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Second Order Sliding Mode Control of
Underactuated Mechanical Systems |l: Orbital
Stabilization of an Inverted Pendulum with
Application to Swing Up/Balancing Control

Raul Santiesteban, Thierry Floquet, Yuri Orlov, Samer Rya@and Jean-Pierre
Richard

Abstract

Orbital stabilization of an underactuated cart-pendulum system is undigr stu
The quasihomogeneous control synthesis is utilized to design a sea®rdsbd-
ing mode controller that drives the actuated cart to a periodic refer@ntitin
finite time, while the non-actuated pendulum produces bounded oscillatins.
modified Van der Pol oscillator is introduced into the synthesis as an asienpto
generator of the periodic motion. The resulting closed-loop system ibleapa
moving from one orbit to another by simply changing the parameters dftheer
Pol modification. Performance issues of the proposed synthesis ateaild in
numerical and experimental studies of the swing up/balancing contsblgmn of
moving a pendulum, located on an actuated cart, from its stable downwsitibp
to the unstable inverted position and stabilizing it about the vertical.

1 Introduction

Motivated by applications where the natural operation misdeeriodic, orbital sta-
bilization of mechanical systems has received significtéigintion over the last few
years (see, e.g., [18] and references therein). For thesensy the orbital stabilization
paradigm, referred to as periodic balancing [2], diffeanfrtypical formulations of
output tracking where the reference trajectory to follokrniswna priori. The control
objective for the periodic balancing, e.g., a walking rapjiis to result in the closed-
loop system that generates its own periodic orbit simildihéb produced by a nonlinear
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oscillator. Apart from this, the closed-loop system shdwddcapable of moving from
one orbit to another by simply modifying the orbit paramsgtarch as frequency and/or
amplitude.

In the present paper, a periodic balancing problem is unidelySor an under-
actuated mechanical system. A non-actuated pendulumtelboa an actuated cart,
appears as a special test bed. Orbital stabilization ostfstem captures all the essen-
tial features of the general treatment thereby forming &lfasthe extension to other
underactuated systems.

We demonstrate that the quasihomogeneous synthesisppedeh the first part
of the paper [17], is applicable to the cart-pendulum sydtedesign a Second Order
Sliding Mode (SOSM) controller that drives an actuated pathe system to a peri-
odic reference orbit in finite time in spite of the presencéiofion forces and external
disturbances with aa priori known magnitude bound. The resulting controller, that
presents a contribution of the paper, exhibits an infinitmber of switches on a fi-
nite time interval, however, in contrast to first order siglimode controllers, it does
not rely on the generation of sliding motions on the switghimanifolds but on their
intersections.

A modified Van der Pol oscillator, proposed in [15], is intuaed into the synthe-
sis as a reference model. The proposed modification stilgss®s a stable limit cycle,
governed by a standard linear oscillator equation, an@tber it constitutes an asymp-
totic harmonic generator as opposed to a standard Van dexseilator, exhibiting a
non-sinusoidal response in its limit cycle.

Another example of an asymptotic harmonic generator (nehd only one avail-
able in the literature) is the variable structure Van derd&aillator from [19]. How-
ever, itis hardly possible to use that oscillator for getirgea reference signal because
the system response would be contaminated by high frequesaiijations (a so-called
chattering effect) caused by fast switching of the struectfithe Van der Pol oscillator.

In contrast to a linear oscillator, whose amplitude depemdhe initial conditions,
both the amplitude and frequency of the sinusoidal sigreiegating by the modified
Van der Pol oscillator, can readily be modified on-line by glynchanging the oscil-
lator parameters. Due to this, the modified Van der Pol @goillis well-suited for
addressing the problem in question.

Effectiveness of the orbitally stabilizing synthesis isistrated in numerical and
experimental studies of the swing up/balancing controbf@m for a laboratory cart-
pendulum system. In our studies, the pendulum, driven byhaidhcontroller to be
constructed, is required to move from its stable downwarsitjpm to the unstable
upright position and be stabilized about the vertical wttilke cart is stabilized about a
desired endpoint.

The proposed hybrid controller is based on the orbital fearstrategy, similar to
that used in [16] to swing up a Pendubot to its upright positiirst, a swinging con-
troller is composed by an inner loop controller, partiaiiyelrizing the cart-pendulum
system, and an orbitally stabilizing outer loop contrgltiat pumps into the system
as much energy as required to approach a homoclinic orbittvé same energy level
as that corresponding to the desired equilibrium point.e€xhe cart-pendulum system
reaches this homoclinic orbit, the orbitally stabilizingntroller is turned off and the
system is therefore obliged to evolve along the homoclintiito



Finally, turning on a locally stabilizing controller, whéime homoclinic motion en-
ters the attraction basin of the latter controller, congsed unified framework for the
swing up/balancing control of the pendulum, located on #mé cThe locally stabiliz-
ing controller from [17], which is also based on quasihommagris considerations, is
involved into our hybrid controller design. Being verifiecperimentally, the proposed
framework is another contribution of the paper and it présan interesting addition
to the energy-based approach from [1, 12] to stabilizatiam@chanical systems with
underactuation degree one.

The paper is organized as follows. The quasihomogeneouslostabilization
of the cart-pendulum system is developed in Section 2. Nisalesind experimental
results on application of the orbitally stabilizing syrsfeto the swing up/balancing
control problem are given in Section 3. Section 4 finalizesghper with some con-
clusions.

2 Orbitally Stabilizing Synthesis

In order to facilitate exposition, the orbitally stabiligj synthesis is developed for a
laboratory cart-pendulum system from our companion papér [

2.1 Problem Statement
The cart-pendulum system, presented in [17], is governed by
(M +m)i+mlsing 6 —mlcos00 = 7 +wi(t) — (i), (1)
%leé —mlcosf i —mglsing = wy(t) — @(0) (2)

wherez is the cart positiory is the angular deviation of the pendulum from the vertical,
M is the cart massy: is the rod masg] is the distance to the center of mass of the
pendulum,g is the gravitational acceleration, is the controlled inputy (¢), w2 (t)

are external disturbances(i) andy(6) are friction forces, affecting the cart and the
pendulum, respectively.

In order to describe the friction forces the classical masletilized:

() = Yo + esign(d), e(0) = puf + pcsign(6). (3)

The above model comes with the viscous friction coefficientsp,, > 0, the Coulomb
friction level ¢, p. > 0, and the standard notatiatign(-) for the signum function.
Subject to (3) the right-hand side of the dynamic system(®))is piece-wise continu-
ous. Throughout, solutions of such a system are defined isethge of Filippov [5] as
that of a certain differential inclusion with a multi-vatlieéght-hand side.

Because the phenomenon of friction is hard to model, we haveduced the un-
certain termswo; (¢), wo(¢) into the dynamic equations (1), (2) to account for destabi-
lizing model discrepancies such as Stribeck effect andlbskbk Due to dissipative
properties of mechanical systems, upper bouligs- 0, ¢ = 1,2 for the magnitudes
of these terms can normally be estimated a priori:

|wi(t)| < Ny (4)



for all t.
Our objectiveis to design a controller that causes the actuated part ofdhe
pendulum system to track
Jim [2(1) + ()] = 0, (5)

a trajectoryz(t) generated by the modified Van der Pol equation [15]

52
é+£[(z2+%)—p2]z'+y2,z:0, (6)
while also attenuating the effect of the friction forces €8 external disturbances (4).
To this end, we present several arguments to consider théfietb¥an der Pol
equation as a good choice of a reference model. The Van denéuification (6) is
firstly shown [15] to possess a stable limit cycle, being egpible in the explicit form

52

4

2+ ol P’ (7
where the parameter stands for the amplitude of the limit cycle ands for its fre-
quency. By substituting the orbit equation (7) into (6) timait cycle of the modified
Van der Pol equation (6) is secondly concluded to be remérigdnerated by a stan-
dard linear harmonic oscillator

P4 1022 =0, (8)

initialized on (7). This is completely opposite to the noodified Van der Pol os-
cillator, whose general representation is given by the rsg@rder scalar nonlinear
differential equation

Z4el(z—20)2 —p*)E+1v2(z—2) =0 9)

with positive parameters, p, v, and which exhibits a nonsinusoidal periodic response
in its limit cycle (see, e.g., [9] for details).

Summarizing, the modified Van der Pol oscillator (6) congtis anonlinear asymp-
totic harmonic generatowhich naturally exhibits an ideal sinusoidal signal (8)tm i
limit cycle (7). In contrast to the linear oscillator (8), aée amplitude depends on the
initial conditions of the oscillator, the amplitude anddtency of this sinusoidal sig-
nal can be varied at will by tuning the paramete@ndv of the asymptotic harmonic
generator (6).

2.2 Control Strategy

In order to present a control strategy that allows one toesehihe above objective let
us partially linearize the cart-pendulum dynamics. Fos thirpose, let us rewrite the
state equation (2) in the form

0 [ml cos 01 + mgl sin 6 + wo(t) — ©(6)]. (10)

e
Now substituting equation (10) into (1) yields

[((m+M)— %m cos? 0] = 74w (t) —tp(&) —misin 0 6% + ng cos 0 sin 9-1—4%[11}2(15) —@(6)] cos 6.
(11



Finally, setting = (m + M) — 3mcos®§ = +m + M + 2msin®  and

7= Ju+mlsinf 6% — ngcos@sin@ (12)

whereu is the new control input, and taking into account that thatreh .J ~ 0 holds
for all values off), the desired linearization is obtained:

o= w2 () @) + S fun(e) — ()] 13)
6 = Ducoss+ I IM 1) (@] + P n(r) — (@) + g sineLa)

Since system (13), (14) describes the linearized actuatetimodel it is referred to
ascollocated linearizatio21].

The control strategys now formalized as follows. The control input (12) is com-
posed by an inner loop controller, partially linearizing tart-pendulum, and an outer
loop controlleru to be constructed. Given the system output

y(t) = 2(t) + x(t), (15)

that combines the actuated statg) of the system and the reference variable)
governed by the modified Van der Pol equation (6), the out@p lmontrolleru is to
drive the system output (15) to the surface- 0 in finite time and maintain it there in
spite of the friction forces) (i), () and external disturbances (t), ws(t), affecting
the system.

2.3 SOSM Control Synthesis
Due to (6), (13), (15), the output dynamics is given by

y 3cosf : 1 . 2 .
Bo= uk S lwa(t) = ()] + Sl (0) — w(@)] - <l + 5) - 71z - 172(16)
The following control law
52
u = Swj‘ifsaé + 1/’71 +el(=% + 53) = %)z + 17z — asign(y) — Bsign(i) — hy — py
17)

with the parameters such that

3(@0 +N2) + Ye + Ny

hop>0 o-
P20 a—=f> =7 7

(18)

is proposed.
The closed-loop system (3), (16), (17) is then feedbacksfoamed to the one

i= 2P hun(t) — pesign(d)] + = [wn (1) ~ vesign(i)]
—asign(y) — Bsign(y) — hy — py (19)



with piece-wise continuous right-hand side.
Relating the quasihomogeneous synthesis from [14], theeabantroller has been
composed of the linear viscous friction compensator

B 3y, cosl ., .

nonlinear trajectory compensator

52
ue = e[(2% + 55) = o + v, (21)
the homogeneous switching part (the so-called twistindgrodar from [6])

up = —asign(y) — Bsign(y), (22)

and the linear remainder
u = —hy —py (23)

that vanishes in the origin = y = 0. By Theorem 1 from [17] the quasihomogeneous
system (19) with the parameter subordination (18) is finiteetstable regardless of
which friction forces (3) and uniformly bounded externadtdirbances subject to (4)
affect the system. The control objective is thus achievatithe following result is
obtained.

Theorem 1 Let the modified Van der Pol equation (6) with positive partrs, v, p

be a reference model of the cart-pendulum dynamics (1)-+H8)et the system output
be given by (15). Then the quasihomogeneous controller (12), (18) drives the
cart-pendulum system to the zero dynamics surfaee0 in finite time, uniformly in
friction forces (3) and admissible disturbances (4). Afteat the actuated part(t)
follows the output-z(t) of the modified Van der Pol equation (6) whereas the non-
actuated par¥(t) is governed by the zero dynamics equation

% 10 = cos O’z + gsinf + il[wg(t) — (0)]. (24)
m

on any finite time interval.

Proof: By Theorem 8 of [5, p. 85] the closed-loop system (13), (127) has a
local solution for all initial data and admissible distunicas (4). Let us demonstrate
that each solution of this system is globally continuabléhnright.

Due to (4), the magnitud@? (¢)| of the uncertainty

73(7050 .

(1) = 252 un(t) — pesign(d)] + S lwa(1) — usign(i)

that appears in the right-hand side of (19) is upper estidnasefollows:

< 3Pt No) | dhet Ny

W)l = 4lJ J

(25)



Since this estimate, coupled to (18), ensures that
a— 3> [W(t), (26)

Theorem 4.2 from [14] turns out to be applicable to the quasibgeneous system
(18), (19). By applying this theorem, system (19) subjecl®) is proved to be finite
time stable, uniformly in admissible disturbances (4). Nawploying (15), it follows
that along with a solutiog(¢) of (19), an arbitrary solutiom(¢) = y(t) — z(t) of (13)
is globally continuable on the right and uniformly bounded.i

Moreover, due to the uniform boundednessg, (), the control signal (17) is uni-
formly bounded, too. Thus, an arbitrary solutiéft) of (14) is also globally continu-
able on the right.

So, starting from a finite time moment the cart-pendulumesysevolves in the
second order sliding mode on the zero dynamics surjaee 0 and to complete the
proof it remains to derive the sliding mode system dynamias. this purpose let us
apply the equivalent control method [23] and substitutedhly solutionu,, of the
algebraic equation

cos . 42
+ STje[wz(t) —p(0)]+ %[wl(t) —p(d)] — e[(2® + - )

v

-1z =0

with respect ta: (i.e., the equivalent control input, that ensures equality = 0) into
(14). Then, while being restricted to this surface, theaystlynamics is given by

2= cos0 2 p(d) —wn(v)] + Shp(E) — wr ()] + [0 + Tp) — i +vPa)
30 DX fune) — p(6)] + 2 fun (1) — 9(&)] + gsin6
= cosO{e[(z® + %) —p2)i + vz} + %[wg(t) —(0)] + gsing 27

wherex(¢) is the reference trajectory governed by the modified Van dée&uation
(6). For the orbits:(¢) of the Van der Pol modification (6), initialized on the limjtate
(7), the zero dynamics (27) is simplified to

4 . , 1 :
3 16 = cos v’z + gsin 6 + %[wg(t) — ()]

The sliding mode equation (27) on the surface= 0 is thus validated for the non-
actuated variablé(t), restricted to any finite time interval. Theorem 1 is proved.

Analyzing the proof of Theorem 1 one can conclude that thezdiet variable:(t)
remains bounded regardless of which admissible distudsaaffect the closed-loop
system. For practical reasons the non-actuated varfgbles also required to remain
bounded under arbitrary disturbances of sufficiently smebnitudes. Due to this,
the zero dynamics (24) is required to be a bounded input - dedistate system, lo-
cally in (w1, ws). While being beyond the scope of the paper, this item is nolieti
here in details, but only numerical and experimental exdendemonstrating that this
is indeed the case, are presented in the next section (ftysiaf bounded input -
bounded state systems see, e.g., [8, 11, 22]).



In the remainder, capabilities of the synthesis procedtoastituted by Theorem
1, are tested in numerical and experimental studies of therdsory cart-pendulum
system.

3 Swing up control and stabilization

In the test swing up/balancing control problem, the penaliocated on the cart, is
required to move from its stable downward position to thealne upright position and
be stabilized about the vertical while the cart is stabiliabout a desired endpoint. An
orbitally stabilizing controller is designed to swing ugthendulum to make it reach
a homoclinic orbit of the energy level, corresponding to ¢het pendulum system at
the desired equilibrium point. Once the homoclinic orbitiached at a state where the
cart velocity is infinitesimal, the orbitally stabilizingontroller is turned off thereby
letting the system evolve along the homoclinic orbit. A lbcatabilizing controller
from [17] is then turned on when the homoclinic motion entbesattraction basin of
the latter controller.

The hybrid control strategy, to be tested in an experimesttaly, is to select the
amplitudep and the frequency of the model limit cycle (7) reasonably small and the
parametee, controlling the speed of the limit cycle transient in thedified Van der
Pol equation (6), reasonably large to ensure that the esntlygdum system reaches its
homoclinic orbit of the corresponding energy level. Tumoff the orbitally stabiliz-
ing controller, once the system is synchronized with the édimic orbit, and proper
switching to the stabilizing controller when the subsedummoclinic motion enters
the attraction basin of the latter controller yields theegation of a swing up motion,
asymptotically stable about the vertical.

3.1 Cart-pendulum prototype

In order to observe the performance of the proposed systhesimade simulations
on Matlab using Simulink. We considered the real parametktise laboratory cart-
pendulum system from [17]. These parameters are listedbleTa

Table 1: Parameters of the Cart-Pendulum.

Notation  Value Units

M 34 kg
m 0147 kg

l 0.175 m
Py 8.5 N-s/m
Do 0.0015 N -m-s/rad
be 65 N

Ye 0.00115 N-m




3.2 Swinging controller design

By a suitable choice of the reference parametersv, the orbitally stabilizing synthe-
sis (6), (12), (17) can be applied to the cart-pendulum systeswing the pendulum up
from the downward position to the upright position. To swestelly apply this synthe-
sis the cumulative energy, pumped by the resulting comtratito the cart-pendulum
system, is to be of an appropriate level. According to thegnrbased approach [12],
such a level in the friction-free case must ensure that ta¢ ¢mergy

E(q,q) = %(M + m)i? — mlif cos 0 + %mlwz + mgl(cosf — 1) (28)
of the closed-loop system increases from the negative value
Ey = —2mgl, (29)
at the initial time moment to the zero-value energy
Ey =0, (30)

at a time instant when the cart velocity becomes infinitesand ready to change the
rotation direction. Thus synchronized, the unforced ifvictfree system generates a
homoclinic orbit converging to the desired equilibriumtthas the same energy level
(30).

In order to take into account friction forces, resulting menergy loss of the lab-
oratory cart-pendulum system, the required energy lev@) &s to deliberately be
increased to a positive value

Ey=0>0. (31)

Under a certaind, found experimentally, the unforced friction system alemerates
an orbit, converging to the desired equilibrium. This oibifurther referred to as a
quasihomoclinic orbit

So, tuning the energy parameteand the reference parametets, v is crucial
to a successful swing up. Appropriate values of these pdeamare carried out in
successive simulations. The parameieresponsible for the amplitude of the cart
oscillations, is simply set slightly smaller than the adsitife road length of the labo-
ratorial equipment. The parameterandv are responsible for making a reasonably
high convergence rate of the modified Van der Pol oscill&dpafd, respectively, for
providing the desired energy level (31) of the system at atipasof the cart where
it possesses an infinitesimal velocity (the highehe faster convergence; the larger
the greater the energy of the limit cycle and hence the gréfagéeenergy of the cart,
tracking the limit cycle). These parameters are iteragighed to approach the quasi-
homoclinic orbit. Turning off the controller at the time taat, when the system attains
the quasihomoclinic orbit, makes the system follow thistothereby approaching the
desired endpoint.

In our simulation study the controller gains were setato= 3 N - m, § =
1 N-m, h =0, p=0. With these parameters, condition (18) holds and the out-
put tracking of the modified Van der Pol oscillator (6) is #fere guaranteed. The



reference parameters were tuned te 40 [rad] 251, p = 0.5 rad, v = 1 s~ . Be-
ing found numerically for the above parameters, the eneaggmpeter took the value
0 = 0.8 N - m. Once the system energy attained this value ufidér= p, = = 0, the
orbitally stabilizing controller was turned off and the arded pendulum was swang
up along the quasihomoclinic orbit. Detailed experimergallts, supporting the pro-
posed swing up synthesis, are presented in Subsection 3.6.

3.3 Locally stabilizing controller design
Being developed in the companion paper [17], the localliizng controller

! 0 . . .
- _ AlJcos® JCO.S [—u(G,G) — aysign(€) — Brsign(€) — b€ —plﬁ] ; a1,B1,h1,p1 >0
[3 1 8lA28sin 9]
(32)
subject to
u(0,6) = 2125807 4 | 80aind | [(Memlazmleosd O] g g )
1 (g+ 4155 ) tan 0+ 2 (g + JIEE20) 0
§:tan9—)\1n—)\2f), )\1,)\2 >0 (34)
41 1+sinf T
—r——In(——"), |0 <= 35
n=c 3“(Cose)"<2v (35)

was tested in a simulation study. Quite impressive numlersalts were obtained for
the local stabilization of the pendulum about the uprighdifson with the controller
parametersy; = 55 m/s?, 31 = 35 m/s?, hy =0, p1 = 0, \; = 0.2 1/m, \y =
0.26 s/m. The results can be observed in Subsection 3.5 where thegedpon-
troller is introduced into our hybrid synthesis of swingiting Cart-Pendulum up and
balancing it about the vertical.

3.4 Hybrid Controller Design

In order to accompany swinging the pendulum up by the sulesegstabilization
around the upright position the swinging controller, pregsd in Subsection 3.2, is
turned off, once the system reaches the corresponding Himicoarbit, and then the
locally stabilizing controller from [17] is turned on ondeetpendulum, evolving along
the quasihomaoclinic orbit, enters the basin of attractrmmmerically found for the lat-
ter controller. The resulting hybrid controller moves theerted pendulum, located
on the cart, from its downward position to the upright pasitand stabilizes it about
the vertical whereas the cart is stabilized at the desirdg@nt. The capability of the
closed-loop system of reaching the homoclinic orbit aneemg the attraction basin
of the locally stabilizing controller is additionally supmed by experimental results.
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3.5 Numerical verification

The initial conditions of the position of the cart-pendulsystem and that of the mod-
ified Van der Pol oscillator, selected for all experimentgrev:(0) = 0, 6(0) =
3.14 rad, andz(0) = 0.05 rad, whereas all the velocity initial conditions were set
to zero.

To begin with, we separately studied the orbitally stabilizcontroller from Sub-
section 3.2. For demonstrating the capability of the cdieirdo move the pendu-
lum from one orbit to another by modifying the orbit paramgtee then introduced
a random time instany (it wasty ~ 10s in the experiment), when the amplitude
p and frequency of the model limit cycle was changed from their initial vadue
p=0.17rad, v =10 s~! to the newone = 0.5 rad, v =1 s~ .

Finally, the hybrid controller from Subsection 3.4 was iepented to swing the
pendulum up and stabilize it about the vertical while the tastabilized around the
initial position.

Numerical results for the resulting motion, enforced by tmkitally stabilizing
controller are depicted in Figs. 1. This figure demonstrtaswhile being driven by
the orbitally stabilizing controller, the closed-loop &, perturbed by the permanent
external disturbances; (t) = 0.5 N, wy(t) = 0.5 N - m, generates a bounded, quasi-
periodic motion. As predicted by theory, the desired ofhiitansfer is achieved by
simply changing the amplitude of the orbit limit cycle. Thgsod performance of the
orbitally stabilizing controller is concluded from Fig.

4 4
- —q, ‘o — 4

Irbance --- 4, irbance --- 0,

N

N

[rad]
[rad]

Joint Positions
N

Joint Positions
N

4 6 4 6
Time [s] Time [s]

Disturbance --- 4, urbance --- 4,

[rad]

[rad]

Joint Positions
N

Joint Positions
N

0 2 4 6 8 10 0 2 4 6 8 10
Time [s] Time [s]

Figure 1: Orbital stabilization of the cart-pendulum systéeft column for the orbital

recovery under the permanent disturbances, right columthéaransfer from one orbit
to another.
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3.6 Experimental verification

The initial conditions of the position of the cart-penduleystem and that of the
modified Van der Pol oscillator, selected for the experimemrez(0) = —0.3 m,
0(0) = 7 rad (downward position), and(0) = 0.3 m, whereas all the velocity initial
conditions were set to zero.

The hybrid controller from Subsection 3.4 was implementesiting the pendulum
up and stabilize it about the vertical while the cart is diabdl around the desired
endpoint.

Experimental results for the resulting motion, enforcedhmsyorbitally stabilizing
controller and the hybrid controller, are depicted in Fig.

Figure 2: Experimental results: left cart and pendulum gpasi right control input.

The switching moment occurs in the interval 2-3 secondsicddhat the control
effort is zero in this interval and that the cart velocity &a@ So, as stated above, the
pendulum travels on its homoclinic orbit towards the unigtaiguilibrium and, once it
is close enough, switching to the local controller occutse ©cal controller is a robust
nonlinear one, having a large domain of attraction (se€[&nd switching, that occurs
at 10° from the upright position, is constrained by the road lermjtthe laboratorial
equipment.

In order to obtain a rough idea concerning the performantbentieveloped con-
troller, the experimental results had been compared torthé12], where the switch-
ing from the swinging controller to a local state feedback dane after approximately
30 seconds. In the approach presented in this paper, thehawgtto the local quasi-
homogeneous controller occurs at approximately 2.5 se;a@ardl the stabilization is
accomplished in a shorter time compared to that of [12]. dusth also be noted that
while the energy-based approach from [12] is limited to nt@déth negligible friction
forces, the present approach does not suffer from this drekvb

4 Conclusions

Orbital stabilization of a cart-pendulum system, presensi simple underactuated (two
degrees-of-freedom, one actuator) manipulator, is urtddysThe quasihomogeneous
SOSM-based control synthesis is utilized to design a vhristoucture controller that
drives the pendulum to a desired zero dynamics manifold iteftrme and maintains
it there in spite of the presence of external disturbances.
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Capabilities of the quasihomogeneous synthesis and itstobss are illustrated in
an experimental study of the swing up/balancing contrabjenm of moving the pendu-
lum from its stable downward position to the unstable irv@position and stabilizing
it about the vertical.

The orbitally stabilizing synthesis, being of interesttseif and as a part of the hy-
brid controller design of the swing up/balancing controthu# cart-pendulum system,
is the main contribution of the paper.

Eliminating undesirable chattering oscillations, causgfast switching in the im-
plemented hybrid controller, is among other problems mglifor further investigation.
While being non-trivial, this problem is however well-ungierod from the existing
literature (see, e.g., [7] and references therein) andfbtipgeneral methods of chat-
tering reduction apply here as well.
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