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Bornes sur les performances de I’algorithme lambda Itérations sur
les politiques

Résumé : Nous considérons le probleme du controle optimal stationnaire a temps discret, a horizon
infini, avec le critére actualisé. Nous étudions lambda Itérations sur les politiques, une famille d’algorithmes
paramétrées par lambda, originellement proposée par loffe et Bertsekas. Lambda Itérations sur les politiques
généralise les algorithmes standards Itérations sur les valeurs et Itérations sur les politiques, et est intimiment
lié & lalgorithme TD(lambda) proposé par Sutton et Barto. Nous approfondissons l'analyse originelle
développée par Ioffe et Bertsekas en décrivant des bornes sur la vitesse de convergence qui généralisent des
résultats standards concernant Itérations sur les valeurs décrits par exemple par Puterman. Nous développons
également l'analyse de cet algorithme lorsqu’il est utilisé de maniere approchée. Ce faisant, nous étendons et
unifions les analyses développées séparément par Munos pour les versions approximatives d’Itérations sur les
valeurs et d’Itérations sur les politiques. La contribution principale de cet article est de montrer qu’utiliser
une version approximative de Lambda Policy Iteration est fondé.

Mots-clés : Controle optimal, Apprentissage par renforcement, Analyse d’algorithmes, Vitesse de convergence,
Bornes d’erreurs, Processus de décision markovien, Itérations sur les valeurs, Itérations sur les politiques,
Différences temporelles, Apprentissage par renforcement, Semi-norme span
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4 Scherrer

Introduction

We consider the discrete-time infinite-horizon discounted stationary optimal control problem formalized by
Markov Decision Processes. We study A Policy Iteration, a family of algorithms parameterized by A, originally
introduced by Toffe and Bertsekas [I]. A Policy Iteration generalizes the standard algorithms Value Tteration
and Policy Iteration, and has some connections with TD(A) introduced by Sutton & Barto [9]. We deepen the
original theory developped by Ioffe and Bertsekas [I] by providing convergence rate bounds which generalize
standard bounds for Value Iteration described for instance by Puterman [7]. We also develop the theory of
this algorithm when it is used in an approximate form. Doing so, we extend and unify the separate analyses
developped by Munos for Approximate Value Tteration [5] and Approximate Policy Iteration [4]. The main
contribution of this paper is to show that doing Approximate Lambda Policy Iteration is sound.

1 Definition of norms and seminorms

The analysis we will describe in this article relies on several norms and seminorms which we define here.

Let X be a finite space. In this section, u denotes a real-valued function on X, which can be seen as a
vector of dimension |X|. Let e denote the vector of which all components are 1. p denotes a distribution on
X. We consider the weighted L, norm:

[l

1/p
i (anu(x)w) .

We will write |||, the unweighted L, norm (i.e. with uniform distribution x). [|.||, is the max-norm:

]l = maxu(@)] = Tim [,

We write span [.] the span seminorm (as for instance defined in [7]):

span [u] := maxu(x) — minu(z).

It can be seen that
span, [u] = 2min |lu — ae|| .
a
It is thus natural to generalize the span seminorm definition as follows:

span,, , [u] 1= 2 main |u—ael,,

It is clear that it is a seminorm (i.e. it is non-negative, it satisfies the triangle inequality and span, [au] =
|a|span, [u]). Tt is not a norm because it is zero for all constant functions.

The error bounds we will derive in this paper are expressed in terms of some span seminorm. The following
relations

span,, [u] < 2uf, < 2ull,
span, , [u] < 2full., < 2lul. M)
spang, [u] < 2]lufl,

show how to deduce error bounds involving the (more standard) L, and max norms. Since the span seminorm
can be zero for non zero (constant) vectors, there is no relation that would enable us to derive error bounds
in span seminorm from a L, or a max norm. Bounding an error with the span seminorm is in this sense
stronger and this constitutes our motivation for using it.

INRIA



Performance Bounds for \ Policy Iteration 5

2 Markov Decision Processes

This paper is about the discrete-time infinite-horizon discounted stationary optimal control problem, which
we describe now.

2.1 The Stochastic Optimal Control Problem

This paper is about the discrete-time infinite-horizon discounted stationary optimal control problem, which
we describe now. We consider a discrete-time dynamic system whose state transition depends on a control.
We assume that there is a state space X of finite size N. When at state ¢, the control is chosen from a finite
control space A. The control a € A specifies the transition probability p;;(a) to the next state j. At
the kth iteration, the system is given a reward v¥7(i,a,j) where r is the instantaneous reward function,
and 0 < v < 1is a discount factor. The tuple (X, A, p,r,~) is known as a Markov Decision Process [].

We are interested in stationary deterministic policies, that is functions 7 : X — A which map states into
controls'. Writing 45, the state at time k, the value of policy 7 at state i is defined as the total expected
return while following a policy 7 from ¢, that is

N-1
0T (i) = i B | 79 rin mlin)s i) o = ] (2)
k=0

where E, denotes the expectation conditional on the fact that the actions are selected with the policy .
The optimal value starting from state ¢ is defined as

v, (2) := max v™ (7).

T
We write P™ the N x N stochastic matrix whose elements are p;;(7(¢)) and r™ the vector whose components

are > pij(m(i))r(i,m(i),j). v™ and v, can be seen as vectors on X. It is well-known that v™ solves the
following Bellman equation:

v =1r" +yPT0".

v™ is a fixed point of the linear backup operator 77v := r™ + vP™v. As PT™ is a stochastic matrix, its

eigenvalues cannot be greater than 1, and consequently I — vP™ is invertible. This implies that
0T = (= PT) T = S (P 3)
i=0

It is also well-known that v, satisfies the following Bellman equation:
v, = max(r™ +yP"v,) = max 7 ",
U U

v 1s a fixed point of the nonlinear backup operator 7 v := max, 7 "v. Once the optimal value v, is computed,
deriving an optimal policy is straightforward. For any value vector v, we call a greedy policy with respect
to the value v a policy 7 that satisfies:
T € argmax v
s

or equivalently 7™v = 7v. We will write, with some abuse of notation? greedy(v) any policy that is greedy
with respect to v. The notions of optimal value function and greedy policies are fundamental to optimal

IRestricting our attention to stationary deterministic policies is not a limitation. Indeed, for the optimality criterion to be
defined soon, it can indeed be shown that there exists at least one stationary deterministic policy which is optimal [7].
2There might be several policies that are greedy with respect to some value v.

RR n° 0123456789



6 Scherrer

control because of the following property: any policy 7, that is greedy with respect to the optimal value is
an optimal policy and its value v™ equals v.

It is well-known that the backup operators 77 and 7 are ~y-contraction mappings with respect to the
max-norm. In what follows we only write what this means for the Bellman operator 7 but the same holds
for T™. Being a 7y-contraction mapping for the max-norm means that for all pairs of vectors (v, w),

|0 —Tuwll, <7 llv—wl...
This implies that the corresponding fixed point exists and is unique and that for any initial vector vy,

klim (T)Fvg = . (4)

2.2 Value Iteration

The Value Iteration algorithms for computing the value of a policy 7 and the value of the optimal policy 7.
rely on equation Bl Algorithm [0 provides a description of Value Iteration for computing an optimal policy
(replace 7 by 7™ in it and one gets Value Iteration for computing the value of policy 7). In this description,

Algorithm 1 Value Iteration
Input: An MDP, an initial value vq
Output: An (approximately) optimal policy
k0
repeat
Vg1 — Tur + €41 // Update the value
k—k+1
until some stopping criterion
Return greedy(vy)

we have introduced a term ¢, which stands for several possible sources of error at each iteration: this error
might be the computer round off, the fact that we use an approximate architecture for representing v, a
stochastic approximation of P™*  etc... or a combination of these. In what follows, when we talk about the
Exact version of an algorithm, this means that e, = 0 for all k.

Properties of Exact Value Iteration It is well-known that the contraction property induces some
interesting properties for Exact Value Iteration. We have already mentioned that contraction implies the
asymptotic convergence (equationH]). It can also be inferred that there is at least a linear rate of convergence:
for all reference iteration kg, and for all k& > kg

[ = vl < 750 Jfos — kgl -

Even more interestingly, it is possible to derive a performance bound, that is a bound of the difference
between the real value of a policy produced by the algorithm and the value of the optimal policy 7. (see for
instance [7). Let 7, denote the policy that is greedy with respect to vi_1. Then, for all reference iteration
ko, and for all k& > ko,

k—ko 9~ k—ko

2y
HTU]% - Uko”oo = 11—~

L=~
This fact is of considerable importance computationally since it provides a stopping criterion: taking k =
ko + 1, we see that if [|vgg41 — Vi |l < 12_—je, then [lv, —v™o+1|| <.

Tt is somewhat less known that the Bellamn operators 7 and 7™ are also contraction mapping with respect
to the span,, seminorm [[7]. This means that there exists a variant of the above equation involving the span
seminorm instead of the max-norm. For instance, such a fact provides the following stopping criterion [1:

[[oe =™l < [[0ko+1 = Vko [l -

INRIA



Performance Bounds for \ Policy Iteration 7

Proposition 2.1 (Stopping Condition for Exact Value Iteration [7]).
If at some iteration kg, the difference between two subsequent iterations satisfies
l1—v

v

Spamn [Vkg+1 — ko) < €

then the greedy policy Ti,4+1 with respect to vy, is e-optimal: ||v, — v™Ro+1|| <.

This latter stopping criterion is better since, from the relation between the span seminorm and the norm
(equation [) it implies the former.

Properties of Approximate Value Iteration When considering large Markov Decision Processes, one
cannot usually implement an exact version of Value Iteration. In such a case €5 # 0. In general, the algorithm
does not converge anymore but it is possible to study its asymptotic behaviour. The most well-known result
is due to Bertsekas and Tsitsiklis [2]: If the approximation errors are uniformly bounded ||e||,, < €, then
the difference between the asymptotic performance of policies 741 greedy with respect to vy, satisfies

2y
limsup ||v. — 0™ < ——5¢€. 5
msup v, — o € o o)

Munos has recently argued in [ B] that, since most supervised learning algorithms (such as least square
regression) that are used in practice for approximating each iterate of Value Iteration minimize an empirical
approximation in some L, norm, it would be more interesting to have an analogue of the above result where
the approximation error € is expressed in terms of the L, norm. Munos actually showed how to do this in [5].
The idea is to analyze the componentwise asymptotic behaviour of Approximate Value Iteration, from which
it is rather easy to derive L,, analysis for any p. Write P, = P™* the stochastic matrix corresponding to the
policy m which is greedy with respect to vi_1, P. the stochastic matrix corresponding to the (unknown)
optimal policy ..

Lemma 2.2 (Componentwise Asymptotic Performance of Approximate Value Iteration [5]).
The following matrices

Qrj = (=T —~vPy) ' PyPy_1...Pj41
Qi = Q=T —~P) (P

are stochastic and the asymptotic performance of the policies generated by Approximate Value Iteration sat-
isfies

k—1
limsup v, — 0™ <limsup —— Y9 [ Qi - Qi -
P * P 1— v Jgo [ g J] J

From the above componentwise bound, it is possible® to derive the following L, bounds.

3This result is not explicitely stated by Munos in [B], but using a technique of another of his articles [, it is straightforward
to derive from Lemma [ZZ The current paper will anyway generalize this result (in Proposition EEJ page E3).
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8 Scherrer

Proposition 2.3 (Asymptotic Performance of Approximate Value Iteration I).
Choose any p any distribution p. Consider the notations of LemmaZA and[34) If the approximation errors
are uniformly bounded for the following set of norms

Yk > 7, <e

HEk”IL%M(Q;‘k-i—Q;k)

then the asymptotic performance of policies generated by Value Iteration satisfies

2y
lim su Ve —VTF < —
msup [v. =™, < T

Munos also introduces some concentration coefficient [@ B]: Assume there exists a distribution v and a
real number C(v) such that

@

a
C(v) := max p”—() (6)

ija v(j)
For instance, if one chooses the uniform law v, then there always exists such a C(v) € (1, N) where N is
the size of the state space. See [, B] for more discussion on this coefficient. This concentration coefficient is

interesting because it allows to derive the following performance bounds on the max-norm of the loss.

Proposition 2.4 (Asymptotic Performance of Approximate Value Iteration II [5]).
Let C(v) be the concentration coefficient defined in equation [A If the approzimation errors are uniformly
bounded

llexll,, <€

then the asymptotic performance of the policies generated by Approximate Value Iteration satisfies

29 (C(w))"/?
limsup |Jve — 0™ < %e.
The main difference between the bounds of Propositions and 4 and that of Bertsekas and Tsitsiklis
(equation B is that the approximation error € is controlled by the weighted L;, norm. As limy .o |||, , <

|l and (C(I/))l/p "% 1, Munos’s results are strictly better.

There is in general no guarantee that AVI converges. AVI is known to converge for specific approximation
architectures known as averagers [3] which include state aggregation. Also, convergence may just occur
experimentally. Suppose (vi) tends to some v. Write 7 the corresponding greedy policy. Note also that (ef)
tends to v — 7w, which is known as the Bellman residual. The above bounds apply, but in this specific
case, they can be improved by a factor ﬁ It is indeed known (e.g. [I0]) that

QI —
(1—7)

[os —v lo =Tl

and, with the same notations as above, Munos derived the analogous better L, bound [5]:

Corollary 2.5 (Performance of Approximate Value Iteration in case of convergence [5]).
Let C(v) be the concentration coefficient defined in equation @ Suppose (v) tends to some v. Write 7 the
corresponding greedy policy. Then

1
(e[

N € k)
Eventually, let us mention that in [5], Munos also shows some finer performance bounds (in weighted L,

norm) using some finer concentration coefficients. We won’t discuss them in this paper and we recommend
the interested reader to go through [A].

[os — 07|

v =T,

INRIA



Performance Bounds for \ Policy Iteration 9

2.3 Policy Iteration

Policy Iteration is an alternative method for computing an optimal policy for an infinite-horizon discounted
Markov Decision Process. This algorithm is based on the following property: if 7 is some policy, then any

Algorithm 2 Policy Iteration

Input: An MDP, an initial policy 7
Output: An (approximately) optimal policy

k<0

repeat
v — (I —yP™) 7 Lp™e ¢ // Estimate the value of my,
Trt1 < greedy(vk) // Update the policy
k—k+1

until some stopping criterion
Return 7,

policy 7’ that is greedy with respect to the value of 7, i.e. any 7’ satisfying 7’ = greedy(v™), is better than 7
in the sense that v™ > v™. Policy Iteration exploits this property in order to generate a sequence of policies
with increasing values. It is described in Algorithm Bl Note that we use the analytical form of the value of
a policy given by equation Bl Also, as for Value Iteration, our description includes a potential error € term
each time the value of a policy is estimated.

Properties of Exact Policy Iteration When the state space and the control spaces are finite, it is well-
known that Exact Policy Iteration converges to an optimal policy 7. in a finite number of iterations. It is
known that the rate of convergence is at least linear [7]. If the function v — pereedy(v) g Lipschitz, then it
can be shown that Policy Iteration has a quadratic convergence []. However, we did not find any stopping
condition in the literature that is similar to the one of Proposition EZ11

Properties of Approximate Policy Iteration For problems of interest, one usually uses Policy Iteration
in an approximate form, i.e. with ¢, # 0. Results similar to those we presented for Approximate Value
Iteration exist for Approximate Policy Iteration. As soon as there is some error €; # 0, the algorithm does
not necessarily converge anymore but there is an analog of equation H which is also due to Bertsekas and
Tsitsiklis [2]: If the approximation errors are uniformly bounded (Vk, ||ex|| ., < €), then the difference between
the asymptotic performance of policies w41 greedy with respect to v; and the optimal policy is

. o 2y

h/?isip lvs — 0™ < a 77)26. (7)
As for Value Iteraton, Munos has extended this result so that one can get bounds involving the L, norm. He
also showed how to relate the performance analysis to the Bellman residual vy —7 ™+ v, that says how much vy,
approximates the real value of the policy 7y ; this is interesting when the evaluation step of Approximate Policy
Iteration involves the minimization of this Bellman residual. It is important to note that this Bellman residual
is different from the one we introduced in the previous section (we then considered vy — 7T vy = vy, — 7 ™+,
where 711 is greedy with respect to vg). To avoid confusion, and because it is related to some specific
policy, we will call vy, — 7™ vy, the Policy Bellman residual. Munos started by deriving a componentwise
analysis. Write P, = P™ the stochastic matrix corresponding to the policy 7 which is greedy with respect
to vk—1, Px the stochastic matrix corresponding to the (unknown) optimal policy ..

RR n° 0123456789



10 Scherrer

Lemma 2.6 (Componentwise Asymptotic Performance of Approximate Policy Iteration [4]).
The following matrices

Ry = (1—-7)2 —vP) ' Pepa(I — yPegr)
R, = (1=7)°=7P) " [Pc+vPesr( = vPit1) " Pi]
Ry = (-7 —-~P) 'P.(I-F)

are stochastic and the asymptotic performance of the policies generated by Approximate Policy Iteration
satisfies

2y
limsup v, —v™ < ———limsup [Rp — R}]ex
k— oo - (1 - '7)2 k— oo [ k]
2y

limsup v, —v™ < ———limsup [Rip — R}](vp — T ™ wvy).
k—oo (1 - 7)2 k—oo [ k] ( )

As for Value Iteration, the above componentwise bound leads to the following L, bounds.

Proposition 2.7 (Asymptotic Performance of Approximate Policy Iteration I [4]).
Choose any p and any distribution p. With the notations of Lemma 20, the asymptotic performance of the
policies generated by Approzimate Policy Iteration satisfies

2y
. o .
s .~ S g s ekl )
2y
. o . e
hlIcILchp ||ve — v ”p,u S hIIcILS;p ||lox — T vk||p,%u(Rjk+Rg)'

Using the concentration coefficient C(v) introduced in the previous section (equation [l), it is also possible
to show? the following weighted L, bounds:

Proposition 2.8 (Asymptotic Performance of Approximate Policy Iteration IT).
Let C(v) be the concentration coefficient defined in equation @ The asymptotic performance of the policies
generated by Approximate Policy Iteration satisfies

. 2y (C(v))"/?
lim su Ve — VTF < —
kaoop || ||oo (1 _ 7)2
2y (C(v))"/?

)

limsup |[lexl,,

k—o0

. e >
Loy o —v™ |, < =
Again, the bounds of Propositions EX1 and with respect to the approximation error € are better than
that of Bertsekas and Tsitsiklis (equation[). Compared to the analog result for Approximate Value Iteration
(Propositions and 24 where the bound depends on a uniform error bound (Vk, [|exl|, , < €), the above
bounds have the nice property that they only depend on asymptotic errors/residuals.
Finally, as for Approximate Value Iteration, a better bound (by a factor ﬁ) might be obtained if the
sequence of policies happens to converge. It can be shown (from [4], Remark 4 page 7) that:

5— limsup [lvg — 77 vl],, , -

k—oo

4Similarly to footnote B this result is not explicitely stated by Munos in [#] but using techniques of another of his articles
El, it is straightforward to derive from Lemma Zll The current paper will anyway generalize this result (in Proposition EEI0

page 3.
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Performance Bounds for A\ Policy Iteration 11

Corollary 2.9 (Performance of Approximate Policy Iteration in case of convergence).
Let C(v) be the concentration coefficient defined in equationd. If the sequence of policies (my) converges to
some T, then

9 C 1/p
vt < O el
(1 - '7) k—o0 P
2y (C))'P
vy — 0" < ———limsu v — T |, -
ey e | I,

2.4 )\ Policy Iteration

Value Iteration and Policy Iteration are often considered as unrelated algorithms. Though all the results we
have emphasized so far are strongly related (and even sometimes identical), they were proved independently
for each algorithm. In this section, we describe a family of algorithms called “X Policy Iteration” (originally
introduced in [I]) parameterized by a coefficient A € (0, 1), that generalizes them both. When A = 0, A Policy
Iteration will reduce to Value Iteration while it will reduce to Policy Iteration when A = 1. We will also
briefly discuss the fact that A Policy Iteration draws some connections with Temporal Difference algorithms
which one finds in the Reinforcement Learning literature [9].

We begin by giving some intuition about how one can make a connection between Value Iteration and
Policy Iteration. For the moment let us forget about the error term e;. Value Iteration seems to build a
sequence of value functions and Policy Iteration a sequence of policies. Both algorithms can in fact be seen
as updating a sequence of value-policy pairs. With some little rewriting — by decomposing the (nonlinear)
Bellman operator 7 into 1) the maximization step and 2) the application of the (linear) Bellman operator
— it can be seen that each iterate of Value Iteration is equivalent to the two following updates:

me+1 < greedy(vg) o ) TRl greedy(vx)
'Uk-l-l - Tﬂ'k+1vk Uk+1 — TTFk+1 + ,7P7rk+1/uk_

The left hande side of the above equation uses the operator 7 ™#+! while the right hande side uses its definition.
Similarly — by inversing in Algorithm B the order of 1) the estimation of the value of the current policy and
2) the update of the policy, and by using the fact that the value of policy 711 is the fixed point of 7 ™k+1
(equation Hl) — it can be argued that every iteration of Policy Iteration does the following:

Trr1 < greedy(vg) o T = greedy(vy,)
Uppr o (T7)wy, Vpy1 — (I —APme) Tl

Thanks to this little rewriting, both algorithms now look close to each other. Both can be seen as having
an estimate vy of the value of policy my, from which they deduce a potentially better policy mi4+1. The
corresponding value v™*+1 of this better policy may be regarded as a target which is going to be tracked by
the next estimate vi41. The difference is in the update that enables to go from vy to viy1: while Policy
TIteration directly jumps to the value of 7,11 (by applying the Bellman operator 7™+ an infinite number of
times), Value Iteration only makes one step towards it (by applying 7™+! only once). From this common
view of Value Iteration, it would be possible to naturally introduce the well-known Modified Policy Iteration
algorithm (see e.g. [7]) which makes n steps at each update:

Tre1 <« greedy(vg) The1 < greedy(vg)
Vg1 —  (T™E+1) "y Vps1 [T+ yP™+ 4 (PR pTe (PR

The above common view is actually here interesting because it leads to a natural introduction of A Policy
Iteration. A Policy Iteration is doing a A-adjustable step towards the value of mpy1:

{m+1 — greedy(uvy) Trer < greedy(vk)

v = (L= SN (T )ty { Ukir (L= MyPT)TH (e (1= Ay Pt )

RR n° 0123456789



12 Scherrer

More formally, A Policy Iteration (see the above left hand side) consists in doing a A-geometric average of
the different number of applications of the Bellman operator (7 ™+!)J to vx. The right hand side is here
interesting because it clearly shows that A Policy Iteration generalizes Value Iteration (when A = 0) and
Policy Iteration (when A\ = 1). The actual equivalence between the left and the right can be proved as
follows:

oo 0 J
Z Tﬂ'k+1 JHL, _ (17 Z {l:z PTrk+1 :| Th41 +(,YP7rk+1)j+lvk}
=0

1=0

)\J' (,)/Pﬂ'k+1 )j+111k

]2

(1= XN (y P71l Th1 4 (1 — \)
0

Il
.Mg
M“’

<
Il
o
I

0

<.
Il

X (y P )
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In order to describe the A\ Policy Iteration algorithm, it is useful to introduce a new operator. For any
value v and any policy 7, define (the following four formulations are equivalent up to some little linear algebra
manipulations):

TTv = v+ (- \P") N (T"v—v) (8)
= (I-MP")"YT™v—\yP™0)
= (I-XMP")7'(r™ 4+ (1 — N)yP™) (9)
= (I-XMP) '™ +(1—-NT™) (10)

A Policy Iteration is formally described in Algorithm Once again, our description includes a potential

Algorithm 3 )\ Policy Iteration
Input: An MDP, A € (0, 1), an initial value vy
Output: An (approximately) optimal policy

k<0

repeat
Trt+1 < greedy(vy) // Update the policy
vkt1 — T, "'op + €41 // Update the estimate of the value of policy mj41
k—Fk+1

until some convergence criterion
Return greedy(vy)

error term each time the value is updated. Even with this error term, it is straightforward to see that the
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algorithm reduces to Value Iteration (Algorithm [[) when A = 0 and to Policy Iteration® (Algorithm B) when
A=1.

Relation with Reinforcement Learning The definition of the operator 7" given by equation Blis the
form we have used for the introduction of A Policy Iteration as an intermediate algorithm between Value
Iteration and Policy Iteration. The equivalent form given by equation B can be used to make a connection
with the TD()) algorithms® that one finds in the Reinforcement Learning literature, of which a reference is
the book by Sutton & Barto [9]. Indeed, equation @l can be seen as an incremental additive procedure:

Vg1 < Uk + O

where
O := (I — )\’yP“’““)fl(T”’““vk — )

is zero if and only if the value vy is equal to the optimal value v.. It can be shown (see [I] for a proof or
simply look at the equivalence between equationsP and Blfor the intuition) that the vector 0, has components
given by:
N—1
By (M) dy (i ij41) | o = i
0

Jj=

with
di(i,3) := (i, me41(3), ) + YV (J) — V(3)

being the temporal difference associated to transition ¢ — j, as introduced by Sutton & Barto [9]. When one
uses a stochastic approximation of A Policy Iteration, that is when the expectation Er,,, is approximated
by sampling, A Policy Iteration reduces to the algorithm TD(A) which is described in chapter 7 of [9]. Also,
Bertsekas and Toffe [I] showed that Approximate TD()) with a linear feature architecture, as described in
chapter 8.2 of [d], corresponds to Approximate A Policy Iteration where the value is updated by least square
fitting using a gradient-type iteration after each sample. Eventually, the interested reader might notice that
the “unified view” of Reinforcement Learning algorithms which is depicted in chapter 10.1 of [9] is in fact a
picture of A Policy Iteration.

Properties of Exact A Policy Iteration In the original article introducing A Policy Iteration [I], Bert-
sekas and Toffe provide an analysis of the algorithm when it is run exactly (when €, = 0). Define the following

factor (1)
o — A)Y
B=T" V. (11)

We have 0 < § <y < 1. If A = 0 (Value Tteration) then 5 = v, and if A = 1 (Policy Iteration) then 8 = 0.
They give some insight on what happens at each iteration. For all k, define the operator

Yo, Mpv:= (1 —XN)T ™o, + NT 1y (12)

Assume 7 ™ +1 ig a contraction mapping of modulus « for some norm ||.||; this assumption is always true with
« =~ and the max-norm. Then [I]

e M is a contraction mapping of modulus S« for the same norm |.|.

5Policy Iteration starts with an initial policy while X Policy Iteration starts with some initial value. To be precise, 1 Policy
Tteration starting with vg is equivalent to Policy Iteration starting with the greedy policy with respect to vg.

STD stands for Temporal Difference. The connection with TD algorithms was one of the motivation of the original article
about A Policy Iteration by Bertsekas and Ioffe [I]. Indeed, A Policy Iteration is there also called “Temporal Difference Based
Policy Iteration” and the presentation the authors give starts from the formulation of equation B (which is close to TD())) and
then makes the connection with Value Iteration and Policy Iteration.

RR n° 0123456789
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e The next iterate vg41 is the (unique) fixed point of M.

The operator M}, gives some insight on how to concretely implement one iteration of A Policy Iteration: it
can for instance be done through a Value Iteration-like algorithm which applies M, iteratively. Also, the
fact that its contraction factor g can be tuned is of particular importance because finding the corresponding
fixed point can be much easier [I] than that of 7™+! which is only y-contracting.

Bertsekas and Ioffe also show the convergence and provide an asymptotic rate of convergence:

Proposition 2.10 (Convergence and Rate of Convergence of Exact A Policy Iteration [I]).
If the discount factor v < 1, then vy converges to v.. Furthermore, after some index k., the rate of conver-
gence is linear in B as defined in equation [T, that is

vk > k*y ||Uk:+1 - U*” < ﬁ”vk - U*”

By making A close to 1, § can be arbitrarily close to 0 so the above rate of convergence might look
impressive. This needs to be put into perspective: the index k. is the index after which the policy m; does
not change anymore (and is equal to the optimal policy 7). As we said when we introduced the algorithm,
A controls the speed at which one wants vy to “track the target” v™+!; when A = 1, this is done in one
step (and if 7,1 = 7. then viy; = v.). However, the bigger the value of A, the less the operator M, is
contracting (recall that the contraction factor is 5 defined in equation [[), and the more time it might take
to compute the next iterate vg+q (its fixed point).

Analyses are usually simpler for Value Iteration than for Policy Iteration. Analyses of Value Iteration
is based on the fact that it is an algorithm that computes the fixed point of the Bellman operator which is
a 7y-contraction mapping in max-norm (see e.g. [2]). Unfortunately, it can be shown that the operator by
which Policy Iteration updates the value from one iteration to the next is in general not a contraction in
max-norm; Analyses of Policy Iteration rely on some other properties, like the fact that the sequence values
is (approximately) non-decreasing (see |2, @]). In fact, this observation can be drawn for A Policy Iteration
as soon as it does not reduce to Value Iteration:

Proposition 2.11. As soon as A > 0, there exists no norm for which the operator by which A\ Policy Iteration
updates the value from one iteration to the next is a contraction.

Proof. To see this, consider the following deterministic MDP with two states {1, 2} and two actions {change, stay}:
1 =0, 72 = 1, Pehange(52]51) = Pehange(51]52) = Pstay(51]51) = Pstay(s2]s2) = 1. Consider the follow-

ing two value functions v = (¢,0) and v = (0,¢) with € > 0. Their corresponding greedy policies are

m = (stay, change) and " = (change, stay). Then, we can compute the next iterates of v and v’ (using
equation H):

T+ (1= )P = ((1-=XNve, 14+ (1= N)ve)
(1= X)ye (1= XN)ve
T = 1
A 11—y’ + 1— )y
o (1- )\v)P”/v' = ((1=Nvye, 14+ (1= X)ve)
Iy = L+ (1 =XN)ye 7 14+ (1= A)ye
11—y 11—y
Then
Ty — Ty = ! -1 ! -1
A AT 1= 1=y
while

v/ —v = (—¢c¢).

As all norms are equivalent, and as € can be arbitrarily small, the norm of 777v — ’T)\”/v’ can be arbitrarily
larger than norm of v — v" when A > 0. O
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Approximate \ Policy Iteration In their original article [I], Bertsekas and Ioffe describe a case study
involving an instance of Approximate A Policy Iteration (with (e; # 0). However, to the best of our knowledge,
there is no work studying the theoretical soundness of doing Approximate A Policy Iteration.

2.5 QOur contributions

Now that we have described the algorithms and some of their known properties, motivating the remaining
of this paper is straightforward. A Policy Iteration is conceptually a very nice algorithm since it generalizes
the two most-well known algorithms for solving discounted infinite-horizon Markov Decision Processes. The
natural question that arises is whether one can generalizes the results we have described so far to A Policy
Iteration(uniformly for all \). The answer is yes:

e We provide a componentwise analysis of Exact and Approximate A\ Policy Iteration.

e We show that the convergence rate of Exact A Policy Iteration is linear (Proposition ZZI0 only showed
the asymptotic linear convergence) and we generalize the stopping criterion described for Value Iteration

(Proposition EZTI).

e We give componentwise and span seminorm bounds of the asymptotic error of Approximate A Policy
Iteration with respect to the asymptotic approximation error, Bellman residual, and Policy Bellman
residual. This generalizes Lemmas and 28 and Propositions Z3ZA B and Our analysis
actually implies that doing Approximate A Policy Iteration is sound (when the approximation error
tends to 0, the algorithm finds the optimal solution).

e We provide specific (better) bounds for the case when the value or the policy converges, which gener-
alizes Corollaries 2ZZ0 and 229

e Last but not least, we provide all our results using the span seminorms we have introduced in section
[ and using the relations between this span semi-norms and the standard L, norms (equation [), it
can be seen that our results are slightly stronger than all the previously described results.

Conceptually, we provide a unified vision (unified proofs, unified results) for all the mentioned algorithms.

3 Componentwise Performance bounds for A\ Policy Iteration

This section contains our main results, which take the form of componentwise bounds of the performance
bounds when using A Policy Iteration. For clarity, most proofs are deferred to the appendix. The core of
our work is the complete analysis of A\ Policy Iteration (Appendix [Bl). It serves as a basis for computing
the rate of convergence of Exact A Policy Iteration (Section Bl proof in Appendix [() and the asymptotic
performance of Approximate A Policy Iteration with respect to the approximation error (Section B2, proof in
Appendix [D). The asymptotic performance of Approximate A Policy Iteration with respect to the Bellman
residuals is somewhat simpler and is proved independently (Section B2, proof in Appendix [A).

Notations For clarity, we use the following lighter notations: Py := P™, T := 7™ P, := P™. We
will refer to the factor § as introduced by Bertsekas and Ioffe (equation [l page [[3). Also, the following
stochastic matrix will play a recurrent role in our analysis:

Ap = (1= X)IT = \yP) Py

RR n° 0123456789
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3.1 Performance bounds for Exact A\ Policy Iteration

Consider Exact A Policy Iteration. We have the following convergence rate bounds:

Lemma 3.1 (Componentwise Rate of Convergence bounds for Exact \ Policy Iteration).
The following matrices

By = (L=7)(P) I —~P)™
1—y M » :
El;ko = (Vk*ko) 1— )\’y Z ’yk_l_Jﬁj_kU (P*)k_l_JAjﬁ_lAj.A.AkOJﬁl aF ﬁk_ko ([ - "}/Pk)_lAkAkflu.AkO‘Fl
Jj=ko
Fiko = (L—7)PF ™ 4 yEp P

are stochastic and

,ykifk[)
Vx — /Uﬂ-k S 1 > [Fkko = E//ck‘o} (’U* — 'Uko)
,yk—ko
Vx — vk S = & I:Ek‘k'o = Ellcko} (T’Uko — Uko)'
ve— v < AFTR(P )RR (o, — ug,) — minfuu (s) — v (s)]e] + [[va(s) — 0% | e.

These bounds imply that A Policy Iteration converges to the optimal value function at least at a linear
rate.

3.2 Performance bounds for Approximate A\ Policy Iteration

Let us now consider Approximate A Policy Iteration. We provide componentwise bounds of the loss v, — v™*
of using policy 7 instead of using the optimal policy, with respect to the approximation error €, the Policy
Bellman residual 7jvg — v, and the Bellman residual 7 v, — v, = 410, — v. Recall the subtle difference
between these two Bellman residuals: the Policy Bellman residual says how much vy, differs from the value
of 7, while the Bellman residual says how much vy, differs from the value of the policies 711 and 7.

INRIA
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Lemma 3.2 (Componentwise Performance bounds for Approximate )\ Policy Iteration).
The following matrices

k—1
1— )\ ~
B = = 7 7 Z h=l-igimg (PRI~ A, Ai Ay + BT (I — yPo)  ApAg_1... Ajr
Bjy = 7BjP; +(1—7)( W)
Cr = (1—9)2UI—~P)"

)
LRI =Py
Cr = (1=’ —=7vP)"" (Poy1(I = vPer1)™?)
D = (1-7P(I—-~P)""

D = (1-y)h{—~P)™"

are stochastic and

k—1
1
Vko, limsup v, — o™ < lim sup Z V] [Bjk — Bji] €5
k—o0 177 k—oo =T
limsup v, —0v™ < L limsup [Cx — Cy](Trvr — vk)
Vk, Ve — v S a— [D — Dk] (T’Uk_l — 'Uk—l)-

1—n

We can look at the relation between our bound for general A and the bounds derived by Munos (Lemmas

and Z0):
e Let us consider the case where A = 0. Then § =, Ay = P and
Bjr = (1 =) (I —yPy) " PiPi_1...Pj41.
Then we have just shown that limsup,_, . v« —v™ is upper bounded by:
lim sup Z VI (I = Pe) P PuPyc1Piy1 — (Y = vPy) " PPy Py + (P )] ;. (13)

k—o00 j—Fko

The bound derived by Munos for Approximate Value Iteration (Lemma page D) is

k—1
limsup (I —yPe)™ ') 7* 9 [PuPy_y..Pjy1 — (P)" ] ¢
k—oo =0
k—1
— 1iII€nsup VI [(I = yPy) t PePr—.. P — (I —yPe) " H(P)F ] ¢
k—1
—  lims k*j _ -1 o _ -1 k—j k—j )
= h]{nsup (I = vPy) ' PuPr—1..Pip1 — (I — vPr) "'y Pe(P) 7 + (P)*7)] €5.(14)
c— OO :0

The above bounds are very close to each other: we go from equation to equation [ by replacing
Pkfl...Pj by (P*)kij

e When A\=1,8=0, A = (1 —v)({ —vPx) ' P and
Bj = (1 =) (P)* 7 Pjpa (I = yPj)

RR n° 0123456789
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Our bound is
k—1

limsup v, —v™ < limsup Yy AT (PR,
k—oo k— 00 =
—FRo0
with
wj = [YPjsr (I — vP11) " (I = vP;) =P ;.

By definition of the supremum limit, for all € > 0, there exists an index k; such that for all j > kq,

u; < limsup u; + ee.

l—o00
Then:
k—1 k—1
lim sup Z AR (PR Ty < limsup Z SRl 0 2% Lt (Hmsup uy + e)
k—o0 k—o0 l—o0

Jj=k1 Jj=k1

l—o00

= (I—-~P) ! <1imsup up + ee) .

As this is true for all € > 0, we eventually find the bound of Munos for Approximate Policy Iteration

(Lemma 0 page [[M).

Thus, up to some little details, our componentwise analysis unifies those of Munos. It is actually not surprising
that we be able to find the result of Munos for Approximate Policy Iteration because the proof we develop in
appendix [Blis a generalization of Munos’s proof for Approximate Policy Iteration in []. Similarly, the reason
why we don’t exactly fall back on the componentwise of Munos for Approximate Value Iteration is that our
proof uses a technique that is slightly different from that of Munos in [5]. It would in fact be possible to
write a proof that generalizes that of Approximate Value Iteration but this is not really fundamental as most
of the results we are going to deduce won’t be affected.

The bound with respect to the approximation error can be improved if we know or observe that the value
or the policy converges. Note that the former condition implies the latter.

Corollary 3.3. Suppose the value converges to some v. Write w its greedy policy and P the corresponding
stochastic matriz. Consider the following stochastic matrices:

B, = (1-9)[Q=XN{I—~P)"'P+XI—~P,)™'P]
D = (1-y)P(I—-~P)™"

Then the error necessarily converges to some € and

’U**’UWSL[viD]E
L=n
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Corollary 3.4. Suppose the policy converges to some w. Write P the corresponding stochastic matriz. The
following matrices

A™ = (1-X\y)P(I—-\yP)™*
k—1
AT — 11—« Ay Z k—l—iﬁi—j(P )k—l—i(ATr)i—j +ﬁk—j(1_ P)—1(A7r)k—1—j
jk - ')/kij 1— >\'Y i * Y
=
e = ATpP
1—v i A=)y =N -
BT = Pk AT (I — My P)~1(P)?
1= 1o e+ B - xopy i)
are stochastic and -
v, — 0" < limsup Lo Z ail [ T — B’ﬂ as
- k—oo 1_7 =T J J J
—R0

4 Span seminorm Performance bounds for A\ Policy Iteration

Following the lines of Munos [0l B, we here show that the componentwise bounds we have derived in the
previous section enable us to derive span seminorms bounds. We first describe some lemmas that enable us
to make this derivation. Then we present the results for A Policy Iteration.

4.1 From Componentwise bounds to span seminorm bounds

We here present four lemmas that show how to derive span seminorms bounds from componentwise bounds.
The proofs are close to those of [B d] and deferred to appendix [E] for clarity. The main difference is that we
come up with span seminorm bounds instead of L,/max-norms.

The first two lemmas are:

Lemma 4.1. Let xi, yi be sequences of vectors and Xy, X, sequences of stochastic matrices satisfying

limsup |zx| < Klimsup (Xg — X.)yx

k—oo k—oo
where |z| denotes the componentwise absolute value of x. For all distribution p, px = 3u(Xix + X)) is a
distribution and
limsup |zkll,, < Klimsup span, , [y]
k—oo k—o0

limsup ||, < Klimsup span. [yk)
k

— 00 — 00
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Lemma 4.2. Let xy, yr be sequences of vectors and Xji, X!) sequences of stochastic matrices satisfying

For all distribution p,

are distributions and

J

k—1

Vko, limsup |zx| < K limsup Z ’ykij(ij — X,’Cj)yj

k—oo k—oo —
J=ko

1
pkj = = (Xej + Xg;)

2

K~
lim su 9B < —— lim sup span, Yy
k—>oop || k”p,,u - 177]“0_’00 ij§k0 P P [yj]‘|

K
limsup ||zx] o < T 2 limsup span., [yx)

k— oo k—o0

The two other lemmas consider the concentration coefficient introduced by Munos in [d, B] and already
mentioned before (equation [l page B). We recall its definition. We assume there exists a distribution v and
a real number C'(v) such that

Cv) = max p;](_gw))

If X is an average of products of stochastic matrices of the MDP, it can be seen that for any non-negative

vector y uXy < C(v)ry. Thus, with the notation of Lemma Bl we have for all & and all vector y,

This leads to an analogue of Lemma ET] involving this concentration coefficient:

(spany, ,,, [4])"

P
p,uk)

= minugly — ael?
a

min (||?J — ae|
a

1
— i (G(Xe+ X0 ) by el
< C(v)minv|y — ael?
_ p
= CW)min (|ly - aell,, )
= C(v) (spanPW [y])p

Lemma 4.3. Let zy, yr be sequences of vectors and Xy, Xj sequences of stochastic matrices (that are
averages of products of stochastic matrices of the MDP) satisfying

Then

limsup |zx| < Klimsup (Xg — X}.)yk-

k—oo0 k—oo

limsup |zx| < K [C’(V)]l/p limsup span,, ,, [yk] -

—00 k—o0

Similarly, we get the following analogue of Lemma
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Lemma 4.4. Let xy, yr be sequences of vectors and Xy, X]{,C sequences of stochastic matrices (that are

averages of products of stochastic matrices of the MDP) satisfying

k-1
Vko, limsup |zg| < K limsup Z Y73 (X gy — X3)Yj-
k—oo k—oo =T
Then P
limsup |Jzg|. < =27 [C(u)]l/p limsup span,, ,, [yk] -
k—oo e = Y k—oo e

We are now ready to give some span seminorm bounds for A Policy Iteration.

4.2 Rates of convergence for Exact \ Policy Iteration

Consider Exact A Policy Iteration. Using Lemma EJ], Lemma Bl becomes:

Proposition 4.5 (Rates of convergence for Exact \ Policy Iteration in span seminorm).
With the notations of LemmalZd, and for all distribution p and indices k > ko,

~k—ko
_ Tk < —
[ = ”P# - 11— spanpvéﬂ'(Fkko‘i’El/ckg) [vx = V]
~k—ko
o=l < T spang o — o]
k—ko
_ Tk _
lvs = Hpnu < 11—« Spaan%H(EkkoJl'E;cko) 70k = Vo]
k—Fko
loe — 0™, < T spans, [T vk, — Uk, )
low = o™l < A (H@* ~ o)~ minlo () — o] les(s) v”koﬂnm)

k*kg (

loe =™ [log < AT (5paneg [vs = Uko] + [[0a(s) — vTRH | ) (L2)

The first pair of rate is expressed in terms of the distance between the value function and the optimal value
function at some iteration kg. The second pair of inequalities can be used as a stopping criterion. Indeed,
taking k = ko + 1 it implies for the following Stopping condition, which generalizes that of Proposition EZTk

Proposition 4.6 (Stopping condition for Exact A Policy Iteration).
If at some iteration ko, the value vy, satisfies:
1—»

v

spang [T vk, — Uiy ] < €

then the greedy policy Ti,+1 with respect to vy, is e-optimal: ||v, — v™Ro+|| <.

The last pair of inequalities rely on the distance between the value function and the optimal value function
and the value difference between the optimal policy and the first greedy policy; compared to the others, it
has the advantage of not containing explicitely a ﬁ factor (though this factor is hidden in v, — v™ko+1),
To the best of our knowledge, this bound is even new for the specific cases of Value Iteration and Policy
Iteration.

Using Lemma B3 Lemma BTl gives the following analysis with respect to the concentration coefficient.
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Proposition 4.7 (Rates of convergence for Exact A Policy Iteration in span seminorm).
Let C(v) be the concentration coefficient defined in equation[d. For all p and k > ko,

k—k
low— v, < LT [C@)]"P span,, [ve — vi]
* ) = 1_7 p,v [ Ux ko
k—k
lon —v™ |, < T [C@)]"P span,,, [Tk, — vi]
£ CoNN— 17,)/ D,V 0 0

Also:

lo. = 0™ [l < 7F7R [CW))YP (spany, , [ve = vko) + 0 (s) = v™0#1| )

M

4.3 Bounds for Approximate A\ Policy Iteration

We can derive the same kind of bounds for Approximate A Policy Iteration. Using Lemmas Bl and B2
Lemma gives the following Proposition.

Proposition 4.8 (Performance bounds for Approximate \ Policy Iteration in span seminorm).
With the notations of LemmalZ3, and for all p and all distribution pu

. - % .
lmsup fjo. —v™l,,. < G5y Mm | sup a1 (s,4m;,) 6]
. Y .

limsup |[ve —v™ < limsup span_, [€;

meup fo. —v g € G limsup span e

. Y .
Hmoup e =™y, S g D spen g i~ o)
limsup |[vy — 0™ < limsup span__ [Trvg — vg

meup o~ ", € g limsup span., (T — v

2
Vk, o =™, < 75 ~ P4, 3u(D+ D) [Tvr-1 = v

VE, |lve —v™|, < spang [Tvp—1 — Vp—1]

g
L—v
Similarly, Corollaries EEH and EZ9 give:
Corollary 4.9 (Performance bounds for App.)\ Policy Iteration in case of convergence).
If the value converges to some v, then the approzimation error converges to some €. With the notations of
Corollaries [ZA and [FZ), the corresponding greedy policy T satisfies for all p

~y
[ = vw”pw = 1_ ,75panp,%u(3v+D) [e]

[ox =0l < spanc [€]
If the policy converges to some T, then:
. 1= . ‘
||v* -0 ||p,# = W kglinoo kzsg)ko spanp,%u(g;rkJrB;;;) [63]
1—A
los — ™|, < 11 = Xy) limsup span [€;]

* 5 TP e
Eventually, using Lemmas and EE4, we have the following bounds involving the concentration coeffi-
cient.
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Proposition 4.10 (Performance bounds for Approximate A Policy Iteration in span seminorm).

Let C(v) be the concentration coefficient defined in equation[d. For all p and all k,

] ™ i 1 .
iz o = 0™ < A= [C(w)'? llﬁi}p spany,, [ej]
limsup [lvs —v™|, < i 5 [C(V)]l/p limsup span, ,, [Txvr — v]
k—oo (1 - k—oo ’
Wk, flos — o™, < ﬁ [C)IM? span,,, [Tve—1 — vi).

Corollary 4.11 (Performance bounds for App. A Policy Iteration in case of convergence).
If the value converges to some v, then the approzimation error converges to some €, and the corresponding
greedy policy w satisfies:

l[ox = 07|l
If the policy converges to some m, then:

1—
R O fimsup span, (6]

When comparing the specific bounds of Munos for Approximate Value Iteration (Propositions 23 and EZ4)
and Approximate Policy Iteration (Propositions 27 and EZ¥), we wrote that the latter had the nice property
that the bounds only depend on asymptotic errors/residuals (while the former depends on all errors). Our
bounds for A Policy Iteration have this nice property too. Considering the relations between the span
seminorms and the other standard norms (equation [l page Hl), we see that our results are more general than
those of Munos.

Conclusion and Future work

We have considered the A Policy Iteration algorithm which generalizes the standard algorithms Value Iteration
and Policy Iteration. We have reviewed some results by Puterman [7], Bertsekas and Tsitsiklis [2] and Munos
[ B], concerning the rate of convergence of these standard algorithms in the exact and approximate cases.
We have extended these results to A Policy Iteration and proposed some new convergence rate in the exact
case (equation[[@ pagel). The performance analysis we have described slightly improves the previous results
in two ways. 1) As suggested by the results of Puterman in the exact case, the use of the span seminorm has
enabled us to derive tighter bounds in general”. 2) Our analysis of Approximate A Policy Iteration relates the
asymptotic performance of the algorithm to the asymptotic errors/residuals instead of a uniform bound of
the errors/residuals and this might be of practical interest. More importantly, the main contribution of this
paper has been to provide a unified view of the approximate versions of optimal control and reinforcement
learning algorithms and to show that it is sound to use them.

We now describe some future research directions. Munos introduced in [5] some concentration coefficients
that are finer than the one we used throughout the paper and a natural track would be to consider them
in order to derive finer performance bounds. From what we have achieved here, this not trivial since the
componentwise analysis we derived for \ Policy Iteration is significanlty more intricate than the ones we find
in the specific limit cases A = 0 (Value Tteration) and A = 1 (Policy Iteration). Analogously to a recent work

If the approximation of A Policy Iteration is only due to the use of a Least-square Feature Based Linear Architecture, and
if the constant e belongs to the set of features, then the span seminorm bound is equivalent to the standard L, norm bound.
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by Munos and Szepesvari [6] for Approximate Value Iteration, a potential use of these coefficients would be to
derive an analysis of Approximate A Policy Iteration involving PAC-style polynomial bounds on the number
of samples and a quantitative measure of the power of the approximation architecture (like the well-known
VC dimension).

Another important direction is to study the implications of the choice of the parameter A, as for instance
is done by Singh and Dayan in [§]. The original analysis by Bertsekas and Ioffe [I] shows how one can
concretely implement Exact A Policy Iteration. Each iteration requires the computation of the fixed point
of a [-contracting operator (see equation [[2 page [[J). We plan to study the tradeoff between the ease for
computing this fixed point (the smaller 3 the faster) and the time for A Policy Iteration to converge to the
optimal policy (the bigger 5 the faster). In parallel, the reader might have noticed that most of the bounds
we have provided do not depend on A\. We believe that the finer concentration coefficients of Munos we
have just discussed should also help keeping track of the influence of A on the performance of the exact or
approximate algorithm. We expect that we should be able to derive results relating the smoothness of the
MDP problem to the choice of \.
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Appendix

The following Appendices contains all the proofs concerning the analysis of A\ Policy Iteration. We write
P, = P™ the stochastic matrix corresponding to the policy 7 which is greedy with respect to vi_1, Ps
the stochastic matrix corresponding to the optimal policy .. Similarly we write 7, and 7, the associated
Bellman operators.

The proof techniques we have developped are strongly inspired by those of Munos in the articles [4, F].
Most of the inequalities will appear from the definition of the greedy operator:

7 = greedy < Va', 7™ v < T™v.

We will often use the property that an average of stochastic matrices is also a stochastic matrix. A recurrent
instance of this property is: if P is some stochastic matrix, then the geometric average

(1—-a)) (aP)' =1 -a)I —aP)™
=0

K2

with 0 < a < 1 is also a stochastic matrix. Finally, we will use the property that if some vectors x and y are
such that x <y, then Px < Py for any stochastic matrix.

A Componentwise bounds with respect to the Bellman residuals

In this Appendix, we study the loss
I := v — U7k

with respect to the two following Bellman residuals:
b;c = Tkvk — Vg

bk = ’TkJrl’Uk — V = T’Uk — Vg

bj, says how much vy, differs from the value of 7, while by, says how much v, differs from the value of the
policies ;41 and 7.

A.1 Bounds with respect to Policy Bellman residual

Our analysis relies on the following lemma

Lemma A.1. Suppose we have a policy 7, a function v that is an approzimation of the value v™ of w in the
sense that its residual b’ := T™v — v is small. Taking the greedy policy ' with respect to v will reduce the
loss as follows:

v — ™ < YPy(ve — ") + (YP.(I — yP) "t —yP'(I — P 1) ¥

where P and P’ are the stochastic matrices which correspond to w and '.

Proof. We have:

Ve — 0" = T, — T ™
= T, f’Z;v”Jr’Z;v’T—T*er’];v—T”,erT”/va”/v”,
< YP(ve —0") + P (0" = v) + P (v —v™) (16)
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where we used the fact that 7T,v < T7v. One can see that:

vt —v = T —w
= T —T"v+T"v—v
= YP(W™ —v) +V
= (I—~yP)~ % (17)
and that
v—v" = v—T "
= 0T Vv+T 0 —-T v +T v —T V™
< =V +AP(v- v”,)
< (I =AP) (). (18)
where we used the fact that 77v < 7™ v. We get the result by putting back equations [ and into
equation A O

To derive a bound for A Policy Iteration, we simply apply the above lemma to m# = 7, v = v; and
7' = mp11. We thus get:

i1 S VPl + (VP = vPy) ™" = yPoy1(I — vPis1) ") by
Introduce the following stochastic matrices:
O = (1 =)L =yP) ™ (BT —vP) 7Y
Cri= (L= = vP) ™ (P (I = vPer1) ™)
This leads to the following componentwise bound:

limsup [ < % limsup [Ck — C}] ),

k—oo (1=7)% koo
A.2 Bounds with respect to Bellman residual
We rely on the following lemma (which is for instance proved by Munos in [5])
Lemma A.2. Suppose we have a function v. Let w be the greedy policy with respect to v. Then
Ve — 0" < [P*(I - '7P*)_1 —P™(I — 'yP”)_l] (T™v —v)
We provide a proof for the sake of completeness:
Proof. Using the fact that 7,0 < 77v, we see that

Ve — 0" = Tov,—T™0"

T —Too+Too—Tv+T"v—T 0"

< Twe—Two+T v —-T™"

VP (ve = v) + 7P (v —v7)
= YP(ve =0") + yP (v —0)yP" (v —v")
< (I =yP) (v P = PT) (0" —v).
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Using equation [ we see that:
V" —v= (I —~yP") " (T™v — ).

Thus

E]
IA

(I = yP) " (P — yP™)(I = yP™) " (T™0 — v)

(I =P~ 1(7 —I+1—4P™)(I —yP™) (T —v)
= [(I- VP (=P (T )

= y[P.U—~P) ' = P"(I—~P") '] (T™v—v). O

Vy — U

To derive a bound for A\ Policy Iteration, we simply apply the above lemma to v = vi_1 and m = 7. We
thus get:

Y /
lp < ——|D — D] br_ 19
v< 7 D= Dl (19)
where
D = (1=7)P(I—~P)""
Dy = (1=yh{—~P)""

are stochastic matrices.

B General componentwise analysis of A Policy Iteration

This Appendix contains the core of all the remaining results. We show how to compute an upper bound of the
loss for (approximate) A Policy Iteration in general. It will be the basis for the derivation of componentwise
bounds for approximate A Policy Tteration (section B2 and Exact A Policy Iteration (section BII).

B.1 Overview of the analysis of the componentwise loss bound

We define:

e the loss of using policy 7 instead of the optimal policy:

lp ;= v, — U7

the value of the k" iterate b.a. (before approximation):

Wg = V — €k

the distance between the optimal value and the k" value b.a. :

dk =V — Wg

the shift between the k*" value b.a. and the value of the k** policy:

Sk = wp — vk

the Bellman residual between the k — 1" and the k' values b.a.:

bk = ’TkJrlvk — Vg = T’Uk — Vg
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All our results come from a series of relations involving the above quantities. In this Appendix, we will
use the notation T for an upper bound of x and z for a lower bound.
Let us define the following stochastic matrix:

Ap = (1 = \y)Pu(I — MyP) L.

Also Define the following factor
A=)y

A= 1—M\y
Then

Lemma B.1. The shift is related to the Bellman residual:
S — ﬂ([ — ’yP]c)_lAk(fbkfl).

Lemma B.2. The Bellman residual at iteration k + 1 cannot be much lower than the Bellman residual at
iteration k:

bet1 > BAkt1br + Tpy1

where xy, := (yPy, — I)e, only depends on the approzimation error.

As a consequence, a lower bound of the Bellman residual is:

k
b > > B (ApAgor A @y 4 B (Ag A1 A ) b = b
j=ko+1

Using Lemma [BJ]l the bound on the Bellman residual also provides an upper on the shift:
sk < B — yPy) t Ap(—be—1) :== 5%
Lemma B.3. The distance tends to reduce:

di+1 < YPidi + yi
where yy, = %Ak+1(_%) — vP.ei depends on the lower bound of the Bellman residual and the approxi-
mation error.

Then, an upper bound of the distance is:

k—1
dy, < Z VTP yy AR (PR Ay, = di.
j=ko

Eventually, as o
lp = di + s < dj + 5y,

the upper bounds on the distance and the shift will enable us to derive the upper bound on the loss.
The above proof is a generalization of that of Munos in [4] for Approximate Policy Iteration. When A = 1,
that is when both proofs coincide, since 3 = 0 Lemmas [Bl and have a particularly trivial form.
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B.2 Proof of Lemma [B.Jl a relation between the shift and the Bellman residual

We have:
(I —Pr)sk (L = vPp)(wi — v™)

= (I —yPg)wg — 1

= (I = MyPx+ M P, —yPo)wi — 1

= (I = M Pp)wi + (M Py — vPe)wg — 1

= 1+ (1= NvPevgp—1+ (N — D)yPow — 1

= (1= X)vPy(vg—1 —wy)

= (1= NyPe(I = MyPy) ™ (vg—1 — Tpvg-1)

= (1= MNyPe(I = MyPy) " (=bi—1)
Therefore

= B —yPe) " Ap(—bi-1)

with

Ap = (1= ) Pi(I — My Py) ™

Suppose we have a lower bound of the Bellman residual: by > by (we will derive one soon).

(I —vP;,)~t A only has non-negative elements then

s < 6([ *'}/Pk)ilAk(*b_k) = Sg.
B.3 Proof of Lemma [B.2: a lower bound of the Bellman residual
From the definition of the algorithm, and using the fact that 7xv™ = v™ we see that:

b = Tpy1vk — vk
= Tiprvr — Trvg + Trvr — v

Y]

Trvg — Vg

Tl — Tpo™ + 0™ — g,
VP (v — ™) + 0™ —
(vPi — I)(sk + €x).

= [Apbg—1 + (VPr — e

where we eventually used the relation between s and by (Lemma [B]). In other words:

brt1 > BAk41bi + Thpr

with
Tk ‘= (’yPk - I)ek.

Since Ay, is a stochastic matrix and g > 0, we get by induction:

> BT (ARAg o Ajpr) my + BN (AR A1 A1) iy 1= b
j=ko+1
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B.4 Proof of Lemma [B.3t an upper bound of the distance

Given that 7T,v, = v,, we have

Vx = U*"’(I_)\’ypk-‘rl)_l(?;v* _U*)
= (I = X\Piy1) " (Tove = My Pisrvs)

Therefore the distance satisfies:

dikt1 = Vs — Wit

(I = M Prs1) [(Tove — My Prs10s) — (Trg1ve — Ay Prgrvr)]
= (I = MPeg1) Tove — Tig1vk + Ay Prgr (vp — )]

MY Pig1dpy1 + Tove — T 0 + Ay Prg1 (v — vy)

MY Pii1diy1 + Tove — Tiq1 0k + Ay Prgr (Wi + €, — vy)

M Pry1diy1 + Tove — Tog1 vk + ANy Prg (e — di)

= Tws — Trp1vp + My Pega(en + dipyr — di)

Since 7**1! is greedy with respect to vy, we have Tj41vx > T,vp, and therefore:

Tove — Tirvy = Tove — Tovg + Tovg — T v
S ’Z;’U* - ﬁvk
— P, — )

VP (vs — (Wi + €x))
= ~P.di — vPsex

As a consequence, the distance satisfies:
di+1 < YPudi, + My Py (€ + di1 — di) — vPies,
Noticing that:

€ +dpr1 —dp = €+ Wp — Wrt

Vg — Wk+1

—(I = My Peg1) ™ (Trgrvr — vi)
= (I = MPeg1) H(—by)

(I = XyPry1)” " (—bk)

IN

we get:
dp+1 < YPidk + yr
where
M
Yk = 1— My

Since P, is a stochastic matrix and v > 0, we have by induction:

Agt1(=bk) — yPucg.

k—1
di < 3 AT (PR Rk (P )RR dy, = .
j=ko

INRIA



Performance Bounds for \ Policy Iteration 31

C Componentwise rate of convergence for Exact \ Policy Iteration

We here derive the convergence rate bounds for Exact A Policy Iteration (as expressed in Proposition EEQ
page EZII). We rely on the loss bound analysis of Appendix [Blwith e = 0. In this specific case, we know that
the loss I < di + S where

_b_k = ﬁk_koAkAk—l"'Ako-i-l(_bko)
. )\')/ k—1 - -
di = -\ Z ’kalfi (P*)kilijAjJrl(*ﬁ) + ,.ykfk’o (P*)kikodkg
’YJ ko
o= B — P Ar(=be-1)

We therefore have:

k—1
_ A o iy - -
= 1—7>\7 D AT E TR (P)TI A A A (<) + TR (PR,
j=ko
and
5= BRI = yP) T A Ak A (<big)
Therefore:
< (20N e k—ko (p, \k—koq 21
with

k—1 L
1—vy Ay 6"””‘”"

Lemma C.1. E’,’Ck0 is a stochastic matrix

Proof.
11— Bk ko
/ _ k—1— k
HEkkUH - ryk’*k’o 1— )‘7 Z Y ]BJ O+ —
Jj=ko
_ 1— vy >\’)/ ,ykfko _ 6197190 N ﬂkfko
ko \1-XNy 7= p 1—vy
_ 1—7 k ko _ ﬂk ko N 6197190
yh—ho 1- 11—~
= 1
where we used the facts that WAT'YE = ﬁ and (1 =08)(1=A\y)=1—1. O

C.1 A bound with respect to the Bellman residual
We first need the following lemma:

Lemma C.2. The bias and the distance are related as follows:

bk (I ’)/P )d
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Proof. Since 741 is greedy with respect to vy, Txr1vr > Tovp and

b, = Tpy1vp — v
= Trr1vr — Tovg + Tovg — Tovs + vy — v
Z ’)/P*(’Uk—’l}*)—f—’u*—’l)k
= (I - ’)/P*)dk. [l
We thus have:
dko < (I - ’YP*)ilbko
Then equation Bl becomes
~k—ko
I, < ,Yk—ko(P*)k—ko(] 77P*)_1 _ <1—> Ellcko] bko
-7
~k=ko
!
= 1 — ,y [Ekkg — Ekko} bko

where:
Epgy := (1 =) (P)* (I —yP)~"

is a stochastic matrix.

C.2 A bound with respect to the distance

From Lemma [C2 we know that
_bko < (I_ ’YP*)(_dko)

Then equation Il becomes

k—k k—k yk—ko
wos ey - (T B - an)| d
~k=Fo
!/

where
Firy = (1 =) P + v, P

is a stochastic matrix.

C.3 A bound with respect to the distance and the loss of the greedy policy

Let K be a constant such that oy, := vg, — Ke. The following statements are equivalent:

b, > 0
Thot10k, = iy
Thot1 + YPro+1(Ve, — Ke) > wvg, — Ke
(I = vPro1)Ke > —rpor1 + (L — 7 Pro+1)Vko
Ke > (I =7Pgyi1) " (=Trgt1) + vk
Ke > vy, —vTott
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The minimal K for which by, > 0 is thus K := max,[vg, (s) — v™0+1(s)]. As oy, and vy, only differ by a
constant vector, they will generate the same sequence of policies 7,41, Tky+2... Then, as by, > 0, equation
BTl tells us that

vo— v < ERP) R, — gy,)

YRR (PR TR (v, — v, + Ke)
Now notice that

K= max{un () = vals) + vels) =070 (5)]

IN

msax[vko (s) —ve(s)] + msax[v* (s) — v™ot1(s)]

= —minfo.(s) = vy (3)] & [0a(9) = 0™

Then, using the fact that (P,)¥~*oe = e, we get:

Ve —V Y ) Ve — Vg, ) — MIN|UL(S) — Vi, (S)]e| + [[vs(s) — v" ko e.
Trk< kkopkko . 6 0 7Tk+100

D Asymptotic componentwise loss bounds with respect to the ap-
proximation error

We here use the loss bound analysis of Appendix [Blto derive an asymptotic analysis of approximate A Policy
Iteration with respect to the approximation error.

D.1 General analysis

Since .
lp = di + s < dj + 5y, (22)

an upper bound of the loss can be derived from the upper bound of the distance and the shift.
Let us first concentrate on the bound dj, of the distance. So far we have proved that:

k—1
de = Y ATTHR)T i+ 00
i=ko
A
yi = mAiH(*ﬁ)*VP*fi
~bi = > BT (A Aj) (—ap) + Oy )
j=ko
—z; = (I =B

Writing
Xi,j,k = (P*)kiliiAiJrlAi...AjJrl
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and putting all things together, we see that:

%

d_k = Z k—1—i Z ﬁi—inJ, (I 'yP )GJ +O i— ko Z ’Yk i * iei+(’)(7k—ko)
o J=ko i=ko
- 1— )\'7 Z Z ,Yk - Zﬂl JX%J k I FYP Z ’Yk ‘ * ifz’ + O(’Yk_ko)
i=ko j=ko =
k—1 k—1
= 17}\7 Zz’yk 1— ’Lﬁ’b ‘7)("77 (I ’7P Z,y J * k ]€J+O(’7k7k0)
J=ho 1= j=ko
k—1 )\,7 k—1
= Z Z k—1— Zﬂz JXuk(I ’YP) ,,yk—J(P*)k—J €j +(9(’yk_k°) (23>
j=ko

Let us now consider the bound 3% of the shift:

Sk = B —yP) " Ap(—by)

k—
= B —vPp) " A Zﬂk I (Apm1 Az Aj) () | + O R
j=ko

k—j
= Z 157 WY‘,k(I —Pj)ej + Oy ) (24)

with
Y= (1 — ’y)([ — ’yPk)ilAkAk_l...Aj_i_l.
Eventually, from equations 22, B3 and 24 we get:
k—1 k—j

1
>‘7 i Qi— 6 —J —J -
Iy < Ek . E T Xkt T Yk (I =7Fj) =" (P)* 7 | e+ O(y" F0)  (25)
J=Fo

Introduce the following matrices:

k-1 <
L= | M k—1—i gi—j B
By = _ igix, L+ 2y,
jk ,ka‘j 1— )\,.y ;’y B gk + 1— y Jrk
e = YBiP+ (1— ) (P

Lemma D.1. Bj; and ng are stochastic matrices.
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Proof. 1t is clear from the definition of X; ;; and Y} that normalizing Bj, and B;k will give stochastic
matrices. So we just need to check that their norm is 1.

k—1
(1_7) )‘7 —i Qi— ﬁk J
IBjrll = 7|1 Z S —y

=T N 7’“‘3—5’“‘] Bh=
e A D +17}
A=y [ AT =-p N 6’”}
YR =M1 =8) 11—~
(=) [T = L 5k_j]
oA A N 1—v

where we used the identities: Ay = =5 B and (1—6)(1—~A) = 1 —~. Then it is also clear that Bl ll=1. O

Equation ZH can be rewritten as follows:

NS , ‘
ke < Z[%Bjk<f—vpj>—W(P*)H} ¢ + Oy R)
j=ko
1 k—1
= 1 2 (B B e+ 00N
j=ko

Taking the supremum limit, we see that for all kg,

limsup [ < hmsup Z ~PT - B;,J € (26)

k—oo k—o00
j=ko

D.2 When the value converges

Suppose A Policy Iteration converges to some value v. Let policy 7w be the corresponding greedy policy, with
stochastic matrix P. Let b be the Bellman residual of v. It is also clear that the approximation error also
converges to some €. Indeed from Algorithm Bl and equation B, we get:

b=Tv—v=(—MP)(—e¢)
From the bound with respect to the Bellman residual (equation [d page ET), we can see that:

v —v" < [I=7aP) ' =T —~vP)7']b

(I =~P)™' = (I =yP) 7' (I = \yP)e

[((I—=~yP)" (I =MP)—(I—~P) "I - yP)]e

[(I=~yP)" "I —=yP+~yP —XyP) — (I —yP.)"'(I — \yP)] e
[(I+ (1 =N —=~P) 'yP+ XTI —yP) 'vP) — (I —yP) '] e
[(A=XNI =vP) "yP+ A —yP,) 'yP) — (I —yP.) 'yP.] €

v
= B Dle
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where

B, = (1-%(1-XN{—vP)'P+\I—~P.)"'P)
D = (1-9)P(—~P)™"

Lemma D.2. B, and D are stochastic matrices.

Proof. 1t is clear that ||D|| = 1. Also:

im0 (1)
= (17)<1+E>
= 1. O

D.3 When the policy converges

Suppose A Policy Iteration converges to some policy m. Write P the corresponding stochastic matrix and
A" = (1 = \y)P(I — \yP)~ L.

Then for some big enough kg, we have:

k=lor k=i , 4
zkg§:{7 AT A™(I — yP) — AF=I(P)F7T | ¢ + O(F ko)

paril Rl

where

k—1
™ 11—y Ay —1—i gi—j —1—if gmyi—j —j —1y gm\k—1—j
AT = e mZ’Y’C TP TITH AT 4 BRI (I =y P) T (AT

is a stochastic matrix (for the same reasons why B, is a stochastic matrix in Lemma [D]). Noticing that

A™(I —~P) =

we can deduce that

L 4 ,
b X [T A= )P 2= VAT =R ¢+ 0GR
i=Fo i
k—1
1=\ 11—\ 4
= 7 Lam P - MA”MA”PJF (P | | e + O )
i=ko 1=v I=7
k—1
= 1= M Z o [B’-T, — ’-ﬂ €j + O(yF ko) (27)
1 _ ,y Jk Jk J

Jj=ko
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where
i A" P
L—y [v(1=N) k—j
BT AT AP+ (P)" 7.
1o o [ e )

Lemma D.3. B;-Tk and B;’,; are stochastic matrices.

Proof. 1t is clear that || BT, || = 1. Also:

1—n 11 =X
BT = 1
1Bl = 1 (1+ 8=

-y 1—794+v—XNy
11—y 1—7
= 1. O

E From componentwise bounds to span seminorm bounds

This Appendix contains the proofs of the Lemmas EETIEA and £l that enable us to derive span seminorm
performance bounds from the componentwise analysis developped in the previous Appendices.

E.1 Proof of lemma A1l

Write ay := argmin, |lyx — ae||p e As X}, and X, are stochastic matrices, Xpe = Xje = e, and we can
write that:
limsup |zx] < Klimsup (Xp — X}.)(yx — axe).

k—oo k—o00

By taking the absolute value componentwise we get

limsup |zx| < Klimsup (X + X},)|yr — axel.

k—oo k—o0

It can then be seen that

p
limsup (flawl,,) = K?limsup p (o))’

k—o0 k—o00

IN

1 p
KPlimsup p [<§(Xk + X,i)) 2lyx — ake@

k—o0

IN

1
EPlimsup 5 p( Xy + X5) (2lyx — are])?

k—o0

= KPlimsup pk(2lyx — are|)”
k—o0

p
—  KPlimsup (2 Ika—akellp,uk)

k—o0

= KPlimsup (Spanp#k [yk])p

k—o00

where we used Jensen’s inequality (using the convexity of z — aP) and where the last inequality results from
the definition of ay.
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E.2 Proof of lemma

Write ay; := argmin, |ly; — aer,Mj. As X, and X, are stochastic matrices, Xye = Xje = e and we can
write that:

k—1
limsup |zg| < K limsup Z YRI(Xy — Xii)(yj — axje).
k—oo k—o0 L
Jj=ko
By taking the absolute value we get
k—1
hmsup || < Khmsup Z VI (Xs + Xig)lys — ange
k= j=ko
It can then be seen that
P
limsup (flal,,) = K?limsup p (o))’
k—o00 ’ k—o00
[ k-1 P
< KPlimsup p Z 7 (X + X1y) (lyj — angel)
k—o0 _J—ko
k-1 k-1 _k—i\17
| (S5, 774X + X102 (Iys — argel)) (S42h, )
= KPlimsup pu =} -
k—o0 Zj:ko 'yk—J
k-1 k-1 _g—i\1?
| ik, IRk + X0) 2l — angel (Z524, )]
< KPlimsup p =Y -
k—o0 Zj:k[} ryk—J
k-1 Pt
= KPlimsup >+ 2ly; — angel]” Zv
Fooo ke j=Fo
p—1
Pl n
<  KPlimsup ~°T [2 Yi — api€ } <—>
msu Z I3y = assel e, | (72
~y p—1 k—1 »
- (2 i S b
ER I
J=Fo
v p—1 k—1 p
< KP|—— lim sup k=i sup span, , ,  [y;
(1 — 7> P Z v L/Zj/zko Dbyt [y;]
Jj=ko
v\ ’
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where 2P means the componentwise power of vector x, and where we used Jensen’s inequality (with the
convex function z +— zP) and the fact that Zk ; R < 725 As this is true for all ko, and as ko —

SUDgs> > jr >k SPAT, |, [y;+] is non-increasing, the result follows.
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