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SlqsP
Q
φ(r)

f�qsb^qsP
Q�\hQ�b][ Y;P
g;g�\^N�_�Q�[h[
��qs`t[h[hceqs_

exp (−r2/a2) − C∞

µ±_�¡sQ�bh[]Q)P>`t��\^c�d9`�qsw�b]cex
(r2 + a2)s/2 s < 0 C∞

Y;gu�Lgu�eQ!¡+[]r��ec�_�Q
rsKs(r) s > 0 Cbsc

M%qs�t�eQ�| @ T¨_�x�gu_tw�c�\hcegu_�q��e��Z
rLgu[hc¦\^c¦¡uQ�w�Q!®�_�c�\hQ�¢K`�_�x�\hcegu_t[

�LQ�¡sQ�bvZ q�x�x�`tb^q�\hQ�¢Kgub�c�_9\hQ�b]r8gu�eq�\^c�gu_&gs¢ q�bh��c¦\^b^q�bhce�¦Z°[]x�q�\]\^Q�bhQ�w�w�q�\^q : }s~�=¿§MN�Q�b]Q>qsb]Q�\±� g°\±Z6rLQ�[
gs¢%b^qswtc©qs����q�[hce[�¢K`�_�x!\^c�gu_�[�´Lr�c�Q�x�Q!��ce[]Q�[]PRg6gs\^N�qs_�w ce_t®�_tc�\^Q���Z°[hP
g;gs\hN�§�MN�Q�r�ceQ�x�Q!��ce[hQ�[hP
g;g�\^N
p¨�³�[��eQ�qsw¶\^g�qs_¯qs���uQ���bhqscex�b^q�\hQ�gs¢ x�gu_�¡uQ�bh�uQ�_�x�QC\^g&\hN�Q�w�Q�[]ceb]Q�w�¢K`�_�x�\hcegu_�q�[$\hN�Q�_9`�P>�LQ�b$gs¢
rLguce_�\h[ c�_�x�b]Q�qs[]Qs´;��NtQ�bhQ�qs[ \hN�Qlc�_t®�_�c¦\^Q��¦Z�[hP
g6gs\^N°pU�³�[ Z6ceQ���w+q�[hrLQ�x�\hb^qs�8gub¸Q�¡uQ�_+¢Hqs[]\hQ�b b^q�\hQlgs¢
x�gu_�¡uQ�b]�uQ�_tx�Qs´�qs[][h`�P
ce_��°gs¢¸x�gu`�b][hQ>\hN�q�\2\hN�Q�w�Q�[]ceb]Q�w.¢K`�_�x!\^cegs_.c�\^[]Q��¦¢ ce[l[]PRg6gs\hN�§�pUqswtc©qs����qs[]ce[
¢K`�_tx�\^c�gu_�ce_�\^Q�bhrLgu�©q�\^cegs_°[hQ�Q��9[2q�_�q�r�r�bhg�·;cePRq�\hcegu_

f̂
gs¢�\^N�Q�¢Kgub]P

f̂(x) =

N
∑

n=1

wnΦ(x − xn)

��N�Q�bhQ
Φ(x) = φ(‖x‖)

ce[�q&b^q�w�c©qs��¢K`�_�x�\hcegu_F§Ro%·tqsP
r��eQ�[$gs¢ bhqsw�ceqs� ��qs[]ce[2¢K`�_tx�\^c�gu_�[�qsb]Q
�sc�¡uQ�_
c�_.M%qs�t�eQ+|u§)µ±_�\hN�QCp¨�³ \^Q�b]PRc�_�gu��gu�sZu´{\^NtQ�r8gu[]c�\hcegu_�[

xn, n = 1, . . . , N
q�bhQ�x�q��e�eQ�w¶\^N�Q������

/ ��)#� ��-J�!§
MN�Q$x�g;Q�6Rx�ceQ�_9\h[

w = [w1, w2, . . . , wN ]>
qsb]Q�w�Q�\hQ�bhP
ce_tQ�w&¢KbhguP«\^N�Q$ce_�\hQ�bhrLgu�eq�\^c�gu_°x�gu_�w�c¦\^cegs_�[

f̂(xm) = fm, m = 1, 2, . . . , N

��N�c�x�N�x�qs_��8Q���b]c�\h\hQ�_�ce_&PRq�\^b]c¦·R¢KgubhP qs[��

Aw = F

��c¦\^N
F = [f1, f2, . . . , fN ]>

§�MN�QCP°q�\hbhc½·
A
N�qs[�Q���Q�P
Q�_�\^[

Amn = Φ(xm − xn)
q�_�w�ce[2[vZ;P�¹

P
Q�\hbhcex
[hc�_�x�Q
Φ
c�[>q bhqsw�ceqs�B¢K`�_�x�\hcegu_F§.³�gub�\hN�Q°¢K`�_�x!\^c�gu_�[)c�_¥M�qs���eQ�|u´ \^NtQ+P°q�\^bhc½·

A
c�[>qs��[hg

!#	0��� �(� � ������ 24)#� ���%¢Kgub Q!¡uQ�b]Z&[]Q�\gs¢ N w�ce[v\^c�_�x�\ r8guc�_�\^[ c�_
R

d 	6\^N�c�[ c�[ \^b]`�Ql¢Kgub qs_�Z°¡�qs��`�QUg�¢ N
gub

d
§lY;`�x�N¶¢K`�_tx�\^c�gu_�[lqsbhQ�[^qsc�w \^gR�8Q $) / 	�)%��� �(��	�)%��� �	� !#	0��� �(� � ���� 24)#� � �!§¨MN�Q�b]Q�qsbhQ�b^qswtc©qs����qs[]ce[
¢K`�_tx�\^c�gu_�[l��Ntcex�N�w�g&_�gs\$N�q4¡sQ>\^N�c�[2r�b]gur8Q�b]\±Z 	�[hguP
Q>Q!·tqsP
r���Q�[�qsb]Q��uc�¡sQ�_.c�_.M%qs�t�eQC};§�µ±_.\^N�c�[
x�qs[hQ�´L� Q�x�qs_ PRqs��Q�\hN�Q)p¨�³ / 	�)%��� � ��	�)%��� �	� !#	0��� �(� � � �� 24)#� ��� ��Z q�w�w�ce_t�°qC[h`�c¦\�qs�t�eQ�¢HqsP
ce��ZRgs¢
rLgu��Z6_�gsPRceqs�e[�§

f̂(x) =
N

∑

n=1

wnΦ(x − xn) +

M(q)
∑

l=1

αlpl(x)
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Slq�PRQ
φ(r)

f�qsb^q�PRQ!\^Q�b][
qY6r��ec�_�Q

rs s > 0, s /∈ 2N q ≥ ds/2eMN�c�_;¹±r��eq�\^Ql[hr���ce_�Q
rs log r s > 0, s ∈ 2N q > s/2V�`��¦\^c½¹±d9`�qsw�b]cex

(r2 + a2)s/2 s > 0, s /∈ 2N q ≥ ds/2e

M%q����eQ�}&@¸² gs_�w�c�\hcegu_�qs�e�¦ZRrLgu[]c�\^c¦¡uQ�w�Q!®�_�c¦\^Q�¢K`�_�x!\^cegs_�[

��N�Q�b]Q
pl, l = 1, ...M(q)

¢KgubhP
[�q���qs[hc�[�¢Kgub
Pq

´�\^N�Q�[]r�qsx�Q�gs¢�rLgu��Z6_�guP
c©q��e[¸gs¢%wtQ��ub]Q�Q
≤ q

§BMNtQ
Q�d9`�q�\hcegu_�[\hg
wtQ�\^Q�bhP
ce_�Q2\hN�Q$x�g6Q 6
x�c�Q�_�\^[

w
qs_�w

α
qsb]Q

N
∑

n=1

wnΦ(xm − xn) +

M
∑

l=1

αlpl(xm) = fm, m = 1, . . . , N

N
∑

n=1

wnpl(xn) = 0, l = 1, . . . , M

MN�Q>qs�Lg4¡uQ�[hQ�\lgs¢ Q�d9`�q�\^c�gu_�[Uce[��u`�qsbhqs_�\^Q�Q�w \hgRN�q�¡sQ�qR`�_tced9`�Q�[hgu��`t\^c�gu_&¢Kgublq�_9Z�w�c�[Ki]guc�_�\�w�q�\�q
[hQ�\�§Bµº¢

N ≥ M
qs_�w�\hN�Q`�_��9_�g4��_R¢K`t_�x�\hcegu_

f ∈ Pq

\^N�Q�_
\hN�Q�qs�Lg4¡uQ�ce_�\^Q�bhrLgu�©q�\^cegs_���ce���tQ ·�q�x�\^�¦Z
bhQ�rtbhg6w�`�x�Q$\^NtQ$¢K`t_�x�\hcegu_�§
��Å � Á @�MNtQ���qs[]ce[%¢K`�_tx�\^c�gu_�[�x�qs_��LQ Q�c�\^NtQ�b w�Q�x�b]Q�qs[]ce_��
� ¢Kgub�Q ·tqsPRrt�eQ \hN�Q��$qs`�[][hc©q�_{��gub�ce_�x�bhQ�qs[v¹
ce_��C� ¢Kgub Q ·�q�PRr���Q \hN�Q�\^N�c�_>r��eq�\^Q�[]r��ec�_�Q�[^��¢K`�_tx�\^c�gu_�[�´9qs_�w��eQ�qsw)\hg2¢K`��e�6P°q�\^bhc�x�Q�[�§%MNtQ�bhQ�q�bhQqs��[hg
��qs[hc�[l¢K`�_�x!\^c�gu_�[U��c¦\^N.x�guPRr�qsx�\l[h`�r�rLgubv\l��N�c�x�N¯��Q�qsw�\^g&[]r�qsbh[]Q>x�g6Q 6
x�ceQ�_�\�PRq�\hbhcex�Q�[ 	�N�g4� Q!¡uQ�b
\^N�Q�[hQC�uc�¡sQ�gu_��¦Z¶qs���uQ��tb^qsc�x)x�gs_9¡sQ�b]�uQ�_�x�QR��N�c��eQ)\hN�Q�[hP
g6gs\^N.��q�[hce[U¢K`�_�x�\hcegu_t[��uc�¡sQ�Q!·;r8gs_�Q�_�\^ceqs�
x�gu_�¡uQ�bh�uQ�_�x�Q�§
��Å � Á @Bµ±_+\^N�Q�rtbhQ�[]Q�_�\� gubh�
� Q$x�gs_�[hc�w�Q�b�gs_���ZRce_�\^Q�bhrLgu�©q�\^ce_t�)p¨�³�[ ��N�c�x�N�Q ·tqsx�\h��ZRbhQ�rtbhg6w�`�x�Q
\^N�Q�c�_�r�`t\�w�q�\�qt§�k2_�Q�x�qs_�qs��[hg+`�[]Q>®�\h\hQ�w¯p¨�³ PRg6w�Q��e[U��Ntcex�N.PRq4Z�_�gs\2Q!·tqsx�\h��Z�ce_�\^Q�bhrLgu�©q�\^Q
\^N�Q2w�q�\�q :½|u|�=¿§Bp¨�³£P
g;wtQ��e[¸x�q�_�qs�e[]g)�LQlx�gs_�[hc�w�Q�b]Q�w+��N�Q�bhQ2\^NtQlx�Q�_�\^Q�b][�w�g>_�gs\ x�guc�_�x�c�w�Q���c�\^N
\^N�Q$�eg6x�q�\^cegs_&gs¢�\hN�Q$w�q�\^qCrLguc�_9\h[ : ��=�§
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MN�Q°q�\h\^Q�_9`�q�\^c�gu_.¢Hqsx�\hgub�ce_�bhqsw�c©q��%��qs[]ce[�¢K`�_�x!\^c�gu_�[�N�qs[�q�x�b]c�\^c�x�qs��ce_78�`�Q�_�x�QCgu_¯\hN�Q
qsx�x�`�b^q�x�Z
gs¢)\hN�Q�ce_�\^Q�bhrLgu�©q�\hcegu_ P
g6w�Q��¿§#»£Q�ce���e`�[v\^bhq�\^Q \hN�ce[&��c¦\^N q _9`�P
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ce_�\^Q�bhrLgu�©qs_�\Cc�[�x�gu_�[v\^b]`�x�\hQ�w ¢KgubCq.\^Q�[]\C¢K`�_�x!\^c�gu_

f(x) = x(1 − x) sin(2πx)
`�[]ce_��.\hN�Q�w�q�\�q

¢KbhguP |4�CQ�d9`�qs����Z�[]r�qsx�Q�w.r8gsce_�\^[¨ce_
[0, 2]
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�©qsb]�uQ>¡�qs�e`�Q�[�gs¢
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V�Q�qs_�Q�bhb]gub |s§ }s� �t§¦|��9} �t§ �t|u|�� �t§ �u��� � |0<t§ ~
V q�·�Q�bhbhgsb |s§ }�� �t§ };|4~ �t§ �t| � | �t§¦|���< |4�t§ <

² gu_tw�c�\hcegu_&_�gt§ |s§ � ~t§ �
1.1 × 109 3.4 × 1014 2.8 × 1018

M�qs����Q>~7@�o ª8Q�x�\2gs¢¸q�\h\hQ�_9`�q�\hcegu_�¢Hqsx�\hgubUgs_ \^N�Q)Q�bhb]gublg�¢¸pU�³ ce_�\^Q�bhrLgu�©q�\hcegu_&¢Kgub¨\^Q�[]\2¢K`�_tx�\^c�gu_
f(x) = x(1 − x) sin(2πx)
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³%c��u`�b]QR| @Up¨�³ ce_�\hQ�bhrLgu�eqs_�\l¢Kgub¨\^Q�[v\2¢K`�_�x!\^c�gu_
f(x) = x(1 − x) sin(2πx)

@)�¿q��
a = 0.01

´ �H�{�
a = 0.1

´��Kx4�
a = 0.5

´{qs_�w¤�Kw{�
a = 1.0

¡�qs��`�Q�[ gs¢
a
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A
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ce_�c�P>`�P ¢Kgub
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ao ≈ 0.45
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P°q�ZR�8Qlq)`�_�c¦¡uQ�b][^qs����Z
gurt\hcePRqs��¡�qs�e`�Q¨gs¢�\hN�Q�q�\]\^Q�_9`�q�\^cegs_°¢Hqsx�\hgub�§ �qs[hQ�w&gu_&_9`�P
Q�bhc�x�qs�{Q ·trLQ�b]c¦¹
PRQ�_9\h[�´�p�certr�q
: };|�=8x�gu_tx��e`tw�Q�[ \hN�q�\�\hN�Ql�LQ�[v\�q�\]\^Q�_9`�q�\^cegs_°¢Hqsx�\hgub wtQ�rLQ�_�w�[gs_°\^N�Ql_6`tP>�8Q�bqs_�w
w�ce[v\^bhc���`t\hcegu_&gs¢�w�q�\^q�r8guc�_�\^[�´tgu_�\hN�Q�¢K`�_�x!\^cegs_

f
q�_�w�gs_�\hN�Q$r�bhQ�x�c�[hcegs_�g�¢�\hN�Q$x�guP
r�`t\^q�\^c�gu_���§

ml_°gs�9¡6c�gu`�[ ��q�Z�\^g�gurt\hceP
ce��Q \^N�QUq�\]\^Q�_9`�q�\^cegs_
¢Hqsx!\^gub c�[ \hg�wtc�¡6cew�Q�\hN�QUq4¡�qsc��©qs�t�eQ�w�q�\�q$ce_�\^g�\±� g
[h`���[]Q�\h[�´{q �(- ��� )#� ) � �0���8qs_�w+q
�������(� ) � �0��� 	6� Q2x�qs_+`�[]QU\hN�Ql\^bhqsce_tce_��$[hQ!\�\^g�x�gu_t[]\^b]`�x�\ \^N�QlpU�³
PRg6w�Q���qs_tw�`�[]Q)c¦\¨\hgRQ!¡�qs�e`�q�\^Q�\^N�Q�¢K`�_�x!\^cegs_�gu_�\^NtQ�\^Q�[]\hce_��
[hQ!\�§MN�Q�q�\h\hQ�_9`�q�\hcegu_�¢Hqsx!\^gub¨x�qs_
�8Q$gurt\hceP
ce��Q�w&[hg�\hN�q�\\^NtQ�Q�bhb]gub�gs¢�ce_�\^Q�bhrLgu�©q�\hcegu_°gu_&\^N�Q�\^Q�[]\hce_��C[hQ!\¨ce[P
ce_�c�PRc���Q�wF§ �Ug4� Q�¡sQ�b�´
ce_ rtb^qsx!\^cex�qs��gurt\hceP
ce��q�\^c�gu_&r�bhgs���eQ�PR[�´�� Q>PRq�Z&_�gs\UN�q�¡uQ)[h`76
x�c�Q�_�\2_9`�P)�8Q�bUgs¢ w�q�\�q
r8gsce_�\^[\^g
r8Q�b]¢Kgub]P \^N�Q�qs�Lg4¡uQ$[h`t�;¹±w�c¦¡6ce[hc�gu_�§ mU_ q���\^Q�bh_�q�\^c�¡sQ$qsr�r�b]g�qsx�N�ce[�\hN�Q ����� � ����	�)5����	�$&�L\^Q�x�Nt_�ced9`�Q�§
n�Q!\

f̂ (n)(x; a)
w�Q�_�gs\^Q$\^NtQ�p¨�³ ce_�\hQ�bhrLgu�eqs_�\x�gu_t[]\^b]`�x�\hQ�w�`�[hc�_���\^N�Q$w�q�\^q�r8guc�_�\^[

X(n) = {x1, x2, . . . , xn−1, xn+1, . . . , xN}

c�§ Qs§¦´L��Z�c��u_�gub]ce_���\^NtQ�_�� \^N�w�q�\^q
rLguce_�\¨ce_�\^NtQ�¢K`�����w�q�\^qR[]Q�\�§ MN�ce[¨ce_�\^Q�bhrLgu�©q�_9\�x�qs_ �LQ�`�[hQ�w�\^g
Q�[]\hcePRq�\^Q2\hN�Q�¢K`�_�x!\^cegs_�¡�qs��`�Q$q�\\hN�Q$ce�u_�gsbhQ�w�rLguce_�\

xn

q�_�w�\hN�Q$x�gub]bhQ�[hrLgu_�w�c�_��CQ�bhb]gub

En = fn − f̂ (n)(xn; a)

x�qs_ qs��[hg¤�8Q�x�guP
r�`t\hQ�w�§¼ Z c��u_�gub]ce_��¯Q�q�x�N w�q�\�q¯r8gsce_�\°[]`�x�x�Q�[][hc�¡sQ��¦Z qs_�w x�gu_�[v\^bh`tx�\^c�_�� qs_
ce_�\^Q�bhrLgu�©qs_�\� Q$gu�t\�q�ce_�qs_�Q�b]bhgub�¡sQ�x�\hgub
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pa

³%c��u`�b]Q¤~&@ A qsbhceq�\^c�gu_ gs¢ C(a)
��c�\hN q�\]\^Q�_6`�q�\^c�gu_¬¢Hqsx!\^gub&¢Kgub�\^Q�[]\�¢K`�_�x�\hcegu_

f(x) = x(1 −
x) sin(2πx)

E(a) = [E1, E2, . . . , EN ]>

p�cer�r�q : };|�=�[h`t�u�uQ�[v\^[2P
ce_tceP
ce��c�_��>[]guPRQ�_�gub]P gs¢ \hN�Q>qs�Lg4¡uQ�Q�bhb]gubU¡sQ�x!\^gub¨��c�\^N�bhQ�[hrLQ�x�\l\^gR\hN�Q
q�\]\^Q�_6`�q�\^c�gu_&¢Hqsx�\hgub�´�c¿§ Q�§�´;®�_�w

a∗

[h`tx�N�\^N�q�\

a∗ =
qsbh�sPRc�_

‖E(a)‖

p�cer�r�qC�sc�¡uQ�[U[]guP
Q�_9`�P
Q�b]cex�q���Q!·tqsP
r��eQ�[�\hgR[]N�g4� \^N�q�\¨\hN�Q$¢K`�_�x�\hcegu_
C(a) = ‖E(a)‖

�8Q�N�q�¡uQ�[
[]ceP
ce�©q�b \^g�\hN�Q�qsx!\^`�q��8Q�bhbhgsb�§Bµ±_+r�q�b]\^c�x�`��eqsb�´�\hN�Q�Z°qsx�N�c�Q�¡uQU\^N�Q�ceb P
ce_tceP>`�P#q�\�[]ceP
ce�©q�b ¡sq��e`�Q�[ gs¢
q�\]\^Q�_6`�q�\^c�gu_ ¢Hqsx!\^gub�§2³%c��u`�bhQ+�¿~���r��eg�\^[

C(a)
¢KgubU\hQ�[]\l¢K`�_�x�\hcegu_���N�cex�N.c�_�w�cex�q�\^Q�[U\hN�Q>Q!·;c�[]\^Q�_�x�Q

gs¢%qs_�gurt\hceP>`tP«¡�qs�e`tQ
a∗ ≈ 0.353

§

����� ��� � ��	��  ��� ����	�� 	��  ��������

MN�Q�x�gsPRr�`;\�q�\hcegu_&gs¢
C(a)

bhQ�d9`�c�bhQ�[¨\hN�Q$[hgu��`t\^c�gu_�gs¢
N
��ce_�Q�qsbQ�d9`�q�\hcegu_t[¨Q�qsx�N g�¢%gub]w�Q�b

(N −
1) × (N − 1)

§ µº¢%\hN�Q��ece_tQ�qsb[vZ;[v\^Q�PÇc�[�[hgu�¦¡uQ�w�`�[hc�_��Rn�T w�Q�x�guP
r8gs[hc�\hcegu_+\hN�Q$\^gs\^qs��_9`�P>�LQ�b¨gs¢
gurLQ�bhq�\^c�gu_�[¨ce[Ugs¢ gubhwtQ�b

N4 ��N�cex�N.x�qs_¶�LQ)¡uQ�b]Z¶Q ·;r8Q�_�[hc¦¡uQ�Q�¡sQ�_.¢KgubUPRg6w�Q�bhq�\^Q�[hc���Q>w�q�\�q°[]Q�\h[�§mU_°Q 6
x�ceQ�_�\�qs�e�ugsbhc�\hN�P c�[ �uc�¡sQ�_+c�_ : };| =L��N�c�x�N°bhQ�d9`�ceb]Q�[ gs_���ZCgu_tQln�T w�Q�x�guPRrLgu[]c�\^c�gu_
q�\ q�x�gs[]\
gs¢

O(N3)
§  Q���g4�$´�� Q$Q�[][hQ�_9\hc©qs����Z°bhQ�rtbhg6w�`�x�Q$\^NtQ�q��e�ugub]c�\hN�P qs[��uc�¡sQ�_�ce_ : };|�=¿§

MN�Q�p¨�³ ce_�\^Q�bhrLgu�©q�_9\�`�[hc�_��
\hN�Q�w�q�\^q
rLguc�_9\h[
X(n) c�[�uc�¡sQ�_��9Z

f̂ (n)(x) =

N
∑

m=1,m6=n

w(n)
m Φ(x − xm)

����C����
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��N�Q�b]Q�\hN�Qx�g6Q 6
x�ceQ�_�\h[
w(n) q�bhQw�Q!\^Q�b]PRc�_�Q�w���Z)[hgu�¦¡;c�_��2\^NtQce_�\^Q�bhrLgu�©q�\hcegu_�r�b]gu���eQ�P f̂ (n)(xr) =

f(xr), r = 1, . . . , n − 1, n + 1, . . . , N
§ »£Q$w�Q�_�gs\hQ�\hN�ce[c�_�PRq�\hbhc¦·R_�g�\�q�\hcegu_�qs[

A(n)w(n) = F (n)

��N�Q�b]Q
A(n) c�[�gu�t\^qsce_�Q�w¯¢Kb]guP A

��Z�bhQ�PRg4¡6ce_t��\hN�Q
n
� \^N¯bhg4�yqs_tw

n
� \hN¤x�gu�e`�P
_�´�qs_tw

F (n) =
(f1, . . . , fn−1, fn+1, . . . , fN)>

§B»£Q$_�gs\hQ2\^N�q�\Uc¦¢
y ∈ R

N ce[[h`tx�N�\^N�q�\
yn = 0

\^N�Q�_

Ay = z =⇒ A(n)(y1, . . . , yn−1, yn+1, . . . , yN)> = (z1, . . . , zn−1, zn+1, . . . , zN)>
�v|j�

SUg4� x�gs_�[hc�w�Q�b�\hN�Q$[hgu��`t\^c�gu_
u[n] \^g�\^NtQ�[vZ6[]\^Q�P

Au[n] = e[n] ��}u�

��N�Q�b]Q
e[n] c�[C\hN�Q n

� \^N x�gu��`�PR_�gs¢¨\^NtQ
N × N

c�w�Q�_�\hc�\±Z PRq�\^b]c¦·8§ µº\
ce[CQ�q�[]Z \^g�¡uQ�bhc¦¢ Z¥\^N�q�\
u

[n]
n 6= 0

§ µ±_�wtQ�Q�wF´Lc¦¢
u

[n]
n = 0

\^N�Q�_���Z¤� |j��qs_�w£��}u� � Q$x�gu_tx��e`tw�Q�\^N�q�\

A(n)(u
[n]
1 , . . . , u

[n]
n−1, u

[n]
k+1, . . . , u

[n]
N )> = 0

��N�cex�N¯ceP
r��ec�Q�[�´F��Z¶\^NtQ
_tgu_;¹±[]ce_��s`��©qsb]c�\±Z�gs¢
A(n) \hN�q�\ u[n] = 0

´���N�cex�N¯ce[�c�PRrLgu[][hce�t�eQ)�LQ�x�qs`�[]Q
u[n] ce[�\^NtQ�[]gu�e`;\^cegs_+\^g��v|j� § n�Q�\¨`�[�_�g4� x�gu_�[hc�w�Q�b\hN�Q�¡uQ�x!\^gub

v[n] ∈ R
N w�Q!®�_�Q�w���Z

v[n] = w −
wn

u
[n]
n

u[n]

MN�Q�_�� Q�N�q�¡uQ$\^N�q�\

Av[n] = Aw −
wn

u
[n]
n

Au[n] = F −
wn

u
[n]
n

e[n] =

(

f1, . . . , fn−1, fn −
wn

u
[n]
n

, fn+1, . . . , fN

)>

qs_�w�[hce_tx�Q
v

[n]
n = 0

´�� Q$`�[]Q+� |j� \^gCx�gs_�x���`�w�Q�\^N�q�\

w(n) =
(

v
[n]
1 , . . . , v

[n]
n−1, v

[n]
n+1, . . . , v

[n]
N

)>

MN�ce[�ceP
r���ceQ�[¸\^N�q�\
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f̂ (n)(xn) =
N

∑

m=1,m6=n

w(n)
m Φ(xn − xm)

=

N
∑

m=1,m6=n

v[n]
m Φ(xn − xm)

=
N

∑

m=1

v[n]
m Φ(xn − xm)

=
(

Av[n]
)

n

= fn −
wn

u
[n]
n

��N�c�x�N��uc�¡sQ�[)\hN�Q+¢Kgu�e��g4��ce_���[hceP
r���QR¢Kgub]P>`��©q�¢Kgub)\hN�Q&Q�b]bhgub>g�¢Uc�_�\^Q�b]r8gs�©q�\hcegu_£q�\>\^NtQ&Q!·;x���`�w�Q�w
rLguce_�\

xn

En = fn − f̂ (n)(xn) =
wn

u
[n]
n

µº¢2� Q¶`�[]Q¶n�TXwtQ�x�gsPRrLgu[hc¦\^c�gu_ \hg£[]gu��¡sQ�\^NtQ �ec�_�Q�q�b
Q�d9`�q�\^c�gu_ [vZ6[]\^Q�PR[�´\^N�Q�x�gu[v\+gs¢�gs_�Q¶n�T
w�Q�x�guP
rLgu[hc¦\^cegs_Rgs¢�\hN�Q2PRq�\^b]c¦·

A
c�[

O(N3)
´;��Ntce�eQ�\^NtQ2x�gu[v\gs¢�[]gu��¡6ce_t��\^NtQ

N
��ce_�Q�qsb Q�d9`�q�\^c�gu_�[

�¿}u� ce[
O(N2)

[hgC\^N�q�\�\hN�Q2\^gs\^qs��x�gu[]\¨ce[
O(N3)

§
p�cer�r�qUN�qs[%`�[hQ�wC bhQ�_9\ � [BP
Q�\hN�g6w���N�c�x�N�ce[ qU��b^qsx���Q�\hce_��$qs���ugub]c�\^NtP¼¢Kgub%��g;x�q�\^c�_���\^N�Q PRc�_�ceP>`tP�§
µ±_�gu`�b2\hQ�[v\^[�� Q�¢Kgu`t_�w.\^N�q�\2c�\�c�[�_�gs\$rLgu[h[]ce����Q)\^g&r�b]Q�w�c�x�\$c�_�qswt¡�qs_�x�QRq&[]`�c�\^qs���eQ)��b^qsx���Q�\hce_��
c�_9\hQ�bv¡sq��%[hc�_�x�Q�\hN�ce[2wtQ�rLQ�_�w�[�gu_.\^NtQ�w�q�\�q+[]Q�\�´�\hN�Q�¢K`�_�x!\^cegs_�qs_�w�w�ceP
Q�_t[hcegs_.gs¢ \^N�Q�r�b]gu����Q�P�§
�¨Q�_�x�QC� QCN�q�¡uQ
`�[hQ�w£f�qsb]\hcex��eQCY6� qsb]P k2rt\^c�PRc���q�\hcegu_¥�¿f¸Y�k$�U\^g��eg6x�q�\^Q)\hN�Q�PRc�_�ceP)`�P gs¢ \hN�Q
x�gu[]\¸¢K`�_�x!\^cegs_

C(a)
§ Y;ce_tx�Q�\^N�c�[ c�[ q$gu_�Q¨w�c�PRQ�_�[hc�gu_�qs��P
ce_�c�PRc���q�\hcegu_�r�b]gu���eQ�Pyq�[]P°q��e��_9`�P>�LQ�b

gs¢{r�qsb]\hcex���Q�[�[hN�gs`��ew>�LQ�[]`76
x�ceQ�_�\ 	�� QN�q4¡sQ�`�[]Q�w�®�¡uQr�qsb]\hcex���Q�[�ce_)\hN�Q�[v��qsb]P q�_�w>\^Q�[]\^[%ce_�w�c�x�q�\hQ
\hN�q�\\^NtQ�P
ce_tceP>`�PyrLguce_�\�x�qs_��LQ��eg6x�q�\^Q�w&��c¦\^N��eQ�[h[\^N�q�_¤|4�s�>c�\^Q�b^q�\hcegu_t[�§

����� ��� � 	 �� �������� � � ������� 	��

MN�Q�bhqsw�ceqs�F��q�[hce[�¢K`t_�x�\hcegu_�[ w�Q�rLQ�_�w�gu_&\^NtQ$o `tx��ec�w�Q�q�_�wtce[]\^qs_�x�Q��8Q!\±� Q�Q�_�\±� gCw�q�\^q>r8guc�_�\^[�§Bµº¢
\hN�Qlx�guPRrLgu_�Q�_�\^[�gs¢F\^N�Q2c�_�w�Q�r8Q�_�w�Q�_�\�¡�qsb]c©qs�t�eQ�[

x ∈ R
d N�q�¡uQU��cew�Q���Z
w�c�ª8Q�b]Q�_�\�[]x�qs��Q�[ \hN�Q�_+\hN�QoB`�x��ecewtQ�qs_�_�gubhP PRq�Z�_�gs\U�8Q)qsr�r�b]gur�bhceq�\^Q�§�µ±_ : ��= qC� Q�ce�uN�\^Q�w._�gub]P N�qs[l�LQ�Q�_.`�[hQ�w.ce_�r��©q�x�Q

gs¢�\^N�Q)oB`�x���cew�Q�qs_�_tgubhP�´���N�Q�b]Q)\^NtQ�� Q�c��uN�\^[lwtQ�rLQ�_�w¶gs_�\^NtQ��ubhqsw�c�Q�_�\¨gs¢ \^NtQ�¢K`�_tx�\^c�gu_�§ �¨Q�b]Qs´
\hN�Q�c�_�w�Q�r8Q�_�w�Q�_�\U¡sq�bhc©q����eQ�[

{xn, n = 1, . . . , N}
qs_�w ¢K`t_�x�\hcegu_�¡�qs�e`�Q�[

{fn, n = 1, . . . , N}
qsbhQ

[]x�qs��Q�w��8Q!¢KgubhQ$x�gs_�[]\hbh`�x!\^ce_t�R\^NtQ�p¨�³�PRg6w�Q���§ MN�Q�ce_�w�Q�r8Q�_�w�Q�_9\¨¡�qsbhceqs����Q�[
x ∈ R

d qsb]Q�[]x�qs��Q�w[]g�\^N�q�\)Q�qsx�N x�gsPRrLgu_�Q�_9\�gs¢
x
��ceQ�[�c�_¤\hN�QRc�_�\^Q�bv¡�qs�

[−1/2, +1/2]
��N�ce��QC¢K`t_�x�\hcegu_¯¡sq��e`�Q�[)qsb]Q

[]x�qs��Q�w�\^g°��ceQ�c�_�\hN�Q�c�_�\^Q�bv¡�qs�
[0, 1]

§�µº¢%\hN�Q$¢K`�_�x�\hcegu_�ce[¨x�gs_�[]\^qs_�\�´�\^N�Q�_¶ce_�\^NtQ�[]x�qs��Q�w []r�qsx�Q)qs���
\hN�Q�¢K`�_�x�\hcegu_�¡�qs�e`tQ�[��ce�����8Q$��Q�bhgRqs_�w�\^N�Q$x�g;Q�6Rx�ceQ�_9\h[

w
qsb]Q�qs�e[]g
��Q�b]g�§ m x�gs_�[]\^qs_�\U¢K`�_tx�\^c�gu_

����C����
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ce[�\^N9`�[�bhQ�x�g4¡uQ�b]Q�w Q ·�q�x�\^�¦Z.¢Kgub�qs_�Z.¡�qs�e`�QCgs¢�q�\h\hQ�_9`�q�\hcegu_�¢Hqsx!\^gub�§+SUg�\^Q�\^N�q�\�\hN�ce[�q�¡uguc�w�[$\^N�Q
w�c 6
x�`t��\±Z�gs¢Bb]Q�r�b]g;wt`�x�c�_��Rx�gu_�[v\�qs_�\l¢K`t_�x�\hcegu_�[���c�\hN¶p¨�³ ��N�cex�N�gs\^N�Q�b]��c�[hQ)b]Q�d9`�c�bhQ�[¨¡uQ�b]Z 8{q�\
�
a → ∞

� ��qs[]ce[�¢K`�_�x!\^c�gu_�[�§
MN�Qlx�g;Q�6Rx�ceQ�_9\ PRq�\^b]c¦·

A
x�q�_°�LQ�x�gsPRQ¨ce���¦¹±x�gu_�w�c¦\^c�gu_�Q�w�¢Kgub9�'��- ��B¡�qs�e`�Q�[ gs¢�q�\]\^Q�_6`�q�\^c�gu_C¢Hqsx�\hgub�´

qs_�w
qs�e[]g2¢Kgub ¡uQ�b]Z��eqsbh�sQqs_�wCw�Q�_�[hQ�w�q�\^q�[hQ�\h[�§%» N�q�\ ce[ q2�eqsbh�uQ�q�\h\hQ�_9`�q�\hcegu_>¢Hqsx!\^gubBwtQ�rLQ�_�w�[ gu_
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Q�[°`�_�[]\^qs����Qs§ µ±_ : � =�q£P
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n = 0

}6§Up¨qs_�wtguPR�¦Z¶c�_�c�\hc©qs��ce��Q�\^N�Q
rLgu[hc¦\^cegs_¯g�¢ \^NtQRr�q�b]\^c�x���Q�[�qs_�w¯\^N�Q�ceb�¡uQ��eg6x�c�\hceQ�[
{xn

k , vn
k}, k =

1, . . . , K
§

~;§l² gsPRr�`;\^Q�x�gs[]\�¢K`�_�x!\^cegs_�q�[h[hg6x�ceq�\^Q�w&��c�\^N�\^NtQ�r�qsb]\hcex���Q2rLgu[hc¦\^cegs_�[
f(xn

k), k = 1, . . . , K

�t§UT¨r8w�q�\^Q2\hN�Q$�eg6x�qs�Fqs_�w��u�egu��qs�FP
Q�P
gub]Z

xn
∗,k = argmin

0≤s≤n
f(xs

k), xn
∗ = argmin

0≤s≤n,1≤k≤K
f(xs

k)
�H~��

�6§UT¨r8w�q�\^Q2\hN�Q$r�qsb]\hcex��eQl¡sQ��eg6x�c¦\^c�Q�[

vn+1
k = ωnvn

k + c1r
n
1,k(x

n
∗,k − xn

k) + c2r
n
2,k(x

n
∗ − xn

k)
�K�9�

<;§¨mUr�r��¦Z+x�bhqs��c�_�Q�[][Ugsr8Q�b^q�\hgub \^gC\^NtQ$¡sQ���g;x�c�\^c�Q�[

�6§UT¨r8w�q�\^Q2\hN�Q$r8gu[]c�\hcegu_&gs¢�\^NtQ�r�qsb]\hcex���Q�[

xn+1
k = xn

k + vn+1
k

� �u�

� §Un�c�PRc¦\ _�Q!� r�qsbv\^c�x��eQlr8gu[]c�\hcegu_�[ \^gC�ec�Ql��c�\hN�ce_
[xl, xu]

`�[hc�_��CbhQ 8�Q�x�\hcegu_�q�\\hN�Q$�8gu`t_�w�qsb]ceQ�[

�;§¨µº¢
n < Nmax

´�\hN�Q�_
n = n + 1

qs_�w��ug�\^gC[]\hQ�r�~t´�Q���[hQ�Y;M¨k�f�§
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´
r2
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r1

qs_tw
r2

§
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¢Kgub `�[hQ���c�\hN&PRQ!\�qsP
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¢K`�_�x�\hcegu_¤gs¢Q�qsx�N¥r�qsbv\^c�x��eQCc�[�_�g�\)c�PRrLgub]\^qs_�\���`t\�gu_���Z.\hN�Q�c�b�b]Q��eq�\^c¦¡uQ
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r�bhg4¡uQ�[�\^N�Q
�eg6x�qs��P
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�eg6x�qs�{P
Q�P
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Q�P
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rLQ�b]¢KgsbhP
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��Z.c�_�c�\hc©qs��ce��Q�\hN�Q°rLgu[hc¦\^c�gu_.gs¢�\hN�QRr�qsb]\hcex���Q�[�qs_�w¯\^N�Q�ceb�¡uQ��eg6x�c¦\^ceQ�[
{xn

k , vn
k}, k =

1, . . . , K
§

~t§µº¢
n ≤ Ne

x�guP
r�`t\hQ�x�gu[v\�¢K`�_�x!\^cegs_¤q�[h[hg6x�ceq�\^Q�w¶��c�\hN�\hN�Q�r�qsbv\^c�x��eQ)r8gu[]c�\hcegu_�[
f(xn

k), k =
1, . . . , K

`�[]ce_���\^N�Q+Q ·tqsx�\CP
g;wtQ���´�Q���[hQ+x�guPRrt`t\^Q°\hN�Q+x�gu[]\�¢K`�_tx�\^c�gu_¥`�[]ce_�� PRQ!\�qsP
g;wtQ��
f̃(xn

k), k = 1, . . . , K
§

��§µº¢
n > Ne

´�\hN�Q�_
[hQ��eQ�x!\ q�[]`���[hQ!\ g�¢Fr�q�b]\^c�x���Q�[
Sn ��qs[]Q�wRgu_
q$rtbhQ!¹º[hx�bhQ�Q�_�ce_t�)x�b]c�\hQ�bhc�gu_Cqs_�wQ�¡�qs��`�q�\^Q�\^N�Q>Q ·tqsx�\$x�gu[]\�¢K`�_tx�\^c�gu_ ¢KgubU\^N�Q�[hQ�r�qsbv\^c�x��eQ�[�§�Y6\hgubhQ�\^N�Q�Q ·�q�x�\$x�gs[]\2¢K`�_tx�\^c�gu_�[

ce_�\^g�\hN�Q$w�q�\�q���qs[hQ�§
�;§�TUrLw�q�\hQl\^N�Ql�eg6x�qs�Lqs_�w°�u�egu��qs�{PRQ�PRgubvZ $ ��� ) �
	�)#�	�����#�;�� � / � �	� � � ����$ ��� ��� / 	0�����.$) / � ��	�)7�

xn
∗,k = argmin

0≤s≤n
f(xs

k), xn
∗ = argmin

0≤s≤n,1≤k≤K
f(xs

k)
� <��

<t§¨Y6\^gsbhQ$Q!·tqsx!\^��Z+Q�¡�qs�e`�q�\^Q�w�¢K`t_�x�\hcegu_&¡�qs�e`tQ�[ce_�\hgRq�w�q�\�qs��q�[hQ
�;§�TUrLw�q�\hQ$\hN�Q$r�qsbv\^cex��eQl¡sQ���g;x�c�\^c�Q�[

vn+1
k = ωnvn

k + c1r
n
1,k(x

n
∗,k − xn

k) + c2r
n
2,k(x

n
∗ − xn

k)
���u�
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� §¨mUr�r��¦Z+x�bhqs��c�_�Q�[][Ugsr8Q�b^q�\hgub \^gC\^NtQ$¡sQ���g;x�c�\^c�Q�[
�;§UT¨r8w�q�\^Q2\hN�Q$r8gu[]c�\hcegu_&gs¢�\^NtQ�r�qsb]\hcex���Q�[

xn+1
k = xn

k + vn+1
k

� � �
|4�;§Un�c�PRc¦\ _�Q!� r�qsbv\^c�x��eQlr8gu[]c�\hcegu_�[ \^gC�ec�Ql��c�\hN�ce_

[xl, xu]
`�[hc�_��CbhQ 8�Q�x�\hcegu_�q�\\hN�Q$�8gu`t_�w�qsb]ceQ�[

|u|s§¨µº¢
n < Nmax

´�\hN�Q�_
n = n + 1

qs_�w��ug�\^gC[]\hQ�r�~t´�Q���[hQ�Y;M¨k�f�§

MN�Q�c�PRrLgubv\�qs_�\lqs[hrLQ�x!\$gs¢¸PRQ!\�qsP
g;wtQ���qs[h[]ce[]\hQ�w�gurt\hceP
ce��q�\^c�gu_�c�[l\^NtQ>x�b]c�\^Q�bhc�gu_¶`�[]Q�w�\^g&[hQ��eQ�x�\
\hN�QR[]Q�\

S
gs¢ r�qsb]\hcex��eQ�[���N�gs[hQC¢K`�_�x�\hcegu_�¡�qs�e`tQC��c��e� �LQ
Q!·tqsx�\h��Z�Q!¡sq��e`�q�\hQ�w�§+�$ceqs_�_�q��sgu�u��gu` : <>=

w�c�[hx�`�[h[]Q�[�[hQ�¡sQ�bhqs��r�bhQ ¹±[]x�bhQ�Q�_�c�_��¨x�bhc¦\^Q�bhc©q ��qs[hQ�w�gs_$\hN�QBQ�[v\^c�P°q�\hQ�w�®�\h_�Q�[][�¢K`t_�x�\hcegu_�qs_�w�¡�qsb]c©qs_�x�Q
gs¢B\hN�Q)Q�[]\hcePRq�\^c�gu_���NtQ�_�Q!¡uQ�b�q�¡�qsce�eqs����Qs´Lqs[lc�_ \^NtQ)x�q�[hQ�gs¢B�uqs`�[h[]c©qs_ b^qs_�wtguPXrtbhg6x�Q�[][2P
g;w�Q��e[�§
MN�Q r�bhQ ¹±[hx�bhQ�Q�_�c�_��2x�b]c�\hQ�bhceqUq�bhQ ��qs[hQ�w�gu_)\^NtQ�_�gs\hcegu_�gs¢ � � !%-J	 � ���
��)#�¿§�n�Q�\

fmin

�8Q \^N�Q x�`�b]bhQ�_�\
P
ce_�c�P>`�Py¢K`�_�x!\^cegs_�¡�qs��`�Q�qs_�w

f̂(x)
�LQ�\hN�Q�¢K`t_�x�\hcegu_�¡�qs�e`�Q$r�b]Q�w�c�x�\hQ�w ��Z&\hN�Q�P
Q�\^qsP
g;w�Q���¢Kgub

q�_�Q!� w�Q�[hce�s_�rLguce_�\
x
§ »¤Q$x�qs_�w�Q�®�_�Q)q�_�c�_�w�Q ·�gs¢�ceP
r�bhg4¡uQ�PRQ�_�\¢Kgub�\^N�Q$w�Q�[hc��u_

x
qs[

I(x) =

{

0
c�¢

f̂(x) > fmin

fmin − f̂(x)
gs\hN�Q�bv��ce[hQ �H���

�lQ�[hc��u_�[ ��c�\hN��©qsb]�uQ�b�¡�qs�e`�Q gs¢{\^N�c�[ ce_�wtQ!·Cq�bhQ���ce�sQ���Z�\^g���Q�qsw>\hg$q2bhQ�wt`�x�\hcegu_�c�_>\^N�Qx�gu[]\B¢K`�_tx�\^c�gu_
qs_tw.[hN�gu`t�ew��8Q�Q!¡�qs�e`�q�\^Q�w.gs_¶\^N�Q�Q ·�q�x�\$¢K`�_�x!\^cegs_�§>Y6guPRQ)PRQ!\�qsP
g;wtQ��e[U�ec��sQ>�9bhc��uce_t�&qs�e[]g+�uc¦¡uQ
qs_�Q�[]\^c�P°q�\^Q�gs¢�\^N�Q�Q�bhb]gub�ce_+\^NtQ�q�r�r�bhg�·;cePRq�\hcegu_�§�MN�ce[�c�_t¢KgubhPRq�\hcegu_Rx�qs_��8Q�`t[hQ�¢K`t��\hgCQ!·;r��egsbhQ
\hN�gu[hQ�b]Q��uc�gu_�[2g�¢¸\hN�Q>w�Q�[hc��u_�[hr�qsx�Q>��N�cex�N¯qsb]Q�_�gs\�[]`76
x�c�Q�_�\^�¦Z¶r�b]gu�8Q�w�§$»£Q�w�g�_�g�\�x�gu_t[hcewtQ�b
\hN�Q�[]Q�g�\^N�Q�b¨x�bhc¦\^Q�b]c©q>��`;\Ub]Q�¢KQ�b�\hg : <>=F¢Kgub�¢K`�b]\hN�Q�b�w�Q!\�qsc��e[�§
µ±_ \^N�Q¯r�b]Q�[hQ�_�\ � gubh� � Q£`�[]Q¤c�_�\^Q�b]r8gs�©q�\hce_���p¨�³yPRQ!\�qsP
g;wtQ��e[R��N�cex�N¬w�g _tgs\ rtbhg4¡6cew�Q¯qs_
Q�[]\^c�P°q�\^Q+gs¢�\hN�Q+¡�qsbhceqs_�x�Q�§ �UQ�_�x�Q&\hN�Q&r�bhQ ¹±[]x�bhQ�Q�_�c�_��¯ce[>��q�[hQ�w gu_��¦Z£gs_�\hN�Q&Q�[v\^c�P°q�\hQ�w�x�gs[]\
¢K`�_tx�\^c�gu_&¡�qs�e`�Q$q�_�w&� Q�ce_�¡uQ�[]\hce��q�\hQ2\±� g
w�c¦ªFQ�bhQ�_�\¨x�b]c�\hQ�bhceq 	

? m¨¢ \^Q�b \hN�Q¨µ f¸o r�N�qs[hQ�´6\hN�QUr�qsb]\hcex���Q�[¸qsb]QU[]gub]\hQ�w°c�_
\hN�Q¨gubhw�Q�b g�¢�ce_tx�bhQ�qs[hc�_���x�gu[v\ ¢K`�_tx�\^c�gu_
q�_�w¯q�[]r8Q�x�c¦®�Q�w¤r8Q�bhx�Q�_�\�qs�uQCgs¢¸\^NtQ��������%r�qsb]\hcex��eQ�[�c¿§ Q�§>\^N�gs[hQ���c�\hN¯[]P°q��e�%x�gu[]\$¢K`�_tx�\^c�gu_
¡�qs��`�Q�[�´�qsb]Q�[]Q���Q�x�\hQ�w�¢KgubQ!·tqsx!\lQ!¡�qs�e`�q�\^cegs_�§

? »¤Q�q��e[hgUr�bhgsr8gu[]Qql_�Q!� r�bhQ ¹±[hx�bhQ�Q�_�c�_��2x�b]c�\hQ�bhc�gu_�¢Kgsb f¸Y�k qs[%¢Kgu���eg4��[�@�\hN�Q�[]Q�\ Sn x�gu_t[hce[v\^[g�¢ qs���Fr�q�b]\^c�x���Q�[���N�gu[]Q$x�gu[v\¨¢K`t_�x�\hcegu_�ce[rtbhQ�wtcex�\hQ�w�\^gCbhQ�w�`�x�Q�ce_+\hN�Q$µ f o r�N�qs[]Qs´�c�§ Qs§¦´

Sn = {k : f̃(xn
k) < f(xn−1

∗,k )}
� |4���

MN�Q
[hQ�x�gu_tw¥x�b]c�\^Q�bhc�gu_�ce[$[hc�PRc��©qsb¨\^g�\^N�Q
ce_�wtQ!·¯gs¢ ceP
r�bhg4¡uQ�PRQ�_�\��t`t\�\hN�Q
PRc�_�ceP>`tPÇ¢K`�_tx�\^c�gu_
¡�qs��`�Q c�[�\hN�q�\%gs¢�\^NtQ ce_tw�c�¡6cewt`�qs��r�qsbv\^c�x��eQ�[�P
Q�P
gubvZu§�ml�e�9r�q�b]\^c�x���Q�[���N�gu[hQ ce_�w�Q ·�ce[%rLgu[]c�\^c¦¡uQl�H_�gs_;¹
��Q�bhg�� qsbhQlQ�¡�qs�e`�q�\^Q�w+gu_+\^NtQ2Q!·tqsx!\�¢K`�_�x!\^cegs_�§ SUgs\hQl\^N�q�\ � Q�w�g�_�gs\ [hrLQ�x�c�¢ Z&q�_9ZRrLQ�bhx�Q�_�\�q��uQ$qs[

����C����



���������
	����������������������������� |j�

ce_¶\^NtQ�x�qs[]Q�gs¢ �$m ��c¦\^N�µ f o§�MN�Q�_9`�P>�LQ�b�gs¢¸Q ·�q�x�\$¢K`�_�x!\^cegs_¶Q�¡�qs��`�q�\^c�gu_�[2c�[�qs`t\hguPRq�\^c�x�qs����Z
w�Q�\hQ�bhP
ce_tQ�wRqs_�wC� Q¨Q!·;rLQ�x�\ \^N�c�[B_9`�P>�LQ�b \^g�qsw�qsrt\ c¦\^[]Q���¢Fqs[B\^NtQUx�gu[]\ ¢K`�_�x!\^c�gu_Rc�[Br�bhgs�ubhQ�[h[hc¦¡uQ���Z
bhQ�wt`�x�Q�w�§BSUg�\^Q \^N�q�\�c�_�\hN�ce[�f¸Y�k��2µ f¸o.q�r�r�bhguqsx�N�´s�Lgs\hN�\hN�Q ��g;x�qs��qs_tw)�u��gu��qs�uP
Q�P
gub]ceQ�[�qs��� q�Z;[
x�gu_�[]ce[v\Ug�¢%Q ·�q�x�\^�¦Z&Q�¡�qs��`�q�\hQ�w�r�qsbv\^cex��eQ�[�§

� � �$�%��� ���������!'�$���!��( ������(�� ��-&� �R���� ���°���%� �X� 
��$� � �����!�)(
�$���&���)���B-

m x�b]c�\hcex�q��Bce[h[]`�Q°c�_£r�q�b^qsP
Q�\hbhcexC[]N�qsrLQ°gurt\hceP
ce��q�\^c�gu_¶ce[$\^NtQ°x�N�guc�x�QRgs¢�\^NtQ°[hN�qsr8QRr�qsbhqsPRQ!\^Q�bv¹
ce��q�\^cegs_�§ MN�Q gs�6i]Q�x!\^c�¡sQ¶gs¢2\hN�Q r�qsb^qsP
Q�\hQ�b]ce��q�\^cegs_ c�[
\hg£w�Q�[hx�bhce�LQ�\hN�Q []N�qsrLQs´gubC\^NtQ [hN�qsr8Q
PRg6w�c�®�x�q�\hcegu_�´t�9Z�q
[hQ�\lgs¢Br�q�b^qsP
Q�\hQ�bh[���N�c�x�N.qsbhQ�x�gs_�[hc�w�Q�b]Q�w.qs[¨w�Q�[hce�s_�¡�qsbhceqs����Q�[�w�`�b]ce_��
\^N�Q
gurt\^c�PRc���q�\hcegu_)r�bhg6x�Q�w�`�bhQ�§Bf%q�b^qsP
Q�\hQ�bhc���q�\hcegu_>\hQ�x�N�_tced9`�Q�[ ce_C[hN�qsr8Q�gur;\^ceP
ce��q�\^c�gu_)N�q4¡sQ¨\hg�¢K`t��®����
[hQ�¡sQ�bhqs��rtb^qsx!\^cex�qs��x�bhc�\hQ�b]c©q7@

? \^N�Q�r�qsbhqsP
Q�\^Q�bhc���q�\hcegu_&[]N�gu`���w��LQ)q����eQ�\^gC\�q��sQ�ce_�\^g
qsx�x�gu`�_�\lx�guP
r��eQ ·&�uQ�guP
Q�\^b]ceQ�[�´�rLgu[v¹
[hc�����Z°ce_�x��e`�w�c�_���x�gs_�[]\hb^qsc�_9\h[¨qs_�w�[hc�_��u`��eqsbhc¦\^ceQ�[

? \^N�Q)_6`tP>�8Q�b�gs¢ r�qsbhqsP
Q�\^Q�bh[2[]N�gu`���w¶�LQ�qs[2[]P°qs����qs[2rLgu[h[]ce����Qs´F[]ce_�x�Q)\^NtQ�[]\^c¦ªF_tQ�[h[lgs¢ \^N�Q
[hN�q�r8Q�gurt\hceP
ce��q�\^cegs_£_9`�P
Q�bhc�x�qs� ¢KgubhP>`t�©q�\hcegu_¤ce_�x�bhQ�q�[hQ�[Rqs��b]`�rt\h��Z£��c¦\^N \^NtQ�_9`�P)�8Q�b
g�¢
r�qsbhqsPRQ!\^Q�bh[

? \^N�QUr�qsbhqsPRQ!\^Q�bhce��q�\^c�gu_�[hNtgu`��ewRqs���eg4� \hg�x�gu_�\^bhgs�{\hN�Q¨[hP
g;gs\hN�_�Q�[h[ g�¢F\^NtQUb]Q�[h`t��\^c�_���[hN�qsrLQ�[

m [h`�bv¡uQ!Z+gs¢�[]N�qsrLQ2r�qsbhqsPRQ!\^Q�bhce��q�\^c�gu_�\^Q�x�N�_�ced9`�Q�[�¢Kgub P)`���\hc¦¹±wtce[hx�cer���ce_�q�b]Z�gurt\hceP
ce��q�\^cegs_�´s��N�c�x�N
qsbhQ¸qs_�q���Z6��Q�w�q�x�x�gsbhw�c�_��\^g\^N�Q r�b]Q�¡6cegs`�[�x�bhc¦\^Q�bhc©q;´4ce[�r�b]gur8gs[hQ�w$��Z�YtqsPRqsb]Q�N : }s}3=¿§�µ±_�qsx�x�gubhw�qs_�x�Q
��c�\^N�N�ce[�x�gu_�x���`�[hc�gu_�[�´�\^N�Q�³�bhQ�Q ¹ ³�gub]P �lQ�¢KgsbhPRq�\^c�gu_¤�¿³ ³ �2��\hQ�x�N�_tced9`�Q : }���=�c�[¨qsw�gurt\hQ�w�ce_�\^N�Q
r�bhQ�[hQ�_�\)[]\^`twtZu´�[hce_tx�Q
c�\$r�b]gj¡6c�w�Q�[�qs_¯Q�qs[vZ£q�_�w¤rLg4� Q�b]¢K`��B¢KbhqsPRQ!� gsbh�¶¢Kgub2\hN�QRwtQ�¢Kgub]P°q�\hcegu_.g�¢
x�guP
r��eQ ·&[]N�qsrLQ�[�´Lqs[\hN�gu[hQ$Q�_�x�gu`t_9\hQ�b]Q�w¶c�_�qsQ�b]g;wtZ6_�q�PRc�x�[gubQ��eQ�x!\^b]guP°q��u_�Q�\hcex�[�§
MN�Ql³%³ � \hQ�x�N�_tced9`�Qlgsbhce�sce_�q�\hQ�[%¢Kb]guP \hN�Q2² gsPRr�`;\^Q�b ��b^qsrtN�cex�[ ®�Q���w : }���=¿§ µº\ qs�e��g4��[ \^N�Q�w�Q!¢Kgubv¹
P°q�\hcegu_�gs¢ q�_¶gu�6i]Q�x�\�c�_¶q+}�� gubU~u� [hr�qsx�Q�´�bhQ���qsbhwt�eQ�[][lgs¢%\^N�Q�bhQ�rtbhQ�[]Q�_�\�q�\^cegs_¶gs¢B\^Ntce[¨gu�6i]Q�x!\�§
µ±_�[]\hQ�qsw�gs¢%PRqs_�c�r�`��eq�\^c�_���\hN�Q$[h`�bv¢Hqsx�Q$gs¢�\^N�Q$gu�9i]Q�x�\¨w�c�bhQ�x�\^�¦Zu´���Z&`t[hce_t�
x��©qs[][hc�x�qs�� ¹vY;r���ce_�Q�[�gub
 a���ceQ�b)r�qsb^q�PRQ!\^Q�b]ce��q�\^c�gu_¤g�¢¨\hN�Q+[]`�b]¢Hqsx�Qs´ \hN�Q&³ ³ � \^Q�x�Nt_�ced9`�Q�[
wtQ�®�_�Q�[Cq¶w�Q�¢KgsbhPRq�\^c�gu_¯®�Q��ew
gj¡sQ�b2\hN�Q>[hr�qsx�Q�Q�P>�8Q�w�w�Q�w.ce_.q+�eq�\h\hcex�Q$��N�c�x�N.ce[l�t`�ce�¦\2qsb]gu`�_�w�\^N�Q>gs�6i]Q�x!\�§� Z�\^b^q�_�[]¢Kgub]PRc�_��
\^N�Q¨[hr�q�x�Q¨x�g6gubhw�c�_�q�\hQ�[Bce_t[hcewtQ�\hN�Q��©q�\]\^c�x�Qs´�\^N�QU³ ³ � \^Q�x�N�_�ced9`�Q¨w�Q!¢KgubhP
[B\^N�Q�gu�6i]Q�x�\�´;b]Q���qsb]w��eQ�[h[
gs¢ c¦\^[�uQ�guPRQ!\^b]cex�q��Fw�Q�[hx�b]cert\hcegu_F§
V�gubhQ)r�bhQ�x�ce[]Q��¦Zu´Fx�gu_�[]cew�Q�b2qR\hN�bhQ�Q!¹±wtceP
Q�_�[]cegu_�q���NtQ!·tqsN�Q�w�b^qs���©q�\]\^c�x�Q$Q�P>�LQ�wtw�ce_��R\^N�Q�gu�6i]Q�x!\2\^g
�8Q¸w�Q�¢KgsbhP
Q�w�§�³%ce�s`�bhQ��K�9��[hN�g4��[�qs_�Q!·tqsP
r��eQ gs¢;[h`�x�N)q¨�eq�\h\hcex�Q ��`�c���\�qsb]gu`�_�w�qbhQ�q��ece[v\^c�x%��ce_��t§�m
�eg6x�qs��x�g;gub]w�ce_�q�\^Q []Z6[v\^Q�P

(ξ, η, ζ)
ce[�w�Q!®�_�Q�w�ce_$\^N�Q¸�©q�\]\^c�x�Qs´j��c�\hN

(ξ, η, ζ) ∈ [0, 1]×[0, 1]×[0, 1]
§

�l`�bhc�_��¶\^NtQ+w�Q�¢KgsbhPRq�\^c�gu_�´�\^N�Q+wtce[hrt�©qsx�Q�P
Q�_�\
∆q

g�¢�Q�qsx�N�rLguce_�\
q
c�_�[hc�w�QR\hN�Q+�©q�\h\^c�x�Q
ce[�N�Q�b]Q
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w�Q!®�_�Q�w ��Z�q>\^N�c�bhw;¹ºgubhwtQ�b� a���ceQ�b�\^Q�_�[hgub¨r�b]g;w�`tx�\ @

∆q =

ni
∑

i=0

nj
∑

j=0

nk
∑

k=0

Bni

i (ξq)B
nj

j (ηq)B
nk

k (ζq)∆Pijk.
�v|s|j�

Bni

i

´
B

nj

j

q�_�w
Bnk

k

q�bhQ \^NtQ  Q�b]_�[]\hQ�ce_�rLgu��Z6_�guP
c©q��e[Lgs¢6gubhw�Q�b
ni

´
nj

qs_�w
nk

�K[hQ�Q ¢Kgsb�ce_�[v\�qs_tx�Q9: ��= �.@

Bn
p (t) = Cp

n tp (1 − t)n−p.
�v|4}u�

(∆Pijk)0≤i≤ni,0≤j≤nj ,0≤k≤nk

q�bhQ � Q�ce�sN9\hce_��x�g;Q�6
x�ceQ�_�\^[�´�gub�x�gu_�\^b]gu�urLguce_�\^[�wtce[hrt�©qsx�Q�P
Q�_�\^[�´j��Ntcex�N
qsb]Q°`�[]Q�w¥\hg¶PRgs_�c�\hgub�\^N�QRw�Q�¢Kgub]P°q�\^cegs_£qs_tw qsbhQRx�gu_t[hcewtQ�bhQ�w�qs[>w�Q�[hc��u_£¡�qsbhceqs����Q�[$w�`�b]ce_�� \hN�Q
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−→σ ij
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Cd

�t§ �u�u~s�u~u��¹ �t§ �t|u|�~u~ � };|j}��u~t§ <s�
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