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Z � � ����� � 	*9<	 � 	 � 9¼	 �.% ����� 9<
�� � � 	 % 	\[ % 
 � 	 �!� 9¼	 �
@²s8oq\_w¢mPmqba��oqwz��s.oq\_b�¤]�¯l/oq�/���_ox��wzs©�«|}�T£§lLoq�T|_w¢� �_wzmx��vxb�oxb�~Zoqwz`8b]`��n�nb(£Z³�ox\_b�|­��vx��`8b(oqbav��¨Y¤�\_w¢��\<�Wb(wzs_��ox\_b'mq��`�|_£§wzs_��|Wb(vxw§�n�´³nw¢m��nb(ox��wz£zba�´°
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M � ��� 
 ��#��U� 
 ����� 
�� � 
 �2���

��b'�(��s­mqwz�_b(v���m�o���oqb'mq|­�T��b/vqba|_vxbamqb(sLox��oqwz��sG��¨Y�(��sLoqwzs@t_��t­m±oxw§`�b�|_£¢��sLoxmg��m	�
G :

{

ẋ = Ax +Bu
y = Cx +Du

º Cr»
¤�\_b(vxb

x ∈ R
n ³ u ∈ R

m ��s­� y ∈ R
p °ñ[]\_bGb�Â_�T�¿o.�nw¢mx��vxb�oqwzÀa��oqwz��s���¨]ox\_wzm8mql@mpoqba`¤�w¥ox\¼�.À(bavq�.��v��nb(v \_��£¢�¦��o]oq\_b/mq��`�|_£§wzs_�8|}bavqwz�n�

h
£zba���­mJox��ox\_b��nw¢mq�(vqb(oqb�~Zoqwz`�b«·��P¹mplnmpoqb(`*ºC��»

Gd :

{

xk+1 = Ad(h) xk +Bd(h) uk
yk = Cd(h) xk +Dd(h) uk

ºZ��»
¤�w¥ox\

Ad = eAh Bd =

∫ h

0

eAτdτB

Cd = C Dd = D

ºC�T»
[]\_bgmpox��oxbgmq|­���(b�`©��oqvxw¢��bamJ��vxb�t­mqt­��£z£§l����T`�|_tnoqbr��t­mqw§s_��b�Ân|_vxbamxmpwz��s½º M@»U��s}�½ºC��»(³mpbab2A 
HEç°

(

Ad Bd
0 I

)

= exp

((

A B
0 0

)

h

) º ML»
Cd = C Dd = D

ºZ��»
¤�w¥ox\

h
v���s_�Tw§s­��wzs

[hmin;hmax] � °*;���¤ b(®Tb(v w§s º M@» Ad ��s}� Bd ��vxbes_��o]��Ä©s_be�Ts h °
��
�� �������������������! ��#"$"%��&'��(*),+.-/�0 1��&2�3�04�"$�5�%67�8&'�
Qet_v���wz` w¢meoq�¼��b(o/�¦|}�T£§lLoq�T|_w¢��`��n�nb(£Ywzs �Tvx�nbavgox�¼mx��oxwzmp¨¬l ��s_b8��¨Joq\_b.¨¬vx��`�b(¤ ��vxÁ@m��¨
H∞

���TsToxvq�T£�¨¬�Tv'·¸�P¹ mqlnm�oxb(`©m(°9� b8\­b(vxb.|_vx��|W�Tmqb.oq�½��|_|­vq�¯Ânwz`���oqb�oq\_b�`©��oxvqw§Âb�Ân|}�Ts_b(sLoxwz��£´�Ll¼��[#�¯l@£z��v�mpbavqwzbam ��¨&�Tvx�nbav
N
�Tm:�

Ad(h) ≈ I +

N
∑

i=1

Ai

i!
hi

ºC�T»

Bd(h) ≈
N

∑

i=1

Ai−1B

i!
hi

ºç��»
;���¤ b(®�bavYw¥oJw¢mU¤ b(£z£_Á@s_��¤�s8oq\­��oUoq\_be[#�¯l@£z��vU��|_|­vq�¯Ânwz`���oqwz��s.wzmU®���£§w¢����s_£zl�¨¬�TvP|­��v���`8~b�oqbavxmes_br��vgÀab(vx�­°gµem

h
w¢me�Tmqmqt_`�ba�¼ox�¦�Wb(£z��s_�¦oq�¦oq\_b.w§sLoqbavq®���£\A

hmin
³
hmax

E&¤�w§oq\
hmin > 0

oq\_b���|­|_vq�¯Ânwz`©��oqwz��s<¤�w§£z£¸�Wb'���Ts­mpw¢�nbavqbr�¦��vx��t­s­�Gox\_b�s_�T`8wzs­��£´®¯��£§t­b
h0
��¨oq\_b'mx��`�|_£zw§s­�8|Wb(vxwz�@�¸³­��m;�

h = h0 + δ
¤�w¥ox\

hmin − h0 ≤ δ ≤ hmax − h0
ºC�T»

[]\_b(s ¤ b«�Tb�o<�
(

Ad Bd
0 I

)

=

(

Ah0
Bh0

0 I

) (

Aδ Bδ
0 I

) º=
T»
> Û � à ��Ô�ÜC÷ÕÔ�ÖrÒøàJßZÔ�á�ã¯Òø÷øÚ � ã�à�ÜÝ÷øÙaù�ß � Ù��¯Òøù/Ö�àUÿ � Ù¿ßZà�Ú�÷øÚ/Ô]ÜCÔ�Ú � à � � àpÜÝàPÛ � àPÿ�Ù¿Ú�ÛZÜÝÙ¿Ò_ã�à�Ü �zÙ¿ÜÝá�Ô�Ú¯ÿ�à÷øß � ÷ � � Ò Þ'ßZà�Ú¯ßZ÷ ÛC÷ ��à �Pä Ü�ä Ûqä�ÛCÙeÛ � à�ßçÔ�á�ãrÒø÷øÚ � ÜCÔxÛCà�æ_à¿ä � ägÔ�ÿ�ÿ�Ù¿ÜCùr÷øÚ � ÛZÙgÛ � à�Ü��¯Òøà�Ù
�´Û � �¯á Ö ωcl h ≈

0.2 . . . 0.6
� � à�ÜCà ωcl

÷øß´Û � àPù¯à�ßC÷øÜCà�ù«ÿ�ÒøÙ¿ßCàpùaÑÓÒøÙaÙ¿ã �zÜÝà8?��ràpÚrÿ�Þ/@ ACB
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 � 5�9 � 9 � �

¤�\_bavqb
(

Ah0
Bh0

0 I

)

= exp

((

A B
0 0

)

h0

)

,

(

Aδ Bδ
0 I

)

= exp

((

A B
0 0

)

δ

)

[]\_w¢m]£§br���_m ox�
Ad = Ah0

Aδ

Bd = Bh0
+Ah0

Bδ

º Ca�L»
�¦Æ �Ã�_������� / 
 � δ = 0

�	# / 
 � Aδ = I
��� 5 Bδ = 0

- / 
�� / � 
 ��� � # / ��#�� � �

6+ � 
�� # 
 5 � Ad = Ah0

��� 5 Bd = Bh0 	µgm
h0
wzm�ÁLs­��¤�sÃ��o.�nbrmpwz��s�oxw§`�b¦��s­� ���Ts­mpox��sLor³�ox\_b<[&�¯l@£§�Tv'��|_|_vx�¯Ânw§`©��oqwz��s wzmoq\­b(s t­mqba�¼��s_£zl©¨¬�Tv

Aδ
��s­�

Bδ
³­�Tm �

Ad(h) ≈ Ah0
(I +

N
∑

i=1

Ai

i!
δi) := Ad(δ)

º CNC¯»

Bd(h) ≈ Bh0
+Ah0

(

N
∑

i=1

Ai−1B

i!
δi) := Bd(δ)

º Cr�T»
[#� b(®���£zt­��oxb oq\_b���|_|_vx�¯Ânw§`©��oqwz��sXbavqvx��vG�_t_b oq� ox\_b [&�¯l@£§�Tv���|_|_vx�¯Ânw§`©��oxw§�Ts¸³]���vxw§oqb(vxwz��s �­��mqba�¼�Ts oq\_b

H∞

s_�Tvq` wzme��\_�Tmqb(s \_bavqb'oq�©b�Ân|_vxbamxm]ox\_b�¤ ��v�m�o��a��mqb�b(vxvq�Tv�Wb�o�¤ b(b(s
Gde

��s­�
Gd
³±�}��oq\-�nwzmx��vxb�oxb�~Zoqwz`�b<`��n�nb(£¢m8t­mqw§s_� vxbamq|}br�¿oqwz®�ba£§l ox\_b b�Â_����o`�b�ox\_�n� ��s}�¶oq\­b ��|_|_vx�¯Â@wz`©��oxba�-��s­b º¬wZ° b�° oq\­b [&�¯l@£§�Tv<mqb(vxw§brm<��|_|_vx�¯Â@wz`©��oxw§�Ts ��¨��v��nbav

N
»¿°

JN = max
hmin<h<hmax

‖ Gde
(h, z)−Gd(h, z) ‖∞

º Ca�L»
��
=� 
��	� 6�
3" &'�8 �
!&2"	��( � &������
µgm

h
�Wb(£z��s­�Tm6ox��oq\­bPw§sLoxb(vx®¯��£$A

hmin
³
hmax

Eç³roq\_bas'¤ bJ�(��s'�nb��­s­b
H = [δ, δ2, . . . , δN ]oq\­b.®Tba�¿ox��v«��¨J|}��v���`�b�oxb(v�m(°

H
�Wb(£z��s­�Tmgoq� �<�(��s@®�b(Â |W��£zlLoq�T|}b º¬\@l@|}bavp~ç|W��£zlL�T��s}» HºRC MT» ¤�w§oq\

2N
®Tb(vqoqw¢��bama³z°

H =







2N

∑

i=1

αi(δ)ωi : αi(δ) ≥ 0,
2N

∑

i=1

αi(δ) = 1







º CFM@»

{δ, δ2, . . . , δN}, δi ∈ {δimin, δimax}
º Cr�T»

�J�T��\<®Tb(vqoqb�ÂGw¢m��nb �­s_ba�¼�@l¦�8®�br�¿ox��v
ωi = [νi1 , νi2 , . . . , νiN ]

¤�\_b(vxb
νij
�(��s¦o���ÁTboq\­b±b(ÂLoxvqba`�t_`�®���£zt_brm {δjmin ³ δjmax} ¤�w¥ox\ δmin = hmin−h0

��s}�
δmax = hmax−h0

°[]\_bG`©��oqvxwz�(bam
Ad(δ)

��s­�
Bd(δ)

��vxb©ox\_b(vxb�¨¬�TvqbG��Ä�s­b¦wzs
H
��s­���Tw§®Tb(s �@l�oq\_b|W��£zlTox��|_w¢�e¨¬��vx`©m �

Ad(H) =
2N

∑

i=1

αi(δ)Adi
, Bd(H) =

2N

∑

i=1

αi(δ)Bdi

¤�\_bavqb©ox\_bG`©��oxvqw¢��brm���o'oq\_b<®�bavpoxwz�(bama³&wZ° b�°
Adi

��s­�
Bdi

³U��vxbG���no���wzs_ba���@l�oq\_b�(��£z�(t_£¢��oqwz��s©��¨
Ad(δ)

��s­�
Bd(δ)

��oJba�T��\©®�bavpoxb�Â.��¨´oq\_be|}�T£§lLox��|Wb H °U[]\_bg|W��£zlLoq�T|_wz�
ê�ê Ú�]_ï¿ô¿õ¿ö
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�� � 
 �2���

���@��v��nwzs­��oxbam
αi
¤�\­wz��\ vqba|_vxbamqb(sLo�ox\_b½|}�Lmpw§oqwz��s ��¨/��|}��vqoqw¢��t_£¢��v�|­��vx��`8b(oqbav.®Tba�¿ox��v

H(δ)
wzs<ox\_b�|W��£zlTox��|Wb H ��vqb/�Tw§®Tb(s mp�T£§®@wzs_� �

H(δ) =

2N

∑

i=1

αi(δ)ωi , αi(δ) ≥ 0 ,

2N

∑

i=1

αi(δ) = 1
ºRCa�L»

µgm���s<wz£§£zt­mpoqv���oxw§�Ts¸³ �­��t­vqb.C�mp\­��¤�mJox\_w¢m]oqv���s­mp¨¬��vx`©��oxw§�TsG¨¬��v
N = 2

¤�w§oq\

Ad1 = Ad(H1)
�Tv

H1 = [δmin, δ
2
min]

Ad2 = Ad(H2)
�Tv

H2 = [δmax, δ
2
min]

Ad3 = Ad(H3)
�Tv

H3 = [δmin, δ
2
max]

Ad4 = Ad(H4)
��v

H4 = [δmax, δ
2
max]

H = Co{H1, H2, H3, H4}

δmin δmax

δ

δ2

δ2

min

δ2

max

H

� �

��

�

Ad(H1) Ad(H2)

Ad(H4)Ad(H3)

?&w§�Tt_vqb.C � �UÂ_��`�|_£zb«��¨&|W��£zlLoq�T|}b«¨¬��v
Ad(δ)

¤�w§oq\
δmin = 0

[]\_wzmP£§br���_m&ox�/oq\_b�|_£¢��sLoP|W��£zlLoq��|­wz�]`��n�nb(£#ºRC¯��»Y¤�\_b(vxb
Gdi

��vxb
Gd(H)

b(®���£zt­��oqba���o�oq\­b�®�b(vqoqw¢��brm
ωi
°

Gd(H) =
2N

∑

i=1

αi(δ)Gdi
and H =

2N

∑

i=1

αi(δ)ωi
ºRC���»

µgm#oq\_b]�L��wzsn~çmx��\_br�nt_£zba�����TsLoqvx��£z£§bav�¤�wz£§£n�Wb �«���Ts@®�b�Â'�(��`��­w§s­��oqwz��s'��¨
2N
X�®�b(vqoqb(Â�X����sLoxvq�T£§£zb(v�m(³¸oq\_b¦��\­��w¢��b©��¨]ox\_b¦mqb(vxw§brm���v��nb(v

N
�Tw§®Tbam'�¼oxvx�T�nb�~ç���X�Wb�o�¤ b(bas oq\_b¦��|n~|_vq�¯Ânwz`©��oqwz��sñ�T�(�(t_vx�T��l¼��s­� ox\_b�����sLoxvq�T£§£zb(vg�(��`�|_£zb�Ânw§o�l�° @²s­�nb(br�½��s­b.mq\_��t_£¢�½s_��oqw¢��boq\­��o;�

� []\_b v��¯¤ ��|_|_vx�T����\ �n�@bam�s_��o©ox��ÁTb<wzsLoq�Ã�T�(���Tt_sLo.ox\_bñ�nba|}bas­�nb(s}��b½�Wb�o�¤ b(b(s
δ, δ2, . . . , δN

°�@²s­�nbaba�´³¯��m�mp\_��¤�s/wzs �­��t_vxb8C�³roq\­bPmpb(o���¨@|­��v���`�b(oqb(v�m {[δ, δ2], 0 ≤
δ ≤ δmax}

³Uvxb(|­vqbrmpbasToxba� �@l oq\_b<|­��v����W��£zwz�¦��t_vx®�bT³&w¢m.w§s­�(£§t}�nba� wzsÃox\_b¦£¢��vx��b|W��£zlLoq��|­wz�¼�W�¯ÂÃ¤�w¥ox\VM�®�bavpoxwz�(bama° []\_w¢m�¤�wz£§£���¨«���Tt_v�mpb¼w§s}�nt­��b½mq��`�b ����s}mpbavp~®���oxwzmq` wzs¼oq\_b'�(��sLoqvx��£´�nbrmpwz��s¸°
� f½�Tvqba��®�bava³U¤�\_bas¶� oq\_b½�Tvx�nbav���¨«oq\_bñ[&�¯l@£§�Tv���|_|_vx�¯Ânw§`©��oxw§�TsÃwzs­��vxba�Tmpbrm(³±¤±b¤�wz£§£±mpbab ºÝw§sÃmqba��oqwz��sBM­° Ca»«ox\­��o�ox\_b©s@t_`��Wb(v���¨]·#fK@�m/oq�½�WbGmq��£z®�ba�¸³¸¤�\_w¢��\ w¢m

2∗2N+1
¤�wz£§£@�Tvq��¤�b�Ân|W��s_basLoqw¢��£z£§l/¤�\_w¢��\.�a��s�£zba�T�/oq�«t_sn¨¬br��mqw§�­£§b ��|noxw§`�w¢mq��oqwz��s|_vx���­£§ba`�ma°
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� ?#wzs­��£§£zlGox\_b�wz`�|_£§ba`�b(sLox��oqwz��s½��¨Yox\_b����TsLoqvx��£z£§bav�wzmg��£¢mp�G�nwzvxba�¿ox£§l¼£zw§s_ÁTba�¼ox�©oq\_bsLt­`��Wb(v���¨&®�bavpoxwz�(bam]��¨#oq\_b�|W��£zlLoq�T|}bT°
[#�½vqbr�nt­��bGoq\_b¦�(��`�|_£zb�Ânw§o�l ºÝ��s­� oq\­b¦���Ts­mpbavq®���oqw¢mp`i��¨]oq\_b<����vxvxbamq|}�Ts­�nwzs_�½����sLoxvq�T£�nbrmpwz��s ��m]¤ b(£z£¢»�³­�8vqbr�nt­��oqwz��s¼��¨�ox\_b�|W��£zlTox��|Wb�wzm]|­vq�T|}�Lmpbr�¦�Wb(£z��¤�°
�¦Æ �Ã�_������� ��# 
 #'/$��# 
&+ � � # � ��� �F9 �D��# 
 ��� � � �Y�2��#%� 
�+K
&+ �$��� 
 �$# 
 ��� 3 
 � 5�
 � � ��� ��� 
 � ���# 
 ��� ��� " ��!�� 
 !���� ��� 
 ��# ��� #'/ 
 ��� 
 � � ��� 
 �.��� 
 
 �$3�����3 
 5 / 
 � 
 � � #'/ 
�
 � 
&+ � � 
�� ��
 ���- 
 �'��� 
 � 5 #,�.� ���B�	� � 
 � 
 � � 
��F
 �$#,��# 
 ��� � � � Ad(H)

��� 5 Bd(H) 	

��
�
 � � ��
$( 
��8&'� &�� 
�)%� " & �  
!&2" �
@çoGw¢m�\_b(vxb |_vq�T|}�Lmpbr� ox� vxba�_t­��b¼oq\­bñmpwzÀ(b ��¨eoq\_b½|W��£zlLoq�T|}b t­mqw§s­��ox\_bñ�nba|}bas­�nb(s}��l�Wb�o�¤ b(b(sñoq\_b�mpt}�(��brmqmqwz®�b'|W��¤±bavxm���¨Pox\_b�|­��vx��`�b�oqbav

δ
°/[]\_w¢mgvxba�nt}�¿oqwz��s ��s_£zl½m�o���s­�_m¨¬��v

δmin = 0
³P¤�\­wz��\ `8br��s­m�oq\}��o

h0 = hmin
w¢m.oq\_b `�w§s­w§`©��£�mx��`�|_£zw§s­� |Wb(vxw§�n�´³wZ° bT°Uvqba£z��oqba�<¤�w§oq\½��mp£¢����ÁG�(��s­mpoqv���wzsLo �Ts¼�(��`�|_tnoxw§s_��vxbamq��t_v���bT°J?­��v��(��sLoqvx��£6|_t_vx|W�Tmqboq\­wzm ��\_��w¢��b�w¢mJyLt_w§oqbe£§�T��w¢�(��£­��mYox\_bgs­��`�w§s}��£­�Wb(\}�¯®Lwz��t­vJ���Tvqvxbamq|}�Ts­�_m&ox��oq\_be`�w§s_wz`©��£mx��`�|_£zw§s_� |}bavqwz�n� w§s s_��vx`©��£ mpw§oqt­��oqwz��s­ma° []\_w¢m.|}bavqwz�n� ¤±�Tt_£¢� w§s}��vxba��mqbG�Ts_£§l ¤�\_bas���T`�|_tnoqwzs_��vxbamq��t_v���brm±¤�wz£z£¸�}b�£zwz`8w§oqbr�´°[]\_b ¤ �¯l/ox�evxba�_t­��b oq\­b]mqwzÀ(b ��¨­ox\_b]|}�T£§lLox��|_w¢�]mpb(oY�a��s8�}b�mqb(b(s.��s.oq\_b]b(Ân��`�|_£§b wzs�­�Tt_vqb C�³T¤�\_b(vxb oq\_b�|}��v����W��£zwz� |­��vx��`8b(oqbavxm&£z�@�(t­mYw¢mYb(s­�(£§�Lmpbr��wzs8oq\_b]oxvqw¢��s_�T£§b��nb �­s_br��@l {0, 0} ³ {δmax, 0} ��s­� {δmax, δ2

max}
°U[]\_bavqb(¨¬��vxbgw§o�wzm s_��o s_br��brmqmx��vxl8oq������s}mpw¢�nb(voq\­b�®�b(vqoqb(Â {0, δ2

max}
ox�©�_t_wz£z� �8|W��£zlTox��|Wb/b(s­�(��`�|­��mxmqw§s_�.oq\­b�|­��v���`�b�oxb(v�m £§�n��t}m(°[#���_b(®�ba£§�T|<��s­�¼b�Â@oqbas­�<oq\_w¢m]`�b�oq\­�@�¼ox�©�.|W��£zlLoq�T|}b���¨&mqw§Àab

N
³_£§b(o�t­m]¤�vxw¥oxb��

h = hmin + δ, 0 ≤ δ ≤ δmax, δmax = hmax − hmin,
º Ca�L»

[]\_bas¦ox\_b�w§s­bayLt­��£zw§o�lG�}ba£§��¤ wzmg��£z¤ �¯lnm mq��oqw¢m �­br� �
δ δn ≤ δn+1

max

δnmax
δn

wZ° bT°
δn+1 ≤ δmax δn

º C;
L»
[]\_basXw§o8w¢m8|_vq�T|}�Lmpbr��oq� �nb(£zb�oxb¼oq\_b¼®�bavpoxwz�(bam.¤�\_wz��\ �n��s­��o©mq��oqw¢m�¨¬l oq\­b ���}��®Tbwzs_bayLt­��£§w§o�l�°Uµgm�oq\_b/®�bavpoxwz�(bam

Hi
��¨ H ��vqb«��wz®�bas<�@l¦�.®�br�¿oq�Tv (ν1, ν2, . . . , νN)

¤�\­b(vxb
νi = 0

��v
δimax

�T�(���Tvx�_w§s_� ox�½oq\­b<���Ts­mqwz�nbavqbr��®�bavpoxb�Â´³�ox\_b(sÃoq\_b<w§s_bryLt­��£zw¥o�l�oq���}bmx��oqw¢m �­ba�<wzm���wz®�b(s<�@l �
νn+1 ≤ δmax νn

ºZ���L»
[]\_w¢m]£§br���_m ox�8oq\_b/¨¬�T£§£z��¤�w§s­��mqb�o���¨Y�T�n`�wzmxmpwz�_£zb/®�b(vqoqw¢��brm �

(0, 0, 0, . . . , 0)

(δmax, 0, 0, . . . , 0)

(δmax, δ
2
max, 0, . . . , 0)

ºZ� C¯»
°°°
(δmax, δ

2
max, δ

3
max, . . . , δ

N
max)

�¦Æ �Ã�_����� 0 / 
 3 
 ��# 
&+ (0, δ2
max, 0, . . . , 0) 5 � 
�� ����# � ��# 
 � � ! 
 � 
��F9 ��� 
 #%! ºZ����» ��� 5

�
��� � 
�5�
 � � ��� 5N
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[]\_wzm]`�b(oq\_�n�<£§br���_m±oq�©��mqb�o]��¨
N + 1

®�bavpoxwz�(bam w§s}m�oxba���<��¨
2N
°Pc���oqb«oq\­��o]oq\_brmpb®�b(vqoqw¢��brm±��vqbe£§wzs_br��vx£§l�wzs­�nb(|Wb(s}�nb(sLo���s­�¦`©��Á�b«�.mqwz`8|­£§b(Â6³@¤�\_w¢��\¦w¢m w¥o�mpba£¥¨#�­��mqwz�a��£z£§l©�|}�T£§lLoq�T|}b�A Ca�HE´��¨#`8wzs_wz`©��£´�nwz`8bas­mqw§�Ts¦���Ts­mpw¢�nbavqwzs_�'ox\_b«|­��v���`�b�oxb(v�mJmq|­���(bg��¨#�nwz`8basn~mpwz��s c'°

�¶\_b(s
N = 2

ºC��s­�G¨¬��v
0 < δ < δmax

»Poq\_b/mxyTt}��vxbgw¢m �_��¤�s­mpwzÀ(br��oq��oq\_b«oxvqw¢��s_�T£§bw§s �­�Tt_vqb'�@°5�¶\­b(s
N = 3

oq\_b�|@l@v���`�wz�<wzs �}��t_vxb/�.w¢m]ox\_b�vqbr�nt­��oqwz��s¼��¨U�8�(t_�Wb�°

?&wz��t_vxb'�!�Y�Y��£zlLoq��|Wb�vxba�nt­��oqwz��s<¨¬��v�c��/�

?&wz��t_vxb����Y�Y��£zlLoq��|Wb�vxba�nt­��oqwz��s<¨¬��v�c��«�

� � ���Y� ; ����% 
 �'�2�'�Ã%&1 	 H∞
� ����� �

�'�.%��Y�'� �¼�&� �¼� 	 �
@²s�oq\_w¢m±mqba��oqwz��s�¤ b �­v�m�oP|_vxbamqb(sLoUox\_b�¨¬�Tvq`.t_£z��oqwz��s���¨6ox\_b

H∞

����sLoxvq�T£_|_vx���_£zb(` t­mpwzs_�¤±baw§�T\Toxw§s­�Ã¨¬t_s­��oqwz��s �_b(|Wb(s­�nwzs_� ��s¶ox\_b�mq��`8|­£§wzs_�X|Wb(vxwz�@�¸° @²s­�_b(ba�¶oq\_b |_vx��®Lw¢�nbr�`8b(oq\_�n�n�T£§�T��l8¤�w§£z£6��£z£§��¤ ¨¬��v |Wb(vq¨¬��vx`���s­��b��T�_��|_ox��oxw§�TsG���a����v��nwzs_��ox��oq\_b/���T`�|_tnoqwzs_�vqbrmp�Tt_vx�(bam]�¯®���wz£z���_wz£§w§o�l�°[]\_b
H∞

¨¬vx��`�b(¤ ��vxÁ�w¢mP�­�Tmpbr����s�oq\­bg��bas_b(v���£}����sLoxvq�T£­���Ts �­��t­vx��oqwz��s���¨ �­�Tt_vqb�M­³¤�\_b(vxb
Wi
��s­�

Wo
��vqb�mq��`�b©¤±baw§�T\Loqwzs_�¦¨¬t­s­�¿oxw§�Ts­m�vxb(|_vxbamqb(sLoqwzs_�<oq\_bGmq|Wba��w �}�a��oqwz��s��¨�ox\_b'�nbrmpwzvqbr�¦�(£§�Lmpbr�@~Z£z�@��|<|}bavp¨¬�Tvq`©��s}��bam/ºCmpbab�A CNC�EÓ»�°P[]\_b/���n��br�¿oqwz®�b/w¢m]\_b(vxbeoq� �­s­��½����sLoxvq�T£§£zb(v

K
mqt­��\�w§sLoqbavqs}��£Pmpox���­w§£zw¥o�l�wzm�����\_wzb(®Tba� ��s­� ‖z̃‖2 < γ‖w̃‖2

³#¤�\_b(vxb
γvqba|_vqbrmpbasLoxm±oq\_b

H∞

��oqoqb(s@t­��oqwz��s¼£§ba®�ba£C°
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WoWi

K

z

y

w

u

z̃w̃

P

P̃

?&w§�Tt_vqb M*�U?­�n��t­mqba�¼wzsToxb(v����Ts_s_ba��oqwz��s

�
�� -9&�� ��� �%6 �%��6 ( � � 
!��� 
���� ��� � ��� ) 
������ � 
$�%( 
��8&'�$6
�±£¢��mxmpw¢�(��£W�(��sLoqvx��£6�nbamqwz��s<�Tmqmqt_`�bam]�(��s­mpox��sTo |}bavp¨¬�Tvq`©��s­��be���n��br�¿oqwz®�brm]��s­�¦|_vq�n�nt}��bam� �(��sLoqvx��£z£zb(v�¤�w§oq\ ��s t_s_w¢yTt­b¼mx��`�|_£zw§s­� |Wb(vxw§�n�´° []\_b mq��`�|_£§wzs_��|}bavqwz�n�Ãw¢m.��\_�Lmpbas���a���Tvx�nwzs_��oq�8oq\_b'�(��sLoqvx��£z£zb(v �­��s­�_¤�wz�@ox\¸³nox\_b�s_��w¢mqb«mqb(s­mqwz�_w§£zw§o�l¦��s­�¦oq\­b'�¯®¯��w§£¢���­w§£zw¥o�l��¨­�(��`�|_tno���oxw§�Ts�vqbrmp�Tt_vx�(bama° �¶\_b(s�oq\_b mq��`�|_£§wzs_��|Wb(vxwz�@�'®¯��vqwzbam¸oq\_b±t­mx���_£zbJ���TsLoqvx��£z£§bav�­��s­�n¤�w¢�@oq\���£zmq��®���vxw§brm¸��s}�«oq\_b ��£z�Tmqba�@~ç£§�@�T|«�T�n��ba��oqwz®�brm¸mp\­��t_£¢�/£§�T��w¢�(��£§£zlg�Wb±�T�_��|noxba�´°[]\_bavqb(¨¬��vxb�¤±b«|_vx��|W�Tmqb�oq�����­��|no±oq\_b/�­��s­�n¤�w¢�@oq\<��¨´oq\­b«¤ b(wz��\Loxw§s_�'¨¬t_s­�¿oxw§�Ts­m±oq�.oq\_bmx��`�|_£zw§s_��|Wb(vxw§�n�´°[]\_b/`�b�ox\_�n�n��£z���TlGwzm��Tm ¨¬��£z£§��¤�ma°*?&w§v�m�o

Wi
��s}�

Wo
��vxb�mp|_£zw§o�w§sLoq�8o�¤ ��|­��vqoxm:�

� �G���Ts­m�o���sLog|­��vpo«¤�w¥ox\ ���Ts­mpox��sLog|W��£zbam«��s}�½À(bavq�Lm(°�[]\_w¢m«��£z£§��¤�ma³_¨¬�Tvewzs­mpox��s}��b�³oq�<�(��`�|Wb(s­mx��oxb'¨¬��v/�Lmq�(w§£z£z��oqwz��s­mg��v�<­b�Ânwz�_£zb.`��n�nbame¤�\_w¢��\���vqbT³W�@l½�nb �­s_w§oqwz��s¸³w§s­�_b(|Wb(s­�nbasLo���¨�ox\_b'mx��`�|_£zw§s_��|Wb(vxw§�n�´°
� oq\_b/®���vxwz���_£zbe|­��vpo��(��sLox��w§s­m |W��£zbam���s­�¦Àab(vx�Tm ¤�\_�Lmpb«|_t_£¢mq��oqwz��s­m]��vqb/b�Ân|_vxbamxmqba���m&��s.��Ä©s_bJ¨¬t­s­�¿oxw§�Ts���¨­oq\_b�mx��`�|_£zw§s_�g¨¬vqbryLt_b(s­�(l

f = 1/h
°�[]\_w¢mY��£z£§��¤�m�¨¬��vU��s���_��|noqwz��s ��¨ oq\_b©�}��s­�n¤�w¢�@ox\ ��¨±ox\_b©¤ b(wz��\Loqwzs_�¼¨¬t_s­��oqwz��s­ma³&��s­��\_b(s­�(b�¨¬��v���s���_��|noqwz��s ��¨�oq\_b¼��£z�Tmqba�@~ç£§�@�T| |Wb(vq¨¬��vx`©��s­�(bG¤�° va° oa° oq\_b¼�¯®¯��w§£¢���­£§b¦�(��`�|_tnoxw§s­�|}��¤ b(vr° []\_bamqb�|W��£zbam ��s­�:Àab(vx�Tm¦��vqb \_bavqb ����s}m�oxvx��w§s_br�-oq� �Wb � 
 ��� �@l-oq\_b�nwzmx��vxb�oxw§Àr��oxw§�Ts<mpoqb(|�°

?&w§v�mpo'��¨���£z£Pox\_b<�(��s­mpox��sTo'|}��vqoxm���¨ ox\_bG¤ b(wz��\Loqwzs_� ¨¬t_s}�¿oqwz��s}m.��vqb©`�b(vx��br� ¤�w¥ox\oq\­b¼�(��sLoqwzs@t_��t­mp~Zoqwz`8b<|_£¢��sLo8`��n�nba£C° []\_bas � �nwzmx��vxb�oxb�~Zoqwz`�b<��t­��`�b(sLoqbr�Ãmql@mpoqba` wzm�nba®�b(£z��|Wba�¼��m]|­vqbrmpbasToxba�¼���W��®�bT°[]\_b.®¯��vqw¢���­£§b.|­��vqo
V (s)

��¨±�G¤ b(wz��\Loqwzs_�©¨¬t­s­�¿oxw§�Ts�w¢m�ox\_b��nwzmx��vxb�oxw§Àaba�ñ�T�(�(��v��nw§s­�oq�8ox\_b/¨¬��£z£§��¤�wzs_��`�b�ox\_�n�n��£z���Tl �
CT° ¨Ý���¿ox��vxwzmqb

V (s)
��m.�½|_vx�@�_t­�¿o���¨ �­v�m�o��Tvx�_b(v�mqlnm�oxb(`©m(° � b¦\­b(vxb¦��\_�TmqbG|W��£zbam��s­�<À(bavq�Lm �_b(|Wb(s­�nwzs_�©£zw§s­ba��vx£zlG��¨#oq\_b'mx��`�|_£zw§s­�.¨¬vxbayLt_bas­��l

f = 1/h
³_��m;�

V (s) = β
∏

i

s− bif
s− aif

= β
∏

i

Vi(s)
ºZ����»

¤�w¥ox\
ai, bi ∈ R�_°g�±��s­mqwz�_b(v oq\_b'mpox��oqb�mq|­���(b«�T�­mqb(vx®¯���_£zb«�a��s_�Ts_wz�a��£6¨¬�Tvq` ¨¬�Tv

Vi(s)

Vi(s) :

{

ẋi = aif xi + f(ai − bi) ui
yi = xi + ui

ºZ���L»
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�_° ¨¬�Tvq` ox\_b¦mqb(vxw§brm«w§sLoqbavx�(��s_s­ba�¿oxw§�Ts���¨±ox\_bGmpox��oxbGmp|}����b�vxb(|_vxbamqb(sLo���oqwz��s���¨ ba����\
Vi(s)

°#[]\_w¢m���£§£z��¤�mWoq�g��b�o
V (s)

��¨Tox\_bU¨¬��vx` ºC��MT»6¤�w§oq\'��|_|_vx��|_vxwz��oqbU�nwz`�b(s­mqw§�Ts­m��¨�oq\­b'm�o���oqb'mq|­�T��b/`©��oqvxw¢��bama°
V (s) :

{

ẋv = Avf xv +Bvf uv
yv = Cv xv +Dv uv

ºC��ML»
M­°��«b(o«ox\_b©�nw¢mq�(vqb(oqb�~Zoqwz`�b8mpox��oqb©mq|­���(b.vxb(|_vxbamqb(sLo���oqwz��s ��¨

V (s)
°�[]\­��s­Á@meox�¦ox\_b��Ä�s­bg�nb(|Wb(s}�nb(s­�(b�wzs

f
w§sñºZ��MT»Uoq\_bg�_wzmx��vxb�oxb�~Zoqwz`8bg`8�n�nba£­��¨´oq\_b�®���vqw¢���_£zb�|­��vpo�Wba�(��`�bam]wzs­�nba|}bas­�nb(sLo���¨
h
mqw§s}��b��











Avd
= eAvf h = eAv

Bvd
= (Avf)−1(Avd

− I)Bvf = (Av)−1(Avd
− I)Bv

Cvd
= Cv and Dvd

= Dv

ºC�T��»

�¦Æ �Ã�n� ��� 0 / 
Y�F
 � 
 ��� 
 �$# 
 � � ���$� 
�� # 
 ���O�R� #%- � � ! � # 
 � � � � #'/ 
 ������� ºC����» � 
 � 5�� # �� � ! � # 
 � � �=# / 
 ������� ºC�L��» 	
{

ẋ = Af x+Bf u

y = C x+D u

ºC���T»

A =

(

A1 0
B2C1 A2

)

B =

(

B1

B2D1

)

x =

(

x1

x2

)

C =
(

D2C1 C2

)

D = D2D1

ºC�L��»
� � �F
 
 �K�2��#%� 
�� 
�� C ��� 5 D ���$� ! 5N
 � 
 � 5 ��� Ci ��� Di

�
i = 1, 2

�U- / 
�� / 
 � ��9 � 
��#'/$��# #'/ 
 ! 5 � � ��# 5N
 � 
 � 5 ��� f 	
0 / 
 � # / 
 � 
 
 � � � � � 9 � � 
 � � � 
 # - 
 
 � Ai ��� 5 Bi �

i = 1, 2
�U- / 
�� /�� 
 
 � � # / 
 � 
 � 
 ��� 5 
 � 
 � 5N
 � � 
 ��� f �R� # / 
 � #,��# 
 � � � � 
 
��F9 ��# 
 ��� 	 � �


 �'� 9P� # �&��# 
 ���B��� 5 ������- ��� 5 � # / 
 
 �$# 
 � � ���$� 
�� # 
 ���O�R��� � ! � # 
 � � � 
 � 5H� #,�	� � #,��# 
 � �$� � 
� 
 � � 
���
 �$#,��# 
 ��� ºZ����» (
A =





A1 0 0
B2C1 A2 0
B3D2C1 B3C2 A3



 B =





B1

B2D1

B3D2D1



 x =





x1

x2

x3





C =
(

D3D2C1 D3C2 C3

)

D = D3D2D1

ºC���T»

� ! 
 # 
 �6��# 
 �����.# / 
 �F
 � 
 ��� 
 �$# 
 � � ���$� 
�� # 
 ��� �R�K�2��� 
 # / ��� #'/ � 
 
 � ! � # 
 � � ºZ����» � # 
 �'�� 
 
 � � # / 
 ������� ºC���T» 	 0 / 
 � 
 ����� 
 # / 
�
 �4# 
 � � ���4� 
�� # 
 ���G� � � ! � # 
 � � Vi(p) - / 
�� / ��� 
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 � # / 
 ������� ºZ��MT» - / 
 � 
 # / 
W5N
 � 
 � 5 
 � � 
 ��� f�.�	� 
�� 
 � ��
 
 �=# / 
�5�
 � � � 
 # 
�
 ��# 
 ��� � # 
 � 	
�¦Æ �Ã�n� �
� 0 / 
W��
 ����� 
 ��� ��# 
 ��� � 
 #%- 
 
 � f ��� 5 h 
 � ºC�T��» �.�	� 
��W
 � � ! # / 
T5�
 � �
�
� 
 # 
�
 ��# 
 ��� � # 
 � 	

0 / 
 �8
 � - /P!=# / 
 � �D���4#J��� 5 # / 
 - 
�
�� /P# 
 � � � 9 � � # 
 ��� � ��� 
8�F
 �$���&��# 
 � !
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 � � � 
 # 
�
S
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 � 9N� � 
 �4# 
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 5 
 � 5�
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 # 
 � 
 �R� # 
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·¸b(o�t­m/\_b(vxb8|_vqbrmpbasLoeox\_b���®�b(v���£z£&`8b(oq\_�n�n�T£§�T��l¼oq� �Tb�o«oq\_bG�nw¢mx��vxb�oqb(~Coxw§`�b8|_£¢��sLo«wzsn~oqbavx�(��s_s­ba�¿oxw§�Ts¸°·¸b(o �­v�m�o8����s}mpw¢�nb(v�oq\_bG¨¬��£z£§��¤�wzs_� �(��sLoqwzs@t_��t­mp~Zoqwz`8b©`��n�nba£±¤�\_bavqb�ox\_b<�(��s­mpox��sLo|­��vpoG��¨«ox\_b ¤ b(wz��\Loxw§s_� ¨¬t_s}�¿oqwz��s

Wi
��s­�

Wo
\­�Tm©�}bab(s �(��s_s­ba�¿oxba� oq�Ãoq\_b�|_£z��sLo`��n�nb(£ �

P :











ẋ(t) = Ax(t) +Bww(t) +Buu(t)

z(t) = Czx(t) +Dzww(t) +Dzuu(t)

y(t) = Cyx(t) +Dyww(t) +Dyuu(t)

ºZ� 
L»
¤�\_bavqb

x ∈ Rn w¢m oq\_b'mpox��oqbT³ w ∈ Rmw
vqba|_vqbrmpbasLoxm±oq\_b�b(Ân����bas_��t}m±wzs_|_t_oxma³

u ∈ Rmuoq\­bg���TsToxvq�T£_wzs_|_tno�m(³
z ∈ Rpz

oq\_bg�(��sLoqvx��£z£zba�8��tnox|_tno±��s­�
y ∈ Rpy

ox\_b�`�ba�Tmpt­vqba`8basLo®�br�¿ox��vr°µ �_wzmx��vxb�oxb�~Zoqwz`8b.vqba|_vxbamqb(sLox��oqwz��s ��¨Uox\_b8���}��®Tb�mql@mpoqba`�wzm �­v�m�o«���no���wzs_ba� ox\­��s­Á@moq�Xoq\_b |_vxb(®@wz��t­m©`�b(oq\_�n�n�T£§�T��l�° ?_�Tv<mqw§`�|_£zwz�(w¥o�l-¤ b ¤�wz£§£/s_��oqbT³g���a����v��nwzs_��oq�Xoq\_bvxb(|_vxbamqb(sLox��oqwz��s ºRCr» �
A = A B =

(

Bw Bu
)

C =

(

Cz
Cy

)

D =

(

Dzw Dzu

Dyw Dyu

) ºC���L»
dgmqwzs_�ñox\_b¼[&�¯l@£§�Tv.��|_|_vx�¯Â@wz`©��oxw§�Ts���o8�Tvx�_b(v

N
£§br���_m�oq���ñ|W��£zlLoq��|Wb H ° []\­wzm|W��£zlTox��|Wbe\}��m

r
®�bavpoxwz�(bam/º¬¤�\­b(vxb

r
bryTt}��£¢m

2N
¨¬��v±oq\_b/�­�Tmpw¢�«�(��mqbe��s­�

N + 1
¨¬�Tv oq\_bvxba�nt­�(ba� �Ts_br»�° �J�T��\Ã��¨�ox\_b

r
®�b(vqoqw¢��brm'w¢m.�_bamx��vxw§�Wba� �@l �ñ®Tba��oq��v

ωi
��¨�oq\­b¦¨¬�Tvq`

(δ1, δ2, . . . , δr)
¤�\_bavqb

δi
�
δimin

�Tv
δimax

°[]\_b�·¸�J¹�|}�T£§lLoq�T|_w¢���nwzmx��vxb�oxb�~Zoqwz`�b«`��n�nba£¸wzm]�Tw§®Tb(s¼�@l �

P(H) :











xk+1 = A(H)xk + Bw(H)w + Bu(H)u

z = Czxk +Dzww +Dzuu

y = Cyxk +Dyww +Dyuu

ºC� C¯»

H =
(

δ δ2 . . . δN
)

H ∈ H = Co{ω1, . . . , ωr}

H =

r
∑

i=1

αiωi A(H) =

r
∑

i=1

αiAi
r

∑

i=1

αi = 1 αi ≥ 0

ºC�T�T»
¤�\_bavqbT³_���(�(��v��nwzs_��ox�8oq\_b�vxb(|_vxbamqb(sLo���oqwz��s ºC�T»

Ad = A Bd =
(

Bw Bu
)

Cd = C Dd = D
ºC���T»
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WI :

{

xIk+1
= AIxIk

+BI w̃

w = CIxIk
+DI w̃

ºC��M@»

WO :

{

xOk+1
= AOxOk

+BOz

z̃ = COxOk
+DOz

ºC�T�T»
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[]\_b.��t_��`�b(sLoxba�ñmqlnm�oxb(` P ′(H)
w¢m«���no���wzs_ba� �@l¼oq\_b8wzsToxb(v����Ts_s_ba��oqwz��s½��¨ P(H)

³
WI

��s­� WO
°½[]\_b(vxb�¨¬�Tvqb©¤ bG���_ox��wzs oq\_b¦¨¬��£z£§��¤�wzs_�ñ·��P¹ |W��£zlTox��|_w¢�G�nw¢mx��vxb�oqb(~Coxw§`�bmplnmpoqb(` ��¨Ym�o���oqb/®Tba�¿ox��v

x′k = (xk xIk
xOk

)T
�

P ′(H) :











x′k+1 = A′(H)x′k + B′

w(H)w̃ + B′

u(H)u

z̃ = C′zx′k +D′

zww̃ +D′

zuu

y = C′yx′k +D′

yww̃ +D′

yuu

ºÝ�T�T»
¤�w¥ox\
A′(H) =





A(H) Bw(H)CI 0
0 AI 0

BOCz BODzwCI AO



 B′

w(H) =





Bw(H)DI

BI
BODzwDI



 B′

u(H) =





Bu(H)
0

BODzu





C′z =
(

DOCz DODzwCI CO
)

D′

zw =
(

DODzwDI

)

D′

zu =
(

DODzu

)

C′y =
(

Cy DywCI 0
)

D′

yw =
(

DywDI

)

D′

yu =
(

Dyu

)
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y
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x ∈ R
nx
³_�Wb���wz®�b(s¼�@l©oq\­b�|}�T£§lLoq�T|_w¢�e`��n�nba£=�







xk+1 = A′(H)xk + B′

w(H)w + B′

u(H)u
z = C′zxk +D′

zww +D′

zuu
y = C′yxk +D′

yww +D′

yuu
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H
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H
³nv���s_�Tbam ��®�bav]� �_Ânbr�<|W��£zlLoq�T|}b H ¤�w¥ox\ r ®�bavpoxwz�(bam ωi
H =

{

r
∑

i=1

αi(δ)ωi : αi(δ) ≥ 0,

r
∑

i=1

αi(δ) = 1

} ºÝ�T�T»
¤�\_b(vxb

r
wzm�bryLt­��£´ox�

N + 1
�Tv]oq�

2N
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ºCµYCr» D′

yu(H) = 0ºCµe��» B′

u(H), C′y,D′

zu,D′

yw

��vqb/|­��vx��`8b(oqbavp~Yw§s}�nb(|Wb(s­�_b(sLo
ºCµg�T»¦ox\_b |­��wzvxm

(A′(H),B′

u(H))
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(A′(H), C′y)
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{

xKk+1
= AK(H)xKk

+BK(H)yk
uk = CK(H)xKk

+DK(H)yk

ºC��
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- / 
 � 
 xK ∈ R

ne
��- / 
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 � � 9 � 
�� �\��3 
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 � �D� �F
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 � 
 � 
 �4# 
 �������'� ! �F9 � 5 �6��# 
��Y� #,���F� 
��

 #'/ 
 L2

� 
 � 5�9 � 
 5 ������� �R��# / 
 � � 
 �&��#,���.�2�6� � 
 � � w 
 �$#,� z 
 � � � 9 � 5N
 5 ��! γ �

 	 
 	 ‖z‖2 < γ‖w‖2


 �Y��� 5 ���4� ! 
 � # / 
 � 
 
6+ 
 � # γ ��� 5 #%- � � !�� � 
 #%� 
�� �2��#%� 
�� 
�� (R,S) � ��# 
 � � ! 
 � � 2r+ 1

��� 1 � 	 - / 
�� /W��� 
 � ����� 9 # 
 5 ��� �,� 
 � 
 
 (

(

NR 0
0 I

)T

L1

(

NR 0
0 I

)

< 0, i = 1 . . . r
º MT�L»

(

NS 0
0 I

)T

L2

(

NS 0
0 I

)

< 0, i = 1 . . . r
º M$C¯»

(

R I
I S

)

≥ 0
º ML�T»

- / 
 � 

L1 =





ĀiRĀ
T
i −R ĀiRC

T
1i B̄1i

C̄1iRĀ
T
i −γI + C̄1iRC̄

T
1i D̄11i

B̄T1i D̄T
11i −γI





L2 =





ĀTi SĀi − S ĀTi SB̄1i C̄T1i
B̄T1iSĀi −γI +BT1iSB̄1i D̄T

11i

C̄1i D̄11i −γI





- / 
 � 
 Āi � B̄1i
�
C̄1i

�
D̄11i

��� 
 Ā(H)
� B′

w(H)
� C′z(H)

� D′

zw(H) 
 3���� 9 ��# 
 5 ��## / 
 ith 3 
 ��# 
6+ �R��#'/ 
 � ���&��� 
 # 
 �*�$��� !�#,�6� 
 	 NS
��� 5 NR 5N
 ����# 
 � � �F
�� �R��� 9 �'� � � � �6
���R�

(B̄T2 , D̄
T
12)
��� 5 (C̄2, D̄21)

� 
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�� # 
 3 
 ��! 	

P (H)

K(H) �

-

- -

yu

z̃w̃

H
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K(H)wzm]ox\_b(s¼ox\_b'���TsL®Tb�Â¦�(��`��­w§s­��oqwz��s<��¨&oq\_brmpb'�(��sLoqvx��£z£§bavxm

K(H) :

„

AK(H) BK(H)
CK(H) DK(H)

«

=
r

X

i=1

αi(δ)

„

AKi
BKi

CKi
DKi

« �������

with αi(δ) such that H =

r
X

i=1

αi(δ)ωi

�������

c���oxb oq\­��oP��sn~ç£§wzs_b]mq��\­ba�nt_£zwzs_�/��¨­ox\_b����TsToxvq�T£§£zb(vYs_baba�_m&ox\_b����T`8|­tnox��oqwz��s8��¨
αi(δ)ÁLs­��¤�w§s_�

h
°*?_�TvJox\_b�¨¬t­£§£6|W��£zlTox��|Wbe�a��mqb�oq\_b«|W��£zlTox��|_w¢�g�(�@��v��nw§s}��oqbrmP��vxbgmq��£ztnoqwz��s}mJ��¨oq\_b/¨¬�T£§£z��¤�w§s­�8t­s­�nb(vq~²����s}m�oxvx��w§s_br�Gmql@mpoqba`iº ADC M_³ Cr�HEÓ»	�

{

∑2N

i=1 αi(δ)ωi = H = [δ, δ2, ..., δN ]
∑2N

i=1 αi(δ) = 1, αi(δ) ≥ 0

º M@��»
¤�\_wz��\��(��s��Wb�mp�T£§®Tba��t­mqwzs_����s.��£§�T��vxw¥ox\_`���¨}oq\_b�·�f @´oq�@��£z�W�¯Â	ADCr�HEZ°#�¶\_bas�ox\_b]|}�T£§lL~oq��|Wb�wzm/vxba�_t­��br�ñox� �¼mqw§`�|_£zb�Â ºÝt­mqw§s_� wzs_bayLt­��£§w§o�lXºZ���T»q»goq\_b©|W��£zlLoq��|­wz�8���@��v��nwzs­��oxbam��vxb«�Tw§®Tb(s mp�T£§®@wzs_���8mqwz`8|­£§bav�mplnmpoqb(` �

{

∑N+1
i=1 αi(δ)ωi = H = [δ, δ2, ..., δN ]

∑N+1
i=1 αi(δ) = 1, αi(δ) ≥ 0

º ML�T»
¨¬��v�¤�\_w¢��\ b�Ân|_£zwz�(w¥ogmq��£ztnoqwz��s}m ��vqb/br��mqw§£zlGvxba��t­vxmqw§®Tb(£zl©����`�|_t_oqba�0�











α1 = δmax−δ
δmax−δmin

αn =
δn

max−δ
n

δn
max−δ

n
min

−∑n−1
1 αi , n = [2, ..., N ]

αN+1 = 1−∑N
1 αi

º Mn��»

[]\_wzm«£zba�T�_m(³}¨¬��veoq\­b8�a��mqb
N = 2

��s­�
δmin = 0

��¨Uoq\­b.s_b(Â@o«mqba�¿oxw§�Ts½oq�<oq\­b8mqw§`�|_£zbb�Ân|_£zwz�(w¥ogmq��£ztnoqwz��s}m �
α1 =

δmax − δ
δmax

, α2 =
δ2
max − δ2

δ2
max

− α1, α3 = 1− (α1 + α2)
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��s­��£zb�³¯|}�Lmpw§oqwz®�b±w§s�oq\_bJoqvxw§�T��s_�T`�b�oqvxw¢�Pmpbas­mqb�³�w¢m�`�ba�Tmpt­vqbr�/�Ll«ox\_b±vx�n�'��s­��£zbmqb(s­mq��vr°&[]\­b�|}�Lmpw§oqwz��s

z
��¨#oq\_b�\_�TvqwzÀ(�TsLox��£6vx�n�¦w¢m]`�ba��mqt_vxba�¦�Ll<�8mqb(s}mp�Tv £z�n�(��oqba�¼��ooq\­b�`8��oq�Tv���Ân£§bT°[]\_b���� `���oq�Tv�w¢m�oq�TvxyLt_b'�(��sLoqvx��£z£zba�¼t­mqw§s_�<��£§�n�(��£#�(t_vqvxb(sLo�¨¬baba�n�­�T��Á¦£z�@��|ÃºÝ�Tm�~mqt_`�ba�¦oq���}b��8mpwz`�|_£zb«�L��wzs¼�_t_b«oq�8w¥o�m ¨Ý��mpo��_lLs}��`�wz�amx»�°P[]\_b��nl@s­��`�w¢�(��£W�Wb(\}�¯®Lwz��t­v��¨&oq\­b/mqb(s}mp�Tvxm w¢m���£¢mp�8s_ba��£zba�¿oxba�´°

?&w§�Tt_vxb/� �Y�Pwz��oqt_vxb���¨&oq\­b'[:|Wb(s­�nt­£§t_`

θ(t)

z(t)

u(t)

?&wz��t_vxb©�!�/�±�@��v��nwzs­��oxbame��¨±oq\_b©[�|Wb(s­�_tn~£zt_`

��
=� � &��������������
µ `8br��\­��s­wz�a��£�`��n�nba£&��¨Uoq\_b8|Wb(s­�nt­£§t_`�wzme|_vxbamqb(sLoqbr�½�}ba£§��¤�³6¤�\_w¢��\½o���Á�brmgwzsLoq�¼���¿~���Tt_sLo]oq\_b�®@w¢mq�(��t­m ¨¬vxwz��oqwz��s�º¬�_t_ogs_��o]ox\_b.�±��t_£z��`.�¦¨¬vxw¢�¿oqwz��sW»¿°

(

m1 m1l0
m1l0 J̄

) (

z̈

θ̈

)

+

(

−fvz
−m1zθ̇

2m1zθ̇ 0

) (

ż

θ̇

)

+

(

−m1 sin θ
−(m1l0 +m2lc) sin θ −m1z cos θ

)

g =

(

u
0

) º MT�L»
¤�\_bavqbgoq\_beoqwz`�b«�nba|}bas­�nbas­��b«��¨¸ox\_b/m�o���oqb«®���vxwz���_£zbamPw¢m±w§`�|_£zwz�(w¥or³_��s­�Goq\_b«|­��vx��`8b(oqbav®���£zt_bam]��¨&�Tw§®Tb(s<�}ba£§��¤Ew§s<ox���_£zb2C�°
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[&���_£zb.C��Y�U��v���`�b�oxb(v�mcg��`8b ¹P��£zt_b �ebamx��vxwz|noqwz��s
m1

�_°ø� C¯�'Á@� \­��vxw§Àa��sLox��£6mq£zwz�nwzs_�©vx�n�¦`©��mxm
m2

C�°Õ� 
T��Á@� ®Tb(vqoqw¢�(��£´vq�n�<`��Tmqm
l0

�_° ��� ®Tb(vqoqw¢�(��£´vq�n�<£§bas_��ox\
lc

~ç�­° �T�T��` ®Tb(vqoqw¢�(��£´vq�n�<|}�Lmpw§oqwz��s¼��¨&oq\_b'�(b(sLoqvxb/��¨&��v��¯®Lw§o�l
g


_° � C/` ° m
−2 �Tvx�¯®@w§o�lG���a��b(£zb(v���oxw§�Ts

J̄
�_° ��� C/c�` 2 cg��`�wzs­��£¸wzs_bavpoxwz�

fvz

�_° C«Á@�}° m
−1 ®@w¢mq�(��t­m ¨¬vxw¢�¿oqwz��s

�±\_�@�Tmqw§s_��ox\_b.mpox��oqb'®Tba��oq��v«��m
x = [z, ż, θ, θ̇]

³W¤±b���b�oeoq\_b�¨¬��£z£§��¤�wzs_�©s_�Ts½£§wzs_br��vm�o���oqb'mq|­�T��b«vqba|_vqbrmpbasLox��oxw§�Ts0�














































ẋ1 = x2

ẋ2 = −l0ẋ4 + x1x
2
4 + g sinx3 −

fvz

m1
x2 +

u

m1

ẋ3 = x4

ẋ4 =
1

J0(x1)−m1l20
(+g(m1x1 cosx3 +m2lc sinx3)

−m1(l0x4 + 2x2)x1x4 − l0u)

º M 
T»

¤�w¥ox\
J0(x1) = J̄ + m1x

2
1

°'[]\_b�m�oxba�T�nlL~çmpox��oqb'£zw§s­ba��vxw¢mq��oqwz��s ��vq�Tt_s­�
x = [0, 0, 0, 0]��wz®�bamgoq\­b�£zw§s_br��v/m�o���oxb.mq|­���(b�vxb(|_vxbamqb(sLox��oqwz��s

ẋ(t) = Ax(t) + Bu(t)
³
y(t) = Cx(t)¤�w¥ox\

A =











0 1 0 0
−l0gm1

J̄−m1l20
− fvz

m1

−l0gm2lc
J̄−m1l20

+ g 0

0 0 0 1
gm1

J̄−m1l0
0 gm2lc

J̄−m1l20
0











, B =











0
l20

J̄−m1l20
+ 1

m1

0
−l0

J̄−m1l20











C =

(

1 0 0 0
0 0 1 0

)

¤�\_wz��\ �Tw§®Tbam s@t_`�b(vxwz�a��£z£§l �

A =

0

B

B

@

0 1 0 0
−18.79 −0.46 14.82 0

0 0 0 1
56.92 0 −15.18 0

1

C

C

A

B =

0

B

B

@

0
7.52
0

−8.82

1

C

C

A

�������

[]\_b¼|}�T£§brm8��¨�ox\_b £§wzs_ba��v�`8�n�nba£���vxb
p1,2 = −0.122 ± 6.784

³
p3 = −3.592

��s­�
p4 = 3.376

°
��
�
 � �0� � &2� � �5�%( � 6 " ��( � �	( � 
��8& �
µgm/mpt}��\ �<[¾|}bas­�nt_£zt_`
mql@mpoqba` wzm«�nw§ÄG��t_£§o/oq�¼�}b����TsToxvq�T£§£zba�¸³}�Tt_ve`©��w§sñ�T�n��ba��oqwz®�bwzm�\­b(vxbeox����b�o�����£z�Tmqba�n~Z£z�@��|<mpox���_£zb/mqlnm�oxb(` ³nox�8ba`�|_\­��mqw¢mpb«oq\­b�|_vx�T�¿oxwz�a��£W¨¬ba�Tmpwz�_wz£§w§o�l��¨&oq\_b�|_vx��|W�Tmqba�¦`�b�oq\­�@�_��£z����lG¨¬��v�vxba��£§~Zoqwz`8b/���TsLoqvx��£Z°

Í¬ë#ê�ÍÓÐ



���
H∞ �����	��
���
�� ����������������� 
 � � � ����! 
 � ��" ���$#%�&���'� 
 � ��(*)*+ � 
 � 
 � 
 �$#,��# 
 ���.- 
 #'/��.021��43 
 ��# 
657�8
 � 5�9 � 9 � C��

?_vx��` |_vxb(®@wz��t­m�b(Ân|}bavqwz`�b(sLoxmg¤�w¥ox\ñoq\­wzmg|_£z��sLogoq\­b.mx��`�|_£zw§s_�¦|}bavqwz�n� wzm«��mxmpt­`8br�oq���Wb�w§s¼ox\_b�w§sLoxb(vx®¯��£
[1, 3] ms

°[]\_b ��\_�Tmqb(sX|}bavp¨¬�Tvq`©��s}��b¦�T�n��ba��oqwz®�brm.��vqb<vqba|_vqbrmpbasLoqba�Ãw§s �­��t_vxb �n³P¤�\_bavqb<oq\_boqv�����Á@wzs_��bavqvx��v]��s}�©oq\­b/�(��sLoqvx��£6wzs_|_tno���vqb«¤±baw§�T\Loqba��ºÝ�Tm±t}mpt­��£6w§s<oq\_b
H∞

`�b(oq\_�n�@~��£z���Tl_»¿°

+

du

+
GK

r y

Wu

M

We

+

−

θ

ẽ

ũ

?#wz��t­vqb���� �«bas_b(v���£¸�(��sLoqvx��£´�(��s �­�Tt_v���oqwz��s
[]\_w¢m����Tvqvxbamq|W��s­�_mJoq��ox\_b'mqw§`�|_£zb/`8w§Ânba� mqb(s­mqw¥oxw§®@w§o�lG|_vx���_£zb(` ��wz®�b(s¼wzs�ºZ� Ca»�°

∥

∥

∥

∥

We(I −MSyGK1) WeMSyG
WuSuK1 WuTu

∥

∥

∥

∥

∞

≤ γ ºZ� Cr»
¤�w§oq\

K =
[

K1 K2

]

M =
[

0 0 1 0
]

Su = (I −K2G)−1 Sy = (I −GK2)−1

Tu = −K2G(I −K2G)−1 ºZ���T»
[]\_b«|}bavp¨¬�Tvq`©��s­��b��T�n��ba��oqwz®�brmJ��vxbgvxb(|­vqbrmpbasToxba���@l©¤ b(wz��\Loqwzs_��¨¬t_s}�¿oqwz��s}m ��s­�©`©�¯l��}b��wz®�bas<�@l©ox\_b�t­mqt­��£6oxvx��s­mp¨¬b(v]¨¬t_s­��oqwz��s­mYADC C�E �

We(p, f) =
pMS + ωS(f)

p+ ωS εS
ωS(f) = hmin ωSmax

f
ºZ���L»

Wu(p, f) =
1

MU

ºZ��M@»
¤�\_bavqb

f = 1/h
³
ωSmax

� C�³ø��v�����>�ma³
MS

�¾�n³
εS
�¾�_° � C���s}�

MU
�¾�_°c���oqw¢��beoq\­��o���s_£zl

We
�nba|}bas­�_m]��s¦oq\_b�mx��`�|_£zw§s­��¨¬vxbayLt_bas­��l�ox���T�(�(��t_sLo ¨¬��v]|}bavp~¨¬��vx`©��s­�(b����_��|nox��oqwz��s¸°

��
 � � &'�  
!&2"	��( �%��67( ��� 
!��� 
���� � � &��%� �
� b.¨¬�T£§£z��¤¾\_bavqb8ox\_b�`8b(oq\_�n�n�T£§�T��l½|_vx��|W�Tmqba� w§s�mqba�¿oxw§�Ts �_°8[]\_b©��|_|_vx�¯Â@wz`©��oxw§�Ts½wzm�n�Ts_b���vx��t_s­�¦oq\­b�s_��`�wzs­��£´|Wb(vxw§�n�

ho = 1ms
³@¨¬��v

h ∈ [1, 3] ms
³nwZ° bT°

δh ∈ [0, 2] msºÝmqb(b���ba`©��vxÁ<��»�°
Qes �­��t­vqb�
 ox\_b��(vqw§oqbavqwz��s�º Ca��»Gwzm¦b(®���£zt­��oxba� ¨¬�Tv¦�nw �WbavqbasTo¼mq��`8|­£§wzs_�Ã|Wb(vxw§�n�_mº

h ∈ [1, 3]ms
»���s­�X�nw �6b(vxb(sLo©��v��nb(v�m'��¨�oq\_b½[&�¯l@£§�Tv�b�Ân|­��s­mqw§�Ts­m<º

k ∈ [1, 5]
»�° @çomq\_��¤�m±oq\­��o�oq\_w¢m�b(vxvx��v]`©�¯lG�}b�£¢��vx��b«��s­£§lGw§¨&oq\_b��Tvx�nbav

1
w¢m�t­mqba�¸°
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Qes �­�Tt_vxb Cr� |Gde
(δh, z) − Gd(δh, z)| wzm/|_£z��oqoqbr���T�(���Tvx�_w§s_�¦oq�¼oq\­b.¨¬vxbayLt_bas­��lT³b(®���£zt­��oxba�8¨¬�Tv

5
mq��`�|_£§wzs_��|Wb(vxw§�n�_mgº´wC° b�°

δh ∈ [0, 2]ms
»Y��s­�.¨¬�TvPo�¤ �/�a��mqbamU��¨6[&�¯l@£§�Tvb�Ân|­��s}mpwz��s­m¼º

2
��s}�

4
»¿°Ã[]\­wzm8��£z£§��¤�m�oq�����Ts­��£zt­�nb¦oq\­��o.ox\_b ��\_��w¢��b<��¨e��sX��v��nbav

2��¨Jox\_b©[#�¯l@£z��v«b�Ân|­��s­mpwz��s�wzm���£§vxba�T�nl½yLt_w¥oxb����@�n���Tmew§o�£§br���_meox� ��s ��|_|_vx�¯Ânw§`©��oxw§�Tsb(vxvq�Tv«£zbamxm«oq\}��s −40dB
w§s oq\­bGmpba£§br�¿oqbr��mq��`8|­£§wzs_�¼¨¬vqbryLt_b(s­�(lñwzsToxb(vx®���£Z°Gc���oxb8oq\­��o��\_�@�Tmqw§s_�.oq\­b'�(��mqb	X¿�Tvx�nbav��$Xg£§br���_m ox�G�.vxba�_t­��br�¦|W��£zlLoq��|Wb�¤�w§oq\

3
®�b(vqoqw¢��brm(°

1
1.5

2
2.5

3 1
2

3
4
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−15

10
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0
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5

k

Erreur d’approximation : hinfnorm (G
approx

−G
d
)

h (ms)

E
rr

eu
r

?&w§�Tt_vqb 
 �Yµg|_|_vx�¯Ânw§`©��oxw§�Ts¦bavqvx��v

��
 � �,�����
H∞

�%� 67���'�
[]\_b �}vxmpo/mpoqba| w¢m�ox\_b��nwzmx��vxb�oxw§Àr��oxw§�Tsñ��¨Pox\_b8¤±baw§�T\Toxw§s­�G¨¬t_s­��oqwz��s­ma°�[]\_b���t_�T`8basLoqba�mplnmpoqb(`*w¢m�����oa³&t­mpwzs_�ñ� |_vxb(£zwz`8wzs­��vql �}vxmpop~ç��v��nb(v �}£¥oxb(vxw§s_�½��¨]oq\_b¦�(��sLoqvx��£Uwzs_|_t_oa³&oq�mq��oqw¢m�¨¬l©ox\_b'�nbrmpwz��s ��mxmpt­`8|_oqwz��s­ma°U[]\_b'��t_�T`�b(sLoqbr�<mqlnm�oxb(` w¢m���¨&��v��nb(v

6
°µ�|_|_£zl@w§s­�½oq\_b¼�nbamqwz��s�`�b�oq\­�@�X�nb(®Tb(£z��|Wba� w§s mpbr�¿oqwz��sTMñ£zba�T�_m/ox�½oq\_b¦¨¬��£z£§��¤�wzs_�½vxb�~mpt_£§oxma³­�(��`��­w§s_wzs_�8oq\­b'[#�¯l@£z��v]b�Ân|­��s­mpwz��s<��v��nb(v���s­�<oq\_b�|W��£zlLoq��|Wb/vqbr�nt­��oqwz��s0�

�Y��£zlTox��|Wb c�� ®Tb(vqoqw¢��bam
γopt[#�¯l@£z��v ��v��nb(v�c��/� ¨¬t_£z£ M C�° Ca���NM[#�¯l@£z��v ��v��nb(v�c��/� vqbr�nt­�(ba� � C�° Cr� 
 
[#�¯l@£z��v ��v��nb(v�c���M ¨¬t_£z£ Ca� C�° Ca� Cr�[#�¯l@£z��v ��v��nb(v�c���M vqbr�nt­�(ba� � C�° Ca���T�

[]\_wzm#o����_£zb±ba`�|_\­��mqw¢mpbrm¸ox\­��oY�}��oq\��nbamqwz��s'��¨­��v��nb(v�m#�e��s}�YMe��vqb±vqba£§w¢���­£§bT° ?_�TvYw§`8~|_£§ba`�b(sLox��oqwz��s�vxba�Tmp�Ts­mJºCmpwz`�|_£zwz�(w¥o�l'��s­�'���T`�|_tnox��oqwz��s­��£L�(��`�|_£zb�Ânw§o�ln»�¤ bJ\­�¯®Tb±��\_�Lmpbasoq\_b'�a��mqb«��¨�ox\_b�vqbr�nt­�(ba�¼|}�T£§lLox��|Wb«t}mpwzs_�©�©[#�¯l@£z��v b�Ân|­��s­mpwz��s¼��¨&��v��nb(v��_°[]\_b±�(��vxvqbrmp|W��s­�_w§s_�empbas­mpw§oqwz®@w¥o�l«¨¬t_s}�¿oqwz��s}m#��¨_oq\­b±��\_�Lmpbas��nbamqwz��s���vqb mp\_��¤�s�wzs �}��~t_vqb CNC�°Udgmqwzs_�
Se = e/r

oq\­bempoqba�T�nlL~çmpox��oqb�oxvx�T��Á@w§s_�/bavqvx��vPw¢mP£zbamxmUox\­��s −46dB
³�¤�w§oq\�G®���vxl@w§s_�¦�­��s­�_¤�wz�@ox\ñ¨¬vx��`

0.4
oq�

1.2 rad/s
³6wC° b.oq\_b.vx��oqwz�¦�_³´mq|}br��w �­ba�����(�(��v��nwzs_�oq��oq\­b�w§sLoqbavq®���£´��¨&mx��`�|_£zwzs_��|}bavqwz�n�´³_w¢m�mq��oqw¢m �­br�´°
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?&wz��t_vxb Cr��� |Gde
(δh, z)−Gd(δh, z)| ¨¬�Tv 6= h

~ [#�¯l@£z��v ��v��nb(vg�8��s}� M
[]\_b.|}br��Á¼®¯��£§t­b���¨

SuK1
®���vxw§brm�¨¬vx��`

1.2
oq�

10.8dB
³­¤�\­wz��\ñw¢mevqbr��mq��s­���_£§b/¨¬�Tvoq\­bG����sLoxvq�T£U�T��wzs¸°Gcg��oqb�ox\­��o.w§s oq\­wzm�|}��vqoqw¢��t_£¢��v'�a��mqb�mpoqt}�nl ¤ b©¤�w§£z£P�Wb(s_b �_o'¨¬vx��`oq\­b©vqba£z��oqwz®�b(£zlñ\_wz��\�mqb(s­mqw¥oxw§®@w§o�l wzs�\_w§�T\ ¨¬vxbayLt_bas­��wzbama³#�Tm/w¥o���£§£z��¤�m/mp�T`�b©|}bavxmqwzmpoqbasLo�nw§oq\_bavqwzs_�Gwzs½ox\_b.�(��sLoqvx��£��T�¿oxw§�Tsñ��s­�½vxba�_t­��brm]oq\_b.b �6ba��oe��¨U¨¬vxw¢�¿oqwz��s�³W�Tm�¤ b'¤�w§£z£Ympbabwzs<ox\_b�b�Ân|Wb(vxw§`�basTo�m(°

?&w§s}��£z£§l¦oq\_b�¨¬t­s­�¿oxw§�Ts
MSyGdu

wzmg®�bavqlG£z��¤�mp��ox\­��o�ox\_b'b �Wbr�¿og��¨&wzs_|_tno/�nw¢m�oxt_vp~�­��s­��b
du
��s¼oq\­b/oqv�����Á@w§s­�.bavqvx��v ¤�w§£z£¸�Wb���vxba��oq£zlG��opoxb(s@t­��oqba�¸°
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