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1 Abstract

We consider the discrete-time infinite-horizon discounted stationary optimal control problem formalized
by Markov Decision Processes. We study A Policy Iteration, a family of algorithms parameterized by A,
originally introduced by Ioffe and Bertsekas [EI] A Policy Iteration generalizes the standard algorithms Value
Iteration and Policy Iteration, and has some connections with TD(A) introduced by Sutton & Barto [ff. We
deepen the original theory developped by loffe and Bertsekas ] by providing convergence rate bounds which
generalize standard bounds for Value Iteration described for instance by Puterman [ﬂ] We also develop the
theory of this algorithm when it is used in an approximate form. Doing so, we extend and unify the separate
analyses developped by Munos for Approximate Value Iteration [E] and Approximate Policy Iteration @]

2 Definition of norms and seminorms

The analysis we will describe in this article relies on several norms and seminorms which we define here.

Let X be a finite space. In this section, u denotes a real-valued function on X, which can be seen as a
vector of dimension |X|. Let e denote the vector of which all components are 1. p denotes a distribution on
X. We consider the weighted L, norm :

1/p
lull, . = <Zu(x)lu(x)lp> :

We will write ||.||,, the unweighted Lynorm (i.e. with uniform distribution 4). |||, is the max-norm :

el = ma fu(z)| = T [ull,

We write span__ [.] the span seminorm (as for instance defined in [f]) :
span [u] := max u(z) — min u(x).
It can be seen that
spang [u] = 2 min lu— ael|, -
It is thus natural to generalize the span seminorm definition as follows :

span,, , [u] := 2n1ain||u — aell, ,

ul
It is clear that it is a seminorm (i.e. it is non-negative, it satisfies the triangle inequality and span, [au] =
|a|span, [u]). It is not a norm because it is zero for all constant functions.

Several bounds we give in this paper are expressed in terms of some span seminorm. The following
relations

span,, [u] < 2ull, < 2ull
span,, , [u] < 2ull,, < 2ull (1)
spang [u] < 2|ul



show how to deduce bounds with the (more standard) L, and max norms from the a bound with the span
seminorm. However, the reverse is not true : as it is not a norm (as it can in particular be 0 for non zero
functions), the span seminorm can be arbitrarily smaller than these standard norms (and this constitutes
our motivation for using it).

3 Markov Decision Processes

3.1 The problem

This paper is about the discrete-time infinite-horizon discounted stationary optimal control problem,
which we describe now. We consider a discrete-time dynamic system whose state transition depends on a
control. We assume that there is a state space X of finite size N. When at state i, the control is chosen
from a finite control space A. The control a € A specifies the transition probability p;;(a) to the next
state j. At the kth iteration, the system is given a reward v*r(i,a, j) where r is the instantaneous reward
function, and 0 < v < 1 is a discount factor. The tuple (X, A, p,r,7) is known as a Markov Decision
Process [fj.

We are interested in stationary deterministic policies, that is functions 7 : X — A which map states into
controls'. Writing i) the state at time %, the value of policy 7 at state i is defined as the total expected
return while following a policy 7 from ¢, that is

N-—1
V(i) = lim B > AFr(in, win), ing1))| do :i] (2)
k=0

where E, denotes with expectation conditional on the fact that the actions are selected with the policy .
The optimal value starting from state ¢ is defined as

v, (2) := max v™ (7).

T
We write P™ the N x N stochastic matrix whose elements are p;;(m (7)) and ™ the vector whose compo-

nents are >, pi;(m(i))r(i, w(é), j). v" and v, can be seen as vectors on X. It is well-known that v™ solves the
following Bellman equation :

v =r" + P .
v™ is a fixed point of the linear backup operator 77v := r™ + vP™v. As P™ is a stochastic matrix, its
eigenvalues cannot be greater than 1, and consequently I — vP7™ is invertible. This implies that

v™ = (I —yP™)"1p™, (3)
It is also well-known that v, satisfies the following Bellman equation :
ve = max(r™ +yP"v,) = max 7T v,

v 1s a fixed point of the nonlinear backup operator 7 v := max, 7 "v. Once the optimal value v, is computed,
deriving an optimal policy is straightforward. For any value vector v, we call a greedy policy with respect
to the value v a policy 7 that satisfies :

’
mE argmau/x']'7r v
s

or equivalently 7™v = 7v. We will write, with some abuse of notation? greedy(v) any policy that is greedy
with respect to v. The notions of optimal value function and greedy policies are fundamental to optimal

1For the criterion to be defined soon_that we wish to optimize, it can indeed be shown that there exists at least one stationary
deterministic policy which is optimal [f].
2There might be several policies that are greedy with respect to a value v.



control because of the following property : any policy 7, that is greedy with respect to the optimal value is
an optimal policy and its value v™ equals v,.

It is well-known that the backup operators 77 and 7 are y-contraction mappings with respect to the
max-norm. In what follows we only write what this means for the Bellman operator 7 but the same holds
for 77™. Being a ~y-contraction mapping for the max-norm means that for all pairs of vectors (v, w),

170~ Tull, <5 llo —wll,.
This implies that the corresponding fixed point exists and is unique and that for any initial vector vy,

lim (7)*vy = v.. (4)

k—o0

3.2 Value Iteration

The Value Iteration algorithms for computing the value of a policy 7 and the value of the optimal policy
T, Tely on equation E Algorithm provides a description of Value Iteration for computing an optimal policy
(replace 7 by 77 in it and one gets Value Iteration for computing the value of policy 7). In this description,

Algorithm 1 Value Iteration

Input: An MDP, an initial value vq
Output: An (approximately) optimal policy
k<0
repeat
Vg1 — T ok + €pp1 // Update the value
k—k+1
until some stopping criterion

Return greedy(vy)

we have introduced a term e, which stands for several possible sources of error at each iteration : this error
might be the computer round off, the fact that we use an approximate architecture for representing v, a
stochastic approximation of P™, etc... or a combination of these. In what follows, when we talk about the
“Exact” version of an algorithm, this means that ¢, = 0 for all k.

Properties of Exact Value Iteration It is well-known that the contraction property induces some
interesting properties for Exact Value Iteration. We have already mentioned that contraction implies the
asymptotic convergence (equation H) It can also be inferred that there is at least a linear rate of convergence :
for all reference iteration kg, and for all k > kg

k—ko HU*

[04 = Okl < — Vol oo -

Even more interestingly, it is possible to derive a performance bound, that is a bound of the difference
between the real value of a policy produced by the algorithm and the value of the optimal policy 7. (see for
instance [ﬂ]) Let 7, denote the policy that is greedy with respect to vy_1. Then, for all reference iteration
ko, and for all k& > kg,

k—ko 2 k—ko

2y
HTU]% - Uko”oo = 11—~

11—

[0s — 0™ | <

oo = ||UI€0+1 - Uko”oo :
This fact is of considerable importance computationally since it provides a stopping criterion : taking k =

ko + 1, we see that if [|vgg41 — Vi |l < 12_—je, then [lv, —v™o+1||  <e.



It is somewhat less known that the Bellamn operators 7 and 7™ are also contraction mapping with
respect to the span seminorm [ﬂ] This means that there exists a variant of the above equation involving the
span seminorm instead of the max-norm. For instance, such a fact provides the following stopping criterion

@

Theorem 1 (Stopping Condition for Exact Value Iteration [§])
If at some iteration kg, the difference between two subsequent iterations satisfies

11—
ol

SPan o [Vkg+1 — Vko) < €

then the greedy policy Ty,4+1 with respect to vy, is e-optimal : [jv, — v+t o < e.

This latter stopping criterion is better since, from the relation between the span seminorm and the norm
(equation [) it implies the former.

Properties of Approximate Value Iteration When considering large Markov Decision Processes, one
cannot usually implement an exact version of Value Iteration. In such a case €; # 0. In general, the algorithm
does not converge anymore but it is possible to study its asymptotic behaviour. The most well-known result
is due to Bertsekas and Tsitsiklis [f]] : If the approximation errors are uniformly bounded ||ex ||, < €, then the
difference between the asymptotic performance of policies w41 greedy with respect to v and the optimal
policy satisfies )

. - 2l

h}?isolip ||U* v Hoo S (1 7,}/)26' (5)
Munos has recently argued [E] that, since most supervised learning algorithms (such as least square re-
gression) that are used in practice for approximating each iterate of Value Iteration minimize an empirical
approximation in some L, norm, it would be more interesting to have an extension of the above result where
the approximation error € is expressed in terms of the L, norm. Munos actually showed how to do this in
[ﬂ] The idea is to analyze the componentwise asymptotic behaviour of Approximate Value Iteration, from
which it is rather easy to derive L, analysis for any p.

Lemma 1 (Componentwise Asymptotic Performance of Approximate Value Iteration [E])
Write P, = P™ the stochastic matriz corresponding to the policy my which is greedy with respect to vi_1,
P, the stochastic matriz corresponding to the (unknown) optimal policy 7., and denote |e| the vector of
absolute values of the €. Then :

k—1
limsup v, — o™ <limsup (I —vP)~! Z’ykij [PrPi-1...Pjy1 — (P*)kfj} €.
k—o0 k—oo -
7=0

Munos introduces some concentration coefficient [, f] : Assume there exists a distribution v and a
real number C(v) such that
Cv) := r_naxpij—(a). (6)
1,7,a I/(y)
For instance, if one chooses the uniform law v, then there always exists such a C(v) € (1, N) where N is the
size of the state space. See [, E] for more discussion on this coefficient. From the above Lemma it is possible
to show that :

Theorem 2 (Asymptotic Performance of Approximate Value Iteration in L, norm [E])
If the approzimation errors are uniformly bounded ||6k||p , < €, then the difference between the asymptotic
performance of policies 1 greedy with respect to vy and the optimal policy satisfies

. 29 (C(w)"/?
limsup |jv, — 0™ < ——F5—¢€




The main difference with the previous bound by Bertsekas and Tsitsiklis (equation E) is that the ap-
proximation error € is controlled by than L, weighted norm. As (C(z/))l/ P P 1 this results is strictly
better.

There is in general no guarantee that AVI converges. AVI may be shown to converge in some specific
cases such as state aggregation and when using the so-called averagers [E] Also, convergence may just occur
experimentally. Suppose (vi) tends to some v. Write 7 the corresponding greedy policy. Note also that (ex)
tends to v — 7wv, which is known as the Bellman residual. The above bounds apply, but in this specific
case, they can be improved by a factor ﬁ It is indeed known (e.g. [§]) that

T 2V

T (=)

and, with the same notations as above, Munos derived the analogous better L,, bound [E] :

Vs —

[0 =Tl

Corollary 1 (Performance of Approximate Value Iteration in case of convergence [f])
Suppose (vi) tends to some v. Write 7 the corresponding greedy policy. Then

2y (C(v))/?
v — 0" < 2 (Cw) ™ lo— T,
(1-7) ’
Eventually, let us mention that in [H], Munos also shows some finer performance bounds (in L, weighted
norm) using some finer concentration coefficients. As we won’t discuss this in this paper, we recommend the
interested reader to go through [E]

3.3 Policy Iteration

Policy Iteration is an alternative method for computing an optimal policy for an infinite-horizon dis-
counted Markov Decision Process. This algorithm is based on the following property : if 7 is some policy,

Algorithm 2 Policy Iteration

Input: An MDP, an initial policy 7
Output: An (approximately) optimal policy
k—0
repeat
Vg — (I —yP™)~p™ 4 ¢ // Estimate the value of my,
Trt1 < greedy(vi) // Update the policy
k—k+1
until some stopping criterion

Return =

then any policy 7’ that is greedy with respect to the value of 7, i.e. any 7 satisfying 7’ = greedy(v™), is
better than 7 in the sense that v™ > v™. Policy Iteration iterates this process for improving a policy in order
to generate a sequence of policies with increasing values. It is described in Algorithm E We use the value of
a policy given by equation E As for Value Iteration, our description includes a potential error €; term each
time the value of a policy is estimated.

Properties of Exact Policy Iteration When the the state space and the control spaces are finite, it is
well-known that Exact Policy Iteration converges to an optimal policy 7, in a finite number of iterations. It



is known that the rate of convergence is at least linear [fj. If the function v — pereedy(v) jq Lipschitz, then
it can be shown that Policy Iteration has a quadratic convergence [H] However, we did not find any stopping
condition in the literature that is similar to the one of Theorem EI

Properties of Approximate Policy Iteration For problems of interest, one usually uses Policy Iteration
in an approximate form, i.e. with €, # 0. Results similar to those we presented for Approximate Value
Iteration exist for Approximate Policy Iteration. As soon as there is some error € # 0, the algorithm does
not necessarily converge anymore but there is an analog of equation E which is also due to Bertsekas and
Tsitsiklis [P] : If the approximation errors are uniformly bounded llex ]|, < €, then the difference between the
asymptotic performance of policies w41 greedy with respect to vy and the optimal policy is

limsup ||vs — 0™ < —e. 7

As for Value Iteraton, Munos has extended this result so that one can get bounds involving the L, norm. He
also showed how to relate the performance analysis to the Bellman residual vy, — 7 vy, that says how much
vy, approximates the real value of the policy 7 ; this is interesting when the evaluation step of Approximate
Policy Iteration involves the minimization of this Bellman residual. It is important to note that this Bellman
residual is different from the one we introduced in the previous section (we then considered vy — Tv, =
vk — T ™e+1yy, where 41 is greedy with respect to vg). To avoid any confusion, and because it is related to
some specific policy, we will call vy — 7 ™ v, the Policy Bellman residual. Munos started by deriving a
componentwise analysis :

Lemma 2 (Componentwise Asymptotic Performance of Approximate Policy Iteration [@])
Write P, = P™ the stochastic matriz corresponding to the policy my which is greedy with respect to vi_1,
P, the stochastic matriz corresponding to the (unknown) optimal policy ., and denote |e| the vector of
absolute values of the €. Then :

limsup v, —v™ < (I —~P,) ! limsup (VP (I — YPpi1) (I — yPy) — P, €x

k—o0 k—o0
limsup v, —v™ < (I —P,) "limsup [yPey1(I = YPey1) " — vP(I — vPy)] (vi — T 0p).
k—o0 k—o0

Using the concentration coefficient C'(v) introduced in the previous section (equation ), it is possible to
show? the following L, bounds :

Theorem 3 (Asymptotic Performance of Approximate Policy Iteration in L, norm)
The difference between the asymptotic performance of policies w1 greedy with respect to vy and the
optimal policy satisfies

. 2y (Cw)'”

limsup ||v, — 0™ ————— limsup |e

msup [ oo < (1= )z lmsup llexll,..

. 29 (Cw) "

limsup ||v. — v™* < ———2 limsup ||vy — 7T v .
msup o o, < sy o~ 77w,

Note that the bound with respect to the approximation error € is better than Bertsekas and Tsitsiklis’s
(equation ﬁ) Compared to the analog result for Approximate Value Iteration (Theorem E) where the bound
depends on a uniform error bound (Vk, ||ex|| o < €), the above bounds have the nice property that they only
depend on asymptotic errors/residuals.

Finally, as for Approximate Value Iteration, a better bound (by a factor ﬁ) might be obtained if the
sequence of policies happens to converge. It can be shown (from [E], Remark 4 page 7) that :

3This result is not stated by Munos in [H] but using techniques of another of his articles [E], it is straightforward to derive
from Lemma [. The current paper will anyway generalize this result (in Theorem | page [LY).



Corollary 2 (Performance of Approximate Policy Iteration in case of convergence)
If the sequence of policies (my) converges to some 7, then

29 (C(v))"/?

v, —v" < (( limsup [lex|,,
(
(

1- 'Y) k—oo

CE)'?
1 — T .
Ty lmsup vk Okl

2
v, — V" < v

3.4 )\ Policy Iteration

Value Iteration and Policy Iteration are often considered as unrelated algorithms. Though all the results we
have emphasized so far are strongly related (and even sometimes identical), they were proven independently
for each algorithm. In this section, we describe a family of algorithms called “\ Policy Iteration” (originally
introduced in ]) parameterized by a coefficient A € (0, 1), that generalizes them both. When A = 0, A Policy
Tteration will reduce to Value Iteration while it will reduce to Policy Iteration when A = 1. We will also briefly
discuss the fact that A Policy Iteration draws some connections with Temporal Difference algorithms which
one finds in the Reinforcement Learning literature [.

We begin by giving some intuition about how one can make a connection between Value Iteration and
Policy Iteration. For the moment let us forget about the error term €. Though Value Iteration seems to
build a sequence of value functions and Policy Iteration to build a sequence of policies, both algorithms can
in fact be seen as updating a sequence of value-policy pairs. With some little rewriting — by decomposing
the (nonlinear) Bellman operator 7 into 1) the maximization step and 2) the application of the (linear)
Bellman operator — it can be seen that each iterate of Value Iteration is equivalent to the two following
updates :

{ Tre1 < greedy(vg) N { Trr1 < greedy(vg)
Vg1 Tﬂk+1vk Vgt1 rTk+1 +’YPW'“+1’U}¢-

The left hande side of the above equation uses the operator 7 ™#+* while the right hande side uses its definition.
Similarly — by inversing in Algorihmﬂ the order of 1) the estimation of the value of the current policy and
2) the update of the policy, and by using the fact that the value of policy k41 is the fixed point of 7 ™*+1
— it can be argued that every iteration of Policy Iteration does the following :

The1 < greedy(vg) o ) T greedy(vy)
Vg1 —  (TT1)>uy, Vg1 (I —yPmrrr)Tlpmien

Thanks to this little rewriting, both algorithms now look close to each other. Both can be seen as having
an estimate vy of the value of policy 7y, from which they deduce a potentially better policy 7;+1. The
corresponding value v™*+1 of this better policy may be regarded as a target which is going to be tracked by
the next estimate vgy1. The difference is in the update that enables to go from vy to vgy1 : while Policy
Iteration directly jumps to the value of 711 (by applying the Bellamn operator 77++! an infinite number
of times), Value Iteration only makes one step towards it (by applying 7™ +1 only once). We made this
rewriting because it leads to a natural introduction of A Policy Iteration : namely A Policy Iteration is doing
a A-adjustable step towards the value of 741 :

Tet1 — greedy(uvg) ‘ ‘ ol e = greedy(vy,)
vpr1 — (1=2X) Z;io N (Tme+1)d+ Ly, Vg1 — (I = My P™e+1) 7 (p™et1 4 (1 — \)yPTr+1uy)

More formally, the idea of A Policy Iteration (see the above left hand side) consists in doing a geometric
average of the different number of applications of the Bellman operator (7™*+1)J to vx. The right hand side
is here interesting because it clearly shows that A Policy Iteration generalizes Value Iteration (when A = 0)
and Policy Iteration (when A = 1). The actual equivalence between the left and the right can be proven as



follows :
(1 _ )\) Z )\j(ka+1)j+1vk _ (1 _ )\) Z )\j { |:Z Pﬂk“ :| Th41 + (,ypmc+1)j+1vk}
Jj=0 Jj=0

Ty PR PR (1= X)) DN (y PR
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In order to describe A Policy Iteration, it is useful to introduce a new operator. For any value v and any
policy 7, define (the following four formulations are equivalent up to some little linear algebra manipulations) :

TTv = v+ (I —MP") YT v —0) (8)
= (I —=MP") Y T™v — \yP™v)
= (I=MP)7H 0"+ (1= AyP™) 9)
= (I=MP") "M+ (1=XN)T"v) (10)

A Policy Iteration is formally described in Algorithm E Once again, our description includes a potential

Algorithm 3 A\ Policy Iteration
Input: An MDP, A € (0, 1), an initial value vy
Output: An (approximately) optimal policy

k<20

repeat
Tht1 < greedy(vg) // Update the policy
Vgy1 T/\W’““vk +err1 // Update the estimate of the value of policy 741
k—k+1

until some convergence criterion

Return greedy(vy)

error term each time the value is updated. Even with this error term, it is straightforward to see that the
algorithm reduces to Value Iteration (Algorithm ﬂ) when \ = 0 and to Policy Iteration® (Algorithm E) when
A= 1

4Policy Iteration starts with an initial policy while A Policy Iteration starts with some initial value. To be precise, 1 Policy
Tteration starting with vg is equivalent to Policy Iteration starting with the greedy policy with respect to vg.



Relation with Reinforcement Learning The definition of the operator 7" given by equation E is the
form we have used for the introduction of A Policy Iteration as an intermediate between Value Iteration
and Policy Iteration. The equivalent form given by equation E can be used to make a connection with the
TD(A) algorithms® that one finds in the Reinforcement Learning literature, of which a reference is the book
by Sutton & Barto [ﬂ] Indeed, equation E can be seen as an incremental additive procedure :

Uk41 < Uk + Ok

where the “increment” is dy, := (I — \yP™+1)~L(r™+1 4 (1 — \)yP™+1yv). It can be shown (see [I] for a
proof or simply look at the equivalence between equations E and E for the intuition) that the vector dy has
components given by :

N-1

(M) di (i, i41)| 0 = i
0

Auli) = Jim B
]:

with
di(i,3) = (i, me41(8), ) + YV () — V(3)

being the temporal difference associated to transition ¢ — j, as introduced by Sutton [ﬂ] When one uses
a stochastic approximation of A Policy Iteration, that is when the expectation Er,. , is approximated by
sampling, A Policy Iteration reduces to the algorithm TD(A) which is described in chapter 7 of [ Also,
Bertsekas and Toffe [[l]] showed that Approximate TD(A) with a linear feature architecture, as described in
chapter 8.2 of [ﬁ], corresponds to Approximate A Policy Iteration where the value is updated by least square
fitting using a gradient-type iteration after each sample. Eventually we do think that the “unified view” of
Reinforcement Learning algorithms which is depicted in chapter 10.1 of [ﬂ] is in fact a picture of A Policy

Iteration.

Properties of Exact A Policy Iteration In the original article introducing A Policy Iteration [ﬂ], Bert-
sekas and Ioffe provide an analysis of the algorithm when it is run exactly (when ¢, = 0). Define the following
factor
5= =Ny
1— )y

We have 0 < 8 < < 1. If A =0 (Value Iteration) then § =+, and if A = 1 (Policy Iteration) then 5 = 0.

They give some insight on what happens at each iteration and descrive a constructive algorithm for
estimating vg41 from 741 and vy :

Lemma 3 (One iterate of \ Policy Iteration[l])
For all k, define the operator

Yo, Mygv:= (1 = N)T ™ Hly, + AT TF 1y

Assume T™+1 is a contraction mapping of modulus a for some norm ||.||. Then
- My, is a contraction mapping of modulus B for the same norm ||.||.
— The next iterate vy is the (unique) fized point of Mj,.

The assumption of the lemma is always true with o = v and the max-norm.
Then the authors show the convergence and provide an asymptotic rate of convergence :

5TD stands for Temporal Difference. The conpection with TD algorithms was one of the motivation of the original article
about A\ Policy Iteration by Bertsekas and Ioffe [l]. Indeed, A Policy Iterationis there also called “Temporal Difference Based
Policy Iteration” and the presentation they give starts from the formulation of equation H (which is close to TD(\) and then
makes the connection with Value Iteration and Policy Iteration.



Theorem 4 (Convergence and Rate of Convergence of Exact A Policy Iterationfl])
If the discount factor v < 1, then v converges to v.. Furthermore, after some index k., the rate of
convergence is linear in 3 (for the norm of Lemma B), that is

VE 2 ke; Jlvgpr — vull < Bllog — o[-

By making A close to 1, § can be arbitrarily close to 0 so the above rate of convergence might look
impressive. This needs to be put into perspective : the index k, is the index after which the policy 7 does
not change anymore (and is equal to the optimal policy 7.). As we said when we introduced of the algorithm,
A controls the speed at which one wants vy to “track the target” v™*+1 ; when A = 1, this is done in one step
(and if mp41 = T, then viy1 = v,). However, the bigger the value of A, the less the operator M}, (Lemma E)
is contracting, and the more time it might take to compute the next iterate vg41 (its fixed point).

Remark 1 Analyses are usually simpler for Value Iteration than for Policy Iteration. The key for study-
ing Value Iteration is based on the fact that it computes the fized point of the Bellman operator which is a
y-contraction mapping in maz-norm. On the contrary, it can be shown that the operator by which Policy Iter-
ation updates the value from one iteration to the next is in general not a contraction in maz-norm; Analyses
of Policy Iteration rely on some other properties (like the fact that the sequence values is (approximately)
non-decreasing). In fact, this observation can be drawn for A Policy Iteration as soon as it does not reduce
to Value Iteration :

As soon as A > 0, there exists no norm for which the operator by which A Policy Iteration updates the
value from one iteration to the next is a contraction.

To see this, consider the following deterministic MDP with two states {1,2} and two actions {change, stay} :

r1 =0, 72 = 1, Pehange(5251) = Pehange(51]52) = Pstay(s1|81) = Pstay(s2|s2) = 1. Consider the fol-
lowing two value functions v = (€,0) and v' = (0,¢) with € > 0. Their corresponding greedy policies are
m = (stay,change) and ©' = (change, stay). Then, we can compute the next iterates of v and v' (using
equation
"+ (1= )P0 = ((1—=Xve, 1+ (1 — N)ve)
(1= A)ye (1= A)ye
T = 1
rY (1)\7’ + 1—)y
(1= A)PT Y = (1= Nvye, 14 (1= A)ye)
Ty = L+ (1=Nye ,1—1—(1—)\)76
1— Xy 1— Xy
Then
T v — T v = LI 1 LI 1
A RS T P [ W
while

v —v=(—¢c¢).

As all norms are equivalent, and as € can be arbitrarily small, the norm of Ty"v — T/\“/v’ can be arbitrarily
larger than norm of v — v when A > 0. O

Approximate A Policy Iteration There is a case study in the original article [m] describing an instance
of Approximate A Policy Iteration (with (e; # 0). However, to the best of our knowledge, there is no work
studying the theoretical soundness of doing Approximate A Policy Iteration.

10



3.5 Our contributions

Now that we have described the algorithms and some of their known properties, motivating the remaining
of this paper is going to be straightforward. A Policy Iteration is conceptually a very nice algorithm since
it generalizes the two most-well known algorithms for solving discounted infinite-horizon Markov Decision
Processes. The natural question that arises is whether one can generalizes all the results we have described
so far to A Policy Iteration(uniformly for all A). The answer is positive :

— We provide a componentwise analysis of Exact and Approximate A Policy Iteration.

— We show that the convergence rate of Exact A Policy Iteration is (not only asymptotically) linear and

we generalize the stopping criterion described for Value Iteration.

— We give (componentwise and L,) bounds of the asymptotic error of Approximate A Policy Iteration

with respect to the asymptotic approximation error, Bellman residual, and Policy Bellman residual.
We thus show that Approximate A Policy Iteration is sound.
— We provide specific (better) bounds for the case when the value or the policy converges.
— Last but not least, we provide all our results using the span seminorms we have introduced in section
E, and using the relations between this span semi-norms and the standard L, norms (equation ), it
can be seen that our results generalize all the previously described results.
Conceptually, we provide a unified vision (unified proofs, unified results) for all the mentioned algorithms.

4 Componentwise Performance bounds

This section contains our main results, which take the form of componentwise bounds. All the proofs are
deferred to the appendices. The core of our work is the complete analysis of A Policy Iteration (Appendix
@) It serves as a basis for computing the rate of convergence of Exact A Policy Iteration (Section , proof
in Appendix E) and the asymptotic performance loss of Approximate A Policy Iteration with respect to the
approximation error (Section @, proof in Appendix Q) The asymptotic performance loss of Approximate

A Policy ITteration with respect to the Bellman residuals is somewhat simpler and is proved independently
(Section [£.9, proof in Appendix [J).

4.1 Performance bounds for Exact \ Policy Iteration

We first consider Exact A Policy Iteration and provide some convergence rate bounds :

Lemma 4 (Componentwise Rate of Convergence bounds for Exact A Policy Iteration)
The following matrices

B, = (1=m(P) I —yP)7"
1— hY k-t - .
By = (T—fl) - :YM ST AT TR (P T T A1 Ay Akgar + BT = yP) T A Ar— . Ak
Jj=ko

Frr,

(1-1) {Pf*k" + = 7E;’ckoP*}

are stochastic and

,yk—ko
vy — 0™ < T [Fkko — E,’cko] (Vs — Vi)
,yszko
Vg — Tk S = 5 [Ekko — E]/Cko:l (T’Uko — Uko)'
b= 0™ < AR (PR (0, — ) = minfu(s) = vk ()]e] + [lvn(s) = 0T e

11



Remark 2 These bounds imply that A Policy Iteration converges to the optimal value function at least at a
linear rate.

4.2 Performance bounds for Approximate \ Policy Iteration

We provide componentwise bounds of the loss v, — v™ of using policy 7 instead of using the optimal
policy, with respect to the approximation error €, the Policy Bellman residual 7xvy — vg and the Bellman
residual 7vg — v = Ti1vk — vi. Note well the subtle difference between these two Bellman residuals : the
Policy Bellman residual says how much v differs from the value of m; while the Bellman residual says how
much vy differs from the value of the policies 741 and 7.

Lemma 5 (Componentwise Performance bounds for Approximate A Policy Iteration)
The following matrices

A = (17A7)(17/\7P,c)—1p,c
1—
Bir = 7 Z F1migi=d (PRI A Ay Ajyy + BT (T — yPe) " ApAg_.. Aj
e = 1Bl +(1*7)(P*)’c 7
Cp = (1—=°U—vP) " (P.(I—vP)")
C. = (1=’ =~vP)" (Per1(I = vPr1)™")
D = (1=y)P(I—-yP)™"
Dy = (L=mP(I —yP)"

are stochastic and

lim sup Z y j B, — gk] €;

k—oo -7 k—oo

Vko, limsup v, —v™ <

Jj=ko
limsup v, —v™ < S > lim sup [Cr — CLl(Tivk — vg)
VEk, v, —0v™ < % [D — Dy (Tvg—1 — vk—1).
-7

Remark 3 We can look at the relation between our bound for general A and the bounds derived by Munos
(Lemmas [] and [3).
— Let us consider the case where A = 0. Then 8 =, Ay = Py and

Bjr = (1 —)(I —vPy) ' PyPi_1..Pj11
Then we have just shown that limsup;,_, ., v« — V™ is upper bounded by :
lim sup Z VI [(I = yPy) "t PyPic1...Pjpy — (Y(I — v Pe) ' PuPre1. Py + (P)F )¢5, (11)

k—o0 i=ko

The bound derived by Munos for Approzimate Value Iteration (Lemma E page @ 18

B
=

limsup (I —vPy)™" Y A* 7 [PoPy1...Pjs1 — (P)F ] ¢

k—o0

<.
Il
o

12



k—1
— 1i}I€nsup S A (I =AP) T PPy P — (I = yPe)~ (P ] ¢
k—1 . _ .
= limsup Y 4" [(I = vP) ' PeProrPipa — (1= vP) 'y Pe(P)F 7 + (P)F)] €5.(12)

k—o0 =0
The above abounds are very close to each other : we go from equation @ to equation @ by replacing
Pk—l---Pj by (P*)k_j.
-~ When A=1,3=0, Ay = (1 —v)(I —vP:) " P and

Bjr = (1= y)(P)f 1P (I — yPiy) ™

Then
k—1
limsup v, —v™ < limsup Z Ak 1=d (P*)kflfjuj
k—o0 k—oo —
J=Fro
with

Uj = [’7Pj+1([ — ’}/Pj_i_l)_l(l — ’}/PJ) — ’)/P*} €j.
By definition of the supremum limit, for all € > 0, there exists an index ki such that for all j > k1,

u; < limsup u; + ee

l—o0
Then :
k-1 k-1
lim sup Z ykflﬂ(P*)kflﬂuj < limsup Z AR (P, k1= (Hmsup uy + 6)
k—o00 J=k1 k—o0 i l—o0

= (I-+P) ! (Hmsup Uy +ee>

l—o00

As this is true for all € > 0, we eventually find the bound of Munos for Approximate Policy Iteration

(Lemma [ page [§).
Roughly speaking, our componentwise analysis is thus a generalization of both analyses of Munos.

The bound with respect to the approximation error can be improved if we know or observe that the value
or the policy converges. Note that the former condition implies the latter.

Corollary 3 Suppose the value converges to some v. Write 7 its greedy policy and P the corresponding
stochastic matriz. Define the following stochastic matrix :

B, = (1-9)(Q-XN{I—-~yP)"'P+XI—-~P,)"'P)
Then the error necessarily converges to some € and

v*—v’rgi[viD]e
l—n
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Corollary 4 Suppose the policy converges to some w. Write P the corresponding stochastic matrix. The
following matrices

A™ = (1-M\y)P(I - \P)™!
Aﬂ—jk — ,Yk,j — )\/y Z,yk—l—sz—](P*)k—l—z(ATr)z—] + ﬁk}—]([ _ ,YP)—l(Aﬂ')kJ—l—j
}Tk = A"yP
1—n —j L=yl =) -
BT = — |(P)k A™ (I — My P)~L(P)?
b= o |y B - xy)
are stochastic and
11—y = P
v*—v’rglikmsup = Z’Yﬂ[ ;fka;’,Z]ej

5 From componentwise bounds to norm and seminorm bounds
The componentwise bounds we have derived allow to derive L, norm and seminorms bounds. To do so

we will need two lemmas, the proofs of which are close to those of Munos [ﬂ, E] ; the main difference is that
we come up with (better) span seminorm bounds instead of L,/max-norms.

5.1 Deriving L, norms and seminorms

Lemma 6 Let i, yr be sequences of vectors and Xy, and X;, sequences of stochastic matrices satisfying

limsup |zx| < K limsup (Xx — X))y

k—o0 k—o0

w( Xy + X)) is a distribution and

For all distribution p, pi := %

1i11€nsup |2kl , < Klimsup span, ,, [y

— 00 — 00

limsup ||z, < Klimsup span, [yx]

c— OO — 00

Proof: Write apy := argmin, |y — aer_M. As X}, and X/, are stochastic matrices, Xpe = X e = e, and
we can write that :
limsup |zx]| < K limsup (X, — X;)(yx — apke).

k—o00 k—o0

By taking the absolute value (we write |z| the componentwise absolute value of z) we get

limsup |zx| < K limsup (Xy + X,)|yx — aprel.

k—oo k—oo
It can then be seen that
P
lim sup (||$k|| ) = KPlimsup p(|zx|)?
k—oo bp k—oo

IN

k—oo

1 p
KPlimsup p [(§(Xk + X;@)) 2|yr — apkeq
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1
< KPlimsup 5pu(Xy + X5)(2lye — aprel)?

k—o0

= KPlimsup Mk(2|yk - apk€|)p
k—o0

p
= KPlimsup (2 llyx — apk€||p Mk)
k—oo '

= KPlimsup (Spanp,uk [yk])p

k—o0

where we used Jensen’s inequality (using the convexity of 2 — 2?) and where the last inequality results from
the definition of a,;. O

Lemma 7 Let xy, yi be sequences of vectors and X, and X]’-k sequences of stochastic matrices satisfying

k—1
Vko, hmsup |zx| < K lim sup Z VI ( Xy — Xy
k—oo
Jj=ko

For all distribution p,
1
piej 1= 5 (X + Xiy)
are distributions and

K
limsup [lzx[, , < <=7 im sup span,, ,, - [y;].
P 1=y ko—00 > 5>k i

K
limsup [|ox|,, < 2l limsup span., [yx]

—00 - —00

Proof: Write api; := argmin, ||y; — aer_M As Xjr and X7, are stochastic matrices, Xye = Xje = e
and we can write that :
k—1
limsup |zg| < K limsup Z VI ( Xy — Xii) (i — aprje).
k—o0 k—o0
Jj=ko
By taking the absolute value we get
k—1
limsup |z < K limsup Z YEI (X + Xilyj — aprje
k—o00 k—o0
Jj=ko
It can then be seen that
. p .
imsup (flaell,,) = K*limsup (o)
k—oo k— o0
[ k-1 P
< KPlimsup p | > ¥ (Xe; + Xi) (ly; — aprjel)
k—o0 _j:ko
(k-1 k-1 _k—5\1°
| (528, 775 (X + X002 Iy — apwiel)) (Sh2h, 7+
= KPlimsup p 1 -
k—o0 Zj:ko ’yk_J
k—1 k=1 _k—5\1?
. Zj:ko 'Y %(Xk] =+ ij) 2|yj - apk:j€| (Zj:ko 'Yk ])}
< KPlimsup p o -
k—o0 Zj:ko 'yk—J
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p—1

k—1 k—1
= KPlimsup Y 7" 2y — aprgell” | D A
k—oo T .
Jj=ko j=ko
~y p—1 k—1 »
. k—i
< K? <m> hlirisup Z PRI [2 lly; — apkjer#kj
=k
p—1 k—1
_ Y . k—i p
= KP? (ﬁ) hIICILSOLip Z a [spanp#kj [yj]}
j=ko
~ p—1 k—1 p
< K? (—) lim sup AR sup span,, ,, [y
1-— Y k— 00 ]; k>4 >ko M’ [ J ]
v\ ’
= KP? sup span i’
(1 - 7) 1—7y L’z;"gko Py Wi ]1
» P
= KP? (L) sup span, lyirl| -
L=v/ |W>j>ke K
where 2P means the componentwise power of vector x, and where we used Jensen’s inequality (with the
convex function z — aP) and the fact that Zf;,io yhI < 725 As this is true for all ko, and as ko —

SUDRs>> jr >k SPAN, |, [yj+] is non-increasing, the result follows. O

5.2 Rates of convergence for Exact )\ Policy Iteration

Theorem 5 (Rates of convergence for Exact A Policy Iteration)
With the notations of Theorem , and for all distribution u and indices k > kg,

k—ko
T

k—ko

o=l = T spang o, — o)
k—ko

_ Tk < —

[os =™ [l < 1—7 Spanp,%u(Ekko-kEéko) [Tvko = Vo]
k—ko

o = 0™ < P [T Uk, — Uk

e = ™I, Sv““mm—wdﬂgmw%wwﬂe +mw»w%ﬂm)

pyp( Py )k ko

8P [Vx = ko] 4 [|v4(s) — ™0+ )

A

loe = o™l < AR

The first pair of rate is expressed in terms of the distance between the value function and the optimal
value function at some iteration ky. The second pair of inequalities can be used as a stopping criterion.
Indeed, taking k = kg + 1 it implies for instance that
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Theorem 6 (Stopping condition for Exact A\ Policy Iteration)

If
1—7

Y

spang [T vk, — Vi < €

then Tiy41 is e-optimal, that is ||v, — v™ko+1|| <.

The last pair of inequalities rely on the distance between the value function and the optimal value function
and the value difference between the optimal policy and the first greedy policy ; compared to the others, it
has the advantage of not containing explicitely a ﬁ factor (though this factor is hidden in v, — v™*0+1).

5.3 Bounds for Approximate )\ Policy Iteration

We can now derive the following bounds for A Policy Iteration in span seminorm :

Theorem 7 With the notations of theorem B and corollaries E and , and for all distribution

. Y .
1 _ T :
1kmsup [vse — 0™, e Rim kzsg)ko SPAY, 1 (Bt B ) [€5]

limsup |[v, — 0™ < limsup span, |€;

00 H Hoo (1 _ 7)2 oo (e'e] [ ]]
. Y .
s o 0" € o D s 3y itk
1i£nj£p los =™ < e 1i£nj£p span., [Trvr — vg)

Y
Yk, loe =™, < 1— ~ P4 3u(D+Dy) (701 = V1]
VE, |ve =0, < spang [Tvg—1 — Vg—1]

If the value converges to some v, then the approzimation error converges to some €, and the corresponding
greedy policy 7 satisfies :

i
vs =0, < mspanp,%,u(BerD) [¢]

los — o™, < 1 jvspanoo €]
If the policy converges to some w, then :
T 7(1 — )‘7) : .
e =l S ST S 9o ) [
1—A
[loe — o™ alt ) limsup spang, [€;]

||oo N (1 - /7)2 j—o0

5.4 Using the concentration coefficients

We here consider the concentration coefficient introduced by Munos in [@, E} and already mentioned
before (equation E page E) We recall its definition for clarity. We assume there exists a distribution v and a
real number C(v) such that

V) = max pz](a)
Cl) =mea v(y)
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Let X be an average of products of stochastic matrices of the MDP. Then,

pXy < C)vy

From this we can conclude analogues of lemmas E and ﬂ

Lemma 8 Let xi, yi be sequences of vectors and X, and X, sequences of stochastic matrices (that are
averages of products of stochastic matrices of the MDP) satisfying

limsup |zx| < K limsup (Xx — X})yk
k—oo k—oo
Then
limsup ||z, < K [C(V)]l/p limsup span,, ,, [yk]

—00 k—o0

Lemma 9 Let x, yr be sequences of vectors and X, and X]’-k sequences of stochastic matrices (that are
averages of products of stochastic matrices of the MDP) satisfying

k—1
Vko, limsup |zx| < K limsup Z ’ykfj(ij — X,’Cj)yj
k—oo k—oo S
Jj=ko
Then K
. i 1/pq.
limsup |lzgl|, < T~ [C(¥)]*/? lim sup span,, ,, [yi]
k—o0 k—o0

As a consequence we can derive the following convergence rate bounds for Exact A Policy Iteration.

Theorem 8

k—k
low — v, < T [C@)]YP span,,, [or — vg]
* S g pany, ,, |Ux ko
k—k
lon—v™ |, < LT [C@)]"P span,,, [Tk, — v]
* %) — 1*')/ DV 0 0

Also :

. — 1
o = 0™l <A*H [CONYP (spamy 00 = v0,] + 0a(s) = 070711 )

Also we have the following bounds for Approximate A Policy Iteration :

18



Theorem 9

1 ™ v 1 .

lim sup o = 0™l < A=z [C(w)"? hi_nj;}p spany,, [¢;]

: T 2 1/pq:

hlIcILS;ip los — 0™ < =2 [C(v)] hirisgp span,, ,, [Trvr, — v
Wk, o — o™, < ﬁ [CW)? span,, , [Tvi—1 — vi—1]

If the value converges to some v, then the approzimation error converges to some €, and the corresponding
greedy policy 7 satisfies :
[os =07

loo <

If the policy converges to some 7, then :

1—
N < 1= X) [C()]*? lim sup span,, ,, [¢;]

||U* Ve =
(17 e
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A General componentwise analysis of A Policy Iteration

This section contains the core of all the remaining results. We show how to compute an upper bound of the
loss for (approximate) A Policy Iteration in general. It will be the basis for the derivation of componentwise
bounds for approximate A Policy Iteration (section ) and exact A Policy Iteration (section )

A.1 Overview of the analysis of the componentwise loss bound

We define :
— the loss of using policy 7y instead of the optimal policy :

I == v, — V™"

the value of the k'" iterate b.a. (before approximation) :
Wi 1= UV — €k
— the distance between the optimal value and the k" value b.a. :
dp = Vs — Wg
— the shift between the k" value b.a. and the value of the k" policy :
Sk = wg — vk
— the Bellman residual between the & — 1** and the k** values b.a. :
b := Tpp1v — vk = T — v

All our results come from a series of relations involving the above quantities. In this section, we will use
the notation T for an upper bound of x and x for a lower bound.
Let us define the following stochastic matrix :

Ap = (1= X)) Pu(I — M\yPy)~ L.

Then
Lemma 10 The shift is related to the Bellman residual :

sk =B —vPy) ' Ap(=bg—1).

Lemma 11 The Bellman residual at iteration k + 1 cannot be much lower than the Bellman residual at
iteration k :
bry1 > BAky1br + Tppa

where xy, := (yP, — I)ex, only depends on the approzimation error.

As a consequence, a lower bound of the Bellman residual is :

k
b > Y BT (ApArr Aj) o+ B (AR Ak Akg 1) b = Di.
j=ko+1

Using Lemma , the bound on the Bellman residual also provides an upper on the shift :

sk < B —vPy)  Ap(=bg_1) ==k
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Lemma 12 The distance tends to reduce :

dr+1 < yPudy + yx

where Yy, 1= 1217 Apq1(—br) — vPser, depends on the lower bound of the Bellman residual and the approz-
imation error.

Then, an upper bound of the distance is :

27’“ Py AR (P Ry, = d
Jj=ko

Eventually, as o
ly = di + s < di + 5,

the upper bounds on the distance and the shift will allow to derive the upper bound on the loss.

A.2 Proof of Lemma : a relation between the shift s, = w;, — v™ and the
Bellman residual b, = w, — v

We have :
(I —vPy)sk (I = v Pp)(wp —v™)
= (I —7yPg)wg — i
= (I = X\yPyx + My Py — yPy)wg — 1y,
= (I = MyPp)wg + (M Py — vPy)wi — 7
= 7%+ (1= NyPrvg—1 + (A = )yPrwp — 1y
= (1 =NyPx(vk—1 — wy)
= (1= MvPu(I = MyPr) ™ (vp—1 — Thvi—1)
= (1= NPT = My Pe) " (—br-1)
Therefore
= B —yPp) ' Ap(—bg—1). O
with

Ap = (1= M)Pu(I = \yP)~ !
Suppose we have a lower bound of the Bellman residual : by, > by (we will derive one soon). Since
(I —vP;)~t Ay only has non-negative elements then

s < B(I —yPy) " Ap(—by) := 5%

A.3 Proof of Lemma : an upper bound of the Bellman residual b, = Tv, — vy,
From the definition of the algorithm, and using the fact that 7xv™ = v™ we see that :

b = Try1vk — vk
= Tit1vr — Tivr + Trvr — vk

Y

Trv — Uk

= Tpop — Tpv™ + 0™ —

VP (v — ™) + 0™ —

(vPi — I)(sk + €x)-

= [BAgbi—1 + (vPr — Iex. (13)
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where we eventually used the relation between s;, and by (Lemma [L(]). In other words :

brt1 > BApp1by + T
with
Tk ‘= (’yPk — I)ek. ]

Since Ay, is a stochastic matrix and 3 > 0, we get by induction :

k
by > Z BRI (ApAg_1 . Ajr) oy + BE R0 (ApAp_1. Agy 1) bry = by
j=ko+1

A.4 Proof of Lemma [ : an upper bound of the distance d;, = v, — wy,

Given that 7,v, = v,, we have

ve = v+ (- A’}/Pk+1)71(lz;v* — Vy)
(I = Ay Pri1) " (Teve = My Pry1vs)

Therefore the distance satisfies :

A1 = Vi — Wiyt

(I = M Pry1) [(Teve = My Pry10s) — (Toprvg — My Prgavy)]
(I = My Pies1) [ Tovw — Tegrvi + Ay Pega (v — v)]

= MPrt1dis1 + Tave — Trp1vg + Ay Py (i — vy)

= MPrt1dis1 + Tave — D10 + ANy Prega (Wi + €, — vy)

= MPrt1di+1 + Tove — Tip10g + Xy Prsa (e — di)

= Tws — Trp1vp + My Pega (e + dpyr — di)

Since ¢t is greedy with respect to vg, we have Tp4 v > T,vx and therefore :

Tvs — Tpivre = T, — Tovg + Took — D1k
S IJ;U* - IJ;’Uk
= YPu(vi — vk)

'YP*(/U* - (wk + ek))
Y P.dj, — vPiey

As a consequence, the distance satisfies :
di+1 < YPudi + My Py (€ + di1 — di) — yPres,
Noticing that :

€ +dpt1 —dip = €+ Wi — Wrt1

Vi — Wk+1

—(I = XyPiy1) ™ (Tervr, — vk)
(I = MyPiyr) ™ (=bk)

(I = MyPiy1) ™ (~bx)

IN

we get :
A1 <y Pedy + i
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where N
2
= Apiq1(=bg) — vP.er. O
L k+1(—0k) — yPuey,

Since Pi is a stochastic matrix and v > 0, we have by induction :

o< Y AP Sy o (R, —
Jj=ko

B Componentwise rate of convergence for Exact A Policy Iteration

We here derive the convergence rate bounds for Exact A Policy Tteration (as expressed in TheoremE page
E) We rely on the loss bound analysis of section @ with e = 0. In this specific case, we know that the loss
I, < dj + 55 where

b, = BFTROAL AR 1 Agy s (<Diy)
T Mo 4 ‘
dp = T Z AR (P*)k—l—JAj_H(_ﬁ) - k—ko (p,Yh—kog,
Jj=ko
5% = B —yPy) " Ap(=br-1)

‘We therefore have :

o )\’7 k—1

de =75 ST At gih (PRI Ay A Ay (<) + 7R (PR R0 d,
j=ko
and
5 = ﬁk_ko (I — 'YPk)_lAkAk—l---Ak0+1(_bk0)
Therefore :
. ’yk_ko E (—b )+ k—ko(P )k—kod (14)
RS\ ~ kko ko Y * ko
with
k-1 k—ko

1—v Ay B
/ R k—1—7 nj—k
Ek’ko . (,ykko) 1— )\,y 2 :’7 B X j Kok T 1— ,Yyko,k

Lemma 13 E,’Ck0 s a stochastic matriz

Proof:
k—1
l—y [ M e 6’“ Fo
E/ — 1—-j nj—ko
Jj=ko
_ 1—7 ( Ay ,yk—ko _ ﬁk—ko N ﬁk—ko)
PR \1-Xy  y—8 1—vy
1 _ ,Y k ko ﬂk k:g /kak’o
yk—ko 1—vy 1—vy
1

where we used the facts that J\%ﬁ = ﬁ and (1-08)(1 - y)=1-—~. O
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B.1 A bound with respect to the Bellman residual

We first need the following lemma :

Lemma 14 The bias and the distance are related as follows :

be > (I — vP,)dp.

Proof: Since w11 is greedy with respect to vy, Txr1vx > Tovg and

b = Thy1vk — Uk

= Trr1vr — Tovp + Tovg — Tovs + Ui — g

> Py (v — vy) + e — v

= (I —~vPy)d. O

We thus have :
dko < (I _'YP*)_lbko
Then equation @ becomes
~k—Fo
hos ey —ary - (1) Bl b
-7
k=0

= 1—~ [Ekko - Ellcko} bro

where :
Epgy = (1 =) (P)* (I —yP)~"

is a stochastic matrix.

B.2 A bound with respect to the distance

From Lemma @, we know that
—bry < (I = vPs)(—dy,)

Then equation @ becomes

k—k k—Fk yk—ko
by < [’7 TR(P)TTR - (1V)El/ck0(l_7p*):| A,
'Yk_ko ’

where
Fkko = (1 — ’y) |:Pfk0 + ﬁE}’;kOP"‘]

is a stochastic matrix.
B.3 A bound with respect to the distance and the loss of the greedy policy
Let K be a constant such that 0y, := vi, — Ke. The following statements are equivalent :

0

Vko

b,

>
77(30+1’0k0 2
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Tho+1 + YPro+1(vk, — Ke) > v, — Ke
(I =vPro+1)Ke = —rrgpr + (I = 7Pko+1) vk
Ke > (I =~Pgt1) " (=rhot1) + vk
Ke > wg, —v™ot!

The minimal K for which by, > 0 is thus K := maxg[vg, (s) — v™0+1(s)]. As O, and vy, only differ by a

constant vector, they will generate the same sequence of policies g, 4+1, Tky+2... Then, as by, > 0, equation
@ tells us that

vo—v™ < FR (PR (0, — gy,

PR (P) TR (vs — v, + Ke)

Now notice that

=
I

= 0x(8) + va(8) — 00 (s)]

= 0x(s)] + max(v.(s) — v (s)]

max|vg, (s

: )
)

IN

max|vg, (s
S

- msin[u*(s) — Vg (8)] + [Jva(s) — v™Rot1 ]|

Then, using the fact that (P,)*~%0e = e, we get :

v = 0™ S AFTR(P)ETR (02 — vy, ) — minfua(s) = vkg (8)]e| + [[vi(s) — v | e

C Asymptotic componentwise loss bounds with respect to the ap-
proximation error

We here use the loss bound analysis of section E to derive an asymptotic analysis of approximate A Policy
Iteration with respect to the approximation error.

C.1 General analysis

Since o
Iy, = di + s < di + 5%, (15)

an upper bound of the loss can be derived from the upper bound of the distance and the shift.
Let us first concentrate on the bound djy of the distance. So far we have proved that :

k—1
@ _ Z ,ykflfi(P*)kflfiyi+O(,yk7ko)
1=kg
Ay
Yi = mi‘liﬂ(_ﬁ) — vPei
7@ = Z 6i7j (AiAifl...AjJrl) (*SCj) + O(’Yiiko)
Jj=ko
—z; = (I =B

Writing
Xijk = (P)F 1 T A A A
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and putting all things together, we see that :

k—1 i
_ Ay 1 . Z - )
de = 1— )y nyk ! Zﬂ ]XU’C(I P )€J+O ko ka p,) eiJrO('Yk ko)
o J=ko i=ko
= k—1— 161 JXij(] /-)/P Z,yk z * iqﬁ»@(f}/k*ko)
i=ko j=ko )
k—1 k—1
adl i Qi— ) B
- 17)\7 ZZ S ﬁ JX,J]C(I ’YP Z’y * k JGj‘f’O(’)/k ko)
J=ho =3 j=ko
k—1 k—1
A . _
= 2 || 7 Z FUETIX (= Py) | =AM (P) T | e+ O M) (16)
Jj=ko

Let us now consider the bound 53 of the shift :

5ro= B =P Ar(—by)
k—1
= BU—P) A || D 8 (A Arzn Ajn) (<) | +O(FR)
Jj=ko
<« B k—k
= > ij’k(I—ij)ej +0("™) (17)
Jj=ko

with
Yk = (1 — ’7)([ - ’yPk)ilAkAk_l...Aj_,_l.
Eventually, from equations E, E and E we get :

k—1

l<]§ >\,-y Zklzz]X
k> 1_ Y ﬂ N

Jj=ko

(I=1P) =7 (P) | ¢+ O0F ) (1)

Introduce the following matrices :

k—1 .
-y | My k—1—i gi—j g
By = , iBIX, o+ Y,
ik V=i | Ty ;7 g gkt 11—~ dik
e = BB+ (1— ) (P

Lemma 15 Bj; and B;k are stochastic matrices.

Proof: It is clear from the definition of X ;i and Y that normalizing Bj; and B/ Tk will give stochastic
matrices. So we just need to check that their norm is 1.

k—1 ;
(1—9) Ay o1 BFTI
Byl = , igi=i
| Bjx T, ;:j CAN A 5
I e D B e et N pr
PRI l=XN vy B 1—vy
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(1-7) { I A N B’“‘J}
yE=i (1= M)A =8) 1-v

(1—7) [y —ptd  phi
yk=i { -y 1—- 7]

- 1.

where we used the identities : Ay = {=5 and (1 — §)(1 —yA) =1 —~. Then it is also clear that ||B},| = 1.
O

Equation [l can be rewritten as follows :

k=lor k=g , 4
b Y [T Bl B - R 4 01
=k v
1 k—1
k— k—k
- ﬁjz,ﬂ 7 [Bik = Bji] e + O(y*7")
=ko

k—1
limsup I < lim sup v*=3 [Bj 19
k—oo k—oo j;) [ ! Jk} ( )

C.2 When the value converges

Suppose A Policy Iteration converges to some value v. Let policy m be the corresponding greedy policy,
with stochastic matrix P. Let b be the Bellman residual of v. It is also clear that the approximation error
also converges to some €. Indeed from Algorithm P and equation E, we get :

b=Tv—v=(I—XMP)(—e)
From the bound with respect to the Bellman residual (equation @ page ), we can see that :
(I—~P) ' =T —~P)']b
(I—-~P)" —(I—~P)~ ] (I —MyP)e
(I—~yP)""(I=MP)—(I—~P) "I - yP)]e

Ve — v < [
[
[
[(I—=~P) "I —=yP+~yP —XyP)— (I —vP.)" (I — \yP)] e
[
[

(I+ (1 =XN{I —yP) " "yP+XI —~vP) 'yP) = (I —vP.) '] e
= [(A=XN{T =vP) '"yP+ A —yP,) " 'yP) — (I —yP.) " 'yP.] €
= (B Dle

where
B, = (1-9(1-N{I—-yP)"'P+AXI—-~P.)"'P)
D = (1-9y)P(I-~P)""

Lemma 16 B, and D are stochastic matrices.
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Proof: 1t is clear that ||D|| = 1. Also :

B = - (14 G20 2
= (1-7) (1+ﬁ)
= 10

C.3 When the policy converges

Suppose A Policy Iteration converges to some policy 7. Write P the corresponding stochastic matrix and
A™ := (1= \y)P(I — \yP)™ L.

Then for some big enough kg, we have :

k=1 r k—j , 4
s Y [T AT (= aP) =R 6 4 O

j=ko

where

k—1
P -~ Ay —1—i qi—j —1—if gm\i—j —j —1( gm\k—1—j
A= S | T 200 T TR I AT T BT — )T AT

is a stochastic matrix (for the same reasons why B,y is a stochastic matrix in Lemma E) Noticing that

AT(I —yP) = (1= )P(I = XyP)"'(I —~P)
= (1=M)PU —=MyP)" I = X\yP + \yP —yP)
= (1= )P — (1= NI~ \P)"yP)
= (1-M)P—y1-XNA"P
we can deduce that
k—1 k—j ) .
b <) [f — A5 [(1= M)P = 9(1 = \)A™P] 4+~ <P*>’”} ¢ +0(" )
i=ko v
k—1
1= X 1—A ;
= > { LA™ P — MA”]-,QA”PJr (P*)k‘J” €j + Oy o)
: 1—v I—vy
Jj=ko
k—1
1- )\'Y k—j T B/TK‘ . O k—ko 2
1_ Z’Y (B )€+ 0>y ) (20)
T =k
where
= ATyP
T 1-— B 7(1 — )\) m T —j
B = 1o [ T Al PP

Lemma 17 B}Tk and B;’,; are stochastic matrices.

28



Proof: It is clear that [| B[ = 1. Also :

1—n (1 =X
BTl = — L (1412 “7

1=y 1—y+7— Xy
1— )y 1—7
1.0

D Componentwise bounds with respect to the Bellman residuals

In this section, we study the loss
lp i= v, — VT

with respect to the two following Bellman residuals :
by, = Trvg — vk
by, == Tpq1vk — vp = Top, — vp

by, says how much vy, differs from the value of 7, while by, says how much vj, differs from the value of the
policies w41 and .

D.1 Policy Bellman residual b}, = Tyv, — vy

Our analysis relies on the following lemma

Lemma 18 Suppose we have a policy 7, a function v that is an approximation of the value v™ of m in
the sense that its residual b’ := T™v — v is small. Taking the greedy policy ' with respect to v will reduce
the loss as follows :

Ve =" < YPu(ve = 0") + (vP(I — yP) "t = AP (I —yP) )V

where P and P’ are the stochastic matrices which correspond to m and 7'.

Proof: We have :

’

Ve — 0" = T, — T
Tve — T V0" + T 0" — Tov+Tov — T + Ty — T o™
< YP(ve = 07) AP (" —v) + P (v = v™) (21)

where we used the fact that 7,v < 7™ v. One can see that :

v"—v = T —w
= T " —T"v+T"v—v
= AP@W" —v)+V
= (I—~yP)" W (22)
and that
v—v" = v—T "

v—T"v+T"v— Ty + Ty — T o™
—V 4+ ~yP (v —v")
(I —~yP")~H(=b"). (23)

IN N
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where we used the fact that 770 < 7™ v. We get the result by putting back equations @ and @ into equation

Pl O

To derive a bound for A Policy Iteration, we simply apply the above lemma to m = 7, v = v and
7 = Tp11. We thus get :
lev1 < YPuli + (YPo(I = vPr) ™" = yPig1(I — yPrg1) ") b},
Introduce the following stochastic matrices :
Cr:=(1=7)*(I =yP)™" (PI =vPp) ™)

Cri= (1= =vP)™" (Pey1(I = vPry1) )
This leads to the following componentwise bound :

. i . RN
limsup I < ——= limsup [C, — C.]b
k%oop b= (1 - 7)2 k%oop [ F k] b

D.2 Bellman residual b, = Tv, — vy,

We rely on the following lemma (which is for instance proved by Munos in [{])

Lemma 19 Suppose we have a function v. Let m be the greedy policy with respect to v. Then

v, — V" <y [P(I —yP) " = PT(I —yP™) "' (T™v — )

We provide a proof for completeness :

Proof: Using the fact that 7,v < 7™v, we see that
Ve — 0" = T, —T™ 0"

Ty —T o+ T 0o —T v+T v —-T" V"

< Twe—Two+T"0v—-T™ "

= YP.(vie—v) +yP"(v—v")

= YP(vi = V") + P (V" — )y P (v — ")
< (I—~P) ' (yP. —yPT) (0™ —v).

Using equation P2 we see that :
V" —v= (I —~yP") " (T™v — ).
Thus

Ve — VT

IN

(I =~P)~ (yPe = vPT)(I —yPT)"H(T™v — v)

(I =yP) " (yPe = I+ 1=y PT)(I =y P") (T — )
= [ =4P) = (I =4P") ] (T )

= y[P.I—yP) ' = P"(I—~P") '] (T™v —v). O

To derive a bound for A Policy Iteration, we simply apply the above lemma to v = v and ™ = m,. We
thus get :

v
I < m [D — Dy,] b1 (24)
where
D = (1—4)P.(I—-~P) !
o= (L=y)P(I—~P)"

are stochastic matrices.
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