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Abstract

Kantorovitch’s theorem gives sufficient conditions for the convergence of Newton’s method. We present
a full formalization of this theorem in the case of a real function. The work is accomplished inside the Coq
proof assistant and it is based on the Reals library provided by the theorem prover. For the general case of
the theorem we first describe a way to represent concepts from multivariate analysis, as Coq does not offer
such a library. We then discuss the proof of Kantorovitch’s theorem based on this representation.

1. Introduction

The main purpose of formal methods is to guarantee that software satisfies its formal specification.
We are interested in extending such techniques to areas of computer science that rely on numerical
methods. This is of interest because of the safety critical domains that rely on these methods like
on-board software for planes, trains, real time programs used in medicine etc. Formal verifications of
numerical methods are rare. We can mention the work of Micaela Mayero [19] in which real analysis
concepts are formalized in order to prove the correctness of a differentiation algorithm.

At a slightly different level, we are interested in having mathematical concepts formalized inside
proof assistants. In the long run, the aim would be to use them for extensive mathematical
developments. At present, computer algebra systems like Maple or Matlab are more widely used
than proof assistants, for representing mathematical concepts on machines. However there are cases
where the level of accuracy provided by these systems is not sufficient and we would like to have a
certification that the computation is indeed correct [16, 5.

In this context, we are interested in Newton’s process, which approximates the root of a given
function. Kantorovitch’s theorem gives sufficient conditions for the convergence of this process.

A formal verification of such a theorem is of interest for computer scientists who use numerical
methods in their developments. Newton’s method is widely used because of its quadratic convergence
rate.

Applying formal methods to a domain means encoding the concepts of that domain inside a proof
assistant and verifying the desired properties within this setting. It is thus obvious that the success of
formal verification for numerical methods depends on having an extensive and practical formalization
of real analysis concepts inside the proof assistant. For the formal proof of Kantorovitch’s theorem, we
organized our work by starting with the case of a single variate real function and then generalizing for
several dimensions. In section 2 we provide a survey of formal real analysis concepts in various theorem
provers. We also present an outline of the mathematical proof of Kantorovitch’s theorem. In section
3, we present the proof of the theorem in one dimension. Section 4 describes the multivariate analysis
concepts we formalized and section 5 discusses the proof of the theorem in RP. The conclusions and
possible extensions of this work are detailed in section 6.
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2. Survey of related work

Mathematical proofs cannot be entirely discovered by mechanical means, but the correctness of a
formal proof can be verified by a machine. Work in this domain has uncovered several approaches to
representing the proofs and each of these approaches has led to a different system. Some of the most
important proof systems at present are HOL [13], PVS [25], ACL2 [17], Isabelle[23] and Coq [2, 1].
Each of them offers a library of formalized mathematical concepts and verified theorems.

2.1. Formalizing real analysis concepts

As stated before we are interested in the way real analysis concepts are encoded to have a
representation that is both feasible and corresponds to the mathematical concept being formalized.
We are also interested in seeing what sort of theorems and results have been obtained using these
concepts.

The first thing is to find a way to represent the real numbers. They can either be given an axiomatic
definition as a complete ordered field satisfying the least upper bound principle or they can be defined
constructively and proved the right properties. There are several constructions for the reals, the most
famous being the Dedekind model, based on the notion of cut, the Cantor model, which uses Cauchy
sequences of rational numbers and the Weierstrass model which uses decimal fractions.

The next step is to see how real analysis concepts can be efliciently formalized inside the proof
assistant. There are two main approaches. One is to follow classical analysis where concepts are
expressed using the usual e —¢ definitions. The other is to use non-standard analysis as first introduced
by Robinson [24].

Non-standard analysis works with ideally small and ideally large numbers, so it formalizes the
concepts of infinite and infinitesimal. It introduces numbers systems such as hyper-reals and the
infinitely close relation, which help express concepts such as limit, continuity etc. The main argument
in favor of using non-standard analysis is that, by using this “infinitely close relation”, the manipulation
of objects (e.g. derivatives, limits of functions) becomes algebraic and therefore theorems are easier
to automate.

For HOL, the main work can be found in [14]. The real numbers are constructed using an
adaptation of Cantor’s method. Real analysis is dealt with in a classical way. One interesting fact
is the way limits are implemented. As opposed to other systems, which treat independently the
limit of a sequence and that of a function, HOL describes them using one concept by relying on the
theory of nets. Results are achieved around continuity, differentiation, integrability and transcendental
functions. We mention that a quantifier elimination procedure has also been implemented for this
theory. Some applications of the developed theory involve verifications for floating point algorithms.

In Isabelle one can actually find most of the concepts formalized in both classical and non-standard
analysis. What is interesting is the proof of equivalence between the concepts in the two approaches[8].

The ACL2 proof assistant has a non-standard approach to real analysis. [9] offers an introduction
to non-standard analysis techniques and shows how they can be used to reason mechanically about
concepts like transcendental functions. The formalization of continuity, differentiability etc. allows
proving theorems such as intermediate value theorem and Rolle’s theorem.

[6] presents an implementation of basic real analysis building on the axiomatic definition of the
reals in the PVS theorem prover. This implementation includes definitions of convergence, continuity,
differentiability of real-valued functions and proofs for theorems around this concepts (e.g. the mean
value theorem).

In Coq, two approaches have been explored. The Coq Standard Library called Reals provides
an axiomatic definition of the reals. The library contains a lot of results for real analysis: sequences
and series, transcendental function, concepts of limit, continuity, differentiation, integration, calculus
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theorems like the mean value theorem,the fundamental theorem of calculus etc.

There also exists a constructive formalization of real analysis in Coq. In C-CoRN (Coq Constructive
Repository at Nijmegen [4]) the reals are build as a Cauchy completion of the rationals [22]. Among the
most important work in this setting we can mention the constructive formalization of the fundamental
theorem of algebra [10] and the fundamental theorem of calculus [3].

Closely related to our work, we can mention the existence in C-CoRN of a formalization for a
root finding algorithm. The result is part of a larger project that dealt with the formalization of the
Fundamental Theorem of Algebra [10] using a proof given by Kneser.

Our work was done using the Coq Proof Assistant and the Standard Library, i.e. the axiomatic,
classical definition for real analysis concepts. For the second part of our work we also used the
ssreflect extension and its libraries for reasons to be discussed in Section 4.

2.2. Mathematical proof of Kantorovitch’s theorem

As stated above, we are interested in having sufficient conditions for the convergence of Newton’s
process in the case of an equation system. The problem was studied by Willers, Sténine, Ostrowski,
Kantorovitch and others. In what follows, we present a special case of Kantorovitch’s theorem that
expresses the convergence of Newton’s method for a finite system of non-linear equations. It establishes
the existence and uniqueness of a solution for the initial equation system.

The statement of the theorem according to [7] is as follows:

Theorem 1 Consider a system of non-linear algebraic or transcendent equations f(x) = 0, where
the vector function f : RP — RP has continuous first and second partial derivatives in a certain
domain w, i.e. f(x) € CP(w). Let (% be a point contained in w with its closed e-neighborhood
U. () = {||lz — 2| < &} also included in w. If the following conditions hold:

1. the Jacobian matriz W(x) = [agT(Jz)] has an inverse for x = (@, Ty = W1(z©) with
IToll < Ao;

2. |IDof (=) < Bo < 5;

P _

3. > |gjf78(fz| < C pouri,j=1,2,...p and x € U.(z(?);
= ' 9a;0

4. the constants Ay, Bo, C satisfy the inequality 2pAgBoC < 1.

then, for the initial approzimation z(©), the Newton process
D) — () _ Wfl(z(n))f(x(n)) (1)

(n =1,2,...) converges and the limit vector z* = lim x(™) is a solution of the initial system, so

n—o0

that ||lz* — (9| < 2By < . Moreover, in the domain {||z — (|| < 2By} the solution is unique.

Here is the outline of the proof for the theorem as presented in [7]:

e prove a collection of properties for each element of the Newton sequence;
e infer that it is a Cauchy sequence;
e use the completeness of RP to prove the convergence;

e prove that the limit of the sequence is a root of the given function;

prove that in a certain interval the root is unique.
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For the first part, the properties verified for each element of the sequence are similar to those for
(9, Resoning by induction we get the following:

W (z™) is invertible

W= ™)) < A, (2)
— n n 6
W= (z™) f(@™)] < B, < T (3)
2pA,B,C <1
where
An = 2An71

Bn = PAn—lB72171C

We are able to establish:

U () > U%(z(l)) 5...0U0= (™). .. (4)

£ _
oM

From (4) we can infer that (™ is a Cauchy sequence:

2 € T o (@) = |+ — 2 < <
27l
The latter quantity can be made arbitrary small for n > N and m € N, which is equivalent to Cauchy’s
criterion. We use the result that RP is a complete metric space to deduce that the sequence converges.
By taking the limit in (1) we get that the limit of the sequence is a root of function f.
To prove the uniqueness of the solution, we suppose that there exists another solution of the
equation and prove that it is also the limit of the sequence. By uniqueness of this limit we have the
desired result.

The reasoning steps behind (2) or (3) use non trivial results from matrix theory and differential
calculus in several dimensions (e.g. Taylor’s formula) as we shall point out again later on.

3. Proof in one dimension

3.1. Informal presentation

Kantorovitch’s theorem gives the conditions of convergence in the general, multidimensional case.
Naturally, it can be reduced to the unidimensional case. This entails some simplifications in the
conditions imposed as well as in the proof. This adapted proof of Kantorovitch’s theorem will later
serve as a guideline in the general proof.

We also made an adjustment in the statement of the theorem by loosening the constraint that
the function should be twice derivable. We just impose a bounding condition on the variation of
the first derivative, which is trivially verified if the function does have a continuous second derivative
(condition 3 in Theorem 2).

The modified statement of the theorem is as follows:

Theorem 2 Consider an equation f(r) =0, where f :[a,b] = R, a, b€ R f(z) € CY([a,b]). Let
2(©) be a point contained in [a,b] with its closed e-neighbourhood U, (V) = {|z — 20| < ¢} C [a, b].
If the following conditions hold:
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F =
y=f(x)
tangent ling
>
x X X
n+1 n
Figure 1: Newton’s method
1. f/(l'(o)) # 0 and ‘m| S Ao,'
f 2(0) c.
2. |%\ <By<5;
3. Va,y € [a, 0], [f'(z) — f'(y)| < Cle -y
4. the constants Ay, By, C satisfy the inequality 2A¢0BoC < 1.
then, for an initial approzimation x(*), the Newton process
(n)
1) _ oy (&™)
T =z @) (5)
(n=1,2,...) converges and the limit vector x* = lim (") is a solution of the initial system, so that

lz* — (9] < 2By < e. Moreover, in the domain {|z — 2(©)| < 2By} the solution is unique.

The intuition behind these conditions can be more easily understood by analysing Figure 1. The
conditions say that if the slope of the function is sufficiently steep and if the variation of this slope (i.e.
the first derivative) is bounded sufficiently tight, then the successive approximations will get closer to
the root each time, moreover, the process will converge to the root.

3.2. The formal proof

As stated before, Coq contains a library with results about real numbers. The formalization of reals in
this standard library is axiomatic and done in classical logic. The library contains most of the results
needed in the proof. The work accomplished was mainly conducted in two directions: providing results
not found in the standard library Reals and proving the structure of the theorem. During this work,
we also tried to understand where difficulties arise in such a development and what could be done to
facilitate such proofs. An interesting issue was working with derivatives.

3.2.1. Derivation

Let f: R — R be a derivable function on [a,b]. “On paper” we can write the corresponding Newton’s
fat™)

sequence ("t = z(7) Y without worrying whether the term z(™) is in the interval [a, ] (so
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that we know the derivative actually exists). However, the formalization of derivatives in Coq requires
that when one talks about the derivative of a function in a point, one has to provide a term that
states that the function is actually derivable at that point. The goal is to ensure that derivatives are
properly used. Nevertheless, this is an inconvenience when manipulating derivatives.

The way we worked around this particular impediment is by defining a total function to use in the
definition of the sequence and then say that on interval [a, ] this function is equal to the derivative
of f. This enables us to define our concepts and at the same time prevents us from using properties
of the derivative in a point before proving the function is derivable there.

3.2.2. Higher order derivatives

Another issue that for the moment remains unresolved is that of higher order derivatives. This is
one of the reasons for which we chose to generalize the statement of the theorem. We did not want
to talk about the second derivative because at this moment in Coq it can be referred to only as the
derivative of the first derivative. This renders its use rather tedious. We would prefer having a general
mechanism for dealing with derivatives.

3.2.3. Statement of the theorem

For the actual proof of the theorem we were able to follow rather accurately the “proof on paper”. The
Coq proof assistant possesses some tactics that help automatize steps in the proof dealing with equality
relations (e.g ring, field), with inequalities on the real numbers (fourier) or with differentiation
rules (reg). They made a big difference in the amount of work that had to be accomplished.

The statements of the main lemmas are given bellow. In the code, the Variable declarations

describe objects that are assumed to exist, the Hypothesis declarations describe properties that are
assumed to hold and the Fixpoint declaration defines the Newton sequence as a recursive function.

Variables a b:R. (xthe ends of the intervalx)

Variables f f’:R—R. (xthe function and its derivativesx)
Variables A0 BO C:R. (xthe constants from the theoremsx)
Variable X0:R. (xthe initial approzimationxk)

Fixpoint Xn (n:nat): R := (xthe Newton sequencesx)
match n with

| 0 => X0

/S n=> (Xnn) - (f (Xn n))/ (£’ (Xn n))

end.

(xthe hypothesis on the function and the constantsx)

Hypothesis pr: V t:R, ¢c_I a b t — derivable pt f t.

Hypothesis Hder_f: V (t:R) (H:c_I a b t), derive_pt f t (pr t H)=f’ t.

Hypothesis Hcont_f’:V y, (c_I a b y) — continuity_pt £’ y.

Hypothesis Hlim f’:V yl y2:R, ¢c_.I a b yl — ¢c_.I a b y2 —
Rabs (f’ yl1 - £ y2) < c x (Rabs (yl-y2)).

Hypothesis Hincl:included (c_disc X0 eps) (c_I a b).

Hypothesis Hdif_ f’:f’ X0 # 0

Hypothesis Habs_a: Rabs (/(f’ X0)) < AO.

Hypothesis Habs_b:Rabs (f X0/ (f’ X0)) < BO

Hypothesis AO0_bO_c: 2xA0%xBOxC<1.

(xthe theorem stating the ezistencesx)

Theorem kantoro_exist_b:
d xs:R, Un_cv Xn xs A c_disc X0 (2+«b0) xs A £ xs = 0.

20




A Formal Verification for Kantorovitch’s Theorem

(xuniqueness of the solutionx)
Theorem kantoro_unic:
V xs2:R, c_disc X0 (2%b0) xs2— f xs2 = 0 — Un_cv Xn xs2.

To clarify the statements above, we mention that ¢_I a b and ¢_disc X0 eps denote the closed
interval [a, b] and the closed disc centered in X0 and of radius esp, respectively. Hypothesis pr says that
function f is derivable on interval [a,b], hypothesis Hder f states that f’ is equal to the derivative
of f on the same interval. The continuity and the bounding condition required for the derivative are
formalized by Hcont _f" and Hlim_f’.

The proof is done in classical logic, but we believe that all reasoning used can be made constructive.
The development has around 1800 lines and can be found on Internet *.

4. Multivariate analysis

The main difficulty was to generalize the work done for the real function case to several dimensions.

Mathematically, the elements of RP are vectors of length p of real elements. Operations like addition
of two vectors (+) and multiplication of a vector by a scalar (*) are defined component wise, using
the operations on the real numbers so that (RP,+, x) is a real vector space. One can further define
various norms on these vectors. An important issue is working with functions f : RP — RP and being
able to express concepts such as continuity and partial derivatives of such functions. An important
amount of work concerns matrices, as some differentiation concepts are expressed using them (e.g.
the Jacobian matrix of a function).

4.1. How to work in higher dimensions
4.1.1. Related work

The only proof assistant that contains a formalization of analysis in several dimensions is HOL
Light. Among the concepts that can be found in the “Multivariate” library we can mention vectors,
matrices, determinants, topology concepts for euclidean spaces, convexity, continuity, differentiability,
integration. A documentation of this library can be found in [15]. Tt discusses the techniques that
could be used for expressing concepts in multivariate calculus.

The strategy chosen is to implement vectors as functions N — real, where N is a type with finite
cardinality and real is the type of real numbers in HOL. Vectors are of type (N) finite _image — real,
where (N) finite _image has the same size as N when N is a finite type and 1 otherwise. An indexing
operator is defined to use natural numbers as indexes.

Within this formalization, basic operations on vectors are easily defined. The representation of
other definitions and properties is described. There are concepts from linear algebra: operators,
matrices, determinants; topology: open, closed, compact, convex sets, sequences, continuity,
differentiability; basic calculus theorems: mean value theorem, inverse function theorem.

4.1.2. Approaches for Coq

The main challenge is to find an appropriate representation for real vectors inside the Coq proof
assistant. It is worth trying to find new solutions and not just copying the HOL version since Coq
has a richer type system that supports dependent types and therefore offers more possibilities.

Taking into consideration some key issues of the concepts we need to formalize and the features of
our theorem prover, we took a closer look at four approaches that seemed good candidates.

Ihttp://www-sop.inria.fr/marelle/Ioana.Pasca/kantoro.v (the code works with version 8.1pl2 of Coq)
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1. Elements of R? can be viewed as functions of type nat — R, that take as argument a natural
number and return the real corresponding to that position in the vector. Then we say we take
into consideration only the first p components (i.e. corresponding to the natural numbers smaller
than p). Working with such an approach provides a rather natural way of handling the objects.
For example, the norm is just a recursive function.

The proof technique mostly used is induction on natural numbers.
The disadvantage is that, in fact, our functions represent infinite vectors. It is difficult to state
equality between such objects.

2. Think of vectors as a function bound p — R, where bound p is a type of dependent pairs formed
from a natural number ¢ and a proof that 7 is smaller than p. This representation raises problems
even at early stages of development. For example, if one tries to define a function that takes
as argument a vector and returns its maximum element, the first attempt would be to write it
as a recursive function: the maximum between the " element and the maximum of the vector
composed of the first ¢ — 1 elements. The problem here is that when talking about “vectors of
i—1 elements” they are a different type than those with ¢ elements and they must be constructed
from “vectors of 7 elements”’ as must be the proof that the natural number passed as argument
is smaller than ¢ — 1.

3. The third approach is to use the notions on vectors and matrices already developed by Nicolas

Magaud [18], where the vectors are implemented as dependent lists. Therefore, vect R p
represents a list having p elements of type R.
Recursion principles are defined for reasoning on this structure. Also, basic operations such as
addition, multiplication by a scalar, scalar product are defined. Matrices are implemented as
vectors of vectors and ring structure properties are proved. One of the reasons for which proofs
are not easy in this implementation is because even basic functions, like vector addition, require
complicated forms of dependent recursion.

4. Another approach is “borrowed” from a development based on Coq with the ssreflect

extension and library [11, 12]. Among other things, it provides formalizations for various finite
types and their properties. A finite type is a record containing a sort, a list of all elements of the
finite type and a predicate saying that this list doesn’t contain duplicates. We used the finite
type ordinal p which represents the set of natural numbers smaller than p. The implementation
of finite types allows us to interpret this subset of natural numbers both as a type and as a list
of elements. The real vectors have type ordinal p — R.
The most important facility offered by this approach is a dual vision of the vectors, more precisely,
of the set that indexes the elements of a vector. It combines the views of the previous approaches.
So we have a simple way of viewing the vectors as functions (as in the first or second approach),
we can define their length (p) and we have a way of reasoning on the data structure: induction
on the structure of the list (like in the third approach)enumerating the elements of ordinal p.
Because vectors are just functions, one has easy access at their elements, just by providing the
index and equality between two vectors can be stated by assuming extensionality.

Conclusion. We tested and compared the four approaches by defining the basic concepts in each of
them. We formalized vectors, matrices, norms, functions and tried to do simple proofs around them so
we would be able to understand the advantages and difficulties that occur. We took into consideration
how easy it is to work with the concepts and how accurate they represent the mathematical objects
and we decided to continue the formalization in the lines of the last approach proposed.

4.2. The formalized concepts

For our work in the multidimensional case we are in the following settings: Coq with the ssreflect
extension and library, Reals library (which implies the use of classical logic), the extensionality
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property and the axiom of choice. We have explained above our decision to use ssreflect and the
libraries developed on it. The main reason for assuming general extensionality is to be able to state
equality between two vectors or matrices. The classical logic settings are imposed by the use of the
Reals library and it allows us to prove more results than in an intuitionistic setting. The axiom of
choice has also proved necessary and we shall provide examples later on in this section to motivate its
use.

The description of the mathematical concepts follows [20, 21, 7].

Before beginning to describe how concepts are represented, we would like to present in more detail
the features of the library developed within the Mathematical Components project [11]. Their work
offers descriptions for finite sets. We are interested in ordinal p which describes the set {0,1,...,p—1}.
The type of the finite set ordinal p contains an enumeration of all the elements in the set. This
enumeration is viewed as a list. As a consequence, we have a means for reasoning on such a data
structure, i.e. induction on the structure of the list. Other features of this development will prove
useful in our work as we will discuss in this section.

We begin by defining our set of indexes.

Definition I := ordinal p.

Under the hypothesis 0 < p, the elements of R? would be I — R, i.e. functions from the set of
indexes to the reals. This corresponds to the familiar way of viewing vectors as (zo,21,...,Tp—1),
where z; e R,Vi € {0,1,...,p— 1}.

We define the operations on our vectors like addition, subtraction or multiplication by a scalar
component wise.

Definition add_v (vl v2:I—R):I—R := (fun 1i:I => v1 1 + v2 1).
Definition dif v (vl v2:I—R):I—R := (fun 1i:I => vl 1 - v2 1).
Definition mult_sv (a:R) (v:I—R):I—R := (fun i:7 => a » v 1).

Properties of these operations are proved by simply reducing them to properties on the real numbers.
For the latter we benefit from tactics like ring, field and fourier provided by Coq which
automatically solve a large variety of equalities and inequalities on the reals.

Here is a simple example that states the distributivity of scalar multiplication over addition:

Lemma mult_add:

Y (a:R) (vl v2 :I—R),

mult_sv a (add_v vl v2) = add_v (mult_sv a vl) (mult_sv a v2).
Proof.

move=> a vl v2.

rewrite -ext_eq /add_v /mult_sv =>i; ring.

Qed.

The tactics are part of the ssreflect extension. The first line of the proof just moves the variables
a, vy, vy from the goal to the context. The second line says that we want to prove our equality by
resorting to the extensionality property (i.e. two vectors are equal iff each of their components for
the same index are equal). After that, just rewriting the definition of addition and multiplication by
a scalar is enough to obtain an equality between two real numbers. This latter equality is dealt with
by Coq’s tactic ring.

For the norm on vectors we chose the following;:

] = max |

to respect the conventions in [7]. Nevertheless, the structure of the proof does not depend on the
particular norm used and it can be adapted to any other.
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In formalizing the norm in Coq, we used once more the facilities provided by the ssreflect
libraries. Within this development we can find the definition and proofs of various properties for
folding a function over a finite set by using the generic function iprod. In our case, we fold the
function Rmaz (that gives the maximum of two real numbers) over our set of indexes I in order to
retrieve the maximum value of a vector. The absolute value is easily computed component wise. In
Coq, the definitions look like this:

Definition Rabs v (v:I—R) (i:I):R := Rabs(v 1).
Definition norm (v:I—R):R := iprod R Rmax 0 I (setA I) (Rabs_v v).

Proving the good properties for the norm like positive homogeneity, triangle inequality and positive
definiteness is done by using properties already proven for iprod and induction on the structure of the
list of indexes.

We can now define the distance corresponding to our norm:

Definition dist_Rp (u v:I—R) :R := norm (dif_v u v).

The properties for the distance follow naturally from those of the norm to ensure that, in our
representation, R?, equipped with the above defined distance, is a metric space.

We now define the type of vector sequences as nat — I — R. The concepts of convergence and
Cauchy criterion are formalized in the terms of our distance:

Definition conv_Rp (un:nat—I—R) (l:I—R) : Prop :=
V eps:R, 0 < eps— d N : nat,
(V n:nat, (N < n)%nat — dist_Rp (un n) 1 < eps).
Definition Cauchy_crit_Rp (vnh:nat—I—R): Prop
V eps:R, 0 < eps — I N : nat, (V n m:nat,
(N < n)%nat — (N < m)%nat — dist_Rp (vn n) (vh m) < eps).

We proved a collection of results: the uniqueness of the limit of a sequence, any convergent sequence
satisfies Cauchy’s criterion, R? is a complete metric space (i.e. any sequence satisfying Cauchy’s
criterion is convergent), the convergence in R? is a convergence on components. This is, for example,
a place where the axiom of choice turned out to be indispensable.

We then formalized functions R? — R? as (I — R) — I — R. Operations on functions (addition,
multiplication by a scalar etc.) are defined component wise, as we did for vectors.

Having the metric space structure enables us to express that the limit of a function f in a point
v0 of this space is [:

Definition limit_Rp (f:(I—R) —I—R) (vO:I—R) (l:I—R):=
V eps:R, eps > 0— d alp:R, alp > 0 A
(V viI—R, 0 < dist_Rp v v0 < alp — dist_Rp (f v) 1 < eps).

To verify the feasibility of the approach we did some proofs around these concepts. For example:
if there exists a limit of a function in a point then this limit is unique; the limit of the sum of two
functions is the sum of the limits etc. We were rather pleased with the fact that our proofs could be
done by following the “proof on paper” and the structure of their equivalent in the unidimensional
case.

We can define functions continuous at a point by saying the limit at that point is the value of the
function:

Definition cont_Rp (f: (I—R)—=I—R) (vO:I—R):=
limit_Rp £ vO (f vO).
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In order to be able to consider partially derivable functions and their representation as the Jacobian
matrix, we first have to introduce concepts on square matrices. They are of type (I — I —
R). Addition, subtraction and multiplication by a scalar are defined component wise. However,
multiplication of a matrix and a vector and of two matrices are trickier to define. Having a square

p—1

matrix of size p, M = [m,;] and a vector of size p, v = (v;), their product is M v = (Y my; * v;).
§=0

We use a function to compute each term and another one to get the sum:

Definition multl (m:I—I—R) (v:I—R) (i j :I): R :=m 1 Jj % v J.
Definition mult mv (m:I—I—R) (v:I—R) (i:I): R :=
iprod R Rplus 0 I (setA I) (multl m v 1i).

We define the multiplication of two matrices similarly.

Properties of operations on matrices are not difficult to verify once some needed results are obtained
for the summation operator.

The norm on matrices is the following;:

M| = IH?XZ ||
J

Among the properties we were able to prove is the following inequality
[ Mol < [|M][lv]|

where M is a matrix and v a vector.

Lemma ineg _norm_mv:
V m v, norm (mult_mv m v) < norm_m m * Norm v.

Other results like || M Ms|| < | M||||M2]|| were left unproven. We chose to concentrate on other
parts and leave these for later, as it is our belief that they do not require more sophisticated techniques
than those already tested.

The part of matrix theory where we encountered some difficulties was the one concerning the
inverse of a matrix. The concepts “on paper” need some adaptation before being transposed on a
computer. For example, we want to be able to talk about the inverse of a matrix even if we don’t
know yet whether it is invertible. But we should have the good properties only when we know the
matrix is invertible. The solution is similar to the one for division in the Reals library and our
proposal for derivatives in the one dimensional case. We define a total function on matrices that
simulates our inverse, but which acts as the inverse only for the matrices satisfying the property.

Continuing our development with partial derivatives and differentiation, we have managed to
formalize some rather important properties. For example, we proved that if a function is partially
derivable, then the partial derivative with respect to the variable x; can be interpreted as the derivative
of a function with one argument.

Another useful result is: given a matrix valued function, f : R? — M,(R), continuous at a point a,
a sequence of vectors {z, }nen converging to a and a sequence {y, }nen converging to zero, then the
product of f(z, )y, will also be a sequence converging to zero.

The most important result of this field for our work is the proof of Taylor’s formula for functions
of class C®). The statement and the proof are as follow:

Theorem 3 Let A C RP be a convex and open set. If f : A — R is twice partially derivable with
continuous first and second partial derivatives, then for alla € A and v € RP with [a,a+v] C A, there

p p 2
exists ¢ € (a,a +v) so that f(a+v) = f(a)+ > agé‘j)vi + 5 nga(;i 0;V;.
’i:l 4 . Chdind

i,j=
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Proof. Consider
g:10,1] = R, g(t) = f(a+tv)

then g is twice derivable on [0, 1] and

gy =y e, ©
i=1 ¢
P02 f(a+ tv
o't = 3 e, ©
i,j=1 v

From the Taylor formula in one dimension we get that there exists € (0, 1) so that

9(1) = 9(0) +9'(0) + 59" (n)

which gives us the desired result for ¢ = a + tn € (a,a + v).

The proof of this theorem is based on the proof of the Taylor formula in one dimension, which
we also formalized. Also, an important issue for this proof is to show some relations between various
concepts of differentiability, i.e. to prove equalities (6) and (7).

The development, is at this point concentrating on Taylor’s formula. Once this result is proved,
the only pieces still missing for a complete formalization of the theorem, will be some results from
matrix theory. The choice not to focus on them was made because formalization of matrix theory is
on-going work for the ssreflect libraries and most of the results we need should be available in the
near future.

5. Formal proof in the multidimensional case

The proof for the multidimensional case follows the same structure described in Section 2.3. Also, the
formalization done for the real case was a good guide in our development. Some results generalize
nicely from one to several dimensions. For example, the properties of the absolute value function
naturally generalize to those of the norm.

Other results, however, do need considerably more work than their real counterparts. Take for
example the proof that
laz| = |a||z| Va,z € R
This is a trivial property of the absolute value function.

The equivalent result we need in the multidimensional case is:
[Az]| < [|A[[[|z]| VA € Mpxp,x € R?

The proof of this property, however, is far from trivial. On paper the proof mainly deals with
inequalities on sums and absolute values. We managed to obtain a formal proof that follows the same
line of reasoning. The technique used is induction on the list enumerating the indexes of a vector (as
vectors are represented as functions from the list of indexes to R). Intuitively this corresponds to an
induction on the dimension of RP.

Another example of how things get really complicated in several dimensions is the following:

From the inequality |1 —¢] < % one can easily infer that ¢ # 0.

But having the relation ||E, — A|| < %, where E,, is the unit matrix of size p, does not trivially
imply that A is invertible. In fact, the proof is rather complicated even on paper as it uses results

26



A Formal Verification for Kantorovitch’s Theorem

from the theory of functional spaces, like the convergence of a particular type of matrix series. This
is among the results on matrices we have not formalized yet.

In this setting, we provide a verification of the theorem structure. We were pleasantly surprised by
the resemblance between this proof and the one we had already done for the real case. For secondary
results we mostly needed a generalization of those in one dimension. Also, the structure of the proof
for the main theorem is basically the same.

Provided the appropriate declarations of variables and hypothesis, the formal statement of the
existence theorem is the following:

Theorem kantoroRp_exist:
d xs:I—R,
conv_Rp Xn xs A norm (dif_v xs X0) < 2«b0 A f xs = vectO.

The development so far has more than 3000 lines of code 2.

6. Conclusions

The degree of difficulty in providing a formal proof for a theorem depends heavily on how well the
basic concepts involved are described. It is important to have concepts that are easy to manipulate
and correspond to the intuition about the mathematical object they model. This way, formal theorem
proving comes rather naturally to one that is used to doing a proof “on paper”. For example, having
a new approach to derivatives, a new way to handle them, made our work much easier.

Trying to find an adequate formalization for real vectors revealed once more the difference made
by a good representation and good proof techniques. We are rather proud of our choice, as it enabled
us to obtain quite a large amount of results in a relatively short time.

The work in formalizing multivariate analysis concepts is new for Coq. Though far from offering
an extensive coverage of the properties needed, it is a first step towards having such a library.

6.1. Future work

Formal study of Newton’s method and Kantorovitch’s theorem is important for computer science
domains where solving equation systems occurs frequently. Having a formal description of this theorem
should make it easier to study whether better convergence criteria can be found when the studied
function satisfies special properties. Working with special cases of input functions is often tedious,
and having a formalized proof ensures that no special condition will be overlooked. This means that
on one hand, the algorithm that does the computation is certified and on the other, special cases are
automatically treated in order to obtain better performances from these algorithms.

There is a lot of work that still remains to be done in order to attain such a goal. For the moment,
the work accomplished offers an insight on the difficulties that occur in such a development, proposes
some potential solutions and gives the formalization of some basic results.

For future work, in the short term, there are still some results that need to be verified in order to
have a complete formal proof for the multidimensional case. Then we will be able to concentrate on
special cases of the theorem in order to improve efficiency of algorithms. In an even longer term, we
would like to study and develop techniques and tools that will enable us to address numerical analysis
problems from the formal proof point of view.

2http://www-sop.inria.fr/marelle/Ioana.Pasca/multidim/
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