
HAL Id: inria-00181764
https://inria.hal.science/inria-00181764v5

Submitted on 9 Nov 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

An adaptive simulated annealing cooling schedule for
object detection in images

Mathias Ortner, Xavier Descombes, Josiane Zerubia

To cite this version:
Mathias Ortner, Xavier Descombes, Josiane Zerubia. An adaptive simulated annealing cooling sched-
ule for object detection in images. [Research Report] RR-6336, INRIA. 2007, pp.26. �inria-00181764v5�

https://inria.hal.science/inria-00181764v5
https://hal.archives-ouvertes.fr


appor t  


de  r ech er ch e 


IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
63

36
--

F
R

+
E

N
G

Thème COG

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

An adaptive simulated annealing cooling schedule
for object detection in images

Mathias Ortner — Xavier Descombes — Josiane Zerubia

N° 6336

October 2007





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

�����������
	���
���������������	������������������������! " ������������$#�����������%& (') (*"+,���-	
���.	����-	��� ������/���0�������

1325476$892;:
<>=?47@�AB=
∗ C$D 2FE�8GAB=IH�AJ:LKJMONQP-AB: ∗ C-R MO:?8S2;@�AUT.AB=LV�P$8S2 ∗

WYX[Z?\^]`_�a�b3cedFfhgjikZ?\l]Lg�m�nJoqp[rsikrstug
vxwyn{z|]�iyg�}~wkr��{p5�

�~�{�[�;nqwki��h](wk]Lm�X[]�w�m�X[]�p;���q�q�J��c�a�m�iknJ��]?w~�{�q�F��ce�q�l�5�{oJ]?g

�
���?���&�[�q�q��� pInq�5wxrs\"�qoq]��[wynhm�]Lgkgkrsp5o��{�[�[��r�m��&iyrsnJp5g?�q .]~�5gk]~��gkrs\`�[���&ik]L�I�{p5p[]?�q�sr�p[o(�[wynhm�]?�[�[wk]�ikn(¡5p��Im�nJph¡5oq�5wy�{ikr�nqp5g
nqt;oJ]�nq\^]�ikwyr�mYgkX5�{�;]?g�iyX5�&i�¡[i-ikX[]��;]?gji-�{p^r�\^�qoq]J¢�WYX[r�g$i|fF��]�nqtO�q�soJnqwyr£iyX[\¤�q�s��n& �g�¡5p5�hr�p[o(nqp5].nqt�iyX[]�oJ�snJ�5�{�F\^rsp5rs\"��n{t
�qp
�{wy�[rsikw��{wyf(t¥�[p5m�ikr�nqp
�5wkn&¦Fr��h]?�`ikX��&i-iyX[]�m�nFnq��rsp[o`gkm�X[]L�h�[��]�r�g-��nqoB�{wyr£iyX[\^r�mY �rsikX"iyX[]�iyrs\^]J¢-dFrsp�m�]�iyX[r�gxi|fF�;]~n{t,m�nBnJ�sr�p[o
gym�X[]?�[�[�s]Lg^r�g^¦J]�wyf§gj��n& (�xoJ]�nq\^]�ikwyr�m?�{��m�nFnq��r�p[o¨gym�X[]?\l]Lg^�{wy]��5gk]?�©r�p©�[w��qm�ikr�m�]J¢ªb�]?nq\^]�iywkr�m��q�Ygym�X[]?\l]Lg^�{wy]�X[n& .]�¦J]�w
gk�[�hz|]Lm«i�iknIgknq\^](�hr�gk�J�h¦&�{pBiy�qoq]Lg-iyX5�&i� .]��hr�gkm��5gygYrsp�ikX5r�g�wy]��;nqwki?¢xW�n^n&¦q]?wym�nq\^]~iyX[]?gk](�hr�gk�J�h¦&�{pBiy�qoq]?g?�F !](�5wknJ��nBgj]��{p
�J�[�{�hiyrs¦J]Im�nFnq��r�p[oUgym�X[]�\^]q¢>WYX[r�g�X[]?�[wyr�gjikr�m"r�g��5�Jgj]L�QnqpQikX5]
�{p5�q�sfhgkr�g�n{tYikX[]�m�nFnq��rsp5o¬gkm�X[]?\^]I��]?X5�7¦FrsnJw�r�p­�[wy�Jm«iyr�m�]q¢
� p­�5�qwjiyr�m��[���{wL�� .]"nq�5gk]�wy¦q]`ikX[]
�[wk]Lgj]?p5m�]"nqtYm�wkrsikr�m��q��ik]?\^��]?wy�{ik�[wy]?g?¢�W�n¬�h]?�q�x �rsikXQikX5]?gk]Im�wyr£iyr�m?�{��iy]�\^��]?wy�{ik�[wy]?g?�� !]
�[wynq�;nJgk]��lm�nFnq��rsp[o^gym�X[]�\^]�ikX5�{i~�h]?m�]���]�w��&ik]Lg- �X5]�p®gj��m�X��`ik]?\l�;]�w��&iy�[wy]�r�gY�h]�iy]?m�ik]?�,�5�{p5���qm?m�]?�s]?wy�{ik]?g!n{iyX[]�wy �r�gj]J¢�¯¨]
�[wy]?gk]�pBi�wy]?gk�[�£i�gYnqp®�lwk]L�{�O�[wynq�[��]�\°iy�{±J]�p�t¥wknJ\°nq�5w�rs\"�{oJ]��[wknhm�]?gygjr�p[o^�{�[�[��r�m��&iyrsnJp5g?¢
²®³B´Oµk¶`· �&¸��q��� \"�{oJ]~�[wynhm�]?gygkrsp[o��BgkX5�q��]�]�¹Fikw��qm�ikr�nqp,�Fgj���&ikr��{�O�;nqr�pBi.�[wynhm�]Lgkg?�Bgkr�\��[���&iy]?�I�qp[p[]?�q�sr�p[o��B�J�[�{�hiyrs¦J]�m�nBnJ�sr�p[o
gym�X[]?�[�[�s]J¢

∗ º�»u¼¾½�¿&½�À�Á�Â«¼Ã¿�Ä�»uÅ|Æ9Åj½�»GÇ9ÈlÉ«»uÂ«Ê7Ë^ÌÎÍ�Ï�Ð�Ñ�Ò¥Í�Ï,ÒÓºÔÑ~Õ�Í$Ð?º¨À,Ò¥Í�Ï�ÒÓº-ÖF×«Ø«Ø�Ù�»GÂ«Ê?Ä9ÅYÚLÅjÆ�ÛBÊ7Ç|¼ÃÂ«ÜÃÅjÆjÖFÝÎÞ®ß«àLÖhÐ?Â«Ë7È7¼¾½�º�¿�ÄG¼ÃËqÂ«ÜÃ¼ÃÆjÖBá&»G½�¿7Ç|Å«âã Å|Ü;ä;å$à«à.Ù�ß«×Yà«æ�ç.æ«è�ç?Ö&á{½yé�ä;å$à«à!Ù�ß«×�à«æ�ç.ê�Ù�àLÖ&ë�ì�½�¼ÃÜ[ä�á[¼Ã»uÆGÄG¿&½�ì�Å«â Ûh½�ÆGÄG¿&½�ì�Åkí�Æ9Â«ËLÈ7¼¾½Lâ ¼Ã¿7»u¼¾½Lâ î�»



� ���!����	)����������� �����(�
	���	���% �  ��
' �������.	����x	��� ������| (*"+,�.	��°������� ����� ���0�������

��� �	��
 � �
� �qp5g�p[nBg��{�5�[�sr�m��{ikr�nqp5g?�[p[nJ�5g��hiyrs��r�gjnJp5g��h]LgYik]Lm�X[p[r��J�5]?g��h]�wk]Lm��[rsi�� gjr�\��5�����;nq�[w�iywknJ�[¦q]?w����"m�nqph¡�oq�[w��&iyrsnJp
�h] t¥nqwy\^]?g�o��?nq\���iywkr��B�[]?g��J�5r����?m�wyrsi���] \^r�]��h¹ �[p5] r�\"�{oq]J¢ _!] i|fF��]Q��� �{��oqnJwkrsikX[\^]¬�;]�wy\^]�i®�h] ikwynq�[¦J]�w
��� �[p �h]Lg
\^r�p[rs\`�[\ oJ�snJ�5�{�h¹¬��� �[p[]lt¥nJp5m«iyrsnJp,�,�hZ?g���nqw�g��B�[]l��]lgkX���\"���h]^���?m�wknJr�gygk�qp5m�]`�h]^���
ik]?\l����w��&iy�[wy]�]?gji��snJoJ�{wyrsikX[\^r��J�5]q¢
���>�s]?pJiy]��[w`w��L�hX[r��[rsiknqr�wy]^�[]
m�]"i|fF�;]I�h]
gkX���\"�>r�\^��nBgj]I]?pQ�[wy�{ikr��B�[]"��� �hiyrs��r�gy�&iyrsnJp§��� �[p[]
���Lm�wynqr�gkgy�{p�m�]lo���nJ\���ikwyr��J�5]q¢
��]¨gkX���\"� �h]Q���?m�wknJr�gygk�qp5m�]Uo���nJ\���ikwyr��J�5]U�[w �?gk]�pBik] iknJ�hik]�t¥nqr�g>�h]?g>����tu�{�hi�g!�B�[]¨p[nJ�5g>���?m�wkr�¦qnJp5g
�[�qp5g>m�]¨wy�q�[�;nqwki?¢
v$nq�5w`�5�q�s��r�]�w^m�]?g`r�p5m�nJpB¦"��p[r�]�pBi�g��$p[nJ�5g��5wknJ��nBgjnJp5g��[p gjX#��\"�U�h]����?m�wknJr�gygy�{p5m�]
�q�[�q�hiy�{ikrst|¢­_!]�gjX#��\"�¬]Lg|i"m�nJp5g|iywk�5r£i
$ ���{wkikr�w���� nq�5gk]�wy¦&�&ikr�nqp�g(]�¹h����wyrs\^]�pBi��{��]?g?¢�%xpÔ�5�{wkikr�m��[��r�]�wL��p[nJ�5g(nJ�5gj]?wk¦Jnqp5g����®�[w �?gk]�p�m�]I�h]"iy]�\^����w��&ik�5wk]Lg�m�wyrsikr��J�5]?g
m�nqwywk]Lgj�;nqp5�5�{pBi $ �h]?g
\lnJ\^]�pBiygIm�wk��m�r��{�h¹ª�h� �[wynFm�]?gygj��g"��� nJ�hikr�\^r�gy�&iyrsnJp,¢&�,]¬gkX���\"�'�B�[]¬p[nJ�5g"�[wynq�;nJgknqp�g^wk]?��nBgj]
gk�[w(��������ik]Lm«ikr�nqpQ�h]lik]?�s��]?g�iy]�\^����w��&ik�5wk]Lg�¢(�,]^gjX��?\"���[]lwy]�t¥wynqr��hr�gkgk]�\^]?pJi��[wynq�;nJg��`w��{��]�pBikrsi��snJwyg �B�)� �5p[]�iy]�\^����w��&ik�5wk]
m�wkrsikr��B�[]�]?gji~����iy]?m«i ��]J�h]�i~�qm?m��?�+* ]�wy]��q�hikwy]�\^]?pJiL¢-,�nq��gY�[w��Lgj]?pBiknqp�g.�[]?gYw �?gk�[�£i��&i�g�gj�[w��h]Lg��[wynq�[��Z�\^]Lg!w ��]?��g!iyrsw �?g��h](p5nJg
�q�[�[��r�m?�&ikr�nqp�gY]�p�ikw��{rsik]?\l]?pBi��)� r�\"�{oq]Lg�¢
. · �?� µ �"/ � �>� W�w��{rsik]�\^]?pJi~�)� r�\"�{oq]Lg���]�¹Fikw��qm�ikr�nqp®�h](t¥nJwk\^]Lg��[�5wknhm�]Lgkgk�5g��;nqp�m«ik�5]���g~gk�5�&iyr��q�h¹Î�5wy]?m��5r£i��Sgkrs\`�[�0�q�5gym�X���\"�
�h]����?m�wynqr�gygk�qp5m�]��q�[�q�hiy�{ikrst|¢



���������	��

������������������
��	���	� �!�"���$#��%�	&'�%�(� �

)  ��`	����`	��

*,+.- �?� · ¸ ���{�0/ · - 1

23+ 
Ô�'4 ³�5 � 6���7 ³ � 5 7 · / - �(7�� · � ³ �?� ³ �`� - ¸ ³ - ³ ��4 ´ 1
�[¢�8 �~�{p5�hnJ\ m�nJph¡5oJ�[wy�{ikr�nqp�n{t��;nqr�pBiyg®¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ 9
�[¢ � v$nJr�gygjnJp
�;nqr�pBi��[wknhm�]?gyg�¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ 9
�[¢ � :U�{wy±q]?�
��nJrspBi��[wynhm�]Lgkg.¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ 9
�[¢ ; � ]�p�gjrsi|fIn{t��^gj���&ikr��{�Î�;nqr�pBi��[wynFm�]?gygU¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ 9
�[¢ 9 %!g|iyrs\"�&iynqw��qp5�<:¨_=: _ ¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ �
�[¢ � %-p[]�wyoqf ¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ �
�[¢Ã� %x¹h�q\^�[�s]LgYn{t$wk]Lgj�5�£i ¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ �

> ? /+
 � /G�h� ³ ¸ � -@- ³ ��/A/ - 4 B
�5¢�8 b�wy]�]L�hf
�q�soJnqwyr£iyX[\ ¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ C
�5¢ �ED��qgjikr�p[oJgF:¬]�ikwynq�;nq��r�g.�qp5�>gjr�\��5���{ik]?���{p5p[]?�q�sr�p[oe¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ C

�5¢ �[¢�8 b�]?p[]�wyr�m�dFikwy�5m«iy�[wk] ¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ C
�5¢ �[¢ � }~�soJnqwyr£iyX[\ ¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ C
�5¢ �[¢ � v$]?wjiy�[wk���&ikr�nqp�±q]?wkp5]���g ¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ C
�5¢ �[¢ ; dhrs\`�[���{ik]L���qp[p[]L�{��rsp[o ¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ G

�5¢ � ��nqoB�{wyr£iyX[\^r�m�m�nFnq��r�p[olgym�X[]L�h�[��]�¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ G
�5¢ ; b�]?nq\^]�iywkr�m��q�Îm�nFnq��rsp5o^gym�X[]L�h�[��]�¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ G
�5¢ 9 }��5�{�hiyrs¦J]�gym�X[]L�h�[��]?gª¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8?�

1EI�J 7 ³ ��/+
 ³ - �?�#/ · ��� ³ �0K[�[� / · - � *�L
;�¢�8 b�]?nq\^]�iywkr�m��q�Îgkm�X[]L�h�[��]¬¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8�8
;�¢ � _!nJpF¦q]�wyoq]?p5m�]��h]����7f�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8�8
;�¢ � dh�[wjt¥��gjr�nqp,�[m�wkrsikr�m��q�Oik]?\l�;]�w��&iy�[wy]/¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8�8

M � - ³J¶ �5¸���7�� /NK ³ � ·,· /N/ - 4¨�?��6 ³ 
 ³ *�>
9[¢�8 dh�[���S��]?wkr�nh�[g ¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8?�
9[¢ �EOY�q���qp5m�]�ik]Lg|i
¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8?�
9[¢ � }�m?m�]?�s]?wy�{ikr�nqp�� �h]?m�]���]�w��&iyrsnJpI¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H809
9[¢ ; _!wyrsikr�m��{�Oiy]�\^�;]�w��&ik�5wk]�¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H809
9[¢ 9 }~�soJnqwyr£iyX[\�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8?�
9[¢ � _!nJ\^\l]?pBiyg�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H87�

P ��³ �	��/¥�?�l� - ¸ � · 
 
 ³ - �?� * B
�5¢�8 b�]?p[]�w��{�Î�;]�X��7¦Br�nqw ¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H87�
�5¢ � dh]���]?m«iyrsp5o^�^gk�[���Snq�hiyrs\"�q�Î��]?X5�7¦FrsnJw ¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8 G
�5¢ � _.�Jgj]�n{t�gkrs\^�[��]�w��[wynq�5�s]?\^g ¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢H8 G
�5¢ ; v��qwy�q\l]�ik]?wyg.r�p�Q5�[]?p5m�] ¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢(¢�¢(¢�¢(¢�¢(¢�¢ �{�

BER · - �"/+��� / · - 2SL

Ï�Ï)¿!T5ê«à«à«ê



; ��� 
A� � ����� ���%�	�����	��� �!���
	 � � ���%�N�

� 
 �`	�'$ "�����-	��� ��

� pQnq�5w(rs\"�{oJ]^�[wknhm�]?gygjr�p[o>�{�[�[��r�m��&iyrsnJp5g?�Î !]^t¥nhm���g�nqp ikX[]^i��qgk±¬n{t��{�hiynq\"�&iyr�m?�{���sf¬�[]�ik]Lm«iyrsp[o®nJ�hz|]?m�iyg�r�pQwk]L�{�$rs\"�qoq]?g?¢
� p�� 87�B��8L���~ .]��5wknJ��nBgj]>�hr��;]?wk]?pJiI\^nh�h]?��glt¥nJwI�h]�iy]?m«iyrsp5o­�[�[r����hr�p[oBglt¥wknJ\ � r�oqrsiy�q� %x��]�¦&�&iyrsnJp :¬nF�[]���g�� � % :¬g��«¢ ¯¨]
m�nqp5gkr��[]�w�m�nJph¡5oJ�[wy�{ikr�nqp5g�nqt.w��{p5�[nq\ oJ]�nq\^]�ikwyr�mlgjX��{�;]?g��u]q¢ o5¢"n{tYwy]?m«i��{p[oJ�s]Lg���gj]?oq\^]�pBiyg�nJw(��nqikX,¢�� ¯¨]I�5gk]^�®gk�5�{ikr��{�
�;nqr�pBi!�[wynhm�]?gyg�t¥w��{\^]? !nJwk±� �X5r�m�XIX��qg�iyX[]�t¥nJ�s��n& �r�p[o��q�[¦7�qpBiy�{oJ]?g?¢���r�wygji-rsiY�q�s��n& �gxm�nJp5gkr��h]?wkr�p[o��qpI�[p[±Fp[n& �p"pF�[\`��]?w-n{t
nJ�hz|]?m�iyg?�F�qp5�^iyX[]�wy]�t¥nJwk]~�[nB]Lg-p5n{i!wy] �B�[r�wy]��(�[wy]?m�r�gk]~±Fp[n& ���]?�[oq]�nJp"ikX[]�pF�[\��;]�w.n{t�nJ�hz|]?m�iyg-ikn`��]��h]�iy]?m«iy]?�Î¢ :¬nqwy]�n&¦q]?w?�
gk�5�&iyr��q�J�;nqr�pBi��5wknhm�]Lgkgk]?g�m��qp��;].gk��]Lm�rs¡5]?��ikX[wynq�5oqX����h]�p5gkrsi|fq¢$WYX[]!p5n{ikr�nqp�n{t�� � � ��� ���.��� ��
������.� ����
����	�����%

�N��� r�g�]?gygj]?pBikr��{�
t¥nJwx\^nF�[]���rsp[o�i��qgk±hg�¢$WYX[]�p[r�m�]YiyX[r�p[o��{�;nq�[i-gj�5�{ikr��{�[�;nqr�pBix�[wynFm�]?gyg�\^nh�h]���g�r�g$ikX5�{ixikX5]~�hr�g|iywkr��[�hiyrsnJplnqt,��v�nJr�gygknqpl��nJrspBi
�[wynhm�]Lgkg�m��qpU�[���7f�ikX[]"�qp5�{��nqo�wknJ�s]`ikn �,]?��]LgjoJ�[]`\^]L�qgk�[wk]�t¥nqw�wy]?�{�$w��{p5�[nq\�¦&�{wyr��q�[�s]Lg�¢�WYX5r�g�p[nqikr�nqp n{t!gk�5�&iyr��q�$��nJrspBi
�[wynhm�]Lgkg.�h]�p�gjrsi|f^t¥nqwYr�p5g|i��{p5m�]�]?p5�{�5�s]Lg-iyX[]�rsp5m��s��gjr�nqp�n{t�� � � �N� �! � �#" ���	�%#$�  �rsikX[r�p
iyX[]�]�¹Fikw��qm�ikr�nqpI�5wknhm�]L�h�[wy]�iyX[wknJ�[oqX
� OY�7fJ]?gkr��qp`\^nh�h]��9¢-_!nqp5gkr��h]�wyrsp5o�]�¹h��nJp[]�pBikr��{�5tu�{\^r��sr�]?g?�q .]�t¥nhm��5g-nqpIgk�%$Im�r�]�pBi!gjiy�{ikr�g|iyr�m?g�ikX��&i!�Jm�m�nJ�[pBi�t¥nqw�iyX[]�gk�5�{ikr��{�
wy]��5�qwjiyr£iyrsnJp nqt.nJ�hz|]?m�iyg�r�p¨ikX[]Igym�]?p[]q¢ %�¹[�q\l�5�s]Lg�n{t�gj�5m�XQgjiy�&iyr�gjikr�m�g(�qwk]liyX[]"pF�[\��;]�w�nqt.�q�sr�oqp[]L�Uwy]?m�iy�qp[oq��]?g��{p��UiyX[]
pF�[\`��]?w�n{t$m�nqp5p[]?m�ik]?��gk]�oq\^]?pJi�g�¢
}��sik]?wkp5�{ikr�¦q]?�sfJ�?iyX[]?gk]-\^nh�h]?��g�m��qp(��]. �wkrsijiy]�p��5p5�h]�w$��b�r��[�5g�t¥nqwy\>�{m�nJp5gjr�gjikr�p[o�r�p(ikX[] � � � 

��
A�N�!�&�	�����%
A�N�!� �¥p5nqwy\^�q�sr('�r�p[o
m�nqp5gjiy�qpJi)�~�q�snJp[o
 �rsikXUikX[]"gkfhg|iy]�\ � g�]?p[]�wyoqf�t¥�[p5m�ikr�nqp,¢`WYX[r�g�]?p[]�wyoqf>r�g��Jm«iy�5�{���sf®�hr�¦Fr��[]?� rspBikn
i| !n�ik]?wk\"g?¢*��rsw�g|iL� 
�& �
����
�� 
�� � � �B�5�{pBiyr£¡5]Lg(iyX[]��B�5�q�srsi|fUnqt~�¬m�nJph¡5oq�5wy�{ikr�nqp¨n{t�nq�[z|]?m«i�g( �rsikX§wy]?gk��]Lm«i�iyn¬iyX[]
�[�{iy�[¢Udh]?m�nJp5�Î� 
 &'�<��� 
�� � � ���
+ �.��� �qm�iyg!nqp
ikX[]�wk]?�5�{wkikrsikr�nqpInqt,nq�hz|]Lm«i�g!�qp5�I�{����n& �g-r�pBikwynF�[�5m�r�p[o����5�qgkr�m~±Fp[n& ��s]L�hoq]~nqp
���&ijiy]�wyp5g!n{t,r�pJiy]�wy]?gji-iyX[wknJ�[oqX
iyX[]I�h]�¡�p[r£iyrsnJp nqt!r�pBik]�w��qm�ikr�nqp5g?¢^WYX[]?gk]�i| .n>�5�{wkiyg��[���7f>ikX5]"wknJ�s]ln{tY�!��rs±J]���rsX5nBnh� �{p5�¨���[wkr�nqw�\^nh�h]���r�p­�<OY�7fJ]?gkr��qp
t¥w��{\^]� .nqwy±O¢
}~g$��wy]?gk�[�si�nqt[ikX5r�g�\^nh�h]���rsp5o�gjik]?�,�&ikX5]!]?p[]�wyoqf�r�g���gj�5�q�s��f�X[r�oqX[��f�m�nJ\l�5�s]�¹��{p5�(]�¹hX[rs�5r£i�g$pB�5\l]?wknJ�5g��snhm��q�J\^r�p[r�\^�5¢�¯¨]
m�nqp5gk] �B�[]?pJiy�sf"��gj](� �����������!
 �	� �!� � � �!�"���$# �[wknhm�]?�h�[wy]��5�qgk]?�
nqp>��D��qgjikr�p[oJg :®]�ikwynq�;nq��r�gYgym�X[]�\^]J¢$WYX5]�¡�wygji��q�h¦&�{pBi��{oq]
nqtxikX[r�g��{��oqnJwkrsikX[\ r�g�iyX5�&i�r£i(m��qp¬�;]l�q�[�[��rs]L�®ikn�m��Jgj]Lg~ �X[]?wk]�ikX[]`p[nqwy\"�{��r�'?rsp5o�m�nJp5gjiy�{pBi~r�g�p[n{i�±Fp[n& �p,¢�WYX[]lgk]?m�nqp5�
�J�h¦&�{pBiy�qoq]�r�gxiyX5�&i!ikX[]��[wynhm�]?�[�[wk]~�[wkn&¦Fr��h]?g!��oJ�snJ�5�{��\lr�p[r�\��[\ nqtÎikX[]�]�p[]?wkoJfq¢ D�n& .]�¦J]�wL�{ikX5]~���&ijiy]�w.wk]Lgj�5�£i.nqp[��f^X[nq���[g
t¥nJw�gj�;]?m�r£¡�m(m?�qgk]?g!ikX��&i~�{wy]�p[n{i�\^]�i�r�p>�[w��qm«iyr�m�]q¢
WYX[] gkr�\��[���&iy]?� �qp[p[]L�{��rsp[o©�[wynFm�]?�h�5wk]¬X��qg���]?]�p3]�¹Fik]?p5gjr�¦q]?�sf �5gk]?� n&¦q]�w
ikX[]¨fq]L�{w�g�¢°a�wyrsoJrsp5�q�s��f �[wknJ��nBgj]L�ª�Ff dO¢
,�r�wk±F�5�{ikwyr�m�±��qp5�^�{�[r�p-��8�8)�S�qiyX[]�\^]�ikX5nF� �B�[r�m�±F�sf�t¥nq�[p5�^��oJwk]L�&ix�{�5�[rs]?p5m�]�nJ�hiygkr��[]!iyX[]�nJ�hikr�\^r�'L�&ikr�nqp"m�nq\^\��[p5p[r£i|f`�{p5�
r�gYnqp[]�nqt�ikX5]�t¥]?  nJ�hikr�\^r�'L�&iyrsnJp
\^]�iyX[nh�[g� �r��h]���fI±Fp[n& �p
r�p�¦q]�wyfI�hr��;]?wk]?pBi.¡�]����[g�¢-b�]?p[]�w��{�On&¦J]�wy¦Br�]� �g.�{p����hr�gym��5gygjr�nqp
m?�{p¬�;]�t¥nJ�[p5�¬r�p.�Ã��;[� 9[� G[�j�[�k�/�9¢�a�wyrsoJrsp5�q�s��f
�5wknJ��nBgj]L��ikX[wynq�[oJX¬�{pU�qp5�{��nqoJf
 �rsikXUikX[]?wk\^nh�hfFp5�{\^r�m�g?�5iyX[]�\^]�ikX[nh�¬X��qg
�;]�]?p`gk�[�hz|]?m�i�iyn��h]?]����qp5�{��fhgjr�g,nqt[r£i�g�m�nqpF¦q]?wkoJ]�p5m�]��5wknJ��]?wjiyrs]Lg0�ugk]�]!��8J�N87�F�N8L�h���B�B�N8 ;#�1��¢ � p�rs\"�{oJ]x�[wynhm�]?gygkrsp[o���iyX[].\l]�ikX[nh�
X5�JgY��]?]�p>wy]?m��5wkwy]�pBik��f"�qgygjnhm�r��{ik]?�
 �r£iyX :¬�{wy±qn&¦^���{p��hnq\2��r�]����[g*�Ggj]?]3�Ã�!C#���{p5��wk]�t¥]�wy]�p5m�]?g.X[]?wk]?rsp4��¢xWYX[]��5�qgkr�m~r��h]?�lr�g
iyn��hwyrs¦J]`�qp¬]�¹h�[��nqwyrsp5o"�[wknhm�]?gyg�ikn& Y�{w��[g~nqp[]�nqtxikX5]��;nqr�pJi�g~nqtxoq��nq�5�q��\^r�p[rs\^r�\"�[¢�WYX[]`�5wknhm�]Lgkg~r�g��5gk�5�{����f�m�nq\^�5�{wy]?�
�Ggj]?]���8�8)�1�� �r£iyX�iyX[]�gkrs\`�[���{ikr�nqp>n{t$�"gjfhgjik]?\ n{t��5�{wkikr�m���]?g�ikX5�{i�oqnF]?g.t¥wynq\°X5rsoJX�iy]�\^�;]�w��&ik�5wk]Lg.iknI�^pF�[���Îik]?\l�;]�w��&iy�[wy]q¢
_!nFnq��r�p[o®ikX5]
gjfhgjik]?\ gk�sn& ���fU]?p[nq�5oqX­wy]?gk�[�£i`rspQt¥wy]�]/'�r�p[o®ikX5]I�5�{wkikr�m���]?g�rspQiyX[]�gjiy�{ik]
�Jm�X[r�]�¦Frsp5o>ikX[]IoJ�snJ�5�{�!\^rsp[r�\��5\
nqt�]�p5]�wyoqfq¢ D~n& !]?¦q]?w?�$iyX[]®m�nFnq��rsp5o gym�X[]?�h�5�s]�p[]�]L�[g`iknQ�;]���nqoB�{wyr£iyX[\^r�mq��\^]?�{p5rsp[o ikX��&iI�{pFf­�{wy�[rsikw��{wyf iy]�\^�;]�w��&ik�5wk]
r�glwk]L�qm�X[]L�Qrsp �{pÔ]�¹h��nJp[]�pBikr��{�!ikr�\^]q�x\"�q±Br�p[oUikX[]>�[wynhm�]?�[�[wk]Iikwy]�\^]�p5�[nq�5gk�sf­gk�sn& (¢ � p©�[wy�Jm«iyr�m�]q��oq]?nq\^]�iywkr�mIm�nBnJ�sr�p[o
gym�X[]?�[�[�s]Lg��{wy]�ikX5]�wy]�t¥nqwy](]�\^�[��n&fq]L�Î¢!WYX5]�r�gygk�[]�n{t��{p®nJ�hikr�\"�{��m�nFnq��rsp[oIgkX[]?\l]�X5�qg��;]�]?p>ikX[]`gj�[�[z|]?m«i�n{t�\"�{pFf
 .nqwy±hg�¢
� p-�Ã��8)�[iyn&f�]�¹h�q\^�[�s]Lg��{wy]!��gj]L��iyn��h]�wyr�¦q]��{p5�q�sfBiyr�m?�{�Fwk]Lgj�5�£i�g$ikX5�{i-�{wy].m�nq\^�5�qwk]L��iyn�ikX[]��5gk�5�q�[�qgygj]?wjiyrsnJp5g�¢�a~ikX[]?w� !nJwk±hg
nJp>m�nFnq��rsp[o^gym�X[]?�h�5�s]LgYrsp5m��s���h]�� ;��	8?�F�|�q�5�S¢
� p­nq�[w`m��qgk]q��ikX5]?gk]Ioq]?nq\^]�iywkr�m��q�xm�nFnq��rsp5o¬gkm�X[]?\^]?g�tu�Jm�]
gknq\^]
�hr�gy�q�h¦&�{pBi��{oq]Lg�ikX5�{i� .]I�h]?gym�wyrs�;]Ir�pQikX[r�g`wk]?��nJwjiL¢ � p
�5�qwjiyr�m��[���{w�ikX[]Y�[wy]?gk]�p�m�].n{t;m�wkrsikr�m��q�Fik]?\l�;]�w��&iy�[wy]?g$m�nJp5gjr��h]?wy�q�[�sf(�h]?oqw��q�h]Lg,iyX[]�wy]?gk�[�£i-�B�5�{��rsi|fq¢�¯ ]Y�[wy]?gk]�pBi��{p^�q�[�q�hikr�¦q]
m�nBnJ�sr�p[o�gkm�X[]?\^]��5�Jgj]L�®nqp¬]�¹h��]?wkr�\^]�pBiy�q��nJ�5gj]?wk¦&�{ikr�nqp5g�ikX5�{i��{����n& �g�gk�sn& �r�p[o
�[n& �p®ikX[]^m�nFnJ�sr�p[o
gym�X[]�\^]l�{wynq�[p5�Ugj�5m�X
m�wkrsikr�m��q�Oik]�\^�;]�w��&iy�[wk]Lg�¢
� p dF]?m�ikr�nqp �Q .]U�h]Lgkm�wkr��;]¬�[wyrs]%Q5f©nJ�[wIr�\"�{oq]U�[wknhm�]?gygjr�p[oQt¥w��{\^]� .nqwy±O¢ � p dF]Lm«iyrsnJp �­ !]U�[wk]Lgj]?pBiIikX[] gjr�\��[���&iy]?�
�qp[p[]?�q�sr�p[o��[wknhm�]?�h�[wy]q�Î�qp5�U�hr��O]�wy]�pBi���gj�5�q��m�nFnq��rsp5o�gym�X[]?�h�5�s]Lg�¢ � pQdF]?m�ikr�nqp ;� !]l]�¹h�;nJgk]`]�¹h��]?wkr�\^]�pBiy�q��nJ�5gj]?wk¦&�{ikr�nqp5g
iyX5�&i���]?�q�`�5g�ikn��[wynq�;nJgk]!��p[]? ©�q�5�{�hiyrs¦J].gym�X[]�\^].rsp"dF]Lm«ikr�nqp 9F¢�¯ ]Y�[wy]?gk]�pBi$wk]Lgj�5�£i�g�nJpl��wy]?�{�F�[wynq�5�s]?\ iy�{±J]�p�t¥wknJ\6��8L���
r�p¬dF]?m�ikr�nqp®�^�{p5���h]�i��{r��ÎikX5](��nBgkgkrs�5�s]�t¥�hiy�[wk]( .nqwy±"r�p®dh]?m«iyrsnJp®�h¢

7 
 �0�����*8���#��(� ���98
�¨ ����`	 ��'� "�.��������� �����������Y'��;:

¯¨]�\^nh�h]��$��� � r�\"�{oq]`�qg�� �	��� 

��� � �!� � �;nq�5p5�h]?�Ugj]�i
K = [0, X1max

] × [0, X2max
]
�O�{p5�®p5n{ik]

x = (c1, c2)
�I��nJrspBi

nqt
K
¢

Ò¥Í�Ï�ÒÓº



���������	��

������������������
��	���	� �!�"���$#��%�	&'�%�(� 9

����� ���	��
���
 ��������������������������� �!���"�#��$
} �	��� + #�� � ��

�N��� � � � �����S
N�

x
�up[n{iy]?��rsp>�;nq�����.r�g��^�[p[nqw��h]?wk]L�
gk]�i�n{t���nJrspBi�g�rsp

K

x = {x1, . . . , xn(x)}, xi ∈ K,
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∀ω ∈ Ω, X(ω) = {x1, . . . , xn, . . . } xi ∈ K.
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Mr = [−
π

2
,
π

2
] × [Lr

min, L
r
max] × [lrmin, l

r
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x
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Sr = K × Mr
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x ∈ Sr, x = (c1(x), c2(x), θ(x), L(x), l(x)) ,
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(c1(x), c2(x))

�
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L(x)
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Z(µ, h)
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∫

C

h(x)dµ(x).
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Z < ∞

�;iyX[](t¥�[p5m�ikr�nqp
Z−1h(x)
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h(x) =

n(x)
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β(xi)
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ν′(A) =

∫

A

β(u)dν(u).
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U(x) = − < θ, t(x) > .
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U : C → R̄

x → U(x)

� 87� �

OY�qgkr�m��{����f^ikX[](]?p[]�wyoqfI\^nh�h]?��gY .](m�nqp�gjr��h]�w��qwk]�\"�q�h](nqt�i| .n^�5�{wkiyg

U(x) = Udata(x) + ρUreg(x), ρ > 0.
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]�¹F�;nqp5]�pBikr��{�5t¥�[p5m«iyrsnJp,¢xdFr�p5m�]�rsp"�[w��qm�ikr�m�]� .]~�qwk]���rs\^rsik]L�"�Ff�¡5p5r£iy]�ikr�\^]?g?�B��m�nq\^\^nqpIgknq���hiyrsnJplr�g-ikn��5gk]~�(oJ]�nJ\l]�ikwyr�m?�{�
m�nBnJ�sr�p[o"gym�X[]?�h�5�s]

Tt = T0A
t,

 �X[]?wk]
A < 1

iy�[p[]LgYikX[]�m�nFnq��rsp[o"gk��]?]?�Î¢
,�nqik]^ikX��&i(ikX5] �B�5�{��r£i|fUn{t.ikX[]I�5wknJ��nBgjrsikr�nqp¨±q]?wkp[]?��g�r�g��qp¨r�\^��nJwji��{pBi�r�gkgk�[]q¢�}~g��®m�nqp5gk] �B�[]?p5m�]^ .]I�h]?gkrsoJp ±J]�wyp[]���g
gk�5m�XlikX5�{i�ikX[]�ikw��&z|]?m�iknJwkf(nqt�iyX[] :¬�qwk±Jn&¦�m�X��{r�plr�g��;nFnqwy�sf�m�nqwywk]?���{ik]L�(ikn(r�p5gk�[wy]���oqnFnh��]�¹F�5�snJwy�{ikr�nqpln{t;ikX[]�gjiy�{ik]�gk�5�qm�]q�
gk]�]�� 8?���S¢
} ¦J]�wyf­gjr�\^rs���{w^gkm�X5]�\^]
r�g`ikX[]��[r�]?m�]? �r�gk]>m�nqp�g|i��{pBi`oJ]�nq\^]�ikwyr�m?�{�!gym�X[]?\l]J¢§WYX[]�r��h]L�¬r�g`ikn¨±q]�]?�­ikX5]�iy]�\^�;]�w��&ik�5wk]
m�nqp5gjiy�qpJi^nqp g|iy]��5g^�qp5�Ô�h]Lm�wy]?�Jgj]�r£i"r�pÔ�[wy]?m�r�gk]�r�p5gjiy�qpJi�g�¢§}.i^¡5w�gjiloJ���qp5m�]J�$ikX[r�g^r��[]?� �snFnq±hg`wy�{ikX[]?w`��gj]?�s]Lgkg^gkrsp5m�]�rsi
r�g�]	�B�[rs¦&�q�s]?pJi`ikn rsp5m�wk]L�qgk]^ikX[]>m�nJp5gjiy�{pBi

A
¢�D~n& !]?¦q]�wL��ikX[r�g�r��h]L�¬X5�Jg��¬\"�qrspÔ�J�h¦&�{pBiy�qoq]J¢¬WYX[]�gjik]?�§nqp§ �X5r�m�X­iyX[]

iy]�\^��]?wy�{ik�[wy]�r�g.±q]?�hi�m�nqp�g|i��{pBi.m?�{p
�;]��5gk]?�"iyn�iy]?gji. �X5]�ikX5]�w.ikX[] :¬�qwk±Jn&¦"_!X��{r�p
X5�Jg!m�nqpF¦q]?wkoJ]?�^nqw.p[nqi?�[�{p��"ikX5]�wy]��Ff
�h]Lm�wy]?�Jgj]�ikX5]�ik]�\^�;]�w��&iy�[wk]��Jm�m�nqw��hrsp5oq��fq¢��[nJw�rsp5gjiy�qp5m�]J�[r�p � ���S�SO.wynBnJ±hg!�5wknJ��nBgj]Lg.�[]?m�wy]?�Jgjr�p[o`ikX[]�ik]�\^�;]�w��&iy�[wk]�nJp[�sf�r£t
iyX[](m�X5�{r�pIX5�Jg!m�nqpF¦q]?wkoJ]?�Î¢�a~t�m�nJ�[wygk]q�JikX5r�g.r��h]?�`wk]	�B�[rswy]?gxikX[]�]�¹Fr�gjik]�p�m�]~nqt��(iy]?gji�nqp"iyX[]�m�X��{r�p�m�nJpF¦q]�wyoq]?p5m�]J�q �X[r�m�XIr�g
p[nqi~�^gjr�\^�[�s](�5wknJ�[�s]?\ �ugk]�]
� 8 C�� �«¢

Ï�Ï)¿!T5ê«à«à«ê
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2���� � 
�� ��������- $(� ��-.
���E�-.$
� p � ; ��ikX[]~�q�hikX5nqwx�[wy]?gk]�pBi�g���m�nJ\l���{w��&ikr�¦q]�gjik�5�[f�n{t,�hr��O]�wy]�pBi-�[wynq�;nJgkr£iyrsnJp^±q]�wyp[]?��g��qp5�"m�nFnq��r�p[o(gkm�X[]L�h�[��]?g$iyX5�&i.m��{p"�;]
�5gk]?�
t¥nqw��lgk]�i�n{t$�qm��J�h]�\^r�m�gkr�\��[���&iy]?���{p[p[]L�{��rsp5o��[wynq�[��]�\"g �¥r�p5m��s�5�[rsp[o^iyX[] � gjr�p[ol\^nF�[]��1�«¢-}~p�r�pBik]�wy]?gjikr�p[o`t¥nqwy\"�{��r�gk\
r�g��[wynq�;nJgk]?�Î�qwk]?�[wk]Lgj]?pBikr�p[o~iyX[]�gk]���]?m«iyrsnJp`nqtO�qp`nJ�hikr�\"�{�5m�nFnq��rsp[o(gym�X[]?�[�[�s]��Jg���m�nqpBikwynq�h�5wknJ�[�s]?\>¢ � p"gjnJ\^]Ygkr�\l�5�s]�m?�qgk]?g
rsi~r�g���nBgkgkr��[�s]�iynI�h]�wyr�¦q](�{p5�q�sfBiyr�m?�{�,gknq���hikr�nqp5g?¢ ,~]�¦q]?wjiyX[]���]?gyg?�FikX[]�m�nq\^�[��]�¹hr£i|f�n{t$nq�[w�\^nh�h]?��g�\"�q±q]��{p��{��fJiyr�m?�{�Îwy]?gk�[�siyg
�hr�$Im��[�si~iynInq�[iy�{r�p,¢�¯¨]�iyX[]�wy]�t¥nJwk]�t¥nhm���g�nqp®\^nJwk](oJ]�p[]?wkr�m�X[]��5wkr�g|iyr�m?g�¢�¯¨]��[wy]?gk]�pBi~X5]�wy](i| !n"r�pBik]?wk]Lg|iyrsp[o��{�[�[wynJ�Jm�X[]?g
iyX5�&i~m?�{p���]�t¥nJ�[p5��rsp�iyX[](�srsijiy]�w��&iy�[wk]J�[�{�sikX[nJ�[oqX�ikX5]�fItu�qrs��]?��r�p�nJ�[w�m��Jgj]J¢

��³ K ³ �7�0/¥� /+/A/¥� ´ � a�p[]�n{t�ikX[]�r��[]?�qg^gjik�5�[rs]L�§r�p � ;#�S�-nqwyr�oqr�p5�{���sf¨�[wynq�;nJgk]?�­r�p �Ã�{� �9�-r�gl�5�Jgj]L�§nqp �Ugk�sr�oqXBiy�sf­\^nh�hrs¡5]?�
oJ]�nq\^]�ikwyr�m?�{��m�nFnq��rsp5o©gym�X[]�\^]q¢ ��]�i®m�nJp5gjr��h]?w�gknq\^] ikr�\l]¨r�pJiy]�wy¦&�{��g �Gg|iy]��5g��

t ∈ [ni, ni+1[
rsp5�[]�¹h]?� �Bf

i
�qp5� iyX[]

�Jgkgknhm�r��&ik]L���7¦J]�w��{oJ]�]�p[]?wkoJf

〈U〉i =
1

ni+1 − ni + 1

ni+1
∑

k=ni

U(xk).
� 8L���

WYX[r�g��7¦J]�w��{oq]�]�p[]?wkoJfI�&i~gjik]?�
i
m��qp��;]�gj]?]�p®�qg��^gjiy�{ikr�g|iyr�mq¢x}��5�qgkr�m�r��h]L�`r�gYiyn^m�nq\^�5�qwk]�ikX5](\l]L�qgk�[wy]?���7¦q]�w��{oJ]~��]�¦J]��

iyn>ikX[]"�[wy]�¦Fr�nq�5g�nJp[] �¥p5�q\^]���f
〈U〉i−1

���{p5�¨�h]?m�wk]L�qgk]�iyX[]^ik]?\^��]?wy�{ik�[wy]"nqp[��f¬rst!iyX[]"p[]?  �7¦J]�w��{oq]`]�p[]?wkoJf®r�g�oqwy]?�&iy]�w
iyX5�{p>�[wy]�¦Fr�nq�5g.nqp5]

Ti+1 =

{

Ti

rst
〈U〉i+1 ≤ 〈U〉i

ATi

rst
〈U〉i+1 > 〈U〉i.

� 8&� �
OY�qgkr�m��{����fq�JikX[r�g�gkm�X5]�\^]�wy]���r�]?g!nqpIiyX[]�r��[]?��ikX5�{i!iyX[](g|i��{�[r��srsi|f"n{t�ikX[](�7¦q]?wy�qoq]�]?p[]�wyoqf^r�g.�`oqnFnh�Ir�p5�hr�m��{iknJw!nqt,ikX[](m�X5�qrsp
m�nqpF¦q]?wkoJ]�p5m�]q¢�WYX[r�gxgym�X[]�\^]Yr�g�gj�[�[z|]?m«i�iyn�i| !n�\"�&z|nJw$�[wknJ�[��]�\"g�¢ ��rsw�gji�iyX[]�m�nJp5gjiy�{pBi

A
p[]?]?�[g$iyn���]��J�7z|�5gjik]?�l�[wynq�;]�wy��fq�

�qp5�>gj]Lm�nqp��Î�FikX[]�gym�X[]?\l]�r�gY¦q]?wkf
gk��n&  rsp>�[w��qm�ikr�m�]J¢

R · - �?�?� - �Ô� 6 ³ � 
 · ¸ ´ - ��
 /G�©� 7 ³F³ ¸ � }�p[nqikX[]?w"��nBgkgkr��[rs��rsi|f§r�g"ikn­�h]?gkr�oqpª�¨gym�X[]?\l]®�Ff§]�¹Fik]�p��hrsp5o iyX[]®r�pJiy�[rsikr�¦q]
�[XFfhgkr�m?�{���qp5�{��nqoJf"n{t�ikX[]�gkr�\��[���&iy]?�>�{p[p5]?�{��r�p[o^�[wknhm�]?�h�[wy]q¢Ya�p[](r��[]?�^r�g�ikn^t¥nhm��5g�nqp�iyX[]�]�pBiywknJ�Bf
n{t�ikX[]�gkfhg|iy]�\>¢-¯¨]
�h]Lgkm�wkr��;](X[]�wy](�lgym�X[]?\l](�h]�iy�qrs��]?��rsp �Ã�{�h�	80G��9¢
� p��J�[�hrsikr�nqp�iknliyX[]��7¦q]?wy�qoq]~]?p[]�wyoqfJ�F�s]�i~m�nqp�gjr��h]�w��^gk]?m�nqp5��nqw��h]�w�gjiy�{ikr�g|iyr�m

〈(∆U)2〉 =
1

ni+1 − ni + 1

ni+1
∑

k=ni

(U(xk) − 〈U〉i)
2.

� 80C��

WYX[](¦&�qwkr��{p5m�]�m?�{p���](��r�p[±q]L�
iynlikX[]�iyX[]�wy\^r�m(m?�{�5�Jm�rsi|f

C(T ) =
〈(∆U)2〉

T 2
,

� 80G��

 �X[r�m�X�ik�[wyp5g.iyn"��]�iyX[]��h]�wyr�¦7�{ikr�¦q]�n{t�ikX[]�gkfhg|iy]�\°]?pBikwynq�Ff

dS

dT
=

C

T
.

}�g��^m�nqp�gj]	�J�5]�p5m�]q�FikX5]�t¥nq���sn& �r�p[o^gkm�X[]?\^]�]�¹hX[rs�5r£i�g��^m�nqp�g|i��{pBi�]�pBikwynq�Ff"¦&�{wyr��{ikr�nqp

Ti+1 − Ti ∝

T

C
=

T 3
i

〈U2〉i − 〈U〉2i
.

WYX[]��5wknJ��nJwjiyrsnJp5�{��r£i|f��5�qwy�q\^]�ik]?w$p[]�]L�[g$ikn��;]�m��qwk]�t¥�[�s��f(iy�[p[]?�,¢���nBnBgj]?�sf`gj�;]?�q±Br�p[o��7ikX[r�gxgym�X[]�\^].ik]?p5�[g$iyn���r�\lrsi�ikX5]�oJ�{�
nqt�iy]�\^��]?wy�{ik�[wy]��;]�i| .]�]�p`i| .n�gjik]?�5g� �X[]?plikX[]�]?p[]�wyoqf�¦&�qwkr��&iyrsnJp�r�g�rs\^�;nqwkiy�qpJiL¢ � p^nJ�[wxm��Jgj]J�&ikX[r�gxgym�X[]�\^]��hr��lp[n{ix .nqwy±
 .]���� ��iyX[]"m�X[nqr�m�]^n{t!ikX[]"m�nqp5gjiy�qpJi(�{�5��]L�{wy]?�®iyn>��]I��\"�&z|nqw�r�gkgk�[]J�,]?gk��]Lm�r��{���sfUrsp¨nqw��h]�w�iyn�oJ]�i�¡5p[rsik]Im�nq\^�[�hi��&ikr�nqp��{�
iyrs\^]?g?¢

� ��� � �Y'$���0���`	����§ �*����Y'�
���	��� ����

¯¨]��h]Lgkm�wkr���](r�p�ikX[r�g�gk]?m�ikr�nqp®gjnJ\^](]�¹h��]?wkr�\^]�pBiy�q�Înq�5gk]�wy¦&�&iyrsnJp5g�¢�¯¨]��5gk]�ikX5](\lnh�h]?�, .](�[wk]Lgj]?pBik]?��r�p ��8L�����{p��� �X5r�m�X
 .](�[wyrs]%Q5f
�h]Lgkm�wkr���]L�
r�p¬dF]?m�ikr�nqp®�h¢¾�B¢
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:���� � - ��
C- �D�6�����	EF$(� ��-.
���E�-
¯¨]IgjX5n& �nqp ��r�oq�5wk]^���[r �O]�wy]�pBi(oq]?nq\^]�iywkr�m��q��gym�X[]�\^]Lg� �r£iyX¨�hr��O]�wy]�pBi(�5�{w��{\^]�iy]�w�g�¢`a~tYm�nJ�[wygk]q�OiyX[]likr�\^]lp5]�]?�[]?�Uikn
wy]?�Jm�X¬ikX5]^ikX[wy]?gkX[nq���Uik]�\^�;]�w��&iy�[wk] �

Tmin = 10−7 ��r�g(����nqoB�{wyr£iyX[\^r�m�t¥�[p5m�ikr�nqpQn{t.ikX[]"m�nBnJ�sr�p[o>�5�qwy�q\l]�ik]?w?¢
��rsoJ�[wk](;
�[wy]?gk]�pBi�g.ikX[]�m�nqwywk]Lgj�;nqp5�[rsp[olgjr�\��5���{ik]?�>�qp[p[]?�q�sr�p[o`ikw��&z|]Lm«iknJwkr�]?g?¢
WYX[]¬iywy�{z|]?m�iknqwyr�]?g
�qwk]U�[�snqijiy]?� r�p �©gj�;]?m�r£¡�m  Y�7fq¢¤¯¨]¨�[wk]Lgj]?pBiIikX[]¨oqw��{�5X n{t�iyX[] ]?p[]�wyoqfª�qg��­t¥�5p5m«iyrsnJp n{t�iyX[]
iy]�\^��]?wy�{ik�[wy] �

x(t) = −log(T (t))
�{p��

y(t) = U(t)
��¢>WYX5]I\"�{r�p­nq�5gk]�wy¦&�&ikr�nqp¨ .]
m��qp¨\"�q±q]"r�g(ikX��&i�t¥nJw`�®gk��]Lm�rs¡�m

iy]�\^��]?wy�{ik�[wy]q�JikX5]~�7¦q]?wy�qoq]Y]�p[]?wkoJf�r�gxX[r�oqX5�sf^�h]��;]�p��h]�pBi!nJplikX[]�m�nFnq��rsp5o�gj�;]�]L�I�{p5�liyX5�&i-ikX[]~tu�qgjik]�wxikX[]�m�nFnq��rsp5o�gj�;]�]L�Î�
iyX[](X[r�oqX[]?wYikX[]��7¦J]�w��{oq]�]�p[]?wkoJfq¢

��r�oq�[wy]�� � � r �O]�wy]�pBi��[r�]?m�]� �r�gj](m�nJp5gjiy�{pBi�oq]?nq\^]�iywkr�m��q�Îm�nFnq��rsp5olgym�X[]?�[�[�s]Lg;�Óiy]�\^��]?wy�{ik�[wy](�qg��lt¥�[p�m«ikr�nqp>nqt�ikr�\^]5��¢

:��%� � ��� ��- ����- ����- 
�-.E"� ?
��r�oq�[wy] ;`]�¹hX[r��[r£i�g!�qpIr�\l�;nqwkiy�qpBi!�[X[]?p[nq\^]?p[nqp,¢ �[nJw.��oqr�¦q]?p^ik]�\^�;]�w��&iy�[wk]J�qiyX[]�m��[wywk]?pBi!�7¦q]?wy�qoq]Y]�p[]?wkoJf`r�gY�h]��;]�p��h]�pBi
nJp iyX[]"�[wy]?m�]�]?�[rsp[o>rsik]?wy�{ikr�nqp5g?¢^¯ ]Im?�{����ikX[r�g(�[X5]�p[nJ\l]?p[nqp � m�nqpF¦J]�wyoq]�p�m�]^�h]����7f �s¢"WYX[r�g�ik]?wk\^r�p[nq��nqoJf®�[p5�h]?wk��r�p[]?g�iyX[]
tu�Jm«iYikX5�{iYikX[](�[wynhm�]Lgkg.�hnF]?gYp[nqi�X5�7¦q]�]�p[nJ�[oqX
ikr�\l]�iyn`wy]?�Jm�XIiyX[]�ikX[]?nqwy]�ikr�m��q�Î�7¦q]�w��{oJ]�]�p5]�wyoqf"��]�¦q]?�Î�qgygjnhm�r��&iy]?�" �rsikX®�
gk��]Lm�rs¡�m�ik]?\^��]?wy�{ik�[wy]

〈U〉[t,t+∆t[ ≥ ETt
[U(Xt)].

�G�q���

:��%2 � ����� ��$ �"����� ���6���D�����	E!�D-.
C�!- ����������-
¯¨]�p[n&  �h]?gym�wyr���]���¦J]�wyf`r�pBik]�wy]?gjikr�p[ol�[X[]?p[nq\^]�p5nqp,¢�dF�[�[�;nJgk]�ikX5�{i!iyX[](gjfhgjik]�\ r�gY�&i���gk��]Lm�rs¡�m�iy]�\^�;]�w��&ik�5wk]

Tt

�h �rsikX
�qp>�7¦J]�w��{oJ]�]�p[]?wkoJf

〈U〉t
¢

¯ ]�iywkr�]?�>�{p>�q�5�{�hiyrs¦J]�gym�X[]?\l]��5�Jgj]L�
nJp��5wknJ��nBgjrsikr�nqp5g �$�`p5]�  ik]�\^�;]�w��&iy�[wk]
Tt+1 < Tt

r�gY¡�wygji��[wknJ��nBgj]L�Î�h�{p5��iyX[]�p
rst$gknq\^]��[wynq�;]�wki|f"r�g.t¥�[�s¡5���s]L� �u] �B�[r��sr��[wyrs�5\°ik]Lg|i)�-ikX[](p[]?  iy]�\^��]?wy�{ik�[wy]�r�g��Jm�m�]?�hik]L�Î�[�{p��In{iyX[]�wy �r�gj]�ikX[]�iy]�\^�;]�w��&ik�5wk]
r�g�gk]�i��5�qm�±IiknlikX[](�5wk]?¦Br�nq��g.ik]�\^�;]�w��&iy�[wk]

Tt

t¥nJw��"gj]�iYnqt�rsik]?wy�{ikr�nqp5g?�F��]�t¥nqwy]�ikwyfFrsp[o^�^p[]?  �h]Lm�wy]?�qgk]q¢

Ï�Ï)¿!T5ê«à«à«ê
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��r�oq�[wy] ; ��dFr�\��[���&iy]?�®�qp[p[]?�q�sr�p[o"iywy�{z|]?m�iknqwyr�]?g?�[m�nqwywy]?gk��nJp5�hr�p[o^ikn"iyX[]`m�nFnq��rsp[oIgym�X[]L�h�[��]?g��5wk]Lgj]?pJiy]?��r�p ��rsoJ�[wk]��5¢�WYX[]
tu�Jg|iy]�w�ikX[]"gym�X[]�\^]J�ÎikX[]^X[r�oqX5]�w�ikX[]liywy�{z|]?m«iynqwyfq¢(¯¨]^�[�snqijiy]?�

U(t)
�qg��
t¥�[p5m�ikr�nqp¨n{t

−log(T (t))
¢�W�nq� ��oq��nq�5�q��¦Fr�]� (�

�;n{ikiknq\ �xm��snBgj]�¦Frs]? (¢
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�[wy]?gygk�[wk](m�nqp5�hrsikr�nqp�gY �X[]�wy]�r£i~gkX[nq�5������](r�m�]J�Ft¥nqw�r�p5gjiy�{p�m�]q���{p5���^gj\"�{���Î�;]�wkik�[wy�5�&iyrsnJp�m?�{p�t¥wy]�] '?]�r£i~gk�5�[�h]?p[��fq¢
¯ ]
�[wk]Lgj]?pBi�nqp.��r�oq�[wy]I�¬�¬gkrs\`�[���&ikr�nqp­��gjr�p[oU�qpQ�J�[�{�[ikr�¦q]
gym�X[]�\^]^iyX5�&i^�hnF]?g�p5n{i`�Jm�m�nJ�[pBi(t¥nqwlm�wyr£iyr�m?�{�xiy]�\^�;]�w�� �
iy�[wk]Lg�¢xWYX5]�gkfhg|iy]�\°r�p5gjiy�{�5rs��r£i|fI�qwknJ�[p5�IikX[](m�wyrsikr�m��{�;iy]�\^��]?wy�{ik�[wy]��s]L�q�[g!ikn"�qp��{�5wk�[�[iY]?p[]�wyoqf"�h]Lm�wy]?�Jgj]J�F�q�£iyX[nq�5oqXIiyX[]
iy]�\^��]?wy�{ik�[wy]�r�g�±q]��[i�m�nqp5gjiy�qpBi?¢
�[wynq\¤�qp^]�¹h��]?wkr�\^]�pBiy�q�h��nJrspBi-nqt;¦Fr�]� (�qikX[r�g��;]�X5�7¦Fr�nqw�r�g�¦q]?wkf(r�pBik]�wy]?gjikr�p[o�¢ � i-gk]�]?\^g�ikX5�{i�ikX[]Lgj]�m�wkrsikr�m��q�hik]?\l�;]�w��&iy�[wy]?g
m�nqp5m�]�pBikw��&iy]�XF�[oq]`oJ�{��g�n{t-�7¦J]�w��{oJ]�]?p[]�wyoqf���]�¦q]?��g?¢~WYX[]^gym�X[]�\^]� .]��[wynq�;nJgk]�r�p®ikX5r�g�wk]?��nJwji�ikwyrs]Lg�iynIiy�q±q]l�q�h¦&�{pBi��{oq]
nqt�ikX5r�gYnJ�5gj]?wk¦&�{ikr�nqp,¢�¯ ](�5wknJ��nBgj]��h]�iy]?m«iyrsp5o^gk�5m�X�ik]?\l�;]�w��&iy�[wy]?g?�F�qp5���h]?m�wk]L�qgk]~�[wy�hiy�q�s��f^ikX5]�m�nFnq��rsp[o^gk��]?]?�Î�hr�p>nqw��h]�w
iyn¬m�wynJgyg�m�wkrsikr�m��q�$ik]?\l�;]�w��&iy�[wy]I�qg(gk�sn& ���f¬�qg��;nJgygjr��[��]q¢�a�p¨ikX5]"n{ikX5]�w(X5�qp5�Î�� .]"r�p5m�wy]?�Jgj]`ikX[]Igk�;]�]?�¨nqtYm�nqpF¦q]?wkoJ]�p5m�]
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T1

T2

t
T

U

−log(T)

−log(T2)−log(T1)

U

��r�oq�[wy]�9 ��WYX[]�nJwk]�ikr�m��{��r��s���5gjikw��&ikr�nqp®nqtxikX5]lm�wkrsikr�m��q�,ik]?\^��]?wy�{ik�[wy]��[X5]�p[nJ\l]?p[nqp�¢�¯ X[]?p¬iyX[]lgkfhg|iy]�\ gjiy�7fhg��;]�¦J]�p¬¦J]�wyf
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�[wk�[iy�{����f
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∆t
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δt

¢-¯¨]��5gk�5�{���sf
iy�q±q]
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¢!WYX[](ik]?\^��]?wy�{ik�[wy]�m��qp��;]��h]Lm�wy]?�Jgj]L�
nJp[�sf
�{i�ikX[](�;]�oJrsp[p5rsp[o^nqt$�^gjik]���¢
¯ ]^p[nqik]

〈U〉i
ikX[]I�7¦J]�w��{oJ](]�p[]?wkoJf®\l]L�qgk�[wy]`nJp¬ikX5]

i
iyXU���{wyoq]^g|iy]�� �¥��]�p[oqikX

∆t

���qp5�
〈U〉(i,k)

ikX5]^�7¦J]�w��{oJ]�]�p[]?wkoJf
\^]?�Jgj�5wk]L�
nJp
iyX[]

k
ikX®gk�[�®g|iy]���n{t�ikX[]

i
ikX®gjik]?�,¢

���%� � �	E"� ����- �D-.$)�
� p"iyX[]�gym�X[]?\l]��h]?gym�wyrs�;]?�^�Ffl] �B�5�{ikr�nqp�� 8&�#�«�JikX5]~�5�q���qp5m�]�r�g�iy]?gjik]L�"�5gkrsp[o`�(���qwkoJ]�g|iy]��,¢ OY�{���{p5m�]�r�g-�h]Lm�r��h]?�^rstÎikX[]�p[]� 
�7¦J]�w��{oq]�]?p[]�wyoqf�r�g����{wyoq]�w�ikX5�qp®ikX[]`�[wy]�¦FrsnJ�5g�nJp[]q¢ � p®ikX[]lm��Jgj]�nqt-m�nJ\l�5�s]�¹®gkfhg|iy]�\"g?�� .]�m�nJp5gkr��h]?w�iyX[r�g~ik]Lg|i�ikn���]�ikn
�h]?\"�{p5�hr�p[o�¢�¯ ]`wy�{ikX[]?w��[wynq�;nJgk](iknIr�p5gk�[wy](ikX5�{i�rsi~r�g~�;nJgygjr��[��](ikn
oqn"�5�Jm�±�n&¦J]�w�iyX[]��[wy]�¦Fr�nq�5g~]�p[]?wkoJf
��]�¦q]?���h�5wkr�p[o
�
gkX[nqwki���]?wkr�nh��n{t�iyrs\^]J¢ ��r�oq�5wk]��`r��s���5gjikw��&ik]Lg!ikX[]�iy]?gji� !]��5gk]�m�nJp5gj]	�B�[]�pBik��fq¢ � i~m?�{p���]��h]Lm�nJ\l�;nJgk]?���qg.t¥nJ�s��n& �g?¢
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i
�{p��

i + 1
rst

Nover =
m?�{w��

{k
g?¢ iL¢

〈U〉i+1,k ≥ Uref − ε} < n1
 �rsikX

Uref = 〈U〉i
�G�'85�

 �X[]?wk]
ε
r�g~�"gj]?p5gjr��[r��srsi|f
���{w��{\^]�iy]�wL¢ � t$ikX[]?wk](r�g��&i���]?�Jg|i

n1
gj�[���Sgjik]?�5g�gj��m�X�iyX5�&i~ikX[]�m�nqwywk]Lgj�;nqp��hrsp5ol�7¦J]�w��{oq]�]�p[]?wkoJf

��]�¦J]���g��{wy]�oJwk]L�&iy]�w!ikX5�qp�iyX[]��7¦q]?wy�qoq]�]�p[]?wkoJf"�s]?¦q]��Înqt�iyX[](�[wy]�¦Fr�nq�5gYgjik]����[ !](m�nqp5gkr��[]�w.ikX5�{i��5�{���{p�m�]�r�g~�qm�X[r�]�¦J]?�Î¢$WYX[]
w��&iyrsn

n1/L
iyX[]�wy]�t¥nJwk]�m�nqwywy]?gk��nJp5�[g$iyn�ikX5]~wy] �B�[r�wk]L�^wy�{ikr�n�n{t,]�¹hm��[w�gjr�nqpI�q��n&¦J]�ikX[]��[wy]�¦FrsnJ�5gx]?p[]�wyoqfl��]�¦q]?�G¢ � pI�5wy�Jm«ikr�m�]J�

 .]�iknFnq±
n1 = 1

nqw
n1 = 2

 �rsikX
L = 10
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-200
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-80

-60

-40

-20

 0

 1.6  1.605  1.61  1.615  1.62  1.625  1.63  1.635  1.64  1.645  1.65

y=U(t), x=-log(T(t))

��r�oq�[wy]�� ��dhrs\`�[���{ikr�nqplrs�����5g|iywy�{ikr�p[o�ikX[]�m�wkrsikr�m��q�Jiy]�\^�;]�w��&ik�5wk]Y�[X[]?p[nq\^]?p[nqp,¢�¯ ]���gj]L�`�qpl�J�[�{�hiyrs¦J].gym�X[]?\l].iyX5�&i�\"�{±J]?g
iyX[]`m�nBnJ�sr�p[oIgk��]?]?�®�h]Lm�wy]?�Jgj]LgY �X[]�p®p[]?]?�h]L�Î¢�WYX[r�g~�h]Lm�]���]�w��&iyrsnJp�r�g�p5n{i~���{wyoq](]?p[nq�[oJX�ikn
�Jm�m�nJ�[pBi�t¥nqw�iyX[]��[wy]?gk]�p�m�](n{t
�"m�wkrsikr�m��q��iy]�\^�;]�w��&ik�5wk]��

Tcr ' 0.194
�
− log(Tcr) ' 1.64

��¢
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U

t

T1

T2

� ½�����»G½�Ë7È7ÆOÄG¼Ãì�Å|À�Åj¿LÅj»uÉLH�½�¿LÚYÄ9¼Ãì�Å À�ÄGÅ|ì�ËqÅ|»G½yÄ9ÊL»GÅ
−log(T)

<U>

T1 T2
� J�����»G½�Ë7È�ÄGÅ|ì�Ë{Åj»G½yÄGÊ7»GÅ ÀÓÅ|¿7Å|»uÉLH

i,3

i,2

i,1

i−1

t

<U>

<U>

<U>
<U>

� Ç��$º	��Å|»G½�É«Å-Å|¿7Å|»uÉLH�ÜÃÅ
��Å|ÜÃÆ
��r�oq�[wy]l� � %�¹[�q\l�5�s]�nqt-�"�;]�X5�7¦Fr�nqw� .](iy�q±q]�r�pBikn
�Jm�m�nq�[pBi?¢ � �[wyrsp5oIikX5]����qgji�g|iy]��,�O�Im�nq\^rsp5oI�5�qm�±�n&¦q]?wYikX[]`�[wy]�¦FrsnJ�5g
�7¦J]�w��{oq]�]�p[]?wkoJf"�s]?¦q]?�Îr�g��;nJgygkrs�[��]q�[�q�£iyX[nq�5oqX�ikX[](p[]? 3�7¦J]�w��{oJ]�]�p[]?wkoJfIr�gY�sn& .]�w.ikX��{p�ikX[](�5wk]?¦Br�nq��g!nJp[]q¢

���%2 � � ��-.E�-.�����D�"����� 
�-.��- E�- ���������#�
¯¨]��[wynq�;nJgk]�gk�sn& �r�p[o
�hn& �p�iyX[]`m�nBnJ�sr�p[o
gym�X[]?\l]� �X[]�p[]?¦q]?w��5�{���{p�m�]�r�g�p[nqi��qm�X5rs]?¦q]?�,¢&�[nqw�ikX5�{i��[�[wy�;nJgk]q�5 .]���gj](iyX[]
t¥nJ�s��n& �rsp5olrsik]?wy�{ikr�nqp

Ai+1 = Ar
i

 �rsikX
r < 1

rst
Nover < n1.

,~n{ik]�iyX5�&i� �X5]�p�ikX[]�m�nqp5gjiy�qpJi
A
r�g�r�p5m�wy]?�Jgj]L�Î�BikX[]�m�nBnJ�sr�p[o"gk��]?]?��r�g��[]?m�wy]?�Jgj]L�Î¢

dFr�\lr����{wy�sfJ�q �X[]?p
Nover ≥ n2

�F !]�m�nqp�gjr��h]�w-ikX5�{i-iyX[]�iy]�\^��]?wy�{ik�[wy]�oB�{�"�;]�i| .]�]�p
i
�qp5�

i+1
r�g-p[n{i.���qwkoJ]�]�p[nJ�[oqXI�qp5�

 .](rsp�m�wy]?�qgk]�ikX[]�m�nBnJ�sr�p[o^gj�;]�]L�
Ai+1 = A

1
r

i

 �r£iyX
r < 1

rst
Nover ≥ n2.

a~t�m�nJ�[wygk]�ikX[]��[r �O]�wy]�pBi��5�qwy�q\l]�ik]?wygYp[]?]?��ikn^�;](ik�5p[]?�Î¢ � p®�[wy�Jm«iyr�m�]q�h .]���gj]
L = 10

�
n1 = 1

�
n2 = 5

�{p5�
r = 0.85

¢
WYX[r�g�¦7�q�s�5]?g�iy�[wyp[]?�>iyn
�;] �B�[rsik]�wynq�5�5g|iL¢ :®nJwk]?n&¦q]�wL�Fikn��7¦qnJr���pF�[\^]�wyr�m?�{���[wknJ�[��]�\"g�wy]?gk�[�sikr�p[oIr�p

Ai = 1
�; .]�rs\^�;nJgk]

�qp��5�[��]?w���nJ�[p5��nqp
A

log(1 − Ai) ≥ −16.

���;: � �6�>���"���	E �D-.
C�!- �6� ������-
WYX[]Qgym�X[]�\^]¨�[wk]Lgj]?pBik]?� gjnÔtu�{w> !nJwk±hg
 !]?�s��r�p �[w��qm�ikr�m�]q�~�[�hi¬�hnF]?g�p[n{i®�qm?m�nJ�[pBi
t¥nqw®m�wkrsikr�m��q�~iy]�\^��]?wy�{ik�[wy]?g?¢ WYX[]
gkrs\`�[���&ikr�nqp>�[wy]?gk]�pBiy]?��rsp���r�oq�[wy]��^X5�Jg���]?]�p®nJ�hiy�qrsp[]L�� �r£iyX>ikX5�{i~�5�{wkikr�m��5���qw�gkm�X[]?\^]q¢!}�g� .](\^]�pBikr�nqp[]L��]?�{wy��rs]?w?�hiyX[]
�h]Lm�]?�s]?wy�{ikr�nqp�r�gYp[nqi����qwkoJ]�]?p[nq�5oqX>�{wynq�[p5�IikX[]�m�wkrsikr�m��q�Oik]?\l�;]�w��&iy�[wy]
�

Tcr = 0.194
nqp�ikX5](]�¹[�{\^�[��]5��¢

WYX[r�gY��]?X5�7¦FrsnJwYm?�{p>�;](]�¹h�[���{r�p[]?���qg.t¥nJ�s��n& �g�¢ � �[wyrsp[o^iyX[]�¡5w�g|i��{ijik]?\^�hiygYiynI�h]?m�wk]L�qgk]~iyX[]�ik]?\^��]?wy�{ik�[wy]q�FiyX[](]�p[]?wkoJf
��]�¦J]��[�[wy�hi��{���sflm�nq�����{�5gk]q¢�WYX[]��5�q���qp5m�].ik]Lg|i-ikX[]?wk]?�Bf`�h]�iy]?m«i�g�iyX5�&ix�5�q���qp5m�]�r�g�p[nqi-�qm�X[r�]�¦J]?�Î�qwk]jz|]?m«i�gx�{pFfl�h]?m�wk]L�qgk].nqt�iyX[]
iy]�\^��]?wy�{ik�[wy]��qp5��rsp5m�wk]L�qgk]�ikX[]`m�nFnq��rsp5o"�5�{w��{\^]�iy]�w

A
¢ D~n& !]?¦q]?w?�FiyX[]�p[]? 3wy]�t¥]?wk]?p5m�](]?p[]�wyoqf
�s]?¦q]��

Uref

r�g�]Lg|iyrs\"�&iy]?�
 �X[r���]�ikX5]`gkfFgjik]?\)r�g~gjikr������[p��h]�w~ikX[]`rsp�Q��[]�p5m�]�nqt$rsiyg�r�p5m��[w�gkrsnJp5g~�{i~�sn& .]�w~�s]?¦q]���g?¢�WYX[]�p[]�¹Bi�m�nFnq��r�p[o"�[wynq�;nJgkr£iyrsnJp¬m��{p
iyXB��g���]( �wynqp5oq��fI�qm�m�]��hiy]?��gjr�p5m�]�ikX[](wy]�t¥]?wk]?p5m�]�]�p[]?wkoJfI��]�¦q]?�Î]?gjikr�\"�&ikr�nqp� Y�qg.�[r��qgk]?�Î¢
}~g$��m�nJp5gj]	�B�[]�p5m�]q�& �X[]?pl��m�nFnJ�sr�p[o��[wknJ��nBgjrsikr�nqp`r�g�wy]|z|]Lm«ik]L�Î�{ .]Y�[wknJ��nBgj].g|iynq�[�5rsp[o�iyX[]�m�nFnq��rsp5o5�&r�p`nJwy�h]?w�iyn(�{���sn& ­iyX[]
gkfhg|iy]�\�iyn�m�nq\^]Y�5�Jm�±�ikn�]�p[]?wkoJf���]�¦q]?��g�r�p"�qm�m�nqw��[�{p�m�]- �rsikXliyX[]��[wy]�¦FrsnJ�5g�ik]?\l�;]�w��&iy�[wy]q¢$W�n�ikX��&ix�[�[wy�;nJgk]q�& .].�5wknJ��nBgj]
iy]?gjikr�p[o^ikX[](���{���{p5m�]���gjr�p[olikX[]��7¦J]�w��{oJ]�]�p[]?wkoJfI��]�¦q]?�În{t�ikX[]�gjik]?���;]�t¥nJwk]�iyX[]�¡5w�g|i�wy]|z|]?m�ik]L��m�nFnq��rsp[ol�[wynq�;nJgkr£iyrsnJp,¢
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� �5]Yikn�m�wyrsikr�m��{�Fiy]�\^�;]�w��&ik�5wk]Lgx�{p5�`iyX[]�gj�5wjt¥�5gkr�nqplr�gygj�5]q�qrsi!m?�{plX5�{�[�;]�p�g$ikX5�{i�ikX[r�g�iy]?gjixr�gxp[]�¦J]�w$t¥�[�s¡5���s]L�Î¢�WYX[]�]�p[]?wkoJf
��]�¦J]��Ym��{pÔrsp5�[]�]?�§��]�g|iy�5m�±¨ikn �U�s]?¦q]?�- Y�7f �[p��h]�w`ikX[]��s]?¦q]?�-iyX5�&ilX5�qg`��]?]�p§nJ�5gk]�wy¦q]?�­�[�[wkr�p[o®iyX[]�¡5wygjiyg`g|i��7fFrsp[o �&i
iyX[]��[wy]�¦Fr�nq�5g!ik]?\^��]?wy�{ik�[wy]q¢�¯¨]��[wynq�;nJgk]~iyn"wk]Lgj]�iYikX[](wy]�t¥]?wk]?p5m�]���]�¦q]?�,]�p5]�wyoqf"rst

nbinhib

gjik]���g�X5�7¦q]�¡5p5r�gkX[]?�� �rsikX[nJ�hi
wy]?�Jm�X[rsp5o�iyX[](�[wy]�¦FrsnJ�5gYwy]�t¥]�wy]�p�m�]��s]?¦q]��

Uref

¢

����� � E"�����6������

¯¨]��h]�i��{r��,X[]?wk]�ikX5](wk]Lgj�[�sikr�p[o"�{��oqnJwkrsikX5\�¢

T = Tinit ���������	��
���
������	�����
Tref = Tinit

r = 0.85
temref = 0

Uref = 0

��� ��
	� T > Tmin �������������������	����
����������������
nbdec = 0

Umes = 0

Uaverage = 0

Nover = 0

��� temref = 1

Tref = T  ��!�����������"�����"���#��	���
T = AT

$ �	� k = {1, . . . , N} �������������������	���%!���
�
��������
$ �	� l = {1, . . . , δt}& �%!�"�
������(')��*�������!,+ T -

Umes = Umes+ . ���	����*

Umes = Umes/δt

Uaverage = Uaverage + Umes

��� Umes > Uref − ε
Nover = Nover + 1

��� Nover ≥ n1 � � ��� temeq = 1 ��
��	� temeq = 0 / ��
�����0	�����1��0 � �	�	2���#

��� Nover ≥ n2 � � ��� temslow = 1 ��
��	� temslow = 0 ���������3������
���4�
	*

��� temref ≤ 0 � � ��� temcomingback = 1 ��
��	� temcomingback = 0 ��� � � / ���������

��� temref < 1

��� eq = 1

temref = 1

��
��	�
temref = temref + 1

��� temref = 1

��� temeq = 1 �	� temcomingback = 1 5 ��#��������	� Uref

Uref = Uaverage/N

��� temeq = 0 #���0��������	��0�����
������6��������#
T = Tref

A = Ar

temref = −nbinhib + 1 � � ��2���
�"����	� Uref ��� / 
���0�7��	#

��� temslow = 1 ����# temcomingback = 0 � � ����������#����3�8��0��������	��#
A = A1/r
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dFr�\��5���{ikr�nqp
A ∆t

,~]�]L�h]?�
Tmin� �[¢ G�G�C$9 �q�q�q� �q��\^r��s��rsnJp5g�rsik]?wy�{ikr�nqp5g

� �[¢ G�G�G�; �q�q�q� ��9`\^r��s��rsnJp5g
m �5¢ G�G�G�G!; �q�q�q� �{�J��\^r��s��r�nqp5g
� �q�[�q�hikr�¦q] �{�J�q�J� ��9q��\^r��s��r�nqp5g

W��{�[��](8 � � ]Lgkm�wkr��hiyrsnJp�nqt�iyX[]��hr��;]?wk]?pJi~gkr�\��[���&iyrsnJp5g�¢

����	 � ��
 
 - ����$
¯¨]Yp[n& ©�h]�iy�qrs�hgknq\^]�gj�;]?m�r£¡�m!�;]�X5�7¦Fr�nqw�g�nqt5ikX5].�5wknJ��nBgj]L��gym�X[]�\^]q¢$dF�[�[�;nJgk].¡5w�g|i$ikX��&i$ikX[]Y�[wy]�¦Fr�nq�5g�gjik]��

i−1
wk]Lgj�5�£iy]?�

r�p®�l�[]?m�wy]?�Jgj]�n{t�ik]?\l�;]�w��&iy�[wy]q¢$¯ ]�iyX[]�wy]�t¥nJwk]�X5�7¦J]��loqnFnh��]?gjikr�\^�{ik]
Uref = 〈U〉i−1

n{t�ikX[]��7¦J]�w��{oJ]�]�p[]?wkoJf"n&¦q]?w!iyX[]
�[wy]?m�]�]L�hrsp5o���]?wkr�nh�Î¢�}.i-iyX[]��;]�oJrsp5p[rsp5o�n{tÎiyX[]�p5]�  �;]�wyrsnh�

i
�BikX[]�m�nFnq��rsp5o�r�g-ikwyr�]?�"�5gkr�p[o(ikX5]�m��5wkwy]�pBi-�5�qwy�q\^]�ik]?w

A
¢�}�g

gknFnqp>�qg.ikX5]�g|iy]��
i
r�g.¡5p[r�gjX[]L�Î�hiyX[](��]?X5�7¦FrsnJwYn{t�ikX[](]?p[]�wyoqfI�h�5wkr�p[olikX[]�gjik]?�>r�gY]�¹h�q\^rsp[]L�Î¢

1 � t�iyX[](�5�q���qp5m�]�ik]Lg|i�r�g��;nJgkr£iyrs¦J]q� �¥r9¢ ]q¢ Nplus ≥ n1)
�[i| !n^�;nJgygjr��[��]�m?�qgk]?gYm��qp>��]��hr�gjikr�p[oq�[r�gkX[]?� �

� ]?r£iyX[]�w^iyX[]®]�p5]�wyoqf­X5�Jg"gj�;]�pBi
�&i"��]?�Jg|i
n2

gk�[�©�;]�wyr�nF� n&¦J]�w`ikX[]®wy]�t¥]?wk]?p5m�]>]�p5]�wyoqf
Uref

�
Nplus ≥ n2

���
wy]?gk�[�sikr�p[olrsp®�^�h]?m�wk]L�qgk]�n{t

A
�ursp�m�wy]?�qgk]�n{t�ikX[]�m�nBnJ�sr�p[o"gk��]?]?�����

� nJw
n1 ≤ Nplus < n2

�[�qp5�
A
g|i��7fFgYm�nqp5gjiy�qpJiL¢

� p>��nqikX>m��qgk]?g?�FikX5]�g|iy]��
i
¡5p[r�gjX5]?g� �rsikX�ikX5](�[�;�5�&ik]�nqt�iyX[](wk]�t¥]�wy]�p5m�]�]?p[]�wyoqf��

Uref = 〈U〉i
�Y�qp5�
ikX[](wy]�t¥]?wk]?p5m�]

ik]?\l�;]�w��&iy�[wy]
�
Tref = Ti

��¢xWYX[]�ik]?\^��]?wy�{ik�[wy]�r�g.iyX[]�p>�[�O�[�&iy]?�
Ti+1 = ATi

�qp5��ikX[]�gjik]?�
i + 1

gjiy�qwji�g�¢
1 � txikX5]`�5�q���qp5m�]�ik]?gji�r�g�p[]�oB�&iyrs¦J]q�;ikX[]�ik]?\l�;]�w��&iy�[wy]�r�g�gk]�i��5�qm�±�iynIikX5]`wy]�t¥]?wk]?p5m�] � Ti+1 = Tref

��¢(WYX[]`m�nBnJ�sr�p[o
�5�{w��{\^]�ik]�w$r�g�r�p5m�wy]?�Jgj]L� �

A = Ar
�$ �X[r���]YikX[]�wy]�t¥]?wk]?p5m�]Y]�p5]�wyoqf���]�¦J]��

Uref

r�g�±J]��hi-m�nqp5gjiy�qpJiL�{r9¢ ]J¢
Uref = 〈U〉i−1

¢
:®nqwy]�n&¦J]�wL�

temref

r�g(gj]�i�iyn
temref = −nbinhib + 1

�Î\^]L�{p[r�p[oIiyX5�&i�iyX[]^�[wknhm�]?gyg~ �r��s��gk��]?p5�
nbinhib

gjik]?�5g��&i
ikX[]�gy�{\^]�ik]?\^��]?wy�{ik�[wy]q�h]�¹hm�]��hi�rst�ikX[](]?p[]�wyoqfIgjiy�7fhg.n&¦q]?w

Uref

�h�[wyrsp5o^�{i��s]L�qgji
n1
gk�[��� gjik]���g��

� r�p� �X[r�m�X®m?�qgk]q�FikX5]�m�nFnq��rsp5o`oJnB]LgYnqp�p[nqwy\"�{���sfJ�h�5gkrsp[oliyX[](p[]�  �5�{w��{\^]�ik]�w
A
¢

� a�p
ikX[]�nqikX[]?w.X��{p5�Î�hrst
nbinhib

gjik]���gYX5�7¦q]���]?]�p>gj�;]�pBi��&i���ik]?\l�;]�w��&iy�[wy]
Tref

�{p5�
 �r£iyX[nq�[i�wk]L�qm�X[r�p[o�iyX[]
wy]�t¥]?wk]?p5m�]
�s]?¦q]��

Uref

�snJp[o¬]�p5nq�[oJX,�$ikX[]�wk]�t¥]�wy]�p5m�]I]�p5]�wyoqf¨r�g`�[�O�[�&iy]?� �
Uref = 〈U〉i+nbinhib

�«��iyX[]Iiy]�\(�
�;]�w��&iy�[wy]�±q]?�hi�m�nqp5gjiy�qpJi3�

Ti+nbinhib+1 = Tref = Ti−1
���;ikX[]lm�nFnq��rsp5oI�5�{w��{\^]�ik]�w

A
r�p5m�wy]?�Jgj]L�®�{p5�U�"p[]� 

r�p[X[r��[rsik]L��m�fhm���]�r�g�gjiy�qwjiy]?� �
temref = −nbinhib + 1

��¢

� � �������«	�� �������. ����0���`	��

¯¨]Y�[wk]Lgj]?pBi�r�p�iyX[r�g�gk]?m�ikr�nqp�gknq\^].wk]Lgj�5�£i�g��qp5��m�nq\^�5�qwk]-ikX[].�[wynq�;nJgk]?��m�nBnJ�sr�p[o�gkm�X5]?�h�[��]xiyn���gj�5�q�Foq]�nJ\^]�ikwyr�m��{�Fgym�X[]�\^]?g?¢
¯¨]^nq�hiyrs\^r('�]`ikX[]l\^nF�[]��$ �r£iyX¬i| .n�]?�s]?\^]�pBiyg3�¥wy]?m�iy�{p5oq��]?g��{p5� gj]?oq\^]�pBiyg��YiyX5�&i� .]`�[wynq�;nJgk]?�¬rsp ��8L���9¢�WYX5]`wy]�t¥]?wk]?p5m�]
gkrs\`�[���&ikr�nqp�gY !]?wk]�nq�[iy�{r�p[]L�
�5gkr�p[o^�[rs]Lm�]? �r�gk](m�nqp�g|i��{pBi�oq]�nJ\^]�ikwyr�m��{�Îm�nBnJ�sr�p[o^gkm�X5]�\^]?g?¢
WYX[]¬�[wynq�5�s]?\ m�nJp5gkr��h]?wk]L� X[]�wy]®r�g
wk]L�{���sf m�nJ\l�5�s]�¹O¢ WYX[]¬\^nh�h]?�~r�gI\"�q�h]®nqt�i| !nQi|fF�;]?gInqt(nq�hz|]Lm«iyg?���{p5� gk]�¦J]�w��{�
r�pBik]�w��qm�ikr�nqp5g?¢xa�p`iyX[r�gx�[wynq�[��]�\>�qikX[]~gym�X[]?\l] 8&���{p5�liyX[]~gym�X[]�\^]� �rsikXI�(m�nqp5gjiy�qpJi�iyX[]�wy\^nh�hfFp5�{\^r�m�gj�;]�]L�"�{wy]��5gj]?�s]Lgkg �
iyX[]�f¨�{wy]lgkn®gj��n& �ikX��&i��&tÓiy]�w��� .]�]�±O�ÎiyX[]^ik]?\^��]?wy�{ik�[wy]^ .�Jg�gjikr����-g|iy�5m�±U�{i(�qp r�pBik]?wk\^]?�[r��qwkf®��]�¦J]��9���{wynq�[p��¬iyX[]l¡5wygji
m�wkrsikr�m��q�Oik]�\^�;]�w��&iy�[wk]J¢

	���� � -.��- ���	E �!-���� ���"���
WYX[]�¡�wygji�wk]Lgj�[�si�X5�JgY��]?]�p>nq�hi��{r�p[]?�� �rsikX

nbinhib=1
�
L = 20000

�
N = 10

�
n1 = 1

�
n2 = 5

¢
¯ ].m�nJ\l���{wy] ;�gkrs\`�[���{ikr�nqp5g� �X[nJgk]�iywy�{z|]?m«iynqwyrs]Lg,�{wy]x�[wy]?gk]�pBiy]?��r�p ��rsoJ�[wk] C[¢ � p`W��q�[�s]�8x .]-�[wy]?gk]�pBi,iyX[]!m�nqwywk]Lgj�;nqp5�[rsp[o
�h]Lm�wy]?�Jgjr�p[o>gj�;]�]L�Î���Jg� !]?�s�x�Jg�ikX5]"wk]	�J�5rswy]?�Uikr�\^]^ikn®wy]?�qm�X

Tmin = 10−7 ���[wkn&¦Fr��h]?�UikX��&i(ikX5]"�[wknhm�]?gyg�r�g�gjiy�qwjiy]?�¨�&i
Tinit = 1

¢
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b

a

c

d

��r�oq�[wy]�C �^W�wy�{z|]?m«iynqwyrs]Lg(�qgygjnhm�r��{ik]?�¨ �rsikX­iyX[]�m�nFnq��rsp[o gjr�\��[���&iyrsnJp5g��h]Lgkm�wkr��;]?�Qr�p­iy�q�[�s] 8q¢¬WYX[]�]�p[]?wkoJfU]�¦Jnq���hikr�nqpQr�g
�[��n{ikik]L�¬�qg��lt¥�[p5m«iyrsnJp¬n{t$iyX[]�iy]�\^��]?wy�{ik�[wy] �

x = −log(T )
�
y = U

�«¢�W�w��&z|]?m�iknJwkr�]?g � � � � � X5�7¦J](��]?]�p¬nJ�hiy�qrsp[]L�>�5gkrsp[o
oJ]�nq\^]�ikwyr�m?�{�Îgkm�X5]?�h�[��]?g?�h �X[r��s] � m�nqwywk]Lgj�;nqp5�5gxiyn^ikX[](�[wynq�;nJgk]?���q�[�q�hikr�¦q](gym�X[]�\^]J¢

c

d

��rsoJ�[wy] G �xW�]?\^��]?wy�{ik�[wy]�]?¦qnJ�s�hiyrsnJp��Jg.t¥�[p5m�ikr�nqp>n{t�ikr�\^]��
x = t

�
y = log(T )

�-t¥nqw�gkrs\`�[���&ikr�nqp�g � �{p5� � ¢
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WYX[]�wy]?gk�[�si~�[wy]?gk]�pBik]L�>rsp ��r�oq�[wy] G��¥ik]�\^�;]�w��&iy�[wk]l�qg��"t¥�[p5m«iyrsnJp¬n{t�iyrs\^]���gkX[n& �gYikX��&i~iyX[]��[wynq�;nJgk]?�®gym�X[]?\l]`�{���sn& �g
gjiy�7fFr�p[o
��nqp[oJ]�w��&i�r�pBik]?wk]Lg|iyrsp[o
ik]?\l�;]�w��&iy�[wy]?g� �X[rs��]�oJnqr�p[oItu�Jg|iy]�w� �X[]�p ��nBgkgkrs�5�s]J¢ ��r�oq�[wy]�8L�
gkX[n& �g~��m���nJgk]?�®¦Fr�]� �n{t
iyX[]�iy]�\^��]?wy�{ik�[wy]�]�¦Jnq���hikr�nqp"�{ixikX[]���]?oqr�p[p[r�p[o�nqt;iyX[]~gkrs\`�[���&ikr�nqp�¢ � i!gkX[n& �g$iyX5�&i!ikX[]�m�nFnq��rsp5o�gj�;]�]L�^r�g-rsp5m�wk]L�qgk]?�Î�J�[pBikr��
wy]?�Jm�X[rsp5o(ikX[]~¡5w�g|iYm�wyr£iyr�m?�{�[iy]�\^�;]�w��&ik�5wk]J¢ ��r�oq�[wy]?g 8�8~�qp5� 8L��gjX[n&  �h]�iy�qrs��g-nqtÎikX[]�gjr�\��5���{ikr�nqpI�{wynq�5p5�likX[]~¡5w�g|iYm�wyr£iyr�m?�{�
'?nqp[]J¢xWYX[](�h]?m�]���]�w��&ikr�nqp�nhm�m��[wygYm�nqwywk]Lm«ik��fq�h�q�£iyX[nq�[oJX�rsi�r�g��l�srsijiy�s](�[rsi~�h]?���7fJ]?�Î¢

c

d

��rsoJ�[wy]�8L� � O.]�oJrsp[p5rsp[o^nqt�iyX[](gjr�\��[���&iyrsnJp � ¢-W�]�\^��]?wy�{ik�[wy](�qg��`t¥�[p5m�ikr�nqp>n{t�ikr�\^]��
x = t

�
y = log(T )

��¢

��rsp5�q�s��fq�Îr�p ��r�oq�5wk] 8?�h�Î .]"m�nJ\l���{wy]�ikX5]l]?p[]�wyoqf>]?¦qnq���hiyrsnJp �qg���t¥�[p5m�ikr�nqp¨n{txiyrs\^]^rsp ikX5]^m?�qgk]�nqt.��gj��n&  �[r�]?m�]� �r�gj]
oJ]�nq\^]�ikwyr�m?�{�Ygkm�X[]L�h�[��] �ugkrs\`�[���{ikr�nqp � �l�{p��§n{t�ikX[]®�J�[�{�hiyrs¦J]�gym�X[]�\^] �ugkrs\`�[���&ikr�nqp � ��¢©WYX[]®m�nJp5m����5gkrsnJp§r�glikX5�{iliyX[]
�J�[�{�hiyrs¦J](gkm�X[]?\^]��;]�wkt¥nqwy\"gY��]�ijiy]�wL¢

	��%� � -.E�- � �D����� �C$(��� � ��������
 �	E �!-���� �������
WYX[]®�q�[�5�{wy]�pBi"�q�h¦&�qpJi��{oJ]
n{t�ikX[]>�[wynq�;nJgk]?�Ô�{�[�[wynJ�Jm�X§r�glikX5�{i^rsiI�hnF]?g^p[nqilwy] �B�[r�wy]����{�[p�m�X[rsp5o¨gk]�¦J]�w��{�Ygjr�\��[���&iyrsnJp5g
iyn¬¡5p5�§ikX[]���]Lg|i^�h]?m�wk]L�qgkrsp5oUm�nJp5g|i��{pBi� �rsikX§wy]?gk�;]?m«i`iknUikX[]��[wknJ�[��]�\>¢ WYX[]��hw��7 ��5�qm�±¬r�g�ikX5�{i�ikX5]�p[]?]?�h]L�Qikr�\^]
r�g
iywk]?\l]?p5�hnJ�5gj��f����{wyoq]J¢��5nqwxnJ�hiy�qrsp[r�p[o�iyX[]��;]?gji-��nBgkgkr��[�s]~wk]Lgj�[�si?�qikX[]~�[wknJ��nBgj]L�`�J�[�{�[ikr�¦q]�gym�X[]�\^]�gk]�]�\"g$iyn��;]~�q�h]	�B�5�&iy]q¢
a�pQiyX[]In{iyX[]�w�X5�{p5�,��iyX[]Ip5�{ik�[w��{�x�J�h¦&�{pBiy�qoq]^n{tYikX5]Ioq]?nq\^]�iywkr�m��q�xgkm�X[]?\^]"r�g�iyX5�&i`r£i`�q�s��n& �g�¡[¹hr�p[o¬�{p­nJ�hikr�\^r�'L�&ikr�nqp
iyrs\^]q¢
O.fIrs\^�;nJgkrsp5o^�l��n& !]?wY��nJ�[p5��nqp�ikX[](m�nBnJ�sr�p[o"gk��]?]?�

A < Amax

�[rsi�r�gY�;nJgygkrs�[��]�iknIm�nqp5gjikw��{r�pIiyX[](nq�hiyrs\^r('?�{ikr�nqp�ikr�\l]J¢
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� ½�� x = t, y = log(T )
� J � x = t, y = U

� Ç�� x = −log(T ), y = U
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� ½�� x = −log(T ) Ö y = U
� J � x = t Ö y = T

� Ç�� x = t Ö y = U
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� ½�� x = t Ö y = U
� J � x = t Ö y = T

� Ç�� x = −log(T ) Ö y = U
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