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Abstract

Wireless Mesh Networks (WMNs) have become an interesting answer for broadband wireless net-

working. Cross-layer optimization problems for WMNs deployment and management are necessary

and challenging. In this paper we focus on jointly optimizing routing and link scheduling in a single-

channel wireless mesh network, in order to maximize fair network throughput or equivalently minimize

time period. Our approach is based on a path/configuration linear formulation of the joint routing and

scheduling problem, which is solved by column generation with two auxiliary programs to generate new

paths and configurations. The method is validated on small topologies from an optimal node/arc formu-

lation, and simulations are then done on random and grid topologies.
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Generation.
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Figure 1: Exemple of a WMN topology

1 Introduction

Wireless mesh networks (WMNs) are cost-effective solutions for ubiquitous high-speed services [1]. They

are self-organized networks with a fixed infrastructure of wireless mesh routers (MRs) interconnected to

provide Internet access to mobile network users. This infrastructure, forming a wireless backhaul network,

is integrated with Internet by special routers called mesh gateways (MGs). Thus mesh clients (MCs) ac-

cess Internet by multi-hop communications through the backhaul. A WMN can be represented as a two-tier

architecture as shown in Figure 1, and a logical separation is maintained between MCs to MRs one-hop con-

nections and MRs to MGs multi-hop communications. This work focuses on WMN backhaul optimization

because of its stationary characteristic and clients demands are modelled by some weight on each MR node.

We globally call mesh points (MPs) the union of MRs and MGs.

There is an intensive research in providing full optimization frameworks for WMNs. Network through-

put is one of the most important issues when evaluating the performance of a WMN. But one of the major

problem facing wireless networks is the capacity reduction due to wireless contentions [7,10]. In [6], Gupta

and Kumar use an analytical approach to prove that the per node capacity of a random wireless ad-hoc

network decreases as O( 1√
n
) as the size of the network, n, grows. In WMNs, capacity bottlenecks appear

around the gateways, therefore the available capacity for each node is reduced to O( 1
n) [8].

In addition, network performances strongly depends on cross-layer optimization including deployment

strategies, routing protocols, and physical properties. Capacity evaluation is useful to improve the perfor-

mance of routing protocols, and routing efficiency depends on the problem on allocating physical and data

link layer resources. Interferences between link transmissions clearly impact the routing used to satisfy

traffic demands. In the same way traffic routing determines the traffic flows for each link, but it has to be

done in a way such that the communication requirements for the links can be met.

In order to maximize network capacity, the optimal allocation of resources has therefore to be deter-

mined. In a spatial Time-Division-Multiple-Access scheme (STDMA), the transmission capacity is divided

into time slots, and each link is assigned some dedicated slots. In this so-called link scheduling problem,

one has to generate a feasible transmission schedule to route a given arbitrary network traffic distribution

at maximum rate [13]. At each slot, only a set of pairwise non-interfering links is selected, leading to a

schedule that dictates when links transmit. These sets are called configurations and the set of all possible

configurations is exponential. Finding an optimal schedule is thus intractable for network with more than 15
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links and optimization-based approaches trying to reduce the size of the space of configurations have been

proposed [16] in conjunction with approximation algorithms [9].

Column generation is a prominent technique to cope with large-scale integer programs [14]. When

the number of variables is exponential, it provides a decomposition of the problem into master and sub-

problems. The master is a different formulation of the original problem depending on combinatorial struc-

tures that can be generated through the sub-problems, also called auxiliary problems. The continuous re-

laxation of the master problem is solved in order to obtain dual variables and corresponding induced costs.

Then, given the set of dual variables, either identify a column that has a favorable induced cost, or indicate

that no such column exists.

The joint routing and scheduling problem (JRSP) has been extensively studied in the litterature and

column generation has already been applied to solve the continuous relaxation of this problem [2, 17].

However, the goal was to minimize time period length given a fixed number of packets to send between

the nodes, and the packets destination was fixed for every sender. In a WMN with multiple gateways, MRs

usually send its aggregated traffic to different gateways through multi-paths [12, 15].

In this work, the formulation can either minimize time period length, or maximize the maximum fair

throughput at each source node, saying the maximum number of packets that can be routed from each MR to

MGs. Generating not only new configurations, but also new paths in our column generation process, allows

to choose longer paths that can carry more flows. This path/configuration formulation has no longer been

proposed, and the technique presented here constitute a method to compute optimal solutions for the routing

and scheduling problem.

2 Problem Definition and Assumptions

The network can be viewed as a directed graph G = (V,E) of N nodes representing mesh points. Each

device has a single interface, sharing a single channel with other nodes. Let V = Vr ∪ Vg where Vr denotes

the set of mesh routers, and Vg the set of mesh gateways. For each transmission, a MR from Vr will send

data packets to MGs from Vg through multi-hop paths.

We suppose a synchronous network where every communications share a common time period T . Each

link of E is directed and will have an activation period during T , corresponding to a set of time slots during

which the communication can occur without wireless contentions. To ensure transmissions, a collision

avoidance method must be chosen as an interference model. Many interference models have been introduced

for wireless networks, approximating the physical reality. Some are taking into account MAC layer protocols

such as CSMA/CA with RTS-CTS. They are called binary models, meaning that two nodes can either always

or never transmit simultaneously unless they communicate together [11]. They can be represented by a

conflict graph Gc = (Vc, Ec), where a node in Vc corresponds to a link e of E in G, and there exists a link

between two nodes of Vc if and only if the corresponding links in G are interfering. Some other models try to

fit a physical layer reality of Signal-and-Interference-to-Noise-Ratio (SINR) [6]. In this case, the success of

receiving a transmission depends on the strength of the signal compared to the level of interference caused

by simultaneous transmitting nodes added to the ambient noise.

Given this interference model, a set s is defined as a set of non-interfering links of G. This set is called a

configuration and corresponds to transmissions that can be active at the same time without interfering with

each other. In the conflict graph, a configuration can actually be represented by an independent set of the

graph.

The routing and scheduling problem studied here jointly route the packets from routers to gateways and

schedule transmissions at rates closed to the maximum throughput capacity. To ensure fairness, the global
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objective is maximizing the amount of flow that can be guaranteed to each router. Or, given MRs demands,

another objective seeks to minimize time period length, leading to a better use of the transmission capacity.

3 Joint Routing and Scheduling Problem Formulations

The goal of the joint routing and scheduling problem is double : it has to find a set of paths on which it can

route datas, and ensure that transmissions are free of interferences on each hop of the paths.

In next section, we present a node/arc formulation of the problem, before describing the path/configuration

formulation used for column generation.

3.1 Node/Arc Formulation

This initial formulation does not include configurations. Only links and nodes are considered, with con-

straints and variables related to a multi-commodity flow formulation. To prevent interferences, one defines a

set I(e) for each link e ∈ E containing all links e′ interfering with e.

Let f r
e be the amount of flow sent by router r of Vr on link e, and at

e the binary variable saying if link e
is active during time slot t ∈ [1, T ], the objective is to guaranty λ units of data per nodes.

max λ (1)

∑

e∈Γ+(v)

f r
e −

∑

e∈Γ−(v)

f r
e = 0,∀ r ∈ Vr, v ∈ Vr \ {r} (2)

∑

e∈Γ−(r)

f r
e = 0,∀ r ∈ Vr (3)

∑

e∈Γ+(r)

f r
e > λ,∀ r ∈ Vr (4)

∑

e∈Γ+(g)

∑

r∈Vr

f r
e = 0,∀ g ∈ Vg (5)

at
e + at

e′ 6 1, ∀e ∈ E, e′ ∈ I(e), t 6 T (6)
∑

r∈Vr

f r
e 6

∑

t6T

at
e, ∀e ∈ E (7)

Constraints (2)-(5) describe the flow conservation constraints. A MR sends λ units of flow, forwarded by

other MRs, until they are received by MGs. (6) claims that a link e cannot be active at a time t in conjunction

with a link e′ ∈ I(e), following the definition of the interference set I(e) presented above. (7) are the link

capacity constraints. The total flow on a link cannot exceed its global capacity on the time period, which is

the number of slots the link is activated.

This problem is actually a mixed-integer linear program with binary variables at
e. This formulation

generates thousands of constraints and variables which make the problem intractable for topologies with

more than 20 nodes. Some optimal results have been found and are presented in [4].

In order to tackle larger topologies, a new formulation is derived from this one which allow us to use the

column generation method to compute solutions.
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3.2 Path/Configuration Formulation

This problem formulation can actually have two different objectives. The first one aims to minimize the

time perid length, whereas the second objective wants to maximize node throughput with fairness, saying

maximize the minimum outgoing flow at each source node. These two functions are related since having

a long time period ensure more link activation and therefore better throughput. But increasing time period

length will reduce transmission rate in a permanent network. Thus the goal is quite similar and can be

characterized as a network throughput maximization.

Given a set of paths P and a set of configurations S, fp represents the amount of flow going through

path p of P and as is the activation time of configuration s of S, saying the number of time slots assigned

to s. Recall that
∑

s∈S as equals the total time period since only one configuration is active during a slot.

The path-configuration linear formulation, with two different objective functions described before, is

the following :

Master program (MP):

max λ (8)

∑

p∋e

fp 6
∑

s∋e

as, ∀e ∈ E

λ 6
∑

p∈Pu

fp, ∀u ∈ Vr

∑

s∈S
as 6 T,

fp, as, λ ∈ N, ∀p ∈ P, s ∈ S

minT (9)

∑

p∋e

fp 6
∑

s∋e

as, ∀e ∈ E (10)

λ 6
∑

p∈Pu

fp, ∀u ∈ Vr (11)

∑

s∈S
as 6 T, (12)

fp, as, T ∈ N, ∀p ∈ P, s ∈ S (13)

Constraint (10) verify that flow can be sent on a path only if links composing it are enough active during

time period [1, T ]. Constraints (11) and (12) respectively set the bounds for minimum outgoing flow at each

source, and time period length. Therefore objective is either to maximize the minimum outgoing flow (8),

or to minimize time period length (9). Depending on the objective chosen, then either T or λ becomes a

fixed parameter of the problem.

Problem with objective (9) is not applicable to the node/arc formulation since the configuration charac-

teristics are included in the problem. Constraint (6) actually computes a configuration at each time slot t. It

is therefore impossible to deal with a node/arc formulation minimizing time period length T .

3.3 Column Generation

The idea of applying column generation method comes from the exponential size of variables of the problem.

It is known that the number of possible paths between mesh routers and gateways is exponential and so is

the set of configurations.

Therefore we first solve the continuous relaxation of the master problem with restricted sets P0 and S0.

If there exists a feasible solution of this restricted master problem, current optimal primal and dual solutions

are obtained. Then, using the current optimal dual variables, subproblems seek to generate new paths and

configurations which violate the dual constraints and lead to a better solution of the intial problem. These

columns found are added to the master problem that is solved again until no such column exists.
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In our case, the dual version of the master problem involves three constraints corresponding to the three

variables defined in the master program. Introducing the dual variables ye for links associated with constraint

(10) of (MP), xu for nodes of Vr associated with constraint (11) of (MP), and ω associated with constraint

(12), then the dual constraints can be described as follows :

∑

e∈p

ye > xO(p), ∀p ∈ P (14)

ω >
∑

e∈s

ye, ∀s ∈ S (15)

1 > ω (16)

where O(p) denotes source node of path p.

The problem is now to determine if there exists new paths and configurations that make the objective

function increase.

4 Auxiliary Programs

As the dual program constraints are defined for paths and configurations, we then have two different auxil-

iary problems, one for new paths generation and another one for new configurations generation. Auxiliary

problems determine if there exists a new column improving the objective value of the master program. If

solutions of the sub-problems don’t violate the dual constraints, then the corresponding primal solution is

optimal.

4.1 The Shortest Path Problem

This auxiliary problem is actually a shortest path problem where edge costs are functions of dual variables

of the master problem. Given the optimal dual variables found by solving the contiuous relaxation of the

master program with the current basis, the auxiliary path problem is the following :

Definition 1 Given a weight function y : E → R
+, the Minimum Weighted Path Problem consists in

finding a path p ∈ P for wich

y(p) =
∑

e∈p

ye

is minimum.

We seek to minimize the total path cost y∗(p) and verify if this new path violates constraint (14), saying

if y∗(p) < xO(p). If it does, then an improving path has been found and is added to the current basis of the

master problem. As this auxiliary problem is based on shortest path problem, it can therefore be computed

efficiently.

Different algorithms have been investigated and compared in terms of time consumption.

4.1.1 Multiflow Formulation

The first approach uses a multiflow formulation, each source sending one unit of flow in the graph. The

goal is to find the shortest path between each router source and a gateway. As we don’t know exactly the

destination node, but only a subset of possible destinations, we introduce a binary variable kr
v for each r ∈ Vr
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and v ∈ Vg, saying if gateway v receives the unit of flow sent by r or not. Let f r
e be the flow variables on

link e from router r, the formulation is the following :

min
∑

r∈Vr

∑

e∈E

yef
r
e (17)

∑

e∈Γ+(v)

f r
e −

∑

e∈Γ−(v)

f r
e =







1 if v = r
−kr

v if v ∈ Vg

0 if v ∈ Vr \ {r}
, ∀r ∈ Vr (18)

∑

g∈Vg

kr
g = 1, ∀r ∈ Vr (19)

kr
i , f r

e ∈ [0, 1] , ∀i ∈ Vg, r ∈ Vr, e ∈ E (20)

Since in some cases only few dual variables ye are non-zero, we have to prevent cycles in solutions

computed, otherwise the program can add an important number of free arcs with associated weight of 0 in

the path solution. We therefore add a small ǫ value at every link weight. But we have to be carefull with this

ǫ since we don’t want to create better paths with weight
∑

e∈p (ye + ǫ) than free paths with weight
∑

e∈p ǫ.

Thus we choose ǫ = mine∈E ye

2n , with mine∈E ye > 0 and n = |V |, which ensures that
∑

e∈p ǫ < ye, ∀e ∈ p.

Actually, this problem is solved with continuous variables f r
e and kr

v. If solution found is a unique path

for a given source node, then flow on it equals 1 and we get the same result as in the integer case. Otherwise,

this means that all paths have the same continuous weight. This can be derived from the following lemma :

Lemma 1 Given a set of paths Ps,t between nodes s and t, and a function f : Ps,t → R+ with f(p) =
∑

e∈p fs
e and f(e) =

∑

p∋e f(p). If

f∗ = argminf

∑

e∈E

(ye + ǫ)f(e),

then ∀p ∈ Ps,t with f∗(p) > 0,

p = argminp∈Ps,t

∑

e∈p

ye.

Proof. Suppose ∃p1, p2 such that f∗(p1) > 0, f∗(p2) > 0 and
∑

e∈p1
ye >

∑

e∈p2
ye. Then

∑

e∈p1
(ye + ǫ) >

∑

e∈p2
(ye + ǫ).

Let f ′ =







f∗ ∀p 6= p1, p2

0 on p1

f∗(p1) + f∗(p2) on p2

. Thus :

∑

e∈E

(ye + ǫ)f ′(e) =
∑

e/∈p1,p2

(ye + ǫ)f∗(e) + (f∗(p1) + f∗(p2))
∑

e∈p2

(ye + ǫ)

<
∑

e/∈p1,p2

(ye + ǫ)f∗(e) + f∗(p1)
∑

e∈p1

(ye + ǫ) + f∗(p2)
∑

e∈p2

(ye + ǫ)

<
∑

e∈E

(ye + ǫ)f∗(e)

This leads to a contradiction since f∗ = argminf

∑

e∈E (ye + ǫ)f(e). �
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Figure 2: Modified Graph G′

4.1.2 Dijkstra Algorithm

The other approach uses Dijkstra algorithm. Our goal is, for each router source, to get the shortest path

to one gateway node from Vg. As Dijkstra algorithm computes the shortest path from a single source

to all other nodes, if we run it for each node of Vr, it would be time consuming, and it will compute

paths between two routers that we don’t care about. To optimize the computation, we change slightly the

parameters. Given the symmetric property of the connectivity graph G, we transform it into a new graph

G′ = (V ′ = V ∪{g}, E′ = E∪Eg) as depicted in Figure 2. Let g be a virtual node linked to gateway nodes

by arcs Eg = {(g, u), ∀u ∈ Vg} with respective weight of 0. Weights for links of E are assigned to the

weight of their opposite arc in G, e.g. the dual variable y. Thus if we apply Dijkstra algorithm to compute

shortest paths from node g to every other nodes in G′, we will obtain every path from nodes of Vr to nodes

of Vg in one iteration, without computing useless paths. More precisely, we will get (g, v)-paths for every v
of Vr that minimize

∑

e′∈E′ ye′ which corresponds to (v, i)-paths with i ∈ Vg minimizing
∑

e∈E ye.

4.2 The Maximum Independent Set Problem

This problem consists in finding a configuration violating constraint (15). It can be defined into the following

problem :

Definition 2 Given a weight function y : E → R
+, the Maximum Weighted Configuration Problem consists

in finding a configuration set s ∈ S for wich

y(s) =
∑

e∈s

ye

is maximum.

As we said before, a set of non interfering links corresponds to a stable set of the conflict graph associated

with the network. Thus generating a maximum weighted configuration is actually finding a maximum

weighted independent set. This problem is know to be NP-hard, therefore its computation is not efficient
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and can be exponentional in time. We therefore investigated different approaches for this sub-problem,

analysing and comparing an optimal program resolution to the use of a heuristic technique.

In terms of complexity, we have the following interesting result derived from the theorem of separation

and optimization [5, 9]:

Proposition 1 If there exists a (polynomial-time) ρ-approximation for the Maximum Weighted Configura-

tion Problem, then there exists a ρ-approximation for the scheduling problem.

Proof. In order to solve the dual problem, we only need to separate it. So, given metric y of the dual, we

need to decide if it is feasible to output a violated constraint or not. Since to check feasibility means to

verify that y is positive, the problem reduces to check the constraints

∀s ∈ S, y(s) 6 ω.

For this purpose, one only needs to find a maximum weighted configuration s0. If its weight is strictly larger

than ω then we output y(s0) 6 ω as violated constraint, otherwise y is feasible. Therefore, if such s0 can be

found efficiently, the result follows (for the exact case). Let us assume now that we have a ρ-approximation.

Then, it provides us with a configuration s1 such that y(s1) > ω in polynomial time, or otherwise we know

that the metric y/ρ is feasible, and the approximation case follows. �

When a new configuration s has been found by the sub-problem, we then look if its corresponding

weight y∗(s) is greater than ω. If it does, this means that constraint (15) is violated and that s improves the

current solution.

4.2.1 Optimal Formulations

To optimaly generate new configurations sets, we use a binary program already presented in [17], [2] and [3].

It also depends on dual variables associated with links, and as for the previous auxiliary problem for paths,

a new variable ze has been introduced for links to determine if link e will be added to the new configuration

or not.

max
∑

e∈E

yeze (21)

ze + ze′ 6 1, ∀e ∈ E, e′ ∈ I(e) (22)

ze ∈ {0, 1}, ∀e ∈ E (23)

Recall that I(e) corresponds to the set of links interfering with e. This formulation uses the binary

interference model presented in section 2 of this paper. But other interference models can be applied like

the SINR model where a communication between two nodes i and j can occur if the Signal-to-Noise-and-

Interference-Ratio at node j (SINRj) is greater then a fixed threshold γ :

SINRj =
p(i, j)G(i, j)

η +
∑

(k,l) 6=(i,j) p(k, l)G(k, j)
.
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To consider this model, one has to replace constraint (22) by the following ones :

p(i, j)G(i, j)z(i,j) > γ · (η +
∑

(k,l) 6=(i,j)

p(k, l)G(k, j)z(k,l)),∀(i, j) ∈ E (24)

∑

e∈Ei

ze 6 1,∀i ∈ V (25)

Unfortunately these are integer programs that cannot be relaxed since interfering links could be chosen

in the same configuration. Thus optimal resolution is time consuming in the column generation process and

must be replaced by approximation algorithms to be more efficient.

4.2.2 Approximation Algorithm

Here we decide to compute a greedy algorithm to find various maximal for inclusion weighted configura-

tions. As several configurations may violate constraint (15), adding only one configuration by iteration may

increase the total number of iterations and therefore the resolution time. Thus we decide to develop an algo-

rithm which computes quickly a fixed number of maximal weighted configurations (see Algorithm 1). This

Algorithm 1 : Maximal Weighted Configurations Generation

1: Sort arcs e of E such that e1 is before e2 if ye1
> ye2

2: Result← ∅
3: nbIt← 1
4: while nbIt 6 10 do

5: snbIt ← {enbIt}
6: for i = nbIt to |E| do

7: if ei does not interfere with elements of snbIt then

8: snbIt ← snbIt ∪ {ei}
9: end if

10: end for

11: Result← Result ∪ snbIt

12: end while

algorithm permits to compute rapidly approximated maximum weighted configurations, and to use optimal

programs only when it does not find solutions that violate the dual constraint anymore. This significantly

reduces resolution time.

5 Tests

Tests have been realized using the MASCOPT
1 library developed by team members, and ILOG CPLEX.

5.1 Validation

First, we validate our path/configuration formulation with small topologies that can be solved optimaly. We

compare the continuous results from the column generation applied on the relaxation of the path/configuration

1http://www-sop.inria.fr/mascotte/mascopt/
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formulation with the integer optimal results of the node/arc initial problem. Results are depicted on figure...

and validate the formulation. Overall, if we solve the continuous relaxation of the node/arc formulation (ex-

cept for binary variables at
e), then results are the same than those from column generation where we apply

branch and bound on configuration variables as.

5.2 Simulations

As bigger topologies can be solved optimaly because the thousand constraints and variables generated by

the problem, we only solved them with our column generation method. Tests are done on grid and random

topologies of 10 to 150 nodes.

5.2.1 Impact of parameter T

The time period length T is given as an input of our model. It has an impact on the network throughput

because every active path where λ units of flow are sent during [1, T ] will have a flow rate of λ/T in

permanent regime.

Another impact concerns problems complexity. In the node/arc formulation, there is a binary vari-

ables per arc and per slot, leading to an ordered link activation over time period. On the contrary, the

path/configuration formulation does not specify during which slot a link is activated.

A consequence is when parameter T is increased, then the node/arc formulation gets more variables

whereas the path/configuration formulation as always the same number of variables. The column generation

resolution time will not grow as fast as the node/arc problem as shown in figure...

6 Conclusion

In this work we have presented the joint routing and scheduling problem for wireless mesh networks under

a path/configuration formulation. It permits the use of column generation to iteratively find new improving

paths and configurations, leading to an optimal solution of the continuous relaxation of the problem.

Simulations have been realized on random and grid topologies with various number of gateways. Reso-

lution time is promising but still depends on the auxiliary configuration problem known to be NP-hard. Use

of approximation schemes to generate maximal independent sets are hardly recommended.
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[5] Martin Grötschel, László Lovász, and Alexander Schrijver. The ellipsoid method and its consequences

in combinatorial optimization. Combinatorica, 1(2):169–197, 1981.

[6] P. Gupta and P.R. Kumar. The capacity of wireless networks. IEEE Transactions on Information

Theory, 46(2):388–404, March 2000.

[7] K. Jain, J. Padhye, V. Padhamanabhan, and L. Qiu. Impact of interference on multi-hop wireless

network performance. In ACM MobiCom, pages 66–80, September 2003.

[8] J. Jun and M.L. Sichitiu. The nominal capacity of wireless mesh networks. IEEE Wireless Communi-

cations, 2003.
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