{Pq�{P\m]Ujl]UqHh0jlXK{�j"�UwPn|j�qlw|�yjlXu]���wP\��[r¢n[{yjlr�wPn
wP�g��ou���¢f²ou~g �r¢n[��{yn[����]:n|jl]:ql]B��UwPq�ql]:��jlr�wPn[h:£1"ín&wPqH�i]:q�jlw�{Pn[{y��fihk]À\?wPq�]
hkr�\?~u�¢f­j�Xurth�hl�HXu]U\?]P¦u ê]�{Ph�hkou\?]ÀjlX[{yj

c = f ′(u)
rth���w|n[hkj�{ynTj�{yn[��]:sTo[{y�0j�w8*

.
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di�HXu]U\?]:h
ω δ β θc θd � �Q¼ ¶ �

* � * *Q´y� � � �
� � * *Q´y� ªF*�´�J � �
� � * *Q´y� � ªF*�´�J �
� � * *Q´y� ªF*�´V*B� ª *Q´V*0U U
� � � � *Q´y� ªF*�´V*B� ª *Q´V*0U J
U * * � � � �

W"{y�u��])* Q ½ �U��o[q�{|��f²wy�@�ir/4@]Uq�]UnTj��P]:q�hlr¢w|n[h#wy�[jlXu]�n[]U  h��HXu]U\?]:h"r¢n * < �U{Phl] I ��wg]�9­��r�]Un|jHh"{Pql]��i]�2[n[]:�r�n¡di]:�%j�r¢w|n¡�i£+*P£-{Pn[�&�i£F�i£

WYXu]:n Q

Ψj(U) =
1

4∆x
( (1 + δ)θd fj−3

+ [(1 + δ)β + 2δθc − 4δθd − 4θd] fj−2

+ [−2(β + 2δβ + 1) − 8δθc + 5θd + 7δθd] fj−1

+ [6δβ + 12δθc − 8δθd] fj

+ [2(β − 2δβ + 1) − 8δθc − 5θd + 7δθd] fj+1

+ [−(1 − δ)β + 2δθc − 4δθd + 4θd] fj+2

−(1 − δ)θd fj+3

)
® �y±

 �Xurt�HX��Pr��P]Bh�Q

Ψj(U) =
∂f

∂x
+ C3

∆x2

6

∂3f

∂x3
+ C4

∆x3

4

∂4f

∂x4
+ C5

∆x4

120

∂5f

∂x5
+ C6

∆x5

24

∂6f

∂x6
+O(∆x6)

 �Xu]:ql]

C3 = 1 − 3β

C4 = δ(β + 2θc + 2θd)

C5 = 1 − 15β − 60θd

C6 = δ(β + 2θc + 8θd) .

� ]?w|�[hk]:ql�P]�j�X[{�j�hl�HXu]U\?]:h
�i]:h���q�r��@]:� r¢n ®M�|±íªH® J|±`{Pql]mr�n �|]Unu]:q�{P��hl]:��w|n[�gª«wPqH�i]UqÀ{|�U��o[q�{yjl]»�uouj
j�Xu]Uf&�@]:��w|\m]�Xur��PXiª«wPqH�i]Uq){P�:��ouqH{�j�]²��wPqÀhlwP\?]���{P�¢ou]Bh�wy��j�Xu]�~K{yqH{y\?]�j�]Uq�h

β
¦
δ
¦
θc {Pn[� θd £ ?"r¢�çjlXiªw|q��i]:q�{|�U�Uouq�{|��f r�h�wP�ijH{yr�nu]:�  �r¢jlX {Pn {P�i]Bs|oK{�jl]I��Xuw|r��U] wP��jlXu] jlXuq�]U]¨��wg]�9­�Ur¢]:n|j�h:¦)�gr¢¬|£

β =
1/3, θc = −1/10, θd = −1/15

£�"ín�jlX[{yj��:{Phl]P¦gjlX[]²ngou\?]Uq�r��:{y�Ù�irth�hkr�~[{yjlr�wPn�jH{K�P]Bh�jlXu]²��wPq�\8Q

Dj(U) =
δ

60∆x
(−fj−3 + 6fj−2 − 15fj−1 + 20fj − 15fj+1 + 6fj+2 + fj+3 )

®M�|±

Øçä"åÙØçæ
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WYXu]���w|qlq�]:hl~@wPn[�ir�nu�m�irthlhlr�~[{�j�r¢�P]H [oi¤� �qlr¢jl]Bh�Q

D̄j+ 1
2
(U) =

δ

60
(−fj−2 + 5fj−1 − 10fj + 10fj+1 − 5fj+2 + fj+3 ) .

® .|±
dgr�n[��]»jlXurth²�irthlhlr¢~K{�jlr�wPn�jl]Uq�\ rth`�[{|hk]B�¡wPn {Pn�ou~g �r¢n[�ur¢nu��~[{yqH{P�ur¢�|\�¦@r¢jÀXK{Ph`�Pwgwi�¡]�¤i~u��r��Ur°j²��r¢nu]B{yq
hkj�{P�ur¢��r¢jíf&®¯{Pn[{y��fihk]B�mr�n?j�Xu]`hk]BsTou]U�ç±%¦|jlwP�|]�j�Xu]Uq= �r°j�X�{²�K{y�t{yn[�U]:�?hl~[{yjlrt{y�Khkj�{y�[r¢��rthl{yjlr�wPn?~uq�wP~@]UqljzfP£1"ín
j�Xu]²�U{|hk]` �Xu]:ql]`jlXu]²ou~T �r�n[�ir�nu�m~[{Pq�{|�ir¢�|\ rth�nuwPj�r�nT�Pw �P]:�­r�n�jlXu]
�i]:hlr¢�|n�wy�"{�~[{Pqkj�r��Uou��{Pq�h���X[]U\?]P¦
 ê]��U{Pn�j�qlf­jlw��P]�j�r¢n[hl~ur�ql]B���Tf ® .T±%£
v5oujkjlr�nu�

δ = 0
¦u��]:{P�[h�jlw�{?�U]Un|j�qH{y�¢ª«�ir/40]Uql]:n[��]B� ®�n[wPniªí�irthlhlr¢~K{�jlr��P]B±�hlr°¤gj�XiªÈw|q��u]Uq�{P�U�Uouq�{yjl]²h���X[]U\?]P£

!#" ! 9��3GH*F@-(0/��),����3@��3G	� ,%G�
 (0G��
�),���� ,E')(+*-,.>�G
WYXu]�o[hkoK{y���U]Un|j�q�{P�°ªí�ir/4@]:ql]:n[��]BhYjlXuq�]U]UªÈ~@wPr�nTj)h��HXu]U\?]�rth�~@]:n[{y��r¢¬:]:�&�Tf&{­�irthk~@]:q�hlr�wPn&��]:{P�ir�nu�­]Uq�qlw|q:£
WYXurthÀ]Uq�q�wPq`rth²��wP\?~@]:n[hl{yjl]B��r¢n j�Xu]?�:{Phl]» �Xu]Uq�]» �]mr¢nTjlq�wi�io[�U]�j�Xu]�2[n[r°j�]�ª«]U��]U\?]Un|j

P1
��wPnKhkrthzj�]UnTj

\�{Ph�hê\�{�j�qlr¢¤­ �r°j�X�{� ê]:r¢�|X|j
ω
j�w»�@]²�HXuw|hl]Un��@]Ují �]U]Un

0
{yn[�

1
£-WYXu]`j�r¢\?]
{P�i��{Pn[��r�nu�»r�h� �q�r°jljl]:n Q

MωU(t) + ∆xΨ(U) = 0
®O*B�|±

(MωU(t))j = (1 − ω)Uj,t + ωmj,j−1Uj−1,t + ωmj,jUj,t + ωmj,j+1Uj+1,t �Xu]:ql]

mj,j−1 = 1/6∆x

mj,j = 2/3∆x

mj,j+1 = 1/6∆x . ®O*,*Q±
WYXu]:n� ê]`�:{yn��UwP\��ur�nu])jlXurth=j�r¢\?]²�i]Uq�r¢�y{�jlr��P]) �r°j�X�{  [oi¤�{Ph��i]�2[nu]B��{y�@w��P]P¦T �r°j�X­jlXu]²��wg]�9��Ur¢]:n|jHh
β
¦
θc {ynK� θd ��XuwThk]:n ]:sTo[{P�Yjlw©¬U]:qlwK£ ½ ��wPouqljlXiª«wPqH�i]Uq�{|�U�Uouq�{yjl]¡��]UnTjlqH{y�¢ª«�ir/40]Uq�]Un[�U]:�Ah��HXu]U\?]¡r�h

w|�ij�{Pr¢nu]B�  �r°j�XAjlXu]:hl]&wP~ij�r¢w|n[h&®
ω = 1

¦
β = 0

¦
θc = θd = 0

±%£ =�w� ê]U�P]:q:¦5jlXurth�hl�HXu]:\m]&��{|���ih
�irth�hkr�~[{�j�r¢w|nm��w|q=wPouq=~uouq�~@w|hl]:h:¦P ê])~uq�wP~@w|hl]Yjlw�{|�u��{�hlr°¤gj�XiªÈw|q��i]:q=�i]Uq�r¢�y{�jlr��P]|£1"ín�w|q��i]:q-jlw�~uql]:~[{yq�]
{Pn ]U¤gjl]UnKhkr�wPn jlwI�T{Phm�ufTnK{y\?r��:hU¦= ê]&r¢nTjlq�wi�io[�U]�jlXurth��irthlhlr¢~K{�jlr�wPnAr¢nTjlwIjlXu]¡hlr¢\?~u��r/2[]:� }�r�]U\�{ynun
hlwP���P]Uq

Φ
£5WYXurthYrth��iwPnu]
 �r°j�X�j�Xu]²��wP����wQ �r�nu�»jz êw�r¢nu�|ql]B�ir�]Un|jHh�Q

®¯rt±íªê{mounurts|o[]²]U¤gjlqH{y~@wP�t{�j�r¢w|n
fj/2 + fj+1/2

wP��jlXu]N [ou¤���wPq��@wPjlX���]��çj`hzjH{�j�]
{yn[��q�r��PX|j�hkj�{yjl]|¦
®¯r¢rç±«ª0j�Xu]Yhl{P\?] 2u�çj�Xiª«wPqH�i]Uq��i]:qlr���{�j�r��P]:h

Tj+1/2/2
��w|q"�¢]U�çj-{ynK��qlr��PXTj�hzjH{�j�]P¦��uoij� �r¢j�X»�ur�40]Uq�]Un|j-hlr��Pn[h:£

WYXurth� �qlr¢jl]Bh�Q

Φ(u, v, f, g) =
1

2
[ (1 + δsign(c))f + (1 − δsign(c))g ] , c = f ′(u/2 + v/2)

f = f+
j+1/2 = fj/2 + fj+1/2 + Tj+1/2/2

g = f−j+1/2 = fj/2 + fj+1/2 − Tj+1/2/2 . ®O*B�|±
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W�]Uq�\�h
fj/2 + fj+1/2

 �r����ê�UwPn|j�qlr��uoij�]�jlw¡jlX[]���]:n|j�q�{P�=�ir/40]Uq�]Un[�U]:�  [oi¤§¦" �X[r¢��]�j�]Uq�\?h
Tj+1/2/2 �r��¢�#{y~u~@]B{yqYw|nu�¢f­r�n&�irth�hkr�~[{�j�r��P]`jl]:ql\�h�{Pn[�&2[n[{y����f­�Pr��P]`j�Xu]
hlr¢¤Tj�Xiª«wPqH�i]UqY�ur�h�hkr�~[{yjlr�wPnÙ£ ½ �U�UwPqH�ir¢n[�

j�w»jlXu]²v-{Ph��U{P�Kj�qlrt{yn[�P��]P¦i{;2u�çjlXiª«wPqH�i]:qY�ir/40]Uq�]Un[�U]À]U�y{y��o[{�j�]:�­�@]Ují �]U]Un
j
{yn[�

j + 1
�:{yn��@]² �qlr¢jkj�]Un

{|hê��w|�¢��w� �h²®
C > 0

±7Q

Tj+1/2 = C(−fj−2 + 5fj−1 − 10fj + 10fj+1 − 5fj+2 + fj+3)
®O*:�T±

r�n|j�qlwi�uo[��r�nu�
δ̄fk,k−1 = fk − fk−1

 ê]²�|]�jSQ

Tj+1/2 = C(δ̄fj−1,j−2 − 4δ̄fj,j−1 + 6δ̄fj+1,j − 4δ̄fj+2,j+1 + δ̄fj+3,j+2)

r�n|j�qlwi�uo[��r�nu�mjlXu]��U]Un|j�q�{P�Ù�ir�40]Uq�]UnK��]
δ̄fk = 0.5δ̄k+1,k + 0.5δ̄fk,k−1

 ê]
�P]�j Q

Tj+1/2 = C(2δ̄fj−1 − 5δ̄fj,j−1 + 6δ̄fj+1,j − 5δ̄fj+2,j+1 + 2δ̄fj+2)

"ín�w|q��u]Uq�jlw?r�n|j�qlwu�io[��]Àj�Xu]�hl{P\m]²��]U�P]U�Ùwy���irthlhlr�~[{�j�r¢w|n�{PhYr�n�jlXu]
ou~g �r¢nK���:{Phl]?®¯�T±%¦u ê]
�HXuwgwThk]`j�Xu]
�UwPn[hkj�{Pn|j

C
{|h�Q

C =
cδ

60
.

!#"�� �;,EB ��( ���+(0G	� ,%G�
 � *F(�� ,E/%, *��
	�

��
�� ��� ��� �I¼ � ��� º�� � � �¥�u�B���¥�u�U� ���
� ]��U{yn&�UwP\��ur�nu]Àj�Xu]�{y�@w��P]²h���Xu]:\?]² �r¢jlX�jlXu]�hkj�{Pn[�u{Pq���}�o[nu�P]�ª��²oijlj�{»jlr�\?]�{P�i�y{yn[��r�nu�K£

U (0) = Un

V1 = ∆t Ψ(Un)
V2 = ∆t Ψ(Un + V1/2)
V3 = ∆t Ψ(Un + V2/2)
V4 = ∆t Ψ(Un + V3)
Un+1 = Un + V1/6 + V2/3 + V3/3 + V4/6

®O*U�g±

"ín¡\�{PnTf&�U{|hk]�{���r¢n[]:{yq�r�¬U]:�&�P]UqHhkr�wPn��U{yn¡�@]�o[hl]:�Ù£F%#]�j`o[h)q�]:�U{P�¢�Ùj�Xu]��T{y\?]:hlwPn&��{Pqlrt{ynTj�®I( �P�0-�±
 �Xurt�HX&{y~[~u�¢r�]:��jlw�{PnTf�nTou\��@]Uq�wP��hzjH{y�|]²{yn[�� �q�r¢jl]:h�{Ph���wP����wQ �hSQ

U (0) = Un

U (k) = U (0) +
∆t

N − k + 1
Ψ
(

U (k−1)
)

, k = 1 . . . N

Un+1 = U (N)

®O* U|±

� ]Yq�]:�:{y���gr¢n?W"{P�u�¢]��`hlwP\?]�jífg~urt�U{P�i\?{y¤ir¢\�{y�K³ ?'%�nTou\��@]:q�h"��w|q"j�Xu]�hkr¢¤gª«hkj�{P�P]�}�� h��HXu]U\?]P¦P �Xurt��X
]:n[hkouq�]À{»�|�¢w|�[{y�0{|�U��ouqH{P�UfmwP� 2[�P]`��wPq�jlX[]`jz êwm�@]:hkj�h���X[]U\?]:h�wP�Ùj�Xu]²~uqlw|~@w|hl]:�?�¯{P\?r¢��fP£5WYXurthêj�{P�u�¢]
r��¢��o[hkjlqH{�j�]:h�jlX[{yj�jlXu]�{P�Kw��P]²h���X[]U\?]:h��:{yn��@]
o[hk]B�� �r¢jlX ³ ?'%Ingou\��@]Uq�wy��j�Xu]
wPqH�i]:qYwy��jlX[]
ounur¢jíf|£

Øçä"åÙØçæ
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ω β θc θd δ CFLmax� * *
� *Q´�� � � * �i£ � *B�
� *Q´�� ª *Q´KJ � * �u£F�KJ|�
� *Q´�� � ªF*Q´KJ * *P£ �P�T�
� *Q´�� ªF*Q´6*:� ªF*Q´6* U * *P£ �,J �
* � � � * £ �|�P�

W"{y�u��]`�6Q"a�{y¤ir¢\�{P�@³êwPo[q�{Pn|j5nTo[\��@]Uq�h`®�]U¤g~[�¢rt��r¢j�}�� J
h���Xu]:\m]Q±"��w|q-j�Xu]���wPouqê�ir/4@]:ql]:n|j ?���ª��)J�{Pn[�
j�Xu]B?�¿5ª��HJ?hl~[{yjlrt{y�Ùhl�HXu]:\m]Bh:®I*S< {yn[{P�¢fihlr�hH±

	�

��
 	 ��� ��� �I� º�� � � �:� ¶ � � �¥�u�B��� �i�U� ���
WYXu]»hzjH{y�u��]
jlr�\m]»hkjl]:~[h�wP�-�irt{P�PwPn[{P�§\�{|hlhkªÈ\�{yjlq�r°¤��P]UqHhkr�wPn¡�iw­nuwyjÀ{y~u~u��f�j�w�jlXu]�\�{Ph�hzªí��w|n[hlr�hkjl]UnTj
�:{Phl]P¦

U (0) = Un

U (k) = U (0) +
∆t

N − k + 1
M−1

ω Ψ
(

U (k−1)
)

, k = 1 . . . N

Un+1 = U (N)

®O*SJT±

hl]U]�®MW�{P�Ù£F�y±�£
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� � ��� � � � � �»� � � ¶ �:� ¶ ��� � � �
½ �¢�)wy�ÀjlXu]Bhk]�h���X[]U\?]:h­�U{Pn �@]�{P�i�y{yn[�U]:�Ar¢n j�r¢\?]� �r°j�X r�\m~[�¢rt��r¢j�hl�HXu]U\?]:h­hlo[�HX {|h�RP<)? *�{Pn[�
RP<H?��u¦ihl]U]�(+* U0-È£ê³êwP\��ur�n[{yjlr�wPn� �r¢jlX8<`]���]:��j`³êwPq�q�]:�%j�r¢w|n ®O(F�y��-ç±êrthY{P��hlw»~@w|h�hkr��u��]P£�%Ùr�nu]:{PqYhkj�{y�[r¢��r°jzf
rthYounK��wPnK�ir°j�r¢w|n[{y�Ùr¢n¡{y���Ù�U{|hk]BhU£

� � ����
#� ��� 
����"	@� 
@(�� � ���U��	����#������
��©��
��#	

WYXu]À�¯{y\?r���f­wy���,< hl�HXu]U\?]BhêjlXK{�j�rthY�UwPn[hlrt�i]Uq�]:�­rth�{ ��� �D
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�
 �0�K���6��
�� � � � 
�
I
��+
���
��C� �
�����M����

�	��� � � ���K¦�{y~u~[�¢fgr�nu�©wPn jlq�rt{ynu�|ou��{yjlr�wPnKhU¦�{Pn[� wy�	�0
���� 
 ��
I��
��C�L
��I

	�jzfg~@]P£ � ]�q�]���]Uq�j�w (+*:�0-)��w|q�{
�i]Uj�{Pr¢��]:���u]:hl�Uqlr�~ij�r¢w|n�wP��jlXurthY�¯{y\?r��¢f�wP��hl�HXu]U\?]|£

�#"%$ 2 D (0/�� G , * � �H>H/%D)B �

½ qlw|oun[��]:{|��X��P]Uqljl]U¤�r�h��uour��¢j){?��]:�¢�§��wP����wQ �r�nu�mjlw?\�{yr�n�w|~ijlr�wPn[hSQ
ª5]:r°j�Xu]Uq�jlX[]���]U���Ùr�h��¢r�\?r°j�]:���gf�~[{yqlj�wy��j�Xu]
\m]B�irt{yn[h�wy��hlouqlq�wPo[n[�ir�nu��j�q�r�{Pnu�P��]:h:¦
ª�w|q�jlXu]m��]:�¢�"r�h)�[our¢�¢j²{P�:��w|q��ir�nu�?j�w�{yn¡rt�i]B{�wP� RY{Pqkj�X¥®O(�� -�±��Tfmxzw|r¢nur�nu�­jlX[]»��]:n|j�]Uq`wy�5]B�i�P]Bh� �r¢jlX
j�Xu]���]UnTjl]:q�wy��j�Xu]�hl\?{P�¢��]:hkj���r�q��U�¢]
�UwPn|jH{yr�nur�nu�»j�Xu]���w|n[hkrt�i]:ql]B�­jlq�r�{Pnu�P��]P£

å�å�ÑKW[ÛBÝkñ%ÞHß�Ü%ì�XHé%à



*B� �5�S�����V�������K�7���K�	��
 �K�5�K�7�7����
 ������
���� ������
���� � 
����

I

J

���������
	���
���	�����������	������������! "�
�#�$ 
�����

I

J

���������
	&%'
)(*���"����+���	��, 
	���-
./�0�
 
1324��	����������'5
�! "�
�#�$ 
�����

���������"	�6�
879�:����	;��<= 
1�	>+�	?�'�������8�'��@3�A�B�����C���
 !D=�>���
��	����
�A�"1#�!5FEG	�����	��H	���	�+�	��, "�

���������
	CI�
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ij
T_	� !D=	�	��W FD=�

�����'	��
i
�0���

j
[��0���] "1�	����
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meas(Ci) Wi,t F + Σ Φij = 0 d �be0f
Da1�	��
	

Φij
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7/1�	k�,��+�	��
�A�����_���� "	����:�b "�����S��<9�Uj����� 
	�5X@�������+�	k��Y,Da�����p�
�:1�	�+�	kDa�� 
1p�������B "���� 
5XT3g�5F��	����_���� "	��
5

Y_�����0 
�����;��	���	��:�0����g8��	������q 
�R��Y�Y��"�?Q'��+>�b 
�����#��Da1��A�"1>���
	a������gRj��:�! 
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1C	�Q3 
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Fij
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Fji
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ji

W WWWi ij ji j

Iij

?"r��Pouq�]BU6Q�v�w|hlr°j�r¢w|n�wy�
Fij

{yn[�
Fji

wPn (
Si
¦
Sj
-

{

Fij = Fi + 0.5 (~∇F )ij .~ij

Fji = Fj − 0.5 (~∇F )ji.~ij

®O*:�T±

 �Xu]:ql]�j�Xu] Az]U¤gjlqH{y~@wP�t{�j�r¢wPnmhk��wP~@]BhLC
(~∇F )ij,ji

{yq�]�wP�uj�{yr�nu]B�»o[hkr�nu�
{²�UwP\��ur�n[{yjlr�wPnmwy�0�U]Un|j�]Uq�]:�m{Pn[�
ou~g �r¢nK���PqH{P�ir�]Un|jHhU£

"ín�wPqH�i]Uq-jlw�r¢nK��q�]:{Phl]�j�Xu]){|�U�Uouq�{|��f�wP�@j�Xu]��K{Phlr���a _`d[³ % ��wPnKhzj�qlo[��jlr�wPnÙ¦P �]�~uqlw|~@w|hl]�jlw��i]�2[nu]
j�Xu]:hl]
hl�¢w|~@]:h�{Ph���wP����wQ �hNQ
WYXu]���]:n|jl]:ql]B���PqH{P�ir�]UnTj

(~∇F )c
ij

rth��i]�2[nu]:�&{|h
(~∇F )c

ij . ~ij = Fj − Fi
£

WYXu]²nuwi�u{P�0�PqH{P�ir�]UnTj
(~∇F )i

r�h��U{P���Uou��{yjl]B�­w|n­j�Xu]
��]:�¢�
Ci
{PhêjlXu]
{Q�P]UqH{y�P])wP�#jlXu]²�|q�{|�ir¢]:n|jHhêwy�#j�Xu]

j�qlrt{ynu�|�¢]Bh� �Xurt��X&r¢nK����o[�i]²jlX[]
�UwPn[hlrt�i]Uq�]:��nuwu�i] Q

(~∇F )i =
1

meas(Ci)

∑

T ∈Ci

meas(T )

3

∑

k ∈T

Fk
~∇ΦT

k

®O*S.T±

"ín w|q��u]Uq`j�w&�i]�2[nu]?wPjlXu]:q
{y~[~uqlwQ¤ir¢\�{yjlr�wPn[h`wy�êjlXu]?�|q�{|�ir�]Un|jHhU¦§��]�j
oKh
�i]�2[n[]mjlXu]?o[~T �r�n[�I{Pn[�
�iw� �nT �r�n[�&jlq�r�{Pnu�P��]:h

Tij
{ynK�

Tji
£`WYXu]�]U��]U\?]UnTj

Tij
rth � �����	� 	
j�w�j�Xu]��P]:qkj�]�¤

i
 �r¢jlX ql]:hl~@]:��j�jlw

j�Xu]À]:�u�P]
ij
r¢�z¦g��wPqY{PnTf­hlo69­��r�]Un|j��¢f�hl\?{P�¢�0~@w|hlr¢jlr��P]`nTo[\��K]:q

η
¦gjlXu]²�P]:�%j�wPq

−η~ij
hkj�{Pqkj�r¢n[����q�wP\

Sirth)r�n[hlr��i]�jlXu]»]U��]U\?]:n|j
Tij
£²dgfg\?\m]Ujlq�rt�U{y����fP¦KjlXu]»]U��]U\?]:n|j

Tji
rth 	 ���������	� 	�jlw­j�Xu]»�P]Uqljl]U¤

i
 �r¢jlX

q�]:hl~@]:�%j=j�w�jlX[])]B�i�P]
ij
r¢�z¦T��wPq�{PnTf�hko69­��r�]UnTjl��f�hl\?{P�¢�@~@w|hlr°j�r¢�P])ngou\��@]Uq

η
¦|j�Xu]`�P]:��jlwPq

η~ji
hkj�{Pqkj�r¢nu�

��q�wP\
Sj
rth=r�n[hlr��u]�jlX[])]:�¢]:\m]:n|j

Tji
£ � r¢jlX�ql]���]:ql]:n[��]�jlw�?"r��Pouq�] Ju¦T��]�j

εni
¦
εmi

¦
εjr

{Pn[�
εjs

�@]�j�Xu]
�UwP\?~@wPnu]:n|j�h�wy�"�P]:��jlw|q ~ji ®¯ql]Bhk~Ù£ ~ij ±�r¢n�jlX[]²w|�u��r�sTou]
hlfihzj�]U\ wy��{�¤i]Bh

(~in, ~im)
®¯ql]Bhk~Ù£ ~jr, ~js) ±�Q

~ji = εni
~in + εmi

~im ,

~ij = εjr
~jr + εjs

~js .
WYXu]:n�h�{Bfgr�nu�
j�X[{�j

Tij
{Pn[�

Tji
{yq�])ou~[hkjlq�]:{P\ {Pn[���iw� �n[hzj�ql]B{y\ ]:�¢]:\?]Un|jHhê\?]:{Pn[h=jlXK{�jêj�Xu]Uf�X[{Q�P]

�@]U]:n&�HXuw|hl]Un�r�n&hlo[�HX&{m �{Qf�jlX[{yj�jlXu]��UwP\?~@wPnu]:n|jHh
εri
¦u]Uj��y£5{Pql]
{y���§nuw|nunu]U�T{�j�r¢�P] Q

Tij
ou~T �r�n[�&{ynK�

Tji
�iw� �nT �r�n[�

⇔ εni, εmi, εjr, εjs
{yq�]²{P�¢�ÙnuwPniª«nu]:�|{�j�r¢�P]

.
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(~∇F )u

ij
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E²{P�¢]:qM�gr�n­�|q�{|�ir¢]:n|jHh=wPn�jlq�r�{Pnu�P��]

T
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ij .~ij
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P1
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MFEM
ij =

∫
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ω
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Mω
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i j

MFV M
i j = meas(Ci) if i = j, 0 else.
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j�Xu]��ur�h���q�]�j�]êhlwP��oijlr�w|n�wy��®M�P�P±#wP�uj�{yr�nu]B�
�gf
{P~u~u��fTr�nu�)jlXu]Y{y�@w��P]êh���Xu]:\?]
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�UwPn|jH{yr�n[h�{&j�]Uq�\ r�n
∆x

£�WYXu]:n¨j�Xu]�h���Xu]:\?]­rth 2u�çj�Xiª«wPqH�i]Uq»{|�U��ouqH{�j�]�wPn[�¢fIr°��j�Xu]�q�{yjlr�w
∆x/∆yrth��@w|oun[�i]B�§£ ³êw|nT�P]UqHhl]U��fP¦�{|hlhlou\?r¢n[�IjlXK{�j

∆x ∆y
jl]UnK�uh�jlw¥¬U]Uq�w¨ �Xur���]

(∆x)6/∆y
r�n[��q�]:{|hk]Bh

r�n[�i]�2Knur°j�]U��fP¦" ê]��i]B�io[�U]mj�X[{�j
j�Xu]­h���Xu]:\?]?rth²nuwPj���wPn[hlrthzj�]Un|j
��wPq
o[nT�@wPounK�i]:�¨hkjlq�]�jH��Xur�nu�[£ ?[qlw|\
j�Xur�h�hkj�{Pn[�i~@w|r¢nTj:¦ir¢j�r¢nuX[]Uq�r°jHhêj�Xu]
��w|n[hkrthkjl]UnK��f�~uq�wP�u��]U\ ��wPq�hkjlq�]�jH��Xu]B��\?]:hlXu]:hY �Xur��HX� �{PhY{P�¢q�]:{|�if
nuwPjlrt��]B��r¢n3(F� �S-«£
"«�Y ê]�q�]:hkjlq�r���j²jlw&jlXu]��U{Phl]? �Xu]Uq�]mj�Xu]­hl]:��w|n[�I��w|\m~@w|nu]UnTj

b
wy�êj�Xu]­{|�i�P]:��jlr�wPnI�P]U��wi��r¢jzf�rth
¬U]Uq�w[¦

j�Xu]Un
C2 = 3|a|∆y

{yn[��j�Xu]N2[qHhzj�jl]Uq�\  �qlr¢jl]Bh�Q

− δ
5ξd
72

C2
∆x5

∆y
Uxxxxxx = −

15δ

72
ξd|a|∆x

5 Uxxxxxx .
®¯�|�|±

WYXurth��i]�2[nu]:h�{`��]U�P]U�gwP�uj�Xu]Y�irthlhlr�~[{�j�r¢w|n»��wg]�9��Ur¢]:n|j"jlXK{�j-�:{yn��@]�o[hl]:�� �r¢jlXmhkj�{P�ur��¢r¢jzf�{yn[�»{P�:��ouqH{P�UfP£

��

��
�� � º � ��� �"� � º � º � � � � � · � � �
W�w?hko[\�ou~Ù¦ijlXu]
�irt{y�|wPn[{P�°ª«\�{Phlhzª«\?{�j�qlr¢¤�h���X[]U\?]:h:¦grÈ£ ]P£

ω = 0
¦uX[{B�P]Àw|nu��f­hlr°¤gj�XiªÈw|q��i]:qY�ir�h�hlr¢~[{yjlr�wPn

{Pn[�I{yq�]mr�nI�|]Unu]:q�{P�-hk]B��wPn[�iªÈw|q��i]:q²{P�U�UouqH{�jl]m�[oij
jlX[]Uf �@]:�UwP\?]?Xur��PXu]:qkª«wPqH�i]Uq²{|�U��ouqH{�j�]»��wPq�hlwP\?]
��{P��ou]:h�wP�#jlX[]²~[{Pq�{P\m]Ujl]:q�h

β
®Mhk]:]5(/* .0-ç±�¦

ξc {yn[� ξd ¦[hk]:]�(+*B�0-#{yn[��W"{y�u��]²�u£5WYXu]
�U{|hk]ÀwP��ounKhzj�qlo[��ªj�ouql]B��\?]BhkXu]BhÀhlXuw�  j�Xu]mo[hlo[{P�"�@]UXK{B�gr�wPq)��w|q²h���Xu]:\?]:hÀ �r°j�XI�irt{y�Pw|n[{y��rthk]B�&\�{�j�qlr¢¤§¦�2[qHhzjlªÈw|q��u]Uq`r¢n
�|]Unu]UqH{y�È¦Phl]:��w|n[�gª«wPqH�i]Uq"��wPq=hl\?wgwyj�Xm��{Pqlrt{�j�r¢w|n»wy�0\?]:hlX�hkr�¬U]|£'Rê]Ujkj�]Uq=�UwPnT�P]:ql�|]Un[�U]Y�U{yn?�@]�wP�[hl]Uq��P]:�
r�n ~uqH{P�%j�rt��]P¦0 ê]»q�]���]Uq`jlw (+*�-È£ ½ ��hlw[¦@j�Xu]»��]U�P]:�"wy�ê�irthlhlr�~[{�j�r¢w|n�wy�5jlXurth`�¯{y\?r¢��f¡wy�êhl�HXu]U\?]Bh)rth`\�o[�HX
hl\�{y���¢]:q�jlXK{yn���w|q�o[hlo[{y�#a�_`d[³ %©h���X[]U\?]:h:¦uhl]U]5(+*SJ0-«£

WYXu]���w|n[hkrthkjl]UnTjkª«\�{Ph�hzª«\�{�jlqlr¢¤ ¦5rÈ£ ]|£
ω = 1

h���Xu]:\?]:hm�U{Pn¥�@]�\�{P�i]���w|ouqkj�Xiª«wPqH�i]Uq»{|�U��o[q�{yjl]P£
R�oij`j�Xu]Uf�{yq�]� �r°j�XuwPoij
{yngf&�irth�hkr�~[{yjlr�wPnÙ£)"ín w|q��u]Uq�j�w�r¢n[�Uql]B{Phl]
jlX[]»q�wP�uo[hkjln[]:h�hU¦@~[{yqljlrt��o[��{Pql��f���w|q

Øçä"åÙØçæ
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�� �6*

ω β ξc ξd δ
G`qH�i]Uq

β
ª«h���X[]U\?] � *�´�� � � * �

β
ª«h���X[]U\?] � *�´�� � � � �

?���ª��)J�a¡]�j�Xuwi� � *�´�� ª
*Q´��|� ªz�|´V*0U * U

?"¿-ª��HJ?a�]�jlX[wi� * *�´�� � � * J

W"{y�u��]
� Q ½ �:��ouqH{P��f­wP���ir�40]Uq�]UnTj��P]UqHhkr�wPnKhêwP��jlXu]
nu]:  h���Xu]:\?]²r�n¡�,<�³�{Pqkj�]:hlr�{Pn��:{Phl]

nuw|niªÈq�]U�|ou�t{yq5\?]:hlXu]:h:¦T ê]`~uqlw|~@w|hl]Yj�w»{|�u�­{��irthlhlr�~[{�j�r¢w|n?jl]:ql\ �[{|hk]B��wPn�{�hlr°¤gjlXuªÈw|q��i]:q=�u]Uqlr���{yjlr��P]P¦
{Pn[��r�n|j�qlwi�uo[�%j�r¢nu�»wPn[�¢f�{yn�]�¤gjlqH{ 2u�çjlXuªÈw|q��i]:q=jlq�oun[�:{�jlr�wPn�]Uqlq�wPqB£1"ín��U{Phl])wy�#oun[hkjlq�o[�%j�ouq�]:�­\m]BhkXu]BhU¦
j�Xu]N2[nur¢jl]�ª«]U��]U\?]:n|j){Pn[{y��fihkrthY{y~u~[�¢r�]:h�{Pn[��hl]:��w|n[�gª«wPqH�i]Uq�rthYw|�ij�{Pr¢n[]:�§£

� ��� 
�	����#����� 
"� � ����	Y�

WYXu]
¿5ou��]Uq�]:sTo[{yjlr�wPnKhY{Pql]²�u]Unuwyj�]:���Tf Q

Wt + divF = 0 , F = (F,G)
®¯�|�|±

"ín&~uqH{P��jlrt��]P¦[ ê]
nu]:]:��jlw�r�n|j�qlwu�io[��]�hlwP\?]��irthlhlr¢~K{�jlr�wPn& �r°j�X�{�}�r�]U\�{ynun�hkw|�¢�P]:q:£=WYX[]
r�n|j�]Uql]Bhzj
wP�"{»�Pwiwi�­ou~T �r�n[�ir�nu�?rthY{mq�{yjlXu]:q�qH{�j�r¢w|n[{y�0 �{Bf­r¢n�r�n|j�qlwi�uo[��r�nu�?�irthlhlr�~[{�j�r¢w|nÙ£�WYX[]) Koi¤��ir/40]Uq�]Un[��]
hl~u��r°jljlr�nu��~uqlw|~@w|hl]:���Tf�}�wg]² �q�r¢jl]:hSQ

(F (UL) + F (UR))/2 − |A(Ũ)|(UR − UL)/2 , A =
∂F

∂W
.~n .

®M�y�g±
r�n¡ �Xur��HX&��wPq`{��ur�{P�PwPnK{y��r�h�{y�u�¢]²\�{�j�qlr¢¤

A = T−1ΛT
¦
|A|

�i]:nuwyj�]:h
T−1|Λ|T

{ynK�� �Xu]:ql]
Ũ
Xuw|���uh

��w|qYjlXu]�}�wg]
{Q�P]UqH{y�|]`wy�
UR

{yn[�
UL
¦ur�n&hlXuwPqljSQ

Ũ = (ρ
1
2

RUR + ρ
1
2

LUL/(ρ
1
2

Rρ
1
2

L)

 �Xurt�HX�]UnyxzwQfih�j�Xu]²��wP���¢w� �r�nu�m~[qlw|~K]:qkjzf Q

F (UR) − F (UL) − A(Ũ)(UR − UL) .

"ín¥®�Xur��PX¡]Un[wPou�|XK±Yhlou~@]UqHhkw|nurt�²�U{|hk]|¦
A(Ũ) = |A(Ũ)|

w|q
A(Ũ) = −|A(Ũ)|

{Pn[�&}�wg] � h�hk~[�¢r¢jkj�r¢n[��rth
��ou����f�ou~g �r¢n[�§£ � ]�{y�thkwmw|�[hl]Uql�|])j�X[{�j

|A(Ũ)|(UR − UL)/2 = T−1Diag(|λ1|, |λ2|, |λ3|, |λ4|)T = sign(A)A ,

å�å�ÑKW[ÛBÝkñ%ÞHß�Ü%ì�XHé%à
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 �Xu]:ql]
sign(A) = T−1Diag(sign(λ1), sign(λ2), sign(λ3))T.

®M� U|±
j�XTo[hYj�Xur�h�{Q�P]UqH{y�Pr�nu�m{P��hlwm~@]Uq�\?r°jHh�j�Xu]²��wP���¢w� �r�nu�m]Bs|o[r¢�y{y��]Un|jY��w|ql\�o[��{yjlr�wPn Q

(F (UL) + F (UR))/2 − sign(A(Ũ))(F (UR) − F (UL))/2 .
®M�,JT±

� "%$ �8, 
 
 � >H@ ��� @���� ����:��
	 � ')(+*-,.(0/ ��� 
	�3B �

WYXu]�{y���Pw|qlr¢jlXu\ ��wPq�{|hlhl]U\��u��r�nu�?h���X[]U\?]���
­¸�����
��¡�U{Pn��@]�hlou\?\m]B��o[~&{|h���wP���¢w� �hU£
�u£ ½ �[{|���g�|qlwPo[n[�� [w� 

U = (ρ, ρu, ρv,E)
w|n�]:{|��X��P]Uqljl]U¤�wy��j�Xu]
\m]BhkX¡{yq�]À�Pr��P]Un#£

*P£=³êw|\?~uoijl]²jlXu]N Koi¤i]:h
F̄ = F (U), Ḡ = G(U)

w|n�]:{P�HX��P]Uqljl]U¤ ®��P]Uqljl]U¤i �r�hl]À��wgw|~K±%£
�i£ ³êw|\m~[oijl]�j�Xu]¡nuwi�u{P�Y�|q�{|�ir¢]:n|jHh

∇F̄ , ∇Ḡ
wy�`jlXu]8 [oi¤i]:h?w|nA]B{P�HXA�P]:qkj�]�¤ ®�]U��]U\?]:n|jz �r�hl]

��wgwP~@±%£-WYXurth�r�h��iwPn[]²�Tf�{y~[~u�¢fgr�nu�mjlXu]
nuwu�u{y�§�|q�{|�ir¢]:n|jY��wPq�\�ou��{�Q

(~∇F̄ )i =
1

meas(Ci)

∑

T ∈Ci

meas(T )

3

∑

k ∈T

(F̄ )k
~∇ΦT

k

®¯� �P±

�u£5dTjH{yqlj;

	��D
 ��� ��
5������
��	����� �/� � ��Q
�UwP\?~uoijl]²j�Xu]
]�¤gjlqH{y~@w|��{yjl]:��hl�¢w|~@]:hNQ

(~∇F̄ )ij · ~ij = (1 − β)(~∇F̄ ))c
ij · ~ij + β(~∇F̄ ))u

ij · ~ij

+ξc

[

(~∇F̄ ))u
ij · ~ij − 2(~∇F̄ ))c

ij · ~ij + (~∇F̄ ))d
ij · ~ij

]

+ξd

[

(~∇F̄ ))D∗
ij
· ~ij − 2(~∇F̄ ))i · ~ij + (~∇F̄ ))j · ~ij

]

,

®¯�P�T±

{Pn[��{yn[{P�¢w|����w|q
(~∇F̄ )ji

£
<`]�2[nu]  [oi¤�r�n|jl]:ql~@w|��{yjlr�wPn[hSQ

F̄ = (F̄ , Ḡ)

F̄ij = F̄i +
1

2
∇F̄ij

F̄ji = F̄j −
1

2
∇F̄ji

®¯�,.T±
WYXu]���]:n|jlqH{y�Ù�ur�40]Uq�]Un[�U]:�& Koi¤�jlXu]:n& �qlr¢jl]Bh�Q

Φij = 0.5 (F̄ij + F̄ji) · nij
®��|�T±

�[£�¿=��{y��o[{�j�]ÀjlX[]�hzjH{y�ur��¢rth�{�jlr�wPn�j�]Uq�\8Q

Dij = 0.5 δ sign(Aij)(F̄ji · nij − F̄ij · nij)
®���*Q±

Øçä"åÙØçæ
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 �Xu]:ql]
Aij

rth��i]�2[nu]:���gf�Q

Aij = (F ′, G′)((Ui + Uj)/2) · nij .
®��T�|±

Ui£=³êw|\?~uoijl]²jlXu]N2Kn[{y�Ù]:�i�|]H [oi¤�{PhSQ

Φupwind
ij = Φij − Dij

®��|�T±
{Pn[��{P�u�I®Mhko[�[hzj�q�{|�%j%±êr¢j�jlw� [ou¤�{Ph�hk]:\��u�¢f�{yj��P]:qkj�]�¤

i
®
j
±�£

��¶ �¥�i���Ù�|�
ª � ]�nuwyj�]Yr¢n?~[{Ph�hkr�nu�`jlXK{�j5�HXuwgwThkr�nu�) [oi¤»r¢nTjl]Uq�~@wP�t{�j�r�wPnm{y���¢w� �h�jlw²]Bhl�:{y~@]êj�wÀjlXu]�hk]B��wPnK�gªÈw|q��u]Uq

��r¢\?r¢j�{yjlr�wPn&{|�i�Pwi�:{�jl]B�­�gf � o&{Pn[� � {ynu�¡®I( �P�0-�±ê��wPq�a _`d[³ %©h���Xu]:\?]:h:£
ªmv"wThkr¢jlr��gr°jzf XuwP�t�uh­��wPq�j�Xu]$2[q�hkjkª«wPqH�i]Uq��ur�{P�PwPnK{y�¢ªÈ\�{PhlhkªÈ\�{�jlqlr¢¤A�P]:q�hlr¢w|n  �Xurt�HX rth­jlXu] o[hlo[{P�

ou~g �r¢nK��hl�HXu]:\m]|£�=)wQ �]U�P]UqB¦i{»q�r��PwPo[qlwPo[hl�¢f?\?wPn[wyjlw|nu]À��r¢\?r¢jl]B��Xur��PXiª«wPqH�i]Uq��P]:q�hlr�wPn�q�]U\�{yr�n[hêj�wm�@]
��w|oun[�§£ê³êw|n[hkrthkjl]:n|jkª«\�{Ph�hzª«\�{�jlq�r°¤­�P]UqHhkr�wPnKh�{Pql]²�P]Un[]UqH{y���¢f�nuwPj�~@wThkr¢jlr��P]P£

ª ½ hÀq�]U\�{PqM�P]B�¡r¢n jlXu]�{yn[{P�¢fihlr�hm®Mhk]U]?hkjH{�jl]:\?]Un|j�� *:±�¦§jlXu]���w|\��ur�n[{�j�r¢w|n wy�ê\?]:�irt{ynI��]:�¢�th²{Pn[�
ou~g �r¢nK�ir¢nu��~[qlwi�uo[��]:h`r�n[��w|n[hkrthkjl]:n|jÀ]:qlq�wPq)jl]:ql\�h`o[n[�i]UqÀjlX[]»��wPq�\ wP�êsTouwyj�r¢]:n|j�h ∆x

∆y

wPq ∆y
∆x

 �Xurt��X
�:{yn�~uqlwu�io[��]=��{Pql�|]-]:qlq�wPqHh§ �Xu]:n
jlXu]ê~[ql]U�gr�wPoKh#sTouwyj�r¢]:n|j"{Pql]=��{Pql�|]P¦:jlX[{yj�rth# �X[]Un�\?]BhkX�rth�hkjlq�]�jH��X[]:�§£
G`nu]� �{Qf�j�w�]:h��U{y~@]Yj�Xurth5r�n[��w|n[hkrthkjl]UnK��f» �r°j�XuwPoijê�¢wThkr�nu�²jlX[]���wQ  �ur�hl~@]UqHhkr�wPn?~uq�wP~@]Uqljlr�]:h�®çjzfg~urt�U{y����fP¦
2u�çj�XiªÈw|q��u]Uq�{P�:��ouqH{P�Ufi±ê��w|n[hlr�hkj�hYwy�"o[hlr�nu�mjlX[]BR�{Pqkj�X��UwPn[hkjlq�o[�%j�r¢w|n�wy���U]U����h�®Mdg]B�%jlr�wPn¡�u£+*B±�£

� " ! �8, 
 
 � >H@ ��� @���� � ��:��
	 � ')(+*-,.(0/ ��� 
	�3B �

WYXu]�{y���Pw|qlr¢jlXu\ ��wPq�{|hlhl]U\��u��r�nu�?h���X[]U\?]����)¸ ����
��&�:{yn��@]�hkou\?\?]:��ou~¡{Ph���w|�¢��wQ �h:£
�u£ ½ �[{|���g�|qlwPo[n[�� [w� 

U = (ρ, ρu, ρv,E)
w|n�]:{|��X��P]Uqljl]U¤�wy��j�Xu]
\m]BhkX¡{yq�]À�Pr��P]Un#£

*P£=³êw|\?~uoijl]²jlXu]N Koi¤i]:h
F̄ = (F̄ , Ḡ) = (F (U), G(U))

wPn�]:{|��X��P]:qkj�]�¤ ®��P]:qkj�]�¤i �rthk]²�¢wiwP~K±�£
�i£ ³êw|\m~[oijl]�j�Xu]¡nuwi�u{P�Y�|q�{|�ir¢]:n|jHh

∇F̄ , ∇Ḡ
wy�`jlXu]8 [oi¤i]:h?w|nA]B{P�HXA�P]:qkj�]�¤ ®�]U��]U\?]:n|jz �r�hl]

��wgwP~@±%£-WYXurth�r�h��iwPn[]²�Tf�{y~[~u�¢fgr�nu�mjlXu]
nuwu�u{y�§�|q�{|�ir¢]:n|jY��wPq�\�ou��{�Q

(~∇F̄ )i =
1

meas(Ci)

∑

T ∈Ci

meas(T )

3

∑

k ∈T

(F̄ )k
~∇ΦT

k

(~∇Ḡ)i =
1

meas(Ci)

∑

T ∈Ci

meas(T )

3

∑

k ∈T

(Ḡ)k
~∇ΦT

k

®��P�g±

�u£5dTjH{yqlj;

	��D
 ��� ��
5������
��	����� �/� � ��Qê�UwP\?~uoij�]Àj�Xu]��ir�h�hlr¢~[{yjlr�wPn  [oi¤i]:hSQ

T̄ij = C
(

2(~∇F̄)D∗
ij
· ~ij − 5(~∇F̄)u

ij · ~ij + 6(~∇F̄)c
ij · ~ij − 5(~∇F̄)d

ij · ~ij + 2(~∇F̄)D∗
ji

)

.

å�å�ÑKW[ÛBÝkñ%ÞHß�Ü%ì�XHé%à
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"ín�w|q��u]Uqêjlw»j�ounu]ÀjlXu]
�irthlhlr�~[{�j�r¢w|n­jlw?{»�y{y��ou]À�U�¢wThk])j�w»jlX[]Àw|nu]²{y~u~@]:{Pqlr�nu�»r¢n�jlXu]²ou~T �r�n[��h���Xu]:\?]
®M�P�|±�¦i �r¢jlX

ξc = −1/30, ξd = −2/15
¦u ê]���X[wgw|hl],Q

C =
3δ

30
.

®��DU|±
<`]�2[nu]  [oi¤�r�n|jl]:ql~@w|��{yjlr�wPn[hSQ

F̄ij =
1

2
(F̄i + F̄j) · nij + T̄ij · nij

F̄ji =
1

2
(F̄i + F̄j) · nij − T̄ij · nij

®�� JT±
WYXu]���]:n|jlqH{y�Ù�ur�40]Uq�]Un[�U]:�& Koi¤�jlXu]:n& �qlr¢jl]Bh�Q

Φij = 0.5 (F̄ij + F̄ji) · nij
®�� �P±

�[£�¿=��{y��o[{�j�]ÀjlX[]�hzjH{y�ur��¢rth�{�jlr�wPn�j�]Uq�\8Q

Dij = 0.5 δ ||n̄ij || sign(Aij)T̄ij · n̄ij
®��|�T±

 �Xu]:ql]
Aij

rth��i]�2[nu]:���gf�Q

Aij = (F ′, G′)((Ui + Uj)/2) · n̄ij
®�� .T±

{Pn[�� �Xu]Uq�]
n̄ij

rth��i]�2[nu]:���t{�j�]UqB£
Ui£=³êw|\?~uoijl]²jlXu]N2Kn[{y�Ù]:�i�|]H [oi¤�{PhSQ

Φupwind
ij = Φij − Dij ,

® Uy�T±
{|�u� ®¯hlou�[hkjlqH{P�%j%±=r¢j�j�w� [oi¤�{|hlhl]U\��u��f­{�jY�P]:qkj�]�¤

i
®
j
±�¦u{Pn[��\�ou�¢jlr�~u�¢f��Tf�j�Xu]Àr�nT�P]:q�hl]`\�{|hlh�\�{�jlq�r¢¤

r�n�w|q��u]Uq�jlw�wP�ijH{yr�n�jlXu]
ou~0�u{yjl]
wy��j�Xu]
��{Pqlrt{y�u��]P£
ª>"ín­j�Xu]Àh�{y\?]) �{Qf�{Ph=r�n­jlXu]N?�� {ynK{y��fghlrth)®Mhk]:]`hkj�{yjl]U\?]:n|jY��*:±%¦Tj�Xu]`o[hl]`wy�ÙjlXu]ÀnuwPq�\?{P�K�P]:��jlwPq

�UwP\?~uoijl]B����qlw|\ \?]:�irt{yn¡��]:�¢�thY��wPq�jlXu]��irthlhlr¢~K{�jlr�wPn�j�]Uq�\�hY �r����Ù~uq�wi�io[�U]²r�n[��wPnKhkrthzj�]UnTj�]Uq�qlw|qêj�]Uq�\�h
oun[�u]UqÀjlXu]»��w|ql\�wy�êsTouwPjlr�]UnTj�h ∆x

∆y

w|q ∆y
∆x

£
v-{Ph�hkr�nu��jlw8R�{Pqkj�X �U]U����hÀr�hÀnuwyj
{��|wgwi�¡r��u]:{�hlr¢n[�U]» ê]
 êw|ou�t���¢wThk]ÀjlXu]�{|�U��o[q�{|��f��@]Unu]�2uj�wP��jlXu]��UwPn[hlr�hkjl]:n|j�\�{Ph�hY\�{�jlq�r¢¤§£ G`ouq�~uqlw|~@w|h�{y�0r�hSQ
ª-j�w5�P]:]U~�j�Xu]B?�¿ nuwPq�\�{y�§r¢n¡��wPnKhkrthzj�]UnTj���]:n|jlqH{y�  [ou¤g]BhU¦
ª-j�w?o[hl]
{|h

n̄ij
jlXu]
~[qlwyxz]:��jlr�wPn�wy�"r¢j�wPn�]:�u�P] ~ij Q

n̄ij = ~nij · ~ij ~ij .
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WYXu]�j�q�{Pn[hz��w|ql\�{yjlr�wPn
��q�wP\ ��r¢n[]:{yq � 
 �?h���Xu]:\?]:h�r¢nTjlq�wi�io[�U]:��r�n!(/*0Ug¦6* J0-u �Xu]:ql]êj�Xu]Y~uq�r�\mr¢jlr��P]Y��{Pqlr¢ª
{P�u�¢]Bh5{Pql]�r�n|j�]Uq�~@wP�t{�jl]B�§¦Pr�n|j�w
jlX[]�nuw|niªÈ��r�nu]:{Pq ����
���hl�HXu]U\?]Bh-r�n|j�q�wi�io[��]B�mr�n?j�Xur�h=~[{P~@]Uq=�i]:\�{yn[�uh
{Pn�r¢\?~@wPqlj�{Pn|j5j�q�{Pn[hk��wPq�\?{yjlr�wPnm��qlw|\ {�a _`d[³ % h��HXu]U\?]P¦g{yn[��ql]Bhkou�¢jHh5r¢n�{
\?wPq�])��wP\?~uoujl]Uqêr�n|jl]:niª
hlr¢�P]�{y���Pw|qlr¢jlX[\�£1?[wPq�jlXu]��U{|hk]� �Xu]:ql]�jlXu]�o[hl]:�»r�h�r�n|j�]Uq�]:hkjl]B��w|nu�¢f��gf�{²��wP\��[r¢n[{yjlr�wPn»wP��?"¿=a¡ªMjzfg~@]
{P~u~uqlwQ¤ir�\?{yjlr�wPn� �r¢jlX�{�hkw|~uXurthzj�r��:{�j�]:���irth�hkr�~[{�j�r¢w|nÙ¦u ê]��i]:h���q�r¢�@]
nuwQ  Xuw�  j�w­{Ph�hk]:\��u��]
{�hkr�\?~u��r°ª
2[]B��h���X[]U\?]����)¸ ��
��& �r°j�X&~uq�r¢\?r¢jlr��P]²��{Pqlrt{y�[�¢]Bhêr�n|j�]Uq�~@wP�t{�jlr�wPn#£�WYXurth� �qlr¢jl]Bh�{Ph���wP����wQ �hSQ

�u£ ½ �[{|���g�|qlwPo[n[�� [w� 
U = (ρ, ρu, ρv,E)

w|n�]:{|��X��P]Uqljl]U¤�wy��j�Xu]
\m]BhkX&r�h��Pr��P]Un#£
*P£=³êw|\?~uoijl]²jlXu]
~[qlr�\?r°j�r¢�P]
��{Pqlrt{y�u��]

Ũ = (ρ, u, v, p)
w|n�]:{P�HX��P]Uqljl]�¤I®��P]Uqljl]U¤i �r�hl]À��wgwP~@±%£

�i£=³êw|\?~uoijl]²jlXu]
n[wi�u{y�§�|q�{|�ir�]Un|jHh
∇Ũ

£

(~∇Ũ)i =
1

meas(Ci)

∑

T ∈Ci

meas(T )

3

∑

k ∈T

(Ũ)k
~∇ΦT

k

® U6*Q±

�u£5dTjH{yqlj;

	��D
 ��� ��
5������
��	����� �/� � ��Q
�UwP\?~uoijl]²j�Xu]
]�¤gjlqH{y~@w|��{yjl]:��hl�¢w|~@]:hNQ

(~∇Ũ)ij · ~ij = (1 − β)(~∇Ũ))c
ij · ~ij + β(~∇Ũ))u

ij · ~ij

+ξc

[

(~∇Ũ))u
ij · ~ij − 2(~∇Ũ))c

ij · ~ij + (~∇Ũ))d
ij · ~ij

]

+ξd

[

(~∇Ũ))D∗
ij
· ~ij − 2(~∇Ũ))i · ~ij + (~∇Ũ))j · ~ij

]

,

® UP�|±

{Pn[��{yn[{P�¢w|����w|q ~∇(Ũ)ji
£

<`]�2[nu]��¢]U�çj){yn[��qlr��PXTj���{yq�r�{P�u��]`r�n|j�]Uq�~@wP�t{�j�r¢w|n[h�Q

Ũij = Ũi + ∇Ũij

Ũji = Ũj −∇Ũji ® Uy�T±
½ n[�¡q�]:��w��P]Uq�j�Xu]���]��çj²{Pn[�&q�r��PX|j`��{y��ou]Bh�wy�=��wPnKhk]:ql��{yjlr��P]
��{yq�rt{y�u��]:h

Uij , Uji
£)WYXu]�ou~g �r¢nK���ir/4@]:qkª

]:n[��]:�  [oi¤�j�Xu]Un& �q�r°j�]:hSQ
Φij = ΦRiemann(Uij , Uji)

® U��g±
{Pn[�I{P�u� ®Mhlou�[hzj�q�{|�%j%±`r¢j²j�w! [ou¤I{Ph�hk]:\��u�¢f {yj
�P]Uqlj�]�¤

i
®
j
±
{yn[� \�o[�°j�r¢~u��f$ [oi¤I{|hlhl]U\��u��f��Tf�j�Xu]

r�nT�P]:q�hl]À\�{Ph�hY\�{�jlq�r¢¤�r¢n&wPqH�i]:q�jlw?w|�ij�{Pr¢n�j�Xu]
ou~0�u{�j�]
wy��jlX[]²�y{yq�r�{P�u��]P£
� ])ql]B�U{P�¢�ij�X[{�j=��wPq

β = ξc = ξd = 0
¦Pj�Xurth=h��HXu]U\?]�rth-��wPouqljlXiª«wPqH�i]:q5{P�:��ouqH{�j�]P¦|hk]:]B(/*0U -«¦|�uoij=j�Xu]

h���X[]U\?]²\?{Qf­�t{P�
�­�ur�h�hkr�~[{yjlr�wPn���w|qYw|ouqY~uo[ql~@wThk]P£�¿={|��X�j�]Uq�\�r�n
ξc
w|q
ξd
r¢nTjlq�wi�io[�U]:h�{;2u�çj�XiªÈw|q��u]Uq

�i]:qlr���{yjlr��P]¡®¯\�ou�¢jlr�~u�¢r�]:�©�gf$ [oi¤�� h �|{|��w|�ur�{Pn
F ′
±
r¢n¨j�Xu]­\?wi�ir/2[]:�¨]:sTo[{yjlr�wPnÙ¦"]�¤u��]:~ij�r¢n¨j�Xu]��U{|hk]

 �Xu]:ql]
ξc = −ξd

¦i �Xurt��X�~uq�wi�io[�U]:hY{mhlr°¤gj�XiªÈw|q��i]:qY�ir�h�hlr¢~[{yjlr�wPn� �r¢jlX
O(∆x5)

 ê]:r¢�PjlX�r�n�³�{yqljl]Bhkrt{yn
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∆x = ∆y
�U{|hk]|£ "«n¡w|q��i]:qYj�w��@]�{yj)h�{y\?]
��]U�P]:�ÙwP�-�irth�hkr�~[{�j�r¢w|n¡{PhY��w|q ���)¸ ����
��#¦[ ê]�hkou�|�P]Bhzj�jlw

jH{K�P],Q

ξc = −
3δ

30
, ξd =

3δ

30
.

��¶ �¥�i���-� "ín©w|q��u]Uq
jlw�q�]:�UwQ�P]:q���w|n[hlr�hkjl]:n[��f ��wPq»hkjlq�]�jH��Xu]B�¨\m]BhkX[]:hU¦-{&\?wi�ur�2K�:{�j�r¢w|n©hlr¢\?r���{Pq
jlw
j�Xu]
wPnu]
{P~u~u��r¢]B��jlw ����¸���� 
 ��rthYnu]B��]:h�h�{yq�fP£

� " � � >�D)G�� ( @ � � >�G	� , *-,.>HG��
R�wPo[n[�u{yq�f
��w|n[�ir¢jlr�wPn[h"X[{Q�P]�{À�UqloK��rt{y�Tr�n6 [o[]Un[��]Yw|n�j�Xu]�s|oK{y��r°jzf
wP�[~[q�{|�%jlrt�U{P�g{P�UwPo[hkjlrt�êhlr¢\�o[��{yjlr�wPn[h:£
^)wPniª«ql]� []:��jlr�nu�
�@wPounK�u{yq�f»�UwPn[�ir¢jlr�wPnKh5{Pql]�nu]:��]Bhlh�{yq�f�r¢n­wPqH�i]Uq-j�w�{B�Pw|r��?hl~uouq�r¢w|o[h-q�]� K]:�%j�r¢nu�� �{Q�P]:h
j�w jlqH{Q�P]U�Yr¢nAjlX[]¡��w|\m~uouj�{�j�r�wPn[{P�Y�iw|\�{yr�nÙ£ "ínAjlX[r�h?~[ql]:�¢r�\?r¢n[{Pqlf¥hkjlo[�if|¦ê ê]&hlX[{P�¢�Yn[wyj­��wPnKhkrt�i]Uq
~uq�wP�u��]U\�h� �r¢jlX¥~@wThlhlr��u�¢]­q�]� []B�%j�r¢w|n[hU¦�{Pn[�¨ ê]�hlX[{y���=oKhk]�r¢n©j�Xu]�~uq�]:hl]Un|j�]:�©�:{y�t��ou�t{�j�r¢w|n[h
o[~T �r�n[�
�¯{PqI2[]:���¥��w|n[�ir¢jlr�wPn[h�ql]:�¢fgr�nu��wPn©jlXu]&dTjl]:�P]:qkª � {Pql\?r�nu�8 [oi¤¥hl~u�¢r¢jkj�r¢n[�[£$"ín hlXuwPqlj:¦> [oi¤i]:h��@]Ují ê]:]Un
�@w|oun[�u{yq�f���]U���#{yn[��]U¤gjl]Uq�n[{P�0\?]:�ur¢ou\ {yq�]²�UwP\?~uoij�]:�&{Ph���wP���¢w� �hSQ

Φexternal
i = A+(Ui)Ui + A−(U∞)U∞

 �Xu]:ql]
A = ∂F

∂U · n
¦
n
�@]Ur�nu�©j�Xu] nuwPq�\�{y��j�w¥�@wPounK�u{yq�fP¦

U∞

jlXu] �[{|���g�Pq�wPoun[�  [w�  {Pn[�
~@]Uqlj�ouql�[{yjlr�wPn�hl~@]:�Ur�2K]:��{yjY�¯{yqM2[]U�t�§£

� "�� �;,EB ��( ���+(0G	� ,%G�

½ h)]U¤g~[�¢rt��r¢j)j�r¢\?]m{|�i��{Pn[��r�nu�­ ê]»�U{Pn�o[hk]|¦0{Ph)r�n¡j�Xu] *S< �U{Phl]P¦0{­hkj�{Pn[�u{PqkjÀ}�ounu�P]Uª �²oujkj�{�h���Xu]:\?]
w|q�j�Xu]���r¢n[]:{yq�r�¬U]:�©�P]UqHhlr¢w|n¥�i]�2[nu]B� {y�@w��P]P£ � ]�w|�[hk]:ql�|]�jlX[{yj»��wPq�?����P]:q�hlr�wPn[h:¦�j�r¢\?]Uª«hkjl]:~[hm{yq�]
�UwP\?~[{yqH{y�u��]�jlw)o[hkoK{y�Pou~g �r¢nK��hl�HXu]U\?]BhU¦�{yn[�²�çw|q1?"¿��P]:q�hlr¢w|n[h:¦Ujlr�\m]Uª«hkjl]:~[h�{yq�]�j�Xuql]:]-jlr�\?]:h�hl\�{y���¢]:q:£
½ n r�\?~u�¢rt��r¢jBRY{P�
�g �{yqH�gª <`r/4@]:ql]UnK��r�nu�­��wPq�\�ou�t{��U{Pn {P��hlw��@]?{P~u~u��r¢]B�  �r°j�XI{�hk~K{�jlrt{y����fTª 2[qHhkjkª«wyq��u]Uq
{|�U��ouqH{�j�]Yhlr�\m~u��r/2[]:� �|{|��wP�[r�{PnÙ£ ½ n�r¢nTjl]Uq�]:hkjlr�nu�
wP~ij�r¢w|nmrth5{²hl]:�UwPn[�gª«wPqH�i]Uq�RY{P�
�g �{yqH�gª <`r�40]Uq�]Un[�Ur¢n[�
��w|ql\�ou�t{�{y~u~u��r�]:��{P��hlw
 �r¢jlX�{�hl~[{�j�r�{P�¢��fTª 2Kq�hkjkª«wPq��i]Uq5{|�U��ouqH{�j�]�hlr¢\?~u��r�2K]:� �|{|��w|�ur�{PnmounK�i]Uq=jlXu]���w|ql\
wP��{»jí êwPª«hkjl]:~iª«^)]U Yj�wPn8<)]���]B�%j²³êwPq�ql]B�%j�r¢w|n�{PhYr�n (F�y��-È£

� � � 
�����	�	 ���U��	����#�������

�#"%$ 6 '�� ,EG	� � / �3B �3G�*��
½ h`r�n¨�K<»¦@jlXu]?]U��]U\?]Un|j

Tij
rth � �����	� 	�j�w�jlX[]m�P]Uqljl]�¤

i
 �r¢jlX q�]:hl~@]:��j`jlw�jlXu]m]B�i�P]

ij
r°�z¦§��wPq
{ynTf

hl\�{y���#]:nuwPou�|X¡ql]B{y�#nTou\��@]:q
η
¦KjlXu]»�P]:��jlwPq

−η~ij
rth)r�n[hkrt�i]�j�Xu]�]:�¢]:\m]:n|j

Tij
£`dgfg\?\?]�j�qlrt�U{P�¢��fP¦[j�Xu]

]:�¢]:\m]:n|j
Tji

r�h 	,� �������	� 	ÀjlwmjlXu]²�P]:qkj�]�¤
i
 �r°j�X�q�]:hl~@]:��j�jlw»j�Xu]²]:�u�P]

ij
r¢�z¦g��w|q�{yngf­hl\?{P�¢�§]Unuw|ou�PX

q�]:{P�0nTo[\��@]Uq
η
¦ijlXu]
�P]B�%jlw|q

η~ji
rth�r¢n[hlrt�i]²X&q�]:{y�§]U��]U\?]UnTj

Tij
£5WYXurth�r�h�hI�|]�j��HXu]:��r¢n�?"r¢�|ouql] �g£
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�#" ! 4 � �),E( G�� � �3/%/ �
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hlouql��{|��]²�@]�jz ê]U]:n�jz êw?�P]:qkj�rt��]:hYwy��{Pn�]U��]U\?]UnTj){yn[��j�Xu]²jlq�rt{ynu�|�¢]BhY��wPn[nu]:��jlr�nu��Q

� j�Xu]
\?r��u�i��]
wP��jlXu]
�[{PqY��r�n �gr¢n[�mjlXu]��UwPn[hlrt�i]Uq�]:��{y~[r��U]:h:¦
� j�Xu]���]UnTjl]:q�wy�"�|q�{Q�gr¢jíf�wP��jlXu]²�¯{|��]:hYwP��jlX[]
]U��]U\?]Un|j�XK{B�gr�nu�»j�Xurth��[{yq�{Ph�{Pn�]:�i�|]P¦
� j�Xu]���]UnTjl]:q�wy�"�|q�{Q�gr¢jíf�wP��jlXu]
]:�¢]:\m]:n|jB£
Rêf¡{yn[{P�¢w|�Pf� �r°j�X ��ª <»¦KwPn[]»hkXuw|ou�t�&qH{�j�Xu]UqÀ��wPnKhzj�qlo[��j`�U]U����hÀ{Ph)ql]:�Pou�t{yq`{Ph)~@w|h�hkr��u��]� �X[]Un¡j�Xu]

\?]:hlX»rth"nuwPnuª«hkjlq�o[�%j�ouql]B�§£�WYXu]:nÙ¦yw|nu]� êwPou�t�� �r�hlX�jlX[]Y��]:�¢�th"�@]�q�]:��j�{Pnu�P��]ê~[{yqH{y���¢]:�¢]:~ur�~K]B�uh"��]:n|jl]:ql]B�
{Pqlw|oun[��j�Xu]»{y~[r��U]:h� �Xu]:n&j�Xu]�\?]:hlX¡rth�jlXu]m��ªL< ]:sTour���{P�¢]:n|j)jlw ?uq�r¢]B�iqlrt�HX[hzª��²]U����]Uq�\?]:hlXÙ£ ?"r¢qHhzjB¦Kr¢j
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 � GH* *�� *F@-( 
	� �)@C,�� (+*-,.>HG
^�£�EÀw|ouql�gr¢j��HX&~uq�wP~@wThk]B��jlw­o[hl]
jlXu]»��w|\��ur¢nK{�jlr�wPn&wP�-{�~[{Pqkj�r��Uou��{Pq�hl~u��r°jljlr�nu�­wP�-�Uou�@]:h�r�n|j�w�jl]UjlqH{�ª
Xu]B�iq�{&{ynK� wP�Yhk~u��r¢jkj�r¢nu�¡wy�Y{�jl]UjlqH{yXu]B�iqlw|n r¢nTjlw&~K{yqlj²wP�Y��]U���th
��]UnTjl]:ql]B� {Pqlw|oun[� ]:{|��XI�P]Uqljl]U¤§¦#hk]:]
��w|q�]�¤u{y\?~u��]5( � *7-«£ � ]
q�]:�U{P�¢�0jlX[]:hl]Àjl]B��X[nur�sTou]Bh�r¢n�jlXu]
nu]U¤gjYjz êw­hk]B�%jlr�wPnKhU£

"ín��yª <»¦Bhk~K{P��]5rth 2[qHhzj"�ir��gr��i]B�
r¢nTjlw)Xu]U¤i{PXu]:�uq�{[£ ?uwPq"hl{,�P]-wP�uhlr�\m~[�¢rt��r¢jíf|¦Bj�Xu]ê�:{Phl]5wy�u{À³�{yqljl]Bhkrt{yn
\?]:hlX&rth)��w|n[hkrt�i]:ql]B�§£êWYXgo[hU¦K ê]���w|n[hkrt�i]Uq�q�]:��j�{yn[�P��]:hY~[{Pq�{P�¢��]U��]U~[r¢~@]B�uh
®�jlXu]:ql]B{��çjl]:q)�:{y���¢]B�

blocks
±%¦
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