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Abstract: A growing number of industrial risk studies include some form of treatment of
the numerous sources of uncertainties affecting the conclusions; in the uncertainty treat-
ment framework considered in this paper, the intrinsic variability of the uncertainty sources
is modelled by a multivariate probability distribution. A key difficulty traditionally encoun-
tered at this stage is linked to the highly-limited sampling information directly available on
uncertain input variables. A possible solution lies in the integration of indirect information,
such as data on other more easily observable parameters linked to the parameters of interest
through a well-known physical model. This leads to a probabilistic inverse problem: The
objective is to identify a probability distribution, the dispersion of which is independent
of the sample size since intrinsic variability is at stake. To limit to a reasonable level the
number of (usually large CPU-time consuming) physical model runs inside the inverse al-
gorithms, a linear approximation in a Gaussian framework are investigated in this paper.
First a simple criterion is exhibited to ensure the identifiability of the model (i.e. the exis-
tence and unicity of a solution to the inverse problem). Then, the solution is computed via
EM-type algorithms taking profit of the missing data structure of the estimation problem.
The presentation includes a so-called ECME algorithm that can be used to overcome the
possible pathology of slow convergence which affects the standard EM algorithm. Numer-
ical experiments on simulated and real data sets highlight the good performances of these
algorithms, as well as some precautions to be taken when using this approach.
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Idendification de la variabilité intrinséque de systémes
multivariés par des méthodes inverses linéarisées

Résumé : Un nombre croissant d’études de risques industriels prend en compte diffé-
rentes maniéres de traiter les nombreuses sources d’incertitudes affectant les conclusions.
Dans cet article, la variabilité intrinséque des sources d’incertitude est modelisée par une loi
de probabilité multivariée. Une des principales difficultés souvent rencontrée est la dispo-
nibilité limitée d’informations sur les lois de probabilités des variables d’entrée incertaines.
Une solution possible est 'intégration de renseignements indirects, comme des données sur
d’autres paramétres plus facilement observables reliés aux paramétres d’intérét par un mo-
déle physique connu. Cela conduit & un probléme probabiliste inverse : lorsque la variabilité
intrinséque est en jeu, l'objectif est d’identifier une loi de probabilité dont la dispersion
est indépendante de la taille de ’échantillon. Pour limiter de fagon raisonnable le nombre
d’appels au modéle physique (souvent exigeants en temps de calcul CPU) lors de I'utilisation
des algorithmes inverses, nous considérons dans cet article une approximation linéaire dans
un cadre gaussien. Dans un premier temps, nous proposons un critére simple pour garan-
tir identifiabilité du modéle (c’est-a-dire 'existence et I'unicité d’une solution du probléme
inverse). Ensuite, cette solution est calculée en utilisant des algorithmes de type EM, permet-
tant de prendre en compte la structure de données manquantes du probléme d’estimation.
Pour accélérer ’algorithme EM, souvent lent, nous proposons une variante de la famille des
algorithmes ECME. Les résultats numériques sur des données simulées et réelles montrent les
bonnes performances de ces algorithmes, et nous permettent la mise en évidence de quelques
précautions & prendre.

Mots-clés : Modélisation d’incertitudes, variabilité intrinséque, approximation linéaire,
identifiabilité, algorithmes EM et ECME



Linearised inverse methods 3

1 Introduction

A growing number of industrial risk studies include some form of treatment of the numerous
sources of uncertainties affecting the conclusions. In the energy sector, such uncertainty anal-
yses are for instance carried out in environmental studies (flood protection, effluent control,
etc.), or in nuclear safety studies involving large scientific computing (thermo-hydraulics,
mechanics, neutronics etc.). For most of those applications, at least partially probabilistic
modelling of the uncertainties is considered. Then, apart from the important uncertainty
propagation issues in the context of often complex and high CPU-time demanding scientific
computing, one of the key issues regards the quantification of the sources of uncertainties.
The problem is to choose reliable statistical models for the input variables such as uncer-
tain physical properties of the materials or industrial process or natural random phenomena,
(wind, flood, temperature, etc.).

A key difficulty, traditionally encountered at this stage, is linked to the highly-limited
sampling information directly available on uncertain input variables. An industrial case-
study can largely benefit from two strategies: (a) integrate expert judgment, such as likely
bounds on physical intervals or more elaborate probabilistic information, or (b) integrate
indirect information, such as data on other, more easily observable, parameters that are
linkable to the uncertain variable of interest by a physical model. Methods for (b) demand
using of probabilistic inverse methods since the recovering of indirect information involves
generally the inversion of a physical model. Roughly speaking, this inversion transforms the
information into a virtual sample of the variable of interest, before applying to it standard
statistical estimation. This field is acknowledged to have quite a large industrial potential
in the context of rapid growth of industrial monitoring and data acquisition systems. One
of the big issues in practice is to limit to a reasonable level the number of (usually large
CPU-time consuming) physical model runs inside the inverse algorithms.

This paper concentrates on the situation where there is an irreducible uncertainty or
variability in the input parameters of a physical model. Inverse probabilistic techniques
in data assimilation or parameter identification are not new (e.g. Beck 1977 or Tarantola
1987). It may not be until quite recently that full probabilistic inversion was considered:
The distribution of intrinsic (or irreducible, aleatory) input uncertainty is searched. Classi-
cal data assimilation or parameter identification techniques involve the estimation of input
parameters (or initial conditions, for example in meteorology) that are unknown but physi-
cally fixed; this is naturally accompanied by estimation uncertainty for which variance may
be computed. However such an estimation uncertainty happens to be purely epistemic or
reducible, in the sense that it will decrease with the injection of larger observation samples.
This is not satisfactory in the cases which motivated the present research, whereby fluid
mechanical systems do evidence intrinsically variable input. Input values do not only suffer
from lack of knowledge, but they also physically vary from one experience to another in the
cases of flow observations taken at various times of the year on a fluctuating riverbed, or
turbulent fluid flow measurements in a nuclear reactor with changing heat exchange proper-
ties. In those cases, the size of observation samples should impact the estimation accuracy,
but it should not reduce the variance of the physical fluctuations.

RR n° 0123456789



4 Celeuz € Grimaud & Leféebure € de Rocquigny

Mathematically, observations are modelled with a vector of physical variables y that are
connected to uncertain inputs x through a deterministic (and supposedly quite well-known)
physical model y = H(z,d). As a clear difference to classical parameter identification x is
not supposed to have a fixed, albeit unknown physical value: It will be modelled a random
variables taking different realisations for each observations. The purpose of the algorithm
will be to estimate its probability distribution function instead of its point value. On the
other hand, d stands for fixed inputs that may represent (i) variables under full control
(e.g. experimental conditions), or (ii) uncertainties affecting some model inputs that are
considered to be negligible or of secondary importance.

More specifically the following model is considered
Y, =H(X;,di)+U;, 1<i<n (1)
where
e (V;) in R? denotes the data vectors,
e H denotes a known function from R? to RP?,

e (X;) in R? denotes non observed random data, assumed independent and identically
distributed (i.i.d.) and with distribution N (m, C),

(d;) denotes fixed observed variables, with dimension go,

(U;) denotes measurement-model errors, assumed i.i.d. with distribution A(0, R), R
being known.Variables (X;) and (U;) are assumed to be independent.

The aim is to estimate the parameter 6 = (m, C). Before entering the technical part of
this problem, a few remarks are to be highlighted.

Remark 1 Two different interpretations follow according to the status given to the random
vector. In a first interpretation — which is the one adopted in this paper — the distribution of
U; is supposed to be known, representing for instance a sensor measurement error deviating
from an assumingly reliable model. In a second interpretation, the distribution of U; has to
be calibrated to represent the unknown measurement model error, for instance because the
model is less reliable, and may deviate from data for other reason than sensor fluctuations.
Hence, R has to be estimated as well.

Remark 2 As already mentioned, the present framework differs from data assimilation,
as presented for instance in Talagrand (1997), in the fact that the uncertain parameters
are intrinsically considered as stochastic. In data assimilation algorithms (BLUE, 3dVar,
4dVar, Kalman-filters, etc.), the dispersion of X tends to zero when the sample size n tends
to infinity, as discussed in Mahé and de Rocquigny (2005): The probability distribution ob-
tained via these algorithms quantifies the lack of knowledge, and not an intrinsically random
behaviour.

INRIA
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Remark 3 The framework considered here addresses intrinsic variability in o somewhat
restricted case since the dispersion is assumed to be Gaussian.

Several difficulties may appear. One issue is the identifiability of the parameters of
the random variables (X;), which can be out of reach if the available information is not
rich enough (for example because the non observable variables dimension is larger than
the dimension of the observed outputs). Another issue is the time needed to compute the
physical function H, since H is often the result of a complex code. A possible answer, used
in the following, is to linearise the model around a fixed value xzy. The considered model
becomes

E:H("Eo,dl)ﬂ-JH({Eo,dl)(Xl—:E())—f—Ul, 1<1<n (2)

where Jg(x0,d;) is the Jacobian matrix of the function H in z(, with dimension p X ¢;.

This linearisation method has some drawbacks (for example how to choose the linearisa-
tion point, approximation errors, etc.) but it does not involve computational or numerical
difficulties (other than the initial computation of the Jacobian matrix) and give reasonable
results in many cases.

The data (X;) being non observed, the estimation problem is a missing data structure
problem that can be solved with an EM- type algorithm. The EM algorithm was developed
by Dempster et al. (1977) and is an iterative algorithm with two steps: E Step (for Ex-
pectation) and M Step (for Maximisation). An extension to this algorithm, called ECME
algorithm, for Expectation-Conditional Maximisation Either, was proposed by Liu and Ru-
bin (1994). This algorithm which can be expected to converge more rapidly than EM has
also been employed in the present study. For model (2), the ECME algorithm has been
proposed independently by De Crecy (1996) under the name "Circe Method".

The paper is organised as follows. In Section 2, a criterion is proposed to ensure the
identifiability of the linear model (2). In Section 3, the EM and an ECME algorithms are
described and compared to estimate the linear model at hand. In Section 4, the two algo-
rithms are applied to two examples: The first example consists of simulated data obtained
from a quite simplified flooding model; the second example is a real-case thermo-hydraulics
study carried out in Electricité De France (EDF). A brief discussion ends the paper.

2 Identifiability of the model

In this section a criterion is proposed to ensure the identifiability of the linear model (2),
rewritten here in a simplified form:

with

e Y; an observed vector in R?,

RR n° 0123456789



6 Celeuz € Grimaud & Leféebure € de Rocquigny

e H, a known matrix with dimension p X ¢,

e X, a random vector with dimension ¢, the X;s are assumed i.i.d. with distribution
N, X), (1, X) being unknown.

e U; a vector with dimension p, and the U;s are assumed to be i.i.d. errors with distri-
bution N(0, R), R being known.

Then, Y; is a Gaussian vector with E(Y;) = H;u and Var(Y;) = H;XH! + R. Further
notation is introduced:

Yi H, H, b))
Y = : , H= : , = - , N = . and
Y, H, H, by
R
R =
R

Hence, Y has dimension np, while H, I'; ¥ and R are matrices with respective dimensions
np X g, np X ng, ng x ng and np x np. Thus, Y is a Gaussian vector with E(Y) = Hyu and
Var(Y) =TZTT + R.

The model is said to be identifiable if and only if for all (u1, u2) and (X1, %s)
H;(pr — p2) =0V L m=pe
Hi(S1 — S9)HE = 0Vi ¥ = Yo,
or equivalently if and only if for all (u;, pu2) and (X1, 3s)

H(pn —p2) =0 [ o= po
D(S; — £)IT =0 £ = s,

Proposition 1 Assuming ¢ < np, Model (3) is identifiable if and only if rank(H) = q.
Proof:
o First, let assume that rank(H) = q.

1. In this case, H is injective and H (1 — p2) =0 = p1 = po.

2. It is now proved that I' is full rank < I'’T is inversible. Since I''T is a ¢ x ¢
matrix, I'7T is inversible if and only if 7T is injective. So, let v be in Ker(I'TT).
Then IT'TTv = 0 = vITTTw =0 = ||Tw|| =0 = Tw = 0 = v = 0 since [ is
injective. Hence, Ker(I'TT) = {0} and thus I''T is inversible.

Conversely, let assume that I''T is inversible. Let v be in Ker(T'). Tv = 0 =
I'"Tv = 0 = v = 0 since '’ T is injective. Hence Ker(T") = {0} and I' is full rank.

INRIA
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3. Hence I'(Z; — X2)I'T = 0 = TTT(X; — Bo)I'TT = 0. Since I''T is inversible, it
implies that 3; — X5 = 0.

e Conversely, if the model is identifiable, for all (p1, o), H(u1 —p2) = 0 implies 1 = po.
Hence Ker(H) = {0} and rank(H) is equal to q.

This proposition provides an easy criterion to check at the very beginning of the study
if the inverse problem at hand has a solution. Practically, if the model is not identifiable,
several solutions can be envisaged, all based on the use of expert or engineering judgement.
If expert knowledge is rich enough, a first solution — that will be illustrated in the flooding
example — consists of fixing some of the parameters of the probability distribution of the
random variables X; this may be tedious, especially when the parameter to be fixed are
standard deviations, generally far more difficult to evaluate a priori than mean values. A
simpler approach — illustrated in the real-case thermo-hydraulics example — is to assume
some of the Xs are fixed (equal to a mean value determined by experts), thus neglecting
their stochastic nature. But as we will see, this simplification has a price: It can lead to
overestimate standard deviations for the remaining parameters.

Remark 4 (Empirical Identifiability) In practice the condition ¢ < np mentioned in Propo-
sition 1, is not sufficient to ensure that enough data is available for estimation. Consider
that g = p = 1; at least np = 2 observations are necessary in order to be able to estimate m
and C. With np = 1 observation, only the mean can be estimated. Hence, in the Gaussian
case pratically, a supplementary condition could be added to ensure that the estimation is
feasible. For example noq < np, with ng greater than 2.

3 EM and ECME algorithms

In the context of missing data, an estimation method largely acknowledged as relevant is
the EM algorithm (Dempster et al., 1977), which is an iterative algorithm with two steps:
E Step (Expectation) and M Step (Maximisation). An extension devoted to accelerate the
EM algorithm, which is known to often encounter slow convergence situations, is the ECME
(Expectation-Conditional Maximisation Either) algorithm of Liu and Rubin (1994).

In this paper, the focus is placed on the linearised model (2)
Yi = H(xo,d;i) + Ju(xo,di)(Xs —wx0) +Us, 1<i<n
where Jg (o, d;) is the Jacobian matrix of H in xg, with dimension p X ¢;.

The following notation is used: Z; = (Y;7, X7)T, i =1,...,n is denoting the completed
data. We denote h; = H(xo,d;) ; J; = Ju(x0, d;) and consequently Y; = h;+J;(X; —x¢)+U;.
Moreover, we denote A; = Y; — h; — J;(m —x0) ; B; = CJI; V; = J,CJF + R.

Some preliminary results are useful to define the EM and ECME algorithms for Model

2).

RR n° 0123456789
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e The variable Y; is a linear combination of Gaussian variables with mean and variance

E(Y;) = h; + Ji(m — o), Var(Y;) = J;,CJ' + R. (4)

e 7, is a Gaussian vector with

B(Z)) = (hi—i—.]igrrbn—xo)) and Var(Z;) = (J CCJ§T+R JCC> 5)

e X;|Y; is also a Gaussian vector (using a theorem on conditional distributions of a
Gaussian vector, see for instance Saporta, 1990 p. 88) with

E(Xi|Yi=w) = m+CJN(J;CIF + R) ™ (y; — hy — Ji(m — x0))
= m+ BV, A (6)
Var(X;|Y; =y) = C—CJI(J,CJF +R)"1JC
= C-Bv 'Bl (7

3.1 EM algorithm
At iteration k + 1, the EM algorithm is composed of two steps:

e The E Step (Expectation): Tt consists of computing Q(0,6%)) = E[L(6, Z)|Y, 0"
where L is the completed loglikelihood.

¢ The M Step (Maximisation): #(*+1) is obtained by maximising the function Q,
(k+1) _ (k)
0 argmax Q6,0')).

The following equations describe more precisely the EM algorithm in the particular case
of model (2). Further notation is used:
AY =y, — by — Ji(m™ — 20), BY = c® T and V¥ = J,c® T 4+ R.
where m(¥) and C*) are the value of m and C' at iteration k of the EM algorithm.

Then, analytical equations can be derived to compute m*+1 and C**+1) with respect
to m®) and %),

Proposition 2 The updating equations for the parameter (m,C) of Model (2) at the M step
of the EM algorithm are

1 n
(k+1) _ (k) 4 = B(k) V(k) 71A(k)
m m + n ; 1 ( 1 ) 1

INRIA
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1
Cte = o)+ LS (80 ) A (B0 (70 A0 — B (807
=1
1 n n T
k k)\— k k k)N — k
=1 =1

Proof.

The density of the complete data can be written
p(Z|m,C) = p(Y|X,m,C)p(X|m,C) x p(X|m,C).

And

N —

p(X|m,C) = (2m)"F|C|7% exp <—— S (X -m)ToTN X - m)>

=1

K

2

i=1

1C|~% exp (—ngC_lm) exp <—1 dxlfexi - QXgC_lm)> :

This distribution belongs to the exponential familly of distributions and the EM algo-
rithm described in the Appendix for the exponential familly can be used. Considering the
canonical parameter A7 = (A, A\2) = (C7'm, C™1) leads to

=1

ng n n 1 "
p(X|m, C) = (27T)7Tl|)\2—1|75 exp (_EA?)\Q_lAl) exp <—§ Z(X;T)\QXZ — 2X1T>\1)> .

"X,
The sufficient statistic for \ is t(X) = Z%l:l ! )
( ) (_% Zz’:l Xin‘T

At (k 4 1) iteration, the E-step of EM consists of computing E[t(X)|Y, ()] where
) — (), C0),

We have E <Z XY, g(k)> = nm®) + Z ng)(%(k))ﬂA?(:k)_

i=1 i=1

i=1 =1

I S AR R - v aNE(XT |y gk 1y o®)
E( 5 DX XTY, 00 ) = 2Z[E(Xl|Y,9 E(XT|Y,0%) + Var(X;]y, 00|

According to (6), it leads to

E (-3, X XTIy, 00) =

1 n
-5 nC'®) + Z [(m(k) + ng)(‘/;(k))—lAgk))(m(k) + ng)(%(k))—lAz(k))T _ Bi(k)(v;(k))—l(BEk))TH .
=1

RR n° 0123456789
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The M-step of the EM algorithm consists of updating the sufficient statistic ¢(X). From
equation (10) in the Appendix, it results in

EtX)|Y,A=\P) = ag‘_)(\a)()\(kﬂ))7

n

where In(a(})) = —5 I Ao| — ATAZ A

Using derivation of matrix and vector formulas, we get

agi\(la) (N) =nA\ '\ = nm
dln(a n, . _ _ _ n
B (0) = 205+ AT ) = 2 + ),

The iteration (k + 1) of the EM algorithm is thus

n

1
(k+1) _ (k) 4 = B® (17(F)y=1 4 (k)
m m\® + - E (V) ;

i=1
O = €4 3 (B (V) A B0 (V) AP — B (v ) B
=1
1 n n T
k k)\— k k )\ _ b
=1 i=1

3.2 ECME algorithm

The ECME (Expectation-Conditional Maximisation Either) of Liu and Rubin (1994) is an
extension of the ECM algorithm (Meng and Rubin, 1993). The ECM algorithm decom-
poses the M-step of EM in several CM-steps (Conditional Maximisation) maximising the
conditional expectation of the complete-data loglikelihood (conditional on some of the pa-
rameters). In the ECME algorithm, some of the CM- steps are replaced by steps maximising
the corresponding constrained actual (incomplete-data) loglikelihood, In L(6), instead of the
Q-function. This algorithm is expected to be dramatically faster than the EM and ECM
algorithms in terms of the number of iterations required for convergence when EM is jeop-
ardised with slow convergence.

For model (2), an ECME algorithm has been proposed by De Crecy (1996) under the
name Circe Method. More precisely, in this case, the iteration (k+1) is expressed as follows:
the E Step is the same as in EM and the CM Step of ECM algorithm is replaced by two
steps. The first CM Step is as the M-step of EM with m fixed to m(*). The second CM Step
maximises the incomplete-data loglikelihood over m, assuming C' = C**1), According to Liu

INRIA
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and Rubin (1994), the ECME algorithm monotonically increases the likelihood function, as
the EM algorithm does, L(#): L(0%*+1) > L(#*) ; and under some assumptions it reliably
converges to a maximum likelihood estimate.

Proposition 3 The ECME algorithm for model (2) leads to the following updating equa-
tions:

1 « _1 (K k E)y—1 4(k k E)y— k
o+ — o) _ _Z {(B(k)(‘/i(k)) 1A§ ))(Bi( )(Vi( )) 1A§ ))T _Bi( )(Vi( )) 1(Bi( ))T} :

n -1 n
m*+D gy = (Z J?(Vf“”)*&) (Z A R A h») :
=1

i=1
Proof:

The E Step is the same as in EM and consists of computing the expected completed data
sufficient statistic. Denoting 0; = X; — m, we have Y; = h; + J;(d; + m — o) + U; and

Y; % hi—i—Ji(m—xo) J¢CJlT+R J;C
&)~ 0 ’ cJr c))

1 n
The matrix t(d) = —5 Z 6;6% is the sufficient statistic for the canonical parameter
i=1
A = C~!. In this case, the function a of the exponential family distribution is a()\) =
|A"1|2. Thus, at iteration (k+1), the E-step consists of computing the term E[t(5)|Y, m*), C(*)].

E <Z 507y, m*), c<k>>

i=1

E[t(8)]Y,m™,cW] = —

N =

> [B@1Y,m®, CONBET v, m®), C0) + Var(si]y, m™), )]

i=1

N | =

According to (6), it leads to
E(5;]Y, m(k), C(k)) — Bz(k) (Vi(k))flAl(‘k) and Var(57;|Y,m(k), C(k)) _ C(k)_Bi(k)(Vi(k))fl(Bi(k))T7
from which it is deduced

1 n
E[t(0)[y,m®, c®)] = —= [w(“ + 3 (B )7 aP) B (v AT Bi“(\fi““)—l(Bi’“))T)} :

=1

CM-step 1 for ECME: (Estimation of the variance C)

RR n° 0123456789



12 Celeuz € Grimaud & Leféebure € de Rocquigny

Fixing m = m®), C(**+1) is computed to maximise the expected complete-data likelihood
for the exponential family distribution at hand (see the Appendix).

ol 1
From =2 (N = _ho —EC, according to the equality (10), it leads to
o\ 2 A 2
ok+1) _ . l - { B(k) V(k) 1A(k))(B(k)(V(k))flA(‘k))T . B‘(k)(V(k))fl(B‘(k))T}
n 1 1 T 1 1 T 1 :
=1

CM-step 2 for ECME: (Estimation of the mean m)
The mean m is updated by maximising the constraint actual (incomplete-data) loglikeli-

hood with C fixed to C*+1)_ Since Y; has a Gaussian distribution N (h;+J;(m—xo), Vi(kﬂ)),
the associated loglikelihood is

L(Y,m) = —% i (VD) + (¥ = b = Jim = 20)) (V) TG = b = Ji(m = @0)) ) +Ciste

1=1

Solving the equation g—ﬁ(Y, m) = 0 leads to
m

i=1 i=1

n -1 n
m®+D gy = (Z J?(V;“*”)-WJ (Z JEWE) Ty - h») :

Remark 5 Identifiability problems can lead to a singular Y., J, (V(k)) LJ; matriz (see
the flooding model example of section 4.1).

Remark 6 Since EM and sometimes ECME algorithms can encounter slow convergence
situations, we avoided to use threshold on the likelihood function to assess convergence. On
the studied examples, the EM and ECME algorithms are stopped when a large iterations
number, nb;ie,, is reached. The values of nbie, is chosen on an empirical ground for each
example.

3.3 Relation between estimation quality and H partial derivatives

In this section, it is analysed how a sensitivity index could be related to the estimate vari-
ances.

Consider the linear model described in (3) and £,(Y,0) the associated loglikelihood
function. We have

n

£,(7,6) = =L 1n2r) __Zm (det(Var(¥;))) — ;Z(Y CB(Y)T (Var(¥;)) "L (Vi — B(Y;)).

=1 =1

INRIA
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n

Th fici f the f ion ————
e coeflicients of the function 90007

may be analytically computed. And the classical

estimation goes as follows:

R 2L, N\ '
Var(f) = <—W(Y,G))

Under the assumption that non-diagonal terms are dominated in the information matrix,
the estimation variance should be close to the inverse of the diagonal terms:

2L A\t 1
Var<m'>%(——”<y,9>> P ®
J 0000T 7 _%Tﬁ (Y,0)

0L,

For model (3), the partial derivatives | —
om;

) are obtained by using derivation
J=1,...,q

=1,...,

of vector formulas:

—%%ﬂf (v,6) = %; (g—Z(Jﬁmdi))T (Var(¥i)) (g‘—H<d>) ©)

They may be interpreted as the ratio of squared partial derivative to overall variance,
averaged over the ¢ = 1, ..., n trials.

As a matter of fact, equation (9) could be further interpreted in terms of first order
sensitivity indices. Formula (8) and (9) lead to

. 1 Var(X)
Var(m;) = T30
. 1 . . H H .
where §U) = —5Y) and §9) = (8—(330,di))T(Var(m)*l(a—(xo,di)) Var(X¥)
n 0 0

denotes the classical first-order sensitivity index of the function Y; = H (X}, d;), measur-

ing an approximate percentage of importance of the variable X i(j ) in explaining Y;.
Nar(ing) 1 56y

Hence Var(X0)) ~ n(S ).

This means that the "coefficient of variation" of the estimator of the mean (as normalised
by the input uncertainty variance) is small as the sensitivity index is large, which is a rather
intuitive result. Note also that if, within Var(Y;), measurement noise R is high compared to
X G)-induced variance, then sensitivity index is lower and estimation variance increases.

However in an estimation process, Var(X)) and Var(Y;) are not known a priori : only
the derivative can be computed, supposing the linearisation point can be inferred without
too much error. So that the sensitivity index may not be accessible. Expertise may however
infer orders of magnitude of Var(X ). In section 4.1, Var(r;) is approximated by replacing
Var(X () with its estimate.
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14 Celeuz € Grimaud & Leféebure € de Rocquigny

4 Applications

In this section, the EM and ECME algorithms are applied on two examples: The first
example concerns simulated data from a flooding model and the second example involves
thermal hydraulic flow within a pressurized water nuclear reactor, with experimental flow
measurements.

4.1 TIllustration on a flooding model

The model is related to the risk of dyke overflow during a flooding. The available model
computes the water level at the dyke position (Z.) and the speed of the river V with respect to
the observed flow of the river upstream of the dyke (Q), and several non observed quantities:
The river bed level beyond upstream (Z,,) and at the dyke position (Z,), and the value of
Strickler coefficient K, measuring the friction of the river bed, which is assumed to be
homogeneous in this quite simplified model. Thus

(%;) - H(Zm7 ZU) KS; Q) +U

3/5 o
Zot (E) " QUK (2 — 2,)780
B*2/5L*3/10Q2/5K§/5(Zm _ Zv)3/10

where the values of the section length L and its width B are given and assumed to be

fixed (L = 5000, B = 300). U is a centered Gaussian variable with a diagonal variance

matrix and standard deviation 0.2 m and 0.2 m.s~"'.

with H(Z,, Zy, Ks; Q) =

The data have been simulated according to a protocol described in de Rocquigny (2006),
assuming that (Z,,,, Z,, K;) is a Gaussian vector such that

Zm Mo, 0,2n 0 0
ZU ~ N My 5 0 Ug 0
K Mg 0 0 af

In this example, there is clearly an identifiability issue since columns 1 and 3 of the
Jacobian of H, Jy, are linearly dependent (cf. Section 2).But even this identifiabiliy issue
would have been easily detected beforehand thanks to the criteria given in Proposition 1, it
is still instructive to study the behaviour of EM and ECME algorithms in such a situation.

For the ECME algorithm, the matrix ") | J7V;;'J; appears to be singular. Hence the
algorithm does not converge. For the EM algorithfn, Table 1 summarises the estimation
obtained from 25 random runs initiated with Gaussian distributions centered to the true
values of the parameters, with nb;;.,, = 100. This table provides the true parameter values,
the maximum likelihood estimates, the mean of the 25 estimated values from the EM algo-
rithm, its standard deviation and an associated Normalised Error Coeflicient (NEC) which
is for a parameter 6 the ratio (standard deviation of 8)/&y.

INRIA
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Remark 7 Observing large values of NECs simultaneously on several parameters that
are connected to different physical variables is usually symptomatic of non-identifiability.
Roughly speaking, it means that the estimation algorithm is unable to differenciate the role
of these physical parameters, and that the response of the algorithm —among the infinite
set of equivalent solutions— is mainly driven by the starting point. Nonetheless, it is to be
reminded that this diagnostic is not as reliable as that provided by Proposition 1: there is
no conventional threshold that clearly indicates what should be considered as a "large" NEC
value.

It is to be noticed in Table 1 that the NECs are high for variance parameters oz, and

ok, and also for mg_, showing the identifiability problem occurring between variables Z,,
and K.

Parameters || True values | Max Likelihood Mean Standard | Norm.
Estimates Estimates | deviation | Error

mz,, 55 54.4606 55.2145 1.0436 2.2506
mz, 50 50.1088 50.1074 0.0013 0.0024
mr, 30 32.1343 29.6814 3.1326 0.3939
oz, V/1/6 ~0.41 0.3733 0.4637 0.1508 | 0.3252
oz, 1/6 0.5371 0.5356 0.0012 0.0022
0K, 7.5 7.5810 7.9525 3.0445 0.3828

Table 1: Parameters estimates for the flooding model with EM algorithm from 25 random
initial positions.

To try to solve the identifiability problem, in a first time, the mean parameter myg, is
fixed equal to 30 according to expert judgement, and the other parameters are estimated
with the EM and ECME algorithms, with nb;., = 100, from 25 random initial positions.
Results are summarised in Tables 2 and 3. For both algorithms, the NECs are still large for
variance parameters oz, and ox,. It means that there is always an identifiability problem
between variables Z,, and K: determining only partial characterisics of the probability
distribution through expert judgement is not sufficient to overcome this issue.

Finally, the parameters relative to K, myg, and ok, are fixed at the true values —
which would require in practice a deep and tedious analysis by the experts— while the
parameters relative to Z,, and Z, are estimated through the EM and ECME algorithms
with nbjte = 100. Results, from 25 random initial positions, are summarised in Tables 4
and 5. NECs values indicate that identifiability is not an issue anymore; as a side effect, it
can be seen that the parameter o, is now better estimated (0.45 instead of 0.53 previously).
Thus, the advanced expert knowledge injected here has allowed to obtain a robust solution
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16 Celeuz € Grimaud & Leféebure € de Rocquigny

to the inverse problem; however, it is to be reminded that such a precise expert judgement
on a probability distribution (and not only its mean) is often difficult to achieve in practice.
Comparing results obtained with EM and ECME algorithms, mean parameter estimates
myg, and my, are the same but NECs are smaller with ECME: This comes from the slower
convergence of the EM algorithm, which results in a dependency between the starting point
and the algorithm output. For variance parameters results are similar (estimates and NECs).
Remarks:

The variance Var(r;), with j = Z,,, and j = Z,, have been computed by replacing
Var(X 1)) with its estimate in the formulae given in section 3.3. It leads to Var(ihz, ) =
0.0306 and Var(riz,) = 0.0021. Using the true values of Var(X ), we obtain Var(rz, ) =
0.0334 and Var(mz,) = 0.0019. The proposed approximation works well for this identifiable
model. Moreover these results give analogous indications on the estimate quality that the
Normal Error (NEC).

If we know that the variables Z,,, and Z, are independent, a possibility is to fix covariance
terms equal to 0 in the variance matrix C'. With the ECME algorithm, estimates of m,
and my, are not changed (myz,, = 55.2087 and myz, = 50.0785) but estimates of oz, and
oz, are better (o7, = 0.3467 and oz, = 0.4196). Thus it could be profitable, (as soon there
are making sense ...), to use such constraints because it leads to more parsimonieus models.

Parameters True values | Max Likelihood Mean Standard | Norm.
Estimates Estimates | deviation | Error

mz,, 55 54.1364 55.0313 0.2276 0.4835
mz, 50 50.1088 50.1047 0.0123 0.0229
oz, 1/6 ~0.41 0.5688 0.4707 0.1128 0.2397
oz, 1/6 0.5368 0.5353 0.0011 0.0015
oK, 7.5 7.4553 7.9726 2.3354 0.2929

Table 2: Parameters estimates for the flooding model via EM, from 25 random initial posi-
tions, with fixed mg, = 30.

4.2 TIllustration on a thermohydraulics case study

The dataset studied in this paragraph comes from experiments carried out by EDF/R&D
between 1990 and 1991 to study the redistributions of diphasic flows. The aim is to evaluate
the capacity of a thermohydraulics physical model, named THYC, to assess void fractions
in a beam of tubes.

The following elements are available:
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Parameters True values | Max Likelihood Mean Standard | Norm.
Estimates Estimates | deviation | Error

mz,, 55 55.1718 55.1202 0.0318 0.0671
mz, 50 50.1087 50.1082 0.0017 0.0032
oz, 1/6 ~0.41 0.5689 0.4741 0.1338 0.2400
oz, 1/6 0.5370 0.5355 0.0011 0.0024
OK. 7.5 7.4591 7.9002 3.1452 0.3981

Table 3: Parameters estimates for the flooding model via ECME, from 25 random initial

positions, with fixed mg, = 30.

Parameters

True values | Max Likelihood Mean Standard | Norm

Estimates Estimates | deviation | Error

mz,, 55 55.2110 55.2419 0.1432 0.3098
mgz, 50 50.0786 50.0827 0.0196 0.0432
oz, V1/6 ~0.41 0.5995 0.4622 0.1063 | 0.2230
oz, 1/6 0.4610 0.4530 0.0079 0.0175

Table 4: Parameters estimates for the flooding model via EM, from 25 random initial posi-

tions, with fixed mg, = 30 and ox, = 7.5.

Parameters

True values | Max Likelihood Mean Standard Norm

Estimates Estimates | deviation Error

mz,, 55 55.2117 55.2128 | 6.7859¢-04 0.0015
mz, 50 50.0788 50.0787 | 3.5020e-05 | 7.7290e-05

oz, V1/6 ~0.41 0.5978 0.4619 0.1063 0.2302

oz, 1/6 0.4608 0.4531 0.0079 0.0174

Table 5: Parameters estimates for the flooding model via ECME, from 25 random initial
positions, with fixed mg, = 30 and ox, = 7.5.

e Experimental results (Y;)1<i<n (void fractions measurements), obtained for different
thermohydraulic conditions (e.g. flows) and at different coordinates, these experimen-
tal conditions being denoted by (d;); the experiments are considered as independent,

e the standard deviation of the measurement errors (U;)1<i<n,
e the void fractions (H (o, d;))1<i<n computed by THYC for the different experimental

conditions (d;), the uncertain input variables of THYC being fixed at "best estimate"
values xo = 0,
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¢ the Jacobian matrices (Ju (2o, d;))1<i<n, which gather the partial derivatives of THYC’s
outputs with respect to the uncertain input variables.

Hence, the inverse problem studied is characterized by the equation:
Y7:I{(sz,dz)—|-Uz7 1<i<n=643

where:

(Y'7): scalar value (void fraction measurement),

(X;) : non observed data vector of dimension R!!, assumed i.i.d with a Gaussian distri-
bution N (m, C),

(d;) : deterministic variables, with dimension g¢o,

H : function from R? to R (¢ = 11 + ¢2),

(U;) : measurement errors assumed i.i.d with a Gaussian distribution N(0, R), with
R=9.10"%

The linearised model is Y; = H(xo,d;) + Ju (o, d;)(X; —xo) + U;, 1 <i<n. And the
aim is to estimate the mean parameter m and the variance matrix C.

In a first time, to ensure the model identifiability, the Jacobian matrix has been stud-
ied as recommended in section 2. The determinant of HTH is actually quite close to zero,
though not exactly null; this means that identifiability is here an issue, even if the model
is not exactly non-identifiable in theory. Unlike the flooding model in which ECME detects
non-identifiability via a non-inversible matrix, ECME then provides results and mislead-
ing appearance of convergence, but the results are actually littered by numerical inversion
problems. "Close to colinear" variables have then been identified from graphical analyses,
as for example Figure 2 for variables six and ten. Thence seven variables have been kept
(number 1, 2, 3, 5, 8, 9, 10). For the other variables (numbers 4, 6, 7, 10), the approach
used to overcome non-identifiability is different from that described in the flooding example.
Indeed, it has been judged too difficult to fix arbitrarily relevant values of their standard
deviations; these parameters have therefore been fixed at their best estimated values, thus
neglecting their stochastic nature.

In Tables 6 and 7 the estimates are given for the mean vector m, using the ECME and
EM algorithms, with nb;.,, = 5000 and the same initial values. Here the NEC is equal to

v/ Cii

mg
Several differences appear between the results of ECME and EM algorithms. But the
loglikekihood values are respectively: L(Y, éECME) = 1836.03 and L(Y, OAEM) = 1834.27.
This simply means that EM algorithm has not yet converged despite the large number of
iterations (see Figure 1 for a graphical confirmation). ECME fulfills in this example its
original goal: It outperforms EM in terms of convergence speed.
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Parameters || Estimates | Variation coefficient
my 0.0670 0.4452
ma 0.8736 1.0402
ms -0.8432 0.5334
ms -0.1186 3.2669
ms 0.5123 0.6086
my 0.3313 3.1854
mig -0.0005 9.8094

Table 6: Estimates and Normalised Error Coefficients for the mean vector with the ECME
algorithm, for the thermohydraulics model.

Parameters || Estimates | Norm. Error
my 0.0662 0.4485
ma 0.6910 1.2650
ms -0.7239 0.6007
ms -0.0893 4.3887
ms 0.5744 0.5806
my 0.2569 4.2284
mig -0.0017 2.8562

Table 7: Estimates and Normalised Error Coefficient for the mean vector with the EM
algorithm, for the thermohydraulics model.

An important question is to decide if all variables have to be kept or is it possible to
select the more significant ones among the seven variables ? In the following it is analysed
if it is possible to select six variables among the seven variables.

In that purpose, the AIC (Akaike, 1974) and BIC (Schwarz 1978) model selection criteria
are used:

AIC = —2L,(Y,0) +2q

BIC = —2£,,(Y,0) + qlog(n)

where 7 is the dimension of the sampling Y, £,, the loglikelihood function, 6 the maximum
likelihood estimate of 6 and ¢ the number of free parameters to be estimated.

In Table 8 are given the values of the AIC and BIC criteria according to parameter
estimates obtained with the ECME algorithm and nb;.,, = 5000. Selected variables are
successively removed and in the last line the seven parameters are kept.

For both model selection criteria, the selected model is the one where the seven param-
eters are kept.
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Figure 1: It represents the log-likelihood function according to the iteration number with
ECME (red curve) and EM (blue curve).

Removed variable AIC BIC
my -3291.36 | -3264.57
ma -3572.98 | - 3546.18
ms -3571.96 | - 3545.16
ms -3631.04 | -3604.24
ms -3649.77 | - 3622.98
my -3645.04 | -3618.21
mig -3589.95 | -3563.15
none -3658.07 | -3626.81

Table 8: Values of AIC and BIC according to parameter estimates obtained with ECME,
for the thermohydraulics model.

5 Discussion

Linearisation of complex multivariate systems could be regarded as a reference method for
uncertainty modelling. In many situations, this approach leads without too much human
effort and quite rapidly to a reasonable estimation of uncertainty factors. Parameters of the
linearised model (2) can be estimated efficiently without too much computational burden
with EM-like algorithms. In the two examples presented in Section 4, the ECME algorithm
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Figure 2: It represents the values of the gradient of the H function for the variables six in
function of the variable ten.

appears to outperform the EM algorithm in terms of convergence speed (in particular for the
thermohydraulics example). The choice of this algorithm seems therefore sensible to solve
the inverse problem at hand and identify the intrinsic variability of the uncertain variables
studied. However, the choice of the stopping criterion of the algorithm should be considered
cautiously: slow convergence may sometimes affect ECME and give a misleading impression
of convergence, even if it is less critical than for EM. And in any case, the use of this
algorithm should always be preceded in practice by an analysis of the identifiabiliy issue:
As shown in this paper, it is rather simple to detect and resolve unidentifiable models.

Obviously, the relevancy of these algorithms is intrinsically tight to that of the main
assumptions (linear approximation and Gaussian distributions). If at least one of these
assumptions appears irrelevant, then the estimation problem will require more complex pro-
cedures. First, linearisation could be considered with alternative dispersion distributions
as a Weibull or an extreme value distribution. On the other hand, in order to treat the
inital statistical model (1) with a controlled number of runs of the physical model, sev-
eral approaches are currently studied: coupling a Stochastic version of the EM algorithm
with Monte Carlo Markov Chains tools, or using an Importance Sampling procedure to ap-
proximate properly the likelihood. But even in that setting, linear approximation methods
could be quite helpful to overcome some possible difficulties and tune efficiently the methods
(choice of a starting point for complex stochastic algorithms, selection of variables to get an
identifiable model, etc.).
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Appendix: EM algorithm for an exponential family

It is assumed that the vector Z can be written Z = (X,Y’) where X is the non-observed
data vector and Y is observed. It is assumed that the density of Z can be written under the
form

b(z)

PN = 5 exp(ATH(R)).

where A = A\() is the vector of parameters called canonical parameter, ¢{(Z) being the

corresponding sufficient statistic and a(\), b(z) real functions.

The E Step of the EM algorithm consists of computing Q(6,0%)) = E[L(6, Z)|Y, 0"
where L is the completed loglikelihood.
Using the canonical parameter A\, we can write

QAAY) = BIL(\, 2)|Y, A®)] = / L\ 2)p(a] Y A = A" de

with L(), 2) = Inb(z) — Ina(\) + ATt(z) and p(z|Y, X = A*)) the density of non-observed
data X conditionally to the observed data Y and the current value of parameter (%),
Then Q(\, A¥)) = AT E[t(Z)|Y, \®)] — Ina(\) + Cste.
And the E Step consists of computing the conditional expectation of ¢(Z) conditionally
to observed data Y and the current value of the parameter A\ = \(¥),

The M Step consists of computing A**) = arg max Q(A, )\(’“)). Solving %(A, )\(’“)) =0,
€
AEHD) satisfied

(A1), (10)

Ei(z) |y, A®) = e
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