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VFdP�©`bg��8fhgjw�po���vm8fhg�`hMPQq^�pvfhRqpoQ#m8cP��`hMPR�Q#m;^a`�R*ºqx*g�R6c;`�Q#R�`hM�m]w�^�`hmF^hmv���vRq��g�c�R6pof�pvc�wEcPmvcP I��g�c�R6pof
pv���8R*�Pfypogjx#uPfbmv�P��R*Qq^�g�c�x*mvQ#uPd_`yp&`bg�m8c�po��^hx*g�R6c�x�R4^*ª�&Um&��R6�vR6f6�
��MPR*c�cPmvc_ ¢^r`hfbd�x¦`bdPfhR4wEQ�R4^rM�R6^�pofbR
d¥^rR4w¹�;`hMPR4^rR�po���vm8fhg�`hM�Q#^�^hd('2R6f��§fhm8Q£`hMPR�cPR4x�R6^b^hg©`a\#mo��x�m8c�^a`bfhd¥x¦`hg�cP��p�^hR6i;dPR6c�x�R­mo��Q#R4^rMPR4^�mo�
wPg©�´ 
�§R6fhR6c;`
fbR6^hmv��d_`hg�mvc�mo�P`bMPR�^bpoQ#R��vR6mvQ#R�`bfh\8ª�L���m­Q#pvg�c�^a`bfbpo`hR6�vg�R6^�M�p¸�vR��¥R6R*c�u�fhm8u¥m;^rR4w�`hm­m&�vR6fbx*mvQ#R
`bMPgj^�uPfhm8�P��R*Q.ª�LNMPR�¬�fy^a`��²pvQ�g���\¤mo��Q#R*`hMPm_w�d�^rR4^�poc�po���vR*��fbpvg�x�g�c;`hR6fhu�fhR*`bp&`bg�m8cFmo��`hMPR#uPfbmv����R6Q#^
pvc�wqfbR*��g�R4^lm8cP��\#m8cq`hMPR­�vfypou�Mqmo�¹`hM�RUQqp&`bfhgjx�gjpo�2uPfbmv�P��R*Q£x�m8fhfbR6^hu¥m8c�w_g�cP��`bm�`hM�RUk ¡�) � ^�`hM�po`�M�p¸�8R
`bm��2R�^rm8���8R6w¹ªNLNMPR4^rR�Q#R*`hMPm_wP^t`hM�po`WuPfbR6^hR*c;`U^hR*�vR6fbpv�¹�&pofbg�po`hg�mvc�^�* ��+P�¥}v�
,
pofbR�R�»]`bfhR6Q�R6��\�R�º�x*g�R6c8`
�§m8fq��g�cPR4pof#uPfbmv�P��R*Qq^6��MPm&��R*�8R*f��§mvfqcPm8c_  ��g�cPR6pvf#mvcPR4^*��mvcPR.Qqp¸\,uPfbR��§R6f#`hMPRF^hmo ¢x*pv����R6w��vR*m8Q#R�`hfbgjx
Q�dP��`hg��vfbg�wEQ#R�`bMPm_wP^���MPR6fhR!p¤^rR4i8d�R*c�x*Rqmo��fhR4po�lQ#R4^rMPR4^�mo�tw_g-'CR*fbR*c;`�Q#R6^hM�^rg/.*R4^�pofbRq�vR6cPR*fyp&`bR6w¹ª
LNM�R6^hR­�8R*m8Q�R*`hfbg�x6po�CQ#R�`bMPm_wP^tx*pvc!�2R�x��jpv^b^hg©¬�R4w(g�c;`hmq^hR*�vR6fbpv�2�²poQ#g���g�R6^�0

1 )lQ��2R6w�w_R6w �vfbgjwP^�0�LNMPR.^rg�Q#uP��R4^a`qQqpoc�cPR*f�`hmE�PdPg��jw�pE^a`ypoc�w�pofyw�MPg�R*fypofyxyM]\�mv�WR*Q��¥R4wPw_R4w
�vfbg�w�^�x�m8c�^hg�^r`b^�g�c,¬�fy^r`�xyMPm]m8^hg�c��FpFx�m;pofy^rR#�vfbgjw,poc�wE`bMPR*c,`bmF�vR6cPR*fyp&`bRq`hM�Rq¬�cPR6f���R*�vR6� �]\
R*��R*Q#R*c;`W^hdP�Cw_g��;gj^hg�m8c«ª�Ttc_�§m8fr`bdPc�p&`bR*��\v��`hMPgj^UpvuPuPfbm8pvxyM�M�p8^t^rR6fhg�mvd¥^���g�Q#g©`yp&`bg�m8c�^*ª�·¢c�w_R6R6w¹�Cpv^
¬�cPR6fWpoc¥w(¬¥cPR*ft�8fhgjwP^tpvfhR���dPg���`6��`hMPR6\!�2R6x*mvQ#R�`hm!^rm8Q�R�R*»]`hR*c;`U��R6^b^tpvc�w���R4^h^�d�c�^a`bfhd¥x¦`hd�fhR4w
^rg�c�x*RWpofh`hg�¬¥x*g�pv�#2rQ#p8x�fbmo  R*��R*Q#R*c;`�3Nx�m8fhfbR6^hu2mvc�w_g�cP�­`hm�`hMPR­x�m;pofy^rR�Q#R6^hMqR*��R*Q#R6c8`y^�pvfhRUuPfhR4^rR6c;`
g�cE`bMPR#¬�cPR�`hfbgjpocP�8dP��po`hg�mvc«ª#LNMPR4^rR#Qqpvx*fhmv IR6��R6Q�R6c;`b^WQ#p¸\µg�c(4¥dPR*c�x*R#`hMPRqx*mvQ#uPd_`yp&`hg�mvc�poc¥w
^rM�m&�z`hMPR6Qq^rR6���8R6^­pv^�pofh`hg�¬¥x�gjpo��g�c;`hR*fbc�pv���2mvdPc¥wPpofbg�R4^­g�cµ`hMPR#fbR6^hdP�©`y^5* }8}6,Iª�V¤mvfbR*m&�8R*f4�¥g�c�pvc
g�c¥w_d�^r`hfbg�pv�¹R*c]�]g�fbmvcPQ#R6c8`4�v`bMPR�R*c�w!d�^hR*fNM�p8^���g�Q�g�`hR4w.x�mvc;`bfhm8�¥m8c(`bMPR­¬�c�po�CQ#R6^hM!`hM�po`�x*mvQ#R6^
�vR6cPR*fypo����\#�§fbmvQ pocPmv`hMPR6f�w_R*u�pvfr`bQ#R*c;`6ª

1�7 mv��dPQ#RUpo�8�v��mvQ#R*fyp&`bg�m8c80«Ätc�mo`hM�R*flgjw_R6p�x���m8^hR*��\�fhR6��po`hR4w�`bm�po���vR6�Pfypogjx Q#R�`bMPm_wP^lgj^@`bm�d�^hR�`hMPR
�vm8��dPQ#R�pv�v�v��mvQ#R6fbpo`hg�mvcq`bR6xyMPcPgji;dPRvª�·¢c�`hMPgj^UpvuPuPfbm8pvxyM��8`bMPR�w_gj^bx�fbR�`hg/.6po`hg�mvc�mvc�`hM�R�¬�cPR��8fhgjw
g�^Wpv^b^rm_x*g�po`hR6w���g�`hMFx*mvc;`hfbmv�«�8mv��dPQ#R�w_R�¬¥cPR6w.m8cFpqw_d�po��Q#R6^hM«ªUÃ�m8pofy^hR*fN¬�cPg�`hR��vmv��dPQ#R��8fhgjw
x*pvc�`bMPR*cq�2R��PdPg���` �]\�po�8�v��mvQ#R*fyp&`bg�m8c�mv�¥`bMPRtx�R6���j^�9]w_g-'2R6fhR6c;` po���vmvfbg�`hMPQq^
`hm�fbR6pv��g/.*R�`bMPg�^l`bp8^r�
pofbR�p¸�&pvg��jpo�P��R8±H^rR6R�R8ª �¥ª:* � �]� � }_� � ~
,§³¦ª�Ä ��R6po�]cPR4^h^Wmo��`hMPgj^�pouPu�fhm;pvxyMF��g�R4^­g�c�`hMPRqw_g�º�x�dP��`a\
`hm.�PdPg��jw�^hR6x*mvc�w¤m8fbwPR*f�pouPu�fhm¸»_g�Q#po`hg�mvc�^Umvcµ`hMPRqx�m;pofy^rR�w_d�po�@�8fhgjwP^6ª�Z]mvQ#Rq^hmv��d_`hg�mvc�^WM�p¸�8R
MPm&��R*�vR6f@�¥R6R*c�u�fhm8u¥m;^rR4w;* } � �8}8�6,2poc¥w�`hMPRt�8mv��dPQ#RUpo�8�v��mvQ#R*fyp&`bg�m8c�Q#R�`bMPm_w#g�^�x�R6fr`ypog�cP��\�mvcPR
mo�
`hMPR�^hg�Q�u���R6ftpoc�w!Q#m8^r`tR�º�x�g�R*c;`�mvcPR4^�`hm�w_R4po�¹��g�`hM.cPm8c_  ^r`hfbd�x�`hdPfbR6w!Q#R6^hMPR6^6ª

1 Stm_w_R* IcPR4^a`bR6w#Q#R�`bMPm_w<0@Ätc�pv�©`bR*fbc�p&`bg��8RN`hm�`bMPRUpo�8�v��mvQ#R*fyp&`bg�m8c�`bR6xyMPcPgji;dPRUx*mvc�^hg�^r`b^lg�c���dPg��jw] 
g�c��WpodP`hmvQqpo`hgjx*po����\­p�M�g�R6fbpvfbxyM]\Umv�Px�m8pvfb^hR@�vfbgjwP^«��MPm;^rR R*��R*Q#R*c;`b^
pofbRlcPmv`�R6Q��2R6wPw_R4w¹ª�·¢c��¸ ¢¡��
`hMPRt¬�fb^r` po���vm8fhg�`hM�Q¯uPfbmvu2m8^hR6w��§mvf�`hM�g�^l`bpv^h���Npv^�g�c=* � ,¥poc�w�d�^hR6^ ¡UR6��pvdPc�p¸\�fbR� I`hfbg�pvcP�vd���po`hg�mvc
pv^b^rm_x*g�po`hR6w���g�`hM�pFV¤·rZ,pv���8mvfbg©`bMPQY`bmµw_R6��R*`hR(c�m]wPR6^�mv��`hMPR(¬�cPR(`hfbg�pvcP�vdP�jp&`bg�m8c«ªFLNMPgj^�pv�© 
�vm8fhg�`hMPQ�M�p8^U�2R*R6cF�§m8����m&��R4w.�]\.}o  ¡ R�»]`bR*c�^hg�m8c�^WmvcFcPm8c_ ¢^a`bfhd�x�`hdPfbR6w.gj^hmo`hfbmvu�g�x�`bR�`bfbpvMPR6w_fypo�
Q#R6^hMPR6^N`bM�p&`�uPfbm&�vR4wq`bmq�¥R��8R*fb\qR�'CR6x¦`bg��8R��§mvf�g�c]�;gj^bx�gjw!^r`hR4pvw_\(x*mvQ#uPd_`yp&`bg�m8c�^>* }8}6, ª
LNMPR¤�8m8pv��mv�U`bMPR.uPfhR4^rR6c;`#��mvfb�,gj^�`hm�R�»]`hR6c�w�`hMPR4^rR¤pv���8mvfbg©`bMPQq^�`bmE`hMPR¤MPg��vM���\�pvcPgj^rmv`hfbmvuPgjx

Q#R4^rMPR4^td�^hR6w��§m8fWSWp¸�;g�R*fh aZ;`hm8�vR6^�x*mvQ#uPd_`yp&`bg�m8c�^t��g�`hM ��m&� stR*\]cPmv�jwP^WL�dPfb�PdP��R*c¥x�R�Q#m_w_R*��g�cP�(poc¥w
g�c�u�pvfr`bg�x*dP�jpof@`bm�R�»]`bR*c�w�`bMPRW��mvfb�_^lw_m8cPRtg�c?* �6,Cpvc�w=* ~
,Iª@®�mvfl`bMPR­Q�R4^rM�R6^l��Rt��g����Cx�m8c�^hg�w_R6f g�cq`hM�g�^
��mvfb�C�o`bMPRUQqp&»_g�Q�dPQ£pv^hu2R6x¦`�fbpo`hg�m�mo�C`bMPRWR6��R6Q#R*c;`b^�x*poc(�¥RW�vR*fb\��jpofb�vR�±´`a\]uPgjx*po����\v�;Q�m8fhRt`hM�pvc

104�§m8f��2mvdPc¥wPpofb\��jp¸\vR6fb^�uPfhm8�P��R*Qq^b³�poc�w�`bMPR(Q�dP��`hg��vfbg�w,^hQ#m;mv`hMPR6fb^�pofbR(i;dPg�`hR(g�cPR*ºqx*g�R6c;`��§mvf�`hMPR4^rR
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x6pv^hR6^6ª�LNMPRWfhR6Q#R6w_\�`hM�po`�gj^l�]cPm&��c�^hg�c¥x�RUp���mvc���`hg�Q#RUgj^@`hm�d�^hRU^rR6Q#g© ¢x�m;pofy^rR6cPg�c��­g�cq`bMPRUw_g�fhR4x¦`bg�m8c
u2R*fbu2R*c�w_gjx�d���pvfN`hm�`hMPR�Qqpo»]g�Qqpo�«^r`hfbR�`yxyMPg�c���ª

®�mvflcPm8c_ ¢^a`bfhd�x�`hdPfbR6w��vfbg�w�^*�&`bMPgj^@g�^lcPmo` pvc�R4pv^h\�`bp8^r��pv^�mvc�RNp8^
`hm�w_R6�]g�^hRtpoc#pod_`bmvQqp&`bg�x��Np¸\�`hm
wPR�¬�cPRt`hMPgj^�wPg�fbR6x�`hg�mvc�poc¥w�`hMPR6cq`hm�x*m8pvfb^hR*c�`hM�RUQ#R6^hMqg�c�`hMPgj^�wPg�fbR6x�`hg�mvcqmvc���\8ª�
ERU��g����¥fhR4po��g-.6R�`hM�g�^
`ypv^h�F�]\µd�^hg�cP��`hMPR(x*mvc�x*R*u_`�mv��Q#R6^hM��vR6cPR*fyp&`bg�m8c�x�m8c;`hfbmv����R4wµ�]\�p�Q#R�`bfhgjx#Qqpou«ª!VFpoc]\µpvd_`hMPm8fb^
±§�§mvfNR�»PpvQ�u���R5* }
,I�<* +6,§³�^hMPm&��R6w#`bM�p&`N`bMPR­wPR�¬�cPg�`hg�mvc�mo�
p�Q#R�`bfhgjxU¬�R*�jw(^hg�Q#uP��g�¬�R6^�`bMPRW�8R*cPR6fbpo`hg�mvc�mv�
p8wPpouP`hR6w¤pvc�wFpvcPg�^hmo`bfhm8uPgjx�Q�R4^rM�R6^ 0�LNMPR�Q#R�`hfbgjx*^Up8^h^hm_x�gjp&`bR6w�`hm�`hMPR�s�g�R6QqpocPcPgjpoc�^ru�p8x�R�^hu2R6x�g��§\
`bMPRU^hg-.6Rtmo�2`hM�RUQ#R6^hMqpoc�w�`bMPRUw_g�fhR4x¦`bg�m8cqmo�C`hMPRW^a`bfhR*`bxyMPg�cP��poc¥w�`hMPR6c�pocqpvwPpvu_`hR4wqpoc�wqpvcPgj^rmv`hfbmvuPgjx
Q#R4^rM�g�c,`bMPR )ld¥x���g�w_R4poc�^hu�p8x�R(x6poc��2R(fbR*uPfbR6^hR*c;`bR6w�pv^�poc,gj^rmv`hfbmvuPgjx�pvc�w�dPcPg�`bpvfh\�Q#R6^hM,g�c�`hMPR
stg�R6Q#pvcPcPgjpoc.^ru¥pvx�R8ª

®�mvfl^hR*Q#g© ¢x�m;pofy^rR6cPg�cP�tmo�2cPmvcP  ^r`hfbd�x¦`bdPfbR6w�Q#R4^rMPR4^*�o`hMPR�po���vm8fhg�`hM�Q `hM�po`���R�uPfhm8u¥m;^rR�gj^
`hMPR6fhR*�§mvfbR
wPg��]gjw_R6w�g�c8`bm�`a��mq^r`hR*u¥^>0

LNMPRU¬�fy^a` m8cPRtgj^ pvc(poc�pv��\_^hg�^ ^a`bR*uq��MPR6fhR�`bMPRWx*dPfbfhR6c8`­±´¬�cPR¸³@Q#R6^hMqgj^�pvc�po��\ .*R6w�`bm�gjw_R*c;`hg��§\�`hMPR
wPg�fbR6x�`hg�mvc�^­poc�wE^hg-.6R6^Wmo��^r`hfbR�`yxyMPg�cP��ª�LNMPgj^�gj^­wPmvcPR��]\Fx�mvQ#uPdP`hg�cP�!m8cµR4pvxyMµR6��R6Q#R*c;`6�C`bMPR#Q�R*`hfbg�x
`bR*c�^hmvf���MPR*fbRq`hM�g�^�R*��R*Q#R*c;`�g�^�R6i;dPg���po`hR*fypo�IªFLNMPR6c«��`hMPR4^rR�`hR*c¥^rm8fb^�pofbR�p¸�vR*fypo�8R6w�g�c�^rd�xyM�pF��p¸\
`bM�p&`tm8c.R6pvxyM.cPm_w_R�mv��`bMPR�`bfhgjpocP�8dP�jp&`hg�mvc��Pp�Q#R*`hfbg�x�`bR*c�^hmvf�fbR*u�fhR4^rR6c8`bg�c���`bMPR�p¸�vR6fbpv�vR4w(^hg-.6R6^�poc¥w
^r`hfbR�`yxyMPg�cP�(w_g�fhR4x¦`bg�m8c�^tmv�
`bMPR�R6��R6Q#R*c;`b^U`hM�po`­x*mvc;`bpvg�c.`bMPg�^WcPm_w_R�g�^Ww_R�¬�c�R6w¹ª­LNMPR*c«�¥`hM�R�R*g��vR6c]�¸pv�© 
d�R6^�mo��`hMPgj^NQ#R�`hfbgjxt`bR*c�^hmvf�pofbR­Q�m_w_g�¬�R4w(g�c!^hd�xyM.p��Np¸\�`hM�po`�`bMPR�R6w_�8RW��R*c��o`hM¥^Nmo�«`bMPR�R6i;dPg���po`hR*fypo�
R6��R6Q#R*c;`��§m8f�`bMPg�^�`bR*c�^hmvf
g�^�`a��gjx�R�`hMPR�mvfbg��8g�c�pv�vR4w_�vR���R6cP�o`bM�g�c�`hM�R�w_g�fbR6x¦`bg�m8c�mo�PQ#g�cPg�Q#pv�_^a`bfhR*`bxyMPg�cP��ª

LNMPRq^hR6x*mvc�w�^a`bR*uEg�^�p!Q#R6^hM��8R*cPR6fbpo`hg�mvcµ^r`hR6u«ª�
ER#d�^hR�`bMPR#¬�cPR#Q#R6^hM�pvc�wF`bMPR#Q#R�`hfbgjx�¬¥R*�jw
wPR�¬�cPR4w(m8c!g�`b^Nc�m]wPR�p8^�`hMPR���p8xy�]�vfbmvdPc�w#Q#R4^rM.poc�w(`hM�R�^rg/.*R�^ru2R6x*g©¬2x*p&`bg�m8c(¬¥R*�jw!p8^�g�cPuPdP`b^�mv�
poc]\
R*»_g�^r`hg�cP��Q�R4^rM!�vR6cPR*fyp&`bg�m8c�^rmv�´`a��pvfhRWd�^rg�cP��`hMPR�x�m8c�x�R6u_`Nmo��Q#R6^hM��vR*c�R*fyp&`hg�mvcq�8m&�vR6fhcPR4w#�]\qQ�R*`hfbg�x
^hu2R6x�g�¬¥x6p&`hg�mvc¥^*ªN·¢c¤`bMPg�^U��m8fh�C�¥��R�M�p¸�8R�d�^hR6w�`bMPR�VFLUÃ ^hmo�´`a�NpofbR * }�,��Pd_`­g�cµuPfhg�c�x*g�uP��R�pvc;\�mo`bMPR*f
Q#R4^rM.�vR6cPR*fyp&`bg�m8cE±H¡UR6��pvdPc�p¸\8�P�§fbmvc;`bpv�H�PR*`bx4³�`hm]mv��x*poc¤�2R�d�^hR6w!�§m8f�`hMPgj^tu�dPfhu2m8^hR�uPfbm&�]g�w_R4w!`hM�po`Ug©`
x6poc�M�poc¥w_��R�pvcPg�^hmo`bfhm8uPgjxUR6��R6Q�R6c;`b^6ª

LNMPR�fhR6Qqpog�c�w_R*fUmo�@`hM�g�^Uu�pou2R*fWg�^Wmvfb�8pvcPg-.6R6w�pv^t�§mv����m&�t^�0tZ]R4x¦`bg�m8cµ�qfbR6x*pv���«`hMPR�Q#pvg�cFx*mvc�x*R*u_`
mv� p�Q#R�`bfhgjx�Q#pvuµpoc¥wFw_R6pv����g�`hMµ`hMPR�uPfbmv�P��R*Q�mv�lQ�R*`hfbg�x�g�c8`bR*fbu¥m8��po`hg�mvc«ª­LNMPR*c�g�cE^rR4x¦`bg�m8cµ}P�2��R
wPR6^bx�fbg��2Rlmvd�f�w_g�fhR4x¦`bg�m8c�po�;^rR6Q�g� ¢x�m8pvfb^hR*c�g�cP��pv���8mvfbg©`bMPQ ��M�g���R�^hR6x�`hg�mvc�~U�8g��8R6^«pWi;dPg�xy��w_R4^hx*fhg�u_`hg�mvc�mv�
`bMPRNQ#R6^hM��vR6cPR*fyp&`bmvf�`hM�po`���R�M�p¸�vR�d�^rR4w¹ª�®�g�c�pv����\v�&g�c�^hR6x�`hg�mvc#�_�&��R�w_R6Q#mvc�^r`hfyp&`bR `bMPRNR�'CR6x¦`bg��8R*cPR4^h^
mv�¹mvdPf�pouPuPfbm8p8xyM�m8c�^rR6�vR6fbpv�PpocPgj^rmv`hfbmvuPgjxNQ#R6^hMPR6^�w_gj^ruP�jp¸\]g�c���M;d��vRUp8^ru2R6x�` fbpo`hg�m�±²p8^l�jpofb�vRtpv^
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LNM�R�x�m8c�x�R6u_`Wmv� Q#R6^hMF�vR6cPR*fyp&`bg�m8c¤�vm&�8R*fbcPR6w��]\.Q�R*`hfbg�x�^ru2R6x*g©¬2x*p&`bg�m8c�^Wg�^WcPm&�zmo� x*dPfbfhR6c8`­d�^hR�g�c
`bMPgj^@¬�R6��w=* +P�]� � �]�v�]�_�&~��;�v�_�]�v|_�;�;�;�]���6, ª
·¢c#`bMPgj^�^hR6x�`hg�mvc«�8��RtfbR*�]g�R*� `hM�Rt�§dPc�w�poQ#R*c;`bpv��uPfbmvu2R*fh`hg�R6^
pvc�w�w_R�¬�c�g©`bg�m8c�^�mo��p�Q�R*`hfbg�x­¬¥R*�jw(`bM�p&`t��g����¹�¥R�d�^hR��§d��¹�§mvf�m8dPftpouPu���gjx*po`hg�mvc�^6ª
®
g�fb^r`6�_��R�fhR4x*pv���C`bMPR�w_R�¬¥cPg©`bg�m8c.mo�
p#Q#R*`hfbg�x#± * +
,§³¦ª

��½������ � �²Á	��
 �
Ä V¤R*`hfbg�xE±²pv��^hm�L�R*c�^hmvf¦³

M
g�c

R
d g�^#pµ^h\]Q#Q�R*`hfbg�x�w_R*¬�cPg�`hR�u¥m;^rg�`hg��vR�fhR4po��Qqp&`hfbg�»���g�`hM d

`hMPR
wPg�Q#R*c¥^rg�mvcqmv��^ru�p8x�R8ª�· `Ng�^l`hMPR6c!p

d× d
g�c]�vR6fr`bg�����RtQqpo`hfbg©»¹�;g©`y^ R6g��8R*c]�&po��dPR6^lpvfhRUfhR4po�¥pvc�w#u2m8^hg©`bg��8Rv�

pvc�w!g©`y^�R*g��vR6c;�8R6x�`hmvfy^ �§mvfbQ'poc.mvfh`hM�mv�vm8c�po�2��p8^rgj^Nmo�
R

d ªl^hd�xyM!`hM�po`

M = V (M)tΛ(M)V (M)

��M�R*fbR
V (M)

w_R*c�mo`hR4^@`bMPRWm8fr`bMPmvc�mvfbQ#pv�_Qqp&`hfbg�»qx*mvfbfhR4^ru2mvc¥w_g�c��W`bm�`bMPRUR6g��8R*c]�vR4x¦`hm8fb^�mv�
M
��MPg���R

Λ(M)
gj^N`hMPR�wPg�pv�vmvc¥po�CQqp&`hfbg�»(mo�
g©`y^�R*g��vR6c;�&pv��dPR4^

LNMPRqm8fr`bMPmv�8mvc�pv��g/.6po`hg�mvc¤uPfbmvu2R*fh`a\Fmv� `hM�RqQ�R*`hfbg�xv��pv����m&�t^W`hm¤w_R�¬¥cPR�p.^hx6po�jpof�uPfbm]wPd�x¦`�mo��`a��m
�8R6x�`hmvfy^�g�c

R
d ��g�`hM.fbR6^hu¥R4x¦`N`hm�p�Q#R�`bfhgjx M 0

(u, v)M = (u,Mv) = utMv ∈ R
± � ³

��R�cPm&� wPR�¬�cPR8�_`hM�R�pv^b^rm_x�gjp&`bR6w(cPmvfbQ mo��p#�vR4x¦`hm8fNg�c
R

d ��g�`hM.fbR6^hu¥R4x¦`N`hm#`bMPR�Q#R�`hfbgjx M 0

‖u‖M = ((u, u)M)1/2 ±H�v³
Ä d�^hR��§dP�C�8fbpvuPMPgjx*po�¥fhR6uPfbR6^hR*c;`bpo`hg�mvcqmo�
p�Q#R�`bfhgjx

M
pv^b^rm_x*g�po`hR6^l`hm�g©`�`hM�RWR6����g�u¥^rm8g�w�`hM�po`�fbR*uPfbR� 

^hR*c;`y^�`hMPR�dPc�g©`t��pv���C�§m8fN`hMPR�^bx*pv��pvfNuPfhm_w_d¥x¦`
(., .)M

0

EM = {u/(u, u)
1/2
M

= 1}
±H}8³

LNMPR�R6i;d�po`hg�mvc ±²}v³WfbR*uPfbR6^hR*c;`b^Wp(�8R*cPR6fbpv��R6����g�u¥^rm8g�wF�§mvfbQ��C��MPR6fhR�`hM�R�Qqpog�c�po»_g�^­pofbR��8g��8R*cF�]\
`bMPR�R*g��vR6c;�8R6x�`hmvfy^�mo�

M
poc�w(`hM�R­fypvwPg�d�^Nmv��R4pvxyM!po»_g�^�gj^N�vg��vR*c��]\#`hMPR�g�c]�vR6fb^hRUmv��`bMPR�^hi;d�pvfhR­fhm]mv`

mv��`bMPR�pv^b^rm_x*g�po`hR6w(R*g��vR6c;�&pv��dPR4^*ª
VFmvfbR­w_R*`bpvg��j^tpoc¥w!w_R*¬�cPg�`hg�mvc�^Ux*poc��2R��§mvdPc�w�g�c * +6, ª

��
�� �����������������

ER���g����«d¥^rR­`hM�R��§mv����m&��g�cP��cPmo`yp&`hg�mvc¥^�0

1 V (M)
pvc!m8fr`bMPmvc�mvfbQ#pv�CQ#po`hfbg©»�x�mvfbfbR6^hu¥m8c�w_g�cP��`bmqR*g��vR*c]�8R6x¦`bmvfy^ mv�
pqV¤R*`hfbg�x

M

1 λ1(M), λ2(M), .., λd(M)
`hMPR�R6g��8R*c]�&po��dPR6^Nx*mvfbfhR4^ru2mvc�wPg�cP��`hmqp#Q#R�`bfhgjx

M
ª
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1 h1(M), h2(M), .., hd(M)
`bMPR���m_x*pv�­^hg-.6R�g�c:R4pvxyM:wPg�fbR6x�`hg�mvc:mv��`hM�R�Q#R�`bfhgjxEw_R�¬�c�R6w �]\�0

hi(M) =
√

1/λi(M)
�§mvf

i = 1, ..., d
ª

1 ®Pm8ftpoc]\q�§dPc�x�`hg�mvc f
wPR�¬�cPR4w�mvc

R
�P��R�pv��^hm�wPR�¬�cPR�`bMPR�Qqp&`bfhg�»

f(M)
p8^ `bMPR�Qqp&`bfhg�»

f(M) = V (M)tf(Λ(M))V (M)

��MPR*fbR
f(Λ(M))

gj^N`hM�R�w_g�pv�vm8c�po�CQqp&`bfhg�»���MPm8^hR�R*c;`hfbg�R6^�pofbR
f(λi(M))


ER���g�����^hdPuPu�fhR4^h^�`hM�R�cPmo`yp&`hg�mvc
(M)
��MPR6c.cPmqpoQ���g��8dPg©`a\(��g����¹u¥m;^h^hg��P��R

��
 � ��� ��� ��� ��� ����� ����� �
	�� � ��
 � � ����������� ����� � � � � � � �
��R�`
Th
�2R�p!`hR�`bfbpvMPR6wPfhg/.6po`hg�mvcµmv�Np�u2mv��\]�vmvc¥po�@w_mvQqpvg�c

Ω
w_R*¬�cPR4w��]\µp.^hR�`�mv��cPm_w_R4^

N
pvc�w�p

^hR�`tmv��^hg�Q�u���gjx�gjpo�«R6��R6Q#R*c;`b^�±
`bfhgjpoc��v��R6^Ng�c¤�&  ¡��_`bR�`hfypoM�R6w_fbmvc�g�c¤}o  ¡�³
T
��MPR*fbR­`hMPR�cPm_w_R6^N�2R*��mvcP�

`bm
N
ªt· `­g�^­i;dPg©`bR�m8�;�]g�mvd�^�±²poc¥w�`hMPgj^t�²p8x¦`­g�^t`hMPR���pv^hg�^Umo�@`bMPR�x�m8c�x�R6u_`Wmv�@�vR*c�R*fyp&`hg�mvc.mv� pqQ#R6^hM

�8m&�vR6fhcPR4w��]\!p#Q#R*`hfbg�x�¬¥R*�jw¹�¥^hR*R * +6,�³N`hM�po`�`hMPR�^hR�`Wmo�@^rg�Q#uP��gjx�gjpo��R*��R*Q#R*c;`b^Ww_R�¬¥cPR6w¤p
P 0 ¬�R6��w.mv�Q#R*`hfbg�x6^�m8c

Ω
^rd�xyM!`hM¥p&`N�§mvf�`hM�g�^NQ#R�`bfhgjxU¬�R*�jw(R4pvxyM�^rg�Q#uP��R*»(gj^NR6i;dPg���po`hR*fypo� 0��§mvf�p��vg��vR6c(R*��R*Q#R6c8`

T
�]wPR�¬�cPR­`bMPR�^rR*`

E(T )
mo�
pv���¹R4w_�vR4^ mv�

T
�
E(T ) = {(k, l) : k 6= l, k, l ∈ N , k, l ∈ T}

ª@LNMPR6c(`bMPR
R6��R6Q#R*c;`�Q�R*`hfbg�x

MT
m8c

T
^hMPmvdP�jw�^hpo`hgj^a�§\

~xT
klM~xkl = 1

±²~;³
�§m8f�po���
R4w_�vR4^

(k, l) ∈ E(T )
poc�w

~xkl = ~xl − ~xk
��MPR6fhR

~xk
pofbR�`bMPRqx�m]mvfyw_g�c�p&`bR6^Wmo��`hMPR#cPm_w_R

k
ª

LNM�g�^�x�mvc¥w_g©`bg�m8c��vg��vR6^�pF^r\_^r`hR6QYmo�
1, 3
mvf

6
��g�cPR6pvf�po���vR6�Pfypogjx�R4i;d�p&`bg�m8c�^�±´�§m8f � ¡����o¡'pvc�w,}v¡��

fbR6^hu«ª ³��§m8flx�mvQ#u2mvcPR6c;`b^
(MT )ij , i ≤ j

mo�2`hMPR�Q#R�`bfhgjxNQqp&`bfhg�»¹ª
LNMPRt^hmv��d_`bg�m8c�mv�¥`bMPgj^@��g�cPR4pofl^h\]^r`hR6Q
gj^N�vg��vR6c!g�c�`hMPR��§m8����m&��g�cP��fbR6^hdP��`�0

��½ � ������� 
�� � �5� �-��� ����	�� ��	��D����� ��	 �D�! 
MT
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�R.w_R6^bx�fbg��¥R�g�c�`bMPR��§m8����m&��g�cP�¤`a��m�^hR6x¦`bg�m8c�^6��`a��mµw_g-'CR*fbR*c;`�^r`hfyp&`bR*�vg�R6^
`bmFw_R�¬¥cPR�p.cPm_wPpo�@Q#R*`hfbg�x�¬�R6��w,x*mvQ#g�cP���§fhm8Q¨`hM�g�^�fbR6^hR6pvfbxyMEpofbR6p�ª ��R�`�d¥^�po�;pog�c�x�m8c�^hg�w_R6f

T (i)`bMPR¤^rR*`qmo�Wpv����R6��R6Q�R6c;`b^
T
��MPgjxyM x�mvc;`ypog�c�p�cPm_w_R

i
�

i ∈ T
ª �Wc�R6pvxyM�R*��R*Q#R*c;`

T
gj^qw_R*¬�cPR6w

�]\�`hMPR�fbR6^hdP�©`y^�mv�U^rR4x¦`hg�mvc �_ª �¤p¤dPcPgji;dPR!^h\]Q#Q�R*`hfbg�x(u¥m;^rg�`hg��vR!w_R�¬�c�g©`bR(`bR*c�^hmvf�±HZ]k ¡�³
MT
ª 
�R

pvfhR���m]mv�]g�c��#�§mvfUpqd�cPg�i;dPR�Q�R*`hfbg�x
Mi
`hM�po`UfbR*uPfbR6^hR*c;`b^Ng�c.`hM�R��2R6^r`Uu¥m;^h^hg��P��R��Np¸\q`bMPg�^W^rR*`Umo��`bR*c_ 

^hmvfy^6ª
LNMPgj^NuPfbmv�P��R*Q x*poc!�¥R�^hmv���vR4w(p8^�p�Q#g�cPg�Q#g/.6po`hg�mvc�uPfhm8�P��R*Q uPfbm&�]g�w_R4w���R�pofbR­pv�P��R­`bm#wPR�¬�cPR
pWx�m8c�x�R6u_`
mv��w_gj^a`ypoc�x*R��2R�`a��R*R6c�`hR6c�^hmvfy^*ª�®�mvf�`hMPgj^
��R�M�p¸�8R@`hm­fhR4x*pv���]^rm8Q#R�w_R*¬�cPg�`hg�mvc�^�poc¥w�fhR4^rd��©`y^*ª

®
g�fb^r`6�W��R*`!d�^�x�m8c�^rgjw_R6f(`bMPR�w_R*¬�cPg�`hg�mvc mo��`hM�R��8R*m_w_R6^hgjxFw_gj^a`ypoc�x*Rµ�2R�`a��R*R*c `a��m�^h\]Q#Q�R*`hfbg�x
u2m8^hg�`hg��vR�w_R*¬�cPg�`hR�`bR*c�^hmvfy^6ª�·¢c�`bMPR!^hR6i;dPR6�H�
��R���g�����wPR*cPmv`hR

Sym(n)
`bMPR!^hR�`�mv�t^r\]Q#Q#R�`hfbgjxqfhR4po�

n
  Qqp&`bfhgjx�R4^�pvc�w

Sym+
∗ (n)
�_`hM�R�^rR*`Nmv�@Z_k ¡¯fbR6pv�

n
  Qqp&`bfhgjx�R4^�0

��½������ � �²Á	� 
 �
LNM�R­g�c]�&pofbg�pvc8`tw_gj^r`bpoc¥x�R��¥R*`a��R6R*c

M, N ∈ Sym+
∗ (n)
gj^tw_R*¬�cPR4w(�]\�0

d(M, N) = dist(Id, M−1/2NM−1/2) = N (M−1/2NM−1/2)

pvc�w
N (M)) = tr(log(D)2).

×�× Í
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��M�R*fbR�¡¯g�^�`bMPR�R*g��vR6c;�&pv��dPR�Qqp&`bfhg�»!p8^h^hm_x�gjp&`hR4wq`bm
M
ª

ÄUcPmo`bMPR*f��Np¸\(`bm�w_R*`hR6fhQ#g�cPR�`bMPR�g�c]�&pofbg�pvc8`�w_gj^a`ypoc�x*R�gj^U`bMPfbmvdP�8M.`hMPR#s�g�R*QqpocPc�g�pvcµQ#R�`bfhgjx�m8c
`bMPR�^hu�pvx*R­mv��Z]k�¡z`hR6c�^hmvfy^*ª

��½������ � �²Á	� ���
g��

W1
pvc�w

W2
pvfhRW`a��m�`ypocP�8R*c;`��vR6x�`hm8fb^Np&`

M
�_��R�w_R�¬¥cPR�`hMPR�^bx*pv��pvfNuPfhm_w_d¥x¦`tp&`

M
�]\�0

(W1, W2)M = (M−1/2W1M
−1/2, M−1/2W2M

−1/2) = Tr(M−1/2W1M
−1W2M

−1/2)

��½������ � �²Á	� ���
LNM�R�stg�R6Q#pvcPcPgjpoc.R�»_u2mvcPR6c;`hgjpo�¹Qqpou.pv^b^rm_x*g�po`hR6w�`hm�pvc!g�c]�¸pvfhgjpoc;`NQ#R�`hfbgjx�g�^�w_R*¬�cPR4w!�]\�0

expM (W ) = M1/2exp(M−1/2WM−1/2)M1/2

`bMPgj^tw_g-'2R6mvQ#mvfbuPMPgj^rQ'g�^N�8��m8��po�I�Ppoc�w!��R�x6poc�dPcPgji;dPR*��\!w_R*¬�cPR�`bMPR�g�c]�8R*fy^rR­QqpouPuPg�cP�#�]\�0

logM (W ) = M1/2log(M−1/2WM−1/2)M1/2

�!½ ���_���@� g�c(pouPu2R*c¥w_g©»��­�;��RUwPR6^bx�fbg��2RUg�c(w_R*`bpog��j^@`hM�RUuPfbmvu2R*fh`hg�R6^ mo��s�g�R*Qqpoc�cPg�pvc(^hu�pvx*Rtmo�«^h\;Q� 
Q#R*`hfbg�x­u2m8^hg©`bg��8R�wPR�¬�cPg�`hR�`bR*c�^hmvfy^�pv^N��R*���«pv^�`bMPR�w_R*¬�cPg�`hg�mvc�^�mv��`bMPg�^U^rR4x¦`hg�mvc�ª

� � �*� � � � � ��� ½ � � Á �¸� � ½ � � �P� � � � � � ��� �_� �HÁ � � " � Á � � �����°�


°g�`hMµ`hMPR�uPfhR6�]g�m8d�^r��\.w_R�¬�c�R6wFx*mvc�x*R*u_`­mo�@�vR6m]wPR6^hg�x�wPg�^r`bpvc�x�R��¥R*`a��R6R*c�Z]k�¡ `bR*c�^hmvfy^6����R�x*pvc
wPR�¬�cPR­`bMPR�cPm_wPpo�¹Q#R�`bfhgjx

Mi
pv^�`hM�R­g�c;`hfbg�c¥^rgjxUQ#R4poc�mo��`bMPR�^rR*`�mo��Q#R�`bfhgjx*^

{MT ; T ∈ T (i)}
* � |
,Iª


ERNfhR4x*pv���;`hM¥p&`�`hMPR�g�c;`hfbg�c¥^rgjx Q#R4poc�mo�2pWfypoc�w_m8Qz�&pofbg�pv�P��R�g�c�pvc�pvfh�Pg�`hfypofb\�Q#R�`hfbgjx�^hu�p8x�R�g�^@w_R*¬�cPR4w
g�c#`hM�RU^rR6c�^hRtmo�«®Pfbe6xyM�R�` pv^l`hMPRUu¥m8g�c;`l`bM�p&` Q#g�cPg�Q�g/.*R4^@`bMPRUR*»]u2R6x�`hR4w#�¸pv��d�Rtmo�C`hM�RU^rd�Q�  mo�´ ¢^bi8d¥pofbR6w
wPg�^r`bpvc�x�R(�§dPc�x¦`bg�m8c 0!Ã�m8c�^rgjw_R6f�p�^rR*`�mo�Wu¥m8g�c;`

A = {x1, · · · , xn}
mvc�pµs�g�R*Qqpoc�cPg�pvc�^hu�pvx*R

E
ª

LNM�R*c�`bMPR�g�c;`bfhg�c�^hg�xWQ#R6poc(mo��u2mvg�c;`b^�g�c
A
g�^Nw_R*¬�cPR4w(pv^Np�Q#g�cPg�Q�d�Q mo�«`bMPRW�§dPc�x¦`bg�m8c

jA
�]`hM¥p&`Ng�^6�

µ =
pofb�vQ#g�c

x∈EjA(x)
± � � ³

��M�R*fbR

jA(x) =
1

2n

n
∑

i=1

d(µ, xi)
2

pvc�w
d
g�^�`hMPR��vR6m_w_R6^hg�x�w_gj^r`bpoc¥x�R�mvc

E
ª

LNMPR�uPfbmvu2R*fh`hg�R6^�mv��`hM�R­g�c;`hfbg�c¥^rgjxUQ#R4poc�M�p¸�vRW�¥R6R*c.^a`bd�w_g�R6w!�;\	��pofyxyMPR*f�* � ��,Iª Z_g�c�x*R­`hMPR�Q#R6pvc
gj^N�vg��vR6c(�]\q`bMPR�Q#g�cPg�Q#g-.4p&`bg�m8c!uPfbmv����R6QY± � � ³¦�P��R�Q�d�^r`��vR6fhg��§\q`hM¥p&`U^hd�xyM!p�Q#g�c�g�Q�dPQ'R*»]gj^r`b^�poc¥w
gj^�dPcPgji;dPRvª
��pvfbxyMPR6f
^hMPm&�t^
`bM�p&`@�§m8flpWQqpvcPg©�§m8��w���g�`hM#cPm8c_ Iu2m8^hg�`hg��vR�^rR4x¦`bg�m8c�po�_x�d�fh�&p&`bdPfbR�`bMPR�Q#R6pvc
gj^�dPcPgji;dPR*��\qw_R�¬�c�R6w¹ª@·¢c(�²pvx¦`4�;`hMPR�Z]k ¡z^hu�p8x�RWwPm;R4^ M¥p¸�vRUc�mvc_  u¥m;^rg�`hg��vR­^rR4x¦`bg�m8c�po�Cx�dPfb�&p&`bdPfhR8�;pvc�w¹�
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��



���������
	��
����������������������� �������!�#" � �

`bM]d�^*��`hM�R�Q#R6poc,gj^�dPc�g�i;dPR6��\�w_R�¬¥cPR6w¹ª.·¢c * � �6,Np.�vfypvw_g�R*c;`�w_R4^hx*R*c;`�po���vm8fhg�`hM�Q¶`hmµx*mvQ#uPd_`bRq`hM�g�^
Q#R4poc�g�^��8g��8R*c«ª@LNMPR��8fbp8w_g�R6c;`Nmv�

jA
gj^N�vg��vR6c!�]\

∇jA(x) = −
1

n

∑

i=1,n

Logx(xi)

pvc�w.`bM;d¥^U`bMPR#g�c;`bfhg�c�^hg�x�Q�R4poc�mo��p!^rR*`­mv�l`hR6c�^rm8fb^­x*pvcF�2R�x*mvQ#uPd_`bR6w��;\�`bMPR��§m8����m&��g�cP�(�8fbp8w_g�R6c;`
wPR6^bx�R*c;`tpo���vm8fhg�`hM�Q 0

��" � Á � � ����� �«� � � �6� � � � � � ! ½ � � Á,+���½ � � Á �&�
·¢cPuPd_` 0

M1, · · · , Mn ∈ SPD
^hu�pvx*R

�Wd_`huPdP`�0
R ∈ SPD

^hu�pvx*Ro�_`bMPR�g�c;`bfhg�c�^hg�x­Q#R6pvc

R0 = M1

¡Wm
Xi = 1

n

∑

k=1,n LogRi
(Mk)

Ri+1 = ExpRi
(Xi)


°M�g���R
(Xi, Xi)Ri

> ε

�����
��� � � � ½ ��� Á "²�_� �²Á	� � � � Á � ¿�� �
�#" � Â ½ � � � ���P� ½
�Wc�RWmv�«`hMPR�w_g�º�x�dP��`hg�R6^Ng�c!w_R4po��g�c�����g�`hM!Q�R*`hfbg�x6^�g�^�`hM¥p&`�`hMPgj^�^ru¥pvx�RWg�^�cPmv`Np��vR4x¦`bmvfN^ru�p8x�RU�§mvf�`hMPR
d¥^rd�pv�_Qqp&`hfbg�»�poc�w#^bx*pv��pvf
Q�dP��`hg�uP��gjx*po`hg�mvc#mvu2R*fyp&`bg�m8c�^6ª�LNMPR�uPd�fhu2m8^hRNmo�2`hMPgj^l^hR6x¦`bg�m8c�gj^�`bMPR�d�^hR�mo�2p
c�R*�°�²pvQ�g���\�mo��Qqpo`hfbg©»�m8u¥R6fbpo`hg�mvc�^�mvc(`hMPR�^hu�pvx*R

Sym+
∗ (n)
`hM�po`N��g����2�8g��8RU`bm�`bMPgj^�^ru�p8x�R­p��8R6x¦`bmvf

^hu�p8x�R ^r`hfbd�x¦`bdPfbR * � �6, ª�LNMPR4^rR�mvu2R*fyp&`bg�m8c�^¹`bM�p&`
�vR*c�R*fypo��g-.6R@`hMPR�d�^hd�po�;Qqp&`hfbg�»�pvc�w�^bx*pv��pvf«Q�dP��`hg�uP��g�x6p& 
`bg�m8c�^@pofbRNg�c;`bR*fbR6^r`hg�cP��g�c�`hR6fhQ mo�2`hMPR6g�f@Qqpo`hMPR6Q#po`hgjx*^@u�fhm8u¥R6fr`bg�R4^@^rd�xyM#pv^
`bMPRU^hg�Q#g���pvfhg�`a\; Ig�c]�&pofbg�pvc8`4�
g�c]�&pofbg�pvc8`N�]\�Q�d��©`bg�uP��gjx*p&`bg�m8c«�Pg�c]�vR*fy^hg�m8c!poc¥w(�]\!^bx*pv��g�cP��g�c�`bMPR�w_mvQqpvg�c�mo��Qqp&`hfbg�»(��m8�8pvfhg�`hMPQq^6ª
��½������ � �²Á	� � �«R*`

M1, M2 ∈ Sym+
∗ (n)
poc�w

λ ∈ R
ª�pU��mv�;pofbg©`bMPQ#g�x�uPfbm]wPd�x¦`�mo�

M1, M2
g�^@w_R*¬�cPR4w

p8^��§mv����m&��0

M1 �M2 := exp(log(M1) + log(M2))
± � �v³

pvc�w�p���mv�;pofbg©`bMPQ#g�x�^bx*pv��pvf�Q�dP�©`bg�u���gjx*po`hg�mvc
⊗
gj^tw_R*¬�cPR6w��]\�0

λ⊗M1 := exp(λ.log(M1)) = Mλ
1

± � }8³
* � Á � Á � � � �²Á	� 
 �

(Sym+
∗ ,�)
g�^�p��vfbmvd�u«ª�LNMPR�cPR*d_`bfbpv�vR6��R6Q�R6c;`�gj^¹`hM�R d�^hd�po�8g�wPR*c;`hg�`a\�Q#po`hfbg©»¹�¸poc�w

`bMPR��8fhm8dPu.g�c]�vR6fb^hR�mo�lpvcµZ]k ¡ Q#po`hfbg©»�g�^Ug©`y^Ug�c]�vR6fb^hR�g�c.`bMPR�Qqp&`bfhg�»�^hR*c¥^rR8ªNVFmvfbR*m&�vR6f6�_��M�R*cPR6�vR*f
`a��m�Z]k ¡:Q#po`hfbg�x*R6^lx*mvQ#Q�dP`hRNg�c#`bMPR�Qqp&`bfhg�»�^hR*c�^hRv�o`hMPR6c#`hMPRt��mv�;pofbg©`bMPQ#g�x�Q�d��©`bg�uP��gjx*p&`bg�m8c#g�^@R4i;d�po�
`bm�`hMPR6g�ftQqpo`hfbg©»(u�fhm_w_d�x�`6ª@V¤m8fhR6m&�vR*f4�8`hMPR�Q�dP�©`bg�u���gjx*po`hg�mvc.g�^�x*mvQ#Q�dP`bp&`bg��8Rvª

×�× Í
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* � Á � Á � � � �²Á	� � �

exp : (Sym, +) :−→ (Sym+
∗ ,�)

± � ~;³
gj^ �«g�R��vfbmvd�u(gj^rm8Q�m8fhu�MPg�^hQ.ª
·¢c�u�pofh`hgjx�dP�jpof4��m8cPR�  u�pvfbpvQ�R*`hR6fU^rd��P�vfbmvdPu¥^tmo�

Sym+
∗ (n)
pofbR�mv�_`ypog�cPR6wF�;\�`ypo�]g�c���`hM�R�Qqp&`bfhg�»

R*»_u¥m8cPR*c;`hgjpo�2mo��`hMPm;^rR­mo�
Sym(n)

�]��MPg�xyM�pofbRW^hg�Q#uP��\�mv�«`hMPR­�§m8fhQ
(t, V )t∈R

��M�R*fbR
V ∈ Sym(n)

ª
ÄW^tx�m8c�^hR6i;dPR*c¥x�Rv�]`bMPR���g�R��8fhm8dPu!R*»_u¥m8cPR*c;`hgjpo�¹g�c

Sym+
∗ (n)
g�^t�vg��vR*c��]\�`bMPR�x��jpv^b^rgjx*pv�¹Qqp&`hfbg�»(R�»] 

u2mvc�R*c;`hgjpo�¹m8c(`bMPR��«g�R�Ät���vR6�Pfbp
Sym(n)

ª
Ä ^r`hfbd�x¦`bdPfbR�mv� �«g�RN�vfbmvdPu�g�^��8g��8R*c�`hm­`hMPR�^hu�pvx*R�mv�CZ]k�¡°Qqp&`hfbgjx�R6^6ª�LNM�R�c�R*��Q�dP��`hg�uP��gjx*po`hg�mvc�d�^hR6w¹�
gIª RW`bMPR���m8�8pvfhg�`hMPQ#gjxUQ�dP��`hg�uP��gjx*po`hg�mvc«�_�8R*cPR6fbpv��g/.*R4^l`bMPR�Qqp&`hfbg�»�Q�dP��`hg�uP��g�x6p&`hg�mvc���MPR6c(`a��m�Z]k ¡zQqp& 
`bfhgjx�R4^�w_m#cPmo`Ux*mvQ#Q�dP`hR�g�c�`bMPR�Qqp&`hfbg�»!^rR6c�^hRvª

* � Á � Á � � � �²Á	� �
� 0
(Sym+

∗ (n),�,⊗)
M�pv^!p��vR4x¦`hm8f(^hu�pvx*RF^a`bfhd�x�`hdPfbRvª ·¢c `hM�R�^hR6i;dPR*�I�N��Rµ��g����

wPR*cPmv`hR#`hM�R(^ru¥pvx�R
(Sym+

∗ (n)
R*c�w_m&��R6w���g�`hM�`hM�R6^hR#`a��m¤m8u¥R6fbpo`hg�mvc�^W`hM�R��«m8�o  )ld�x���gjw_R6pvc��8R6x¦`bmvf

^hu�p8x�R�mo�
Q�R*`hfbg�x6^*ª

Äzw_gj^r`bpoc¥x�R��¥R*`a��R6R*c�`a��mqZ_k ¡zQqp&`bfhgjx�R4^Ng�c��«m8�o  )ld�x*��gjw_R6pvc!^hu�pvx*R�x*poc��2R�w_R�¬�c�R6w��]\?0

d(M1, M2) = ||log(M2)− log(M1)||

��M�R*fbR
||.||
w_R6cPmo`bR6^NMPR6fhR­`hM�R�Q�R*`hfbg�x­cPm8fhQ.ª

ÄUcPmo`bMPR*fWg�Q#u2mvfh`bpoc;`UfbR6^hdP��`Ug�c �«mv�v �) d�x���g�wPR6poc¤^hu�pvx*Rv�¥��MPg�xyMFx*mvc�x*R*fbc�^�g�c;`hR*fbu2mv�jp&`hg�mvc¤mv�@Q�R*`r 
fbgjx*^Ng�c ��mv�o  )ld�x*��gjw_R4poc.^ru�p8x�R�gj^N�vg��vR*c�g�c!`bMPR��§mv����m&��g�cP��uPfbmvu2m8^hg©`bg�m8c 0

* � Á � Á � � � �²Á	� �
� 0���R�`
(Mi)

N
1

�2RWp�¬�cPg�`hRUc]dPQ��¥R6f mv�«Z_k ¡:Qqpo`hfbg�x*R6^6ª
LNMPR6cq`hM�R*g�f �«m8�o  )ld�x*��gjw_R6pvc
®�fhe4xyMPR�`�Q#R6pvc!R*»_g�^r`b^�pvc�w�g�^NdPc�g�i;dPR8ª@· `tg�^��8g��8R*c!�;\�0

MLE(M1, · · · , MN) = exp(
1

N

N
∑

i=1

log(Mi))

� Á � Á " "H�_� ¾ 
 � 0@LNMPR��«m8�o  )ld�x*��gjw_R6pvc(Q#R6pvc.g�^�^hg�Q#g���pvfhg�`a\; Ig�c]�&pofbg�pvc8`4�8g�c]�&pofbg�pvc8`N�]\��vfbmvd�u(Q�d��© 
`bg�u���gjx*po`hg�mvcµpvc�w¤g�c;�8R*fy^rg�mvc��¥poc¥w¤g�^WR�»_u2mvcPR6c;`hgjpo�� Ig�c]�¸pvfhgjpoc;`�±§gIª R�g�c]�¸pvfhgjpoc;`U��g�`hMµfhR4^ru2R6x�`U`hm�^hx6po��g�c��
g�c�`hMPR�wPmvQqpog�c!mv����mv�;pofbg©`bMPQq^b³
LNMPR�u�fhR6�;g�mvd¥^�u�fhm8u¥m;^rg�`hg�mvc�^�±§�§fhm8Q � `hmq~]³�pvfhR�uPfbm&�vR4w�g�c * � �
,Iª
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ER�x�m8Q�u¥pofbRUg�c(`bMPg�^�^hR6x�`hg�mvc«�]`bMPR­`hMPfbR*R­�Np¸\]^�`bm�w_R*¬�cPR­`hM�R­c�m]w�po�¹Q#R�`bfhgjxt¬¥R*�jw!w_R4^hx*fhg��2R6w!g�c!`hMPR
u�fhR6�;g�mvd¥^W^hR6x�`hg�mvc�^6ª�·¢c�`hMPRq^hR6i;dPR6�H�C`bMPR6^hR�`hMPfbR*R#^a`bfbpo`hR6�vg�R6^W��g����@�¥R#�jpo�2R*��R6w�fhR4^ru2R6x�`hg��vR6��\.g�c8`bR*fbu¥m
±H^rR4x¦`bg�m8c.�Pª }�ª �o³��P�vR6m_w_R6^hg�x�±²^hR6x�`hg�mvcF�_ª }Pª }o³Npoc¥w ��mv�.±²^hR6x�`hg�mvcF�_ª }Pª ~v³¦ª
stR6x*pv����g�cP��`hM¥p&`�m8dPf�Q#pvg�c(uPfhm8�P��R*Q£x�mvc¥x�R*fbc�^ MPg��8MP��\#^r`hfbR�`yxyMPR6w�Q�R4^rM�R6^ld¥^rR4wqg�c!�¥m8dPc�wPpvfh\��jp¸\vR*fy^6�
��R�¬�fy^r`�x�m8Q�u¥pofbR�`hMPR4^rRt`hMPfbR*R­^a`bfbpo`hR*�8g�R4^@mvc�p��¸ ¢¡ Q#m_w_R*�2�2mvdPc�w�pofb\��jp¸\vR*f Q�R4^rM!^rMPm&��cqg�cq¬��8dPfbR
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g��8dPfbR � 0 �¸ ¢¡ Q#m]wPR*�«�2mvdPc¥wPpofb\q��p¸\8R*fNQ#R6^hM

� ª�Ã�dPfb�vR4w��¥m8dPc�wPpvfh\E��p¸\8R*fy^�pofbR�mv�´`hR*c�`hMPR�fhR6�vg�mvc�^���MPR*fbRq`hM�R!w_gj^a`ypoc�x*R(�2R�`a��R*R6c,`hMPR(`hR6c�^rm8fb^
wPR�¬�cPR4w(m8c�`bMPR�R*��R*Q#R*c;`b^Nmv��`bMPR­¬�cPR�Q#R6^hM(gj^N��pvfh�8R6^r`6ª�L�m�Q#g�Q#gjx­`hMPgj^N�¥R6M�p¸�]g�m8f6�;��RW��g����¹�&pvfh\qm8c
¬¥�vdPfbR � `hMPR�poc��v��R

α
ª
α = 0

`hM]d�^�fhR6uPfbR6^hR*c;`b^�p�uP�jpoc�R­^hdPfh�²pvx�R­poc�w���pvfh�8R
α
pocP�8��R4^ ��g����CfbR*uPfbR6^hR*c;`

M�g��8MP��\!x�dPfb�vR4w!^hdPfh�²pvx�R4^*ª�LNMPR�fyp&`bg�m
hMax/hmin

mvc�¬��8dPfhR � w_R*¬�cPR­`hMPR�^r`hfbR�`yxyMPg�cP�#mo�
`hMPR�Q#R6^hM«ª


ERq¬�fy^a`�x*mvQ#u�pvfhR�`hM�R#`hMPfbR*R�^r`hfyp&`bR*�vg�R6^�m8c,p!u���pvcPRq�¥m8dPc�wPpvfh\���p¸\8R*fq±
α = 0

³­��g�`hM,fbR6^hu¥R4x¦ 
`bg��8R*��\�p(^a`bfhR*`bxyMPg�cP�qfyp&`hg�m�mv�

hMax/hmin = 100
poc�w

hMax/hmin = 1000
ª�LNM]d�^Umvc.`bMPR6^hR�x6pv^hRv�

`bMPR�R*g��vR*c]�8R6x¦`bmvfy^tmv�l`hMPR�Q#R�`bfhgjx�Qqpo`hfbg�x*R6^�w_R�¬¥cPR6wµ�;\.`bfhgjpoc��v��R6^­pofbR�po��Q#m8^r`Wgjw_R*c;`bg�x6po�@poc�wF`hMPR4^rR
Qqpo`hfbg�x*R6^Nw_g-'2R6ftuPfbg�c�x*g�u¥po����\��]\q`bMPR*g�ftR6g��8R*c]�&po��dPR6^6ª
LNM�R�fhR4^rdP��`b^�pvfhR�^hMPm&��c(m8c�¬��vdPfbR��_ª
®�mvf�`bMPR6^hR#`a��mF^a`bfhR*`bxyMPg�cP�¤fyp&`hg�m8^6�«`bMPR�fbR6^hdP��`b^��8g��8R*c��]\F`hM�Rq`hMPfbR*Rqg�c;`hR6fhu2mv�jp&`bg�m8c�^r`hfyp&`bR*�8g�R4^�pofbR
�]g�fr`bd�po����\­gjw_R6c8`bg�x6po�Iª�LNMPR�g�c8`bR*fbu�uPfbm_x�R4w_dPfbRluPfbm]wPd�x�g�cP�­Q�m8fhR�g�^hmo`bfhm8uPgjx@fhR4^rd��©`y^«`bM�poc�`hMPRNmo`bMPR*f�`a��m
m8cPR6^6ª &Um&��R6�vR6f6�&m8c�`bMPR6^hR�¬��vdPfbR6^6�og�c#mvfyw_R*f
`hm��]gj^rd�pv��g/.*R�`bMPRNfhR4^rdP��`b^6�&`bMPR�dPcPg�`b^@m8c�`bMPR�\;  po»_g�^
M�p¸�8R
�2R*R6cµQ�dP�©`bg�u���g�R6wµ�;\¤p��²pvx¦`bmvf­uPfbmvu2mvfh`hg�mvc�pv�«`hm(`hMPR#^r`hfbR�`bxyM�g�cP�!fbpo`hg�mµ±§g�� `bMPR�R*����g�u�^hg�^­^rM�mvdP�jw¤M�p¸�8R
�2R*R6c�fbR*u�fhR4^rR6c8`bR6wµg�c�`hMPR6g�f�fbR6pv��^hg/.*Rv�«`hMPR6\F��m8dP�jwFM�p¸�8R�pvuPu¥R4pofbR6w�pv^�p!^hg�cP�v��R���g�cPR6^y³¦ª#LNM]d�^­`hMPR
wPg 'CR*fbR*c�x*RW�2R�`a��R*R6c�`bMPR­`hMPfbR*R­Q#R�`hfbgjx*^NpofbRWm&�8R*fh IfbR*u�fhR4^rR6c8`bR6w¹ª«®
g�c�po����\(po�j^rm�cPmo`bRU`bM�p&`N`bMPR�fhR4^rdP��`b^
�§m8f�`bMPR�`a��m�^a`bfhR*`bxyMPg�cP�Wfbpo`hg�mUx*pvc��2R�w_R4w_d�x*R6w��§fbmvQzR4pvxyM�mv`hMPR6fb^��]\�pU^hg�Q#uP��RN^hx6po��g�cP�Wmo�P`bMPR�\8 ¢p&»_gj^*ª


ERqcPm&� x*mvc�^hg�wPR*fW`hMPR�x6pv^hR�mv��p.x�dPfb�vR4wF�2mvdPc�w�pofb\¤��p¸\8R*f­��g©`bM
α = 200 ª#LNMPR�R6g��8R*c]�vR4x¦`bmvfy^mv��`hMPR�Q#R*`hfbg�x�Qqpo`hfbg�x*R6^�m8c¤R6pvxyM¤g�c�w_g��]g�wPd�po��`hfbg�pvcP�v��R6^tpvfhR�`bM]d�^tg�c.`hMPgj^Ux6pv^hR�i;dPg�`hR�w_g-'CR*fbR*c;`Wpoc¥w

`bMPR�g�c;`hR*fbu2mv�jp&`hg�mvc.mv��`bMPR6^hR�Qqp&`bfhgjx�R4^�g�^Uw_g©º�x*dP�©`4ª�LNMPR�¬�fy^a`tu2mvg�c;`t`hmqc�mo`hR�g�^N`bM�p&`4�2pv�©`bMPmvd��vM�`hMPR
R*»_g�^r`hR6c�x�R�mo�P`bMPRNQ#g�cPg�Q�d�Q¯g�c�R�»_uPfbR6^b^hg�m8c(± � � ³�g�^
`bMPR*m8fhR*`hgjx*po����\­u�fhm&�8R*c(±�* � ��,´³��&�§mvf
`bMPR6^hR�x*pv^hR6^
poc¥w
�§m8fN`hMPR4^rR�^r`hfbR�`yxyMPg�cP�#fbpo`hg�m��]`hM�R��vfypvw_g�R*c;`tw_R6^bx�R6c;`�pv���8mvfbg©`bMPQ mv��^hR6x�`hg�mvc¤�_ª }Pª }�wPm;R4^�cPmv`�x*mvc]�vR6fh�8R
pvc]\;Q#m8fhR8ª�·¢c�`hMPR.^rR4i;dPR*�I�l��R(��g�����`hM]d�^�m8cP��\�x*mvQ#u�pvfhRq`bMPR.fhR4^rd��©`y^��8g��8R*c��]\E`hMPR.g�c;`hR*fbu2m�poc¥w
��mv�.uPfbm_x�R6wPdPfhR4^*ª!LNMPR�R*����g�u�^hgj^�w_R6^bx�fbg��Pg�c��!`bMPR�dPc�g©`��¥po����^��§m8f�`hM�Rq`a��mF^r`hfyp&`bR*�8g�R4^�pofbR#^hMPm&��c�g�c
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g��vdPfbR­� 0�Ã�mvQ#u�pvfhgj^rm8cqmo�«`bMPR­dPcPg�`N�¥po���¥�§m8f `bMPR­Q�R*`hfbg�x­w_R*¬�cPR6w(mvc(`hMPR­Q#R6^hM(mo��¬��vdPfbR � ª �«R��´`�0
Z]`hfbR�`bxyM�g�cP�qfyp&`bg�mqmv� � �8� 9�s�g��vM;` 0�Z;`bfhR*`bxyMPg�cP��fyp&`bg�mqmv� � �v�8�Pª�SUmo`bR�`hM¥p&`t`bMPR�dPcPg�`b^Wmvc.`bMPR�\; ¢p&»_g�^
pvfhR�^bx*pv��R4w(��g�`hMFp��²p8x¦`hm8f�uPfbmvu2mvfh`hg�mvc�pv�¥`bm#`hMPR�^a`bfhR*`bxyMPg�cP�#fbpo`hg�m#g�c¤m8fbw_R6f�`hmq�2R�po�P��R�`hmq�]gj^rd¥po��g-.6R
`bMPR�dPcPg�`t��pv���j^

¬¥�vdPfbR�}�ª 
�R¤R6Q�u�M�pv^hg-.6R(`bM�p&`q`bMPR¤fbR6^hdP�©`y^#pofbR�Q�d�xyM Q�m8fhR.x���m8^hR*f�`bM�poc�`hMPR6\�^hR*R6Q mvc�`hMPR4^rR
¬¥�vdPfbR6^��vg��vR6c�`bMPR¤�jpofb�vR.^hx6po��g�cP��mv�W`bMPR¤\;  po»]gj^�u¥R6fr�§m8fhQ#R4w�`bm,�;gj^hd�po��g-.6R�`hMPR¤fbR6^hdP��`b^6ª ÄUc]\;�Np¸\v�
`bMPR�g�c;`hR6fhuFu�fhm_x�R4w_dPfbR�M�p8^Up�Q#m8fhR�u�fhm8cPmvdPc¥x�R6w.R�'2R4x¦`­mo� 2r��po�jpoc�x*g�c��
3�`hMPR�R*g��vR*c]�8R6x¦`bmvfy^tpoc¥w.`hMPR
Q#R*`hfbg�x�pvuPu2R6poft`hmq�2R�^r`hfbR�`bxyM�R6w�g�c.`bMPR�»] ¢w_g�fhR4x¦`hg�mvc���MPg���R�`hMPgj^UR�'2R4x¦`Ugj^t��R6^b^�uPfbmvc�mvdPc�x*R6w!�§mvfU`hMPR
��mv��uPfhm_x*R6w_dPfbR#±²Stmv`hRW`hM�po`�mvc�`bMPR6^hR­¬��vd�fhR4^*�]g���`hM�RWQ#R�`bfhgjx�x�m8fhfbR6^hu¥m8c�w_g�cP��`bm�`bMPR­��m8��uPfbm_x�R4w_dPfbR
pvuPu2R6pof­pvx�`hd�pv����\(`bm(�2R�gj^rmv`hfbmvuPgjx�m8fW^r`hfbR�`bxyM�R6w¤g�c¤`hM�R�\;  wPg�fbR6x�`hg�mvc«�¥`hMPgj^Wg�^ nad�^r`­pocµmvu_`bg�x6po��R�'2R4x¦`
wPdPR�`hm�`hM�R�^hx6po��g�cP��mo�
`hM�R�\8 ¢p&»_gj^b³�ª

Ä�`­`hMPgj^�^r`bpo�8Rv�¥`hMPR�fbR6^hdP�©`y^­mv�_`ypog�cPR6w¤��g�`hMµ`hMPR#g�c;`hR*fbuµpvc�w ��mv�(u�fhm_x�R4w_dPfbR6^Ww_m!c�mo`­pv����m&� `hm
u�fhR*�§R*flm8cPRtmo�C`bMPR*Q£m&�vR6f�`hMPRWmo`bMPR*f4ª�·¢cqm8dPf�pvuPuP��g�x6p&`bg�m8c«�o`bMPRWw_R*¬�cPg�`hg�mvcqmv�2`bMPRUc�m]w�po��Q#R*`hfbg�xN¬¥R*�jw
gj^�d�^hR6w(`hm�uPfhm_w_d¥x�R�x�m8pvfb^hR*c�R6wqQ#R6^hMPR4^*ª 
ERU`bM;d¥^Nd�^rRW`hM�RW`a��m#^a`bfbpo`hR*�8g�R4^ g�c;`hR6fhu�poc�w
�«mv��`hm�fbR6po�
}o  ¡:Q#R6^hMqmo��poc�pvg�fh�§mvg���w_R4^hx*fhg��2R6w#g�c(^rR4x¦`bg�m8c(�_ª �]ª@LNMPg�^ Q#R6^hM�g�^�w_R*u�g�x�`hR6w�g�c#¬��8dPfbR �_ª@LNMPRUg�cPg�`hgjpo�
¬¥cPRqQ#R6^hM�x*mvc;`bpvg�c¥^�|;� �8|v|!cPm_w_R6^�pvc�w�^a`bfhR*`bxyMPR4wER*��R*Q#R*c;`b^�pofbR�u�fhR4^rR6c8`�g�cE`hMPR��2mvd�c�wPpofb\F�jp¸\vR6f
0�Q#mvfbR�`hM�pvc���� mv� `hM�RqQ�R4^rMEM�p¸�8R�pvcEp8^ru2R6x�`�fyp&`bg�m��jpofb�vR*fW`hM¥poc � �o��ª�L
po�P��R��_ª }Pª �(x*mvQ#u�pvfhR4^
`bMPR¤c]dPQ��2R*fqmv�­c�m]wPR6^qpoc¥w�x*m8pofy^hR*cPg�cP�Efbpo`hg�m��!m8�_`bpvg�cPR4w��]\�`hMPR.`a��m�u�fhm_x�R4w_dPfbR6^6ª · `�g�^q^hR*R6c
`bM�p&`U`hMPR�wPR�¬�cPg�`hg�mvc,± +8³Nmv�@^hR6x�`hg�mvcF�_ª }Pª ��±´`bMPR�g�c8`bR*fbu¤uPfbm]x*R6w_d�fhR¸³ �8g��8R6^tp#Q�d�xyM.Q#mvfbR�po�v�8fhR4^h^hg��vR
x*m8pvfb^hR*cPg�cP��`hM¥poc¤`bMPR�d�^hR�mv�@`hMPR���m8�quPfbm]x*R6w_d�fhR:0�LNMPR�^rg/.*R�mo�@`hM�RH+ Á ���¸��� Q#R6^hMFmv�_`ypog�cPR6w.��g�`hM
`bMPR���m8��uPfbm_x�R4w_dPfbR(gj^�fbmvd��vMP��\�R6i;dPg��¸pv��R6c;`�`bm�`bMPR.^rg/.*R�mo�t`bMPR ��� � �&Â Q#R6^hM�m8�_`bpvg�cPR4w���g�`hM�`hMPR
g�c;`hR6fhu�uPfbm]x*R6w_d�fhR8ª Z]g�c¥x�R�`hM�R�^rg/.*R�mv��`hM�R�Q#R6^hMPR6^Ngj^tpoc�g�Q�u2mvfh`bpvc;`Upv^hu¥R4x¦`N�§mvf�`bMPR�x�m8Q#uP��R*»_g©`a\�mv�
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g��vdPfbR�}B0zÃ�m8Q�u¥pofbg�^hmvc.mo�@`bMPR�d�cPg©`­��po���«�§m8ft`bMPR�Q#R�`bfhgjx�wPR�¬�cPR4w¤mvc.`bMPR�Q#R4^rMFmv��¬��vdPfbR � ��g�`hM
α = 200 ª �«R*�´` 0@Z;`hfbR�`yxyMPg�c���fbpo`hg�m�mo� � �8� 98stg��8M8`�0�Z;`bfhR*`bxyMPg�cP��fyp&`bg�m�mv� � �v�8�Pª�SUmo`hRt`hM�po`l`hMPRWdPcPg�`b^
m8c#`hMPRW\;  po»]gj^lpvfhRt^bx*pv��R4w#��g©`bM(p��²pvx�`hm8f uPfbmvu2mvfh`hg�mvc�pv�]`hm�`hMPRU^r`hfbR�`yxyMPg�cP��fyp&`hg�m�g�c�mvfyw_R*fl`hm��2RWpv�P��R
`bm#�;gj^hd�po��g-.6R­`hMPR�dPc�g©`t��pv���j^

g�c;`hR6fhu ��mv�
� mo�
cPm_w_R6^ x�m;pofy^rR6cPg�c���fyp&`bg�m � mo��cPm_w_R6^ x�m8pvfb^hR*c�g�cP��fyp&`hg�m

g�cPg�`hgjpo�¹Q#R6^hM |;� �8|v|
¬¥fb^r`tx�m8pvfb^hR*c�R6w�Q#R4^rM }v� +8| � �_ª � + } +v� � � � ª �¸~
^hR6x*mvc�w!x�m;pofy^rR6cPR6w(Q�R4^rM � � � �o} � ª + + �8�v�o|v~ � ª �o�
`bMPg�fbw�x�m;pofy^rR6cPR6w(Q�R4^rM �8�o�]� � ª �v� � }8�&~;| � ª |��
�§m8dPfh`hM.x�m8pvfb^hR*c�R6w�Q#R4^rM �v� � } � ª |v} �8}8�o} � ª ��+

L
po�P��R � 0 Ã�mvQ#u�pvfhgj^hmvc(mv�
g�c;`hR6fhu.poc�w!��mv�#Q#R�`hM�m]w�^�mvc!`hMPR�Vµ|�Q#R4^rM«ª

p.Q�dP��`hg��vfbg�wEpo���vm8fhg�`hMPQ.����Rq��g���� uPfhR*�§R*f�`bMPRqg�c8`bR*fbu�uPfhm_x*R6w_dPfbRqpoc�w�`bMPg�^�g�^�`hMPgj^�uPfbm_x�R4w_dPfbR�`bM�p&`
��g����«�¥R�d¥^rR4w(g�c�`hMPR�^hR6i;dPR6�Hª

� ���!����	�����	�-.������	���������������� ��+���	��
�¦�����

��
�� � � ������� ��� ��� � � � � � � ��� � � � � � � � � � ��� ����� � � � ��
 �
·¢c�`hMPgj^N^rR4x¦`hg�mvcq��RWwPR6^bx�fbg��2RU�Pfbg�R�4�\�`hM�RWQqpog�c(^r`hR6u�^ mv��poc(pvd_`hm8Qqp&`hgjxUx*m8pvfb^hR*cPg�cP��pv���8mvfbg©`bMPQ `bM�p&`
`ypo�8R6^­g�c;`bm.p8x*x*mvdPc;`�`hMPR#Q#R6^hM,pocPgj^hmo`hfbmvu]\8ª�LNMPgj^�po���vm8fhg�`hMPQ¶M¥p¸�vR��¥R6R*c,w_R6^hg��vcPR4wµg�cEp�uPfbR*�]g�mvd�^
^r`hd¥w_\��]\!ÄU��R4^��8pvcP�&p�pvc�w &tR*fb�ve $ dPg�����pvfbw¹ªl®�mvf�Q#mvfbR�w_R�`ypog���^t^hR*R * � , ª
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LNM�g�^�pv���8mvfbg©`bMPQ �§mv����m&�t^ `bMPR��§mv����m&��g�cP�q^r`hR6u�^>0

•
$ R6cPR*fyp&`bR�m8c�R4pvxyM�cPm_w_R#mo� `bMPR#¬�cPR4^a`�Q#R6^hM�pocEg�cPg�`hgjpo�@c�m]w�po�@Q#R�`bfhgjx�`hM�po`�fbR�4¥R6x¦`y^­`hMPR

^hg/.*R�poc�w�^r`hfbR�`bxyM�g�cP�#mv�
R6��R6Q�R6c;`b^N�2R*��mvcP�8g�cP��`bm�`bMPgj^�Q#R6^hM«ª

•
VFm]wPg©�§\(`hMPR�g�cPg�`hgjpo�«Q#R*`hfbg�x�`bmqR6^r`bpv�P��gj^hM.pqx*mvfbfhR4^ru2mvc¥w_g�c���x*m8pofy^hR*cPR4w(Q#R6^hM.Q#R�`hfbgjxoª�LNM�g�^

gj^ wPmvcPRt�]\#Q#m_w_g©�§\]g�cP��`bMPRUR6g��8R*c]�&po��dPR
λi
pv^b^hm]x*g�po`hR4w�`hm�`bMPRUQ#R�`bfhgjxo�;��MPgjxyMq��g����2Q�m_w_g��§\�`hMPRWQ#R6^hM

^hg/.*R�g�c�`bMPR�w_R6^hg�fhR4w!w_g�fbR6x¦`bg�m8c!��M�g�xyM�g�^�`hMPR�x*mvfbfhR4^ru2mvc�wPg�cP��R*g��vR6c;�8R6x�`hmvf
Vi
ª

•
klfhm&�]gjw_R�`hMPR��¥pvxy�]�vfbmvdPc¥w�±´¬�c�R4³�Q#R6^hM#poc�w�`hMPRtwPR6^hg�fbR6w�Q#R�`hfbgjx�¬�R*�jw�`bm�p­Q�R4^rM#�8R*cPR6fbpo`hg�mvc

`bm]mv�¹d�^hg�c���Q#R*`hfbg�x�^hu¥R4x�g�¬¥x*po`hg�mvc�^6ª

�
" � Á � � ����� 
 ��� ��� � Á �*� Á � � ��� ½ � �´¿ � Á �P�¸� ½ � � � � � " � Á � � �����
·¢c�uPd_`�0

λ1, · · · , λd
R6g��8R*c]�&po��dPR6^�mv�
p

Mk�WdP`huPd_` 0 TtuCwPpo`hR
λ1, · · · , λd

x�m;pofy^rR6cPR6wqR6g��8R*c]�&po��dPR6^
®Pm8f�R6pvxyM

i ∈ N

Z_R�`�0
hi

k = (λi
k)−1/2 � k = 1, . . . , d, hi

1 ≤ · · · ≤ hi
dpoc¥w

h0 = Ccf .h1
ª

hi
k = max

(

hi
k, min

(

Ccf · hi
k, hi

k−1

)) ª
¡WR�¬¥cPR�cPR*� R*g��vR6c;�&pv��dPR4^

λk ← h−2
k

ª
)lc�w!�§mvf4ª
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	 ��� ����������� ����� � � � � � � � � ��� � ��� � � ����
 �
LNM�R­u�fhR6�;g�mvd¥^�pvcPgj^rmv`hfbmvuPgjxWx*m8pvfb^hR*cPg�cP��po���vmvfbg�`hMPQ uPfbm_w_d�x*R6^Np#^rR6Q�g� ¢x�m8pvfb^hR*c�g�cP��g�c!`hM�R��¥m8dPc�wPpvfh\
�jp¸\vR6f fbR*�8g�m8c(poc�w(p�`bmo`bpv�2x*m8pvfb^hR*cPg�cP��g�c!`hMPR­g�^hmo`bfhm8uPgjx�fhR6�vg�mvc«ª &tm&��R*�8R*f4�;p8^l`bMPR�w_g 'CR*fbR*c;`NQ#R6^hMPR6^
pvfhR�u�fhm8�vfbR6^b^rg��vR6��\�x*m8pofy^hR*cPR4w¹�vg�` Qqp¸\�M¥pouPu2R*cq`bM�p&` `hMPgj^�pv���8mvfbg©`bMPQ u�fhm_w_d�x*R6^�pocqR�»]`bfhR6Q�R6��\�fypouPgjw
xyM¥pocP�8R
g�c�`hM�RlQ#R�`hfbgjxl^ru2R6x*g©¬2x*p&`bg�m8c�^6ª�L�m�d�c�w_R*fy^r`bpoc¥w­`hMPgj^«u2mvg�c;`6�¸x�mvc¥^rgjw_R*f�®�g��vd�fhR@~Pª�· `�fbR*uPfbR6^hR*c;`b^
m8c#`hMPRW��R*�´`6�]p�x�m8c_¬��8dPfbpo`hg�mvc#mo�«p�Q#R4^rM:.6mvcPR��2R�`a��R*R6c��2mvdPc�w�pofb\��jp¸\vR*f�poc�w#gj^rmv`hfbmvuPgjxNQ#R6^hM .*m8cPRvª
�Wc�`bMPR�fhg��vM;`4�v��R�M¥p¸�vR�^rM�m&��c#p­fbR*uPfbR6^hR*c;`yp&`hg�mvc�mo�2`hM�R�Q�R*`hfbg�x�po`@`hMPRUcPm_w_R6^

i
poc�w

j
fhR4^ru2R6x�`hg��vR*��\vª

�W�¥^rR6fh�8R�`hM�po`N`hMPRW»] Ifypvw_g�d�^�mo�«`bMPR­`a��m�R*����g�u�^hg�^NpvfhRWR6i;d�po�Iª@LNMPR­uPfhR6�]g�m8d�^�pv���8mvfbg©`bMPQ£��g����Cg�wPR*c;`hg��§\
c�m]wPR

i
p8^q�¥R6g�c��,g�c `bMPRFgj^rmv`hfbmvuPgjx.fhR6�vg�mvc poc�w x*mvc�^hR6i;dPR6c8`b��\8�N��g����Wp8^r�,�§m8f!p,w_m8dP�P��g�c��,mo��`hMPR

fypvwPg�d�^ mo�«`bMPRUR6����g�u�^rgj^�g�c(`hMPRW»�poc�wq\qw_g�fbR6x¦`bg�m8c«ª &tm&��R*�8R*f4�vu2mvg�c8`
j
��g����2�¥R­g�wPR*c;`hg�¬�R6w!pv^ �¥R6g�cP��g�c

`bMPR��2mvd�c�wPpofb\(�jp¸\vR6fUpoc¥w�`hMPR6fhR*�§mvfbRv�¥`hMPR�Q#R*`hfbg�x���g������2R�Q#m_w_g�¬�R6w.m8cP��\�g�c.`hM�R�\;  wPg�fbR6x�`hg�mvc«ªtLNMPR
Q#R*`hfbg�x�^hu2R6x�g�¬¥x6p&`hg�mvc.�§m8f�`hM�R�cPR6� x*m8pvfb^hR*cPR4w(Q#R4^rMPR4^tgj^�`bMPR*fbR��§m8fhR�fbR*u�fhR4^rR6c8`bR6w!g�cF¬��vdPfbR��_ª�· `Wg�^
x*��R4pof�`hM�po`���R­M�p¸�vR­p�x*mvc(4�gjx¦`N�2R�`a��R*R*c(`hMPRW`a��m�mvu�u¥m;^rg�`hR­fhR4i;dPg�fbR*Q#R6c8`y^ �8g��8R*c��]\#`bMPR6^hRWQ#R*`hfbg�x6^*ª
LNM�g�^�^rg�`hd�po`hg�mvc�M¥pv^l�2R*R6c(^r`hd�w_g�R6w�g�c�mv`hMPR6f�x*mvc;`hR*»]` g�c�* �6,¹poc¥wqQ#R6^hM��vR6cPR*fyp&`bg�m8c#pv���8mvfbg©`bMPQq^@M�p¸�8R
wPg©º�x�d��©`bg�R4^�`bmUM�pvc�w_��Rl`bMPR6^hR�x6pv^hR6^6ª�Ä ^rm8��d_`bg�m8c�gj^«`bm­pv����m&�,pU^hQ�m]mv`hM�R6�vmv��d_`bg�m8c�mo�_`bMPR�Q#R*`hfbg�x ¬�R*�jw¹ª
LNM�R*fbR�pvfhR�Qqpoc]\Fw_g-'2R6fhR6c8`��Np¸\_^t`bm�m8�_`bpvg�cEp�fhR6�vdP�jpof­Q#R�`hfbgjx�Qqpou�ª�®�mvf�g�c¥^a`ypoc�x*Rv�¹mvc�R#x6poc�d�^rR
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^hQ#m]mo`hM�g�cP��mv�¥`bMPRtQ#R�`bfhgjx�¬�R*�jw#�]\�p¸�vR6fbpv�vg�cP�t`bMPRUw_g-'2R6fhR6c;`lQ�R*`hfbg�xNm8c�pvc#R*cP�jpofb�vR4w�^r`hR6c�x�g���pofbmvd�c�w
p(cPm_w_R�d¥^rg�cP�!`hMPR�`hR4xyMPcPgji8d�R�w_R4^hx*fhg��¥R4w¤g�c�^hR6x¦`bg�m8c��_ª }_ª�&tR6fhR8�C��R�^rg�Q#uP��\F^hdP�8�vR6^r`WpvcFg�Q#uPfbm&�vR4w
pv���8mvfbg©`bMPQ `hM�po`tpo����m&�t^�`hm#x�m;pofy^rR6c(^hQ�m]mv`hMP��\q`hM�R­g�c;`hR6fhQ#R6wPg�po`hR­fhR6�vg�mvc��2R�`a��R*R6c�pvcPg�^hmo`bfhm8uPgjxUpoc¥w
gj^hmo`hfbmvu�g�xWQ#R6^hM�fbR*�8g�m8c�^6ª

j

i
i

j

®
g��8dPfbR­~�0�Q�R*`hfbg�x6^tp&`�g�c;`hR*fh�²pvx*R�u¥m8g�c;`b^N�2R�`a��R*R6c�`a��mqw_g-'2R6fhR6c;`NQ#R4^rM¤poc�g�^hmo`bfhm8u;\ .6mvcPR4^

ij

®
g��8dPfhR�� 0@Q�R*`hfbg�x6^�p&`�g�c8`bR*fh�²pvx*R­u2mvg�c;`b^tpo�´`hR6ftpouPuP��gjx*p&`bg�m8c!mv��`bMPR�x�m;pofy^rR6cPg�c���pv���8mvfbg©`bMPQ

LNMPgj^Npo���vm8fhg�`hMPQ `ypo�vR4^�g�c;`hm#pvx6x�m8dPc;` `hM�R­^hu¥R4x�g�¬¥x*po`hg�mvc!mo�«`bMPR�cPm_wPpo�CQ#R�`bfhgjxUm8c�`bMPRWc�R*g��vM]�¥m8fb^
mv�]pN�8g��8R*c�cPm_w_R pvc�w�w_m�cPmv`�po����m&�Ep��²pv^r`��&pofbg�po`hg�mvc­mo�]`hM�RlQ#R�`hfbgjx@^ru2R6x*g©¬¥x6p&`bg�m8c�^*ª�LNMPg�^�po���vm8fhg�`hMPQ:g�^
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`bMPR �§mv����m&��g�cP� 0
��" � Á � � �������¹� ! Á Â � �
½ ÂF� � � � Á �*� Á � � ��� Á �_�&� ½ � � � � � " � Á � � �����
� ! � �����
·¢cPuPd_` 0

λ1, · · · , λd
R6g��8R*c]�&po��dPR6^�mv��p

Mk�Wd_`huPdP`�0lTtuCwPpo`hR
λ1, · · · , λd

x�m;pofy^rR6cPR6w(R*g��vR*c]�&po��dPR4^
®Pm8f�R6pvxyM

i ∈ N

Z_R�`�0
hi

k = (λi
k)−1/2 � k = 1, . . . , d, hi

1 ≤ · · · ≤ hi
d

ª
Z_R�`

h0 = CCF · h1
ª

Z]`hmvfbR­`hMPR�g�cPg�`hgjpo��^hg/.*R 0
hi

k,
mv�jw = hi

k

ª
��� x*mvQ#u�pofbR­`hMPR�x�dPfbfhR6c;`tcPm_w_R�^rg/.*R�^ru2R6x*g©¬¥x6p&`bg�m8c�^N��g©`bMFg�`b^�cPR6g��8M_ 
�2mvfy^
g��

max
(

hi
d, min

(

Ccf · h
i
d, h

i
d−1

))

= Ccf · h
i
d

pvc�w
∃j0 < i ∈ V (i)

^rd�xyM.pv^
hj0

1 < hi
1

ª�`bMPR*c
hi

k = hi
k,old, k = 1, . . . d

¡WR�¬¥cPR�cPR*� R*g��vR6c]�¸pv��d�R6^
λk ← h−2

k

ª
)lc�w��§m8f
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LNM�Rtx�m8pvfb^hR*c�g�cP�­po���vm8fhg�`hMPQ w_R*�8R*��mvu2R6w�g�c�`hM�g�^@��mvfb��x*pvc#�¥R�d�^hR6w���g�`hMqpoc]\�Q#R4^rM#�vR6cPR*fyp&`bmvf
d�^hg�cP�
`bMPR�x�m8c�x�R6u_`�mo���vR*c�R*fyp&`hg�mvc��vm&�8R*fbcPR6w¤�]\µp.Q#R*`hfbg�x�Qqpou ±§m8f�po��`hR*fbc�po`hg��vR*��\¤�]\µ^r`hfbR�`bxyM�g�cP�¤w_g�fbR6x¦ 
`bg�m8c�^y³¦ª@LNMPR6^hR­Q�R4^rM(�vR*c�R*fyp&`hm8fb^�x*pvc�d�^hRU`bMPR­¡WR*�jpod�c�p¸\#uPfhg�c�x*g�uP��Rv�_p8w_�&poc�x*g�cP���§fhm8c;`b^�mvf���p¸\8R*fy^lmvf
pvc]\Fmo`bMPR*f��]g�c¥w�mv��Q#R4^rME�vR6cPR*fyp&`bg�m8cµQ#R�`bMPm_w¹ª &tm&��R*�8R*f4�Cg�c�uPfypvx�`hgjx�Rv����R#M�p¸�8R��§m8dPc�w�`hM¥p&`��§mvf
`bMPfbR*R� ¢w_g�Q#R*c�^hg�m8c�po���vR6mvQ#R�`bfhg�R6^6�P`bMPR�c]dPQ��¥R6fWmv�lQ�R4^rMµ�vR*c�R*fyp&`hg�mvc¤^hmo�´`a�NpofbR6^tpv�P��R�`hm!M�poc¥w_��R�`hMPR
R*»]`hfbR*Q#R*��\�pvcPg�^hmo`bfhm8uPgjxNQ�R4^rM�R6^@`a\]uPgjx*pv��mv��Ã�®�¡ pouPu���gjx*po`hg�mvc�^@gj^lR*»]`hfbR*Q#R*��\���g�Q�g�`hR4w¹ª@LNM]d�^lg�cq`hM�g�^
^hR6x�`hg�mvc«����R��vg��vR�pq^hMPmvfh`tw_R6^bx�fbg�u_`hg�mvc.mo�
`hM�R�VFLUÃ°Q#R4^rM_  �vR6cPR*fyp&`bg�m8c�`bm;m8�¹`hM¥p&`t��R�M�p¸�vR�d�^hR6w�g�c
`bMPgj^���m8fh�Cª�VµLUÃ gj^��¥R6g�cP�FwPR*�vR6��m8u¥R4wF�]\µLNMPg�R*fbfb\�Ã�mvdPu2R�.qpoc¥wµMPgj^�L�R6poQ�p&`�) x�m8��Rqw_R4^�V¤g�cPR6^
wPRWk@pofbgj^*��Ã�R*c;`bfhR­w_R­VFg�^hRWR6c�®�mvfbQ#RWw_R4^�Vµp&`hR6fhgjpodP»C�PZ]m8uPMPgjp�ÄUc8`bg�u2mv��gj^*ª@· `Ng�^���p8^rR4w�m8c�`hM�RWgjw_R6p
`bm¤g�Q#uPfbm&�vR�g�`hR*fyp&`bg��8R*��\v�
pocEg�cPg�`hgjpo� dPc�^bp&`hgj^r�²pvx¦`bmvfb\FQ#R6^hM��;\���m_x6po�@g�Q�u�fhm&�8R*Q#R*c;`b^6ªqLNMPRq�vR6cPR*fypo�
pv���8mvfbg©`bMPQ x*pvc!�2R�R�»_uPfbR6^b^hR6w�pv^��§mv����m&�t^*�;�§mvfN�§d�fr`bMPR*fUwPR�`bpvg��j^�^hR*R * }�,Iª
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VµLUÃ Q�R4^rM:�vR*c�R*fyp&`hm8f�fbR�  Q�R4^rM `hMPREg�c�g©`bg�pv�WQ#R6^hM g�`hR6fbpo`hg��vR*��\ �;\°p���m_x*pv�WQ#R4^rM m8u_`hg�Q#g-.4p&`bg�m8c
`bR6xyMPc�g�i;dPR8ªlLNMPR�Q�R4^rM.m8u_`hg�Q#g-.4p&`hg�mvc!`hR4xyMPcPgji;dPR�x�mvc¥^rgj^a`y^Ng�c.��m_x*po�¹fbR�  Q#R6^hMPg�cP��mv��x6p¸�]g©`bg�R4^ �§m8fhQ#R4w
�]\#^rQqpv���2x���d�^a`bR*fy^@mo�«R6��R6Q#R*c;`b^ g�cqm8fbw_R6f@`hm�g�c¥x�fbR6pv^hRN`hM�R 2ri;d�pv��g�`a\ 3Nmv�¹`hMPRUR*��R*Q#R*c;`b^ mo�¹`bMPRUx���d�^r`hR6f6ª
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 � � � � � � � �  � � � � � � � �  � � � � � � � � 
!�!�!�!�!�!�!�!�!!�!�!�!�!�!�!�!�!!�!�!�!�!�!�!�!�!

Shift of nodes

Destruction

Creation of nodes

Virtual border
elements

of nodes

®
g��vdPfbR�| 0 �«m_x6po�¹Q#R6^hM.mvu_`bg�Q#g/.6p&`bg�m8c!u�fhm_x�R4^h^�g�c¤VFLUÃ

·¢c�`hM�R�fhR* IQ#R6^hMPg�cP��uPfhm_x*R6^b^*�]`a��m#uPfhg�c�x*g�uP��R6^�pvfhR­R*cP�§mvfyx�R6w 0

1 ! � ��� ��� " �2Á " ��� ½2����MPg�xyM pv^b^hdPfhR4^�`hMPR¤x�m8c_�§mvfbQ#g©`a\,mv�W`bMPR.Q#R6^hM«����g�`hM cPm�m&�8R*fb��pvu�^�mv�
R*��R*Q#R*c;`y^�0���R�`

Ti(C)
w_R*c�mo`hRU`hMPR

i
 H`bM(^hR�`�mv�«R*��R*Q#R*c;`y^

T
¬¥����g�c���`hM�RW��m_x*po�2x*p¸�]g�`a\vª�®Pmv����m&��g�cP�

`hMPREQ#g�c�g�Q�dPQ �vm8��dPQ#R�uPfhg�c�x*g�uP��Rµ��R�xyM�m;m;^rR�pv^(pvc mvuP`hg�Q#pv�q±§u2m8^b^rg��P��\ c�mo`!d�cPg�i;dPR¸³�fbR� 
`hfbg�pvcP�vd���po`hg�mvc�mo��`bMPR�x*p¸�]g�`a\#`hMPR�m8cPR�^bp&`hgj^r�§\;g�cP�

∑

T∈Ti(C)

|
±
V olume)(T ))| → min,

± � �8³

��MPR*fbRl`bMPR Q#g�cPg�Q�g/.6po`hg�mvc�gj^
w_mvcPR�m&�vR6f�pU^hQqpo���8^hR�`
i = {1, . . . , I}

mv�Pu¥m;^h^hg��P��R `hfbg�pvcP�vd���po`hg�mvc�^
Ti(C)

mv�lR*��R*Q#R*c;`y^�±H®�g���ª¹|(fhg��vM;`¦³tx�m8cPcPR4x¦`hg�cP�(`hMPR�cPm_w_R6^WmvcF`hMPR��¥m8fbwPR*fUmv�l`hM�R�x6p¸�;g�`a\v�2mvf
mo`bMPR*f�cPm_w_R4^���g��8RW`bMPR�x*p¸�]g�`a\q��pofb\_x�R6c8`bR*f4�]��g©`bM.pv���¹�2mvd�c�wPpofb\q�²p8x�R6^6ª

1 � � ½ � ½]Á � ½ �*� � �8� "#"��
� " � � ¾ Q(T )
�4��MPgjxyM�g�^�R*�&po��d�po`hR6wW�§m8f�R6p8xyM�R*��R*Q#R*c;`6ª�· �_`hMPR Q�g�cPg�Q#g-.6R*f

mo��± � �o³ gj^ cPmv`�dPc�g�i;dPR8�8`bMPgj^�x*fhg�`hR6fhg�mvcqu�g�xy�_^�poQ#mvcP��po���2p8w_Q#g�^b^rg��P��RWx6p¸�;g�`a\�fhR* H`bfhgjpocP�8dP�jp&`hg�mvc¥^
`hMPRWmvcPRUg�Q#uPfbm&�]g�cP��`hMPRW�vR*m8Q#R�`hfbgjx*po�¥i8d¥po��g©`a\�mo�C`hM�RUQ#R6^hM��]\�g�Q#uPfbm&�;g�cP��`bMPRWi;d�pv��g�`a\�mv�¹`hMPR
��m8fb^r`�R*��R*Q#R*c;`�mo�
`hM�R�`hfbg�pvcP�vdP�jp&`bg�m8c«ª


°MPg���Rq`hMPR��§mvfbQ�R6f�x�fbg©`bR*fbg�m8cEp8^h^hdPfbR6^W`hM�R(x�m8c_�§mvfbQ#g©`a\Fmv��`bMPR�Q#R6^hM«��g©�N`hM�Rqg�cPg�`hgjpo��Q#R6^hME�Npv^
x*mvc_�§m8fhQ.�v`hMPR­��po`r`bR*f M¥poc�w_��R6^�g�Q�u�fhm&�8R*Q#R*c;`b^lmo�«R*��R*Q#R6c8`N^rM¥pou2Rv�]^rg/.*R8�;x*mvcPcPR4x¦`bg��]g�`a\v�;R�`bxvª��_w_R6u¥R6c�w] 
g�cP�.mvcE`bMPR�i;d�po��g©`a\F�§dPc�x¦`bg�m8c

Q(T )
ª#TW^rd¥po����\8�«`hM�R�i8d¥po��g©`a\¤�§d�c�x¦`bg�m8c

Q(T )
g�^�p(�§d�c�x¦`bg�m8cEmv��`bMPR

�8R*m8Q�R*`hfb\�mv��`hMPR�R*��R*Q#R6c8`
T
poc¥w�`hMPR!uPfbR6^bx�fbg��2R6w,�¥pvxy�]�vfbmvdPc¥w�Q#R*`hfbg�xv�@��MPg�xyM��vg��vRq`bmv�8R�`hM�R*f�p

Q#R4pv^hdPfhRW�§mvfN`bMPR�R*��R*Q#R6c8`U^hg/.*R�poc�w!`bMPR�R*��R*Q#R*c;`��§mvfbQY±Hpv^hu¥R4x¦`tfyp&`hg�m;³�ª

×�× Í
@BADC EDE
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� 
 � � � � ��� ������� ��
 ��
 ����� � � � ��� 
 � � �	�������
��R�`

Cn = {T1, · · · , Tn} ⊂ Th
�¥R�p�^rR*`Umo�

n
R6��R6Q�R6c;`b^6ª 
�R�w_R�¬�c�R�`hM�R�i;d�po��g�`a\!mv�
`bMPgj^W^hR�`U��g�`hM

fbR6^hu2R6x¦`N`bm�p��8g��8R*c!Q�R*`hfbg�x
M ∈ R

d×d p8^�p�fbR6pv� n   2
� ��	 �
�

Qn = {q(T1), · · · , q(Tn)}

LNM�RNi;d�pv��g�`a\
q(T )
mv�2pvc�R6��R6Q�R6c;`

T
mo�

Cn
�oQ#R6p8^rdPfbR6w�g�c�`bMPRNQ�R*`hfbg�x

M
�ogj^@w_R*¬�cPR6w#p8^�`bMPR�uPfbm_w_d�x¦`

mv��`a��m��²pvx¦`bmvfy^>0

q(T ) = QF (T ) ·QS(T )
± � |8³

LNM�R�¬�fy^r`Wmvc�R
QF (T )

x*mvc;`hfbmv��`hMPR#^hM�pou2R�mv�l`hM�R�R6��R6Q�R6c;`
T
ª�LNMPR��2R6^r`­u2m8^b^rg��P��R�R6��R6Q#R*c;`­�2R*g�cP�

`bMPR�R6i;dPg��jp&`hR6fbpv�CR*��R*Q#R*c;`�±§g�c�`hMPR�Q#R*`hfbg�x
M
³¦ª@· `tgj^�w_R*¬�cPR6w��]\�0

QF (T ) = C0

±
V olume)(T )M(T )

hd
M(T )

± � �o³

��M�R*fbR

1 d
gj^N`hMPR�^hu�p8x�R�w_g�Q#R6c�^rg�mvc��

1 ± V olume)(T )M(T )
g�^�`bMPR��vm8��dPQ#R�mo�

T
Q#R4pv^hdPfhR4w(g�c!`hMPR�Q#R�`bfhgjx�^hu�pvx*Rv�Ppoc¥w(gj^��vg��vR6c(�]\�0

±
V olume)(T )M(T ) =

±
V olume)(T )

√

det(M(T )).

LNMPR�Qqp&`hfbg�»
M(T )

g�^�mv�P`bpog�cPR4w��]\�p¸�vR6fbpv�vg�cP��`hM�R­c�m]w�po�CQ#R�`hfbgjxUQqp&`bfhgjx�R4^�mvc(c�m]wPR6^�mo��`hMPR
R*��R*Q#R*c;`

T
�

M(T ) =

(

1

d + 1

∑

i∈T

M
−1/2
i

)−2

,

poc�w.x*mvfbfhR4x¦`Ng©`y^�R*g��vR6c;�&pv��dPR4^��;\�`hMPR�^bpoQ#R�uPfbm]x*R6^b^Npv^Ng�c¤Z_R6x¦`bg�m8cF�_ª }Pª �;ª

1 hM(T )

g�^�`bMPR�p¸�vR6fbpv�vRWmo����R*c��o`hM¥^�mo�
R6w_�8R6^Nmo�
T
Q#R4pv^hdPfhR4w(�]\q`bMPR�Q#R�`bfhgjx

M(T )
�

hM(T ) = (
2

d(d + 1)

∑

(i,j)∈T

(M(T )(~xj − ~xi), (~xj − ~xi)))
1/2 ± � �8³

1 g�c,± � �&³
C0
gj^�^rd¥xyM(`bM�p&` � ��gj^NR6i;d�pv�C`hm � ��MPR6c

T
g�^tR6i;dPg���po`hR*fypo�Cg�c�`hMPR�Q#R�`bfhgjx

M(T )
ª

LNM�R�^rR4x�mvc¥w(�²p8x¦`bmvf
QS(T )

x*mvc;`hfbmv�j^�`hMPR �D��� � mv��`bMPR�R*��R*Q#R6c8`Wg�c�`hM�R�Q#R�`hfbgjx
M
ªl· `b^Ww_R�¬�c�g©`bg�m8c�gj^

�8g��8R*c!�;\ 0

QS(T ) = min(
1

hM(T )
, hM(T ))

d ± � +8³

��MPR6fhR
~xi ∈ R

d pofbR­`hMPR�x*m;m8fbwPg�c�po`hR4^�mv��`bMPR�cPm_w_R i
ª


�� × 
��
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°g�`hM `hM�R6^hR�w_R*¬�cPg�`hg�mvc mo�W`hMPR¤i;d�po��g�`a\,mo�Wp�^hR�`#mo�WR6��R6Q#R*c;`b^6�l��R�nad¥^a`qcPR6R6w�cPm&�'p���p¸\E`hm
x*mvQ#u�pvfhR!`a��m,w_g-'CR*fbR*c;`(^rR*`b^#g�c mvfyw_R*f�`hm,u�g�xy�,`bMPR 2r�¥R4^a`�3.m8cPRvª LNMPgj^#gj^�w_mvc�R��]\ w_R�¬�c�g�cP�,pvc
m8fbwPR*fbg�cP��fbR*�jp&`bg�m8c

“ <′′
�2R�`a��R*R*c°^hR�`y^�mo��R*��R*Q#R6c8`y^(p8^#�§mv����m&�t^ 0��«R*`

Ci
poc¥w

Cj
�2R¤`a��m�^hR�`

mv��R*��R*Q#R*c;`b^6ªµ¡WR*cPmv`hR!�;\
Qi
poc�w

Qj
`bMPR!i;d�pv��g�`hg�R6^�mo��`hM�R�`a��mF^rR*`

Ci
pvc�w

Cj
ª�Z]R*`

Ci = Cipvc�w
Cj = Cj

ª �«R*`�d�^�^hp¸\.`bM�p&`
Qi < Qj

��M�R*c��§mvf­`hMPRq��mvfy^r`r ¢i8d¥po��g©`a\�R*��R*Q#R*c;`y^
Ti ∈ Ci

poc¥w
Tj ∈ Cj

�
q(Ti) = min(Qi)

�
q(Tj) = min(Qj)

�¹��R�M�p¸�vR
q(Ti) < q(Tj)

ª�· �
q(Ti) = q(Tj)

�«^hR�`
Ci ← Ci\Ti, Cj ← Cj\Tj

pvc�w!fhR6u¥R4p&`N`hMPR�x*mvQ#u�pvfhgj^rm8c«ª

� 
�� � ��� � � � ��
 � � ����� ��� � �������������

°g�`hMF`hMPR�x�mvc¥x�R*uP`WuPfbR*�]g�mvd�^h��\�w_R�¬¥cPR6w¹�2`bMPR�Q#R6^hMF�8R*cPR6fbpo`hg�mvc.g�c�VFLUÃ ��g����
uPfhm_x*R*R6w.�]\.^rd¥x*x�R4^a 
^hg��vR�g�Q�u�fhm&�8R*Q#R*c;`b^�mv�¹�vg��vR*c#Q#R6^hM«ª �«R*` d�^�w_R*cPmv`hR

Th, Eh, Nh
�;fhR4^ru2R6x�`hg��vR6��\�`hMPR­^rR*`b^@mv�¹pv���¥Q#R6^hM

R6��R6Q#R*c;`b^6�¹R6w_�8R6^�poc¥wµcPm_w_R4^*ª�s�R*u2R6po`W�§m8f�w_g-'2R6fhR6c8`�x*p¸�]g�`hg�R6^
C0 ∈ Th

x�m8Q#u¥m;^rR4wF�]\Fp��vfbmvdPuFmv�
p8w¸nrpvx*R*c;`�R*��R*Q#R6c8`y^�m8�_`bpvg�c�R6w�pv^�`hMPR!cPR6pvfhR4^a`�cPR6g��8M]�¥m8fhMPm]m_wEmo�tp¤cPm_w_R

n ∈ Nh
m8f�mo�UpvcER4w_�vR

x*mvcPc�R6x¦`bg�c��q��cPm_w_R4^
(n1, n2) ∈ Eh

�
n1, n2 ∈ Nh

ª

� ªU¡UR6cPmo`bR
N0 ⊂ Nh

pvc�w
E0 ⊂ Eh

fbR6^hu¥R4x¦`hg��vR6��\8�P`bMPR�^hR�`­mo� po����c�m]wPR6^Upvc�wFpv����R6w_�8R6^tmv�@`hMPR
x6p¸�]g©`a\

C0
ª

�Pªl¡UR6cPmo`bR
∂E ⊂ E0

`hMPR�^hR�`tmv�
pv���¹R4w_�vR4^N�¥R6��m8cP�vg�cP��`hm#`bMPR��¥m8fbw_R6f�mo�
`hMPR�x6p¸�]g©`a\
C0
ª

}�ª ) �¸pv��d¥p&`hR­`bMPR­i;d�pv��g�`a\
Q0
mo�«`bMPR�^rR*`

C0
mo��R*��R*Q#R*c;`b^

T ∈ C0
�]\�p��8g��8R*c(�§dPc�x¦`bg�m8c«�_Rvª ��ª � |

pvc�w � �_ª

~¥ªl®Pmvf�R4pvxyM
n ∈ N0

w_m�0

•
Ã�mvcPc�R6x¦`�`hMPR!cPm_w_R

n
`bmµR6p8xyM,R6w_�8R

e ∈ ∂E0, n 6∈ e
`bmµ�vR*`�pµ^hR�`�mo�tR6��R6Q�R6c;`b^

Cn =
{Te, Te = (e, n),

p&`h`hR6Q�uP`hg�cP�#`hm#fbRW`bfhgjpoc��vdP�jp&`bRW`bMPR�x*p¸�]g�`a\
C0}
ª

•
)l�&pv��d�po`hR�`bMPR�i;d�po��g©`a\

Qn
mv��`bMPR�^rR*`

Cn
�]\(p��vg��vR6c(�§d�c�x¦`bg�m8c«�PRvª ��ª � |_ª

•
· �

Q0 < Qn
±²g�c�`hM�R�^rR6c�^rR�mv��¡WR�¬�c�g©`bg�m8c�~¥ª �v³�`hMPR6c.^hR�`

C0 ← Cn, Q0 ← Qn
ª

TUc8`bg���^a`ypo�vc¥p&`hg�mvc�mo��`hMPR�xyM¥pocP�8R6^NpouPu���g�R6w!`hm�`bMPR�Q#R6^hM«ª

� 
 � � � 	 ��� �
	�� � ��������� 
 � � �	�������
·¢c¤m8dPfWpvuPuP��g�x6p&`bg�m8c«����R�M�p¸�8R��§mvdPc�w.d¥^rR*�§dP��`bm�fbR� ¢w_R�¬�c�R�^r��g��vM;`h��\!^hmvQ#R�x*mvQ#u¥m8cPR*c;`Umv��`hMPR�VFLUÃ
pv���8mvfbg©`bMPQ.ª�LNMPgj^t^hR6x�`hg�mvc¤w_R�`ypog���^t`hMPR4^rR�Q�m_w_g�¬¥x6p&`hg�mvc¥^*ª�®�g�fy^a`4����R�M�p¸�vR�fbR� ¢w_R�¬¥cPR6w!`hM�R��§dPc�x�`hg�mvc�^

×�× Í
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QS(T )
pvc�w

QF (T )
g�c.R�»_uPfbR6^b^rg�mvcE± � |v³�g�c�`bMPR��§mv����m&��g�cP�#�Np¸\vª 
�R�`ypo�vR

QS(T ) = min
(i,j)∈T

(

h
M(T )
ij ),

1

h
M(T )
ij

)d

,

g�c�^r`hR4pvw!mo�

Qorig
S (T ) = min

(

hM(T ),
1

hM(T )

)d

,

LNM�g�^UcPR*�¯w_R*¬�cPg�`hg�mvcµp¸�8mvgjw!`bpo�]g�cP��p¸�vR6fbpv�vR4^*�_�2R6x6pod�^hR�`hM�R�Q#R6^hMF��R*cP�v`hM�^UQ#p¸\��2R��vR6fh\�w_g-'2R6fhR6c8`
m8c�pvc!R6��R6Q#R*c;`Uw_dPR�`bm�`bMPR�poc�g�^hmo`bfhm8u;\qmv��`bMPR�Q#R6^hM«ª
LNMPR�Q#R4pv^hdPfhR­mo�
`hM�R�^rM�pvu¥R�i;d�pv��g�`a\�fbR*Qqpog�c�^�`hM�R�^hpvQ�R�p8^Ng�c!`hMPR�m8fhg��vg�c�pv�CVµLUÃ x*m]wPRv�

QF (T ) = C0

±
V olume)M(T )(T )

hM(T )
)d,

®
g�c�po����\v����RqM�p¸�8R��§m8dPc�w�d�^hR��§d��@`hmµp8wPw�`hm.`bMPRqQ#R6pv^hdPfbR#mo�N`hMPR�i;d�pv��g�`a\µmv�Npvc�R*��R*Q#R*c;`(± � |8³�pvc
p8wPw_g�`hg�mvc�pv�@�§dPc�x�`hg�mvc

QV (T )
`bm¤M�p¸�vRqp.�2R�`r`bR*f�x�mvc;`bfhm8�@mvcE`hMPR(R*��R*Q#R*c;`�xyM�pvfbp8x¦`hR6fhgj^r`hgjx��8mv��dPQ#Rvª

LNM]d�^Nm8dPftw_R*¬�cPg�`hg�mvc.mo��`hMPR�i;d�pv��g�`a\�mo�@poc�R*��R*Q#R6c8`tgj^NcPm&�

Q(T ) = QS(T ) ·QF (T ) ·QV (T )

LNMPgj^tg�c�x*fhR4pv^hRW`bMPR�^hR*c�^hg�`hg��;g�`a\(mv�
Q(T )

`hm#`bMPR�cPm8c_  fhR4^ru2R6x�`tmo��uPfhR4^hx*fhg��2R6w.pv^hu¥R4x¦`tfyp&`bg�m¥ª�LNMPR
wPR�¬�cPg�`hg�mvc.mv�

QV (T )
`hM¥p&`t��R­d¥^rR�gj^

QV (T ) = min

(

1±
V olume)M(T )(T )

,
±
V olume)M(T )(T )

)

.
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LNM�R#x*m8pvfb^hR*cPg�cP�!uPfhm_x*R6^b^­pvc�wµwPR*�vR6��m8uPQ#R*c;`�w_R�`ypog���R4wµg�c�`hMPR#uPfbR*�]g�mvd�^�^hR6x¦`bg�m8c�^6�«g�^�pvuPuP��g�R4wFMPR6fhR
m8cµpqQ#m_w_R*��uPfbmv����R6Q g�cµm8fbw_R6f�`hm�^rM�m&�zMPm&� g©`���m8fh�_^6ªtLNMPR*c�g�cF`hMPR��§mv����m&��g�cP�(^hR6x�`hg�mvc«�2��R���g����
pvuPuP��\q`hM�R�^rR6Q�g� ¢x�m8pvfb^hR*c�g�cP��`hm]mv�C`bmqg�c¥w_d�^r`hfbg�pv�¹Q�R4^rM�R6^N��g�`hM¤p��vR*fb\��jpofb�vR�pv^hu¥R4x¦`�fyp&`hg�m�ª

�WdPf�Q#m_w_R6� uPfbmv�P��R*QYg�^�p�fbR*�8dP��pvf�MPR�»PpoR4w_fypo�lw_m8Q#pvg�c
Ω
w_g��]gjw_R6wEg�c;`hm ��MPR�»PpvR6w_fbmvc�^���M�m8^hR

�8mv��dPQ#R6^�pofbR
V = δx× δy× δz

�]��RU`bpo�8R
δx = δy

pvc�w
δz << δx

ª�·¢c(`bMPR­R�»PpoQ#uP��RU�8g��8R*c��2R*��m&���
δz = 10−3δx

��d_`l��R�M�p¸�8RNxyM�R6xy�vR4w�`bM�p&`�`hM�R�fhR4^rdP��`b^�w_m]R4^�cPmo`lw_R6u¥R6c�w�mvc�`hMPgj^@fyp&`hg�m�poc�w�`hM�po`@`hMPR
fbR6^hdP��`b^WpofbR�dPc�xyM�pvcP�vR4w.R*�vR6c¤��g©`bM

δz = 10−6δx
ª ) p8xyM¤MPR�»PpvR6w_fbmvc.gj^Ww_g��]g�wPR6w.g�c8`bm�`a��mquPfbg�^hQq^*�

R4pvxyM �2R*g�cP��^hdP�2wPg��]gjw_R6w g�c;`hm,`bMPfhR6R.`hR*`hfypoMPR4w_fbp�ª ®
g��vdPfbR��_ª � ±²p;³q^hMPm&�t^�`hMPgj^q`bR�`bfbpvMPR6w_fbg/.6p&`bg�m8c
`bM�p&`qx�m8c;`bpog�c�^

27
cPm_w_R6^#poc¥w�gj^�x*mvQ#u2m8^hR6w,mv�t`hMPfbR*R�cPm_w_R���p¸\8R*fy^�g�c�`bMPR

z
wPg�fbR6x�`hg�mvc �Wc�R6p8xyM

mv��`hMPR4^rR
27
c�m]wPRv�P`bMPR�R6g��8R*c]�vR4x¦`bmvfy^�mv��`hMPR�x*mvfbfhR4^ru2mvc¥w_g�c���Q#R*`hfbg�x�pvfhR�pvuPuPfbm¸»]g�Qqp&`bR*��\q`hMPR�`hMPfbR*R

x, y, z
p&»_gj^���g©`bM x*mvfbfhR4^ru2mvc�wPg�cP��R*g��vR6c;�&pv��dPR4^�fbR6^hu2R6x¦`bg��8R*��\,R6i;d�pv��`bm

(1/δx)2, (1/δy)2, (1/δz)2
ª
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LNM�Rtx�m8pvfb^hR*c�g�cP��po���vm8fhg�`hM�Qz��g����¥xyM�pvcP�vR�`hM�g�^ Q�R*`hfbg�x��§m8f pocPmv`hMPR6f@mvcPRN��g�`hM#`bMPRt^hpvQ#R�R6g��8R*c]�vR4x¦`bmvfy^
��d_`���g�`hM�R*g��vR6c;�&pv��dPR4^�x�m8fhfbR6^hu¥m8c�w_g�cP�!`hm¤`bMPRq��R6cP�vM;`

δx, δy, 2δz
`bMPR*c�`bMPR�Q#R6^hM��vR*c�R*fyp&`hm8f���g����

`bfh\�`hm�x�m8c�^r`hfbd�x¦`Up�Q#R6^hM¤x�mvfbfbR6^hu¥m8c�w_g�cP��`bm#`hMPgj^���gj^rM�R6w�Q#R�`hfbgjxoª LNMPR�fbR6^hdP��`tg�^U^rMPm&��c�mvc�¬��8dPfbR
* �_ª � ±§�2³ , ª�ÄU^�R�»_u2R6x¦`bR6w¹��`bMPgj^�Q#R6^hM�x�m8c;`bpog�c�^���g�`hM

18
cPm_w_R4^�poc¥wE`hMPR�x�m8pvfb^hR*c�g�cP�.uPfbm_x�R4^h^�M�pv^

R6��g�Q#g�c¥p&`hR4w¤`bMPR�g�c;`hR6fhQ#R6wPg�po`hR�c�m]wPR��jp¸\vR6ft`hM]d�^­u2R*fh�§mvfbQ#g�cP��p(^hR*Q#g�  x*m8pofy^hR*cPg�cP�q�]\Fpq�²p8x¦`hm8f
2
g�c

`bMPR
z
w_g�fhR4x¦`bg�m8c«ª

±Hp8³ ��p8^rR6��g�cPR�Q#R6^hM ±§�2³hÃ�m8pvfb^hR*c�R6w!Q�R4^rM
®
g��vdPfbR��(0�Z_R*Q#g© ¢x�m;pofy^rR6cPg�cP�qmo� pqQ#m_w_R6���2mvdPc¥wPpofb\.��p¸\8R*ftQ#R6^hM«ª­Stmo`bR�`bM�p&`W`hMPR�\8 ¢p&»_gj^tgj^W^bx*pv��R4w
g�c.mvfyw_R*f�`bm��2R�po����R­`hmq�]gj^rd¥po��g-.6RW`bMPR�fbR6^hdP�©`4ª

��
 � ��� � ����� � � � � � ��� �
�Wd�f#^hR6x*mvc�w�R�»PpvQ�u���R.gj^qpoc g�c�wPd�^a`bfhgjpo��Q#R4^rM mo��poc

M6
pvg�fh�§mvg��Hª LNMPgj^#Q#R6^hM ^hMPm&��c�g�c ¬��8dPfhR

��x*mvc;`bpvg�c�^q|]� �8|v|�cPm_w_R6^q��g�`hM MPg��vM���\ ^a`bfhR*`bxyMPR4w�R6��R6Q�R6c;`b^qg�c `hMPRF�2mvd�c�wPpofb\��jp¸\vR6f6ª°®
g��8dPfbR +
^hMPm&�t^�poc!R*cP�jpofb�vR4wq�]g�R6� mo��`hMPR�Q#R6^hM(cPR4pof�`hM�R­pvg�fh�§mvg��¹poc�w�`hMPR�^h\;Q#Q#R�`bfh\�po»_g�^���MPR6fhR­^a`bfhR*`bxyMPR4w
�2mvd�c�wPpofb\F�jp¸\vR6fWR6��R6Q�R6c;`b^�pvfhR��]g�^hg�����R8ª�ÄtcPmv`hMPR6f���p¸\.`bm.Q�R4pv^hdPfbR�`bMPR�poc�g�^hmo`bfhm8u;\.mv��`bMPRqQ#R6^hM
gj^!`hm u¥R6fr�§m8fhQ p x��jpv^b^rg�¬¥x6p&`hg�mvc°mv��`hM�REc�m]wPR6^.pvx6x�mvfyw_g�cP�,`bm�`bMPR*g�f¤pv^hu¥R4x¦`.fbpo`hg�m�ª Z]g�c�x�R�^rR6Q#g© 
x*m8pvfb^hR*cPg�cP�q�§m8f�V $ Q#R�`bMPm_wµgj^�d�^hd�po����\¤w_m8cPR��;\FwPmvdP�P��g�cP�(`bMPR#Q#R6^hME^hg-.6R��]\Fp(�²pvx�`hmvf��(g�c�`hMPR
wPg�fbR6x�`hg�mvc�u¥R6fhu2R*c�wPg�x*dP��pvf�`hm�`bMPR�w_g�fhR4x¦`bg�m8c!mv�
Qqp&»_g�Qqpo�«^r`hfbR�`bxyM�g�cP�¥�_`hM�g�^tx*��p8^h^hg�¬¥x*po`hg�mvc(gj^tw_m8cPR�g�c
u2m&��R*f@mo��� 0�LNMPR�¬¥fb^r`�x��jpv^b^lx*mvc;`bpvg�c�^l�vR*fh`hgjx�R4^@M�p¸�]g�cP��pocqpv^hu2R6x¦`�fbpo`hg�m��¥R*`a��R6R*c

ratio � max
poc�w

ratio � max/2
�_`hM�R�^rR4x�m8c�w�mvcPR�g�c�x���d�w_R4^�`bMPm8^hR�M�p¸�]g�c��#pvc¤pv^hu¥R4x¦`Ufyp&`bg�m#�2R�`a��R*R*c

ratio � max/2pvc�w
ratio � max/22 poc�w�^rm�m8c«ª
LNM�R���p8^a` x*��p8^h^�x�m8c;`bpog�c�^��8R*fh`hgjx�R6^�M¥p¸�;g�cP��pocqpv^hu2R6x¦`@fyp&`bg�m�pofbmvd�c�w

� ª
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®
g��8dPfbR �B0@VF|���g�cP�=0@g�cPg�`hgjpo�C¬�c�R6^r`tQ�R4^rM

®
g��vdPfbR � � ±²�P��d�R���g�cPR¸³�w_gj^ruP�jp¸\_^­`hMPR(MPg�^r`hm8�vfypoQYx*mvfbfhR4^ru2mvc¥w_g�c��!`bm.`hMPgj^�c�m]wPRqmvfyw_R*fbg�c���ª(LNMPRq\; 
x*m]mvfyw_g�c¥p&`hR�x*mvfbfhR4^ru2mvc�w�^�`hmq`bMPR�c]dPQ��2R*fUmo�@cPm_w_R6^Ug�c¤R4pvxyM¤x��jpv^b^�w_g��]g�w_R4w.�]\(`bMPR�`hmv`bpv�«mo�@cPm_w_R4^*ª
LNM�g�^�MPgj^a`bmv�vfypoQ.ª�^rM�m&�t^@`hM¥p&`NQ�m8fhRU`hM�pvc!� � mv�«`hM�RWQ#R6^hM�M�p8^�pvc(pv^hu2R6x¦`Nfyp&`hg�m��jpofb�vR6fl`hM¥poc � �o�Pª
TW^rg�cP�q`bMPR�uPfbR*�]g�mvd�^h��\!w_R4^hx*fhg��¥R4w¤x�m;pofy^rR6cPg�c��#pv���8mvfbg©`bMPQ.����R�M�p¸�8R��vR*c�R*fyp&`hR4w!�§mvdPf­x�m8pvfb^hR*c�R6w

Q#R4^rMPR4^*�¸`bMPR�c;d�Q��2R*f�mo��c�m]wPR6^
mv�_`ypog�cPR6w��§mvf
`hM�R6^hR�Q#R6^hMPR4^�gj^
�vg��vR6c�g�c#L
po�P��R��Pª�· `�g�^�^hR*R6c�`hM¥p&`�`hMPR
x*m8pvfb^hR*cPg�cP�Wfbpo`hg�mWgj^lpv^
R*»]u2R6x�`hR4w�mv��`bMPR�mvfyw_R*f�mv�C�_ª�LNMPR�x�m;pofy^rR6cPg�cP�Wfyp&`bg�m�w_R4x�fbR6pv^hR6^�p8^
^hd�x6x�R6^b^hg��8R
pvuPuP��g�x6p&`bg�m8c�mv��`bMPR�x�m;pofy^rR6cPg�c���pv���8mvfbg©`bMPQ¶uPfbmv�vfbR6^b^hR6^6ª�LNMPgj^�gj^�w_dPR#`bm¤�vR6mvQ#R�`bfhgjx�x*mvc�^r`hfypog�c;`b^ 0
ÄW^�Q#mvfbR�poc�w�Q#mvfbR�cPm_w_R6^UpofbR�R*��g�Q#g�c�p&`bR6w¹�Pg�`U�2R6x*mvQ#R6^�Q#m8fhR�pvc�w�Q�m8fhR�w_g�º�x�dP��`t`bm�fhR4^ru2R6x�`�`hMPR
�8R*m8Q�R*`hfb\vª¤StR6�vR6fr`bMP��R4^h^6��`hMPR!fhR4^rdP��`�gj^��8R*fb\�^bp&`bg©�²p8x¦`hm8fh\8ª¤®�g��vd�fhR � �¤^rM�m&�t^�`hM�R(^hpvQ#R�R*cP�jpofb�vR4w
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®
g��vdPfbR�+ 0@VF|���g�c�� 0��Cm;m8Q g�c!`bMPR � �Emo�
`hMPR�g�cPg�`hgjpo�¹¬�c�R6^r`NQ#R4^rM

�8R*fy^rg�mvc��§mvf�`hMPR­¬�fy^r`�x*m8pvfb^hR*cPR4wqQ#R6^hM�`bM�poc�g�c!¬��8dPfhR>+Pª�· `tgj^N^rR6R*c!`hM�po`�`bMPR���p¸\8R*fbR6w�^r`hfbd�x�`hdPfbRWmv�
`bMPR��2mvdPc�w�pofb\q��p¸\8R*fNg�^tuPfhR4^rR6fh�8R6w(�;\�`hMPR�x*m8pofy^hR*cPg�cP��pv���8mvfbg©`bMPQ.ª
ÄU�©`bMPmvdP�8Mq`bpv�P��R­���8g��8R6^lp��vm]m_w#g�c�wPg�x6p&`hg�mvcqm8c#`hMPRWuPfbm]x*R6^b^lmv�«fhR6Q�m&�]g�cP��`hM�RUcPm_w_R4^*�;g©`�g�^ mvcP��\

p��8��m8��po��Q�R4pv^hdPfbRvª
·¢cqmvfyw_R*f@`bm�M�p¸�8RNp��¥R*`r`hR6f R4^a`bg�Qqp&`bRtmvc#`bMPRtR*ºqx*g�R6c�x�\�mo�¹m8dPf�^hR*Q#g�  x*m8pofy^hR*cPg�cP�
pv���8mvfbg©`bMPQ.�
¬��vdPfbR � � ^hMPm&�t^�`bMPR!M�g�^r`hm8�vfypoQ�mo��`hM�R(�§m8dPfr`bM��vR6cPR*fyp&`bR6w,x*m8pofy^hR�Q#R6^hMPR6^�`hm8�vR�`bMPR*f
��g�`hM(`hMPRWMPgj^a`bmv�vfypoQ mo��`hMPR­g�c�g©`bg�pv��¬�c�R6^r`�Q#R6^hM«ª�· `Ng�^�^rR6R*cq`bM�p&`�pv^�x�m;pofy^rR6cPg�cP��uPfbmv�vfbR6^b^6�&`hMPRW¬�fy^a`
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®
g��vdPfbR � � 0@VF|#��g�cP� 0��2m]mvQ g�c�`hMPR � �Emo��`hMPR�¬¥fb^r`Ux�m;pofy^rR6cPR6wqQ#R4^rM

x*��p8^h^hR6^�x�m8c8`ypog�cPg�cP�µMPg��vM���\�^r`hfbR�`yxyMPR6w,R6��R6Q#R*c;`b^�uPfbmv�8fhR4^h^hg��8R*��\µw_gj^hpvuPu2R6pof#poc¥w,`hM¥p&`�`hMPR�Q#R6^hMPR6^
�2R6x*mvQ#R6^lQ�m8fhRtpvc�w�Q#mvfbR�g�^hmo`bfhm8uPg�x>0�LNMPR��§m8dPfh`hMqx�m;pofy^rR6cPR6w�Q#R6^hMqM�pv^@��R6^b^�`bM�poc(� �zmv�2g�`b^ cPm_w_R6^
��g�`hM¤pvc�p8^ru2R6x�`Nfyp&`bg�m#�jpofb�vR6f�`bM�poc.} +�ª
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StdPQ��¥R6ftmo�
cPm_w_R6^ x�m8pvfb^hR*c�g�cP��fyp&`hg�m
g�cPg�`hgjpo�¹Q#R6^hM |;� �8|v|
¬¥fb^r`tx�m8pvfb^hR*c�R6w�Q#R4^rM }v� +8| � �_ª � +
^hR6x*mvc�w!x�m;pofy^rR6cPR6w(Q�R4^rM � � � �o} � ª + +
`bMPg�fbw�x�m;pofy^rR6cPR6w(Q�R4^rM �8�o�]� � ª �v�
�§m8dPfh`hM.x�m8pvfb^hR*c�R6w�Q#R4^rM �v� � } � ª |v}

L
po�P��R��(0@·¢cPg�`hgjpo�«pvc�w.x�m8pvfb^hR*c�R6w�Q#R4^rMPR4^*�_c]dPQ��¥R6f�mo��cPm_w_R6^�pvc�w�x�m8pvfb^hR*c�g�cP��fyp&`hg�m
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pofbR@R�»]`hfbR*Q#R6��\WR*c�x*mvdPfypo�8g�cP��pvc�w�^rMPm&��`hM¥p&`�V¤d��©`bg��8fhgjw­Q�R*`hMPm_wP^�x*pvc­�2Rld�^hR6w­�§m8f¹`hM�RlQ#R6^hMPR6^
R*Q#uP��m&\vR4wF�§m8f�SUp¸�]g�R*fh ¢Z;`bmv�8R6^­x�mvQ#uPdP`bp&`bg�m8c�^���g�`hME`hd�fh�Pd���R6c�x�RqQ#m_w_R*��g�cP�¤g�c�pvc�g�c�w_d¥^a`bfhgjpo�
x�m8c8`bR�»]`6ª
Z]R6�vR6fbpv�2fbR*Qqpvfh�_^Npofbg�^hR�po�j^rm#w_dPfbg�cP��`hMPgj^���mvfb�2ª

� ª�¡Ud�RU`bm�`bMPRWR*»]`hfbR*Q#R*��\#��pvfh�8RUpv^hu¥R4x¦`�fbpo`hg�m�d�^hR6wqg�c!SWp¸�]g�R6fr aZ;`hm8�vR4^lx�m8Q�u�d_`bpo`hg�mvc�^�poc�w(^rg�c�x�R
^rR6Q#g© ¢x�m;pofy^rR6cPg�c��Fd�^hR6^�p�x*m8pofy^hR*cPg�cP�¤�²p8x¦`hm8f�mv�­�_�@g�`qg�^#^hR*R6c,`hM�po`(�o�µwPg 'CR*fbR*c;`qx�m8pvfb^hR*c�R6w
Q#R6^hMPR6^���g�����M�p¸�8R�`bm!�2R#�vR6cPR*fyp&`bR6wF�2R��§m8fhR�fbR6pvxyM�g�cP�!g�^hmo`bfhm8u]\vª 
°g�`hME`hMPR#cPR6R6wµ`hm�M�poc¥w_��R
`hMPR4^rR Q�R4^rM�R6^6�6`bMPR�x*m8^r`«mo�PptV $ pv���8mvfbg©`bMPQ:��g����v�2RlMPg��vM�pvc�w�uPfbmv�P��R*Qq^¹mv�]Q#R4^rM�^r`hm8fbpv�vR@x*pvc
pofbg�^hRvªU· `U`hM�R*fbR��§mvfbR�x*mvdP�jw¤�2R�mo�lg�c;`hR6fhR4^a`t`bm!^r`hd�wP\�Q#m8fhR�pv�v�8fhR4^h^hg��8R�x�m8pvfb^hR*c�g�cP�q^r`hfyp&`bR*�vg�R6^
g�cEmvfyw_R6ft`hm�fbR6w_d�x*R�Q#m8fhR�fbpvuPg�wP��\�`hM�R#^hg/.*R�mo�l`bMPR�x*m8pvfb^hR*cPR4w.Q#R6^hMPR6^�pv^­��R*���
p8^W`hm.^a`bd�w_\
`hMPR�g�c(4�d�R*c�x*R�mo����pvfh�8R*fNx�m8pvfb^hR*c�g�cP���²pvx�`hm8fb^�mvc�Q�d��©`bg��8fhgjw.x�mvc]�8R*fb�vR*c¥x�Rvª
�_ª�LNMPR�x�m;pofy^rR6cPg�c��­^r`hfyp&`bR*�v\�M�p¸�8R�x*R*fh`bpvg�cP��\�`hm��2R�mvu_`bg�Q#g/.*R4w�g�c#mvfyw_R*f�`hm�Qqpog�c;`bpog�c#p­x*mvc�^r`bpvc;`
x�m;pofy^rR6cPg�c����²pvx�`hmvf��¥R*`a��R6R*c!Q�R4^rM�R6^6ª
LNMPgj^Nx*pvc��¥R­fbR6po��g/.*R6w#�]\qw_g-'2R6fhR6c;`�Q#R�`bMPm_wP^�0�xyM¥pocP�8R
mo��`bMPR�x*m8pofy^hR*cPg�cP���²pvx�`hm8f��§fbmvQ
��R6�vR6��^�`hm���R*�8R*�j^*��d¥^rR�mo��^rR6��R4x¦`bR6w°Q#R6^hMPR4^(g�c°`hM�R�^hR�`!mv�
�vR6cPR*fyp&`bR6w�Q�R4^rM�R6^�poc¥w�^hm.mvc«ª(Z;`bd�w_g�R6^�M¥p¸�vR�`hm¤�2Rqu¥R6fr�§m8fhQ#R6w�g�c�m8fbw_R6f�`hm.Q#R6p8^rdPfbR�`hMPR
g�c 4�dPR*c¥x�R�mo��`bMPR6^hR,pvwPpvu_`bpo`hg�mvc�^!mvc Q�dP��`hg��vfbgjw:x�m8c]�vR*fb�vR6c�x�R�poc�w `hMPR�Ã�k T x�m;^a`.mo��`hMPR
x�m8Q�u�d_`bpo`hg�mvc�^6ª
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LNM�R�x�m8Q�u�d_`bpo`hg�mvc.mo��`hM�R�Q#R�`hfbgjx­¬�R*�jwP^UwPR6^bx�fbg��2R6w.g�c.`hMPgj^tu¥pou2R*f4�PM�pv^t�¥R6R*cFg�Q#uP��R6Q#R*c;`hR4w.g�c;`hm�p
Ã�����^hmo�´`a�NpofbR w_R6cPmo`bR6w�ÄWV¤R¸Ã � ±HÄtcPgj^hmo`hfbmvu�g�xlVFR6^hM#Ã�m8pvfb^hR*c�R*f¦³¦ª«ÄUVFR¸Ã�mUgj^�poc�m8�_naR6x�`�m8fhg�R*c;`hR4w
^hmo�´`a�NpofbRv�¸`bM�p&` x*mvQ#uPd_`bR6^�R*ºqx*g�R6c;`h��\�`hM�R�Q�R*`hfbg�x�¬�R6��w�^@m&�vR6f�^hR*�8R*fypo�_poc�g�^hmo`bfhm8uPg�x�dPc�^r`hfbd�x�`hdPfbR6w�}v¡
Q#R4^rMPR4^*ª@LNMPgj^t^hmo�´`a�NpofbRWgj^�w_R4^rg��vcPR4w�`bmq�¥R�pvd_`hm8Qqp&`hgjx­poc�w�d�^hR*fh H�§fbg�R*c�w_��\vª
LNM�R��vR*c�R*fyp&`hg�mvc�mo�
`hM�R�x�m;pofy^rR­��R6�vR6��^�gj^tw_m8cPR��]\(fbR6x*dPfb^hg��vR*��\(x6po����g�cP��`hMPR�ÄUV¤R&Ã�m�poc�w!`hM�R�Q#R6^hM
�8R*cPR6fbpo`hg�mvc�^hmo�´`a�NpofbR�pv^�w_R6^bx�fbg��¥R4w,g�c�¬��vd�fhRµ± � +;³¦ª &tm&��R*�vR6f6�
`bMPR(g�cPuPd_` � m8d_`huPdP`#wPpo`bpµmo�U�2mo`bM
^hmo�´`a�NpofbR6^�pofbR�w_g-'2R6fhR6c8`4��^hm#p#x*mvc]�vR6fb^hg�m8c�g�c8`bR*fh�²pvx*R­�2R�`a��R*R6c�`hMPR�`a��m�`hm]mv�j^Ng�^tfhR4i8d�g�fbR6w¹ª@®�mvfN`hM�g�^
fbR6p8^rm8c«�_��R�M�p¸�vR�w_R6�vR6��m8u¥R4w�p(x�mvc]�8R*fy^rg�mvc(`hm]mv�¹`bM�p&`­x�mvc]�8R*fh`b^Ng�cPuPd_` � mvdP`huPd_`W�§mvfbQqp&`b^��§fbmvQ R6p8xyM
^hmo�´`a�NpofbR��§mvfbQqp&`W`hm�mo`hM�R*f4ª­®�dPfr`bMPR*fbQ#mvfbRv�¥`hMPR�·aSUst·aÄ pvc�wF¡­pv^b^hpvdP�©`�wPp&`ypq�§m8fhQqp&`y^WpvfhR�cPmo`­`hMPR
^bpoQ#R8� ^rm���R�M�p¸�8R!pvw�w_R6w�g�c�`hMPR.x�m8c]�vR*fh`hR6f�`bMPR.mvu_`bg�m8c�`hM¥p&`qpo����m&�t^�`hm�^r��g�`bxyM��§fhm8Q w_g-'2R6fhR6c8`
�§m8fhQqpo`b^6ª
®�fhm8Q `bMPRWd¥^rR6f u2mvg�c8`�mo�«�]g�R*���]po���P`hM�R6^hRt`hfbR6po`hQ#R*c;`NpofbRtQqpoc�pv�vR6w#pvc�wqR*c¥x*pou¥^rdP�jp&`bR6w#m8c
p�Q#R�`yp& ¢^hx*fhg�u_`tpoc¥w�`bMPR*c�`hM�R�x�m8pvfb^hR*c�g�cP��uPfbm]x*R6^b^Ng�^�pv��^hmqpod_`bmvQqp&`bg�xvª �«R�`td¥^NcPm&� w_R4^hx*fhg��Pg�cP��`hMPR

Iterates
until the number
of coarsening levels
is reached

Initial mesh (fine mesh)

New mesh (coarsened mesh)

MTC

Conversion Tool

AMeCO

Conversion Tool
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Q#R*`bp& I¬���R�w_R*cPmv`hR4w�Vµ|Pª Q�`bxW`bM�p&`tfbR6p8wP^�0

� V 0 VF|�ª `��
� V¤R*`hfbg�i;dPR 0 VF|

�
Q#R�`hfbgji8d�R��

��M�R*fbR V 0&poc�w�V¤R�`bfhgji;dPR 0�pvfhR �vR*\]��mvfywP^¹gjw_R*c;`bg©�§\]g�cP�U�§m8f�VFLUÃE`hMPR���m_x*po`hg�mvc�mv�_`hMPR�¬���R6^
w_R6^bx�fbg��Pg�c��
`bMPR Q#R4^rM�pvc�w�pv^b^hm]x*g�po`hR4wWQ#R*`hfbg�x�¬¥R*�jw¹�oVF|Pª `�gj^«`bMPRlQ#R6^hM�¬���R g�c�VFLUÃµ�§m8fhQqp&`4�&poc�w�VF|

�
Q#R�`hfbgji8d�R

gj^�`hM�R�¬���R�`bM�p&`Ux*mvc;`bpvg�c¥^�Q#R*`hfbg�x6^*ªlLNMPR4^rR­¬���R6^�pvfhR�w_R4^hx*fhg��2R6w!�¥R6��m&��0

��� 
 �-� ! � � � ½ � � + Á � ���_�
LNM�R�VµLUÃ°Q#R6^hM�¬���R#±§¬���Rvª `y³Ngj^�poc¤pv^bx�g�g«wPpo`bp�¬���R�pvc�w�g�^N��fbg�`r`hR6c¤pv^��§mv����m&�t^�0

nb � nodes dim � space nb � elements dim � element
x1

1 · x1
dim � space

· · ·
· · ·

xi
1 · xi

dim � space

· · ·
· · ·

x
nb � nodes
1 · x

nb � nodes
dim � space

e1
1 · · e1

dim � element

· · · ·
· · · ·
ei
1 · · ei

dim � element

· · · ·
· · · ·

e
nb � elements
1 · · e

nb � elements
dim � element

��MPR6fhR
nb � nodes

g�^ `hMPRWc]dPQ��2R*f�mo�«cPm_w_R4^*�
dim � space

`bMPR­^hu�p8x�RUw_g�Q#R*c�^hg�mvc«�
nb � elementsgj^�`bMPR�c]dPQ��2R*f�mo��R*��R*Q#R*c;`y^�±´`bR�`hfypoM�R6w_fbmvc�^�g�c,}v¡ poc�w�`bfhgjpocP�8��R4^�g�c��v¡­³��

dim � element
gj^�`bMPR

c]dPQ��¥R6ftmo�@cPm_w_R4^��]\(R6��R6Q�R6c;`6�
xi

j

g�^�`hMPR�n¢`bMµx�m]m8fbw_g�c�po`hR�mo��g©`bMFcPm_w_R8�¥poc¥w
ei

j

g�^t`hMPRtn¢`hM¤cPm_w_R�mv�
g�`hM.R6��R6Q�R6c;`6ª
�!½ ���_���@� LNMPR!R*��R*Q#R*c;`b^�g�c�VFLUÃ �§mvfbQqp&`�x*mvc;`bpvg�c�^�po�j^rm¤`bMPR(�2mvd�c�wPpofb\F�²p8x�R4^*�
`hM�R!w_g-'2R6fhR6c�x�R
�2R�`a��R*R6c pvc�g�c;`hR*fbc�pv��R*��R*Q#R*c;`�poc�w�pE�¥m8dPc�wPpvfh\,R6��R6Q�R6c;`�`bM�p&`#`bMPR.�§mvdPfh`hM cPm_w_R�c]dPQ��2R*fqg�c p
�2mvd�c�wPpofb\q�²p8x�R�M�pv^�`bMPR�g�c�w_R�»

0
ª
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LNM�R­Q#R*`hfbg�x�wPpo`bp�¬���R�g�^�pvc�p8^hx*g�g«w�p&`bp�¬���R6^Ux�mvc;`ypog�c�^�Q�R*`hfbg�x6^�mo�
R6p8xyM!cPm_w_R�m8c!`bMPR�Q#R6^hM80

nb � nodes
m1

11 · m1
ij m1

dim � spacedim � space

· · · ·
· · · ·

mi
11 · mk

ij mi
dim � spacedim � space

· · · ·
· · · ·

m
nb � nodes
11 · m

nb � nodes
ij m

nb � nodes
dim � spacedim � space

��MPR6fhR
nb � nodes

g�^�`hMPR!c]dPQ��2R*f�mo�tcPm_w_R4^*�
dim � space

`bMPR!^hu�p8x�R(w_g�Q#R*c�^hg�mvc«�
mk

ij

g�^�`hMPR
ij
`hM.x�m8Q#u¥m8cPR*c;`tmo��`hMPR�Q#R*`hfbg�x

m
mvc!`hM�R

k
ª

� 
 � � � � � � 
 � � � ���

LNM�R�ÄWV¤R¸Ã �¯Q#R6^hM(¬¥��R�±§¬���R8ª wPg�Q#R6x*m;³�gj^tp��Pg�c�pofb\�wPp&`yp�¬���R�pvc�w�g�^N��fbg�`r`hR6c¤pv^��§mv����m&�t^�0
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nb � nodes nb � elements nb � faces
x1

1 · x1
dim � space

· · ·
· · ·

xi
1 · xi

dim � space

· · ·
· · ·

x
nb � nodes
1 · x

nb � nodes
dim � space

e1
1 · · e1

dim � element

· · · ·
· · · ·
ei
1 · · ei

dim � element

· · · ·
· · · ·

e
nb � elements
1 · · e

nb � elements
dim � element

f1
1 · · f1

dim � face

· · · ·
· · · ·

f i
1 · · f i

dim � face

· · · ·
· · · ·

f
nb � faces
1 · · f

nb � faces
dim � face

logic � fac1

·
·

logic � faci

·
·

logic � facnb � faces

��MPR6fhR
nb � nodes

gj^ `hMPRWc;d�Q��2R*f�mo�«cPm_w_R4^*�
nb � elements

gj^@`hM�RWc]dPQ��¥R6f mo�«R6��R6Q#R*c;`b^W±´`hR*`hfyp& 
M�R6w_fbmvc�^lg�c�}8¡:poc¥w�`hfbg�pvcP�v��R6^�g�c(�o¡�³¦�

nb � faces
g�^l`hMPRtc]dPQ��¥R6flmo�¹�2mvdPc¥wPpofb\��²p8x�R6^6�

xi
j

gj^@`bMPR@n¢`hM
x*m]mvfyw_g�c¥p&`hR�mv�lg©`bMFcPm_w_R8�

ei
j

gj^t`bMPRtn¢`bMµcPm_w_R�mv�lg©`bMFR*��R*Q#R6c8`4�
f i

j

gj^t`bMPRtn¢`bMFcPm_w_R�mv�@`hMPR�g©`bM¤�²pvx*Rv�
pvc�w

logic � faci gj^N`hM�R���m8�vgjx*po�C�2mvdPc¥wPpofb\�mo��`hMPR�g�`hM��²p8x�R#ª

� 
 � � ��� ��� � � � 
 � �?� � �

LNM�R�¡­pv^b^bpodP��`�Q�R4^rM�¬���R�±´¬¥��R8ª wPp8^h^bpod��©`¦³ gj^tpvc�p8^hx*g�g«wPpo`bp�¬���R�poc�w!gj^N��fhg�`r`bR*c¤pv^��§m8����m&�t^�0
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nb � nodes nb � elements nb � faces
x1

1 · x1
dim � space

· · ·
· · ·

xi
1 · xi

dim � space

· · ·
· · ·

x
nb � nodes
1 · x

nb � nodes
dim � space

e1
1 · · e1

dim � element

· · · ·
· · · ·
ei
1 · · ei

dim � element

· · · ·
· · · ·

e
nb � elements
1 · · e

nb � elements
dim � element

f1
1 · f1

dim � face logic � fac1

· · · ·
· · · ·

f i
1 · f i

dim � face logic � faci

· · · ·
· · · ·

f
nb � faces
1 · f

nb � faces
dim � face logic � facnb � faces

��MPR6fhR
nb � nodes

gj^ `hMPRWc;d�Q��2R*f�mo�«cPm_w_R4^*�
nb � elements

gj^@`hM�RWc]dPQ��¥R6f mo�«R6��R6Q#R*c;`b^W±´`hR*`hfyp& 
M�R6w_fbmvc�^lg�c�}8¡:poc¥w�`hfbg�pvcP�v��R6^�g�c(�o¡�³¦�

nb � faces
g�^l`hMPRtc]dPQ��¥R6flmo�¹�2mvdPc¥wPpofb\��²p8x�R6^6�

xi
j

gj^@`bMPR@n¢`hM
x*m]mvfyw_g�c¥p&`hR�mv�lg©`bMFcPm_w_R8�

ei
j

gj^t`bMPRtn¢`bMµcPm_w_R�mv�lg©`bMFR*��R*Q#R6c8`4�
f i

j

gj^t`bMPRtn¢`bMFcPm_w_R�mv�@`hMPR�g©`bM¤�²pvx*Rv�
pvc�w

logic � faci gj^N`hM�R���m8�vgjx*po�C�2mvdPc¥wPpofb\�mo��`hMPR�g�`hM��²p8x�R#ª
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LNM�R�u�dPfhu2m8^hR#mo��`hMPgj^�pvuPu¥R6c�w_g�»�gj^­`hm.�²pvQ�g���g�pvfhg/.*R�`hMPRqfbR6p8w_R*f���g�`hM,^hmvQ#R#R6^b^rR6c8`bg�pv�lx�m8c�x�R6u_`b^�m8c
`bMPRWwPg 'CR*fbR*c;`hgjpo�2QqpocPg��§mv�jwP^�poc�w�`hMPR­s�g�R*QqpocPc�g�pvc��vR6mvQ#R�`bfh\�g�c�poc�g�c;`hdPg�`hg��vRW��p¸\��Pd_`Ngj^ cPmv`�g�c�cPm
x6pv^hR�p�x�mvQ#uP��R�`bRtx�m8dPfb^hRNcPmvf fhg��vm8fhm8d�^
mvc�`hMPRt^hdP�_naR4x¦`4ª�®�mvf�`bM�p&`4�8·
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gj^�w_fyp¸��c80
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�¥R
x6po����R4w�`ypocP�8R*c;`t^ru¥pvx�R

TxM
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M
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x
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les plans tangents aux points x et y d e la sph ére sont d iff érents : les v ec teurs

®
g��vdPfbR��o�B0 LNMPR�`bpvcP�vR6c;`tuP��pvc;`b^tpo`U^ruPM�R*fbR�u¥m8g�c;`b^
x
poc�w

y
pvfhR�wPg 'CR*fbR*c;`b^�0@`bMPR��vR4x¦`bmvfy^

v
poc�w

wmv�
TxM
x6poc¤cPmv`U�2R�x�m8Q#u�pofbR6w���g�`hM

t
poc�w

u
mo�
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ªtLNMPR6c.`hMPR�^hx6po�jpof�uPfbm_w_d�x¦`Wg�^­w_R�¬¥cPR6w.m8c

R4pvxyM!`bpvcP�vR6c8`�uP�jpoc

�8R6x�`hmvfW¬�R6��wP^6ª�·¢cEmo`hM�R*f­��m8fbwP^6�¹p!stg�R6Q#pvcPcPgjpoc�Q#pvcPg��§mv�jwFgj^­p�w_g-'2R6fhR6c;`hgjpo�P��R�Qqpoc�g©�§m8��w�g�c���MPgjxyM
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QqpvcPg©�§m8��w�^*ª
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γ : [a, b] → M
gj^(p�x*mvc;`hg�c]dPmvd¥^r��\�w_g-'CR*fbR*c;`hgjpo�P��Rµx*dPfh�8R¤g�c `hMPREs�g�R6QqpocPcPgjpoc°QqpvcPg©�§m8��w

M±²R�»PpoQ#uP��R�mo�@x�dPfb�vR
γ(t)
mvc!`hMPR�^huPMPR6fhR

S2
±´¬��8dPfhR��v�v³¦ª ³¦�_`bMPR*c.��R�w_R�¬¥cPR�g©`y^���R6cP�o`bM

L(γ)
�;\

L(γ) =

∫ b

a

||γ′(t)||dt


°g�`hMµ`hMPgj^­w_R�¬�c�g©`bg�m8cµmo�l��R*c��o`hM��¥R6�vR*fb\.x�mvc�cPR6x�`hR6wµs�g�R6QqpocPcPgjpocµQ#pvcPg��§mv�jw
M
�¥R4x�m8Q�R4^Up(Q�R*`hfbg�x

^hu�p8x�R.±²poc¥w�R6�vR6cEp���R*cP�v`hMEQ�R*`hfbg�x#^hu�pvx*R4³Wg�c�p�c�po`hdPfypo�
�²p8^rMPg�mvc 0W`bMPR�w_gj^a`ypoc�x*R
d(x, y)

�2R�`a��R*R*c
`bMPR�u2mvg�c8`y^

x
poc�w

y
mv�

M
g�^�w_R*¬�cPR4w�p8^

d(x, y) = inf{L(γ) : γ
g�^Up�x*mvc;`hg�c]dPmvd¥^r��\�w_g-'2R6fhR6c8`bg�pv�P��R�x�dPfb�vR�namvg�cPg�cP�

x
poc�w

y}
) �vR*c(`hMPm8dP�vM�s�g�R*QqpocPc�g�pvc(QqpocPg��§mv�jwP^�pofbRWd¥^rd�pv����\ ��x*dPfh�8R6w �o�v`bMPR*fbR­g�^N^r`hg����¹p�cPmo`bg�m8c(mo� ��^r`hfypog��vM;`
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LNM�R6^hRUpofbRUx�d�fh�8R6^@��MPgjxyM���m_x*po����\Unam8g�c#`bMPR*g�f�u2mvg�c;`b^�po��mvcP��^hMPm8fr`bR6^r`


�� × 
��



���������
	��
����������������������� �������!�#" ~]�
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x
poc�w
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��R�`

x
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x
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~xy
p8^­p(`bpvcP�vR6c;`­�8R6x¦`bmvf4ª�LNMPgj^�po����m&�t^U`hm.w_R6�vR*��mvu

M
mvc
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TxM
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� � ³¦ª@LNMPRW�vR6m]wPR6^hg�x6^@�vm8g�cP��`bMPfbmvdP�8M#`hMPRWfhR*�§R*fbR*c�x*Rtu¥m8g�c;`�pvfhRt`hfypoc�^r�§mvfbQ#R6w�g�c!p�^a`bfbpvg��8M;` ��g�cPR4^ poc¥w
`bMPR�w_gj^a`ypoc�x*R�po��mvcP��`hMPR4^rR��8R*m_w_R4^rgjx*^NpofbR�x�m8c�^rR6fh�8R6w¹ª
LNM�R¤�§dPc�x�`hg�mvc ��MPgjxyM x�m8fhfbR6^hu2mvc�wP^q`hm�R4pvxyM �vR4x¦`hm8f

~xy
mo��`ypocP�8R*c;`!^hu�pvx*Rv�N`hM�Rµu2mvg�c8`

y
mv��`hMPR

QqpvcPg©�§m8��w�fhR4pvxyMPR4w�po�´`hR6f�p�d�cPg©`�`hg�Q#RU�]\�`hMPRW�vR6m]wPR6^hg�xt^r`bpvfhg�cP��po`
x
poc�wq��g�`hM(`hMPgj^ `bpoc��vR*c;` �8R6x�`hmvf

gj^�x*pv����R6w(`hM�R �  ��B�
� ���B	���� �
� � � (
y = expx()

ª�LNMPg�^��§d�c�x¦`bg�m8c.x6pofbfhg�R6^�mvdP`Up���m_x*pv�«w_g 'CR*m8Q#mvfbuPMPgj^rQ
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mvc

M
ª

LNMPR�g�c;�8R*fy^rRqmv�N`hMPR!R�»_u¥m8cPR*c;`bg�pv�lQqpou«�
`hM�R���m8�8pvfhg�`hMPQ#gjx#Qqpou80
~xy = logx(y)

x*mvfbfhR4^ru2mvc¥wP^­`hm

3.3 que dans le cas général cette fonction n’est pas définie sur toute la variété.

M

γ

0
x

y

xy

xT  M

®
g��vdPfbR(� � 0�LNM�R��vR6m]wPR6^hg�x6^�^a`ypofh`hg�cP�µpo`
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· ��mvcPR­dPc_�§m8��wP^Npv���2�vR6m]wPR6^hg�x6^ m8cq`bpvcP�vR6c8`�^hu�pvx*R
TxM
�_m8cPR�¬�c�w�^�`hMPR�x*g�fyx���R�mo��fbp8w_g�d¥^

π
ª�LNMPR���m8�8pofbmo`bMPQ#g�x­xyM�pvfr`�gj^�w_R�¬�c�R6w�mvc

M − CxM
ª

� 
 � � ��� ��� � � ��� � � ��� ������� ��
 ��
 ��� ��� ��� � � � �������������

ER�^bp¸� g�cE`hMPR�u�fhR6�;g�mvd¥^�^rR4x¦`hg�mvc¥^�`hM�po`�`hMPR(R�»_u¥m8cPR*c;`bg�pv� xyM�pofh`�po����m&�t^­`bm¤Qqpo�vR�x*mvfbfhR4^ru2mvc¥w¤`hm
pvc]\�`bpoc��vR*c;`q�vR4x¦`bmvf#p�u2mvg�c;`qmo�

M
poc�w�`hM¥p&`qfhR4x�g�uPfbm]x6po����\8�@`hM�R¤��m8�8pofbg�`hMPQ#gjx(xyM�pvfr`qQqpo�8R6^�`hMPR

x*mvfbfhR4^ru2mvc¥w_R*c�x*RU�2R�`a��R*R6c!`a��m�u¥m8g�c;`
(x, y)

mo�
M
poc¥w�p�`ypocP�8R*c;`��vR6x�`hm8f6ª�LNMPR��vm;po�Cgj^�`hm#d�^hR�`hMPR

^r`hfbd�x�`hdPfbR�mo���vR6x�`hm8ft^ru�p8x�R�mo�
TxM
`hm�x*pvfhfb\�m8d_`tmvdPftx6po�jx�dP�jp&`bg�m8c�^N��g��8R���R��]cPm&� `hm�w_m#g�`6ª 
°g�`hM

`bMPfbmvdP�8M�`bMPRq`a��m¤�§dPc�x�`hg�mvc�^���MPgjxyM,��R�M¥p¸�vR�nad�^r`�^hR*R*c��
g�`�gj^�u2m8^b^rg��P��Rq�§mvf�d�^�`bmF�vR6cPR*fypo��g-.6R#`hMPR
m8u¥R6fbpo`hg�mvc�^�mv�«pvwPw_g�`hg�mvc�pvc�w#^rd��_`hfypvx�`hg�mvc�`hm�stg�R6Q#pvcPcPgjpocqQqpoc�g©�§m8��wP^6ª�LNMPRUw_g�º�x�dP��`a\�gj^@`bm�fbR*Qqpog�c


�� × 
��
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m8c�`hMPR�Q#pvcPg��§mv�jw(�§m8fWpvc;\!mvu2R*fyp&`bg�m8c«ª�LNM�R��§mv����m&��g�cP�#`bpv�P��R�^rM�m&�t^t^rm8Q#R���pv^hg�x�m8u¥R6fbpo`hg�mvc�^tmo��`hMPR
�8R6x�`hmvf�^hu�pvx*R6^�pvc�w�`bMPR*g�ftx�m8fhfbR6^hu2mvc�w_R6c�x�R4^�g�c¤s�g�R*Qqpoc�cPg�pvc!�8R*m8Q�R*`hfb\�0

7 R6x¦`bmvft^hu�pvx*R s�g�R*Qqpoc�cPg�pvc.Q#pvcPg��§mv�jw
~xy = y − x ~xy = logx(y)
y = x + ~xy y = expx( ~xy)

dist(x, y) = ||y − x|| dist(x, y) = || ~xy||x

L�pv�P��R 0@s�R*g�c;`hR6fhuPfbR�`yp&`bg�m8c!mv�
pvw�w_g©`bg�m8c¤poc�w�^rm8d�^r`hfypvx¦`bg�m8c(m8c�pqs�g�R*QqpvcPcPgjpoc�Q#pvcPg��§mv�jw¹ª
LNMPR4^rR��¥pv^hg�x­mvu2R*fyp&`bg�m8c�^���g����«R6c�po�P��R�d�^N`bmq�vR*c�R*fypo��g-.6RW��g�`hM�`hM�R�s�g�R6QqpocPgjpoc�QqpocPg��§mv�jwP^�Qqpoc]\

pv���8mvfbg©`bMPQq^�fbR6^hR*fb�vR6wEdPc;`bg���`hMPR6fhR��§mvf�`bMPR(�8R6x�`hmvf�^ru¥pvx�R4^*ª¤·¢Q#uP��R*Q#R6c8`yp&`bg�m8c,mo�t��mv�8pvfhg�`hM�Q�gjxqpoc¥w
R*»_u¥m8cPR*c;`hgjpo��xyM�pvfr`y^Wgj^W`hMPR��vR6\¤mo�l`bMPgj^��vR*c�R*fypo��g-.4p&`hg�mvcF^hg�c�x�R#po�����vR*m8Q#R�`hfbgjx*po�
mvu2R*fyp&`bg�m8c�^­x*poc��¥R
R*»_uPfhR4^h^hR6w!^a`ypofh`hg�cP���§fhm8Q `hM�R6^hR�mvu2R*fyp&`hg�mvc¥^*ª

LNMPgj^N^rR4x¦`bg�m8c�mvc(`hMPR­fhR6g�c;`bR*fbuPfhR*`bpo`hg�mvc#mo�«`bMPR­��pv^hg�xUmvu2R*fyp&`bg�m8c�^luPdP`b^Np�`bR*fbQ p&`�`hMPR­fhR4x*pv���j^lm8c
`bMPR�w_g-'2R6fhR6c;`hgjpo�@QqpocPg��§mv�jwP^�pvc�wF`bMPR�s�g�R*Qqpoc�cPg�pvc��8R*m8Q�R*`hfb\vª�·¢cE`hMPR#�§m8����m&��g�c���^hR6x�`hg�mvc«����R#��g����
^hR*Rt`hMPR­x�mvc¥^a`bfhd�x�`hg�mvcqmv��p�s�g�R*QqpocPc�g�pvc�Q#R�`hfbgjxo�8`hMPRW�vR*m_w_R4^rgjx*^�poc�w#R*»_u¥m8cPR*c;`hgjpo�Cpoc¥w#��m8�8pofbg�`hMPQ#gjx
xyM¥pofh`b^��§mvf�`hMPRµ^hu�p8x�R¤mo��`bMPR¤`hR6c�^hmvfy^#��MPg�xyM ��RF��g����td¥^rR¤`bm�w_R�¬¥cPRµp�fbg��8mvfbmvd�^�Qqp&`bMPR*Qqp&`bg�x6po�
�§fypoQ#R6��m8fh��`hmqM¥poc�w_��R­`hMPgj^N`a\]u2R�mo��Qqpo`hfbg�x*R6^6ª

� 
 � � � ������� � ��� ��
 � � � � ��� � �D� ��� �
��R�`Ud¥^tcPm&� �§m_x�d�^Umvc.`hM�R�^ru¥pvx�R

Sym+
n

mo�@u2m8^hg©`bg��8R�w_R�¬¥cPg©`bR�^h\;Q#Q#R�`bfhgjx�Qqp&`bfhgjx�R4^�±´`bR*c�^hmvfy^y³¦ªN· `b^
��mvfh`hM�`bm�cPmo`bg�x*R�`hM�po`U`bMPR�^hu�pvx*R

Sym+
n

�2po��`hMPm8dP�vM¤p�^hdP�_ ¢^rR*`tmo�lpq�8R6x¦`bmvft^hu�pvx*Rv�¥g�^UcPmo`Wp#�8R6x�`hmvf
^hu�p8x�Rv�¹ª Rvª ��ª��]`hM�R�cPR*�;p&`hg�mvc!mo�@p�u¥m;^rg�`hg��vR*  w_R*¬�cPg�`hR�Qqp&`bfhg�»(gj^�cPmo`�u2m8^hg©`bg��8R� ¢w_R�¬¥cPg©`bRvª
LNM�R��8m8po�;gj^�`bmU¬¥c�w�p­s�g�R*QqpocPc�g�pvc�Q#R�`hfbgjx ��g�`hM�g�c;`bR*fbR6^r`hg�cP�UR6cPmvdP�8M�uPfbmvu2R*fh`hg�R6^6ª«· `�`hd�fhc�^
m8d_`�`bM�p&`
g�`lgj^@u¥m;^h^hg��P��RN`bm�fhR4i;dPg�fbR�poc#g�c;�&pvfhgjpoc�x*RN�;\�`hMPR��§d����¥��g�cPR6pvf@�vfbmvdPu.±HZ_R6x¦`bg�m8c �Wª ~�ª � ³�ª�LNM�g�^@��R6p8wP^
`hm�p
�8R*fb\#fhR6�vdP�jpof�QqpocPg��§mv�jw!^r`hfbd�x�`hdPfbRW��M�R*fbRU`bR*c�^hmvfy^ ��g�`hM�c]dP���«poc�w!g�cP¬�cPg�`hR�R*g��vR6c;�&pv��dPR4^�pvfhR­�2mo`hM.p&`
pvc¤g�cP¬�cPg�`hR�wPg�^r`bpvc�x�R�mv� poc]\(u2m8^hg�`hg��vR�w_R*¬�cPg�`hR�^r\]Q#Q#R�`hfbgjx�Qqp&`hfbg�»�0�`hM�R�x�m8cPR�mv��u2m8^hg�`hg��vR�w_R*¬�cPg�`hR
^h\]Q#Q�R*`hfbg�x�Qqpo`hfbg�x*R6^tgj^tfbR*u���p8x�R6w��]\.pq^ru�p8x�R���M�g�xyM¤M�p8^tpoc¤g�c_¬�c�g©`bR�w_R6�vR*��mvu�Q�R6c;`tg�c¤R4pvxyM¤mo�@g�`b^
n(n+1)/2

w_g�fhR4x¦`hg�mvc¥^*ª�V¤mvfbR*m&�8R*f4�&`hM�R*fbRtg�^�mvcPRWpoc�wqm8cP��\�m8cPRU�8R*m_w_R6^hgjx
namvg�cPg�c���poc]\�`a��m�`hR*c¥^rm8fb^6ª
LNM]d�^6�&`bMPRt^a`bfhd¥x¦`hd�fhR���RNm8�_`bpvg�c�g�^l�vR*fb\�x���m8^hR�`hm�p­�vR4x¦`hm8f@^ru�p8x�R8�&R�»Px�R6u_`@`hM�po`�`hMPRt^hu�pvx*RNg�^@x*dPfh�8R6w¹ª

� ��� � 
 � � ��� �
½ � � � �P� � � � ��Â � �6�6� � � ½
��R�`�d�^�x�m8c�^rgjw_R6fU`bMPR��§m8����m&��g�cP�!p8x¦`hg�mvc�mo�l`bMPR���g�cPR6pvf��vfbmvdPu

GLn = {M ∈ Mn∗n/det(M) 6= 0}m8c(`bMPR�`hR6c�^hmvft^hu�pvx*R
Sym+

n

0

A � Σ = AΣAT ∀A ∈ GLn
poc¥w

Σ ∈ Sym+
n

±I�o�8³
LNMPgj^�pvx¦`bg�m8cqg�^ c�p&`bdPfypo����\�R�»]`hR6c�w_R4w#`hm�`ypocP�8R*c;` �8R6x¦`bmvfy^�0�g©�

Γ(t) = Σ+ tW +O(t2)
g�^�p�x�d�fh�8R

u¥pv^b^rg�cP��p&`
Σ
��g©`bMq`bpvcP�vR6c8`��vR6x�`hm8f

W
�v`bMPR*cq`bMPRWx*dPfb�vR

A�Γ(t) = AΣAT +O(t2)
u¥pv^b^rR4^�`hfbmvdP�8M

×�× Í
@BADC EDE
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A � Σ
��g©`bM�`bpoc��vR*c;`��vR4x¦`bmvf

A �W
ª

®�mv����m&��g�cP� * � �6, �Ppoc]\qg�c]�&pofbgjpoc;`NwPg�^r`bpvc�x�R­mvc
Sym+

n

�vR6fhg�¬�R6^
dist(A �Σ1, A �Σ2) = dist(Σ1, Σ2)

ª
Ã�M�m;m;^rg�cP�

A = Σ
−1/2
1

�P��R�x6poc�fhR4w_d�x�R�`bMPgj^�`hm�p�u�^hR*d�w_mv Ic�mvfbQ��]m8ftw_g�^r`bpvc�x�R­`bmqg�w_R6c;`hg�`a\ 0

dist(Σ1, Σ2) = dist(Id, Σ
−/2
1 Σ2Σ

−/2
1 ) = N(Σ

−/2
1 Σ2Σ

−/2
1 ).

±I� � ³
VFmvfbR*m&�vR6f6�&p8^�`hMPR�g�c]�&pofbg�pvc�x�RNM�p8^
`hm�MPm8��w��§mvf�poc]\�`hfypoc¥^a�§m8fhQqp&`bg�m8c«�

N
^hMPmvdP�jw��¥R�g�c]�&pofbg�pvc8`@dPc¥w_R*f

`bMPR�pvx�`hg�mvc�mo��`hMPR�gj^rmv`hfbmvu]\q�vfbmvd�u
H(Id) = On = U ∈ GLn/UUT = Id

0

∀U ∈ On, N(UΣUT ) = N(Σ).
±H�8�v³

TW^rg�cP��`hMPR�^ru2R6x�`hfypo��w_R6x*mvQ#u2m8^hg©`bg�m8c
Σ = UD2UT �Wg©`.g�^�R4pv^h\�`bm�^hR*R�`hM�po` N(Σ)

M¥pv^(`hm �¥R
^h\]Q#Q�R*`hfbg�x@�§dPc�x¦`bg�m8c�mv�_`hMPR�R*g��vR*c]�&po��dPR4^*ª�VFmvfbR*m&�vR6f6�*`hMPR�^r\]Q#Q#R�`bfh\�mo�_`bMPR�wPg�^r`bpvc�x�R

dist(Σ, Id) =
dist(Σ, Id)

g�Q�u2m8^hR6^�`bM�p&`
N(Σ) = N(Σ−1)

ª@LNM;d¥^*�vp­�8m;m_w�x*poc¥w_g�w�p&`hRNgj^
`hMPRt^hdPQ¯mv�¥`bMPR�^hi;d�pvfhR4w
��mv�;pofbg©`bMPQq^�mo��`bMPR�R*g��vR6c]�¸pv��d�R6^�0

N(Σ2) =
∑

i=1,n

(log(λi))
2.

±I�o}8³

LNM�g�^ 2acPm8fhQ 3��vR*fbg��§\(�]\�x*mvc�^r`hfbd�x�`hg�mvc�`hMPR�^r\]Q#Q#R�`hfb\.poc�w.u2m8^hg©`bg��8R*cPR4^h^6ª
N(Σ) = 0

g�Q#uP��g�R4^�`hM¥p&`
λi = 1

±²pvc�wEx�mvc]�8R*fy^r��\P³¦�«^hm(`bMPRq^rR6u�pofyp&`bg�m8cµp&»_g�mvQ¶gj^��vR*fbg�¬�R6w¹ª5&tm&��R*�8R*f4�2��R#w_m.cPm.�;c�m&� poc]\
^hg�Q�u���R�uPfbm;mv� mo� `hMPR�`hfbgjpocP�8��R�g�cPR4i;d�po��g©`a\8�¹��MPgjxyM�^hMPmvdP�jwFfbR6p8w

N(Σ1 + Σ2) ≤ N(Σ1) + N(Σ2)
�

R6�vR6c!g��
��R�x*pvc!�8R*fbg©�§\�g�`tR�»_u2R*fbg�Q#R6c8`ypo����\8ª

�!½ ���_���@� LNMPRF`ypocP�8R*c;`!^hu�pvx*RFmo�
Sym+

n

g�^�`hMPRE^ru�p8x�RFmv��^r\]Q#Q#R�`hfbgjxFQqp&`bfhgjx�R4^
Sym(n)

ª
·¢c¥w_R*R4w¹�2^hg�c�x�R�`bMPR��8fhm8dPu¤pvx¦`bg�m8c

φA : Σ → AΣAT g�^U��g�cPR6pvf6�¥g©`y^WwPR*fbg��&p&`bg��8R�Qqpou«�Cw_R*c�mo`hR4w dφA
�

gj^t�8g��8R*c.�]\
dφA = AXAT ªN· � X ∈ Sym(n)

�¥g©`­g�^�R4pv^h\(`bm�^rR6R�`hM¥p&`
dφA
g�^Wpo�;pog�c.pq^h\]Q#Q�R*`hfbg�x

Qqpo`hfbg©»¹ª@LNM]d�^�`hMPR�`ypocP�8R*c;`t^ru¥pvx�R�po`Upoc]\qu¥m8g�c;`
Σ ∈ Sym+

n

g�^�pv��^hm�R4i;dPg��&pv��R6c8`�`bm
Sym(n)

ª

� ��� �-� � � � � � �_� � � � � � �²½ ��� ��� � � � � ½ �6� � �
ÄUcPmo`bMPR*fN�Np¸\#`hm#w_R�`bR*fbQ#g�cPR­`bMPR�g�c]�&pofbg�pvc;`�w_gj^a`ypoc�x*R�g�^�`hM�fhm8dP�vM(`hMPR�s�g�R*Qqpoc�cPg�pvc!Q#R*`hfbg�xvª ��R�`�d�^
`ypo�8RU`bMPR�Q�m;^a`�^hg�Q#uP��R�^hx6po�jpof�uPfhm_w_d¥x¦`�mvc(`hMPR­`bpvcP�vR6c;`N^hu�pvx*R­po`N`hMPR�gjw_R*c;`hg�`a\�Qqp&`bfhg�»<0�g��

W1
poc¥w

W2
pofbR�`bpvcP�vR6c;`W�vR4x¦`bmvfy^�±§gIª Rvª�^r\]Q#Q#R�`bfhgjx�Qqpo`hfbg�x*R6^6�¥cPmv`­c�R6x�R4^h^bpofbg���\.w_R�¬¥cPg©`bR�c�mvf­u¥m;^rg�`hg��vR¸³¦�C��R

wPR�¬�cPR�`bMPR�^bx*pv��pvf�u�fhm_w_d�x�`�`hm­�¥R�`hM�RN^r`bpvc�wPpvfbw�Qqpo`hfbg©»�^bx*pv��pvf�uPfbm_w_d�x�`
〈W1|W2〉 = Tr(W T

1 W2)
ª

LNM�g�^�^hx6po�jpof@uPfbm_w_d�x¦`�g©�«m8�;�]g�mvd�^h��\�g�c;�&pvfhgjpoc;`@�]\�`bMPRUgj^rmv`hfbmvu]\��8fhm8dPu
On
ª@Stm&���;g©�

W1
poc¥w

W2
pofbR

`a��m!`bpoc��vR*c;`��vR4x¦`hm8fb^­p&`
Σ
�«��R#fhR4i;dPg�fbR�`bMPR*g�f�^bx*po�jpof­uPfbm_w_d�x¦`�`bm��2R#g�c]�&pofbgjpoc;`­�]\.`bMPR�pvx�`hg�mvcµmv�

pvc]\�`hfypoc¥^a�§m8fhQqp&`bg�m8c80
〈W1|W2〉 = 〈A�W1|A�W2〉A�Σ

ª@LNMPgj^ ^hMPmvd���w��2Rt`hfbdPRtg�cqu�pvfr`bg�x*dP��pvf��§mvf
A = Σ−1/2 �¥��MPgjxyMµpv����m&�t^�d�^U`hm�w_R�¬�c�R�`hM�R�^bx*po�jpofUuPfhm_w_d¥x¦`Wpo`­poc]\ Σ

�§fhm8Q'`bMPR�^bx*pv��pvftuPfbm_w_d�x¦`
po`N`hMPR�gjw_R*c;`bg©`a\�0

〈W1|W2〉Σ = 〈Σ−1/2W1Σ
−1/2|Σ−1/2W2Σ

−1/2〉Id = Tr(Σ−1/2W1Σ
−1W2Σ

−1/2)
±I�&~;³

$ R6m_w_R6^hg�x6^�m8c `hR6c�^hmvf(QqpvcPg©�§m8��w �vmvg�cP�,`bMPfbmvdP�8M
Σ
��g©`bM `ypocP�8R*c;`!�8R6x¦`bmvf

W
^hMPm8dP��w M�p¸�vRµ`hMPR

�§m8����m&��g�cP���§m8fhQ�±²^hR*R�k�R*cPc�R6x­�§mvf�Q#m8fhR�w_R�`ypog���^y³D0

Γ(Σ,W )(t) = Σ1/2exp(tΣ−1/2WΣ−1/2)Σ1/2
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½ � � � � "�� � Â " Á � �_� � ����� ��� �
ÄW^�p��8R*cPR6fbpv�&uPfbmvu2R*fh`a\Umo�Ps�g�R*QqpvcPcPgjpoc�QqpocPg��§mv�jwP^6�6�8R*m_w_R4^rgjx*^¹fbR6pv��g/.*RlpN��m_x*pv�8w_g-'2R6mvQ#mvfbuPMPgj^hQ �§fbmvQ
`bMPR�`ypocP�8R*c;`W^hu�pvx*R�p&`�pq�vg��vR6c¤u¥m8g�c;`­mo�@`hM�R�QqpocPg��§mv�jw�`hm(`hMPR�QqpocPg��§mv�jw<0

Γ(Σ,W )(1) = expΣ(W )p8^h^hm_x�gjp&`bR6^�`bm(R4pvxyM¤`ypocP�8R*c;`U�vR4x¦`bmvf
W ∈ TΣSym+

n

p(u¥m8g�c;`�mo�@`bMPR�QqpvcPg©�§m8��w«ª­LNMPgj^­QqpouPuPg�cP�!g�^
x6po����R4w#`hM�RWR*»]u2mvc�R*c;`hgjpo�CQqpou«�]�2R6x6pod�^hRUg�`Nx*mvfbfhR4^ru2mvc¥wP^@`bm�`bMPRWd¥^rd�pv�¥R*»_u¥m8cPR*c;`hgjpo�2g�c!^hmvQ#RWQqpo`hfbg©»
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expId(UDUT ) = exp(UDUT ) = Uexp(D)UT .
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expΣ(W ) = Σ1/2exp(Σ−1/2WΣ−1/2)Σ1/2.
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