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Méthodes de Galerkin avec stabilisation symétrique de
la pression pour I’équation de Stokes transitoire:
analyse de stabilité et de convergence

Résumé : On considere 'analyse de stabilité et convergence de méthodes d’éléments finis
stabilisées pour ’équation de Stokes transitoire. L’analyse est valable pour des stabilisations
symétriques et faiblements consistantes de la pression. Si 'approximation de la vitesse
initiale est donnée par un projection de Ritz spécifique, dépendante de la stabilisation, on
montre stabilité inconditionnelle et convergence optimale pour la vitesse et la pression, dans
des normes naturelles. Par contre, pour des approximations arbitraires de la vitesse initiale,
la stabilité de la pression est soumise a une condition entre les parametres de discrétisation
en espace et en temps.

Mots-clés : Equation de Stokes transitoire, méthode d’éléments finis, stabilisation symétrique
de la pression, discrétisation en temps, projection de Ritz



Stabilized FEM’s for the transient Stokes’ equations 3

1 Introduction

In this paper we consider stabilized finite element methods for the transient Stokes’ problem.
For standard pressure stabilizations of Petrov-Galerkin (PSPG) or least squares (GaLS) type
the analysis of time-discretization schemes is a difficult issue, unless a space-time approach
is applied with a discontinuous Galerkin discretization in time. Indeed for standard finite
difference type time discretizations the finite difference term must be included in the stabi-
lization operator to assure consistency (see e.g. [8, [[8]). It has been shown, in [3], that even
for first order backward difference schemes (where the consistency does not improve conver-
gence) this perturbs the stability of the numerical scheme when the time step is small, unless
a condition between the space mesh size and the time step is verified, 5t > Ch?, where 6t de-
notes the time-step and h the space discretization parameter. For higher order schemes such
as Crank-Nicholson or second order backward differencing the strongly consistent scheme
appears to be unstable (see e.g [1]). Similar initial time-step instabilities were observed, in
[15], for the algebraic (static) sub-scale stabilization scheme applied to the Navier-Stokes’
equations and they were cured by including time dependent sub-scales.

Our aim in this work is to consider a fairly large class of pressure stabilization methods
and show that convergence of velocities and pressures for the Stokes’ problem can be obtained
without conditions on the space and time discretization parameters, provided the initial data
is chosen as a specific (pressure stabilization dependent) Ritz-projection onto the space of
stabilized discretely divergence free functions. If, on the other hand, the initial data is chosen
as some interpolant that does not conserve the discrete divergence free character, a condition
(similar to the one given above) has to be respected in order to avoid pressure oscillations
in the transient solution for small times. The analysis is valid for pressure stabilization
operators that are symmetric and weakly consistent. Recently, several different weakly
consistent symmetric pressure stabilized finite element methods have been proposed. These
methods take their origin in the work of Silvester [26] and the work by Codina and Blasco
[13]. Further developments include the work by Becker and Braack [2] on local projection
schemes, the extension of the interior penalty method using penalization of gradient jumps to
the case of pressure stabilization by Burman and Hansbo [IT] and the interpretation of these
methods as minimal stabilization procedures by Brezzi and Fortin [6]. Similar approaches
have been advocated in Bochev and Dohrmann in [I6] and a review of the analysis (with
special focus on discontinuous pressure spaces and the Darcy problem) is given in [9]. The
main idea underpinning all these method is that, when using a velocity-pressure space pair
Vi X Qp, the constraint of inf-sup stability of the spaces may be relaxed by the addition of an
operator penalizing the difference between the discrete pressure variable and its projection
onto a subspace Qh C @Qp, such that V; x Qh is inf-sup stable. The penalization may either
act directly on the pressure as in [16, 9] or on the gradient of the pressure as in [2, [[4} [T1].
Generally speaking, the pressure approximation properties of the numerical schemes will be
given by Q) expressed in the weak consistency satisfied by the penalty operator. In some
cases [0, 4, [T2], these stabilized methods may be extended to include high Reynolds number
effects in the case of the Oseen’s problem. The advantages and disadvantages of symmetric
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4 E. Burman & M.A. Ferndndez

weakly consistent pressure stabilization methods compared to GaLS or PSPG approaches is
discussed in a recent review paper [4.

The main results of the present paper are: unconditional stability of velocities and pres-
sures and optimal convergence (in natural norms) when the initial data is chosen as a certain
Ritz-type projection (see e.g. [27, 28]). In case a standard interpolation of the initial data
is applied, an inverse parabolic CFL-type condition must be respected in order to maintain
pressure stability for small time-steps. We give the full analysis only for the backward dif-
ference formula of order one, and we indicate how the analysis changes in the case of second
order approximations in time. Indeed any A-stable implicit scheme is expected to yield op-
timal performance. We then discuss how various pressure stabilizations methods enter the
framework. Finally, we illustrate the theoretical results with numerical experiments, using
interior penalty stabilization of the gradient jumps. We present examples demonstrating
the optimal convergence using finite element spaces consisting of quadratic functions, for
the space discretization, and first and second order backward difference formulas and the
Crank-Nicholson scheme for the time discretization. We also verify numerically that for
small time steps the pressure is unstable for initial data that are not discretely divergence
free.

2 Problem setting

Let Q be a domain in R? (d = 2 or 3) with a polyhedral boundary 0. For T > 0 we
consider the problem of solving, for w : Q x (0,7) — R?% and p : Q x (0,7) — R, the
following time-dependent Stokes problem:

ou—vAu+Vp=f, in Qx(0,7),
V-u=0, in Qx(0,7),
u=0, on 90 x(0,T),
u(-,0) =ug, in Q.

(1)

Here, f : Q x (0,T) — R stands for the source term, ug : Q — RY for the initial velocity
and v > 0 for a given constant viscosity. In order to introduce a variational setting for ()
we consider the following standard velocity and pressure spaces

vEmi @, B LQF Q= L3,

normed with

def

1 def 1
: = vEVoln,  ldle =

def _1
vl = (v.0)2, vy = lv"2qlu,

where (-, -) denotes the standard L2-scalar product.

INRIA



Stabilized FEM’s for the transient Stokes’ equations 5

Problem () can be formulated in weak form as follows: For all ¢ > 0, find u(t) € V and
p(t) € @ such that

(Oru, v) + a(u,v) + b(p,v) = (f,v), ae. in (0,7),
b(g,u) =0, ae.in (0,

u(-,0) =ug, a.e. in £,

T
T (2)

forall v € V, g € @ and with
a(u,v) Y (VVu, Vo), bp,v)E —(p, V- v).
From these definitions the following classical coercivity and continuity estimates hold:
a(v,v) > o[}, a(u,v) < |[lufv]viv, bv,q) < |vllvidle. 3)

for all u,v € V and ¢ € Q. It is known (see e.g. [I7]) that if f € C°([0,T]; H) and that
ug € VN Hy(div; Q) problem @) admits a unique solution (u, p) in L?(0,T;V) x L*(0,T; Q)
with dyu € L2(0,T;V").

Thorough this paper, C stands for a generic positive constant independent of the physical
and discretization parameters.

3 Space and time discretization

In this section we semi-discretize problem (B) in space, using pressure stabilized finite el-
ments.

3.1 Space semi-discretization: pressure stabilized formulations

Let {75 }o<n<1 denote a family of triangulations of the domain Q without hanging nodes.
For each triangulation 7j, the subscript h € (0, 1] refers to the level of refinement of the
triangulation, which is defined by
h Y max hk, hxi 2f nax he,
KeT,, eCOK
with h. the diameter of the face e.
Moreover we will assume that the family of triangulation {7;}o<n<1 is quasi-uniform,

ie.,

h

X < Cr, hxg>Cuh, VKeT, Vhe(01], (4)

PK
where px stands for the diameter of the largest inscribed ball in K and Cgr,Cy > 0 are
fixed constants.

RR n° 0123456789



6 E. Burman & M.A. Ferndndez

In this paper, we let X ,’f and M }1 denote, respectively, the standard spaces of continuous
and (possibly) discontinuous piecewise polynomial functions of degree & > 1 and [ > 0
(k—1<1<k),

XF Y L, € HYQ) : ok € Pr(K), VK €Tp},
ef
ML { gy € L(Q) : gux € PU(K), VK €Tp}.
For the approximated velocities we will use the space [V}F]¢ e [XF N H(Q)]? and for the

pressure we will use Q% 4of o ,lL N LZ(2). In order to stabilize the pressure we introduce a

bi-linear form j : Qpn x Qp — R satisfying the following properties:

e Symmetry:
3(nyan) = J(an,pn), Vo, an € Q, (5)
e Continuity:
13 ons an)| < 3(onaon)¥3(anan)* < Clpnllellanlla:  Yon. an € Qh, (6)
e Weak consistency:
J(ITha, W)t < €7 gl 00 Vo€ H(@) 7)

with s, def min{s, i, I+ 1}, I>1 denoting the order of weak consistency of the stabi-
lization operator, and Hﬁl Q — Qﬁl a given projection operator such that

c
g — Mhqllq < V—%hmllqllmu, (8)

for all ¢ € H'F1(Q).

Finally, we assume that there exists a projection operator I’,j V. — th satisfying the
following approximation properties:

o = Zhvll + hv~ 3|l = Zhvlly < Coh™ |, 0. (9)
bansv = Ziv)| < Cilansan)? (V3 (0 = Tho)llm + lo ~ Zhollv) . (10)
for all v € [H"()]¢, roy = min{r, k + 1} and (gn,vn) € Q% x [V}F]4.

Our space semi-discretized scheme reads: For all t € (0,7), find (us(t),pn(t)) € [VF]? x
L such that

(Orun,vp) + a(un, vr) + b(pr, vi) — blgn, un) + j(pr, an) = (f,vn),
up(0) = ujp,

(11)

for all (vp,qn) € [ViF]¢ x QL and with uf a suitable approximation of ug in [V;¥]%.
The following modified inf-sup condition states the stability of the discrete pressures in

@D).

INRIA



Stabilized FEM’s for the transient Stokes’ equations 7

Lemma 3.1 There exists two constants C, 3 > 0, independent of h and v, such that

b
D@ v)

+ Cj(qn,qn)? > Bllanlls (12)
onevre  lvnlly

for all g5, € Q.

Proof. Let g, € @', from [Z0, Corollary 2.4] there exists v, € H}(2) such that V - v, =
v~ lq, and
IZ5vqllv < Cllvgllv < Cllanllq- (13)

Thus, from ([[@) we have

lanl3 = blan, vq)
= b(qha 'Uq - I}Ij’l)q) + b(qh,I,]qu)
< Cilan,an)* (V0™ @ = Zf)llu + o = Zhvllv ) + blan, Thv,)
< Ciignsan)? llanllq + b(an. Ty vy).

We conclude the proof by dividing this last inequality by || Z)v,||v and using (I3). O
The above Lemma assures the wellposedness of problem ([Il), stated by the following
Theorem.

Theorem 3.1 The discrete problem () with uf € V&Y e {v, € V' 1 blgn,vn) =

0, Vgn € QnNKerj} has a unique solution (up,py) € C*((0,T7]; [VF]?) x C°((0,T7; QF).

To facilitate the analysis we introduce the following (mesh-dependent) triple-norm
2 def )
I(wn, an)ll;, = ol + 5(an. an)- (14)

3.1.1 The Ritz projection operator

For the purpose of the stability and convergence analysis below we introduce the Ritz pro-
jection operator
k,l
Syt [HY Q)] x L2H(Q) — ViF x Q).

For each (u,p) € [H'(Q)]¢ x L?(Q), the projection S,’j’l(u,p) &f (P (u,p), Rl (u,p)) €

[ViF]4 x QL is defined as the unique solution of

(15)

{ a(Pf(u,p),vn) + bR, (u, p),vs) =a(u,vy,) + b(p, vp),
7b(‘]h7 Pflzc(uvp)) + ](Réz (uvp)a Qh) :07

for all (vn, qn) € [VF]? x QL.

RR n° 0123456789



8 E. Burman & M.A. Ferndndez

Problem ([[H) is wellpossed thanks to the inf-sup condition ([[J), in particular, we have
the following a priori stability estimate:

2
I (P5 (w, p), Rl (w, p) I}, < C ([[ullf +ll2l12) - (16)
with C' > 0 a constant independent of h and v.
Finally, we have the following approximation result.
Lemma 3.2 Let (u,p) € C*([0,T],[H"() N H(Q))]? N Ho(div; Q) x H*()) with r > 2
and s > 1. The following error estimate for the projection SZ’Z holds with a =0, 1:

(95 (u = P, ), 0 Ry (. p)ll, < € (VAR 07wl + v 20 07D, 00)
Ip— R (w.pllg < € (v3h™ " ully,a+ v E 0 lplls,0) |

for all t € [0, T] and with 4, def min{r, k+ 1}, sp et min{s, Il+ 1} and C > 0 independent
of v and h. Moreover, provided the domain ) is sufficiently smooth and if | > 1, there also
holds

107 (w = Py (w, p))llzz < ChIl(07 (w — Py (w,)), 0 Ryp)ll,- (17)

Proof. For simplicity we here use the notation uy def PF(u,p) and pp, def R! (u,p). From
(@), the V-coercivity of a(-,-) @), and the orthogonality provided by ([[H) we have

2
1w — T, pn ~ )2 =a(uw — Ziw.w, — Thu) + blp — Wy p, s, — Thw)
+0(pn — yp, w — Zyw) + j (IT,p, pr — IT,p).
Finally, using @) and (), we have that

2
Il (n = Zyw, pn = Gp) I, < (lu = Zyully + llp = WypllQ) lun — Ziulv
1 — . 1 . 1
+C (0 = Zhw) i + = Ty + (1T, 1p)}) jon — Tp, i — 11Fp) .

We obtain the estimation for the velocity (o = 0) using the approximation properties of
ZF and I}, (@) and @), and the weak consistency (@) of the stabilizing term j(-,-). The
convergence for the time derivative (« = 1) is obtained in a similar fashion after time
derivation of ([[H).

For the pressure estimate we use the generalized inf-sup condition ([[2) and the orthog-
onality provided by ([H). We then have

b(ILp — pp, vp)

. 1
BI,p — pllg < sup + Cj(Ip — pu, Ihp — pp) 2

v, €[V,F]d |vnllv
b(ITkp — ,vp) — a(u — wp, vy ) 1
< sup (Lip — p,vn) — af )+CJ(H2P—Ph,H§1P—Ph);-
vne[VH]d lvnllv

INRIA



Stabilized FEM’s for the transient Stokes’ equations 9

We conclude using the continuity of a(-,-) and b(-,-), approximability, the weak consistency
of j(-,+) and the previous error estimate. For a proof of the optimality in the H-norm we
refer e.g. to [I0, Theorem 4.14]. O

3.2 Fully discrete formulation: time discretization

In this section we discretize ([Il) with respect to the time variable. To this aim, we shall
replace the time derivative in ([Il) by a backward difference quotient. Given a positive

integer N > 0, we define as dt def T/N the time step. In what follows, (u},p}) stands for

€

an approximation of (u(t,),p(t,)) in [Vi¥]? x Q! with ¢, st and 0<n < N — 1.

Backward Euler scheme (BDF1)
By introducing the first order backward difference quotient

17u7};

n+
Dyntt def Up,
h ot

our first fully discrete scheme reads as follows: For 0 < n < N — 1, find (u}™', pit!) €
[ViE1? x Q% such that

(DUZ+17 vh) + a(’U,Z+17 vh) + b(p7}2+17 'Uh) - b(th ’UJZ+1)
+n T an) = (f (tng1),on),  (18)

for all (vp,qn) € V¥ x QL and with 49 a suitable approximation of ug in [V}*]¢.

Crank-Nicholson scheme

Let us consider now the scheme given by: For 0 <n < N—1, find (u]t!, pi!) € [ViF]? x Q!
such that

_ 1 1

(Dup ™ wn) +auy * on) +b(p o) = blanwy *)

O an) = (F" o), (19)

for all (va,qn) € [VF]? x @}, with the general notation 2”3 = L(z"1 4 27) and uf a
suitable approximation of wug in [V;*]<.

Second order backward difference (BDF2)

Finally, by considering the second order backward difference quotient

~ 1
Durtt 2 oo (Bup ! — duf - up ),

RR n° 0123456789



10 E. Burman & M.A. Ferndndez

we obtain the BDF2 scheme: For 1 <n < N — 1, find (u} ™', pit") € [VF] x Q) such that

(DuZJrl,vh) + a(u}f“, n) + b(p "+1, n) — b(qn, "+1)
+ip T an) = (£ on),  (20)

for all (vn,qn) € [ViF]4 x QL, and (u},p}) € [VF]? x QL given by the first step of backward
Euler scheme ([IJ).

4 Stability

In this section we analyze the stability properties of the fully discrete schemes introduced
in 2 For the sake of simplity, full details will be only given for the backward scheme
([®). Nevertheless, in A we will discuss how the results extend to the second order time
stepping schemes: Crank-Nicholson and BDF2.

4.1 First order A-stable scheme

The next result provides the unconditional stability of the velocity. It also provides a uniform
estimate for the pressure, in terms of the discrete time derivative. Theorem points
out the role of the initial velocity approximation on the stability of the time derivative
approximations. Finally, Corollary Bl states the (conditional or unconditional) stability of
the pressure depending on the choice of the initial velocity approximation.

Theorem 4.1 Let u)) be a given H-stable approzimation of ug in [ViF]? and {(UvaZ)};V:l

be the solution of the fully discrete problem ([[¥l). The following estimate holds for 1 <n <
N:

277,1

lupllF + Z atfl( mH,pTH)"M <ol F + = Z St f (tms1) 71

m=0
C '« 2 1= 2 _
Zatnp;?*w <% Z (It ol 4+ v D+ v L s )
m=

(21)

with Cp > 0 the Poincare’s constant.

Proof. Taking vy, = uZ‘H and qn, = pZ‘H in (), using the coercivity of the bi-linear
form, the Cauchy-Schwarz’s inequality and the Poincaré’s inequality, we have

N, T n n U 02

(Dup ™, up ™) + |||( L, < o 1 ()l (22)
Now, recalling that

(D™ ™) = Dl ™3+ g — (23)

INRIA



Stabilized FEM’s for the transient Stokes’ equations 11

we have
n+1 n+1 n+1 2 CPQ’
Dup™ 5 + i o™, < =21 F s )1

leading to, after summation over 0 <m <n —1,

2 n—1
2
lubllF + Z St (u i T, < NlubllF + —P Z Ot[| f (tm1)
m=0 m=

For the pressure estimate, from ([[Z), [¥) (with ¢, = 0) and the Poincaré’s inequality,
we have

n n () T
Bl e < € (MmOl + v 1D + v 2| f () 1)

which completes the proof. O
The next theorem states some a priori estimates of the approximations of the time
derivative.

Theorem 4.2 Let {(uh,ph)} 1 be the solution of the fully discrete problem (IS).
o If ug € [HY(Q)]? and uf = P}’f(uo, 0), the following estimate holds for 1 <n < N:

n—1

> ot Du IR + (g, p) < (UOHV Z St f (tmta ||H> (24)

m=0

o Ifug € [H"(2) N HE(Q)]? N Ho(div; Q), r > 2, and u) = TFuyg, the following estimate
holds for 1 <n < N:

n—1

N, m n , n\|2 To—
S St Dup I + (PN < c(nuon% + Rt 12,

m=0

n—1
oot Y 6t||f<tm+1>||%q), (25)

m=0
. def .
with r, = min{k + 1,7}.

Proof. For 0 < n < N — 1, by taking v, = Du}™! and ¢, = 0 in ([[¥) and using the
Cauchy-Schwarz inequality, we have

L, = n n n n Mo, T 1
SIDu [+ a(upt Dup ™)+ b(op ! Dup ) = Sl ksl (26)

On the other hand, for 1 < n < N — 1, testing ([I8) at the time levels n and n + 1 with
v, =0and ¢, = pZH we have

b(ph ™ up ™) = G e, @7
b(py ™ upy) = ok, o)

RR n° 0123456789



12 E. Burman & M.A. Ferndndez

Therefore, by substracting these equalities and using the bi-linearity of j(-,+), we obtain
b(pp ™, Duptt) = §(Dpp ™ pp ™), (28)
for 1 <n < N —1. It then follows, from (Z4l), that
1, = 1
§||Du"+1||2 +a(up™t, Dup™) + j(py ™, Dpptt) < 3 [ F i)l (29)
On the other hand, using the symmetry and bi-linearity of a(-,-) and j(:,-), we have
a(up ™, Duptt) =

_ ot
Dafup™, wi ™) + Za(Dup*™, Dup™),

Jpptt, Dpptty =

wl»—*wh—‘

B () () 6 n L)
Di ( +1’ph+1)+ 2 (Dp +1 Dpthl).

Hence, ~
[ Dup ™ 1F + D(a(up ™ wp ™) + 5 (op ™ pp ™) < 1F ()

for 1 <n < N —1. After multiplication by dt and summation over 1 < m < n — 1, it follows
that

n—1
m n o, ny|2 2
Z S| Dug M1 + W (uit, o)l < N o)l + D 0t F () 171 (30)

m=1
In order to highlight the impact of the intial velocity approximation on the stability of
the time derivative, we consider now the first time level (n = 0) of ([[¥). By testing with
vp = Du}l, qn, = 0, after multiplication by 20t and using the symmetry and bi-linearity of
a(-,-), we get

Stl| Dy |3 + aluy, wy) — alwy, up) + 26tb(py,, Duy,) < 8tl| £ (t1) |- (31)

If the initial velocity approximation is given in terms of the Ritz-projection, u,g =
PF(up,0) with ug € [H'(Q)]¢, by setting p? def R! (u0,0) it follows that (&) also holds
for n = 0. Therefore,

b(ph, Duy,) = §(Dph, py), (32)
Thus, from the symmetry and bi-linearity of j(-,-) and @II), we have

_ 2 2
0t Dup I + I, o)l < WCwh i), + 0t F ()17 (33)

Estimate (24)) is obtained by adding this last inequality to ([B) and using the stability of
the Ritz-projection (8), |(ul, p})I; < Cluol?-

If the initial velocity approximation is given in terms of a general interpolant, u?L = I,’fuo
with ug € [H™(Q) N HL(Q)]? N Hy(div; ), equality (B2) does not hold in general. Instead,
we can use an approximation argument to obtain

_ 1
b(ph, Dun) = = (i (Phop1) = (P V - (Ziwo = wo))) .
3
1 CI o
> 5i@hoh) = 57 (v VlphlG + fuoll,0) -

INRIA



Stabilized FEM’s for the transient Stokes’ equations 13

with 7, & min{k + 1,7}. As a result, from (ZII), it follows that

— 2
ot Duh 3 + I (wh o)1 < aluf uf)
+ O (v Dbl + ol ) + FtLF () -

We conclude the proof by adding this equality to [B0) and using the stability of the Ritz-
projection. O

The next Corollary closes the problem of the stability of the pressures by combining the
results of Theorems BTl and

Corollary 4.1 Let {(uh,ph)} 1 be the solution of the fully discrete problem (). Then:
o Ifug € [HY(Q)]? and u) = P,’f(uo, 0), the following estimate holds for 1 <n < N:

n—1

> otllp G < 7 ol

m=0

Z ot (I o + v 1 f () I) - (35)

o Ifug € [H™(Q) NHLQ)YN Ho(div; Q), 7 > 2, ul) = Tfug and

QCIth D < 4t (36)

the following estimate holds for 1 <n < N:

Z ot G < (HUOIIV +uoll?, 0)

Z ot (= oy + v 1 f () IF) - (37)

with 4 min{k + 1,7}.

Proof. Estimate ([B) is a direct consequence of Theorem El and estimate [Z4). On the
other hand, from Theorem Tl and estimate ([ZH), we have

n—1

(820t = Cxh2r=0) |Iph |3 + 52 > a1

<

QA

m m 2 —
(ol + lfwo2, +czat (H 2l + v f ) )
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14 E. Burman & M.A. Ferndndez

which combined with the stability condition (Bl leads to Bd). O

A few observations are now in order. Corollary BTl states the unconditional stability of
the pressure provided the intial velocity approximation u) is given in terms of the Ritz-
projection operator ([[T). In the general case, i.e. whenever u) does not satisfy a discrete
divergence free condition (as u; does), only conditional stability can be guaranteed. As a
matter of fact, from the stability condition (Bl), pressure instabillities are expected for very
small time steps. This issue will be illustrated by numerical experiments in section [l

Finally, let us mention that residual based stabilization methods, combined with finite
differences time discretization schemes, are known to give rise to pressure instabilities in
the small time step limit, see [3, [[5]. Indeed, it has been shown in [3] that the finite difer-
ence/pressure coupling of the stabilization perturbs the coercivity of the discrete pressure
operator unless a condition of the type

Ch? < 6t, (38)

is satisfied. It is worth emphasizing that, although the stability conditions (BY) and (BH)
are somehow similiar, their nature is different. Actually, the instabilities anticipated by
Corollary Bl are related to the discrete divergence free character of the initial velocity
approximation, but not to the structure of the pressure stabilization j(,-).

4.2 Second order A-stable schemes

In this paragraph we discuss how the results of Theorems BTl and and Corollary ET]
extend to the second order time stepping schemes Crank-Nicholson and BDF2.
Crank-Nicholson

The following theorem summarizes the resulting stability estimates.
Theorem 4.3 Let u) be a given H-stable approzimation of ug in [ViF]? and {(u’,},p’,})}ﬁzl
be the solution of the discrete scheme (). Then the following estimate holds for 1 <n < N:

2”7

2
+
||uh||H+Z5t||| h 2,p2”+1)|||hSIIUOII%+—PZ St (b g )

m=0

Moreover, if ug € [H*(Q)]? and u) = PF(uq,0), the following estimate holds for 1 <n < N:

m+1 m+2 m+1 2 -1 2
Z5t||P ||Q_62 oI5 + 7 2 2575 lICer 2R + v I (g Dl ) -

INRIA



Stabilized FEM’s for the transient Stokes’ equations 15

On the other hand, if ug € [H"(Q) N H}(Q)]? N Ho(div;Q), r > 2, u) = TFug and the
stability condition [BH) is satisfied, the following estimate holds for 1 <n < N:

m C
Z&fllp G < 525 (luolly + llwoll?, )

2
7n-i-2 m _
Z 5t (m s llf(tm+§)lliz) .

1
Proof. The first estimate, corresponding to Theorem EZl holds by taking v, = uZJrQ

and g, = pitt in (T9).

The pressure estimates require an a priori estimation of the discrete time derivative. As
in Theorem L2, such an estimate can be obtained by taking vy, = Du’,frl and g, = 0 in (),
for 0 < n < N — 1. The main difference, with respect to the proof of Theorem B2, arises in
the treatment of the coupling term b(p}, ntl Duzﬂ) Indeed, in the Crank-Nicholson scheme

1
incompresibility is enforced on u h+2 instead of u"+1 We first note that, since
uptt — = 2( ntd uZ) .Ul =2u, L+ —up !
we have .
1 el
uptt — = 2uZ+2 + 4Z(fl)luz Ha (—1)"2uy,
1=1
for 0 <n < N — 1. Therefore, from ([[@) and using the bi-linearity of j(-,-), we get

b(py ™, up - ) = ( ”“+4Z )'ph~ l“,p’;“) =2(=1)"b(pp " uh). (39)

We now introduce the following change of variables for the pressure: Let ﬁh € Qﬁl be given
(to be specified later on), for 0 <n < N —1 we define ;™ € Q! as ppt! = def 2pp Tt — B, so
that (by construction)

n+1

1
Dp, (PZH +Ph) ) (40)

2
for 0 <n < N — 1. By inserting this expression in ([B3) we obtain

boh =) =5 (B = ) 200" [ (@) - b)) ()

If u) = PF(ug,0) and we choose p9 = R} (ug,0), from [[H)2 it follows that the last term
in @) cancels. Thus, using ), we have

b(p’,;+1 Du}f“ )

(0595

= _D.] (~n+1aﬁz+1) )
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16 E. Burman & M.A. Ferndndez

which corresponds to the Crank-Nicholson’s counterpart of (28).

Finally, when the initial velocity approximation is given in terms of a general interpolant,
u) = TFug with ug € [H"(2) N HE(Q)]? N Ho(div; Q), we take 59 = 0. Therefore, from (@)
and using an approximation argument (as in ([&4)), we get

‘3 n 1 ~T ~T n T
b(p !, Duy ™) = 503 (7 i) - PN ) (42)
1 -n ~n 201' Ty — n
> 5Dj (5 5 ) = =5 (vh2 Dl + ol 0) -

which leads to the stability condition (B6l). The rest of the proof follows with minor modi-
fications. O

Remark 4.1 By comparing the proofs of Corollary [{1] and the previous Theorem we can
notice that, when the initial velocity approximation is not discretely divergence free, the
Crank-Nicholson scheme enforces the stability condition [BO) at each time level (due to
E2) ), whereas for the Backward Euler scheme that condition is only needed at the first time

step (thanks to B8) and B4)).
Second order backward difference
The following theorem summarizes the resulting stability estimates.

Theorem 4.4 Let u) be a given H-stable approzimation of wq in [V}F]4, (uh,ph) be the

corresponding first time step of the Backward Euler scheme ([§) and {(uh,ph)} 5 be the
solution of the discrete scheme @0). Then, the following estimate holds for 2 <n S N:

27’7,1

[ 17 + 2 Z ot pr ), < C (lwollfy + e l) + Z St f ()17

m=1

Moreover, if ug € [H'(Q)]? and u9) = PF(ug,0), the following estimate holds for2 <mn < N:
Z oty B < (HUOIIV + (ah o113

m m 2 —
Z ot (I pp )5 + v 1 F (b))

On the other hand, if ug € [H"(Q) N HF(Q)]4 N Ho(div;Q), v > 2, u) = TFug and the
stability condition ([BO) is satisfied, the following estimate holds for 2 <n < N:

m C 2
Z Stlpi 1 < oy, (ol + uwoll?, 0 + NGk 1))

m m 2 —
Z ot (It pp ) + v 1 F (b))
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Stabilized FEM’s for the transient Stokes’ equations 17

Remark 4.2 A bound for the Backward Euler initialization term ||(u},, p},)|l, . appearing in
the above pressure estimate, is provided by Theorem [f.4 with n = 1.

Proof. The first estimate, corresponding to Theorem Bl holds by taking vy, = uZ“
and g = pZH in [20) and applying the standard inequality
1
(Ba—4b+c)a = 3 [a® = b* + (2a — b)* — (2b— ¢)* + (a — 2b+ ¢)?] . (43)

providing the numerical dissipation of the BDF2 scheme.
Since the pressure estimate is based on the control of the time derivative, we take v;, =

Duﬁ“ and ¢, = 0 in 20). In particular, for the coupling term b (pZ‘H, Du}f“), using (E20)
and (@), we have

b (pZJrl,DuZJrl) j(DPZHaPZH)
(44)

v

1 = . n n . 7 7 7 n

7D G ™) + 3@ = ph 200 = ph))

for 2 <n < N — 1, which corresponds to the BDF2 counterpart of (£8). On the other hand
for n =1, from (Z0) and ([I¥), we obtain

~ ro,. .
b (ph. Dut) = 5= (30 pR) — 43 (phs pR) + b(p}. ) - (45)

If the initial velocity approximation is given in terms of the Ritz-projection, u9 = PF(ug,0),
it follows that b(p?,u?) = j(p¥,p?), with p? et R! (up,0). Thus, @) reduces to

b (v}, Dui) = j(Dpfp}).

so that (@) holds true also for n = 1.
Finally, if the initial velocity approximation is given in terms of a general interpolant,
u) = TFuo, we apply an approximation argument (as in (). Hence, from (E3)

~ 1 7. . Tu—
b (3 Dui) = 5= iR, ph) — 24(phph) — Cr (VA2 V53 + uoll?, 0)]  (46)

which is the BDF2 counterpart of ([&4]) and leads to the stability condition (BH). The rest
of the proof follows with minor modifications. O

Remark 4.3 When the initial velocity approximation is not discretely divergence free, the
BDF2 scheme [Z) enforces the stability condition BH) twice: At he first time step (according
to @8)) and at the Backward Euler initialization (see Theorem [I.3).
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18 E. Burman & M.A. Ferndndez

5 Convergence

In this paragraph we provide optimal convergence error estimates for the discrete formulation
([X), the Backward Euler scheme.

Theorem Bl concerns the convergence for the velocity and gives an estimate for the
pressure in terms of the error in the time derivative. Theorem closes the question
of optimal convergence of the pressure by providing an optimal error estimate for the time
derivative, provided the exact pressure is smooth. Finally, Theorem B3l provides an improved
L>((0,T), H) estimate that justifies the initialization of the BDF2 scheme with a Backward
Euler step.

The following result expresses the modified Galerkin orthogonality in terms of the con-
sistency error in space and time.

Lemma 5.1 (Consistency error) Let (u,p) be the solution of (@) and {(u},p})} o<n<n
the solution of ([[¥). Assume that u € CO( 0,T]; ) ﬂCl(( T]; ) and p € CO(( ,T; Q)
Then, for 0 <n < N — 1, there holds

(Du(tn_H) — DuZH, vh) + a(u(tn+1) — uZ‘H ) +b0(p(tn+1) — p}f“, vp)
— b(gn, w(tns1) —up ™) =5 (pp ™ an) + (Du(tngr) — Oultng1), vn),

for all (vn,qn) € [ViF]? x Q.

Theorem 5.1 Assume thatw € H*(0,T; [H"(Q)]4)NH?(0,T; [L*(Q)]?) andp € C°((0,T]; H*())
with r > 2 and s > 1, and set ul) € [th]d a given approximation of ug. Then the following
estimate holds for 1 <n < N:

2
ek, — w(tn) Il + Z Ol (™ = wltmrr) o O, < 1 Z5wo — up iy

+ Ch?" (||u||c“([t1,tn];Hm(Q)) + V71||8t“||%2(07tn:H”(9)))

6t2 h2sp .
+ C(THattuH%Z(O,tn;H) + TthP||200([tl,tn];H8p(Q)) +vh?(e l)tn|\u||200([t1,tn];mu(sz)))

m h25
Zétnp s ||Q<c(1+ - ) ol o rree )

Zét(m P = ). o Ol v | Oe(tn) = Dup ).

with C' > 0 a positive constant independent of h, ot and v.
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Stabilized FEM’s for the transient Stokes’ equations 19

Proof. The error estimate for the velocity follows standard energy arguments, and for the
pressure we use the modified inf-sup condition ([[2). We start by decomposing the velocity
and pressure error using, respectively, the projection I’,j and Hl . This yields,

u(tni1) — uh+ =u(tni1) — I,Ifu(thrl) +Ihku(tn+1) - UZH GZ-H + 07}2+17

n+1 n+1
n+1 077 l l eh n+1 n+1 n+1 (47)
p(tn-i-l) — b = p(tn-l-l) - th(tTH-l) + th(tn-l-l) P =Yty
yrtt ypt!

The first term 62“ can bounded using approximation (@l). In order to estimate HZH we
first note, using ([Z3)) and the coercivity of the bi-linear form a(-,-) + j(,-)

1 B n n n n n n n
5DH0h“H%+ (e IIIh DOy, 671 + (67, “)Illh
< (DO 07 +a(0; T, 07 + byt 07T — byt 00T + iy Ly . (48)

n+1
Tl

In addition, using (@) we have
Tyt = — (DO 03+ Y) —a(07,05™) + i(Mp(tar), yi ™) — blyr ™. 657)
byt 67) + (Du(tnsr) — Dul 000 + a(ultn 1) — uit, 0)
+0(p(tnsr) =i 0 = by utnn) —up ) =T .
By the modified Galerkin orthogonality (Lemma Bl) this expression reduces to
T = — (DO, 00 + (Du(tuss) — dpultasr), 61+

49
a(03", 057 + (I p(taga) yp ™) — blyp ', 07) + b(y L 677, )
Now, using the Cauchy-Schwarz and the Poincaré’s inequalities and (), we have
n B Y2 C n n
T < ([[Dultnr) = Qeultne)|lm + 1 DO 1) V—§||| Cran el
Tn+1
+ (103 v + g+ g+ w# 150 i+ 5 (T (k) Tp(ta)) ) HOR 551
(50)

The term T4 can be treated, in a standard way (see e.g [25]), using a Taylor expansion
and the Cauchy-Schwarz inequality, which yields

1

tna1
1< g [ @) L+ 100 ds

< ot 10w ()| L2 (80 i0)s 1) T+ otz 1060 2 (11, t032)520) -

(51)
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20 E. Burman & M.A. Ferndndez

Thus, from (B0, using Young’s inequality, it follows that
C?

T < —£
v

n n 2 —
||| (0h+1’ yh+1)||| + C|: (6t||attu||%2((tn7tn+1)?H) + 6t 1||at0ﬂ|‘%2((tnatn+l)?H))

1
2
07T + Ny HIG + IR~ O I + 5 (W p (), Hip(tnﬂ))}

By inserting this expression in (@8), multiplying the resulting expression by 26t and after
summation over 0 < m < n — 1 we obtain

n—1

1 2 0 _ _
10213+ S sl g I < ||eh||%+c[6t2u 1 GutulZ oo+ 1040 o
m=0
n—1
S 6t(|0?“|2v R + vt +j(Hzp@mH),Hzp(th)))] .
m=0

Finally, the velocity error estimate is obtained using approximation (@) and the consistency
of the pressure stabilization (), which yields

n—1

2
10711 + > el u DI, < 165115
m=0
ot h?"
+ O[TnattuH%Q(O,tn;H) + B ”atu”%z(o,tn;HTu(Q))
2 1 = 2 h2sr S 2
+ v ZoétIIU(th)llm,g +— Zoétllp(tmﬂ)llsp,g :
m= m=

For the pressure error estimate we first note that, from (E), it suffices to control
;™ Jlo,0- To this aim, we use the modified inf-sup condition (I2):

byt o)
Bllyn e < sup s

+ iyttt (52)
vy €[V/F]d [onllv

From [EZ) we get
by ™ wn) = =blyr ™ on) + 0(p(tarr) — Py vn).

The first term can be bounded, using the continuity of b(-,-), (Bl), this yields

b(yz ™ on) < llyzlelvnllv.

On the other hand, using the modified Galerkin orthogonality (Lemma BT with ¢, = 0) we
have

b(p(tnt1) — ot vn) = — a(u(tner) — up ™ on) — (Oeultngr) — Dup ™, vy)

<Cll(w(tnsr) = up ™, 0)l, llvnllv + |10w(tnsr) — Dup™ || lloalln
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Stabilized FEM’s for the transient Stokes’ equations 21

As a result, from the above estimations we have:

Bllyn e < € (lyntlle + Iw(tnrs) —up ™y D) + s | Dyt - Dup |y

Therefore,

2
s Z Stlyy g <C Z 5t(llym“llg (@ tman) — ™y I,

v 10t e1) = Dup % )

and we conclude using approximation and the error estimate for the velocity. O

We close the problem of the pressure convergence by providing an error estimate for the
time derivative of the velocity.
Theorem 5.2 Under the assumptions of Theorem B, assuming that p € C°([0,T]; H*(2)),
ug € VN Ho(div; Q) and if u) = def PF(u0,0), for 1 <n < N, we have

n—1

Z5t!\Dum+1 Ol )|, + I (P (wtn), pltn)) — up, R (w(tn), p(ta)) — i),

Tu h2
< C(6210uulld a0,z + B 100l 07,110 sy ) + C—IIp(O)]2

sp,Q2

Proof. In order to provide an optimal error estimate, we decompose the error in terms
of the Ritz-projection operator ()

u(tnt1) — uerl = u(tni1) — B (w(tni1), p(tnt1)) + P (u(tngr), p(tasr)) — UZ“

n+1 n+1
0" o;

_ gn+1 n+1
=60 +6,"",

" " (53)
Pltnsn) — P = pltass) — B (w(tns), pltns1)) + B (w(tnss), pltns)) — piH
y;Hl yZJrl
= yrtl pypth

Using the triangle inequality we then have
n
> 0t dcu(tmsr) — Duy 3

< C 3 6t (100t s1) — Dt 1) 5 + DO 3 + |1 DOF %) . (54)
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22 E. Burman & M.A. Ferndndez

For the first term we proceed as in ([|1]) using a Taylor expansion, which yields

[Osw(tns1) — Dultns)l|7r < 6t2 10sew(8) L2 (2t E) -

For the second term we have,

_ 1 tnt1 L
1D67 |1 = E/t 10:0(s)|| zrds < 672 (|00 | L2((2 01 1)510). (55)

Finally, for the third term we use the modified Galerkin orthogonality (Lemma (Bl with
gn = 0) and the definition of the Ritz-projection ([[H) to obtain

|DO3 3 + a0}, DOY ) + byt Do)
= (DI DO~ (07, DO ~ by, DO + (Dultusn) ~ drultus), DO
= (DO DOYH) + (Dultnsr) — drutsr). DOG).

Young’s inequality yields:
1 non n BY2 1 n non
§||D0h+1|‘%{ +a(0,1, DO +b(ypt, DO,
< C (DO |3 + || Dultngr) — Orwltnia)ll3r) -
In addition, for 0 < n < N, testing ([[H) at the time level n with v, = 0 we have

b(‘lha Pf(u(tn),p(tn))) = j(Ril(u(tn)’p(tn))) Qh)- (56)

On the other hand, for 1 < n < N, testing [[¥) at the time level n with v;, = 0 and since,

by definition, u? def PF(up,0) we have
b(QhauZ) :](pZaqh)v (57)

for all ¢, € Q) and 0 < n < N and where we have defined p) def Rl (u0,0). As a result,

from (BH)-(ED), we have

b(QhaOZ) :j(y27qh)a
for all g € Qﬁl and 0 < n < N. We therefore have, for 0 <n < N — 1

by, DO = j(Dyp Tty ).
On the other hand, using the symmetry of a and j, we have
- 1= ot - _
(03, DoY) = S Da(0}, 03 + Ta(DO; T, Doy,

, _ 1. 5t - _
i Dy = S Diu Ly + i (Dyy Dy,
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So that

—_

SIDOL I + 5D (a0, 05 + (i)

< 1DOF % + |1 Dultnsr) — deultnr) 1 F-

l\D

So that, after multiplication by 26t and summation over 0 < n < N — 1 we have

n—1

N ot Doy 13 + 165w < 165yl
m=0
n—1
+C Y 5t (IDOFH % + | Dultm+1) — dultms)llz) - (58)
m=0

For the initial terms we use the linearity of the Ritz-projection and its approximation
properties (Lemma B2) to obtain

103, 5l = ICPE(0,p(0)), B (0. O,
< 21 p(O), o

Q

sp,Q2

Therefore, using (B8) and (BIl), we have

n—1

m h
S st Doy + 16 ymm<0(

m=0

2s
<W@ﬂ+&w%m@m%ﬂ0,

for1<n<N.O

Finally, for completeness we here give a result of optimal convergence in the L>°((0,7T), H)-
norm. For this we assume that the domain 2 is such that the optimal convergence in the
H-norm holds for the Ritz-projection (see Lemma B2). This result is of importance since it
shows that the initialization of the BDF2 method using one BDF1 step is justified (i.e. we
keep error optimality in time).

We first prove the following Lemma, which provides a sort of optimal invariance of the
Ritz-projection velocity, Ph, with respect to the pressure argument.

Lemma 5.2 Let p € H*(Q)) with s > 1. The following estimate holds

I(P(0,p), BL(0,p)], < Cv™2h™][ps, 0.
Moreover, if the domain Q is sufficiently smooth and | > 1 there also holds
150, p)l[ 1 < Cv™2h*|p]s,.0

Proof. This is a corollary of Lemma in the case a =0, u = 0. O
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Theorem 5.3 Assume that the domain Q is sufficiently smooth so that the H -estimate ([C7)
holds. Assume also that w € H'(0,T;[H"(Q)]%) N H2(0,T;[L*(Q)]%), p € C°([0,T]; H*(52))
with v > 2, s > 1, ug € VN Hy(div; Q) and ul) et PF(u,0). Then the following estimate
holds for 1 <n < N:

n C T S
lu(tn) = uilln < — (h “Nuollru.c+ 2 p(0)]s, .0

Y P p—— 5t||attu||ﬂ<0,w>) .

Proof. Since the proof is similar to that of Theorem and we will only give the outline.
Let 6} and y'™* be defined as in (&3). From [@F) and @), it follows that

(DO, 60,) < —~(DOZF, 6, 7") + (Dultusr) — Oeultns), 0.
Applying now the Cauchy-Schwarz inequality, we have
165 1z < 11651 + 6t (D07 || + [ Dutnsr) — dpualtn)llm)

and by summation over n, we get

n—1

1651122 < 16511 + > 6t (1D |1 + [ Dus(tnsr) — Beultns)ll)

m=0

for 1 < n < N. The first term in the righthand side can be estimated using Lemma (&)
since, by definition,

0 = Pr;(u(0),p(0)) — uj = Py (uo, p(0)) — Py (uo,0) = Py (0,p(0)). (59)

Finally, for the finite difference consistency terms we use a standard argument (see e.g. [28,
Theorem 1.5, Page 14]). O

Remark 5.1 From E9), one could pretend to initialize the time-stepping procedure with
u) = PF(ug,p(0)). In practice, however, the initial pressure is unknown, so that the choice
uy = P,’f(uo, 0) is more convenient. Lemmad shows that we can preserve optimality while
keeping this choice.

Remark 5.2 Note that the above convergence proofs only use stability, Galerkin orthogo-
nality and the truncation error of the finite difference time approximation scheme. Hence
the extension to the second order Crank-Nicholson or BDF2 schemes is straightforward. In
particular we recall that the estimate of Lemma [3 shows that the initialization using one
BDF1 step does not make the convergence deteriorate provided the solution is sufficiently
smooth under the first timestep. Indeed, for smooth solutions we expect |0l 11 (0,5¢8) t0
be O(8t) and hence the global convergence will be second order in spite of the intial low order
perturbation.
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6 Applications

In this section we will review some of the most well-known pressure projection stabilization
methods and discuss how they enter the above framework. For detailed results on analysis
for the respective methods we refer the reader to the references considering the stationary
case.

6.1 The methods of Brezzi-Pitkiaranta, Silvester and Bochev-Dohr-
mann

The original pressure stabilized finite element method was proposed by Brezzi and Pitkaranta
in [f]. Here, the velocity and pressure discrete spaces are chosen as the standard finite
element space of piecewise affine continuous functions, [V;1]¢ x Q1. The operator j(pp,qn)
is given by

h2
J(pn, an) = <7Vph,VQh) .

A variant of this method was recently proposed by Dohrmann and Bochev, in [T6], using an
equivalent stabilization operator, namely,

itonan) = (51 = 7o) (1 = 7o)

where 7o : Q@ — QY denotes the (element-wise) projection onto piecewise constants. Prop-
erty () is verified after an integration by parts, with Z} simply the Lagrange interpolant

b(qn, v — Tjv) = (Van,v — Tiv)
. 1(,-1. 1
< jlanan)? (A7 o — Thollu + o - Thollv )
One readily verifies that (f) and (@) hold, and hence our analysis for the time discretization
is valid.
Another low order scheme, covered by the analysis, is the method wich consists in using

piecewise affine continuous velocities and element wise constants pressures (see e.g. [22]).
Stability is obtained by the addition of the jump over element faces of the discontinuous

pressure, namely,
Joman) = Y / " londan].

KeT, ’ 9K\oQ v

Here, [gq1] denotes the jump of g, over the inter-element boundary, defined by,
def ;.
lqn](z) = 213(1) (gn(x + en) — qu(x —en)), Va € F,

with n standing for a fixed, but arbitrary, normal to the internal face F'. In this case, ([T) is
obtained after an integration by parts in the term b(qp, v — Z.v) and an element-wise trace
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inequality,
M%W*ﬁ@i*}?/ [a](v — T}v) -
< JoK\oQ

. 1 — 1
< jlanan)? (A0 o = Thollu + o - Thollv )

In all these cases one may easily show that the following weak consistency property holds,
both when [ =0 and [ =1,

J(Ip, hp)2 < AVl a,

S

wiht HZ being, for instance, the L2-projection onto Qﬁl. Hence [ = 1.

For details on the cases of stabilization of the pressure jumps only in macro elements,
or the generalization to higher order finite element spaces of the Taylor-Hood family with
discontinuous pressures, we refer to [9].

6.2 Orthogonal sub-scale stabilization

The orthogonal sub-scale stabilization was proposed by Codina and Blasco in [I3]. Equal
order (k = I > 1) continuous approximation spaces are used for the velocities and the
pressures.

Here the main idea is to penalize the difference between the pressure gradient and its
projection onto the finite element space. This imposes the introduction of an auxiliary
variable for the projection since it may not be localized and is given only implicitly. Hence,
the stabilization operator is given by

. h?
J(pn,an) = <7(Vph — T Vpn), th> ,

where 7 : [L2(Q)]4 — [V}F] stands for the L2-projection onto [V;¥]¢, which is given as the
solution of the (global) problem

(TEVpn, &) = (Vpn, &), V€, € [VF]

One may readily show that (@) and (@) hold. Disregarding for simplicity the boundary
conditions, the projection operator I,’f = ﬂ',’i of ([[) is here chosen also as the L2-projection
onto [V}¥]?. This can be justified if boundary conditions are imposed weakly for instance
using Nitsche’s method (see [24} [T9]) and V;* includes the degrees of freedom on the boundary.
Indeed, then we have

b(gn,v — I,’fv) = (Vg — wZth,v — I,’fv)

. 111 (60)
< jlanan)® (A0 o = Zhollu + o - Thollv ) -
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Finally, one readily verifies the weak consistency

1

. 1 C

iMWp,p)? < 2k |pls,0. Vp e H(Q),
with IIf : Q@ — QF being the L?-projection onto QF def Vi and s, = min{k + 1, s}.
In particular, I = 1 = k. The above analysis is hence valid also in this case (with some
modifications of technical nature due to the weakly imposed boundary conditions).

6.3 Local projection stabilization

In the local projection stabilization, proposed in [2], stability is obtained by penalizing the
projection of the gradient onto piecewise discontinuous functions defined on patches consist-
ing of several elements, obtained by using hierarchic meshes or by penalyzing the gradient
of the difference of the pressure and its projection on polynomials of lower polynomial or-
der. The construction relies on the inf-sup stability of a velocity pressure pair typically of
mini-element character or of the Taylor-Hood family. Similar ideas were advocated in [I6].
The stabilization operator is written as

. h?
J(Pn,an) = Z(;HVM,HV%)

where k is the so called fluctuation operator defined as k def 7y, where 7, denotes a local
projection operator onto either a polynomial of order k on a macro-patch consisting of three
triangles (or four quadrilaterals) or a polynomial of order k — 1 on the element. One may
show that (), (@) and ([@ hold (for details on the construction of ZF see [ H] and for
general conditions on the finite element spaces and stabilization operators [23]). In case we
consider the projection 75, onto polynomials of order k£ — 1 the stabilization operator may
be written as

J(pn,an) = Z (%QV(th)v V(“Qh)) ) (61)

or, equivalently, following [I6],
. 1
i an) = ~KPh K ) -
K

In these latter cases, the condition (M) is obtained by choosing Z,’f as the Fortin interpolation
operator associated to [th]d x @y, where @y, is the space of continuous piecewise polynomial
functions of order k — 1. Clearly we then have

b(gn,v — I,’fv) = b(kqp,v — I,’fv)

. 1 — 1
< jlanan)* (B30 = Zhollw + o - Thollv ),
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since b(qn, v — Ifv) = 0 for all §, € Qp. The form (BI)) is treated in a similar fashion after
an integration by parts. One readily verifies the weak consistency

- 1 C S S
3 (I p, 1T, p)2 < —h ?|Iplls,.. VP € HY(Q),

where s, = min{l, s,1+1} and [ — 1 denotes the polynomial order of the space on which the
local projection is taken. Clearly if we project on polynomials of order k—1 the stabilization
operator looses one order in the weak consistency, however the estimates remain optimal
since we expect the velocities to be one order more regular than the pressure.

6.4 Continuous interior penalty stabilization

The continuous interior penalty stabilization for the stationary Stokes’ problem was proposed
in [I1] and generalized to the Oseen’s problem in [I0]. It uses equal order continuous
approximation spaces for velocities and pressures (k =1 > 1) and relies on the fact that the
global projection of the pressure gradient onto the finite element space may be controlled by
the gradient jumps using an interpolation estimate between discrete spaces. Indeed it was
shown on [T0] that the following inequality holds

0~ Vi)l < Y [ bV nl? (62
Ker, ] OK\OQ

for a certain Clément-type quasi-interpolation operator z. This motivates the use of the
pressure stabilization operator

3
J(pn,an) = Z /BK\[)\Q h [Von-n][Va, - n].

14
KT

Clearly (f) and (@) are verified in this case. Moreover, () may be shown to hold if Z}} is
chosen to be the L2-projection onto [th]d and boundary conditions are imposed weakly [10].
To show the inequality we combine (B0 with ({E2). Finally, one readily verifies the weak
consistency

) 1 C ,

J(p, T5p)? <~ [Ipls, 0. Vp € H(Q),
with IIf the L%-projection onto V}¥ and s, = min{k + 1, s}, so that I =1=k We refer
to [I0] for the details on the technical issue related to the weak imposition of the boundary
conditions using Nitsche’s method.

7 Numerical experiments

In this section we will consider some numerical examples using the continuous interior
penalty stabilization (CIP), described in §641 All computations have been performed using
FreeFem-++ [21].
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7.1 Convergence rate in time

We consider problem () in two dimensions, @ = [0,1] x [0,1] and T = 1, with non-
homogeneous boundary conditions. The right hand side f and the boundary and initial
data are chosen in order to ensure that the exact solution is given by:

_ sin(rx — 0.7) sin(7y + 0.2)
w(@, 1) = g(t) (cos(m: —0.7) COS(WZ?/J + 0.2)) ’

p(z,y,t) = g(t)(sin(x) cos(y) + (cos(1) — 1) sin(l)),

with g(t) = 1+ 5 4+ e~ 10 + sin(t).

In order to illustrate the convergence rate in time of the discrete solution, we have used
quadratic approximations in space and a mesh parameter h = 0.01. In such case, the
stability condition (BH) is always satisfied for the range of time steps considered. Thus, the
choice of the Lagrange interpolant or of the Ritz-projection as approximation of the initial
velocity give similar results.

In figures[i(a)-(c) we report the convergences of the errors for the velocities (||-|| L (0,7;22(0)))
and the pressures (|| - || z2(0,7;22(q))) for the first order backward difference formula (BDF1),
Crank-Nicholson and the second order backward difference formulas (BDF2). In all the nu-
merical examples both the velocities and the pressures converge at the optimal rate (O(dt)
for BDF1 and O(6t?) for Crank-Nicholson and BDF2). The BDF2 scheme was initialized
using one step of BDF1.

7.2 Behavior in the small time step limit

In this paragraph we illustrate the impact of the initial velocity approximation on the approx-
imate pressures for small time steps. For non discrete divergence free initial approximations,
a pressure instability is predicted by Corollary EETlunless condition (BH) is satisfied. In other
words, pressure instabilities are expected for very small time steps.

We consider problem ([l) in two dimensions and with non-homogeneous boundary condi-
tions. We set 2 = [0, 1] x [0, 1], and the right hand side f and the boundary data are chosen
in order to ensure that the exact (steady) solution is given by:

_ (sin(mx — 0.7) sin(wy + 0.2)
u(@,y,t) = (cos(m: —0.7) cos(my +0.2) )’
p(z,y,t) =sinxcosy + (cos(1) — 1) sin(1).

This numerical experiment is, in some degree, motivated by the work reported in [3] (see
also [19]), where pressure instabilities, with a different nature, are illustrated for residual
based stabilizations. Let us emphasize that such kind of instabilities should not appear
here, since the CIP pressure stabilization is no residual based. For different initial velocity

approximations, we compare the behavior of the error in the pressure after one time step of
the Backward Euler scheme, i.e.,

1
6t2[lp(t1) — pille-
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We choose the initial data either as the Lagrange interpolant, u?L =1 ’,iuo, or as the Ritz-
projection, u = PF(ug,0).

In Figure Bl we have reported the convergence history (in space) of the pressure error,
at the first time step, using P;/P; finite elements for different time step sizes. The pres-
sure instability for small time steps is illustrated in Figure B(a), where the initial velocity
approximation is given in terms of the Lagrange interpolant. Indeed, we can observe that
the pressure error has the right convergence rate in space, but it grows when the time step
is decreased. On the other hand, as shown in Figure Bi(b), the instability is eliminated when
the initial velocity approximation is provided by the Ritz-projection, as stated in Corollary
ET In this case the error remains bounded (dominated by the space discretization) while
reducing the time step size.

Similar results are found with Py /P5 finite elements, as shown in Figure Bl In particular,
we can notice, from Figures Pl(a) and Bl(a), that for quadratic approximations the pressure
instability shows up only for very small time steps. As a matter of fact, condition (B@) is
less restrictive for quadratic than for affine velocity approximations of smooth initial data.
Finally, some pressure contours are reported in Figure ll for the Lagrange interpolation, and
in Figure [ for the Ritz-projection. The pressure degradation is clearly visible in Figure H,
whereas with the Ritz-projection initialization (Figure[l) the pressure remains uncondition-
ally stable.

8 Conclusion

In this paper we have proved unconditional stability and optimal error estimates, in natural
norms, for pressure stabilized finite element approximations of the transient Stokes’ problem.
It should be noted that the extension of the present results to mixed formulations of the
Poisson problem is straightforward. We have shown that for small initial time-steps the use
of a pressure stabilization dependent Ritz-projection, for the initial data, is essential to avoid
pressure instabilities, unless a condition between time and space discretization parameters
is satisfied. From the analysis, we also conclude that a second order scheme (e.g. BDF2)
can be initialized (without optimality loss) using a first step with BDF1, provided that the
Ritz-projection ([[H) is used for the initial data.

It is interesting to note that for low order elements the weakly consistent stabilization
operators still yield optimal convergence in time when used with a second order scheme.
However, in case SUPG type stabilization is used for the convective term the convergence
order in time will be lost unless full consistency is guaranteed in the stabilization term.
This is why SUPG type stabilizations prompt space time finite element formulations with
discontinuous approximation in time.

The methods proposed in Sections -B4 on the other hand may be extended to the
case of the Oseen equations, handling all Reynolds numbers, by applying the same type of
stabilizing term for the convection (see [T, @, [T2, B], for details).
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Figure 1: Convergence history in time: Py/ Py CIP stabilized finite elements
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(a) 6t =101 (b) 6t =1076

Figure 5: Pressure contour lines with P, /P; finite elements in a 40 x40 mesh: u = PZ(uy,0)
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