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SlqsP
Q
φ(r)

f�qsb^qsP
Q�\hQ�b][ Y;P
g;g�\^N�_�Q�[h[
��qs`t[h[hceqs_

exp (−r2/a2) − C∞

µ±_�¡sQ�bh[]Q)P>`t��\^c�d9`�qsw�b]cex
(r2 + a2)s/2 s < 0 C∞

Y;gu�Lgu�eQ!¡+[]r��ec�_�Q
rsKs(r) s > 0 Cbsc
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f̂
gs¢�\^N�Q�¢Kgub]P

f̂(x) =

N
∑

n=1

wnΦ(x − xn)

��N�Q�bhQ
Φ(x) = φ(‖x‖)

ce[�q&b^q�w�c©qs��¢K`�_�x�\hcegu_F§Ro%·tqsP
r��eQ�[$gs¢ bhqsw�ceqs� ��qs[]ce[2¢K`�_tx�\^c�gu_�[�qsb]Q
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xn, n = 1, . . . , N
q�bhQ�x�q��e�eQ�w¶\^N�Q������

/ ��)#� ��-J�!§
M
N�Q$x�g;Q�6Rx�ceQ�_9\h[

w = [w1, w2, . . . , wN ]>
qsb]Q�w�Q�\hQ�bhP
ce_tQ�w&¢KbhguP«\^N�Q$ce_�\hQ�bhrLgu�eq�\^c�gu_°x�gu_�w�c¦\^cegs_�[

f̂(xm) = fm, m = 1, 2, . . . , N

��N�c�x�N�x�qs_��8Q���b]c�\h\hQ�_�ce_&PRq�\^b]c¦·R¢KgubhP qs[��

Aw = F

��c¦\^N
F = [f1, f2, . . . , fN ]>

§�M
N�QCP°q�\hbhc½·
A
N�qs[�Q���Q�P
Q�_�\^[

Amn = Φ(xm − xn)
q�_�w�ce[2[vZ;P�¹

P
Q�\hbhcex
[hc�_�x�Q
Φ
c�[>q bhqsw�ceqs�B¢K`�_�x�\hcegu_F§.³�gub�\hN�Q°¢K`�_�x!\^c�gu_�[)c�_¥M�qs���eQ�|u´ \^NtQ+P°q�\^bhc½·

A
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Q>Q!·tqsP
r���Q�[�qsb]Q��uc�¡sQ�_.c�_.M%qs�t�eQC};§�µ±_.\^N�c�[
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� 24)#� ��� ��Z q�w�w�ce_t�°qC[h`�c¦\�qs�t�eQ�¢HqsP
ce��ZRgs¢
rLgu��Z6_�gsPRceqs�e[�§

f̂(x) =
N

∑

n=1

wnΦ(x − xn) +

M(q)
∑

l=1

αlpl(x)
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Slq�PRQ
φ(r)

f�qsb^q�PRQ!\^Q�b][
qY6r��ec�_�Q

rs s > 0, s /∈ 2N q ≥ ds/2eM
N�c�_;¹±r��eq�\^Ql[hr���ce_�Q
rs log r s > 0, s ∈ 2N q > s/2V�`��¦\^c½¹±d9`�qsw�b]cex

(r2 + a2)s/2 s > 0, s /∈ 2N q ≥ ds/2e

M%q����eQ�}&@¸² gs_�w�c�\hcegu_�qs�e�¦ZRrLgu[]c�\^c¦¡uQ�w�Q!®�_�c¦\^Q�¢K`�_�x!\^cegs_�[

��N�Q�b]Q
pl, l = 1, ...M(q)

¢KgubhP
[�q���qs[hc�[�¢Kgub
Pq

´�\^N�Q�[]r�qsx�Q�gs¢�rLgu��Z6_�guP
c©q��e[¸gs¢%wtQ��ub]Q�Q
≤ q

§BM
NtQ
Q�d9`�q�\hcegu_�[
\hg
wtQ�\^Q�bhP
ce_�Q2\hN�Q$x�g6Q 6
x�c�Q�_�\^[

w
qs_�w

α
qsb]Q

N
∑

n=1

wnΦ(xm − xn) +

M
∑

l=1

αlpl(xm) = fm, m = 1, . . . , N

N
∑

n=1

wnpl(xn) = 0, l = 1, . . . , M

M
N�Q>qs�Lg4¡uQ�[hQ�\lgs¢ Q�d9`�q�\^c�gu_�[Uce[��u`�qsbhqs_�\^Q�Q�w \hgRN�q�¡sQ�qR`�_tced9`�Q�[hgu��`t\^c�gu_&¢Kgublq�_9Z�w�c�[Ki]guc�_�\�w�q�\�q
[hQ�\�§Bµº¢

N ≥ M
qs_�w�\hN�Q
`�_��9_�g4��_R¢K`t_�x�\hcegu_

f ∈ Pq

\^N�Q�_
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x�ceQ�_�\�PRq�\hbhcex�Q�[ 	�N�g4� Q!¡uQ�b
\^N�Q�[hQC�uc�¡sQ�gu_��¦Z¶qs���uQ��tb^qsc�x)x�gs_9¡sQ�b]�uQ�_�x�QR��N�c��eQ)\hN�Q�[hP
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��Å � Á @Bµ±_+\^N�Q�rtbhQ�[]Q�_�\
� gubh�
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f(x) = x(1 − x) sin(2πx)
`�[]ce_��.\hN�Q�w�q�\�q

¢KbhguP |4�CQ�d9`�qs����Z�[]r�qsx�Q�w.r8gsce_�\^[¨ce_
[0, 2]
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ce_tx�bhQ�qs[hQ$��c�\hN�c�_�x�b]Q�qs[]ce_���¡�qs��`�Q�[�gs¢�\^N�Q�q�\h\hQ�_9`�q�\hcegu_&¢Hqsx!\^gub�§ M
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V�Q�qs_�Q�bhb]gub |s§ }s� �t§¦|��9} �t§ �t|u|�� �t§ �u��� � |0<t§ ~
V q�·�Q�bhbhgsb |s§ }�� �t§ };|4~ �t§ �t| � | �t§¦|���< |4�t§ <

² gu_tw�c�\hcegu_&_�gt§ |s§ � ~t§ �
1.1 × 109 3.4 × 1014 2.8 × 1018

M�qs����Q>~7@�o ª8Q�x�\2gs¢¸q�\h\hQ�_9`�q�\hcegu_�¢Hqsx�\hgubUgs_ \^N�Q)Q�bhb]gublg�¢¸pU­�³ ce_�\^Q�bhrLgu�©q�\hcegu_&¢Kgub¨\^Q�[]\2¢K`�_tx�\^c�gu_
f(x) = x(1 − x) sin(2πx)
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³%c��u`�b]QR| @Up¨­�³ ce_�\hQ�bhrLgu�eqs_�\l¢Kgub¨\^Q�[v\2¢K`�_�x!\^c�gu_
f(x) = x(1 − x) sin(2πx)

@)�¿q��
a = 0.01

´ �H�{�
a = 0.1

´��Kx4�
a = 0.5

´{qs_�w¤�Kw{�
a = 1.0

¡�qs��`�Q�[ gs¢
a
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ce_�c�P>`�P ¢Kgub
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ao ≈ 0.45
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r�c�bhcex�qs��PRQ!\^N�g6w�[2¢Kgub2x�Ntg;gu[]ce_��&\hN�QCq�\h\hQ�_9`�q�\hcegu_¶¢Hq�x�\^gsb$qsbhQ�w�c�[hx�`�[h[]Q�w 	�[hQ�Q
\^N�c�[�r�qsrLQ�b�¢Kgub>¢K`�bv\^N�Q�b�bhQ�¢KQ�bhQ�_�x�Q�[�§ Y;guP
Q&bhQ�[]Q�qsb]x�N�Q�b][°N�q�w Q ·trtbhQ�[][hQ�w \^N�Q�N�gsr8Q+\hN�q�\�\^NtQ�bhQ
P°q�ZR�8Qlq)`�_�c¦¡uQ�b][^qs����Z
gurt\hcePRqs��¡�qs�e`�Q¨gs¢�\hN�Q�q�\]\^Q�_9`�q�\^cegs_°¢Hqsx�\hgub�§ ­�qs[hQ�w&gu_&_9`�P
Q�bhc�x�qs�{Q ·trLQ�b]c¦¹
PRQ�_9\h[�´�p�certr�q
: };|�=8x�gu_tx��e`tw�Q�[ \hN�q�\�\hN�Ql�LQ�[v\�q�\]\^Q�_9`�q�\^cegs_°¢Hqsx�\hgub wtQ�rLQ�_�w�[
gs_°\^N�Ql_6`tP>�8Q�b
qs_�w
w�ce[v\^bhc���`t\hcegu_&gs¢�w�q�\^q�r8guc�_�\^[�´tgu_�\hN�Q�¢K`�_�x!\^cegs_

f
q�_�w�gs_�\hN�Q$r�bhQ�x�c�[hcegs_�g�¢�\hN�Q$x�guP
r�`t\^q�\^c�gu_���§

ml_°gs�9¡6c�gu`�[ ��q�Z�\^g�gurt\hceP
ce��Q \^N�QUq�\]\^Q�_9`�q�\^cegs_
¢Hqsx!\^gub c�[ \hg�wtc�¡6cew�Q�\hN�QUq4¡�qsc��©qs�t�eQ�w�q�\�q$ce_�\^g�\±� g
[h`���[]Q�\h[�´{q �(- ��� )#� ) � �0���8qs_�w+q
�������(� ) � �0��� 	6� Q2x�qs_+`�[]QU\hN�Ql\^bhqsce_tce_��$[hQ!\�\^g�x�gu_t[]\^b]`�x�\ \^N�QlpU­�³
PRg6w�Q���qs_tw�`�[]Q)c¦\¨\hgRQ!¡�qs�e`�q�\^Q�\^N�Q�¢K`�_�x!\^cegs_�gu_�\^NtQ�\^Q�[]\hce_��
[hQ!\�§
M
N�Q�q�\h\hQ�_9`�q�\hcegu_�¢Hqsx!\^gub¨x�qs_
�8Q$gurt\hceP
ce��Q�w&[hg�\hN�q�\
\^NtQ�Q�bhb]gub�gs¢�ce_�\^Q�bhrLgu�©q�\hcegu_°gu_&\^N�Q�\^Q�[]\hce_��C[hQ!\¨ce[
P
ce_�c�PRc���Q�wF§ �Ug4� Q�¡sQ�b�´
ce_ rtb^qsx!\^cex�qs��gurt\hceP
ce��q�\^c�gu_&r�bhgs���eQ�PR[�´�� Q>PRq�Z&_�gs\UN�q�¡uQ)[h`76
x�c�Q�_�\2_9`�P)�8Q�bUgs¢ w�q�\�q
r8gsce_�\^[
\^g
r8Q�b]¢Kgub]P \^N�Q�qs�Lg4¡uQ$[h`t�;¹±w�c¦¡6ce[hc�gu_�§ mU_ q���\^Q�bh_�q�\^c�¡sQ$qsr�r�b]g�qsx�N�ce[�\hN�Q ����� � ����	�)5����	�$&�L\^Q�x�Nt_�ced9`�Q�§
n�Q!\

f̂ (n)(x; a)
w�Q�_�gs\^Q$\^NtQ�p¨­�³ ce_�\hQ�bhrLgu�eqs_�\
x�gu_t[]\^b]`�x�\hQ�w�`�[hc�_���\^N�Q$w�q�\^q�r8guc�_�\^[

X(n) = {x1, x2, . . . , xn−1, xn+1, . . . , xN}

c�§ Qs§¦´L��Z�c��u_�gub]ce_���\^NtQ�_�� \^N�w�q�\^q
rLguce_�\¨ce_�\^NtQ�¢K`�����w�q�\^qR[]Q�\�§ M
N�ce[¨ce_�\^Q�bhrLgu�©q�_9\�x�qs_ �LQ�`�[hQ�w�\^g
Q�[]\hcePRq�\^Q2\hN�Q�¢K`�_�x!\^cegs_�¡�qs��`�Q$q�\
\hN�Q$ce�u_�gsbhQ�w�rLguce_�\

xn

q�_�w�\hN�Q$x�gub]bhQ�[hrLgu_�w�c�_��CQ�bhb]gub

En = fn − f̂ (n)(xn; a)

x�qs_ qs��[hg¤�8Q�x�guP
r�`t\hQ�w�§¼­ Z c��u_�gub]ce_��¯Q�q�x�N w�q�\�q¯r8gsce_�\°[]`�x�x�Q�[][hc�¡sQ��¦Z qs_�w x�gu_�[v\^bh`tx�\^c�_�� qs_
ce_�\^Q�bhrLgu�©qs_�\
� Q$gu�t\�q�ce_�qs_�Q�b]bhgub�¡sQ�x�\hgub
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��c�\hN q�\]\^Q�_6`�q�\^c�gu_¬¢Hqsx!\^gub&¢Kgub�\^Q�[]\�¢K`�_�x�\hcegu_

f(x) = x(1 −
x) sin(2πx)

E(a) = [E1, E2, . . . , EN ]>

p�cer�r�q : };|�=�[h`t�u�uQ�[v\^[2P
ce_tceP
ce��c�_��>[]guPRQ�_�gub]P gs¢ \hN�Q>qs�Lg4¡uQ�Q�bhb]gubU¡sQ�x!\^gub¨��c�\^N�bhQ�[hrLQ�x�\l\^gR\hN�Q
q�\]\^Q�_6`�q�\^c�gu_&¢Hqsx�\hgub�´�c¿§ Q�§�´;®�_�w

a∗

[h`tx�N�\^N�q�\

a∗ =
qsbh�sPRc�_

‖E(a)‖

p�cer�r�qC�sc�¡uQ�[U[]guP
Q�_9`�P
Q�b]cex�q���Q!·tqsP
r��eQ�[�\hgR[]N�g4� \^N�q�\¨\hN�Q$¢K`�_�x�\hcegu_
C(a) = ‖E(a)‖

�8Q�N�q�¡uQ�[
[]ceP
ce�©q�b \^g�\hN�Q�qsx!\^`�q��8Q�bhbhgsb�§Bµ±_+r�q�b]\^c�x�`��eqsb�´�\hN�Q�Z°qsx�N�c�Q�¡uQU\^N�Q�ceb P
ce_tceP>`�P#q�\�[]ceP
ce�©q�b ¡sq��e`�Q�[ gs¢
q�\]\^Q�_6`�q�\^c�gu_ ¢Hqsx!\^gub�§2³%c��u`�bhQ+�¿~���r��eg�\^[

C(a)
¢KgubU\hQ�[]\l¢K`�_�x�\hcegu_���N�cex�N.c�_�w�cex�q�\^Q�[U\hN�Q>Q!·;c�[]\^Q�_�x�Q

gs¢%qs_�gurt\hceP>`tP«¡�qs�e`tQ
a∗ ≈ 0.353

§
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M
N�Q�x�gsPRr�`;\�q�\hcegu_&gs¢
C(a)

bhQ�d9`�c�bhQ�[¨\hN�Q$[hgu��`t\^c�gu_�gs¢
N
��ce_�Q�qsb
Q�d9`�q�\hcegu_t[¨Q�qsx�N g�¢%gub]w�Q�b

(N −
1) × (N − 1)

§ µº¢%\hN�Q��ece_tQ�qsb
[vZ;[v\^Q�PÇc�[�[hgu�¦¡uQ�w�`�[hc�_��Rn�T w�Q�x�guP
r8gs[hc�\hcegu_+\hN�Q$\^gs\^qs��_9`�P>�LQ�b¨gs¢
gurLQ�bhq�\^c�gu_�[¨ce[Ugs¢ gubhwtQ�b

N4 ��N�cex�N.x�qs_¶�LQ)¡uQ�b]Z¶Q ·;r8Q�_�[hc¦¡uQ�Q�¡sQ�_.¢KgubUPRg6w�Q�bhq�\^Q�[hc���Q>w�q�\�q°[]Q�\h[�§mU_°Q 6
x�ceQ�_�\�qs�e�ugsbhc�\hN�P c�[ �uc�¡sQ�_+c�_ : };| =L��N�c�x�N°bhQ�d9`�ceb]Q�[ gs_���ZCgu_tQln�T w�Q�x�guPRrLgu[]c�\^c�gu_
q�\ q�x�gs[]\
gs¢

O(N3)
§ ­ Q���g4�$´�� Q$Q�[][hQ�_9\hc©qs����Z°bhQ�rtbhg6w�`�x�Q$\^NtQ�q��e�ugub]c�\hN�P qs[��uc�¡sQ�_�ce_ : };|�=¿§

M
N�Q�p¨­�³ ce_�\^Q�bhrLgu�©q�_9\�`�[hc�_��
\hN�Q�w�q�\^q
rLguc�_9\h[
X(n) c�[
�uc�¡sQ�_��9Z

f̂ (n)(x) =

N
∑

m=1,m6=n

w(n)
m Φ(x − xm)
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��N�Q�b]Q�\hN�Q
x�g6Q 6
x�ceQ�_�\h[
w(n) q�bhQ
w�Q!\^Q�b]PRc�_�Q�w���Z)[hgu�¦¡;c�_��2\^NtQ
ce_�\^Q�bhrLgu�©q�\hcegu_�r�b]gu���eQ�P f̂ (n)(xr) =

f(xr), r = 1, . . . , n − 1, n + 1, . . . , N
§ »£Q$w�Q�_�gs\hQ�\hN�ce[
c�_�PRq�\hbhc¦·R_�g�\�q�\hcegu_�qs[

A(n)w(n) = F (n)

��N�Q�b]Q
A(n) c�[�gu�t\^qsce_�Q�w¯¢Kb]guP A

��Z�bhQ�PRg4¡6ce_t��\hN�Q
n
� \^N¯bhg4�yqs_tw

n
� \hN¤x�gu�e`�P
_�´�qs_tw

F (n) =
(f1, . . . , fn−1, fn+1, . . . , fN)>

§B»£Q$_�gs\hQ2\^N�q�\Uc¦¢
y ∈ R

N ce[
[h`tx�N�\^N�q�\
yn = 0

\^N�Q�_

Ay = z =⇒ A(n)(y1, . . . , yn−1, yn+1, . . . , yN)> = (z1, . . . , zn−1, zn+1, . . . , zN)>
�v|j�

SUg4� x�gs_�[hc�w�Q�b�\hN�Q$[hgu��`t\^c�gu_
u[n] \^g�\^NtQ�[vZ6[]\^Q�P

Au[n] = e[n] ��}u�

��N�Q�b]Q
e[n] c�[C\hN�Q n

� \^N x�gu��`�PR_�gs¢¨\^NtQ
N × N

c�w�Q�_�\hc�\±Z PRq�\^b]c¦·8§ µº\
ce[CQ�q�[]Z \^g�¡uQ�bhc¦¢ Z¥\^N�q�\
u

[n]
n 6= 0

§ µ±_�wtQ�Q�wF´Lc¦¢
u

[n]
n = 0

\^N�Q�_���Z¤� |j��qs_�w£��}u� � Q$x�gu_tx��e`tw�Q�\^N�q�\

A(n)(u
[n]
1 , . . . , u

[n]
n−1, u

[n]
k+1, . . . , u

[n]
N )> = 0

��N�cex�N¯ceP
r��ec�Q�[�´F��Z¶\^NtQ
_tgu_;¹±[]ce_��s`��©qsb]c�\±Z�gs¢
A(n) \hN�q�\ u[n] = 0

´���N�cex�N¯ce[�c�PRrLgu[][hce�t�eQ)�LQ�x�qs`�[]Q
u[n] ce[�\^NtQ�[]gu�e`;\^cegs_+\^g��v|j� § n�Q�\¨`�[�_�g4� x�gu_�[hc�w�Q�b
\hN�Q�¡uQ�x!\^gub

v[n] ∈ R
N w�Q!®�_�Q�w���Z

v[n] = w −
wn

u
[n]
n

u[n]

M
N�Q�_�� Q�N�q�¡uQ$\^N�q�\

Av[n] = Aw −
wn

u
[n]
n

Au[n] = F −
wn

u
[n]
n

e[n] =

(

f1, . . . , fn−1, fn −
wn

u
[n]
n

, fn+1, . . . , fN
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qs_�w�[hce_tx�Q
v

[n]
n = 0

´�� Q$`�[]Q+� |j� \^gCx�gs_�x���`�w�Q�\^N�q�\

w(n) =
(

v
[n]
1 , . . . , v

[n]
n−1, v

[n]
n+1, . . . , v

[n]
N
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M
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f̂ (n)(xn) =
N

∑

m=1,m6=n

w(n)
m Φ(xn − xm)

=

N
∑

m=1,m6=n
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m Φ(xn − xm)
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m=1
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m Φ(xn − xm)

=
(

Av[n]
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wn

u
[n]
n

��N�c�x�N��uc�¡sQ�[)\hN�Q+¢Kgu�e��g4��ce_���[hceP
r���QR¢Kgub]P>`��©q�¢Kgub)\hN�Q&Q�b]bhgub>g�¢Uc�_�\^Q�b]r8gs�©q�\hcegu_£q�\>\^NtQ&Q!·;x���`�w�Q�w
rLguce_�\

xn

En = fn − f̂ (n)(xn) =
wn

u
[n]
n

µº¢2� Q¶`�[]Q¶n�TXwtQ�x�gsPRrLgu[hc¦\^c�gu_ \hg£[]gu��¡sQ�\^NtQ �ec�_�Q�q�b
Q�d9`�q�\^c�gu_ [vZ6[]\^Q�PR[�´
\^N�Q�x�gu[v\+gs¢�gs_�Q¶n�T
w�Q�x�guP
rLgu[hc¦\^cegs_Rgs¢�\hN�Q2PRq�\^b]c¦·

A
c�[

O(N3)
´;��Ntce�eQ�\^NtQ2x�gu[v\
gs¢�[]gu��¡6ce_t��\^NtQ

N
��ce_�Q�qsb Q�d9`�q�\^c�gu_�[

�¿}u� ce[
O(N2)

[hgC\^N�q�\�\hN�Q2\^gs\^qs��x�gu[]\¨ce[
O(N3)

§
p�cer�r�qUN�qs[%`�[hQ�wC­ bhQ�_9\ � [BP
Q�\hN�g6w���N�c�x�N�ce[ qU��b^qsx���Q�\hce_��$qs���ugub]c�\^NtP¼¢Kgub%��g;x�q�\^c�_���\^N�Q PRc�_�ceP>`tP�§
µ±_�gu`�b2\hQ�[v\^[�� Q�¢Kgu`t_�w.\^N�q�\2c�\�c�[�_�gs\$rLgu[h[]ce����Q)\^g&r�b]Q�w�c�x�\$c�_�qswt¡�qs_�x�QRq&[]`�c�\^qs���eQ)��b^qsx���Q�\hce_��
c�_9\hQ�bv¡sq��%[hc�_�x�Q�\hN�ce[2wtQ�rLQ�_�w�[�gu_.\^NtQ�w�q�\�q+[]Q�\�´�\hN�Q�¢K`�_�x!\^cegs_�qs_�w�w�ceP
Q�_t[hcegs_.gs¢ \^N�Q�r�b]gu����Q�P�§
�¨Q�_�x�QC� QCN�q�¡uQ
`�[hQ�w£f�qsb]\hcex��eQCY6� qsb]P k2rt\^c�PRc���q�\hcegu_¥�¿f¸Y�k$�U\^g��eg6x�q�\^Q)\hN�Q�PRc�_�ceP)`�P gs¢ \hN�Q
x�gu[]\¸¢K`�_�x!\^cegs_

C(a)
§ Y;ce_tx�Q�\^N�c�[ c�[ q$gu_�Q¨w�c�PRQ�_�[hc�gu_�qs��P
ce_�c�PRc���q�\hcegu_�r�b]gu���eQ�Pyq�[]P°q��e��_9`�P>�LQ�b

gs¢{r�qsb]\hcex���Q�[�[hN�gs`��ew>�LQ�[]`76
x�ceQ�_�\ 	�� Q
N�q4¡sQ�`�[]Q�w�®�¡uQ
r�qsb]\hcex���Q�[�ce_)\hN�Q�[v��qsb]P q�_�w>\^Q�[]\^[%ce_�w�c�x�q�\hQ
\hN�q�\
\^NtQ�P
ce_tceP>`�PyrLguce_�\�x�qs_��LQ��eg6x�q�\^Q�w&��c¦\^N��eQ�[h[
\^N�q�_¤|4�s�>c�\^Q�b^q�\hcegu_t[�§

����� ��� � 	 �� ����
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M
N�Q�bhqsw�ceqs�F��q�[hce[�¢K`t_�x�\hcegu_�[ w�Q�rLQ�_�w�gu_&\^NtQ$o `tx��ec�w�Q�q�_�wtce[]\^qs_�x�Q��8Q!\±� Q�Q�_�\±� gCw�q�\^q>r8guc�_�\^[�§Bµº¢
\hN�Qlx�guPRrLgu_�Q�_�\^[�gs¢F\^N�Q2c�_�w�Q�r8Q�_�w�Q�_�\�¡�qsb]c©qs�t�eQ�[

x ∈ R
d N�q�¡uQU��cew�Q���Z
w�c�ª8Q�b]Q�_�\�[]x�qs��Q�[ \hN�Q�_+\hN�QoB`�x��ecewtQ�qs_�_�gubhP PRq�Z�_�gs\U�8Q)qsr�r�b]gur�bhceq�\^Q�§�µ±_ : ��= qC� Q�ce�uN�\^Q�w._�gub]P N�qs[l�LQ�Q�_.`�[hQ�w.ce_�r��©q�x�Q

gs¢�\^N�Q)oB`�x���cew�Q�qs_�_tgubhP�´���N�Q�b]Q)\^NtQ�� Q�c��uN�\^[lwtQ�rLQ�_�w¶gs_�\^NtQ��ubhqsw�c�Q�_�\¨gs¢ \^NtQ�¢K`�_tx�\^c�gu_�§ �¨Q�b]Qs´
\hN�Q�c�_�w�Q�r8Q�_�w�Q�_�\U¡sq�bhc©q����eQ�[

{xn, n = 1, . . . , N}
qs_�w ¢K`t_�x�\hcegu_�¡�qs�e`�Q�[

{fn, n = 1, . . . , N}
qsbhQ

[]x�qs��Q�w��8Q!¢KgubhQ$x�gs_�[]\hbh`�x!\^ce_t�R\^NtQ�p¨­�³�PRg6w�Q���§ M
N�Q�ce_�w�Q�r8Q�_�w�Q�_9\¨¡�qsbhceqs����Q�[
x ∈ R

d qsb]Q�[]x�qs��Q�w[]g�\^N�q�\)Q�qsx�N x�gsPRrLgu_�Q�_9\�gs¢
x
��ceQ�[�c�_¤\hN�QRc�_�\^Q�bv¡�qs�

[−1/2, +1/2]
��N�ce��QC¢K`t_�x�\hcegu_¯¡sq��e`�Q�[)qsb]Q

[]x�qs��Q�w�\^g°��ceQ�c�_�\hN�Q�c�_�\^Q�bv¡�qs�
[0, 1]

§�µº¢%\hN�Q$¢K`�_�x�\hcegu_�ce[¨x�gs_�[]\^qs_�\�´�\^N�Q�_¶ce_�\^NtQ�[]x�qs��Q�w []r�qsx�Q)qs���
\hN�Q�¢K`�_�x�\hcegu_�¡�qs�e`tQ�[
��ce�����8Q$��Q�bhgRqs_�w�\^N�Q$x�g;Q�6Rx�ceQ�_9\h[

w
qsb]Q�qs�e[]g
��Q�b]g�§ m x�gs_�[]\^qs_�\U¢K`�_tx�\^c�gu_
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ce[�\^N9`�[�bhQ�x�g4¡uQ�b]Q�w Q ·�q�x�\^�¦Z.¢Kgub�qs_�Z.¡�qs�e`�QCgs¢�q�\h\hQ�_9`�q�\hcegu_�¢Hqsx!\^gub�§+SUg�\^Q�\^N�q�\�\hN�ce[�q�¡uguc�w�[$\^N�Q
w�c 6
x�`t��\±Z�gs¢Bb]Q�r�b]g;wt`�x�c�_��Rx�gu_�[v\�qs_�\l¢K`t_�x�\hcegu_�[���c�\hN¶p¨­�³ ��N�cex�N�gs\^N�Q�b]��c�[hQ)b]Q�d9`�c�bhQ�[¨¡uQ�b]Z 8{q�\
�
a → ∞

� ��qs[]ce[�¢K`�_�x!\^c�gu_�[�§
M
N�Qlx�g;Q�6Rx�ceQ�_9\ PRq�\^b]c¦·

A
x�q�_°�LQ�x�gsPRQ¨ce���¦¹±x�gu_�w�c¦\^c�gu_�Q�w�¢Kgub9�'��- �
�B¡�qs�e`�Q�[ gs¢�q�\]\^Q�_6`�q�\^c�gu_C¢Hqsx�\hgub�´

qs_�w
qs�e[]g2¢Kgub ¡uQ�b]Z��eqsbh�sQ
qs_�wCw�Q�_�[hQ�w�q�\^q�[hQ�\h[�§%» N�q�\ ce[ q2�eqsbh�uQ�q�\h\hQ�_9`�q�\hcegu_>¢Hqsx!\^gubBwtQ�rLQ�_�w�[ gu_
\^N�Q$_9`�P>�LQ�b�gs¢�w�q�\^qCrLguc�_9\h[�´t\hN�Q�c�b
w�ce[v\^b]ce��`t\hcegu_�q�_�w&\^N�Q$w�c�PRQ�_�[hc�gu_

d
§BM
N�Q��8Q�[]\Uq�\h\hQ�_9`�q�\hcegu_

¢Hqsx�\hgub `�[]`�qs�e�¦Z��eQ�q�w�[%\^g2q2N�ce�uNt��Z�ce���¦¹±x�gu_�w�c¦\^c�gu_�Q�w�x�g;Q�6
x�ceQ�_�\ P°q�\hbhc½·F§�ml_�`t_�x�Q�b]\�q�ce_�\±Z>r�b]ce_�x�cer���Q
Q�[]\^qs����ce[hNtQ�w�ce_ : }><>=�[]\^q�\^Q�[¨\hN�q�\�\^NtQ�q�\h\�q�ce_�qs�t�eQlQ�bhb]gub¨qs_�w�\^N�Q$x�gs_�w�c�\hcegu_&_9`�P)�8Q�b¨g�¢�\hN�Q�pU­�³
ce_�\^Q�bhrLgu�©q�\hcegu_$PRq�\^b]c¦·2x�qs_�_tgs\%�Lgs\hN)�LQ []P°qs����q�\�\^N�Q¸[^q�PRQ \^c�PRQ�§�» NtQ�_)\hN�Q PRq�\^b]c¦·2ce[�N�ce�sN���Z�c��e�½¹
x�gu_�wtc�\^c�gu_�Q�w�´tc¦\
ce[�_tgs\�r8gs[h[hc����eQU\^g�x�gsPRr�`;\^Q2\^NtQ�ce_�\^Q�bhrLgu�©qs_�\ ��c�\^N&®�_tc�\^Qlr�bhQ�x�ce[]cegu_�q�bhc�\hN�P
Q�\^c�x
[hce_tx�Q¶\^NtQ¶[hgu��`t\^c�gu_ g�¢$�ece_tQ�qsbRqs�e�sQ���bhqscex�Q�d9`�q�\hcegu_t[+�8Q�x�guP
Q�[°`�_�[]\^qs����Qs§ µ±_ : � =�q£P
Q�\hN�g6w ce[
r�bhgurLgu[]Q�w�\hgCx�guP
r�`t\hQ$\hN�Q�pU­ ³ c�_9\hQ�b]r8gu�eqs_�\�¢Kgub
[]`�x�N¶ce���¦¹ºx�gu_�wtc�\^c�gu_�Q�wRx�qs[hQ�[�§ �¨g4� Q!¡uQ�b¨\^N�c�[
ce[
x�gu[v\^��Z&¢Kgsb
gu`�b�r�bhQ�[hQ�_9\lr�`�b]r8gu[]Q)q�_�w�� Q�`�[hQ�q
[]ceP
r��eQl�eceP
c�\hce_��)qsr�r�b]g�qsx�N�§¸» N�ce��Q�PRc�_�ceP
ce��ce_��
\^N�QCx�gs[]\�¢K`�_�x!\^c�gu_

C(a)
� QCx�guPRrt`t\^Q)\hN�QCx�gu_tw�c�\hcegu_¶_9`�P)�8Q�b�gs¢ \^N�Q�x�g;Q�6Rx�ceQ�_9\�PRq�\^b]c¦·

A
	�c¦¢

c�\�c�[��©qsb]�uQ�bl\hN�qs_�[hgsPRQ�[]r8Q�x�c�®�Q�w.¡�qs�e`�Q�´�\^N�Q�_¯\hN�Q�x�gs[]\�¢K`�_�x!\^c�gu_�ce[2_�g�\$x�guP
r�`t\hQ�w���`t\�ce[l[hQ�\
\^g�qs_¯qsbh�tc�\^bhqsbhc���Z��eqsbh�uQ)r8gu[]c�\hc�¡uQ)_6`tP>�8Q�b�§>M
NtQ
r�qsb]\hcex���Q�[2c�_�f¸Y�k«qsb]Q>\^N�Q�_¤_�q�\^`�bhqs�e�¦Z�r�`��e��Q�w
\^g4��q�bhw�[�b]Q��uc�gu_�[ gs¢�� Q��e�Lx�gs_�w�c�\hcegu_tQ�w+q�\h\^Q�_9`�q�\^c�gu_R¢Hq�x�\^gsbh[�§Bµ±_R\^N�Q2rtbhQ�[]Q�_�\
x�guPRrt`t\�q�\hcegu_t[�´9\^N�Q
`�r�rLQ�b��ec�PRc¦\ gu_�\^NtQ�x�gu_�w�c¦\^c�gu_&_9`�P>�LQ�b�ce[
[]Q�\�\^g

1/ε
��N�Q�bhQ

ε
ce[�\hN�Q$P°qsx�Ntce_�Q�r�b]Q�x�ce[hc�gu_�§

� � �$������� ��� ��"#�$�%� ���&����� ��'
�����!�)(

f Ytk c�[CPRg6w�Q���Q�w gu_ \hN�Q �LQ�N�q4¡6c�gu`�b
gs¢�q¯[]� qsbhP gs¢$q�_�cePRqs�e[>��NtQ�_ \hN�Q�Z N9`�_�\°¢Kgub�¢Kg6g;w gub
q4¡sgucew r�bhQ�w�q�\^gsbh[ :½|4�>=¿§ µ±_ _�q�\h`�bhQ q£[]� qsbhP gs¢$q�_�cePRqs�e[Cc�[
¢Kgu`t_�w \^g¤Q!·;N�c���c�\
¡uQ�b]Z x�guP
r��eQ ·
�8Q�N�q�¡;c�gu`�b���qs_�w¶x�qsr�qs�t�eQ�gs¢B[hgs��¡6ce_��
w�c'6Rx�`���\Ur�b]gu���eQ�PR[���ce�sQ$®�_�wtce_��
\^N�Q�[hN�gubv\^Q�[]\�w�c�[]\^qs_�x�Q$\^g
q�¢Kg6g;wC[hgs`�bhx�Qs§��Ug4� Q�¡sQ�b \hN�Q¨bh`���Q�[B\^N�q�\ �ug4¡sQ�bh_
\^N�Q¨�LQ�N�q�¡6cegu`tb¸g�¢�Q�q�x�N+qs_�c�P°q���qsb]Q¨\hN�gu`��uN�\ \^g
�8Q>[]ceP
r��eQ�§lmU_�cePRqs�e[Uqsb]Q)�9_�g4��_.\^g+x�guPRP)`�_�cex�q�\^Q�\^N�Q�ce_t¢KgsbhPRq�\^c�gu_�\hN�Q�Z�N�q�¡uQ�wtce[hx�g4¡uQ�b]Q�w.\^g
\^N�Q�ceb _tQ�ce�sN6�Lgu`�b][
qs_�wR\^N�Q�_�qsx�\
`tr8gu_R\^N�q�\ ce_�wtc�¡6cew�`�qs�e�¦Zu§�M
N�Q�ce_tw�c�¡6cewt`�qs�e[ x�g;gurLQ�bhq�\^Q¨\^N�b]gu`��uN
[hQ��¦¢©¹±gub]��qs_�c���q�\hcegu_.�t`t\$��c�\^Ntgu`t\�qs_�Z�x�Q�_9\hb^qs� x�gu_�\^bhgs��§
M
N�QRc�_�\^Q�bhqsx�\hcegu_¯gs¢ q��eqsbh�uQ�_9`�P)�8Q�b�g�¢
qs_�cePRqs��[2qsx!\^ce_t�&ce_�w�Q�r8Q�_�w�Q�_9\h��Z�q�x�x�gsbhw�c�_��&\^g�[hguP
Q�[hc�PRrt�eQ)b]`��eQ�[�r�bhg6w�`�x�Q�[�N�ce�sN���Z�gubh�uqs_�ce��Q�w
[]\^b]`�x�\h`�bhQ�[2qs_tw��LQ�N�q4¡6c�gu`�bh[�§
µ±_¬f¸Y�k>´
q¥[v��q�bhP gs¢$r�qsb]\hcex���Q�[°� qs_�wtQ�bh[�qsb]gu`�_�w c�_ \^N�Q.wtQ�[hc��u_ [hr�qsx�Q�qsx�x�gub]w�ce_t�¥\^g [hgsPRQ
[hrLQ�x�c¦®�Q�w�¡uQ��eg6x�c¦\±Zu§Co qsx�N¯r�qsb]\hcex��eQ>b]Q�P
Q�P>�LQ�b][2\^N�QC�LQ�[]\$rLgu[]c�\^c�gu_.c�\2N�qs[$w�ce[]x�g4¡uQ�bhQ�w¥qs_�w¯qs��[hg
�6_tgj��[�\^N�Q¸�8Q�[]\%r8gu[]c�\hcegu_$w�c�[hx�g4¡sQ�bhQ�w���Z$c�\^[�_�Q�ce�uN9�Lgu`�bh[�qs_�w�\^N�Q ��N�gu��Q [v��q�bhP�§%M
N�Q¸¡uQ���g;x�c�\±Z�g�¢
Q�qsx�N�r�qsb]\hcex��eQ2c�[¨[]`�x�N¶q�[�\hgCr�`��e�Fc�\
\^g4� qsbhwt[¨c¦\^[�g4��_�P
Q�P
gubvZ&qs_�w&\hN�q�\¨gs¢�\^N�Q$[]� qsb]P�§B» N�c��eQ
\^N�Q�bhQ�qsb]Q&P°qs_�Z¯¡�qsbhceqs_�\^[)g�¢¨\hN�Q�f¸Y�k qs�e�ugsbhc�\hN�P�´�\^NtQ+gu_�Q+� Q&`�[hQ&c�[>w�Q�[hx�b]ce�LQ�w��LQ��eg4�«qs_�w
x�guP
r��eQ!\^Q�w�Q�\^qsce��[lqsb]Q>q�¡�qsce�eqs����Q�c�_B: ��=¿§2M
N�Q�qs���ugub]c�\^NtP ce[¨�uc�¡sQ�_¶¢KgubUqR¢K`�_tx�\^c�gu_¶P
ce_�c�PRc���q�\hcegu_
r�bhgu�t�eQ�P

min
xl≤x≤xu

f(x)
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|s§lY6Q�\
n = 0

}6§Up¨qs_�wtguPR�¦Z¶c�_�c�\hc©qs��ce��Q�\^N�Q
rLgu[hc¦\^cegs_¯g�¢ \^NtQRr�q�b]\^c�x���Q�[�qs_�w¯\^N�Q�ceb�¡uQ��eg6x�c�\hceQ�[
{xn

k , vn
k}, k =

1, . . . , K
§

~;§l² gsPRr�`;\^Q�x�gs[]\�¢K`�_�x!\^cegs_�q�[h[hg6x�ceq�\^Q�w&��c�\^N�\^NtQ�r�qsb]\hcex���Q2rLgu[hc¦\^cegs_�[
f(xn

k), k = 1, . . . , K

�t§UT¨r8w�q�\^Q2\hN�Q$�eg6x�qs�Fqs_�w��u�egu��qs�FP
Q�P
gub]Z

xn
∗,k = argmin

0≤s≤n
f(xs

k), xn
∗ = argmin

0≤s≤n,1≤k≤K
f(xs

k)
�H~��

�6§UT¨r8w�q�\^Q2\hN�Q$r�qsb]\hcex��eQl¡sQ��eg6x�c¦\^c�Q�[

vn+1
k = ωnvn

k + c1r
n
1,k(x

n
∗,k − xn

k) + c2r
n
2,k(x

n
∗ − xn

k)
�K�9�

<;§¨mUr�r��¦Z+x�bhqs��c�_�Q�[][Ugsr8Q�b^q�\hgub \^gC\^NtQ$¡sQ���g;x�c�\^c�Q�[

�6§UT¨r8w�q�\^Q2\hN�Q$r8gu[]c�\hcegu_&gs¢�\^NtQ�r�qsb]\hcex���Q�[

xn+1
k = xn

k + vn+1
k

� �u�

� §Un�c�PRc¦\ _�Q!� r�qsbv\^c�x��eQlr8gu[]c�\hcegu_�[ \^gC�ec�Ql��c�\hN�ce_
[xl, xu]

`�[hc�_��CbhQ 8�Q�x�\hcegu_�q�\
\hN�Q$�8gu`t_�w�qsb]ceQ�[

�;§¨µº¢
n < Nmax

´�\hN�Q�_
n = n + 1

qs_�w��ug�\^gC[]\hQ�r�~t´�Q���[hQ�Y;M¨k�f�§

µ±_>\hN�Q�gub]ce�uc�_�qs�6qs�e�sgubhc¦\^N�P r�b]gurLgu[hQ�w��9Z	��Q�_�_�Q�wtZCqs_twCo �LQ�b]N�qsbv\9:¦| <�=t\hN�Q
b^q�_�w�guP _9`�P>�LQ�bh[
r1

´
r2

qsbhQ�[hx�q��©qsb][�´Lc�§ Qs§¦´8gu_tQ)b^q�_�w�guP _9`�P>�LQ�bUce[¨`�[hQ�w¶¢KgubUQ�qsx�N.r�qsbv\^c�x��eQ�§�µ±_¶r�b^q�x�\^c�x�qs��c�PRr���Q�P
Q�_;¹
\^q�\^c�gu_�´tc¦\�ce[�¢Kgu`t_�w�\hN�q�\�b]Q�[hQ�qsbhx�NtQ�bh[UN�q�¡uQ�`�[hQ�w �Lgs\^N�q�[hx�qs�©qsb�q�_�w�¡sQ�x!\^gub�¡uQ�bh[hc�gu_�gs¢%bhqs_�w�gsP
_9`�P>�LQ�b][�§Bµ±_°\hN�QU¡sQ�x!\^gub ¡sQ�b][hcegs_�´�q�w�c�ª8Q�b]Q�_�\�bhqs_�w�guPy_9`�P>�LQ�b ce[¸`�[hQ�w+¢Kgub¸Q�qsx�N&x�guPRrLgu_�Q�_�\�gs¢
\hN�Q)¡uQ��eg6x�c¦\±Z�¡sQ�x�\hgub�§�M
N�ce[lce[2Q�d6`tc�¡�qs�eQ�_�\2\^g&`�[]ce_��&bhqs_�w�gsPXw�ceqs�ugu_�qs��PRq�\hbhcex�Q�[¨¢Kgub

r1

qs_tw
r2

§
» c��e�sQ : } �3=�N�qs[Uce_�¡uQ�[]\^c���q�\hQ�w�\hN�Q)wtc�ª8Q�bhQ�_�x�Q�ce_�r8Q�b]¢Kgub]P°qs_tx�Q�gs¢ f¸Y�k#�8Q!\±� Q�Q�_¶\hN�Q�[]Q)¡uQ�bh[hc�gu_�[
qs_tw¥x�gu_tx��e`tw�Q�[>\hN�q�\)\hN�Q+[]x�qs�eqsb�¡sQ�bh[]cegu_ c�[)[]`�[hx�Q�rt\hce����Q+\^g¶�uQ!\h\hce_�� \hb^qsrtr8Q�w¥ce_ q¶��ce_�Q
[hQ�qsbhx�N
��N�c��eQ2\hN�Q�¡uQ�x!\^gub�¡uQ�bh[]cegu_�w�g;Q�[�_�gs\¨N�q�¡uQ�\^N�c�[
r�bhgu�t�eQ�P�§ M
N�Q$¡uQ�x!\^gub�¡uQ�bh[]cegu_�ce[�qs��[hgCr�bhQ!¢KQ�b]bhQ�w
¢Kgub `�[hQ���c�\hN&PRQ!\�qsP
g6w�Q���[ [hc�_�x�Q�c¦\�N�q�[¨[]r�qsx�Q!¹º®��e�ec�_��)x�N�qsb^qsx!\^Q�bhce[v\^c�x�[�§B»¤Q�ce_�¡uQ�[]\hce��q�\hQl\^NtQ�rLQ�b ¹
¢Kgub]P°q�_�x�Q+g�¢U\hN�Q�[]Q�¡sQ�bh[]cegu_t[
gs_ q¶\hQ�[]\
x�qs[hQ�gs¢lqsQ�b]g;w;Z;_�qsPRc�x+gurt\hceP
ce��q�\^c�gu_£gs¢lq.[h`�rLQ�b][hgu_tcex
��`t[hce_tQ�[h[ i]Q�\�§
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n�c��sQ��uQ�_�Q�\hcex�qs���ugubhc¦\^N�P
[�´�f¸Y�k¬c�[Bqs�e[]g�q$bhqs_��u¹±��qs[hQ�wRq��e�ugub]c�\hN�P 	�\^N�Q¨qsx!\^`�q���P°q��u_�c�\h`�w�Q�g�¢8x�gu[]\
¢K`�_�x�\hcegu_¤gs¢
Q�qsx�N¥r�qsbv\^c�x��eQCc�[�_�g�\)c�PRrLgub]\^qs_�\���`t\�gu_���Z.\hN�Q�c�b�b]Q��eq�\^c¦¡uQ
gubhw�Q�bhc�_���PRq�\]\^Q�b][�§�ml_
Q!·tqsP
ce_�q�\hcegu_&g�¢�\hN�Q�f Ytk qs�e�sgubhc¦\^N�Py[hNtgj��[�\^N�q�\�\^N�Q�PRqsce_&wtbhc�¡6c�_���¢Hqsx�\hgubh[�qsb]Q�\^N�Q$�eg6x�q���qs_�w
�u�egu��qs�%P
Q�P
gubhc�Q�[�§CV�gu[v\�g�¢ \hN�QCx�gu[v\�¢K`t_�x�\hcegu_�[$q�bhQ�w�c�[hx�q�bhw�Q�w¤Q ·tx�Q�rt\���N�Q�_£c�\2ceP
r�bhg4¡uQ�[�\^N�Q
�eg6x�qs��P
Q�P
gubvZ�gs¢F\hN�Q�r�qsbv\^cex��eQ�§ �UQ�_�x�QUce_�\^NtQUx�gu_�\^Q!·6\ gs¢�f¸Y�k q��e[hgt´9qs_Rc�_�Q!·tqsx!\ rtbhQ!¹ºQ�¡�qs��`�q�\^c�gu_
[]\^bhq�\^Q��sZ�[hQ�Q�P
[U\^g
�LQ)qsw;¡sq�_9\^qs�uQ�gu`�[lc�_�c�w�Q�_�\hc�¢ Z6ce_��Cr�b]guP
ce[hc�_��Cr�qsbv\^cex��eQ�[¨c¿§ Q�§�r�qsbv\^c�x��eQ�[
��N�gu[hQ
�eg6x�qs�{P
Q�P
gub]ZCc�[ Q!·;rLQ�x!\^Q�w+\hg>ceP
r�b]gj¡sQs´9��N�cex�N&x�qs_°\hN�Q�_&�LQlQ!¡sq��e`�q�\hQ�wRgu_°\^NtQ2Q!·tqsx!\ ¢K`�_�x!\^c�gu_�§
» N�Q�_R`�r8w�q�\^c�_��2\^N�Q���g;x�qs��qs_�wC�u��gu��qs�tPRQ�PRgub]ceQ�[�´s\hN�Q�x�gu[v\¸¢K`t_�x�\hcegu_�[ q�bhQ�gs¢8PRc½·tQ�w�\±Z;rLQ 	6[hgsPRQ
r�qsb]\hcex��eQ�[UN�q�¡uQ>x�gu[]\l¢K`�_�x�\hcegu_t[lQ�¡�qs��`�q�\hQ�w gs_ \^N�Q)PRQ!\�qsP
g;wtQ���qs_�w.q
¢KQ�� qsb]Q>Q�¡�qs��`�q�\^Q�w `�[]ce_��
\^N�Q.Q ·�q�x�\&P
g;wtQ���§¼µº¢�\hN�Q¶P
Q�P
gubhc�Q�[RqsbhQ `�r8w�q�\^Q�w `�[hc�_��¥x�gs[]\&¢K`�_�x!\^c�gu_�[°Q!¡�qs�e`�q�\^Q�w gs_ \^N�Q
PRQ!\�qsP
g;wtQ���´�\^N�Q�_
\hN�Q�b]Q�ce[ \^NtQ
r8gu[][hc���ce��c�\±Z$\^N�q�\B\^N�Q�P
Q�P
gub]Z�P°q�Z)ceP
r�bhg4¡uQ w�`�Q
\^g$Q�b]bhgubBc�_�\^N�Q
x�gu[v\�¢K`�_�x�\hcegu_F§�M
Ntce[2Q�bhbhgs_�Q�gu`t[�PRQ�PRgubvZ PRq�Z�x�qs`�[]Q
f Ytk \hg&x�gu_�¡uQ�bh�uQ�\hg&c�\2gsb2P°q�Z��eQ�qsw \^g
��qs[v\^Q!¢K`��B[hQ�qsbhx�N�§ �UQ�_�x�Q>\hN�Q�PRQ�PRgsbhceQ�[2qsb]Q>`�rLw�q�\hQ�w�`�[hc�_��&gu_��¦Z�\^N�Q�Q ·�q�x�\^�¦Z¶Q!¡sq��e`�q�\hQ�w¶x�gu[]\
¢K`�_�x�\hcegu_t[�§ »¤Q�r�bhgurLgu[]Q$q>PRQ!\�qsP
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Q�_�\
∆q

g�¢�Q�qsx�N�rLguce_�\
q
c�_�[hc�w�QR\hN�Q+�©q�\h\^c�x�Q
ce[�N�Q�b]Q
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w�Q!®�_�Q�w ��Z�q>\^N�c�bhw;¹ºgubhwtQ�b�­ a���ceQ�b�\^Q�_�[hgub¨r�b]g;w�`tx�\ @

∆q =

ni
∑

i=0

nj
∑

j=0

nk
∑

k=0

Bni

i (ξq)B
nj

j (ηq)B
nk

k (ζq)∆Pijk.
�v|s|j�

Bni

i

´
B

nj

j

q�_�w
Bnk

k

q�bhQ \^NtQ ­ Q�b]_�[]\hQ�ce_�rLgu��Z6_�guP
c©q��e[Lgs¢6gubhw�Q�b
ni

´
nj

qs_�w
nk

�K[hQ�Q ¢Kgsb�ce_�[v\�qs_tx�Q9: ��= �.@

Bn
p (t) = Cp

n tp (1 − t)n−p.
�v|4}u�

(∆Pijk)0≤i≤ni,0≤j≤nj ,0≤k≤nk

q�bhQ � Q�ce�sN9\hce_��
x�g;Q�6
x�ceQ�_�\^[�´�gub�x�gu_�\^b]gu�urLguce_�\^[�wtce[hrt�©qsx�Q�P
Q�_�\^[�´j��Ntcex�N
qsb]Q°`�[]Q�w¥\hg¶PRgs_�c�\hgub�\^N�QRw�Q�¢Kgub]P°q�\^cegs_£qs_tw qsbhQRx�gu_t[hcewtQ�bhQ�w�qs[>w�Q�[hc��u_£¡�qsbhceqs����Q�[$w�`�b]ce_�� \hN�Q
[]N�qsrLQ�gsrt\^c�PRc���q�\hcegu_Rr�bhg6x�Q�w�`�bhQ�§

³�ce�u`�b]Q�� @ o ·tqsP
r���Q�gs¢ ³%³ � �eq�\h\hcex�QC�Hb]Q�w{��qsb]gu`�_�w�q>��ce_��t§

M
N�Ql³ ³ � \^Q�x�N�_�ced9`�Qlw�Q�[]x�bhc��8Q�w+qs�Lg4¡uQUce[ � Q��e�{[h`�c¦\^Q�wR\^g�x�guP
r���Q!·C[]N�qsrLQlgurt\hceP
ce��q�\^c�gu_�´�\hN�qs_��9[
\hgC\hN�Q�¢Kgu�e��g4��ce_��>rtbhgurLQ�bv\^ceQ�[�@

? \hN�Q
ce_tc�\^ceqs��[hN�qsr8Q
x�qs_C�8Q
Q ·tqsx�\h��Z>b]Q�r�b]Q�[]Q�_�\^Q�w.�H_tg�w�Q�¢Kgub]P°q�\^cegs_>g;x�x�`�b][ ��N�Q�_Rqs���6� Q�c��uN�\]¹
c�_���x�g6Q 6
x�ceQ�_�\h[lqsb]Q���Q�bhg9� 	

? \hN�Q)wtQ�¢Kgub]P°q�\hcegu_�ce[¨rLQ�b]¢KgsbhP
Q�w���N�q�\^Q!¡uQ�b2\hN�Q)x�guP
r��eQ ·tc¦\±Z�gs¢B\^NtQ)[hN�qsr8Q&�K\^Ntce[¨ce[2qC¢KbhQ�Q!¹
¢KgsbhP«\hQ�x�N�_tced9`�Q4� 	

? �sQ�guP
Q�\hbhcex&[]ce_��s`��©qsb]c�\hceQ�[�x�qs_ �LQ�\�qs��Q�_ c�_9\hg£q�x�x�gs`�_�\��K\hN�Q�ce_�c¦\^c©q�� [hN�qsr8Q�ce_�x��e`�wtce_���c�\h[
[]ce_��s`��©qsb]c�\hceQ�[¸ce[�w�Q!¢KgubhP
Q�w�� 	

? \hN�Q$[hP
g;g�\^N�_�Q�[h[�gs¢�\^N�Q$w�Q!¢KgubhPRq�\^c�gu_&ce[
x�gu_�\^b]gu�e��Q�w¤�K\hN�Q$w�Q�¢Kgub]P°q�\^cegs_&ce[�bh`���Q�w���Z�­ Q�b]_;¹
[v\^Q�ce_�r8gs��Z6_�guP
c©qs��[�� 	

? \hN�Q�_6`tP>�8Q�b°gs¢2w�Q�[]ce�u_ ¡sq�bhc©q����eQ�[
wtQ�rLQ�_�w�[°gu_ \hN�Q�`t[hQ�b�� [°x�N�gucex�Q � \^N�Q�w�Q�¢KgsbhPRq�\^c�gu_ c�[
c�_�w�Q�r8Q�_�w�Q�_�\¨gs¢�\^N�Q$[]N�qsrLQ�c¦\^[]Q���¢^� 	
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? c�\¸_�c�x�Q��¦Z�w�Q�qs�e[B��c�\hN°P>`t��\^c½¹±��Q�¡uQ��tb]Q�r�b]Q�[hQ�_�\�q�\hcegu_¶�K\^N�qs_��9[ \hg�\hN�Ql­ a���c�Q�b¸w�Q��sbhQ�Q¨Q���Q�¡�q�\hcegu_
r�bhgsr8Q�b]\±Zt�!§

M
N�Q
³ ³ �#\^Q�x�N�_�ced9`�QCc�[�ceP
r��eQ�PRQ�_9\hQ�w¶c�_¶\^N�Q�[]N�qsrLQCgurt\^c�PRc���q�\hcegu_�r�b]g;x�Q�w�`�b]Q
qs_�w�ce[2`t[hQ�w�\^g
x�gu_�\^b]gu�u\^NtQB[hN�qsrLQ w�Q�¢KgsbhPRq�\^c�gu_l¢Kgub�qsrtr��ec�x�q�\hcegu_�[Lce_$�Lgs\^N$q�Q�bhg6wtZ6_�qsP
cex�[�qs_�w$Q���Q�x!\^bhgsP°qs�s_�Q�\hcex�[�§

� � �����
	+*+(���� ��������(&����� �����$� ����������( ������(�� � � �

$ Å Æ Á % ��� � M
N�c�[ []\^`twtZ�ce[%bhQ�[v\^b]cex�\hQ�wC\^g�\^NtbhQ�Q ¹±w�c�PRQ�_�[hc�gu_�qs�6ce_�¡6ce[]x�c�w�x�guP
r�bhQ�[h[]ce����Q 8�g4��[¸�sgj¡�¹
Q�bh_tQ�w���Z�\hN�Q�oB`���Q�b�Q�d9`�q�\hcegu_t[�§%M
NtQ�_�´u\hN�Q [v\�q�\hQ Q�d9`�q�\^cegs_�[%x�qs_>�LQ ��bhc¦\h\hQ�_)c�_�\hN�Q x�gu_�[hQ�b]¡�q�\hc�¡uQ
¢KgubhP @

∂W

∂t
+

∂F1(W )

∂x
+

∂F2(W )

∂y
+

∂F3(W )

∂z
= 0,

� |4~��

��N�Q�b]Q
W

qsbhQ�\^NtQ
x�gu_�[]Q�b]¡�q�\hc�¡sQ 8�gj� ¡sq�bhc©q����eQ�[
(ρ, ρu, ρv, ρw, E)

´F��c�\hN
ρ
\^N�QCw�Q�_�[hc¦\±Zu´ −→

U =

(u, v, w)
\^NtQ ¡uQ���g;x�c�\±ZU¡uQ�x!\^gub�q�_�w

E
\^N�Q \hgs\�q��sQ�_tQ�bh��Z�r8Q�b�`�_�c¦\�gs¢9¡ugu��`�P
Qs§ −→

F = (F1(W ), F2(W ), F3(W ))ce[
\^N�Q2¡sQ�x!\^gub¨gs¢�\^N�Q$x�gs_9¡sQ�x!\^c�¡sQ;8�`6·tQ�[�´���N�gu[]Q�x�guP
r8gu_tQ�_�\^[¨qsb]Q��uc�¡sQ�_��9Z @

F1(W ) =













ρu
ρu2 + p

ρuv
ρuw

u(E + p)













F2(W ) =













ρv
ρuv

ρv2 + p
ρvw

v(E + p)













F3(W ) =













ρw
ρuw
ρvw

ρw2 + p
w(E + p)













.
� |��9�

M
N�Q�rtbhQ�[][h`�b]Q
p
c�[
gu�t\�q�ce_�Q�w�¢Kb]guP«\hN�Q$r8Q�b]¢KQ�x�\¨��qs[�[]\^q�\^Q$Q�d6`�q�\^c�gu_ @

p = (γ − 1)(E −
1

2
ρ‖

−→
U ‖2),

� |��u�

��N�Q�b]Q
γ = 1.4

ce[�\^NtQ�bhq�\^c�g�gs¢�\^N�Q$[hrLQ�x�c�®�x$N�Q�q�\¨x�g6Q 6
x�c�Q�_�\^[�§

	�
��t���K� %�Æ �H���u� Á ���
���t��� Å � fBbhg4¡6cew�Q�w \hN�q�\�\^NtQ 8�gj� w�guPRqsce_
Ω
ce[&w�c�[hx�bhQ�\hce��Q�w �9Z q�\hQ�\^bhq�¹

N�Q�w�b]ce��q�\^c�gu_
Th

´{q
wtce[hx�bhQ!\^ce��q�\^c�gu_�gs¢�Q�d9`�q�\hcegu_£�v|4~u��q�\�\^N�Q$P
Q�[hN�_�g6w�Q
si

c�[
gu�t\�q�ce_�Q�w���Z�ce_�\hQ!¹
�ub^q�\hce_��¶�v|4~u��g4¡uQ�bl\^NtQ)¡ugu��`�P
Q

Ci

´8\^N�q�\2c�[l��`�c���\Uqsb]gu`�_�w \hN�Q>_�g6w�Q
si

��ZCi]guc�_�ce_t�R��q�b]Z6x�Q�_9\hQ�b][
gs¢%\hN�Q2\^Q!\^b^q�N�Q�w�bhqRq�_�w�\hbhceqs_��u��Q�[�x�gu_�\�qsc�_�ce_��

si

qs_�w�P
cew�rLguc�_9\h[�gs¢�\^N�Q$Q�w��uQ�[Uqsw�ihq�x�Q�_�\�\^g
si

@

V oli
∂Wi

∂t
+

∑

j∈N(i)

Φ(Wi, Wj,
−→σ ij) = 0,

� |0<��

��N�Q�b]Q
Wi

bhQ�r�bhQ�[hQ�_�\h[�\hN�Q�x�Q��e�Bq�¡uQ�b^qs�sQ�w¯[]\�q�\^QCqs_�w
V oli

\hN�Q>¡ugs�e`�P
Q�gs¢ \^N�Q�x�Q����
Ci

§
N(i)

ce[
\^N�QC[hQ!\$gs¢¸\^N�Q�_�Q�ce�uN9�Lgubhc�_��&_�g6w�Q�[�§

Φ(Wi, Wj,
−→σ ij)

c�[$qs_¯qsr�r�b]g4·;c�P°q�\hcegu_�gs¢¸\^N�Q�c�_9\hQ��ubhqs�%g�¢
\^N�Q 8�`;·;Q�[2�v|��9�Bg4¡uQ�b \^NtQU�Lgu`�_�w�qsb]Z

∂Cij

�8Q!\±� Q�Q�_
Ci

qs_�w
Cj

´���N�c�x�N+w�Q�r8Q�_�w�[ gs_
Wi

´
Wj

qs_�w
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−→σ ij

\^N�Q$ce_�\hQ��ubhqs��gs¢ q
`�_tc�\�_�gub]P°q��F¡uQ�x�\^gsbUg4¡uQ�b
∂Cij

§¸M
N�Q�[]Q)_9`�P
Q�bhc�x�qs�H8�`;·;Q�[lqsbhQ$Q�¡�qs��`�q�\hQ�w
`�[]ce_��C`�r���c�_�w�ce_t��´�qsx�x�gub]w�ce_���\hgC\hN�Q�qsr�r�b]g�·tc�P°q�\^Q$p�ceQ�PRqs_�_&[]gu��¡sQ�b�gs¢%p¨g6Q�@

Φ(Wi, Wj,
−→σ ij) =

−→
F (Wi) +

−→
F (Wj)

2
· −→σ ij − |AR(Wi, Wj,

−→σ ij)|
Wj − Wi

2
.

�v|4�u�

AR

ce[�\^NtQ�ihq�x�gu��ceqs_&PRq�\^b]c¦·°gs¢�\hN�Q 8�`;·;Q�[¨¢Kgub�\^NtQ�p�g6Q$q4¡sQ�bhqs�uQ$[]\^q�\^Q�qs_�w�¡uQ�bhc¦®�Q�[ @

AR(Wi, Wj,
−→σ ij)(Wj − Wi) = (

−→
F (Wj) −

−→
F (Wi)) ·

−→σ ij.
�v| � �

m#Ntce�uN.gub]w�Q�b�[]x�N�Q�P
QCce[2gs�t\�qsc�_�Q�w.��Z.c�_�\^Q�b]r8gs�©q�\hce_��R�ece_tQ�qsb]��Z�\^N�Q�rtN9Z6[]cex�q��%¡�qsbhceqs���eQ�[l¢KbhgsP
si\hgR\^NtQ)P
cew�rLguce_�\�gs¢

[sisj]
´L�LQ�¢Kgub]Q)Q�d9`�q�\^cegs_ �v| <���c�[UQ�PRrt�eg4ZuQ�w�\^g°Q�¡�qs�e`�q�\^Q$\^N�Q 8�`;·;Q�[�§2S¨g;w�q��

�ubhqsw�c�Q�_�\^[lqsbhQ�gu�t\�q�ce_�Q�w ¢KbhguPÇqR� Q�c��uN�\^c�_��+q�¡uQ�b^qs�sQ>gs¢B\^NtQ�f
|C��q��eQ�b]�9ce_ �sb^qsw�c�Q�_�\^[Ux�guP
r�`t\hQ�w
gu_�Q�qsx�N�\^Q!\^b^q�N�Q�w�b]gu_¶x�gu_�\�qsc�_�ce_��

si
§
µ±_�gubhwtQ�b�\^g+q�¡sgucew�[hr�`�b]cegu`t[Ugu[]x�c��e�©q�\^cegs_�[�gs¢�\^N�Q�[hgu��`t\^c�gu_

c�_¤\^NtQR¡6cex�ce_�c¦\±Z�gs¢
\^N�QR[hN�g6x��{´ q [h��gurLQ°�ec�PRc¦\�q�\hcegu_ r�bhg6x�Q�w�`�bhQ°`�[hc�_���\hN�Q A qs_;¹ºml����qsw�q��ec�PRc¦\^Q�b
c�[¨c�_�\^bhg6w�`�x�Q�w�§
M
NtQ)bhQ�[h`��¦\^c�_��Rwtce[hx�bhQ!\^ce��q�\^c�gu_�[hx�N�Q�PRQ�Q!·;N�c���c�\h[lq�\^N�c�bhw�gubhw�Q�blq�x�x�`tb^qsx!Z�c�_�\hN�Q
b]Q��uc�gu_�[���N�Q�bhQ�\^N�Q$[]gu�e`t\hcegu_&c�[
bhQ��u`��©q�b�§

� ��� Á � �8� Á �{�j�t��� Å � m ®�bh[v\+gub]w�Q�bRceP
r��ec�x�c�\)��qsx���� qsbhw [hx�NtQ�P
Q ce[
Q�P
r���gjZsQ�w ¢Kgsb
\hN�Q�\hceP
Q
c�_9\hQ��ubhq�\^c�gu_+gs¢��v| <��!´t��Ntcex�N�Z6c�Q��ewt[ @

V oli
∆t

δWi +
∑

j∈N(i)

Φ(W n+1
i , W n+1

j ,−→σ ij) = 0,
� |4���

��c¦\^N
δWi = W n+1

i − W n
i

§.M
N�Q�_�´¸\hN�Q+��ce_�Q�qsbhc���q�\hcegu_�gs¢�\^NtQ+_9`�PRQ�bhc�x�qs�,8�`;·;Q�[�r�b]g4¡;c�w�Q�[>\hN�Q
¢Kgu���eg4��ce_t�)ce_�\hQ��ubhq�\^c�gu_&[hx�N�Q�PRQ @

(

V oli
∆t

+ Jn
i

)

δWi = −
∑

j∈N(i)

Φ(W n
i , W n

j ,−→σ ij).
��}����

�¨Q�bhQ�´
Jn

i

ce[R\hN�Q
ihqsx�gu��ceqs_ PRq�\^b]c¦· gs¢�\hN�Q ®�b][]\&gsbhw�Q�b°_9`�P
Q�bhc�x�qs�98�`;·;Q�[�´���N�Q�b]Q�qs[+\hN�Q¶bhc��uN�\
N�q�_�w+[hc�w�Qlg�¢¸��}s�u�¸ce[¸Q�¡�qs��`�q�\hQ�w+`�[]ce_���N�ce�sN°gub]w�Q�b qsr�r�b]g4·;c�P°q�\hcegu_t[�§%M
NtQ2bhQ�[h`��¦\^ce_t�)ce_�\hQ��ubhq�\^c�gu_
[]x�N�Q�P
Q$r�bhg4¡6cew�Q�[lq�N�c��uN�gubhwtQ�b
[hgs�e`t\hcegu_&gs¢�\^NtQ�rtbhgu����Q�P�§¸V�gub]Q�w�Q�\^qsce��[
x�qs_��8Q2¢Kgs`�_�w�ce_ : �>=�§

� � ����� ������� ��� � �&�.���%���)(&����� ������(&�������>��� � ������� �!'
�$���!��(

»¤Q�x�gu_�[]cew�Q�b
\hN�Q w�bhqs�¯PRc�_�ceP
ce��q�\^c�gu_£gs¢�q¯[]`�r8Q�bh[]gu_�cex���`�[]ce_�Q�[h[$i]Q!\+q�\+q¤V qsx�N _9`�P)�8Q�b°gs¢
M∞ = 1.7

qs_�w�qs_��s�eQ°g�¢lq�\h\�q�x��
α = 1o [h`��6i]Q�x�\C\^g¶q¶x�gu_�[v\^bhqsce_�\�gu_¥\hN�Q+��c�¢ \�´�¡ugu��`�PRQ°qs_�w\hN�cex��9_�Q�[h[�§BM
NtQUx�gu_�[]\hb^qsc�_�\^[¸qsbhQ�c�PRr���Q�P
Q�_�\^Q�w���Z
qsw�w�c�_��$r8Q�_�qs��\±Z�\^Q�bhP
[ \hg�\^N�Q�x�gs[]\¸¢K`�_�x�\hcegu_F§

M
N�Q$�ug4¡sQ�bh_tce_��
Q�d9`�q�\hcegu_t[Uq�bhQ�\^N�Q�oB`���Q�b
Q�d9`�q�\^cegs_�[�gs¢%c�_�¡;c�[hx�cew�x�guP
r�b]Q�[h[]ce����Q 8�g4� 	{N�Q�_�x�Q�\hN�Q
w�bhqs��ce[�gs_���Zlx�guP
r8gs[hQ�w$gs¢;�ec¦¢ \]¹ºce_�w�`tx�Q�wlw�b^qs�¨qs_tw$� q�¡uQ¸w�b^q���§�M
NtQ � q�¡uQ¸w�b^q��¨N�qs[�x�gu_�\^b]ce��`;\^cegs_�[
w�`tQ2\^g��ec¦¢ \�q�_�w&¡ugu��`�PRQ 	�q>b]Q�w�`�x!\^c�gu_�ce_&w�bhqs��x�qs_&�LQ�gu�t\^qsce_tQ�w�i]`�[v\��9Z°bhQ�w�`�x�c�_���\^N�Q2¡sgu�e`tPRQ�§
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³%c��u`�bhQ �
@ ³ ³ � �8g�·&¢Kgsb
[h`�rLQ�b][hgu_�c�x$��`�[hc�_�Q�[][Bi]Q!\

Y;ce_�x�QRc�_�r�b^qsx!\^c�x�Q�\^N�Q�¡sgu�e`�P
QCgs¢ \hN�Q���ce_���N�qs[�\hg��LQCP°qsc�_�\�qsc�_�Q�w¶¢Kgub$[v\^bh`tx�\^`tb^qs�¸qs_�w¯gs\hN�Q�b
bhQ�q�[hgu_�[�´ � Q�c�PRrLgu[]Q&q.x�gu_�[v\^bhqsce_�\
gu_ \^N�Q&¡sgu�e`�P
Q&ce_¥\hN�Q�x�gu[v\C¢K`�_�x�\hcegu_ \hN�bhgu`t�uN q�¡sgu�e`�P
Q
r8Q�_�qs��\±Z
\^Q�bhP�§ M
N�Ql��c�_��u[ gs¢�[h`tr8Q�bh[hgs_�cex�q�cebhx�b^q�¢ \h[ q�bhQU¡sQ�bvZ°\^Ntce_+c�_°gub]w�Q�b¸\^g>b]Q�w�`�x�Q2\^N�Q¨��q�¡sQ
w�b^qs� 	 \^N�Q&gsrt\^c�PRc���q�\hcegu_¤P>`�[]\C_tgs\CbhQ�w�`�x�Q&\hN�Q+\^N�c�x��9_�Q�[][Rgs¢¨\^NtQ+��ce_���[hc�_�x�Q+\hN�ce[Cq�ªFQ�x�\^[�c¦\^[
[]\^b]`�x�\h`�b^q��¸[v\^b]Q�_��s\hN�§ �UQ�_tx�Q+q&rLQ�_�q���\±Z¶\hQ�bhP ��Ntcex�N¯x�gu_�\^b]gu�e[�\hN�Q�\^N�c�x��6_tQ�[h[�ce[$qswtw�Q�w¯\^g�\^N�Q
x�gu[v\¨¢K`t_�x�\hcegu_�§ ³�ce_�qs����ZC\^NtQ�x�gu[]\�¢K`�_tx�\^c�gu_&\^N�q�\�ce[�`�[hQ�w�c�[
�uc�¡sQ�_��8Q��eg4�

J =
Cd
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³{`t_�x�\hcegu_ pUqs_t�uQ m�\]\^Q�_9`�q�\^cegs_�¢Hq�x�\^gsb ² gu_tw�c�\hcegu_�_9`�P>�LQ�b
Cd

�t§ �u�u~s�u~u��¹ �t§ �t|u|�~u~ � };|j}��u~t§ <s�
5.64 × 1010

Cl
¹ �t§ �u� � �6|���¹ �t§ �s�u���s�s� |0<��s}u�;§ �u�

1.78 × 1010
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