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Etude d’un systeme couplé d’EDO et EDP
intervenant dans la modélisation
d’éléctrocardiogrammes

Résumé : Nous étudions le caractere bien posé d’un systéme d’équations inter-
venant dans la simulation numérique d’électrocardiogrammes. Ce systeme, qui
couple des équations aux dérivées ordinaires et des équations aux dérivées par-
tielles, est constitué d’équations de réaction-diffusion dégénérées, les équations
bidomaine qui modélisent 'activité électrique du coeur, et d’une équation de
diffusion qui modélise l'activité électrique du tissu environnant (le thorax).
L’existence globale de solutions faibles est obtenue pour un ensemble de modeles
ioniques, dont les modeles de Mitchell-Schaeffer, FitzHugh-Nagumo, Aliev-Pan-
filov et MacCulloch. L’unicité est prouvée pour le modele de FitzHugh-Nagumo.
La preuve s’appuie sur un argument de régularisation et la méthode d’approxi-
mation de Faedo-Galerkin, combinés avec des résultats de compacité.

Mots-clés : Modele bidomaine, systeme de reaction-diffusion, modélisation
de I’électrocardiogramme
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1 Introduction

We analyze the well-posedness of a coupled system arising in the numerical sim-
ulation of electrocardiograms (ECG). It consists of two partial differential equa-
tions (PDEs) and a system of ordinary differential equations (ODEs), describing
the electrical activity of the heart, coupled to a third PDE which describes the
electrical potential of the surrounding tissue within the torso.

{@ T

Qr

Figure 1: The heart and torso domains: 2 and

We assume the cardiac tissue to be located in a domain (an open bounded
subset with locally Lipschitz continuous boundary) Qi of R® . The surrounding

tissue within the torso occupies a domain Q. We denote by X def QuNQr =

09y the interface between both domains, and by eyt the external boundary of

Qr, d.e. Toxt def O0T\X, see figure Ml At last, we define  the global domain

QU Q.
A widely accepted model of the macroscopic electrical activity of the heart is
the so-called bidomain model (see e.g. the monographs [I9, [[7, 20]). It consists

of two degenerate parabolic reaction-diffusion PDEs coupled to a system of
ODEs:

Crn 0y + Tion (Vm, w) — div(eiVu;) = Lipp, in Qu x (0,7,
Crn0¢vm + Tion (Vm, w) + div(oe Vue) = Lpp, in Qn x (0,7), (1.1)
w4+ g(vm, w) =0, in Qp x (0,7).

The two PDEs describe the dynamics of the averaged intra- and extracellular
potentials u; and ue, whereas the ODE, also known as ionic model, is related
to the electrical behavior of the myocardium cells membrane, in terms of the
(vector) variable w representing the averaged ion concentrations and gating

states. In (), the quantity vy, def u; — ue stands for the transmembrane
potential, Cy, is the membrane capacitance, o, o, are the intra- and extra-
cellular conductivity tensors and Iy, is an external applied volume current.
The nonlinear reaction term o, (vm, w) and the vector-valued function g(vy,, w)
depend on the ionic model under consideration (e.g. Mitchell-Schaeffer [I4],
FitzHugh-Nagumo [I5] or Luo-Rudy [IZ, [[3]).

The PDE part of ([II]) has to be completed with boundary conditions for w;
and ue. The intracellular domain is assumed to be electrically isolated, so we
prescribe

oiVu;-n=0, on .

Conversely, the boundary conditions for u. will depend on the interaction with
the surrounding tissue.

RR n° 0123456789



4 M. Boulakia, M.A. Ferndndez, J.-F. Gerbeau & N. Zemzemi

The numerical simulation of the ECG signals requires a description of how
the surface potential is perturbed by the electrical activity of the heart. In
general, such a description is based on the coupling of ([Il) with a diffusion
equation in Qr:

diV(O‘TV’uT) = 0, in QT, (12)
where ut stands for the torso potential and o1 for the conductivity tensor of

the torso tissue. The boundary I'eyxy can be supposed to be insulated, which
corresponds to the condition

orVur -np =0 on [y,

where n stands for the outward unit normal on I'ey:.
The coupling between ([[Il) and () is operated at the heart-torso interface
Y. Generally, by enforcing the continuity of potentials and currents (see e.g

[T, (9, 06, 17, 200):

Ue = UT, on X,
{ e (1.3)

o.Vue-n=ocrVur-n, on X.

These conditions represent a perfect electrical coupling between the heart and
the surrounding tissue. More general coupling conditions, which take into ac-
count the impact of the pericardium (a double-walled sac which separates the

heart and the surrounding tissue), have been reported by the authors in a recent
work [H].

In summary, from (), (C2) and [3F) we obtain the following coupled
heart-torso model (see e.g [0, [16, 7, 20]):

Crn 0y + Tion (U, w) — div(eiVu;) = Lipp, in Qp,
Crn0tvm ~+ Tion (Vm, w) + div(oe Vue) = Lpp, in Q,
ow + g(vm,w) =0, in Qp,

div(erVur) =0, in Qr,

(1.4)
oVu;-n=0, on X
o.Viue-n=ocrVur-n, on X,
Ue = U, ON X,
orVur -np =0, on .
Problem () is completed with initial conditions:
vm (0, 2) = vo(x) and w(0,x) = wo(z) Vz € Q, (1.5)
and the identity
VU def Ui — Ue, 1n Op. (1.6)

Finally, let us notice that u. and ur are defined up to the same constant. This
constant can be fixed, for instance, by enforcing the following condition

/ Ue = Oa
Qn

on the extra-cellular potential.

INRIA
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Introduced in the late 70’s [2], the system of equations ([LIl) can be de-
rived mathematically using homogenization techniques. Typically, by assum-
ing that the myocardium has periodic structure at the cell scale [I0] (see also
[6]). A first well-posedness analysis of ([II), with [ion(vm,w) and g(vm,,w)
given by the FitzHugh-Nagumo ionic model [I5], has been reported in [6]. The
proof is based on a reformulation of (Il in terms of an abstract evolution-
ary variational inequality. The analysis for a simplified ionic model, namely
Tion (U, w) def Tion (v ), has been addressed in [2]. In the recent work [, ex-
istence of solution is proved for a wide class of ionic models (including Aliev-
Panfilov [I] and MacCulloch [I8]). Uniqueness, however, is achieved only for
the FitzHugh-Nagumo ionic model. Finally, in [22], existence, uniqueness and
some regularity results are proved with a generalized phase-I Luo-Rudy ionic

model [I2].

None of the above mentioned works consider the coupled bidomain-torso
problem (Cl). The aim of this paper is to provide a well-posedness analysis
of this coupled problem. Our main result states the existence of global weak
solutions for ([Cd]) with an abstract class of ionic models, including: FitzHugh-
Nagumo [8 [15], Aliev-Panfilov [1], Roger-McCulloch [I8] and Mitchell-Schaeffer
[T4]. For the sake of completeness, we give here the expressions of [;,, and g for
these models.

e FitzHugh-Nagumo model:
Tion(v,w) = kv(v —a)(v—1)+w, g(v,w)=—e(yv—w). (1.7)
e Aliev-Panfilov model:
TLion(v,w) = kv(v—a)(v—1)+ovw, g(v,w)=¢€e(yv(v—1—a)+w). (1.8)
e Roger-McCulloch model:
Jion (v, w) = kv(v —a)(v = 1) +vw, g(v,w) = —e(yo—w).  (1.9)

e Mitchell-Schaeffer model:

w v
I = 2 (v—=1) =
o (’07 w) Tin ! ('U ) Tout ,
7__ ifv < VUgate) (1.10)
g(’[}, w) _ o_pen
if v > Vgate-
Tclose

Here 0 < a < 1, k, €, ¥, Tin, Tout, Topen, Tclose aNd 0 < Vgate < 1 are given
positive constants.

To the best of our knowledge, the ionic model [LI) has not yet been consid-
ered within a well-posedness study of the bidomain equations [[TIl). Compared
to models ([)-([TT), the Mitchell-Schaeffer model has different structure that
makes the proof of our results slightly more involved. As far as the ECG mod-
eling is concerned, in [A, 3], the authors point out that realistic ECG signals can
be obtained with this model, whereas it seems to be not the case for standard
FitzHugh-Nagumo type models ().

RR n° 0123456789



6 M. Boulakia, M.A. Ferndndez, J.-F. Gerbeau & N. Zemzemi

The remainder of the paper is organized as follows. In the next section we
state our main existence result for problem (), under general assumptions
on the ionic model. In Section 3 we provide the proof of this result. We use a
regularization argument and a standard Faedo-Galerkin/compactness procedure
based on a specific spectral basis in €. Uniqueness is proved for the FitzHugh-
Nagumo ionic model.

2 Main result

We assume that the conductivities of the intracellular, extracellular and thoracic
media 0, e, o1 € [L°°(Qy)]?*? are symmetric and uniformly positive definite,
i.e. there exist oy > 0, ae > 0 and o > 0 such that, Vo € R3, V€ € R3,

gloi(@)E > ale]?, € oc(x) > aclél’, € or(@)E > arléf.  (2.11)
Moreover, we shall use the notation o ef min{ae, ar}.
For the reaction terms we consider two kinds of (two-variable) ionic models:

e I1: Generalized FitzZHugh-Nagumo models, where functions I, and g are
given by
Iion(vv w) = fl (’U) + fQ(U)w7
g(v,w) = g1 (v) + crw.

Here, f1, f2 and g; are given real functions and ¢; is a real constant.

(2.12)

e I2: A regularized version of the Mitchell-Schaeffer model (see e.g. [1]),
for which the functions I;,, and g are given by:

Lion(v,w) = — fi(v) = —

)
Tout

(2.13)

glo,w) = (—— + T TR )} (1 g (0),

Tclose Tclose Topen
where f is a real function and h., is given by
hoo (v) = = {1 — tanh (%)} (2.14)
2 ngate
and Tin, Touts Topen < Tcloses Ugates Ngate @€ positive constants.
In what follows we will consider the following two problems:

e P1: System (L) with the ionic model (I1) given by ZI2).
e P2: System (L) with the ionic model (I2) given by ZI3))-ZI).

In order to analyze the well-posedness of these problems, we shall make use of
the following assumptions on the behavior of the reaction terms:

e A1l: We assume that fi, f> and g; belong to C*(R) and that, Vv € R,

|f1(0)] < e2 + esvl?,
f2(v) = ca + cs5v, (2.15)

l91(v)| < ¢6 + c7|v)?,

with {ci}Z:Q given real constants and cs, 3, cg, c7 are positives.

INRIA
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e A2: For any v € R,
fi(v)v > alv]* = blv|?, (2.16)

with @ > 0 and b > 0 given constants.

The next assumption will be also used in order to prove uniqueness of the
solution of problem (P1).

e A3: For all p > 0, we introduce F), as
F, R? — R?
(va) = (MIion(vaw)ag(vvw))v
and @, as:

Qu(z) % % (VE,(2) + VFu(2)T), ¥z € R2,

In addition, we assume that there exist pg > 0 and a constant Cio, < 0
such that the eigenvalues A1 ,,(2) < A2, (2) of Qi (2), satisfy

Cion < Moo (2) < A2y (2), Vz € RZ (2.17)

Remark 3 One can check that models [L)-CH) enter the general framework
&) and satisfy the assumptions Al and A2. In addition, A3 holds true for
the FitzHugh-Nagumo model. We refer to [3l], for the details.

In what follows, we shall make use of the following function spaces

Vi < B (Qp),

Vedﬁ{ HY Q) - :},
b€ H'(On) /Qqu 0

Virr & {¢ € H'(Q1) : ¢x =0},

V“éf{qseHl(Q): ¢=o}.
Qn

We introduce the cylindrical time-space domain Qp def (0,T) x Qp, and we

define u as the extracellular cardiac potential in 21, and the thoracic potential
in Qp, i.e.
, def { Ue in Qu,
uT in QT.

From the first coupling condition in (), it follows that u € H(2) provided
that ue € H(Qn) and ur € H'(Qr). Similarly, we define the global conduc-
tivity tensor o € [L*°(Q)]3*3 as

def o in QH,
o= .
or in Q.

Definition 3.1 A weak solution of problem (P1) is a quadruplet of functions
(Um, Ui, u, w) with the regularity

Vm € L0, T; H (Qp)) N H (0, T; L*(Qg)),

) , (3.18)
we L0, T;V), we HY(0,T; L*(Qm)),

RR n° 0123456789
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and satisfying ([C3J), [CH) and
Cm Orvm i +/ oiVu;i - Vi +/
Qn

QH QH

Iion(vmaw)¢i = / Iapp¢ia (319)

Qn

Cm/Q atvmw—/QaVu-Vw—i—/Q Iiom(vm,w)w:/Q Lpp®, (3.20)
Ow + g(vm,w) =0. (3.21)

for all (¢3,%,0) € HY(Qu) x V x L?(Qy). Equations EI9) and @Z0) holds
in D'(0,T) and equation [BZI) holds almost everywhere. On the other hand,
a weak solution of problem (P2) is a quadruplet (uj, u, vm,w) satisfying BIF)

CY), CT), BID-B2D) and
w e Wl,oo(O, 717 LOO(QH)), (’)tw 4+ g(vm, ’LU) =0,a.e. on QT-

Remark 4 Since w € H*(0,T; L?(Qy)) it follows that w € C°(0,T; L*(Qn)),
which gives a sense to the initial data of w. In the same manner, the initial
condition on vy, makes sense.

The next theorem provides the main result of this paper, it states the exis-
tence of solution for problems (P1) and (P2).

Theorem 4.1 Let T > 0, Ly, € L?(Qr), 01,0, € [L>=(Qn)]>*3 symmetric
and satisfying @&I), wo € L*(Qu) and vo € HY(Qu) be given data. Assume
that (A1) and (A2) hold. Then:

e Problem (P1) has a weak solution in the sense of Definition Bl More-
over, if assumption (A3) holds true, the solution is unique.

e If, in addition, wg € L (Qu) with a positive lower bound r > 0, such that

r<wy <1l in Q, (4.22)

problem (P2) has a weak solution in the sense of Definition [Z11

The next section is fully devoted to the proof of this theorem.

5 Proof of the main result

Two main issues arise in the analysis of problem (). Firstly, the non-linear
reaction-diffusion equations (M)Lg are degenerated in time. And secondly, we
have a coupling with a diffusion equation through the interface 3. The first issue
is overcome here by adding a couple of regularization terms, making bidomain
equations parabolic. The method we propose simplifies the approach used in
2] by merging regularization and approximation of the solution . Then, the
resulting regularized system can be analyzed by standard arguments, namely,
through a Faedo-Galerkin/compactness procedure and a specific treatment of
the non-linear terms. On the other hand, the second matter can be handled
through a specific definition of the Galerkin basis.

In paragraph Bl regularization and Faedo-Galerkin techniques are merged
by introducing a regularized problem in finite dimension n. In the next para-
graph, existence of solution for this problem is proved. In paragraphBEJl energy

INRIA



A coupled system of PDEs and ODEs arising in ECGs modelling 9

estimates are derived, independent of the regularization parameter % Para-
graph is devoted to the proof of global existence of discrete solution. Exis-
tence of solution for the continuous problem is addressed in section whereas,
in B4 uniqueness is proved for problem (P1), under the additional assumption

(A3).

5.1 A regularized problem in finite dimension

Let {hi}ren+ be a Hilbert basis of Vi, {fx}ren+ be a Hilbert basis of V. and
{9k} ken+ a Hilbert basis of Vigr. Without loss of generality, we assume that these
basis functions are (sufficiently) smooth and that {hy}ren~ is an orthogonal
basis in L?(Qy). We introduce a Galerkin basis of V by defining, for all k € N,
fr € HY(Q) as an extension of f, in H'(£2), given by an arbitrary continuous
extension operator. We also extend, for all & € N, g by g € H'(Q) such
that gr = 0 in Q. One can check straighforwardly that {eg}ren+, defined as,
€2)—1 = fk, ear = gi, Vk € N* is a Galerkin basis of V.

Finally, for all n € N*, we can define the finite dimensional spaces Vi ., Ve n,
Vr.n, and V,, generated, respectively, by {hy}7_, {fr iy, {gx}i, and {ex}im,,
i.e

Vin E< {diss >, Ven E< {fidis >,
Vin < gt > Vo S el >

Hence, we can introduce, for each n € N*, the following two discrete problems

P1, and P2, associated to problems P1 and P2, respectively:

e P1,: Find (v, Uin,un) € C°(0,T; V2 x V), w, € CH0,T; L?(Qp)) with
(atvnv at’Ufi,na atun) € [L2 (QT)]3 SatiSfyinga for all (h, €, 9) € Vi,n X Vi X Vi,nv

1
Cn Orvph + — 8tui1nh + / o-iVuLn -Vh
Qn

QH n QH
+/ Iion(vnawn)h:/ Iapph’

1
Cm Opvpe — — | Owupe — / oVu, - Ve
nJo Q

QH
+/ Iion(vnawn)e:/ Iappe’

Oywy, 0 —|—/ g(Un,wy)0 =0,
QH QH
(5.23)

. def e o ..
with v, = Ui — Un|Qy and verifying the initial conditions

Un(0) = von, Uin(0) =uion, In Qm up(0) =wup, in Q
wn(0) =wopn, in O,
(5.24)
Here, vg,p,wo,n, are suitable approximations of vy and wg in Vj,, and
Ui,0,n, Uo,n aTe auziliary initial to be specified later on.

RR n° 0123456789



10 M. Boulakia, M.A. Ferndndez, J.-F. Gerbeau & N. Zemzemi

e P2,: Find (vp, Uin, un) € CO( ,T; V2 x V) and w,, € C1(0,T, L>=(Qy))
with (pvn, Opi p, Oruy) € [L?(Qr)]? satisfying [2Z3)1 o- 21 and

Oywy, + g(vy, wy) =0, a.e. in ,
t 9( ) . Qr (5_25)
wp(0) = wp, a.e.in Q.

The (auxiliary) initial conditions for u;, and w,, needed by the two prob-
lems below, are defined by introducing two arbitrary functions wu; o € H'(Qy)
and ug € V such that vg = ujo — up in Qn. Then, for n € N*, we define
(V0. Ui,0,n, U0,n, Wo,n) as the orthogonal projections, on Vi2, x Vi x Vi, of
(vo, ui,0, ug, wo). Clearly, by construction of these sequences, we have

(V0,5 Ui,0,ns U0,n, Wo,n) — (Vo, Ui0, Uo, Wo), (5.26)

in V2 x V x L*(Qp).

5.2 Local existence of the discretized solution

Lemma 5.1 For all n € N* there exists a positive time 0 < t, < T such that
problems P1,, and P2,, admit a unique solution over the time interval (0,t,).

Proof. For the sake of conciseness we only give here the details of the proof
for problem P1,,, the proof for problem P2, follows with minor modifications.

Since {h;}1<i<n and {e;}1<1<2y are basis of Vi ,, and V4, respectively, we can
write

2n n
Ui,n( chz Vi, un(t) = Zcz(t)el, wn () = ch,l(t)hh

0
Ui on = E ¢y, uom = g cler, wWon = E S b

=1 =1

(5.27)

Thus, by introducing the notations

def def def
& = {Cll}l 1 & = {Cl}l 1 Cw = {CWZ}I 1

def def def
0 {C 0 << CO 2n CO {C

ll}l 1 C 1S1=1> wl}l 1

it follows that problem P1,, is equivalent to the following non-linear system of
ordinary differential equations (ODE)

C{ G (tv G, C, CW) Ci(O) C?
M |cd | =|G(tc,ccey) |, c(0) | = |c° (5.28)
C(N GW (t7 Ci, C, CW) CW (0) Cgv

INRIA



A coupled system of PDEs and ODEs arising in ECGs modelling 11

Here, thematrix M € R*"*4" is given by

(Cu + )My, —CuMy, 0
def
M= CouM7, CouMy, + LMy, 0 :
I 0 0 My, |

with My, € R™" My, € R and My, , My, € R2"x2n

def def
My, & (/ hkhl) . My, © (/ hkel) ,
On 1<k,l<n O 1<k<n,1<I<2n
def def
My, & ( ekel) . My, ( ekel) .
On 1<k,i<2n Q 1<k,1<2n

On the other hand, from the notations

def n def " def n
Gi = {Gigizr, G={Gr}i%, Gw = {Guwaliz,

the right-hand side of (B2J) is given by

Gi,k(t; G, C, cw) dZEf _/ Uivui,n . th - / Iion(vnawn)hk + / Iapphlw
Qn

Qp Qp

forall 1 <k <n,

Gk(ta Ci, C, CW) dZEf _/ a'Vun : Vek +/
Q

Iion(vnawn)ek - / Iappe/w
Qn

Qp

for all 1 < k < 2n, and finally,
Gw,k(taciaca Cw) dgf*/ g(’Un,’LUn)hk,
QH

forall 1 <k <n.

Existence of a local solution for the ODE system (28 follows by using the
Cauchy-Lipschitz theorem. Indeed, according to Lemma (22 given below, the
mass matrix M is positive definite and hence invertible and, on the other hand,
the right-hand side of [£28) is a C' function with respect to the arguments ¢;,
c and c¢,,. This completes the proof. O

Lemma 5.2 For all n € N*, the matrix M s positive definite.

RR n° 0123456789



12 M. Boulakia, M.A. Ferndndez, J.-F. Gerbeau & N. Zemzemi

1
Proof. We can decompose M as M = C\,N + —D, with
n

My, 0 0

DY 0 My, 0 :

L0 0 nMy, |

and ) _
My, ~ My, 0
N | My T My, 0

Lo 0 0 |

Since the matrices Mv;, My, and My, are mass matrices, we obtain that
the block-diagonal matrix D is definite positive. On the other hand, for each

[ci c cW]T € R*" we have

T

Ci Ci n
c| N|c|= (/ Ci,zci,khzhk—Q/ Ci,lCQk—lhlfk+/ C2l—1C2k—1flfk)
Cyw Cw Lk=1 \/u Qn Qn
2
n
= E (cithy — ca—1f1)
i1 L)
>0

Y

so that IN is positive. It then follows that M is positive definite. O

Remark 6 The above lemma points out the role of the reqularization term %D.
It allows to obtain a matrizv M in [B2¥) which is non-singular, so that the
resulting system of ODE is non-degenerated.

6.1 Energy estimates

In the next Lemma, we state some uniform estimates (with respect to n) of the
solution of problems P1,, and P2,. We also provide similar estimates for the
time derivative, which will be useful for the passage to the limit. For the sake
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of clarity, in what follows, ¢ > 0 stands for a generic constant that depends on
T and the physical parameters, but which is independent of n.

Lemma 6.1 Let Ui,0 € Hl(QH>, ug € V, wg € LQ(QH> and Iapp € LQ(QT> be
given data and (Vn, Ui p, Un, wy) the solution of P1, over (0,t,). Assume that
A1l and A2 hold true. Then, for alln € N* and t € (0,t,), we have

1
lvnllLe(0,6:02(0u)) + llonllLa(q. + NG (il o< 0,6522(0m) + llunll e 0,522(0))
+ 1 VuinllLe @) + VUl L2 (o, x0) < 6
1
HatvnHLz(Qt) + ||vnHL°°(O,t;H1(QH)) =+ % (|‘atui7n”L2(Qf,) + ||atun”L2((0,t)xQ))

+ VUil Lo 0,62 (n)) + VUL 0,6220)) < ¢
(6.29)
and
lwnllLe0.602u)) < ¢ 10swnllz2(0,) < c (6.30)
If, in addition, wo € L (Qu) with @ZJ), there exists a positive constant Wmin
(independent of ty) such that the solution (Vy, Ui n, Un,wy) of P2, over (0,t,)
satisfies [E2Z9) and

lwn [lw1.o 0,6, Q) <€ Wmin S wn <1, in Q. (6.31)

Proof. We start by proving the estimates for problem P1,. By taking
h = Uin, € = —Up, 0 = w, in (ZJ) and using the uniform coercivity of the
conductivity tensors ZTII), we obtain:

1d
2 dt

1
w30y + ConllvnlZaany + = (Il Faan + ||un||i2(m)]

T | Va2 ) + I V2 + / Tion (U, wn )t

H
Jr/ g(vn, wp)w, < / Lippvn. (6.32)
QH QH
From assumption A2, we get
Tion (v, w)v + g(v, w)w > a|v|4 - (c8|v|2 + cQ|w|2) — ¢10,

with cg,cg,c10 > 0. Thus, inserting this expression in ([E32) and using the
Cauchy-Schwarz’s inequality, it follows that

1d 1
3@ [|wn||%2(nH) + CmHUn”%?(QH) T (||Ui,n|\%2((zH) + ||Un||%2((z))]

+ O‘i”VUi,n”%?(QH) + O‘HVUHH%Z(Q) + aHU"H%‘l(QH)

1 1
< a0+ 3 ) IonlEaqouy + collunlZaqany + a0l + 3Ll

RR n° 0123456789



14 M. Boulakia, M.A. Ferndndez, J.-F. Gerbeau & N. Zemzemi

Therefore, by integrating over (0,t), with ¢ € (0,¢,), we have

1
lwall3z gy + Comllvnl 22y + = (ltinllEz ) + lun 22y

+ 04i||vui,n||2L2(Q,,) + a||vun||2L2(Q><(O,t)) + a””n”éﬂ(@)
! 2 2 1 2
<e | (Ionlliaa + lwalta@) + el + 5 sl E2ar)
1
+ w0l 2y + Conl0,nll3z(y + - (110132 + 0.l F2(ey )

for all t € (0,,). Estimates {@29); and @30); follow by applying Gronwall
lemma and using the fact that, from (B2ZH),

1
0.0/l g2 + ConllvonEcay + = (I0nE2c0y + luonlF2qey )

is uniformly bounded with respect to n.
For the estimate of the time derivative, following [2], we notice that

~ 2 He), B [
o J1(v)0pv = o /QH H(v), H(v) /0 f1. (6.33)

On the other hand, taking h = Oiuin, € = Ouy, and 0 = dyw, in (ZJ) and
integrating over (0,t), with ¢ € (0,t,), yields

1
”atwn”%?(Qt) + CmHatUnH%Z(Qt) + (Hatui,nH%Z(Qt) + Hatu"H%Z(O,t;LQ(Q)))

(05 «
+ §||Vui,n||L2(sz) + §|\Vun|\L2(fz)

1 1
< - / o-iVuLOm . V’Uliyo’n + = / UVUO,n . V’LLo’n + H(’onn)

t t
— H(vn)+/ / Iappatvnf/ / (f2(vn)wnOrvy + g(vn, wy)Opwy,).
Qu 0 Qu 0 Qu
(6.34)

It remains now to estimate the right-hand side of this expression. The first
two terms can be bounded using ([26). For the third term, we use A1, the
continuous embedding of H'(Qy) into L*(Qp) and (EZH) to obtain

/O P i (s)ds

For the fourth term, according to assumption A2, we have fi(v)v +bv? > 0. In
other words, fi(v)+bv >0 for v > 0, and f1(v) +bv < 0 for v < 0. As a result,
integrating over (0, v) yields

|H (vo,n)| = <clvg, +1)<ec

~H(v) < —v% (6.35)

| o

On the other hand, the fifth term can be controlled using the Cauchy-Schwarz
inequality.
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In summary, from [E34) and ZI2), we get

Cmn 1
Hatwn”QL?(Q,) + THatvnH%Q(Qt) + E”atui,nHQN(Q,,)
1 o «
+ E”atunHQL?(O tz2@) T 5 1Vuinlzm + 5 Vualr2 @)

(6.36)
2 b 2
Sct oA 20 [ Zappll72(q,) + —||UnHL2(QH)

t
—/ fa(vp)wy, Opvy, — / / 91(vn) 0wy, — / / —&sw :

For the last three terms of the right-hand side we proceed as follows. First,
using A1 and Young’s inequality we notice that

t t
‘/ fQ(Un)wnat'Un‘ = ‘/ / 40y Wy, + €50y, Oy Wy,
0 Qy 0 Qn

t
Cs 2
5// Wy Oyvy,
0 Jou

In addition, integration by parts in the last term with the Cauchy-Schwarz

inequality yields
t
c c
< _| d ‘/ Dpwn vl +M/ ]wn(t)vi(t) - wo,nvg,n’
2 0 JQu 2 O

t
Cs 9
5// wp Oy,
0 Jou

1
< C||”n||%4(Qt) + ZHatwn”%?(Qt) tc (||U0,n||%4(szH) + HU’O,nH%%QH))

Cm
< THat’UHHQLQ(Qt) + C||wn||2L2(Q,,) +

+ cllwn(®)ll 20 llon ()| Zs (20
where the last term can be estimated by combining Hélder’s inequality and the
continuous embedding of H*(Qy) in L°(Qy), namely,

) ; H
lon 1z ) < lonNZ2 0 1vn Ol 2oy < cllonll 220 lvn Ol 1 -

Finally, using again A1 we have,

1
91(vn)dwn| < c(|Qult + llvnl11(q,) + 710wl 72,

Qn

and

—6tw lewn(t)”ZL?(QH) + cllwo,nll72 )

Qn
As a result, by inserting this last estimates in (G30), we obtain

1 Ch 1 1
_HatwnH%Z @y T _”at")n”%?(Qt) + —||<9tui nH%z(Qt) + 5H3tun|\%2(o,t;m(n))
—I\Vuml\w(sm) +3 IIVun||L2<Q) Scet e 20 applIZ2(qq) + cllvn (|72 ()

+ C”wn”L?(Qt) + CH’UHHL4(Qt) tc (||U0,n||L4(QH) + |\w0,n||%2((zH))

1 3
+ cllewn (8)| 2 [0 (O] gy 10 O 21y + €ltlt, (6.37)
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16 M. Boulakia, M.A. Ferndndez, J.-F. Gerbeau & N. Zemzemi

for all ¢ € (0,t,,).
Therefore, using ([E2H), the previous estimates ([@E29);, ([E3);, and since

t, < T, inequality (E31) reduces to
1 Cn 1 1
§||atwn”%2(Qt) + TllatUnH%?(Qt) + EHatuiJlH%Z(Qt) + EHaﬁunH%Z(O,t;LZ(Q))
Qj « 3
+ S I Vuinllz@n) + 51Vl < ¢ (1 + ||Un(t)|\12{1(QH)) ;

for all t € (0,t,). In particular, using Poincaré inequality, this implies that

1 . 3
5 min(a, a2) [ () < € (14 1wl o) )

so that v, is uniformly bounded in L°°(0,t,; H'(2)). Hence, we obtain the
desired estimates ([E2)2 and (E30)s.

Now, we consider problem P2,,, by proving the estimate (E31]). From (&22H);
it follows that d;w,, = —g(vy,wy) and, on the other hand, according to (ZI4),
we have 0 < ho, < 1. Thus, from ZI3)2 we have, a.e. in (0,t,),

1 Tclose — To
pen
atwn Z *wn( + hoo(“n));
Tclose Tclose Topen

(6.38)

1 close 7 /open
dpw, < (1 — wn)( +d Top h/oo(vn))v

Tclose Tclose Topen

which combined with Gronwall lemma yields

o
Tclose — Topen
Wy, > Wo exXp {/ ( + hoo(vn) ) |,
0 Tclose TcloseTopen

t 1 _ 0
wy, <1 —(1—wp)exp {/ ( + Telose ™ Tope hoo(vn))] .
0

Tclose TcloseTopen

Using ([EZ7), we then obtain that
=T

def .
Wnin — reXp( ) <w, <1, ae in Q.

Topen

On the other hand, by combining this estimate with [E38), we get

1 .
< Oy, < ,  a.e.in Q.
Topen Topen

which completes the proof of (G3TI).
Finally, the energy estimates (E29); are obtained in a standard fashion by
taking h = u; ,, and e = —u,, in (2Z3)1 2, which yields

1d
2 dt

1

Cunllvalaeny + = (usalan) + |un|iz<m)} + [ Ve ol

Iion(Un, wn)vn < / Iapp'Un- (639)

Q Qu

H

Conversely, assumption A2 and the estimate [E3) lead to

b 1
Iion(vaw)v Z i’wminl’U|4 - (_ + ) |’U|2,
1 K

in in Tout
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so that, from ([E39), we have

1d 1
33t |Crnllonlaouy + 5 (I sy + Hunlao) |

a
+ i Vi1 220 + all V|72 o) + rwmin””nﬂimm)
wm

Tin Tout

b 11 1
< (— +— 4 5) lonlZ2(0u) + 5 Happl Z2(c20)-

We obtain the energy estimate [E2Z9)); by applying Gronwall lemma.

For the estimate on the time derivatives, we take h = dsu; , and e = dyuy, in
EZ3) and we integrate over (0,t), with ¢ € (0,t,). By using Cauchy-Schwarz
and Young’s inequalities, this yields

Cw 1 Qj
T”atUn”QL?(Q,,)""E (Hatui,nH%Z(Qt) + ||atun||2L2(o,t;L2(Q)))+§HVUi,n||L2(QH)

« 1
+ SIVunllzay < e (I Vu0m 200 + I V00l + 50 apnlEa,

1 ) I
>~ 1|Un|| 1.2 - — n n)O0:Uy,.  (6.40
+7'2 C lonllZ (Q:) Tin/o /QHw f1(vn) 0w ( )

out ~1m

On the other hand, using E3H), E3J), assumption A1l and integration by
parts, for the last term, we have

/Ot /QH Wi f1 (U)o = /Ot /QH wn 0 H (vy)

t
= —/ wp H (vy,) +/ woH (vo.n) —|—/ Opwy H (vy,)
Qu o 0

Qu

< cllwa(®)ll e o) o0 (0132 )
o+ ellwo | ey (14 v0mlsau))
+ elldrwnllz@n (1+ lvnllisa, ) -

Therefore, by inserting this estimate in (EZ0), using (Z0) and the previous
estimates (E2Z9); and (@3, we obtain ([E29)2, which completes the proof. O

6.2 Global existence of the discretized solution

For the time being, the solution of the approximated differential system P1,,
is defined on the time interval [0, ¢,]. In this paragraph, we prove that we can
extend this solution over the whole interval [0, T'.

In the proof of Lemma Bl Cauchy-Lipschitz theorem provides an existence
time t,, which depends on n and the initial conditions c?, c?, € R™ and ¢ € R?".

17 W
Now, for a fixed n € N*, we can consider the problem of solving (B28)) with
initial data ¢? % {cii(ta)} s € 2 {ewa(ta)}r, and @ < {e)(t,)}27, at

t = t,, where

n 2n n
uz,n(tn) = Zci,l(tn)hla un(tn) = Z Cl(tn)ela wn(tn) = Z Cw,l(tn)hl-
=1 =1 =1

RR n° 0123456789



18 M. Boulakia, M.A. Ferndndez, J.-F. Gerbeau & N. Zemzemi

According to Lemma B, the new initial conditions satisfy

12n

1 n n
=D leinlta) P+ =S fer(ta) + Y lewa(ta) P ullZaoyy < e (6.41)
=1 =1

=1

with ¢ is independent of ¢,,. Thus, using the Cauchy-Lipschitz theorem, we can
define a solution on the time interval [t,,t, + p,] where p, > 0 depends only
on n and ¢. Thanks to the energy estimates of Lemma BTl which now hold
true over [0,t, + pnl, cii(tn + pn), ci(tn + pn) and cy,i(tn + pp) still satisfy
the estimate (G, with the same constant ¢. Therefore, by iterating this
argument, we obtain the existence of solution on time intervals of fixed length
pn, which allows to reach any arbitrary time 7" > 0. For problem P2,,, the proof
follows with minor modifications by noticing that, from (E31), w,, is bounded
in L°° (QT)

Finally, we note that the estimates provid by Lemma Bl can be extended
to the whole time interval [0, 7.

6.3 Weak solution of the bidomain-torso problem

We first consider problem P1. Let us multiply (B23)) by a function a € D(0,7)
and integrate between 0 and T'. For all £ < n, we have

T 1 (T T

Cm/ / a Orvphy, + — / / o Oruti P, —|—/ / aoiVui, - Vhy
0 JOQu nJo Jou 0 JOu
T T

+/ / Oéjion(vnvwn)hk :/ / aIapphk7

T 1 (T T
C’m/ / a Oyvper — — / / o Oruper — / / aoVu, - Ve
0 JOu nJo Ja 0o Ja
T T
+/ / aIion(Un;wn)ek :/ / OéIappek
0 Qn 0 Qpn

T T
/ / o Oywphi, +/ / @ g(Vn, wy )y = 0. (6.44)
0 Qpn 0 Qy

From Lemma Bl it follows that there exists four functions v € L*(0,T;V),
vm € L0, T; HY(Qn)) N LYQr) N HY(0,T; L3(Qm)), ui € L°°(0,T; HY(Qn))
and w € H'(0,T; L?(Qy)) such that, up to extracted subsequences, we have:

(6.42)

(6.43)

Up, — uw in L(0,T;V) weakx,

Vp — Um in L0, T; H'(Qp)) weaks,
Uy — U weakly in L4(QT),

Vp — vm weakly in H'(0,T; L*(Qm)),
Ui — i in L0, T; H (1)) wealks,
wy, — w weakly in H*(0,T; L*(Qx)).

(6.45)
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1 1
Moreover, according to lemma Bl we also notice that —u; ,, and —u,, are
N vn
bounded in L*(0,T; L*(Qu)) and L>(0,T; L?(£2)), respectivley. Thus, for all
k<nand a € D(0,T), we have

e e
lim —/ / a Opui nhy, =0, lim —/ / o Opuper = 0.
n—-+oo n 0 O n—+oo n 0 Q

Let us consider now the nonlinear terms in (22)- ([@Z4). Since {v,,} is bounded
in L2(0,T; H(Qn))NH (0, T; L*(Qn)), we have that {v,} is bounded in H(Qr).
Hence, thanks to the compact embedding of H'(Q7) in L3(Q7), the sequence
{v,} strongly converges to vy, in L3(Q7). In addition, using the Lebesgue’s
dominated convergence Theorem, we deduce that there exists a positive func-
tion V € Ll(QT) such that, up to extraction, Uf; < V and that v,, — v, a.e.
in Q7. Thus, from A1l and using once again the Lebesgue’s dominated conver-
gence Theorem, it follows that {f1(v,)} strongly converges to fi(vy) in LY(Qr).

As a result,
T T
i [ [ apion= [ [ an@h.
n=toe Jo  Joy 0 Jou

On the other hand, since {w,} is bounded in L*(Qr) and {v,} strongly con-
verges to vy, in L2(Qr), we have

T T
lim / / a fao(vp)wphy :/ / a fo(vm)why,.
n—too Jo Jau 0o Jou

Thus, in summary,

T T
lim / / oz]ion(vn,wn)hk:/ / & Lion (Um, w)hg.
n—=+oo Jo  Jau 0 Jau

Similar arguments allow to prove that

T T
i [ [ agom= [ [ agmh.
n—+ Jo  Jau o Jau

We can then pass to the limit in n in (EZ2)-(@EZ4), yielding

T T
C’m/ / o Orvphy + / / aoiVu; - Vhy
0 Qn 0 Qn

- - (6.46)
+/ / alion(vm;w)hk :/ / alapphka
0 Qu 0 Qm
T T
Cm/ / a@tvmek—/ /aO'Vu-Ve;C
0o Jou 0o Ja
T - (6.47)
+/ / Oélion(vmvw)ek :/ / aIappeka
T
/ / a Opwhy, + o g(vm, w)hy, = 0, (6.48)
0 Jou
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for all £ € N* and a € D(0,7). We obtain BIX)-B2I) from the density
properties of the spaces spanned by {hy}ren- and {ex }ren-.

Finally, it only remains to prove that v, and w satisfy the initial conditions
[C3). Since (v,) weakly converges to vy, in H(0,7; L*(Qm)), (v,) strongly
converges to vy, in C(0,T; H1(Qg)) for instance. This allows to assert that
vm(0) = v in Qg since, by construction, v,(0) — v in L*(Qp). The same
argument holds for w.

For problem P2, the arguments of passing to the limit can be adapted with-
out major modifications. For the nonlinear terms, we can (as previously) prove
that {v,} strongly converges to vy, in L3(Qr). Thus fi(v,) strongly converges
to fi(vm) in LY(Q7). Since

wy, — w in L (Qr) weak-star,

this allows to prove that

T T
lim / / a[ion(vn,wn)hk:/ / & Tion (Um, w)hy.
n—=too Jo  Jay 0o Jag

Moreover, since hoo(vn) — hoo(vm) a.e. in Qr and {hoo(v,)} is bounded in
L>®(Q71), {hoo(vy)} strongly converges in L2(Q7) to hoo (v ). Thus we can also
pass to the limit in equation (B2H). This allows to obtain a weak solution of
P2 as defined by Definition Bl

6.4 Uniqueness of the weak solution

In this paragraph we prove the uniqueness of weak solution for problem P1, un-
der the additional assumption A3. This is a direct consequence of the following
comparison Lemma.

Lemma 6.2 Asssume that assumption A3 holds and that
(Um,laui,1;u1;w1)7 (’Um,Qaui,Q;uQaan)a

are two weak solutions of problem P1 corresponding, respectively, to the initial
data (vi,0,w1,0) and (v2,0,w2y0), and right-hand sides Inpp 1 and Iapp 2. For all
€ (0,T) there holds

[01(8) = v2 ()17 (g + w01 () = w2 ()72
< exp (Kit) K2(”’ULO_UQ,OH%Z(QH)+|w170_w270|i2(QH)+||Iapp,1_Iapp72||2L2(Qt))’

forallt € (0,T), with K1, Ko > 0 positive constants depending only on Cr,, o
and Cion -

Proof. The proof follows the argument provided in [5] for the isolated bido-
main equations. According to Definition Bl we have, for all ¢; € L?(0,T; H'(Qn)),
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€ L?(0,T;V) and 0 € L?(0,T; L*(Qg),

¢ ¢
Cm/ O(v1 — v2) i +/ / 0i(Vui1 — Vo) - Vo
0 JOu On

/ / 1on Ulawl IIOH UQan / / dpp7 dpp, )¢U
QH QH

Cm/o o O (v1 — v2)) —/0 A o(Vuy — Vuy) - Vi)

t t
+ / / (Iion(Uh wl) - Iion(v27 w?))dj == / / (Iapp,l - Iapp,?)dja

/Ot o O (w1 — wa)0 + /Ot /QH(g(vl,wl) — g(va, ws))h = 0.

For p > 0, we take in this expresion ¢; = p(ui1 — ui2), ¥ = —p(ur — ug) and
0 = wi — wo. Thus, by adding the resulting equalities, we have

1C 1
5 01(t) = va()IZz 0y + 5 w0 (t) — w2 (D720

i (@l V 10 = w.2) 1320y + 0V (1 = 1) 220y )

+ M/Ot /QH(Iion(vl,m) — Lion(v2,w2))(v1 — v2)

t (6.49)
[ Gt wn) - glez ) — wa)
0 Jou
1wC 1
S [01,0 = v2,0[l72 () + §||7~U1,0 — w2017 2(0)
2
0 1
+ 7||Iapp,1 - Iapp,2”%2(Qt) + 5”“1 - UQH%Z(Qt)'
Let pp > 0 the parameter provided by assumption A3. We define
def
D (v, w1, vz, wz) = / 110 (Lion (v1, w1) — Lion (v2, w2)) (v1 — v2)
on (6.50)

Jr/ (9(v1,w1) — g(v2, wa)) (w1 — wa),
On
By denoting z def (v, w) and using @), we have
D (vy, w1, v2, we) = P(z21,292) = / (Fluo(21) = Fuo(22)) - (21 — 22).

Qn

Since F),, is continuously differentiable, a Taylor expansion with integral re-
mainder yields

1
Fuo(z1) — Fuy(22) = /0 VE, (21 + (1 —8)22) (21— 22)dE, V21,20 €R%
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By inserting this expression in ([ER0) and using the assumed spectral bound
E&1D), there follows

P(21,22) = /O /QH(Zl —22) - VF,(§21 + (1 = §)22) - (21 — 22)d€

1
> Cion / 21 — 212y €
0
= Cion(llv1 — vl 2(0y) + w1 — w22 (0p))-

Therefore, from [EZ9) with g = ug, we have

poC 1
51 (t) = va @)l (0y) + llwi(t) — w2 ()20
pC 1 7
< =P loro = v20ll 720 + 3 lwio = w201 720y + > [Happ,1 — Lapp2ll72(qy)
4[5~ Cin| o1 = wall3a(g,) + [Cionlllwn — s}
9 ion 1 2 L2(Qy) ion 1 2 L2(Q¢)"

(6.51)
We conclude the proof by using Gronwall Lemma. O
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