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é�é Ù�a_õrípì¾ó�ò�ë¾î�b�ô�c



N � ��� 
 ��#��Y� 
 ����� 
�� �  �2���

�¨b'�(��smqwz�_b(v���m�o���oqb'mq|�T��b/vqba|_vxbamqb(sLox��oqwz��sG��©Y�(��sLoqwzs@t_��tm°oxw§`�b�|_£¢��sLoxmg��m	�
G :

{

ẋ = Ax +Bu
y = Cx +Du

¹ Erº
¤�\_b(vxb

x ∈ R
n ² u ∈ R

m ��s� y ∈ R
p ¯ð[]\_bGb�Á_�T�¾o.�nw¢mx��vxb�oqwz¿a��oqwz��s���©]ox\_wzm8mql@mpoqba`¤�w¥ox\»�.¿(bavq�.��v��nb(v \_��£¢�¦��o]oq\_b/mq��`�|_£§wzs_�8|}bavqwz�n�

h
£zba���mJox��ox\_b��nw¢mq�(vqb(oqb�~Zoqwz`�b�¶��P¸mplnmpoqb(`*¹C��º

Gd :

{

xk+1 = Ad(h) xk +Bd(h) uk
yk = Cd(h) xk +Dd(h) uk

¹Z��º
¤�w¥ox\

Ad = eAh Bd =

∫ h

0

eAτdτB

Cd = C Dd = D

¹ : º
[]\_bgmpox��oxbgmq|���(b�`ª��oqvxw¢��bamJ��vxb�tmqt��£z£§l����T`�|_tnoqbr��tmqw§s_��b�Án|_vxbamxmpwz��s¼¹ N@ºU��s}�¼¹C��º(²mpbab2C 
QGæ¯

(

Ad Bd
0 I

)

= exp

((

A B
0 0

)

h

) ¹ NLº
Cd = C Dd = D

¹Z��º
¤�w¥ox\

h
v���s_�Tw§s��wzs

[hmin;hmax] � ¯*=���¤ b(®Tb(v w§s ¹ N@º Ad ��s}� Bd ��vxbes_��o]��Ãªs_be�Ts h ¯
���� �������������������! ��#"$"%��&'��(*),+.-/�0 1��&2�3�04�"$�5�%67�8&'�
Set_v���wz` w¢meoq�»��b(o/�¦|}�T£§lLoq�T|_w¢��`��n�nb(£Ywzs �Tvx�nbavgox�»mx��oxwzmp©¬l ��s_b8��©Joq\_b.©¬vx��`�b(¤ ��vxÀ@m��©
H∞

���TsToxvq�T£�©¬�Tv'¶·�P¸ mqlnm�oxb(`ªm(¯9� b8\b(vxb.|_vx��|W�Tmqb.oq�¼��|_|vq��Ánwz`���oqb�oq\_b�`ª��oxvqw§Áb�Án|}�Ts_b(sLoxwz��£³�Ll»��[#��l@£z��v�mpbavqwzbam ��©&�Tvx�nbav
N
�Tm:�

Ad(h) ≈ I +

N
∑

i=1

Ai

i!
hi

¹ UTº

Bd(h) ≈
N

∑

i=1

Ai−1B

i!
hi

¹æ��º
=���¤ b(®�bavYw¥oJw¢mU¤ b(£z£_À@s_��¤�s8oq\��oUoq\_be[#��l@£z��vU��|_|vq��Ánwz`���oqwz��s.wzmU®���£§w¢����s_£zl�©¬�TvP|��v���`8~b�oqbavxmes_br��vg¿ab(vx�¯g´em

h
w¢me�Tmqmqt_`�ba�»ox�¦�Wb(£z��s_�¦oq�¦oq\_b.w§sLoqbavq®���£`C

hmin
²
hmax

G&¤�w§oq\
hmin > 0

oq\_b���||_vq��Ánwz`ª��oqwz��s<¤�w§£z£·�Wb'���Tsmpw¢�nbavqbr�¦��vx��ts�Gox\_b�s_�T`8wzs��£³®���£§tb
h0
��©oq\_b'mx��`�|_£zw§s�8|Wb(vxwz�@�·²��m;�

h = h0 + δ
¤�w¥ox\

hmin − h0 ≤ δ ≤ hmax − h0
¹ XTº

[]\_b(s ¤ b��Tb�o<�
(

Ad Bd
0 I

)

=

(

Ah0
Bh0

0 I

) (

Aδ Bδ
0 I

) ¹=
Tº
> Ú � ß ��Ó�ÛCöÔÓ�ÕrÑ÷ßJÞZÓ�à�â�Ñ÷ö÷Ù � â�ß�ÛÜö÷Øaø�Þ � Ø
��Ñ÷ø/Õ�ßUþ � Ø¾ÞZß�Ù�ö÷Ù/Ó]ÛCÓ�Ù � ß � � ßpÛÜßPÚ � ßPþ�Ø¾Ù�ÚZÛÜØ¾Ñ_â�ß�Û �zØ¾ÛÜà�Ó�Ù�þ�ßö÷Þ � ö � � Ñ Ý'ÞZß�Ù�ÞZö ÚCö ��ß �Pã Û�ã Úqã�ÚCØeÚ � ß�ÞæÓ�à�ârÑ÷ö÷Ù � ÛCÓxÚCß�å_ß¾ã � ãgÓ�þ�þ�Ø¾ÛCørö÷Ù � ÚZØgÚ � ß�Û���Ñ÷ß�Ø��³Ú � ��à Õ ωcl h ≈

0.2 . . . 0.6
� � ß�ÛCß ωcl

ö÷Þ³Ú � ßPø�ß�ÞCö÷ÛCß�ø�þ�Ñ÷Ø¾ÞCßpøaÐÒÑ÷ØaØ¾â �zÛÜß8?��rßpÙrþ�Ý/@ cBA
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¤�\_bavqb
(

Ah0
Bh0

0 I

)

= exp

((

A B
0 0

)

h0

)

,

(

Aδ Bδ
0 I

)

= exp

((

A B
0 0

)

δ

)

[]\_w¢m]£§br���_m ox�
Ad = Ah0

Aδ

Bd = Bh0
+Ah0

Bδ

¹ Ea�Lº
�¦Å �Â�_������� / 
 � δ = 0

�	# / 
 � Aδ = I
��� 5 Bδ = 0

- / �� / � 
 ��� � # / ��#�� � �

6+ � 
�� # 
 5 � Ad = Ah0

��� 5 Bd = Bh0 	´gm
h0
wzm�ÀLs��¤�sÂ��o.�nbrmpwz��s�oxw§`�b¦��s� ���Tsmpox��sLor²�ox\_b<[&��l@£§�Tv'��|_|_vx��Ánw§`ª��oqwz��s wzmoq\b(s tmqba�»��s_£zlª©¬�Tv

Aδ
��s�

Bδ
²�Tm �

Ad(h) ≈ Ah0
(I +

N
∑

i=1

Ai

i!
δi) := Ad(δ)

¹ EOE�º

Bd(h) ≈ Bh0
+Ah0

(

N
∑

i=1

Ai−1B

i!
δi) := Bd(δ)

¹ Er�Tº
[#� b(®���£zt��oxb oq\_b¨��|_|_vx��Ánw§`ª��oqwz��sXbavqvx��vG�_t_b oq� ox\_b [&��l@£§�Tv���|_|_vx��Ánw§`ª��oxw§�Ts·²]���vxw§oqb(vxwz��s ���mqba�»�Ts oq\_b

H∞

s_�Tvq` wzme��\_�Tmqb(s \_bavqb'oq�ªb�Án|_vxbamxm]ox\_b�¤ ��v�m�o��a��mqb�b(vxvq�Tv�Wb�o�¤ b(b(s
Gde

��s�
Gd
²°�}��oq\-�nwzmx��vxb�oxb�~Zoqwz`�b<`��n�nb(£¢m8tmqw§s_� vxbamq|}br�¾oqwz®�ba£§l ox\_b b�Á_����o`�b�ox\_�n� ��s}�µoq\b ��|_|_vx��Á@wz`ª��oxba�-��sb ¹¬wZ¯ b�¯ oq\b [&��l@£§�Tv<mqb(vxw§brm<��|_|_vx��Á@wz`ª��oxw§�Ts ��©��v��nbav

N
º¾¯

JN = max
hmin<h<hmax

‖ Gde
(h, z)−Gd(h, z) ‖∞

¹ E : º
��=� 
��	� 6�3" &'�8 �!&2"	��( � &������
´gm

h
�Wb(£z��s�Tm6ox��oq\bPw§sLoxb(vx®���£$C

hmin
²
hmax

Gæ²roq\_bas'¤ bJ�(��s'�nb��sb
H = [δ, δ2, . . . , δN ]oq\b.®Tba�¾ox��v���©J|}��v���`�b�oxb(v�m(¯

H
�Wb(£z��s�Tmgoq� �<�(��s@®�b(Á |W��£zlLoq�T|}b ¹¬\@l@|}bavp~æ|W��£zlL�T��s}º H¹TE NTº ¤�w§oq\

2N
®Tb(vqoqw¢��bama²z¯

H =







2N

∑

i=1

αi(δ)ωi : αi(δ) ≥ 0,
2N

∑

i=1

αi(δ) = 1







¹ EHN@º

{δ, δ2, . . . , δN}, δi ∈ {δimin, δimax}
¹ Er�Tº

�J�T��\<®Tb(vqoqb�ÁGw¢m��nb �s_ba�»�@l¦�8®�br�¾ox��v
ωi = [νi1 , νi2 , . . . , νiN ]

¤�\_b(vxb
νij
�(��s¦o���ÀTboq\b°b(ÁLoxvqba`�t_`�®���£zt_brm {δjmin ² δjmax} ¤�w¥ox\ δmin = hmin−h0

��s}�
δmax = hmax−h0

¯[]\_bG`ª��oqvxwz�(bam
Ad(δ)

��s�
Bd(δ)

��vxbªox\_b(vxb�©¬�TvqbG��Ã�sb¦wzs
H
��s���Tw§®Tb(s �@l¨oq\_b|W��£zlTox��|_w¢�e©¬��vx`ªm �

Ad(H) =
2N

∑

i=1

αi(δ)Adi
, Bd(H) =

2N

∑

i=1

αi(δ)Bdi

¤�\_bavqbªox\_bG`ª��oxvqw¢��brm���o'oq\_b<®�bavpoxwz�(bama²&wZ¯ b�¯
Adi

��s�
Bdi

²U��vxbG���no���wzs_ba���@l¨oq\_b�(��£z�(t_£¢��oqwz��sª��©
Ad(δ)

��s�
Bd(δ)

��oJba�T��\ª®�bavpoxb�Á.��©³oq\_be|}�T£§lLox��|Wb H ¯U[]\_bg|W��£zlLoq�T|_wz�
é�é Ù�a_õrípì¾ó�ò�ë¾î�b�ô�c



U � ��� 
 ��#��Y� 
 ����� 
�� �  �2���

���@��v��nwzs��oxbam
αi
¤�\wz��\ vqba|_vxbamqb(sLo�ox\_b¼|}�Lmpw§oqwz��s ��©/�¨|}��vqoqw¢��t_£¢��v�|��vx��`8b(oqbav.®Tba�¾ox��v

H(δ)
wzs<ox\_b�|W��£zlTox��|Wb H ��vqb/�Tw§®Tb(s mp�T£§®@wzs_� �

H(δ) =

2N

∑

i=1

αi(δ)ωi , αi(δ) ≥ 0 ,

2N

∑

i=1

αi(δ) = 1
¹TE ULº

´gm���s<wz£§£ztmpoqv���oxw§�Ts·² ���tvqb.E�mp\��¤�mJox\_w¢m]oqv���smp©¬��vx`ª��oxw§�TsG©¬��v
N = 2

¤�w§oq\

Ad1 = Ad(H1)
�Tv

H1 = [δmin, δ
2
min]

Ad2 = Ad(H2)
�Tv

H2 = [δmax, δ
2
min]

Ad3 = Ad(H3)
�Tv

H3 = [δmin, δ
2
max]

Ad4 = Ad(H4)
��v

H4 = [δmax, δ
2
max]

H = Co{H1, H2, H3, H4}

δmin δmax

δ

δ2

δ2

min

δ2

max

H

� �

��

�

Ad(H1) Ad(H2)

Ad(H4)Ad(H3)

A&w§�Tt_vqb.E � �UÁ_��`�|_£zb���©&|W��£zlLoq�T|}b�©¬��v
Ad(δ)

¤�w§oq\
δmin = 0

[]\_wzmP£§br���_m&ox�/oq\_b�|_£¢��sLoP|W��£zlLoq��|wz�]`��n�nb(£#¹TE���ºY¤�\_b(vxb
Gdi

��vxb
Gd(H)

b(®���£zt��oqba���o�oq\b�®�b(vqoqw¢��brm
ωi
¯

Gd(H) =
2N

∑

i=1

αi(δ)Gdi
and H =

2N

∑

i=1

αi(δ)ωi
¹TE���º

´gm#oq\_b]�L��wzsn~æmx��\_br�nt_£zba�����TsLoqvx��£z£§bav�¤�wz£§£n�Wb �����Ts@®�b�Á'�(��`��w§s��oqwz��s'��©
2N
\�®�b(vqoqb(Á�\����sLoxvq�T£§£zb(v�m(²·oq\_b¦��\��w¢��bª��©]ox\_b¦mqb(vxw§brm���v��nb(v

N
�Tw§®Tbam'�»oxvx�T�nb�~æ���X�Wb�o�¤ b(bas oq\_b¦��|n~|_vq��Ánwz`ª��oqwz��sð�T�(�(t_vx�T��l»��s� ox\_b�����sLoxvq�T£§£zb(vg�(��`�|_£zb�Ánw§o�l�¯;B±s�nb(br�¼��sb.mq\_��t_£¢�¼s_��oqw¢��boq\��o;�

� []\_b v���¤ ��|_|_vx�T����\ �n�@bam�s_��oªox��ÀTb<wzsLoq�Â�T�(���Tt_sLo.ox\_bð�nba|}bas�nb(s}��b¼�Wb�o�¤ b(b(s
δ, δ2, . . . , δN

¯�B±s�nbaba�³²���m�mp\_��¤�s/wzs ���t_vxb8E�²roq\bPmpb(o���©@|��v���`�b(oqb(v�m {[δ, δ2], 0 ≤
δ ≤ δmax}

²Uvxb(|vqbrmpbasToxba� �@l oq\_b<|��v����W��£zwz�¦��t_vx®�bT²&w¢m.w§s�(£§t}�nba� wzsÂox\_b¦£¢��vx��b|W��£zlLoq��|wz�»�W��ÁÂ¤�w¥ox\ZN�®�bavpoxwz�(bama¯ []\_w¢m�¤�wz£§£���©����Tt_v�mpb»w§s}�nt��b¼mq��`�b ����s}mpbavp~®���oxwzmq` wzs»oq\_b'�(��sLoqvx��£³�nbrmpwz��s·¯
� f¼�Tvqba��®�bava²U¤�\_basµ� oq\_b¼�Tvx�nbav���©�oq\_bð[&��l@£§�Tv���|_|_vx��Ánw§`ª��oxw§�TsÂwzs��vxba�Tmpbrm(²°¤°b¤�wz£§£°mpbab ¹Üw§sÂmqba��oqwz��sDN¯ Eaº�ox\��o�ox\_bªs@t_`��Wb(v���©]¶#fLB�m/oq�¼�WbGmq��£z®�ba�·²·¤�\_w¢��\ w¢m

2∗2N+1
¤�wz£§£@�Tvq��¤�b�Án|W��s_basLoqw¢��£z£§l/¤�\_w¢��\.�a��s�£zba�T�/oq��t_sn©¬br��mqw§�£§b ��|noxw§`�w¢mq��oqwz��s|_vx���£§ba`�ma¯
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� A#wzs��£§£zlGox\_b�wz`�|_£§ba`�b(sLox��oqwz��s¼��©Yox\_b����TsLoqvx��£z£§bav�wzmg��£¢mp�G�nwzvxba�¾ox£§l»£zw§s_ÀTba�»ox�ªoq\_bsLt`��Wb(v���©&®�bavpoxwz�(bam]��©#oq\_b�|W��£zlLoq�T|}bT¯
[#�¼vqbr�nt��bGoq\_b¦�(��`�|_£zb�Ánw§o�l ¹Ü��s� oq\b¦���Tsmpbavq®���oqw¢mp`i��©]oq\_b<����vxvxbamq|}�Ts�nwzs_�¼����sLoxvq�T£�nbrmpwz��s ��m]¤ b(£z£¢º�²�8vqbr�nt��oqwz��s»��©�ox\_b�|W��£zlTox��|Wb�wzm]|vq�T|}�Lmpbr�¦�Wb(£z��¤�¯
�¦Å �Â�_������� ��# 
 #'/$��# 
&+ � � # � ��� �H9 �F��#  ��� � � �]�2��#%� �+L
&+ �$��� 
 �$#  ��� 3  � 5� � � ��� ���  � ���#  ��� ��� " ��!�� 
 !���� ���  ��# ��� #'/ 
 ��� 
 � � ��� 
 �.��� 
  �$3�����3 
 5 / 
 � 
 � � #'/ 
� � 
&+ � � 
�� �� ���-  �'��� 
 � 5 #,�.� ���D�	� � 
 � 
 � � 
��H
 �$#,��#  ��� � � � Ad(H)

��� 5 Bd(H) 	

���
 � � ��$( ��8&'� &�� �)%� " & �  !&2" �
BæoGw¢m�\_b(vxb |_vq�T|}�Lmpbr� ox� vxba�_t��b»oq\bðmpwz¿(b ��©eoq\_b¼|W��£zlLoq�T|}b tmqw§s�¨ox\_bð�nba|}bas�nb(s}��l�Wb�o�¤ b(b(sðoq\_b�mpt}�(��brmqmqwz®�b'|W��¤°bavxm���©Pox\_b�|��vx��`�b�oqbav

δ
¯/[]\_w¢mgvxba�nt}�¾oqwz��s ��s_£zl¼m�o���s�_m©¬��v

δmin = 0
²P¤�\wz��\ `8br��sm�oq\}��o

h0 = hmin
w¢m.oq\_b `�w§sw§`ª��£�mx��`�|_£zw§s� |Wb(vxw§�n�³²wZ¯ bT¯Uvqba£z��oqba�<¤�w§oq\¼��mp£¢����ÀG�(��smpoqv���wzsLo �Ts»�(��`�|_tnoxw§s_��vxbamq��t_v���bT¯KA��v��(��sLoqvx��£6|_t_vx|W�Tmqboq\wzm ��\_��w¢��b�w¢mJyLt_w§oqbe£§�T��w¢�(��£��mYox\_bgs��`�w§s}��£�Wb(\}��®Lwz��tvJ���Tvqvxbamq|}�Ts�_m&ox��oq\_be`�w§s_wz`ª��£mx��`�|_£zw§s_� |}bavqwz�n� w§s s_��vx`ª��£ mpw§oqt��oqwz��sma¯ []\_w¢m.|}bavqwz�n� ¤°�Tt_£¢� w§s}��vxba��mqbG�Ts_£§l ¤�\_bas���T`�|_tnoqwzs_��vxbamq��t_v���brm°¤�wz£z£·�}b�£zwz`8w§oqbr�³¯[]\_b ¤ ��l/ox�evxba�_t��b oq\b]mqwz¿(b ��©ox\_b]|}�T£§lLox��|_w¢�]mpb(oY�a��s8�}b�mqb(b(s.��s.oq\_b]b(Án��`�|_£§b wzs��Tt_vqb E�²T¤�\_b(vxb oq\_b�|}��v����W��£zwz� |��vx��`8b(oqbavxm&£z�@�(tmYw¢mYb(s�(£§�Lmpbr��wzs8oq\_b]oxvqw¢��s_�T£§b��nb �s_br��@l {0, 0} ² {δmax, 0} ��s� {δmax, δ2

max}
¯U[]\_bavqb(©¬��vxbgw§o�wzm s_��o s_br��brmqmx��vxl8oq������s}mpw¢�nb(voq\b�®�b(vqoqb(Á {0, δ2

max}
ox�ª�_t_wz£z� �8|W��£zlTox��|Wb/b(s�(��`�|��mxmqw§s_�.oq\b�|��v���`�b�oxb(v�m £§�n��t}m(¯[#���_b(®�ba£§�T|<��s�»b�Á@oqbas�<oq\_w¢m]`�b�oq\�@�»ox�ª�.|W��£zlLoq�T|}b���©&mqw§¿ab

N
²_£§b(o�tm]¤�vxw¥oxb��

h = hmin + δ, 0 ≤ δ ≤ δmax, δmax = hmax − hmin,
¹ E XLº

[]\_bas¦ox\_b�w§sbayLt��£zw§o�lG�}ba£§��¤ wzmg��£z¤ ��lnm mq��oqw¢m �br� �
δ δn ≤ δn+1

max

δnmax
δn

wZ¯ bT¯
δn+1 ≤ δmax δn

¹ E;
Lº
[]\_basXw§o8w¢m8|_vq�T|}�Lmpbr��oq� �nb(£zb�oxb»oq\_b»®�bavpoxwz�(bam.¤�\_wz��\ �n�¨s��oªmq��oqw¢m�©¬l oq\b ���}��®Tbwzs_bayLt��£§w§o�l�¯U´gm�oq\_b/®�bavpoxwz�(bam

Hi
��© H ��vqb���wz®�bas<�@l¦�.®�br�¾oq�Tv (ν1, ν2, . . . , νN)

¤�\b(vxb
νi = 0

��v
δimax

�T�(���Tvx�_w§s_� ox�¼oq\b<���Tsmqwz�nbavqbr��®�bavpoxb�Á³²�ox\_b(sÂoq\_b<w§s_bryLt��£zw¥o�l¨oq�¨�}bmx��oqw¢m �ba�<wzm���wz®�b(s<�@l �
νn+1 ≤ δmax νn

¹Z���Lº
[]\_w¢m]£§br���_m ox�8oq\_b/©¬�T£§£z��¤�w§s��mqb�o���©Y�T�n`�wzmxmpwz�_£zb/®�b(vqoqw¢��brm �

(0, 0, 0, . . . , 0)

(δmax, 0, 0, . . . , 0)

(δmax, δ
2
max, 0, . . . , 0)

¹Z� E�º
¯¯¯
(δmax, δ

2
max, δ

3
max, . . . , δ

N
max)

�¦Å �Â�_����� 0 / 
 3 
 ��# 
&+ (0, δ2
max, 0, . . . , 0) 5 � 
�� ����# � ��#  � � !  � 
��H9 ���  #%! ¹Z����º ��� 5

�
��� � 
�5� � � ��� 5O
 5 	
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X � ��� 
 ��#��Y� 
 ����� 
�� �  �2���

[]\_wzm]`�b(oq\_�n�<£§br���_m°oq�ª��mqb�o]��©
N + 1

®�bavpoxwz�(bam w§s}m�oxba���<��©
2N
¯Pc���oqb�oq\��o]oq\_brmpb®�b(vqoqw¢��brm°��vqbe£§wzs_br��vx£§l�wzs�nb(|Wb(s}�nb(sLo���s�¦`ª��À�b��.mqwz`8|£§b(Á6²@¤�\_w¢��\¦w¢m w¥o�mpba£¥©#���mqwz�a��£z£§lª�|}�T£§lLoq�T|}b�C Ea�QG³��©#`8wzs_wz`ª��£³�nwz`8basmqw§�Ts¦���Tsmpw¢�nbavqwzs_�'ox\_b�|��v���`�b�oxb(v�mJmq|���(bg��©#�nwz`8basn~mpwz��s c'¯

�µ\_b(s
N = 2

¹C��s�G©¬��v
0 < δ < δmax

ºPoq\_b/mxyTt}��vxbgw¢m �_��¤�smpwz¿(br��oq��oq\_b�oxvqw¢��s_�T£§bw§s ��Tt_vqb'�@¯5�µ\b(s
N = 3

oq\_b�|@l@v���`�wz�<wzs �}��t_vxb : w¢m]ox\_b�vqbr�nt��oqwz��s»��©U�8�(t_�Wb�¯

A&wz��t_vxb'�!�Y�Y��£zlLoq��|Wb�vxba�nt��oqwz��s<©¬��v�c��/�

A&wz��t_vxb : �Y�Y��£zlLoq��|Wb�vxba�nt��oqwz��s<©¬��v�c�� :

� � ���Y� ; ����%  �'�2�'�Â%&1 	 H∞
� ����� �

�'�.%��Y�'� �»�&� �»� 	 �
B±s�oq\_w¢m°mqba��oqwz��s�¤ b �v�m�oP|_vxbamqb(sLoUox\_b�©¬�Tvq`.t_£z��oqwz��s���©6ox\_b

H∞

����sLoxvq�T£_|_vx���_£zb(` tmpwzs_�¤°baw§�T\Toxw§s�Â©¬t_s��oqwz��s �_b(|Wb(s�nwzs_� ��sµox\_b�mq��`8|£§wzs_�X|Wb(vxwz�@�·¯ B±s�_b(ba�µoq\_b |_vx��®Lw¢�nbr�`8b(oq\_�n�n�T£§�T��l8¤�w§£z£6��£z£§��¤ ©¬��v |Wb(vq©¬��vx`���s��b��T�_��|_ox��oxw§�TsG���a����v��nwzs_��ox��oq\_b/���T`�|_tnoqwzs_�vqbrmp�Tt_vx�(bam]��®���wz£z���_wz£§w§o�l�¯[]\_b
H∞

©¬vx��`�b(¤ ��vxÀ�w¢mP��Tmpbr����s�oq\bg��bas_b(v���£}����sLoxvq�T£���Ts ���tvx��oqwz��s���© ��Tt_vqb�N²¤�\_b(vxb
Wi
��s�

Wo
��vqb�mq��`�bª¤°baw§�T\Loqwzs_�¦©¬ts�¾oxw§�Tsm�vxb(|_vxbamqb(sLoqwzs_�<oq\_bGmq|Wba��w �}�a��oqwz��s��©�ox\_b'�nbrmpwzvqbr�¦�(£§�Lmpbr�@~Z£z�@��|<|}bavp©¬�Tvq`ª��s}��bam/¹Cmpbab�C EOE�GÒº�¯P[]\_b/���n��br�¾oqwz®�b/w¢m]\_b(vxbeoq� �s��¼����sLoxvq�T£§£zb(v

K
mqt��\�w§sLoqbavqs}��£Pmpox���w§£zw¥o�l¨wzm�����\_wzb(®Tba� ��s� ‖z̃‖2 < γ‖w̃‖2

²#¤�\_b(vxb
γvqba|_vqbrmpbasLoxm°oq\_b

H∞

��oqoqb(s@t��oqwz��s»£§ba®�ba£C¯
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WoWi

K

z

y

w

u

z̃w̃

P

P̃

A&w§�Tt_vqb N*�YA�n��tmqba�»wzsToxb(v����Ts_s_ba��oqwz��s

��� -9&�� ��� �%6 �%��6 ( � � !��� ���� ��� � ��� ) ������ � $�%( ��8&'�$6
�°£¢��mxmpw¢�(��£W�(��sLoqvx��£6�nbamqwz��s<�Tmqmqt_`�bam]�(��smpox��sTo |}bavp©¬�Tvq`ª��s��be���n��br�¾oqwz®�brm]��s�¦|_vq�n�nt}��bam� �(��sLoqvx��£z£zb(v�¤�w§oq\ ��s t_s_w¢yTtb»mx��`�|_£zw§s� |Wb(vxw§�n�³¯ []\_b mq��`�|_£§wzs_�¨|}bavqwz�n�Âw¢m.��\_�Lmpbas���a���Tvx�nwzs_��oq�8oq\_b'�(��sLoqvx��£z£zb(v ���s�_¤�wz�@ox\·²nox\_b�s_��w¢mqb�mqb(smqwz�_w§£zw§o�l¦��s�¦oq\b'��®���w§£¢���w§£zw¥o�l��©�(��`�|_tno���oxw§�Ts�vqbrmp�Tt_vx�(bama¯ �µ\_b(s�oq\_b mq��`�|_£§wzs_��|Wb(vxwz�@�'®���vqwzbam·oq\_b°tmx���_£zbJ���TsLoqvx��£z£§bav���s�n¤�w¢�@oq\���£zmq��®���vxw§brm·��s}��oq\_b ��£z�Tmqba�@~æ£§�@�T|��T�n��ba��oqwz®�brm·mp\��t_£¢�/£§�T��w¢�(��£§£zlg�Wb°�T�_��|noxba�³¯[]\_bavqb(©¬��vxb�¤°b�|_vx��|W�Tmqb�oq�������|no°oq\_b/���s�n¤�w¢�@oq\<��©³oq\b�¤ b(wz��\Loxw§s_�'©¬t_s�¾oxw§�Tsm°oq�.oq\_bmx��`�|_£zw§s_��|Wb(vxw§�n�³¯[]\_b/`�b�ox\_�n�n��£z���TlGwzm��Tm ©¬��£z£§��¤�ma¯*A&w§v�m�o

Wi
��s}�

Wo
��vxb�mp|_£zw§o�w§sLoq�8o�¤ ��|��vqoxm:�

� �G���Tsm�o���sLog|��vpo�¤�w¥ox\ ���Tsmpox��sLog|W��£zbam���s}�¼¿(bavq�Lm(¯�[]\_w¢m���£z£§��¤�ma²_©¬�Tvewzsmpox��s}��b�²oq�<�(��`�|Wb(smx��oxb'©¬��v/�Lmq�(w§£z£z��oqwz��smg��v�>b�Ánwz�_£zb.`��n�nbame¤�\_w¢��\¨��vqbT²W�@l¼�nb �s_w§oqwz��s·²w§s�_b(|Wb(s�nbasLo���©�ox\_b'mx��`�|_£zw§s_��|Wb(vxw§�n�³¯
� oq\_b/®���vxwz���_£zbe|��vpo��(��sLox��w§sm |W��£zbam���s�¦¿ab(vx�Tm ¤�\_�Lmpb�|_t_£¢mq��oqwz��sm]��vqb/b�Án|_vxbamxmqba���m&��s.��Ãªs_bJ©¬ts�¾oxw§�Ts���©oq\_b�mx��`�|_£zw§s_�g©¬vqbryLt_b(s�(l

f = 1/h
¯�[]\_w¢mY��£z£§��¤�m�©¬��vU��s���_��|noqwz��s ��© oq\_bª�}��s�n¤�w¢�@ox\ ��©°ox\_bª¤ b(wz��\Loqwzs_�»©¬t_s��oqwz��sma²&��s�¨\_b(s�(b�©¬��v���s���_��|noqwz��s ��©�oq\_b»��£z�Tmqba�@~æ£§�@�T| |Wb(vq©¬��vx`ª��s�(bG¤�¯ va¯ oa¯ oq\_b»��®���w§£¢���£§b¦�(��`�|_tnoxw§s�|}��¤ b(vr¯ []\_bamqb¨|W��£zbam ��s�:¿ab(vx�Tm¦��vqb \_bavqb ����s}m�oxvx��w§s_br�-oq� �Wb � 
 ��� �@l-oq\_b�nwzmx��vxb�oxw§¿r��oxw§�Ts<mpoqb(|�¯

A&w§v�mpo'��©���£z£Pox\_b<�(��smpox��sTo'|}��vqoxm���© ox\_bG¤ b(wz��\Loqwzs_� ©¬t_s}�¾oqwz��s}m.��vqbª`�b(vx��br� ¤�w¥ox\oq\b»�(��sLoqwzs@t_��tmp~Zoqwz`8b<|_£¢��sLo8`��n�nba£C¯ []\_bas � �nwzmx��vxb�oxb�~Zoqwz`�b<��t��`�b(sLoqbr�Âmql@mpoqba` wzm�nba®�b(£z��|Wba�»��m]|vqbrmpbasToxba�»���W��®�bT¯[]\_b.®���vqw¢���£§b.|��vqo
V (s)

��©°�G¤ b(wz��\Loqwzs_�ª©¬ts�¾oxw§�Ts¨w¢m�ox\_b��nwzmx��vxb�oxw§¿aba�ð�T�(�(��v��nw§s�oq�8ox\_b/©¬��£z£§��¤�wzs_��`�b�ox\_�n�n��£z���Tl �
ET¯ ©Ü���¾ox��vxwzmqb

V (s)
��m.�¼|_vx�@�_t�¾o���© �v�m�o��Tvx�_b(v�mqlnm�oxb(`ªm(¯ � b¦\b(vxb¦��\_�TmqbG|W��£zbam��s�<¿(bavq�Lm �_b(|Wb(s�nwzs_�ª£zw§sba��vx£zlG��©#oq\_b'mx��`�|_£zw§s�.©¬vxbayLt_bas��l

f = 1/h
²_��m;�

V (s) = β
∏

i

s− bif
s− aif

= β
∏

i

Vi(s)
¹Z����º

¤�w¥ox\
ai, bi ∈ R�_¯g�°��smqwz�_b(v oq\_b'mpox��oqb�mq|���(b��T�mqb(vx®����_£zb��a��s_�Ts_wz�a��£6©¬�Tvq` ©¬�Tv

Vi(s)

Vi(s) :

{

ẋi = aif xi + f(ai − bi) ui
yi = xi + ui

¹Z� : º
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Ea� � ��� 
 ��#��Y� 
 ����� 
�� �  �2���

: ¯ ©¬�Tvq` ox\_b¦mqb(vxw§brm�w§sLoqbavx�(��s_sba�¾oxw§�Ts¨��©°ox\_bGmpox��oxbGmp|}����b�vxb(|_vxbamqb(sLo���oqwz��s¨��© ba����\
Vi(s)

¯#[]\_w¢m���£§£z��¤�mWoq�g��b�o
V (s)

��©Tox\_bU©¬��vx` ¹C��NTº6¤�w§oq\'��|_|_vx��|_vxwz��oqbU�nwz`�b(smqw§�Tsm��©�oq\b'm�o���oqb'mq|�T��b/`ª��oqvxw¢��bama¯
V (s) :

{

ẋv = Avf xv +Bvf uv
yv = Cv xv +Dv uv

¹C��NLº
N¯���b(o�ox\_bª�nw¢mq�(vqb(oqb�~Zoqwz`�b8mpox��oqbªmq|���(b.vxb(|_vxbamqb(sLo���oqwz��s ��©

V (s)
¯�[]\��sÀ@meox�¦ox\_b��Ã�sbg�nb(|Wb(s}�nb(s�(b�wzs

f
w§sð¹Z��NTºUoq\_bg�_wzmx��vxb�oxb�~Zoqwz`8bg`8�n�nba£��©³oq\_b�®���vqw¢���_£zb�|��vpo�Wba�(��`�bam]wzs�nba|}bas�nb(sLo���©
h
mqw§s}��b��











Avd
= eAvf h = eAv

Bvd
= (Avf)−1(Avd

− I)Bvf = (Av)−1(Avd
− I)Bv

Cvd
= Cv and Dvd

= Dv

¹C�T��º

�¦Å �Â�n� ��� 0 / 
]�H
 �  ���  �$# 
 � � ���$� 
�� #  ���P�T�;#%- � � ! � # 
 � � � �;#'/ 
 ������� ¹C�OU�º � 
 � 5�� # �� � ! � # 
 � � �?# / 
 ������� ¹C�L��º 	
{

ẋ = Af x+Bf u

y = C x+D u

¹C�OUTº

A =

(

A1 0
B2C1 A2

)

B =

(

B1

B2D1

)

x =

(

x1

x2

)

C =
(

D2C1 C2

)

D = D2D1

¹C�L��º
� � �H
 
 �L�2��#%� �� 
�� C ��� 5 D ���$� ! 5O
 � 
 � 5 ��� Ci ��� Di

�
i = 1, 2

�Y- / �� / 
 � ��9 � 
��#'/$��#;#'/ 
 ! 5 � � ��# 5O
 � 
 � 5 ��� f 	
0 / 
 � # / 
 � 
  � � � � � 9 � �  � � � 
 # - 
 
 � Ai ��� 5 Bi �

i = 1, 2
�Y- / �� /�� 
 
 � � # / 
 �  � 
 ��� 5 
 � 
 � 5O
 � � 
 ��� f �T�;# / 
 � #,��# 
;� � � � 
 
��H9 ��#  ��� 	 � �

 �'� 9R� # �&��#  ���D��� 5 ������- ��� 5 � # / 
  �$# 
 � � ���$� 
�� #  ���P�T��� � ! � # 
 � � � 
 � 5Q� #,�	� � #,��# 
 � �$� � 
� 
 � � 
���
 �$#,��#  ��� ¹Z��X�º (
A =





A1 0 0
B2C1 A2 0
B3D2C1 B3C2 A3



 B =





B1

B2D1

B3D2D1



 x =





x1

x2

x3





C =
(

D3D2C1 D3C2 C3

)

D = D3D2D1

¹C�OXTº

� !  # 
 �6��#  �����.# / 
 �H
 �  ���  �$# 
 � � ���$� 
�� #  ��� �T�L�2��� 
 # / ��� #'/ � 
 
 � ! � # 
 � � ¹Z��U�º � #  �'�� 
 
 � � # / 
 ������� ¹C��UTº 	 0 / 
 � 
 ����� 
 # / 
� �4# 
 � � ���4� 
�� #  ���I� � � ! � # 
 � � Vi(p) - / �� / ��� 

 �P������� ¹C�OU�º � 
 � 5Q� # � � � ! � # 
 �  � # / 
 ������� ¹Z��NTº - / 
 � 
 # / 
[5O
 � 
 � 5 
 � � 
 ��� f�.�	� 
�� 
 � �� 
 �?# / 
�5� � � � 
 # �
 ��#  ��� � # 
 � 	
�¦Å �Â�n� �� 0 / 
[�� �����  ��� ��#  ��� � 
 #%- 
 
 � f ��� 5 h  � ¹C�T��º �.�	� 
��[
 � � ! # / 
W5� � �
�
� 
 # �
 ��#  ��� � # 
 � 	

0 /  �8 � - /R!?# / 
 � �F���4#K��� 5 # / 
 - 
��� /R#  � � � 9 � � #  ��� � ��� 
8�H
 �$���&��# 
 � !
5� � � � 
 # �
V
65 ����� 5 # / 
 � 9O� � 
 �4# 
 5 ��� ���$#  � ���H# �  � 
 5  � 5� � � � 
 # 
 #  � 
 �T� # 
 ��- ��� 5Q� ��!
 �$# 
 � � ���$� 
�� #  ��� 	

0 /  �� � ��� � �?� � ��� ��
��H9$
 � � 
 �T�`#'/ 
79R�H
 �T�`#'/ 
 ��� �H
 ��3����H� 
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�=� -.)�� �%��6 ( � � !��� ���� � �  �'� � � 7� � "	�8�5� 
¶·b(o�tm/\_b(vxb8|_vqbrmpbasLoeox\_b���®�b(v���£z£&`8b(oq\_�n�n�T£§�T��l»oq� �Tb�o�oq\_bG�nw¢mx��vxb�oqb(~Coxw§`�b8|_£¢��sLo�wzsn~oqbavx�(��s_sba�¾oxw§�Ts·¯¶·b(o �v�m�o8����s}mpw¢�nb(v�oq\_bG©¬��£z£§��¤�wzs_� �(��sLoqwzs@t_��tmp~Zoqwz`8bª`��n�nba£°¤�\_bavqb�ox\_b<�(��smpox��sLo|��vpoG��©�ox\_b ¤ b(wz��\Loxw§s_� ©¬t_s}�¾oqwz��s

Wi
��s�

Wo
\�Tmª�}bab(s �(��s_sba�¾oxba� oq�Âoq\_b¨|_£z��sLo`��n�nb(£ �

P :











ẋ(t) = Ax(t) +Bww(t) +Buu(t)

z(t) = Czx(t) +Dzww(t) +Dzuu(t)

y(t) = Cyx(t) +Dyww(t) +Dyuu(t)

¹Z� 
Lº
¤�\_bavqb

x ∈ Rn w¢m oq\_b'mpox��oqbT² w ∈ Rmw
vqba|_vqbrmpbasLoxm°oq\_b�b(Án����bas_��t}m°wzs_|_t_oxma²

u ∈ Rmuoq\bg���TsToxvq�T£_wzs_|_tno�m(²
z ∈ Rpz

oq\_bg�(��sLoqvx��£z£zba�8��tnox|_tno°��s�
y ∈ Rpy

ox\_b�`�ba�Tmptvqba`8basLo®�br�¾ox��vr¯´ �_wzmx��vxb�oxb�~Zoqwz`8b.vqba|_vxbamqb(sLox��oqwz��s ��©Uox\_b8���}��®Tb�mql@mpoqba`�wzm �v�m�o����no���wzs_ba� ox\��sÀ@moq�Xoq\_b |_vxb(®@wz��tmª`�b(oq\_�n�n�T£§�T��l�¯ A_�Tv<mqw§`�|_£zwz�(w¥o�l-¤ b ¤�wz£§£/s_��oqbT²g���a����v��nwzs_��oq�Xoq\_bvxb(|_vxbamqb(sLox��oqwz��s ¹TErº �
A = A B =

(

Bw Bu
)

C =

(

Cz
Cy

)

D =

(

Dzw Dzu

Dyw Dyu

) ¹ : �Lº
dgmqwzs_�ðox\_b»[&��l@£§�Tv.��|_|_vx��Á@wz`ª��oxw§�Ts���o8�Tvx�_b(v

N
£§br���_m�oq���ð|W��£zlLoq��|Wb H ¯ []\wzm|W��£zlTox��|Wbe\}��m

r
®�bavpoxwz�(bam/¹¬¤�\b(vxb

r
bryTt}��£¢m

2N
©¬��v°oq\_b/��Tmpw¢���(��mqbe��s�

N + 1
©¬�Tv oq\_bvxba�nt�(ba� �Ts_brº�¯ �J�T��\Â��©�ox\_b

r
®�b(vqoqw¢��brm'w¢m.�_bamx��vxw§�Wba� �@l �ð®Tba��oq��v

ωi
��©�oq\b¦©¬�Tvq`

(δ1, δ2, . . . , δr)
¤�\_bavqb

δi
�
δimin

�Tv
δimax

¯[]\_b�¶·�J¸�|}�T£§lLoq�T|_w¢���nwzmx��vxb�oxb�~Zoqwz`�b�`��n�nba£·wzm]�Tw§®Tb(s»�@l �

P(H) :











xk+1 = A(H)xk + Bw(H)w + Bu(H)u

z = Czxk +Dzww +Dzuu

y = Cyxk +Dyww +Dyuu

¹ : E�º

H =
(

δ δ2 . . . δN
)

H ∈ H = Co{ω1, . . . , ωr}

H =

r
∑

i=1

αiωi A(H) =

r
∑

i=1

αiAi
r

∑

i=1

αi = 1 αi ≥ 0

¹ : �Tº
¤�\_bavqbT²_���(�(��v��nwzs_��ox�8oq\_b�vxb(|_vxbamqb(sLo���oqwz��s ¹C�Tº

Ad = A Bd =
(

Bw Bu
)

Cd = C Dd = D
¹ :O: º

c���¤�²°oq\b¼®���vqw¢���£§b |��vpoG��©eox\_b¼¤°baw§�T\Loqwzs_� ©¬t_s�¾oxw§�Tsm
Wi
��s}�

Wo
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WI :

{

xIk+1
= AIxIk

+BI w̃

w = CIxIk
+DI w̃

¹ : N@º

WO :

{

xOk+1
= AOxOk

+BOz

z̃ = COxOk
+DOz

¹ : �Tº
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[]\_b.��t_��`�b(sLoxba�ðmqlnm�oxb(` P ′(H)
w¢m����no���wzs_ba� �@l»oq\_b8wzsToxb(v����Ts_s_ba��oqwz��s¼��© P(H)

²
WI

��s� WO
¯¼[]\_b(vxb�©¬�Tvqbª¤ bG���_ox��wzs oq\_b¦©¬��£z£§��¤�wzs_�ð¶��P¸ |W��£zlTox��|_w¢�G�nw¢mx��vxb�oqb(~Coxw§`�bmplnmpoqb(` ��©Ym�o���oqb/®Tba�¾ox��v

x′k = (xk xIk
xOk

)T
�

P ′(H) :











x′k+1 = A′(H)x′k + B′

w(H)w̃ + B′

u(H)u

z̃ = C′zx′k +D′

zww̃ +D′

zuu

y = C′yx′k +D′

yww̃ +D′

yuu

¹ : UTº
¤�w¥ox\
A′(H) =





A(H) Bw(H)CI 0
0 AI 0

BOCz BODzwCI AO



 B′

w(H) =





Bw(H)DI

BI
BODzwDI



 B′

u(H) =





Bu(H)
0

BODzu





C′z =
(

DOCz DODzwCI CO
)

D′

zw =
(

DODzwDI

)

D′

zu =
(

DODzu

)

C′y =
(

Cy DywCI 0
)

D′

yw =
(

DywDI

)

D′

yu =
(

Dyu

)
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� " � % 	 � �
�¨b���wz` ox�'tmqbg\_bavqb]ox\_b

H∞

���TsLoqvx��£�nbrmpwz��s�©¬�TvJ£zw§sba��vJ|��v���`�b�oxb(vq~Z®���vql@wzs_��mqlnm�oxb(`ªm��m�mpox��oqbr�¨wzs CÔ� Gæ¯ ¶�b�o.oq\_b¦�_wzmx��vxb�oxb�~Zoqwz`8bG¶��P¸ |£z��sTor²#`ª��|_|_wzs_�ðb�Án�T��b(s��tm/wzs_|_tno�m
w
��s� �(��sLoqvx��£&wzs_|_tno�m

u
ox�¼����sLoxvq�T£§£zba�¼�Ttnoq|tnoxm

z
��s�¨`�ba��mqt_vxba�¼�Ttnoq|tnoxm

y
²³¤�w§oq\

x ∈ R
nx
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xk+1 = A′(H)xk + B′

w(H)w + B′

u(H)u
z = C′zxk +D′

zww +D′

zuu
y = C′yxk +D′

yww +D′

yuu

¹ : ��º
¤�\_b(vxb�oq\be�nba|}bas�nb(s}��bg��©6oq\_b�m�o���oqbemp|�T��b�`ª��oxvqw¢��brmP�Ts

H
wzm°��Ãªs_bg��s�8oq\_be|��v���`8~b�oqbav�®�br�¾ox��v

H
²nv���s_�Tbam ��®�bav]� �_Ánbr�<|W��£zlLoq�T|}b H ¤�w¥ox\ r ®�bavpoxwz�(bam ωi
H =

{

r
∑

i=1

αi(δ)ωi : αi(δ) ≥ 0,

r
∑

i=1

αi(δ) = 1

} ¹ : XTº
¤�\_b(vxb

r
wzm�bryLt��£³ox�

N + 1
�Tv]oq�

2N
�T�(���Tvx�_w§s_�.oq��ox\_b'À@wzs� ��©Y|}�T£§lLox��|Wb¦¹¬vxba�nt}��ba���v]©¬t_£z£¢º�¯
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¹C´]Erº D′

yu(H) = 0¹C´e��º B′

u(H), C′y,D′

zu,D′

yw

��vqb/|��vx��`8b(oqbavp~Yw§s}�nb(|Wb(s�_b(sLo
¹C´ : º¦ox\_b |��wzvxm

(A′(H),B′

u(H))
��s�

(A′(H), C′y)
��vxb yTt}���nv���oxwz�a��£z£§l mpox���w§£zwzmx���£§b��s�<�_b�oqbr�¾o����_£zb���®�bav

H
vxbamq|}br�¾oqwz®�ba£§lT²

�¦Å �Â�n� ��� 1�� ¹ : ��º � �6��9 ����#  ���
	 ����  � � ��# � ��#  � �`
 5	5�9$
 #,�.# / 
 Bu(H)
# 
 ���  �

B′

u(H) 	
04�L��3��  5 # /  � ��� � # � �� #%� ! ���&� � 
 � � � # 
 �  � � 5O5 
65 ��� # / 
 � ���4# �6���  ��� 9 #���� �


&+ ��� �  � 
 5  ������� ��� ��� 	 1�#  � � � 9 � 
 � �� ��� ����#  ��� � #�	 - / �� / � � � � 9 � ��
2 � � � 
 � �H
�� #'/ 
� 9 � � 
 � � � � #,��# 
 3Q���  ���H� 
�� ne > nx
 � # / 
 � 
 ����� 
L # � � ��� 5 -  5 #'/ � /$� 9 � 5 � 
 � / � ��
 �/ �� / 
 ��� 9O� / # � � 
 � 
 � � ��O ��� 
 � 
 � ��� 5� � � # / 
 ���F���$#8��� 5 ����� 
�� #  3 
 � ��� 5 -  5 #'/ � 	
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 � 5�9 � 9 � E :

� � É��°É ���¬��� É�� ��� ���'�F��-  � � �
	 � � 9 � 5 
 �	# / 
 � � 
 3  � 9R� � � ��9 � � #  ��� � # / 
 � 
 
&+  � # � �
� �  � � � � / 
 5�9 � 
65 � ���4# �&���'� 
 � 	 � ��O9 � 
�� 

{

xKk+1
= AK(H)xKk

+BK(H)yk
uk = CK(H)xKk

+DK(H)yk

¹ : 
Lº
- / 
 � 
 xK ∈ R

ne
��- / �� / 
 � � 9 � 
�� �`��3 
 � ���'� �$���6��� 
 # 
 �?#%�&��� 
 � #,���  
�� �`#'/$��# (

 #'/ 
 � �F� �H
 5 �,�F�V�6� � ! � # 
 �  �  �4# 
 �������'� ! �H9 � 5 �6��# ��]� #,���H� 
��
 #'/ 
 L2

�  � 5�9 � 
 5 ������� �T��# / 
 � � 
 �&��#,���.�2�6� �  � � w  �$#,� z  � � � 9 � 5O
 5 ��! γ �
 	 
 	 ‖z‖2 < γ‖w‖2

 �]��� 5 ���4� !  � # / 
 � 
 
6+  � # γ ��� 5 #%- � � !�� � 
 #%� �� �2��#%� �� 
�� (R,S) � ��#  � � !  � � 2r+ 1

��� 1 � 	 - / �� /[��� 
 � ����� 9 # 
 5 ��� �,�  � 
  (

(

NR 0
0 I

)T

L1

(

NR 0
0 I

)

< 0, i = 1 . . . r
¹ NT�Lº

(

NS 0
0 I

)T

L2

(

NS 0
0 I

)

< 0, i = 1 . . . r
¹ N$E�º

(

R I
I S

)

≥ 0
¹ NL�Tº

- / 
 � 

L1 =





ĀiRĀ
T
i −R ĀiRC

T
1i B̄1i

C̄1iRĀ
T
i −γI + C̄1iRC̄

T
1i D̄11i

B̄T1i D̄T
11i −γI





L2 =





ĀTi SĀi − S ĀTi SB̄1i C̄T1i
B̄T1iSĀi −γI +BT1iSB̄1i D̄T

11i

C̄1i D̄11i −γI





- / 
 � 
 Āi � B̄1i
�
C̄1i

�
D̄11i

��� 
 Ā(H)
� B′

w(H)
� C′z(H)

� D′

zw(H) 
 3���� 9 ��# 
 5 ��## / 
 ith 3 
 ��# 
6+ �T��#'/ 
 � ���&��� 
 # 
 �*�$��� !�#,�6� 
 	 NS
��� 5 NR 5O
 ����# 
 � � �H
�� �T��� 9 �'� � � � �6
���T�

(B̄T2 , D̄
T
12)
��� 5 (C̄2, D̄21)

� 
�� � 
�� #  3 
 ��! 	

P (H)

K(H) �

-

- -

yu

z̃w̃

H
�
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R
²
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��s�

γ
��vxbe�T�nox��w§sba�³²@ox\_b'���TsToxvq�T£§£zb(v�m]��vxbevxba�(��smpoqvxt��oqba�»��o�br����\»®�b(vqoqb(Á��©_ox\_b]|��v���`�b�oxb(v#|}�T£§lLoq�T|}b]��m&mq\_��¤�s'wzs C Er�QGæ¯#[]\b°�L��wzsn~æmx��\_br�nt_£zba�'�(��sLoqvx��£z£§bav

K(H)wzm]ox\_b(s»ox\_b'���TsL®Tb�Á¦�(��`��w§s��oqwz��s<��©&oq\_brmpb'�(��sLoqvx��£z£§bavxm

K(H) :

„

AK(H) BK(H)
CK(H) DK(H)

«

=
r

X

i=1

αi(δ)

„

AKi
BKi

CKi
DKi

« �������

with αi(δ) such that H =

r
X

i=1

αi(δ)ωi

�������

c���oxb oq\��oP��sn~æ£§wzs_b]mq��\ba�nt_£zwzs_�/��©ox\_b����TsToxvq�T£§£zb(vYs_baba�_m&ox\_b����T`8|tnox��oqwz��s8��©
αi(δ)ÀLs��¤�w§s_�

h
¯*A_�TvJox\_b�©¬t£§£6|W��£zlTox��|Wbe�a��mqb�oq\_b�|W��£zlTox��|_w¢�g�(�@��v��nw§s}��oqbrmP��vxbgmq��£ztnoqwz��s}mJ��©oq\_b/©¬�T£§£z��¤�w§s�8ts�nb(vq~±����s}m�oxvx��w§s_br�Gmql@mpoqba`i¹ CFE N_² Er�QGÒº	�

{

∑2N

i=1 αi(δ)ωi = H = [δ, δ2, ..., δN ]
∑2N

i=1 αi(δ) = 1, αi(δ) ≥ 0

¹ N@��º
¤�\_wz��\��(��s��Wb�mp�T£§®Tba��tmqwzs_����s.��£§�T��vxw¥ox\_`���©}oq\_b�¶�f B³oq�@��£z�W��Á	CFEVUQGZ¯#�µ\_bas�ox\_b]|}�T£§lL~oq��|Wb�wzm/vxba�_t��br�ðox� �»mqw§`�|_£zb�Á ¹Ütmqw§s_� wzs_bayLt��£§w§o�lX¹Z���Tºqºgoq\_bª|W��£zlLoq��|wz�8���@��v��nwzs��oxbam��vxb��Tw§®Tb(s mp�T£§®@wzs_���8mqwz`8|£§bav�mplnmpoqb(` �

{

∑N+1
i=1 αi(δ)ωi = H = [δ, δ2, ..., δN ]

∑N+1
i=1 αi(δ) = 1, αi(δ) ≥ 0

¹ N UTº
©¬��v�¤�\_w¢��\ b�Án|_£zwz�(w¥ogmq��£ztnoqwz��s}m ��vqb/br��mqw§£zlGvxba��tvxmqw§®Tb(£zlª����`�|_t_oqba�0�











α1 = δmax−δ
δmax−δmin

αn =
δn

max−δ
n

δn
max−δ

n
min

−∑n−1
1 αi , n = [2, ..., N ]

αN+1 = 1−∑N
1 αi

¹ Nn��º

[]\_wzm�£zba�T�_m(²}©¬��veoq\b8�a��mqb
N = 2

��s�
δmin = 0

��©Uoq\b.s_b(Á@o�mqba�¾oxw§�Ts¼oq�<oq\b8mqw§`�|_£zbb�Án|_£zwz�(w¥ogmq��£ztnoqwz��s}m �
α1 =

δmax − δ
δmax

, α2 =
δ2
max − δ2

δ2
max

− α1, α3 = 1− (α1 + α2)
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u
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θ
��s��£zb�²�|}�Lmpw§oqwz®�b°w§s�oq\_bJoqvxw§�T��s_�T`�b�oqvxw¢�Pmpbasmqb�²�w¢m�`�ba�Tmptvqbr�/�Ll�ox\_b°vx�n�'��s��£zbmqb(smq��vr¯&[]\b�|}�Lmpw§oqwz��s

z
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A&w§�Tt_vxb U �Y�Pwz��oqt_vxb���©&oq\b'[:|Wb(s�nt£§t_`

θ(t)

z(t)

u(t)

A&wz��t_vxbª�!�/�°�@��v��nwzs��oxbame��©°oq\_bª[�|Wb(s�_tn~£zt_`

��=� � &��������������
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(

m1 m1l0
m1l0 J̄

) (

z̈

θ̈

)

+

(

−fvz
−m1zθ̇

2m1zθ̇ 0

) (

ż

θ̇

)

+

(

−m1 sin θ
−(m1l0 +m2lc) sin θ −m1z cos θ

)

g =

(

u
0

) ¹ N XLº
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ẋ1 = x2

ẋ2 = −l0ẋ4 + x1x
2
4 + g sinx3 −

fvz

m1
x2 +
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ẋ3 = x4
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(+g(m1x1 cosx3 +m2lc sinx3)
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H∞

`�b(oq\_�n�@~��£z���Tl_º¾¯

+

du

+
GK

r y

Wu

M

We

+

−

θ

ẽ
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∥

∥

∥

∞
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[
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(δh, z)−Gd(δh, z)| ©¬�Tv 6= h
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