
HAL Id: inria-00177117
https://inria.hal.science/inria-00177117v2

Submitted on 8 Oct 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Revisiting the bicriteria (length,reliability)
multiprocessor static scheduling problem

Alain Girault, Hamoudi Kalla

To cite this version:
Alain Girault, Hamoudi Kalla. Revisiting the bicriteria (length,reliability) multiprocessor static
scheduling problem. [Research Report] RR-6319, INRIA. 2007, pp.36. �inria-00177117v2�

https://inria.hal.science/inria-00177117v2
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  


de  r ech er ch e 


Thème COM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Revisiting the bicriteria (length,reliability)
multiprocessor static scheduling problem

Alain Girault — Hamoudi Kalla

N° 6319

October 2007





Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

���������	��
���
���
���������������
���������������
�� 
��"!#�$�������%�����&��
('�)
*,+ ��
���-���.��/���	��.0���1
�� 
��&���	�$����2 + ����
��3-��$.0���&� *

46587:9<;>=?9<@A7:B�5<C
∗ DFE 7(GIHJB�K$9�L?7:5<587 †

M�NPORQTSVU�WYX[Z]\_^a`cbdORQTSe`�f�g�QTQVhPiPjkf&lmi�b�`
nFopgrqsS&bp`�n/Wtnvuxw$M

wylrzPz:gmodby{aS0opSRf�NPSRopf�NPS|iJ}$~m���R��Z�WYf�bpgm�:S&ox�m�m���YZ �m~ z�lr��SR`

�����R�&���P�m�m� WthPo�`cbplrodbdj�iP�vz:gmj�i�b�j�`�lv{aS&z:S&i({aS&i�f&^>b�lm`d����oplmzPN�lri�{|lmi�N�S�bdSRodg��mSRiPS&g�h�`�{ajk`s�
bpodj��PhabpSR{�Q�S&Q�gmop^�bplmod��S�b�lro�f�NPj�bpSRf�bdhPopSm ¢¡£S"odSR¤_j�`dj�b�bdN�S£¥/S&¦�¦%`cbdh�{aj�SR{�zPopgm�P¦�S&Q§gm¨V�Pjkf�opj©bdS&opjklª ¦©SRiP�rbpN1« odSR¦©jklr�Pj�¦�j�bs^P¬TQ­h�¦�bpj©zPopgaf�Se`d`dgmo�`cbpl�bpj�f�`pf�NPSe{ahP¦�j©iP�"gm¨tbpNPj�`�bplm`d�®��oplmzPN¯gmi�bdg£bdN�j�`°lmopf�N�j�bpSRf��
bphPopSm �Wth�o­±�o�`cb�f&odj©bdSRodjkl?opS&Q�lmj©i�`VbpNPS�`sb�l�bdjkf�`df�NPSe{ahP¦�Sm² `T¦©SRiP�rbpN1³�bpNPjk`�j�`�f�oph�f&j�lm¦�bpg´lm`p`cSe`d`­bdNPS
`d^a`sbpS&Q�² `xopSRlm¦��µbdj�Q�SVzPopgmz:S&odbs^m 0¶�gmoYgmhPo `cSef�g�i�{�f&odj©bdSRodjklP«J¥/SVf�g�i�`dj�{aSRoxbpNPS��m¦�gm��lm¦�`d^a`sbpS&Q�¨·lrj�¦�hPodS
o�l�bpSm«m`dS&SRiTl�`$j�¨:bdN�S�¥�NPgm¦�Sy`c^a`cbdSRQ¸¥�SRodS�l `dj©iP��¦©S/b�lm`d�­`df�N�SR{ahP¦�SR{Vgmi�bpg l0`dj�iP�m¦�S�zPodgaf&SR`p`cg�oR«Aj�i�`sbpSRl�{
gm¨¹bdNPSYh�`dh�lr¦:opS&¦�j�lm�Pj©¦�j©bs^m«��(Sef&lrh(`cSyj©b�{ag_SR`�iPgrb�{aS&z:S&i�{�gmi�bpNPS `df�NPSe{ahP¦�Sx¦�S&iP�mbdN°¦�j��mSybpNPSYodSR¦©jklr�Pj�¦�j�bs^
{Pg�Se` ª {PhPS%bpg°j�b�`xf&gmQ�zPhab�l�bdj�gmi�j�i�bdN�SVf�¦klm`p`dj�fRlr¦¹opS&¦�j�lm�Pj©¦�j©bs^�Q�ga{aS&¦�gr¨º\_N�lrbd»­lmi�{�¡"lriP�_¬� �M�NPS&opS��
¨¼g�odS�«_¥�S0f�g�i�bdopgm¦J�(S&bcbpS&o�bdN�SYopS&z�¦©jkf&lrbdj�gmi°¨·l�f�bpgmo�gr¨�SRlmf�N6j©i({aj©¤_jk{ah�lm¦¹bpl�`c��gm¨	bdN�S {PS&z:S&i�{aSRi�f�^�bpl�`c�
��oplmzPN���j©¤�S&i�lm`�l�`dz(Sef�j©±(f&lrbdj�gmi1«a¥�j©bdN�opSR`dz(Sef�b�bdg�bpNPS%{aSR`dj�odSe{°¨·lmj©¦�hPopSYo�l�bpSm 
M�g0`cg�¦©¤�SFbdN�j�`$�Pjkf�opj©bdS&opjklygmzPbdj�QTj�»Rlrbdj�gmiTzPopgm�P¦�S&Q�«�¥/Sºb�lr�mS�bdN�S�¨·lmj©¦�hPopS�o�l�bpS/l�`$ltf&gmi�`cbdo�lrj�i�bR«rlri({

¥/S Q�j©iPj�Q�j©»RS bdNPS%`pf�NPSe{ahP¦�SY¦�S&i��rbdN	 ½¡�S%lmodStbdN_h�`ylm�P¦�Stbpg�zPodga{ah(f�Sm«_¨¼g�oylT�mj�¤mS&i�lrz�zP¦©jkf&lrbdj�gmi6bpl�`c�
��oplmzPN�lmi�{?QVhP¦�bpj©z�odgaf�Se`d`dgmo lro�f�NPj©bdSef�bdh�odS�«Jl6n½lropS�bpg6f�h�od¤�SVgm¨ºiPgmiP�8{ag�Q�j©i�lrbdSe{?`cg�¦©hPbdj�gmi�`R«1lrQ�gmi��
¥�N�j�f�N6bdNPS0h(`cSRoyf&lri�f�NPg_g�`dSYbdNPS%f&gmQ�zPopgmQ�jk`cStbdN�lrb�±Pbp`�N�j�`�opSR¾�hPj�opS&Q�S&i�bp`/�:SR`cbR 
¿�À�ÁJÂpÃ­Ä ��Å��m� Æ jkf�opj�bpS&opj�l¯g�zabdj�Q�j©»el�bdj�gmi	«YopS&¦�jklr�Pj�¦©j©bs^m«Yn½lropS�bpg¯g�zabdj�Q�lP«0`cbpl�bpj�f"QVhP¦©bdj�zPodgaf&SR`p`cg�o
`pf�NPSe{ahP¦�j©iP�(«aodSR¦©jklr��j©¦�j�bs^��P¦©gaf���{Pj�lm�mo�lrQ�`& 
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� ����� � ��� gmbdopSºz:gmj�i�b�{aS�{��&z(lrodb�SR`cb�h�i­�mo�lrz�NPSº{aS�{��&z:S&i({aS&i�f&SR`${aSºb��mf�N�SR`�S�b$hPiPS�lmopf�N�j�bpSRf�bphPopS
f&j©��¦©S���Q��&Q�gmj�odSºo��Rz�lrodbdj�Sm  � gmh(`1opS&¤_j�`dj©bdgmi(`1¦�SºzPopgm�P¦�O&Q�Sºf&¦�l�`d`djk¾�h�Sº{aSº¦µ² gmo�{agmiPi(lri�f&S&Q�S&i�b	`cbpl�bpj�¾�hPS
QVhP¦©bdj�zPodgaf&SR`p`cSRhPop`t�Pjkf�opj�bpO&opS ª ¦©g�iP�mhPSRhPoe« ±(lm�Pj�¦©j©b��A¬x{aS�f&SV��oplmzPNPSV{PSVb��mf�NPS�`dhPoYf&S�bdbdS�lro�f�NPj©bdSRf�bdhPopSm 
� grbpodS0zPopS&Q�j�O&opS%f�opj�bpO&opS0odSe`sbpS%¦kl�¦©g�iP�mhPSRhPox{aS­¦<² gmo�{agmi�i�lri�f&S&Q�S&i�bx`cbplrbdjk¾�h�Sm³�f&SRf&j	SR`cbtf&odh�f&j�lm¦	l�±(i
{1² �&bplr��¦©j�o%¦kl�zPopgmzPopj��&b��TbdSRQ�z�`s�8o��&S&¦�{ah `c^a`cbdORQTS� 6n$g�hPo­iPgmbdopS°`cSef�g�i�{"f�opj�bpO&opSm«	i�gmh�`Vf�gmi(`cjk{��&opgmi(`
¦�S?b�lrh��v{aS£{���¨·lmj©¦�¦�lmi�f�S�{ah�`d^a`sbpO&Q�S?�m¦�gm�(lr¦µ«�¤�h f&gmQ�Q�S�`djt¦�S�`d^a`sbpO&Q�S�{Plmi�`�`dgmi>S&i�bdj�S&o
��bplmj�b
h�iPS­hPi�j�¾�hPS­b��mf�N�S%gmo�{agmi�i�lri�f��&S%`dhPoxh�i?hPiPjk¾�hPS­zPopgaf�Se`d`dS&hPoe«���¦�l�z�¦�l�f�S­{aSV¦<² h�`dhPS&¦�¦�S%±(lm�Pj©¦�j©b��V{Ph
`d^a`sbpO&Q�Sm«(z�lro�f�S%¾�h1² j�¦	iPS­{ �&z:S&i�{�z(lm`y{aSV¦�l�¦�gmi��mhPSRhPox{aS%¦µ² gmo�{agmiPi(lri�f&S&Q�S&i�bxf�g�Q�QTSVfr² SR`cbx¦©SVf&lm`
{PSV¦kl°±:lr�Pj�¦©j©b�� ª S&i�o�lrjk`dgmi�{aS�`dgmi�fRlr¦kf�hP¦!�6¦<² lrjk{aS�{ah£QTga{aOR¦©S�{aSV±(lr��j©¦�j�b���f�¦klm`p`cjk¾�hPSV{aS�\_N�lrbd»�S�b
¡"lri���¬� £uyj�i�`dj<«½iPg�h�`Tf�gmi�bpo�"�¦©g�i�`0�:SRlrh(f�gmh�z Q�j©SRh��´¦©S6iPj©¤�SRlmh®{aS�o��&z�¦©jkf&lrbdj�gmi {aS�f�N�lm¾�hPS�b��mf�NPS
j�i�{aj�¤_j�{PhPS&¦�¦©S�{ah£�mo�lrzPN�SV{aS�{��&z:S&i({aS&i�f&SR` {ag�iPi ��f�gmQ�Q�S�`cz#�Rf&j�±(fRl�bpj©g�i�z�lmoto�lrzPz:gmodbYlmh?b�lrh���{aS
{ ��¨·lrj�¦�¦�lmi�f�S0{��e`cj�o��� 
uy±�iV{aS/o��R`dgmh�{aopSºf&SºzPopgm�P¦�O&Q�S/{¹² g�zabdj�Q�j�`pl�bpj©g�i%�Pjkf�opj�bpO&opSm«�iPg�h�`�zPodSRiPgmi(`1¦kl�bplmh��­{aS/{���¨·lmj©¦�¦�lmi�f�S

f&gmQ�Q�Sth�iPS0f�gmi�bpoplmj©i�bdS�«�S&b/i�gmh�`/Q�j©i�j©Q�jk`cg�i�`�¦�lV¦�gmiP��hPS&hPo�{aSY¦<² gmo�{ag�iPi�lri(f�S&Q�SRi�be  � gmh(`/`dgmQ�Q�SR`
lmj©i(`cj	fRlrz�lm�P¦�SR`�{aS0zPopga{ahPj�odS�«Pz:gmhPoyh�i���oplmzPNPS0{aS­{ �&z:S&i�{aSRi�f�Se`y{ag�iPi �0S�btz(g�hPoyhPiPS%lmopf�N�j�bpSRf�bphPopS
QVhP¦©bdj�zPodgaf&SR`p`cSRhPop`/{ag�iPi �&S�«ahPiPS0f�g�hPop�(S {aS n½lropS�bdg�{aS `cg�¦©hPbdj�gmi�`/iPg�ia�8{PgmQ�j©i��&SR`R«_z�lropQ�j¹¦©Se`d¾�hPSR¦©¦�SR`
¦µ² habdj�¦©jk`pl�bdSRhPo�z:S&habtf�N�gmjk`cj�o�¦©S0f�g�Q�zPodg�Q�j�`�¾�hPj1f&gmopodSe`cz:gmi�{�¦©S0Q�j�S&h��$��`cSe`�S��aj©��S&i�f&SR`R 
% Ä �e� Â ��& � �6� Wtzabpj©Q�jk`dlrbdj�gmi��Pjkf�opj�bpO&opSm«_±(lm�Pj©¦�j©b��m«�gmzabpj©Q�l�{aS0n½lropS�bpg�«agmo�{ag�iPi�lri(f�S&Q�SRi�b�`cbpl�bpj�¾�hPS
QVhP¦©bdj�zPodgaf&SR`p`cSRhPop`R«_�P¦�g_f��8{Pj�lm�mo�lrQ�Q�SR`/{aS ±(lr��j©¦�j�b��m 
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Æ jkf�opj�bpS&opj�l ª ¦©SRiP�rbpN1« odSR¦©jklr�Pj�¦�j�bs^P¬$QVhP¦�bpj©z�odgaf�Se`d`dgmoF`pf�NPSe{ahP¦�j©iP�0N(lm`FopSRf&S&i�bd¦�^�l�bcbpopl�f�bpSR{�l0¦�grbºgm¨¹lrbcbpS&ia�
bpj©g�i>= � « � « ? « �m� « �m� « �m� @8 �M�NPS�zPhPopz(g�`cS°jk`0bpg�`pf�NPSR{ah�¦©S°`cbplrbdjkf&lr¦�¦�^£l���oplmzPN"gr¨�bpl�`c�a` ª lr¦k`cg?fRlr¦�¦©Se{
g�z(SRoplrbdj�gmi�`�¬xgmi�bdg�l�{ajk`sbpodj��PhabpSR{�QTSRQ�gmop^?Q­hP¦©bdj�zPopgaf�SR`p`dgmo lro�f�NPj�bpSRf�bdhPopSm«	`dh�f�N�bdN�lrb0bs¥�g�f�opj©bdS&opjkl
gm¨�bpNPS0gm�Pbplrj�iPSe{6`pf�NPSR{PhP¦©S%lmodS g�zabdj�Q�j©»RSR{¹³Fj©bp` & À�ACB �2D ª f�oph�f�jklr¦Jbpg°lm`p`cSe`d`�bpNPS%`c^a`cbdSRQ�² `�opSRlm¦��µbdj�Q�S
z�odg�z(SRocbs^P¬�lri�{�j©bp` � À &�E<�a�FE &�E·� Á ª f&odh�f&j�lm¦Jbdg°l�`d`dSR`p`�bdNPS%`d^a`sbpS&Q�² `�{PS&z:S&i�{Plm�Pj�¦©j©bs^P¬� 
¡£S%h�`dS bdNPS0¥�jk{aSR¦©^�lmfRf�S&zPbdSR{6opS&¦�j�lm�Pj©¦�j©bs^�Q�ga{aS&¦1gm¨½\aN�l�bp»­lri�{�¡"lriP�G= �r� @µ«P¥�N�S&opS0SRlmf�N�N�lmop{_�

¥�lropStf&gmQ�z:gmiPSRi�b ª zPodgaf&SR`p`cg�o�g�o�f&gmQ�Q­h�iPj�fRl�bpj©g�i�¦�j©iP�P¬�jk`�f�N�lro�lmf�bdS&opj�»&SR{°��^6l � ÄHA �&�e� A �JI8��E & �	� À
���a� ÀLKºÀ �0�2E � À � A E¼�

λ
«�`ch(f�N­bpN�l�bFj©bp`$opS&¦�j�lm�Pj�¦©j©bs^­{ahPopj�iP�YbdNPS�j�i�bpS&op¤�lr¦agr¨:bdj�Q�S

d
�(S

e−λd
ª bdN(l�bFjk`&«

bpNPS0gaf&f&hPodopS&i(f�SR`�gm¨�bpNPS ¨·lrj�¦�hPodSe`/¨¼gm¦�¦©g�¥�l�f�g�i�`sb�lri�byz�lmoplmQTS&bdSRo/n$g�j�`p`cg�i6¦klA¥x¬� �M�NPS%f�NPg�`dS&i�Q�SRlmi
bpg�j�i�f�opSRl�`cS%bdNPSTodSR¦©jklr��j©¦�j�bs^�gm¨�l�`d^a`sbpS&Q j�`xbdN�S �P�m�2E�M À � À!K &�E·���a�2E ÄHAIgr¨½bpNPSVg�z(SRoplrbdj�gmi�`tlri�{?bdNPS
{�l�bplr�8{PS&z:S&i�{aSRi�f�j�SR`R«1¥�NPjkf�N"f�gmi(`cjk`sb�` j©i"S��_Sef�habpj©i���`dS&¤�S&o�lr¦½f�g�zPj�SR` gr¨�l�`dlmQTS�g�z(SRoplrbdj�gmi£gmi�bdg�lm`
Q�lmi�^?{Pj�`cbdj�i�f�b%z�odgaf�Se`d`dgmo�` ª opSR`dz1 ¹{Pl�b�l��#{aS&z:S&i�{PS&i�f&j©Se` gmi�bdg�f�g�QTQVhPiPjkf&lrbdj�gmi�¦�j�iP�a`p¬� �N#i�bphPj�bpj©¤�S&¦�^m«
l�{P{aj�iP��Q�gmopS0odSRzP¦�j�fRlm`�j�i�f�opSRl�`cSe`/bdNPS%opS&¦�jklr�Pj�¦©j©bs^m«��Phabtlm¦�`dg�bdNPSV`df�NPSe{ahP¦�S0¦©SRiP�rbpN1 ON#i�gmbdNPSRoy¥/gmo�{P`&«
l�{P{aj�iP�TQTg�odS opS&zP¦�jkf&lm`/j�Q�zPodg�¤�SR`ºbdNPS0opS&¦�jklr�Pj�¦©j©bs^��Phabyz:S&i(lr¦�j©»RSR`/bdN�SY¦�S&i��rbdN	³½j©i6bdNPjk`y`dS&i�`dSm«_¥/S0`dlA^
bpN�l�b�bpNPS bs¥/gTf&odj©bdSRodjkl�lropS � A �e� B:ÄHA E·�R�2E<�  
Æ habVbdNPj�iP��`VlropS°iPgmbV`cg�SRlm`d^0P�¡�S�`cNPg�¥ bdN(l�bVh(`cj�iP��bpgm�mS&bdNPSRo%bpNPS°opS&¦�j�lm�Pj©¦�j©bs^£f&odj©bdSRodj�gmi´lri({

bpNPS"`df�NPSe{ahP¦�S�¦�S&iP�mbdN�f�opj�bpS&opj©g�i oplmj�`dSR`°bdSef�NPiPjkf&lr¦0{aj Q°f�hP¦©bdj�SR`R«x�:SRfRlrh�`dS?bpNPS"odSR¦©jklr��j©¦�j�bs^v{aSRz(SRi�{P`
j�i�bdopj©i(`cjkf&lm¦©¦�^°gmi�bpNPS%{ahPo�l�bpj©g�i�gm¨�bpNPS%g�z(SRoplrbdj�gmi�`�lri({�f&gmQ�Q­h�iPj�fRl�bpj©g�i�`& �¶Pgmo�j�i�`cbplmi�f�S�«�f�NPg_g�`dj©i��
l°zPodgaf&SR`p`cg�ox`ch(f�N�bdN�lrbxbdN�SV{ahPo�l�bpj©g�i

d
gm¨ºl��mj�¤mSRi�gmz:S&o�l�bpj©g�i�jk`x`dQ�lr¦�¦©SRo ª ¥�NPj�f�N�j�`x�mg_ga{�¨¼gmotbdNPS

¦�S&i��rbdN6f�opj�bpS&opj©g�i(¬½j�i�{ah�f&SR`/l%NPj��mN�S&oºopS&¦�jklr�Pj�¦©j©bs^ ª ¥�NPjkf�N°jk`�lm¦�`dg%��g�ga{�¨¼g�oºbpNPSxopS&¦�jklr�Pj�¦©j©bs^�f�opj�bpS&opj©g�i(¬	R
bpNPjk`yjk`��(Sef&lmh�`cS%bdNPS

d 7→ e−λd
¨¼hPi�f�bdj�gmi?jk`y{aSef�opSRl�`cj�iP�� /M�NPjk`�j�`tf�g�hPi�bdS&od�8j©i�bdh�j�bpj©¤�StbpNPgmh��mN1«:`cj�i�f�S
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lmodS�f&gmQ­��j©iPSe{%bpg0�(Sef�g�QTSyl `dj©i��m¦�Syf�opj�bpS&opj©g�i1 �M�NPSy`dj�Q­hP¦kl�bpj©g�iVopSR`dhP¦©bp`½`dNPg�¥ bpN�l�b�w�����\­jk`Flm¦©¥�lA^a`
�:S�bdbdSRo�bdN�lmi	����\�¥0  oe  bR _bdN�SYopS&¦�jklr�Pj�¦©j©bs^°f�opj©bdS&opj�gmi1«_�Phabxlm¦©¥�lA^a`º¥/gmo�`dSx¥0  oR  bR _bpNPS ¦©SRiP�rbpN�f&odj©bdSRodj�gmi1 
� grbpStbpN�l�b�bpNPS&^�{ag�iPgrbyopS&z�¦©jkf&lrbdS gmz:S&o�l�bpj©g�i�`/iPgmoy{Plrbplr�8{aSRz(SRi�{aSRi�f�j�SR`R 

N#i = ? @µ«��tgm��lri lmi�{ � »&���PiPSRo�zPopgmz:g�`dS�l ��j�f&odj©bdSRodjkl´S��_bpS&i�`dj©g�i gr¨0bpNPS�����\>lr¦��mg�odj©bdNPQ�«��_^
��hPj©¦k{aj�iP��lrbySRlmf�N�`pf�NPSR{PhP¦©j�iP�°`cbdSRz�bs¥�g�¦�j�`cbp`xf�gmi�b�lrj�iPj©i��°lr¦�¦¹bdNPS­z�lrj�op`

〈vi, mj〉
gr¨$bpl�`c�a`

vi

odSelm{a^
bpg��(S%`pf�NPSR{PhP¦©Se{6lmi�{�gr¨�Q�l�f�NPj�iPSR`

mj

³$bdNPSY±�o�`cby¦©jk`sb�jk`�gmo�{aSRodSe{°�_^�{aSef�opSRlm`dj�iP�Vg�op{PS&o�gr¨�bdNPS
DL¨¼h�i�f�bpj©g�i?bdg�b�lr�mSVj©i�bpg�l�f&f�g�hPi�bxbpNPS�j©i�f&odSelm`dS­j�i?bpNPS�¦©SRiP�rbpN�gr¨ºbdNPS�`df�N�SR{ahP¦�STodSe`chP¦©bdj�iP�6¨¼odg�Q bdNPS

{PSRf�jk`dj©g�i�bpg?zP¦klmf&S
vi

gmi
mj

R$bdNPS�`cSef�g�i�{£¦©jk`sbVj�`0g�op{PS&opSR{£�_^�j�i�f�opSRl�`cj�iP��gmo�{aSRo0gr¨�bdNPS
∆COST¨¼h�i�f�bpj©g�i�bpg�bplm�mS�j©i�bpg�l�f&f&gmhPi�b bdNPS°{PSRf�opSRl�`cSTj�i£opS&¦�jklr�Pj�¦©j©bs^?opSR`dhP¦©bdj�iP��¨¼odg�Q bdNPjk`%`plrQ�S�{aSRf&j�`dj�gmi1 

M�N�S&opS�¨¼gmopSm«�Selmf�NVz�lrj�o
〈vi, mj〉

N�lm`$lYo�lriP�%j�iTSRlmf�NTgr¨(bdNPg�`cS�¦�j�`cbp`R«ropSR`dz(Sef�bpj©¤�S&¦�^%iPgrbpSR{
Rank1

i,j

lri({
Rank2

i,j

 °M�NPSe`cSTbs¥/g�oplmiP�a`YlmodSTbpNPS&i´f�g�Q­�Pj�iPSe{�l�`
Ranki,j = δ1Rank1

i,j + δ2Rank2
i,j

«	¥�N�S&opS
bpNPStbs¥�gVi�h�Q­�:S&o�`

δ1 lri({ δ2 lropStf�NPg�`cSRi°S&Q�zPj�odjkf&lm¦©¦�^°`dgVlm`ºbdgT��lm¦�lmi�f�SxbdNPSYbs¥/gVf�opj©bdS&opjklP $¶�j�i�lm¦©¦�^m«

×�×�Ìon7p	q�rts
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bpNPSxz(lrj�o
〈vi, mj〉

N�lA¤_j©i��0bdNPSY`cQ�lm¦©¦�SR`cb
Ranki,j

jk`/`dS&¦�SRf�bdSe{°lri�{
vi

jk`ºz�¦�l�f�SR{°gmi
mj

  iyS&opStlm��lmj©i1«
bpNPS&^�{ag�iPgrb�opS&zP¦�jkf&l�bpS gmz:S&o�l�bdj�gmi(`�i�gmoy{Plrbpl��#{aSRz(SRi�{aS&i(f�j�SR`R 

N#i = �m� @µ«9ixlm�mSRQ lri({ Æ habpS&¦�¦©S®N�lA¤mS"zPopgmz:g�`dSR{�lri|lr¦��mg�odj©bdN�Q3¤mSRod^>`dj�QTj�¦klro�bpg w�����\J³xj�ia�
{PS&SR{1«�¦©j��mS�j�i = � @8«�bdN�S�bs¥�g�f�opj�bpS&opj�l�lropSvlr���mopS&��lrbdSe{|j©i�bpg�l�`dj©i��m¦�SI�Pj©�8gm�aqsSef�bdj�¤mSvf&g�`cb£¨¼h�i�f��
bpj©g�i1«tbdNPS´opS&¦�j�lm�Pj�¦©j©bs^vQ�g_{PS&¦0jk`�bpNPS´gmi�S�gm¨�\_N�lrbd»´lri({>¡"lriP�(«Ylmi�{vbpNPS"bpl�`c�a`�lropS£iPgrb�opS&zP¦�j��
fRl�bpSR{´bpg�j�i�f&odSelm`dS°bdN�S�opS&¦�jklr�Pj�¦©j©bs^m  M�N�S�¨¼hPi(f�bdj�gmi

f(t, p)
{aS&iPgmbdSe`%bpNPS�±�iPjk`cNIbdj�Q�S�gm¨ybdN�S6b�lm`d�

t
¥�NPS&i j�b"jk`´`df�NPSe{ahP¦�SR{ gmi¸bpNPS¯zPodgaf&SR`p`cg�o

p
  M�N�SI¨¼h�i�f�bpj©g�i

σ(t, p)
{aS&i�grbdSe`�bdNPS�opS&¦�j�lm�Pj©¦©�

j©bs^vf�g�`sb�¥�N�S&i bpNPS?b�lm`d�
t
j�`�`df�N�SR{ahP¦�SR{ gmivbpNPS�zPopgaf�Se`d`dgmo

p
  M�NPjk`���j��8gm�aqsSef�bpj©¤�S�¨¼hPi�f�bdj�gmi>jk`

D(t, p) =

√

θ
(

f(t,p)
maxpf(t,p)

)2

+ (1 − θ)
(

σ(t,p)
maxpσ(t,p)

)2  TM�NPS�iPgmopQ�lr¦�j©»el�bpj©g�i?¥�j�bpN�bpNPS�Q�l ��zPopS��
¤�S&i�bp`tgmi�STf&odj©bdSRodjkl�¨¼opgmQ[{ag�Q�j©i�lrbdj�iP�6bdNPS�grbpNPS&oYgmi�Sm«¹¦�j©��SVj�i = � @8 VU�gmQ�z�lmodSe{�bdg�w�����\¹«Tixlr��S&Q
lmi�{ Æ hPbdS&¦�¦�S%f�¦klrj�Q bdg�N�lA¤�St�:S�bdbdSRoyodSe`ch�¦�b�`�j©i�opS&¦�j�lm�Pj©¦�j©bs^°�Phaby¥/gmo�`cSYj�i�`pf�NPSe{ahP¦�SY¦�S&i��rbdN	 
M�NPS"Se¶�U/w��,lm¦©��gmopj�bpNPQ ª U�� Q°f�j�S&i�b?¶�lrh�¦�bd�8M�gm¦�S&o�lri�b�wyS&¦�j�lm�Pj©¦�j©bs^�U�g�`cbc� �xopj©¤�S&i>ux¦©��gmopj�bpNPQ-Ws¬

z�odg�z(g�`cSe{��_^��tj©i´S&bVlr¦µ 1j�i>= ��� @ºzPopga{ah�f&SR`%`cbplrbdjkf�¨·lrhP¦©bc�µbdg�¦©SRoplmi�b0`pf�NPSe{ahP¦�SR`0�_^£odSRzP¦©jkf&lrbdj�iP��SRl�f�N
g�z(SRoplrbdj�gmi0bs¥�jkf�S ª g�iPSºz�odj�Q�lrop^YopS&z�¦©jkf&ltlri�{­gmiPS�`cSef�g�i�{Plrop^YodSRzP¦©jkf&lybdN�lrb$`dgmQ�S&bdj�QTSe`�g�¤mS&op¦klrz�`¹¥�j©bdN
gmbdNPSRo½gmz:S&o�l�bpj©g�i�`p¬�RrNPSRi�f�S�S��Pl�f�bd¦�^%g�iPS�zPodgaf&SR`p`cg�o	¨·lmj©¦�hPopS/jk`$bpgm¦�S&o�l�bdSe{¹ $U�g�i�f�SRodi�j©iP�tbdN�S�odSR¦©jklr�Pj�¦�j�bs^ª \_N�lrbd»xlmi�{�¡£lmiP�0Q�ga{aS&¦Ø¬�«�SR¶$U/w�� bpodj�SR`½bdg­`pf�NPSR{PhP¦©SxSRlmf�N�zPopj�Q�lmod^­odSRzP¦©jkf&l g�i°l0zPopgaf�SR`p`dgmo½`ch(f�N
bpN�l�b�bdNPStj©i(f�opSRlm`dS�gr¨¹bpNPSxopS&¦�jklr�Pj�¦©j©bs^�f�g�`cbº�:SxQ�j�iPj©Q�lm¦:lmi�{TbdN�lrbºbpNPSt{aSelm{a¦�j�iPSxgm¨:bpNPSyb�lm`d�V�:SxQ�S&bR 
ixg�¥�SR¤mSRoR«�bdNPS0opS&¦�jklr�Pj�¦©j©bs^°gm¨�bpNPS%f�g�QTQVhPiPjkf&lrbdj�gmi�¦�j�iP�a`�j�`�i�grb�bplm�mSRi6j�i�bdg�lmfRf�gmh�i�be 
n$gmz S&b lm¦<  N�lA¤mS l�{P{aopSR`p`cSe{ bpNPS bpodjkf�opj©bdS&opjkl gmzabpj©Q�j�»Rl�bpj©g�i zPopgm�P¦�S&Qª ¦©SRiP�rbpN1« odSR¦©jklr�Pj�¦�j�bs^�« SRiPS&op�m^P¬ = �m� @8  Æ grbpN bdNPS ¦�S&iP�mbdN,lri�{�bdN�S odSR¦©jklr�Pj�¦�j�bs^[lmodS bplm�mSRi l�`�l

f&gmi�`cbdo�lrj�i�bR«1opSR`dz:SRf�bpj©¤�S&¦�^�¥�j©bdN´l��mj�¤mSRi"hPzPz:S&o­lmi�{£¦©g�¥/S&o0�:gmhPi({¹ 6M�NPS�SRiPS&op�m^�f�gmi(`chPQ�zabpj©g�i"j�`
Q�j�iPj�QTj�»&Se{?bpN�lri��_`Ybpg�{a^_i�lrQ�jkfV¤�gm¦©bplm�mSV`pf&lm¦©j�iP�(«1�Phab%`dj©i�f&STbdNPjk`0j�i�f�opSRl�`cSe`ybpNPS�S��aSRf&habdj�gmi�bdj�Q�Sm«
j©btlm¦�`dg�N�lm`ylmi�j©Q�z�l�f�bygmi�bpNPS0opS&¦�j�lm�Pj©¦�j©bs^6{ahPS%bdg�bdN�S

e−λd
opS&¦�j�lm�Pj�¦©j©bs^�¨¼gmopQ­h�¦�l� �ux`xl�odSe`chP¦©bR«�bdNPS

f&odj©bdSRodjklTlropSYj�i�bdopj©i(`cjkf&lm¦©¦�^°{aS&z:S&i({aS&i�bxlri({�bpNPS0zPopgm�P¦�S&Q�`�Q�S&i�bpj©g�iPSR{6j©i�bpNPS0j©i�bpodga{ah�f�bdj�gmi�lropj�`dSm 
N#i"l�z�odSR¤�j�gmh(`xz�lmz(SRoL= � @µ«1¥/STN�lA¤mSVzPodg�z(g�`cSe{?l6�Pj�f&odj©bdSRodjkl�`df�NPSe{ahP¦�j©i��6NPSRhPopj�`cbdjkfr«¹¥�NPSRodSTSRl�f�N

fRlri�{Pj�{PlrbdS�gmz:S&o�l�bpj©g�i
o
j�`0bdSR`cbdSe{£gmi�bdg�lr¦�¦Fz:g�`p`cj��P¦�SR`0`dhP��`dS�bp` gm¨�zPopgaf�Se`d`dgmo�`

p
 °¶Pgmo0Selmf�N"f�NPgmjkf�S

〈o, p〉
«1¥/STf&gmQ�zPhabpS­bpNPS�j©i�{Ph�f�Se{�¤�lropjkl�bdj�gmi�j©i£¦©SRiP�rbpN

∆l
lri�{�odSR¦©jklr��j©¦�j�bs^

∆r
«1�:grbdN£iPg�odQ�lr¦�j�»&SR{

¥0  oe  be 1bdN�S°¦©SRiP�rbpN hPzPz:S&oV�(g�hPi�{ lmi�{£bdN�S°odSR¦©jklr��j©¦�j�bs^�¦©g�¥/S&o­�(g�hPi�{ f&gmi�`cbdo�lrj�i�bp` ª �:grbpN zPopg�¤_j�{aSe{
�_^�bpNPS�h�`dS&o�¬� LN#i£bdNPS���j�f&odj©bdSRodjkl�zP¦�lmiPS�gr¨�¶�j��mh�odS � «�¥�S�zPopgrqsSef�b0SRl�f�N�z:gmj�i�b

〈∆l, ∆r〉
g�i�bpg�bdNPS

{Pj�lm�mgmi(lr¦�¦�j©iPS�gm¨ lmiP�m¦�S
θ
«�lri({¯f�N�g�g�`cS�bpNPS?z:gmj�i�b6¥�NPg�`dS�zPodgmqsSRf�bdj�gmi�j�`�f�¦�g�`dSR`cbTbpg

〈0, 0〉
ª bpNPjk`

lmQ�gmhPi�bp`%bdg�lm�m��odSR��l�bpj©i��6bpNPS°bs¥/g�f&odj©bdSRodjkl�¬�  Æ ^£¤�lrop^_j©iP�
θ
«½¥�S6f&lri´��j©¤�S°Q�gmopS°¥/S&j��mN�b%bdg�bdNPS

¦�S&i��rbdN�gmo/bpNPS0odSR¦©jklr��j©¦�j�bs^°f&odj©bdSRodj�gmi	  � grbdSYbpN�l�by¥�NPSRi�bpNPS0`ch���`cS&b
p
jk`�l�`cj�iP��¦©S&bdgmi	«_bdNPS gmz:S&o�l�bpj©g�i

o
j�`yiPgrb�opS&zP¦�j�fRl�bpSR{¹«a¥�NPj�¦�SY¥�N�S&i�j�b�jk`yl�`cS&b

{p1, . . . , pk}
«_bpNPS0gmz:S&o�l�bpj©g�i

o
j�`�l�f�bdj�¤mSR¦©^�odSRzP¦©jkf&lrbdSe{

g�i�bdgTbdNPS zPopgaf�Se`d`dgmo�`
p1
bdg

pk

 
uxQTg�iP��bdN�SF¥�g�od�a`JzPopSR`dS&i�bpSR{ `cg�¨·lmoR«RgmiP¦�^g= � « �m� @ropS&z�¦©jkf&lrbdS$bdN�S½bpl�`c�a`:bdgxj©i�f&odSelm`dS�bdNPSFopS&¦�jklr�Pj�¦©j©bs^m 

N#i�f�g�i�bdo�lm`cbR«O= � « ? « �m� « �r� @yf&lri�iPgrb�j�i�f�opSRl�`cS�bdNPS�opS&¦�j�lm�Pj©¦�j©bs^´gr¨xbpNPS�gm�ab�lrj�iPSR{¯`d^_`cbdSRQ lr�:g�¤mS6bdNPS
opS&¦�jklr�Pj�¦©j©bs^¯¦©SR¤mS&¦Ygr¨0bpNPS£N�lro�{a¥�lropS�zP¦�lrbc¨¼g�odQ bdN�S�`d^_`cbdSRQ�j�`6S��aSRf&habdSe{vgmi	  M�NPS£lrzPz�odg�lmf�N�¥�S
z�odSe`cSRi�byj�i�bdN�j�`tlrodbdjkf�¦�S%h�`dSR`�bpNPS­lmf�bdj�¤mS%opS&z�¦©jkf&lrbdj�gmi�gr¨�bpl�`c�a`xlmi�{�{Pl�b�l��#{aS&z:S&i({aS&i�f&j©Se`�bpg°lmf�NPj�S&¤�S
lmi_^�opS&¦�jklr�Pj�¦©j©bs^�¦�S&¤mSR¦�opSR¾�hPj�opSR{?�_^�bdN�STh(`cSRoR«1lrbtbpNPSVz�odjkf�STgr¨�`dgmQ�S�`df�N�SR{ahP¦�ST¦©SRiP�rbpN�g�¤mSRodN�SRlm{�gm¨
f&gmhPo�`dSm 
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ux¦�`dg�«½lr¦�¦�bdNPS6¥�g�od�a`0zPopSR`dS&i�bpSR{´`dg�¨·lro = � « � « ? « �m� « ��� « �m� @�`ch.XJS&oV¨¼opgmQ bdNPS�bdNPopS&S�{PoplA¥���l�f��a`
Q�SRi�bpj©g�iPSR{�j�i�bdN�Syj©i�bpodga{ah�f�bdj�gmi1³�±�o�`sbe«mbpNPSy¦�S&iP�mbdN°f&odj©bdSRodj�gmi�g�¤mSRodz:g�¥/S&o�`1bpNPSxopS&¦�j�lm�Pj�¦©j©bs^Vf&odj©bdSRodj�gmiTR
`dSRf&gmi�{1«�j©b�j�`�¤mSRod^Tbdopjkf���^TbpgTf&gmi�bdopgm¦(zPodSef�jk`cSR¦©^TbpNPStopS&z�¦©jkf&lrbdj�gmi�¨·l�f�bdg�o�gm¨1bdN�Stg�z(SRoplrbdj�gmi�`�gmi�bdg­bdNPS
z�odgaf�Se`d`dgmo�`R«m¨¼opgmQ bpNPS �(SR�mj�iPiPj�iP�TbdgTbdN�S0S&i�{6gr¨�bdNPS0`pf�NPSR{PhP¦©S RPlri�{�bdN�j©o�{¹«abpNPS0odSR¦©jklr��j©¦�j�bs^�jk`�iPgmb�l
Q�g�iPgrbpgmiPg�h�`�¨¼hPi�f�bpj©g�i�gr¨:bdNPSy`pf�NPSR{PhP¦©S� �M�N�SylrzPzPopg�l�f�N­¥/S�zPodSe`cSRi�b$j�i°\_SRf�bdj�gmi�` � « f «mlri�{ � `dgm¦�¤mSR`
bpNPSR`dSYzPodg��P¦�S&Q�`FbpN�lri��_`ºbdgVbdN�SYopS&z�¦�l�f�S&Q�SRi�b/gr¨¹bpNPS odSR¦©jklr�Pj�¦�j�bs^�f�opj©bdS&opj�gmi°�_^�l­i�S&¥>f&odj©bdSRodj�gmi�bpN�l�b
{Pg�Se`�iPgrbx{PS&z:S&i�{�gmi6bdN�S0S��aSRf&habdj�gmi6bdj�Q�SR`�gm¨�bpNPS gmz:S&o�l�bdj�gmi(`�lri�{�{Pl�b�l��#{aS&z:S&i({aS&i�f&j©Se`& 
¶�j�i�lr¦�¦©^�«�j�i>= �r� « �of « ��� « �R~ « �R� « �e� @µ«	bdNPS6f�gmQ�QVhPiPjkf&l�bpj©g�i�i�S�bs¥/gmop�?Q­h�`cb­�:S�lmf&^af�¦�j�fm«	¥�NPjkf�N"j�`

lmi´j©Q�z:gmodbplmi�bTodSe`sbpodjkf�bpj©g�i1  Æ SR`djk{aSR`R«$j©i = �r� « �3f « � � « �R~ « �e� @µ«�bpNPS6`d^a`sbpS&Q bdg��(S�{aj�`cbdopj��PhabdSe{ lri({
`pf�NPSe{ahP¦�SR{�f�g�i�`cjk`cbp`�gr¨½l�`dS�bygr¨½`dgr¨Øbs¥�lropSYQ�ga{ahP¦�SR`�bdN�lrbxf�gmQ�QVhPiPjkf&l�bpS0�(S&bs¥�SRS&i�bdN�S&Q�«��PhPbybdNPSe`cS
f&gmQ�Q­h�iPj�fRl�bpj©g�i�` {ag�iPgrb0j�i���hPSRi�f�S�bpNPS�gmo�{aSRoYgm¨/S��aSRf�hPbdj�gmi£gr¨/bdNPS�Q�ga{ahP¦�SR`R«	jµ  S� ©«	bdNPSR^�lropS�iPgrb
{�l�bplr�8{PS&z:S&i�{aSRi�f�j�SR`2RFo�l�bpNPS&o­bdNPSR^ lropS�lm`p`ch�QTSe{"bdg��(S��Pj©�8{Pj©opSRf�bdj�gmi�lm¦�f�g�Q�Q­hPiPjkf&lrbdj�gmi�`Vlri�{®lropS
lm��`cbdo�lmf�bpSR{ l�`6lmi E A � À � Â � Ä Å���& À � Ä � � � A E<�m�a��E Ä:A ��E � À = � @8  X?gmopS&g�¤mSRoR«�lm¦©¦YbdN�SR`dS�¥/gmop�a`
S��azP¦©g�odSYbpNPSV`cbplrbdS%`dz�lmf&S0S&i�bdj�odSR¦©^�j�i�gmo�{aS&o�bpg�±�i�{�bpNPS­g�zabdj�Q�lr¦	lm¦©¦�gaf&l�bpj©g�i�gr¨$bdNPS­QTga{ah�¦©Se`ygmi�bpg
bpNPS�zPopgaf�SR`p`dgmo�`&«J¨¼g�o bdNPS�opS&¦�j�lm�Pj�¦©j©bs^�f�opj©bdS&opj�gmi1  �F¤�S&i£¥�j�bpN `cz(lmf�S�opSR{ah(f�bdj�gmi�bdSef�NPiPjk¾�hPSR`J= ��� « �R~ @µ«
bpNPjk`FS��aN�lmh�`cbdj�¤mS�S��azP¦�gmo�l�bpj©g�iVopS&Q�lmj©i�`F¤mS&op^Vf&g�`cbd¦�^m«�NPS&i�f&S�bdN�S&^�lropS�gmiP¦�^TfRlrz�lm�P¦�S�gr¨JbdopSRlrbdj�iP�0¤mSRod^
`dQ�lr¦�¦F`cj�»&S�zPopgm��¦©SRQ�` ª ¦©Se`d` bpN�lri ?�Q�g_{PhP¦©Se`p¬� �¶�j�i�lm¦©¦�^m« = �r� « � � « �A� @�bdopSRl�b bpNPS�z�lrodbdjkf�h�¦�lmo fRlm`dSVgm¨
opSR{PhPi�{Plmi�b�{aj�`cbdopj��PhabdSe{0`c^a`cbdSRQ�`R«A¥�NPS&opS½SRl�f�N%f�g�QTz�habdj�iP�yiPga{aS�f�gmi(`cjk`sb�`1gm¨

n
jk{aS&i�bpj�fRlr¦mz�odgaf�Se`d`dgmo�`R«

lmi�{?Selmf�N�f&gmiPi�SRf�bpj©g�i?�:S�bs¥/S&S&i�bs¥�g�f�g�QTz�habdj�iP��iPga{aSR`Yf�g�i�`cjk`cbp`tgr¨
m
jk{aS&i�bdjkf&lm¦½f�gmQ�QVhPiPjkf&l�bpj©g�i

¦�j�iP�a`& $X�gmopS�`cz:SRf&j�±(fRlr¦�¦©^�«AbdNPSR^­f�g�i�`dj�{aSRo½`c^a`cbdS&Q�`$¥�j©bdN�lxopSR{PhPi�{Plmi�f�^%¦�S&¤�S&¦_gr¨¹�yg�o½�P«r�PhPbF¥�j�bpNPgmhab
`dgr¨Øbs¥�lropSYodSe{ahPi�{Plmi�f�^� 
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���������� ���������
uxi�lm¦©��gmopj�bpNPQ ��oplmzPN

Alg
j�` lri �P� Á � &�E·� Ä �mE À�A � À Å B ��� K D

(O,D)
 9N8b�`xiPga{aSe` ª bdN�ST`dS�b

O
¬tlropS

`dgr¨Øbs¥�lropS$�P¦�g_f��a`�f&lr¦�¦�SR{ Ä7K�À ���a��E Ä:A �  	M�NPSR^Y{PgyiPgrb�N�lA¤mSFlmi_^t`dj�{aSºS�XJSRf�be«AS��Pf�SRzab	¨¼g�o1j©i�zPhab���gmhabpzPhab
g�z(SRoplrbdj�gmi�`R³tlmi�j�iPzPhab%g�z(SRoplrbdj�gmi�j�` l�f&lm¦©¦�bdg�l�`cSRi�`dgmo0{aopj©¤�S&oe«:¥�N�j©¦�S�lri£gmhabpzPhab0gmz:S&o�l�bpj©g�i�jk`Yl
fRlr¦�¦�bpgVlmi�lmf�bdh�lrbdgmo/{aopj©¤�S&oe  �ºl�f�N�lro�fygm¨

Alg
ª bpNPS `cS&b

D
¬ºj�`/l Å��a�R� Â Å À K�À!A Å À!A � Á£�:S�bs¥/S&S&i°bs¥�g

g�z(SRoplrbdj�gmi�`R TN8¨ 

.
Zvjk`$lt{Plrbplr�8{aSRz(SRi�{aSRi�f�^�«�bdNPSRi 
�jk`$l K � À Å À � À �e� Ä � gmz:S&o�l�bpj©g�i­gr¨(gmz:S&o�l�bdj�gmigZV«

¥�N�j©¦�S9Z jk`yl � ����� À �R� Ä � g�z(SRoplrbdj�gmi�gr¨½gmz:S&o�l�bpj©g�i�
V JWtz:S&o�l�bdj�gmi�
¸jk`xlm¦�`dg�f&lm¦©¦�SR{6bdN�S � Ä ���A� À�gm¨
bpNPS�{Plrbplr�8{aSRz(SRi�{aSRi�f�^ 


.
ZV«�lmi�{ Z jk`%j©bp` Å À �R�2E A �a��E Ä:Aº �M�NPS�`cS&b­gr¨ylr¦�¦ºz�odSe{aSRf&SR`p`cg�op`Ygr¨�
 j�`

i�grbdSe{
pred(X)

  M�N�S6`dS�b�gr¨xlr¦�¦�`ch�fRf�Se`d`dgmo�`0gr¨�
 jk`Vi�grbdSe{
succ(X)

 "M�N�S��mo�lrz�N
Alg

j�i�{ah�f&SR`
l K �a�A�2E<� & Ä ��Å À �®� À &·�a��E Ä:A ��DCE K��(S&bs¥�SRS&iIbdNPS�gmz:S&o�l�bpj©g�i�`2R�bpNPjk`�z�lrodbdjklr¦�g�op{aSRo�odSRzPodSe`cSRi�bp`VbdNPS
z:grbpS&i�bdjklr¦¹z(lro�lr¦�¦©SR¦©jk`cQ gr¨	bpNPS%lr¦��mg�odj©bdN�Q¢`cz:SRf&j�±(fRl�bpj©g�i1 
M�NPS

Alg
��oplmzPN?jk`0lmf�^af&¦©jkf­��hab%j�b%jk`Yj©iP±�iPj©bdS&¦�^�opS&z:SRlrbdSe{�j�i�g�op{PS&oYbdg6bplm�mS�j©i�bpg�l�f&f�g�hPi�b bdNPS

opSRl�f�bpj©¤_j©bs^?gr¨�bdN�S°Q�g_{PS&¦�SR{"`c^a`cbdSRQ�«�bdN(l�b­jk`&«�j©bp`%opSRl�f�bpj©g�i�bpg?S��_bdSRodi(lr¦F`cbdj�Q­hP¦�jºzPopga{ah�f&SR{£�_^�j©bp`
SRi_¤�j�opgmiPQ�S&i�be  �ºlmf�N£S��aSRf&habdj�gmi"gm¨

Alg
jk`%f&lm¦©¦�SR{£lri E·� À ���a�2E ÄHA� °M�NPS�gmz:S&o�l�bpj©g�i�` ¥�j©bdN"iPg�zPopS��

{PSRf�Se`d`dgmotlropS%f&lr¦�¦�SR{ E AbK �	� gmz:S&o�l�bdj�gmi(`&³�bdNPSR^�lropS%`cSRi�`cg�ot{aopj�¤mS&oxj©i_¤mgafRl�bdj�gmi(`�bdg°opSRl�{�{Pl�b�l�¨¼opgmQ
bpNPS0S&i_¤_j�odg�iPQ�S&i�bR ½M�NPS0g�z(SRoplrbdj�gmi�`/¥�j©bdN�iPg°`dh�f&f&SR`p`cg�o/lmodS0f&lm¦©¦�SR{�Ä �	� K ��� gmz:S&o�l�bpj©g�i�`&³�bpNPS&^�lropS
l�f�bph�l�bpgmo�{aopj©¤�S&o�j©i_¤�g_fRl�bpj©g�i�`�bdg�S&Q�j©bx{Pl�b�lVbdg�¥�lro�{P`FbpNPS0S&i_¤_j�odg�iPQ�S&i�bR 
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¶�j��mhPopS­�a³/uyi�S��almQ�zP¦©S0gm¨Flr¦��mgmopj©bdNPQ¢��oplmzPN
Alg

³ N��m«7Nc�P«�lri({GNs��lropS0j©iPz�habtg�z(SRoplrbdj�gmi�`R«(WV�%lri�{
W �VlropS gmhabpzPhabyg�z(SRoplrbdj�gmi�`R«au��ed lmodS opS&�mh�¦�lmo�g�z(SRoplrbdj�gmi�`R 

����� 	 ������������� ��� ��� � �������
M�N�S�lmopf�NPj©bdSef�bphPodS6�mo�lrzPN

Arc
j�`�l A�Ä:A1Â�Ä �oE À!A � À Å � E K �a�A�2E·� À>B ��� K D

(P ,L,A)
¥�N�g�`dS�`dS�b�gr¨

i�g_{PSR`0jk`
P ∪ L

lri({�¥�N�g�`dS�`dS�bVgr¨�SR{a��SR`0jk`
A

R
P
j�` bpNPS�`dS�b%gm¨�z�odgaf�Se`d`dgmo�`Y¥�NPj�¦©S

L
jk` bpNPS�`dS�b

gm¨$f&gmQ�Q­h�iPj�fRl�bpj©g�i�¦�j�iP�a`& �u K � Ä � À �R� Ä � jk`xf�g�Q�z(g�`cSe{6gm¨Fl�f�gmQ�zPhPbdj�iP��hPiPj©bR«:¥�NPjkf�N?lr¦�¦©g�¥y`�j©bybdg
S��aSRf�hPbdSYgmz:S&o�l�bdj�gmi(`&«�lri�{�gmiPSYgmo/Q�gmopStf�g�Q�Q­hPiPjkf&lrbdj�gmi°h�iPj�b�`&«a¥�N�j�f�N�lm¦©¦�g�¥vj©b/bpgV`dS&i�{�gmo/odSef�SRj©¤�S
{�l�bplTbpg �A¨¼odg�Q f�g�QTQVhPiPjkf&lrbdj�gmi�¦©j�iP�a`& �u KºÄ E A � Â � Ä�Â$K�Ä E A �T� Ä � � � A E<�m�a��E Ä:A &�E A � jk`xf&gmQ�z(g�`cSe{
gm¨	l­`dSR¾�hPSRi�bpj�lm¦(Q�SRQTg�od^VbdN(l�b�lr¦�¦©g�¥y`ºj�b/bdg­bdo�lri�`dQ�j�b�{Pl�b�l0¨¼opgmQ gmiPStzPopg_f&SR`p`cg�o½bdgTlriPgmbdNPSRoR  �ºl�f�N
Se{a�mS gm¨

Arc
f&gmiPi�SRf�b�`�iPSRf&SR`p`dlmodj�¦�^�gmiPS zPopgaf�SR`p`dgmo�lri�{�gmi�S f&gmQ�Q­h�iPj�fRl�bpj©g�i6¦�j©i��: 
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¶�j��mhPopS �P³Fuyi�S��PlmQTz�¦©S gr¨$lri�lro�f�NPj©bdSRf�bdhPopSY�mo�lrzPN
Arc

³ ª l�¬�j©bp`��Pj�z�lrodbdj©bdS opS&zPopSR`dS&i�b�l�bdj�gmibR ª �(¬/j©bp`
f&¦�l�`d`djkf&lr¦JopS&zPopSR`dS&i�b�l�bdj�gmi	 
u>K �a��D �:S�bs¥/S&SRiTz�odgaf�Se`d`dgmo�`$ny�xlmi�{TnFi°jk`Fl%`dSR¾�hPSRi�f�S�ny�&�8u­��� �F�&�8uY�A�8n��A�#ux�r� ���A�#u fr�

· · ·
�8nFi1«

`dh�f�NTbdN(l�bºnFj
∈P
« �	j

∈L
«�uxj

∈A
«au­�-, ª nx�m« �F�e¬�«�uY�., ª �º�m« n��m¬�«mux�/, ª n��P« ���m¬�«�u f�, ª ���a« nº��¬�«�lri({�`cg

g�i1 �M�N�S��mo�lrzPN
Arc

j�` � ÄHAFA�À �m� À Å j©¨(bpNPS&opS�S��aj�`cbp`½lYz�lrbdNT�(S&bs¥�SRS&i�lri_^ bs¥�gYiPga{aSe`�RmbdNPjk`$iPgrbpj©g�iVjk`
h(`ch�lm¦©¦�^�{aS&±�iPSe{�¨¼g�o�iPgmiP�µ�Pj�z�lmocbpj�bpSY��oplmzPN�`R«_�Phabxj©bxlrzPz�¦©j�SR`�lm¦�`dgTbdg��Pj�z�lrodbdj©bdS0g�iPSR`2Ra¥�N�l�b�Q�l�bdbdSRop`
N�S&opStjk`�bdN�lrb�j�i�lVf&gmiPiPSef�bpSR{

Arc
�mo�lrzPN1«�bpNPS&opStS��aj�`cbp`�lVz�l�bpN6�:S�bs¥/S&SRi6lri_^�bs¥/gVz�odgaf�Se`d`dgmo�` ª lri�{

i�grbxg�iP¦©^6�(S&bs¥�SRS&i?lmi�^6bs¥/g�iPga{aSR`�¬�  Æ ^�lmi�lr¦�gm��^°¥�j©bdN�iPg�ia�µ��j©z�lmocbpj�bpS%�mo�lrz�N�`&«PbdNPS%��oplmzPN
Arc

jk`
� Ä � K & À � À�j©¨ºbpNPS&opSTS��aj�`cbp` l�f�g�Q�Q­hPiPjkf&lrbdj�gmi?¦�j�iP�?�:S�bs¥/S&S&i£lri_^�bs¥/g�zPopgaf�SR`p`dgmo�` ª lmi�{�iPgrb gmiP¦�^

Õ¼Ö�×1ÕØÇ
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lmi�SR{a��S%�:S�bs¥/S&S&i�lri_^�bs¥/g°iPga{aSe`p¬� xM�NPS­lmopf�N�j�bpSRf�bphPopS%j�` � Ä � K & À � À & Á � Ä:ACA�À �r� À Å j©¨Fj�b�`x��oplmzPN
Arc

j�`yf&gmQ�zP¦�S�bpSm 
M�NPSY�Pj�z�lrodbdj©bdSY�mo�lrz�N�odSRzPodSe`cSRi�bpl�bpj©g�i�j�`�SR`p`dS&i�bdjklr¦(bdgTQ�g_{PS&¦:j©i�l­hPi�j�¨¼g�odQ ¥�lA^Tz:gmj�i�bc�µbdgm�µz:gmj�i�b

f&gmQ�Q­h�iPj�fRl�bpj©g�i�¦�j©iP�a`ylmi�{6Q­hP¦©bdj©�µz:gmj�i�bxf�g�QTQVhPiPjkf&lrbdj�gmi�QTSe{ajklTlmi�{��Ph�`dSR`R 
��� � ��� ���+� ����
�� ��� ����� � ��� ����� ��� ���

ux¦©g�iP��¥�j�bpN"bdNPS°lm¦©��gmopj�bpNPQ[��oplmzPN
Alg

lmi�{�bdNPS°lmopf�N�j�bpSRf�bphPopST��oplmzPN
Arc

«�¥/S�lmodS�lm¦�`dg��mj�¤mS&i"l
b�lr�P¦�S

Exe
gr¨FbpNPSVÃVÄ ���R� Â ���P� À´À	�1À � �	��E Ä:A ��E � À � ª ¡vU ��My¬xgm¨�lr¦�¦�bdNPSTgmz:S&o�l�bpj©g�i�`xgm¨

Alg
g�i�bdg

lm¦©¦xbdNPS�zPopg_f&SR`p`cg�op`Tgm¨
Arc

«ylmi�{¯bdN�S�Ã­Ä ���&� Â �m��� À � Ä � � � A E·���a�2E ÄHA �2E � À � ª ¡vU�U/My¬°gr¨%lr¦�¦
bpNPSV{�l�bplr�8{PS&z:S&i�{aSRi�f�j�SR`xgr¨

Alg
gmi�bdg�lm¦©¦�bdN�SVf�g�Q�Q­hPiPjkf&lrbdj�gmi�¦�j©i��_`xgr¨

Arc
 tuxi?j�i�bpoplr�µz�odgaf�Se`d`dgmo

f&gmQ�Q­h�iPj�fRl�bpj©g�i�b�lr�mSe` iPg�bdj�Q�S�bdg�S��aSef�habpSm �M�NPS�¡ U �ºM lri�lm¦©^a`dj�` jk` bpNPS�bdg�zPj�f�gm¨/QVh�f�N£¥�g�od�ª `cSRS-= �a� « ��? @:¨¼gmo�`dhPod¤�S&^a`�¬� �
 iPg�¥�j©i��%bdN�SYS��aSRf�hPbdj�gmi6f�N(lro�lmf�bpS&opj�`cbdjkf&`�jk`�i�grbylVf&odj©bdjkf&lm¦¹lm`p`chPQ�zabpj©g�i
`dj�i�f�S�¡ U �ºM�lri�lm¦©^a`dj�`�N�l�`��(SRS&i lmzPzP¦�j©Se{I¥�j©bdNv`dh�f&f&SR`p`Tbdg´opSRlm¦��8¦©j©¨¼S�zPopg_f&SR`p`cg�op`�l�f�bdh(lr¦�¦©^ h(`cSe{
j�i>SRQ­�:SR{P{PSR{>`d^a`sbpS&Q�`R«y¥�j�bpN>�Po�lri(f�N zPopSR{ajkf�bpj©g�i = ~ @Yg�o6¥�j©bdN�f&l�f�NPSR`6lri�{>zPj©z:S&¦�j�iPSR` = �r� @8  N#i
z(lrodbdjkf�hP¦klroe«Jj�b%N�l�`Y�(SRS&i"lrzPzP¦�j�SR{�bdg�bdNPS�Q�g�`cb0f�opj�bpj�fRlr¦½S&QV�(Se{P{aSe{�`d^a`sbpS&Q�«1i�lmQTSR¦©^�bpNPS
�����������
ut�"?��VlA¤_j�gmiPjkf&`�`dgr¨Øbs¥�lropStophPiPiPj�iP��gmi6bdN�S��������������	��X?n/U�� ���%zPopgaf�Se`d`dgmo4= � « ��� @µ 
¶�j�i�lr¦�¦©^�«�bdNPSYlro�f�NPj�bpSRf�bdhPopSyjk` D Ä � ÄHB:À�A�À_Ä ��� j©¨�lr¦�¦(j©bp`�zPopgaf�SR`p`dgmo�`½lri�{°lm¦©¦:j©bp`/f�gmQ�QVhPiPjkf&l�bpj©g�i

¦�j�iP�a`yN�lA¤�StbpNPSV`plrQ�S%f�N�lmopl�f�bpS&opj�`cbdjkf&` ª `cz:S&Se{¹«�Q�S&Q�g�od^�«�opS&¦�j�lm�Pj©¦�j©bs^m«��(lri�{a¥�jk{_bpN1 © � Í¬� xWxbdNPSRod¥�jk`dS%j�b
jk` D À � À � Ä:B(À�A�À_Ä ���  �WthPo zPodg�z(g�`cSe{?Q�S�bpNPga{�lmi�{?��j�f&odj©bdSRodjkl6`pf�NPSe{ahP¦�j©iP��lr¦��mg�odj©bdN�Q�¥/gmop�a`x¥�j©bdN
N�S�bdSRodg��mSRiPS&g�h�`�lmopf�N�j�bpSRf�bphPopSR`R 
��� � ! ��� ��� �"�/��� ��# ��
 ���

M�N�S���oplmzPN�`
Alg

lmi�{
Arc

lropSFbpNPS � KºÀ � E $$�m�a��E Ä:A6gm¨�bpNPS�`c^a`cbdS&Q� CN8bp` E � K & À � À!A �e�a�2E ÄHA°j©i_¤mg�¦©¤�SR`
±(i�{aj�iP�Il®Q­hP¦©bdj�zPopg_f&SR`p`cg�o6`pf�NPSR{PhP¦©S�gr¨

Alg
gmi�bdg

Arc
«tf�g�Q�z(g�`cSe{�gmi>g�iPS�N(lri�{vgm¨Vl®`dz�lrbdjklr¦

lm¦©¦�gaf&lrbdj�gmi�¨¼hPi�f�bdj�gmi1«¹lmi�{�gmi�bpNPS­gmbdNPSRotN(lri�{�gm¨ºl�bdSRQ�z(g�oplm¦�lr¦�¦�g_fRl�bpj©g�i�¨¼hPi�f�bpj©g�i1 tM�N�S � K �a��E·� &
��& & Ä �m�a��E Ä:A I � A �r��E Ä:A

Σ
�mj�¤mSR`R«(¨¼gmoxSelmf�N?g�z(SRoplrbdj�gmi�gm¨

Alg
ª opSR`dz1 (¨¼gmoYSRl�f�N?{Pl�b�l��#{aS&z:S&i�{PS&i�f&^a¬�«

bpNPS­`dhP��`dS�bxgm¨½zPodgaf&SR`p`cg�op`�gm¨
Arc

ª opSR`dz1 PbpNPSV`dhP��`dS�bygm¨Ff�gmQ�QVhPiPjkf&l�bpj©g�i�¦©j�iP�a`�¬/bdN�lrbx¥�j�¦©¦�S��aSRf&habdS
j©bR 
M�NPS � À � KºÄ ��� &���& & Ä �m�a��E Ä:A I � A �r��E Ä:A

Ω
�mj�¤mSe`/bdNPS­`cbplmocbpj©i��°{Pl�bpS%gr¨½SRl�f�N�gmz:S&o�l�bdj�gmi ª opSR`dz1 

Selmf�N?{Plrbplr�8{aSRz(SRi�{aSRi�f�^P¬�g�i�j�b�`xzPopgaf�Se`d`dgmo ª odSe`cz	 �j©bp`Yf�gmQ�QVhPiPjkf&l�bpj©g�i�¦©j�iP�P¬�  N#i?�mSRiPS&o�lr¦µ«P¨¼g�oybs¥/g
��j©¤�S&i6�mo�lrzPN�`

Alg
lmi�{

Arc
«_bpNPS&opS0S��ajk`sby`dS&¤�S&o�lr¦Jz(g�`d`dj��P¦©S0`pf�NPSR{PhP¦©Se`& 

u `df�NPSe{ahP¦�S�j�` �&�e�a�2E<� j©¨YbpNPS?¨¼h�i�f�bpj©g�i
Ω
jk`�`cbplrbdjkfr �M�NPjk`°Q�SRlmi�`�bpN�l�b6lm¦©¦ybdNPS£`df�NPSe{ahP¦�j©i��

{PSRf�jk`dj©g�i�`�N�lA¤mSY�:S&S&i�Q�lm{PSYg"X(�8¦�j©iPS� �WxbdNPSRod¥�jk`dStbpNPS0`df�N�SR{ahP¦�S0jk` Å ÁTA � �]E<�  
u¢`cbplrbdjkf�`df�N�SR{ahP¦�S�jk`0Ã E¼�2D Ä �	��� À!K &�E·���a�2E ÄHA�j©¨�¨¼gmo0SRl�f�N"gmz:S&o�l�bdj�gmi 
 ª lmi�{£¨¼gmo0Selmf�N´{Plrbpl��

{PS&z:S&i�{aSRi�f�^P¬�«FbdN�S�`dS�b
Σ(X)

jk`�l�`dj©i��m¦�S�bdg�i1«Fg�oVj�iIgmbdNPSRoV¥/gmo�{P`R«
|Σ(X)| = 1

  N#i¯f�g�i�bpopl�`sbe«Fl
`pf�NPSe{ahP¦�Sxjk`ºÃ E¼��D \ �P�r��E�M À�c � À!K &�E<�m�a��E Ä:A�j©¨1¨¼gmo�`dgmQ�Sxg�z(SRoplrbdj�gmi 
 ª gmo/`cg�Q�St{Plrbpl��#{aSRz(SRi�{aS&i(f�^P¬�«
|Σ(X)| ≥ 2

 tM�NPSTi_hPQ­�:S&o
|Σ(X)|

jk`Yf&lr¦�¦�SR{�bpNPS � À!K &�E·���a�2E ÄHA Iµ���r� Ä � gm¨ 
­ 0N#i�l�`pf�NPSe{ahP¦�S%¥�j�bpN
opS&z�¦©jkf&lrbdj�gmi1«Pl���j©¤�S&i�gmz:S&o�l�bdj�gmi�f&lmi�`sb�lrodb�j©bp`yS��aSRf&habdj�gmi�lm`�`dg_gmi�lm`�j©bxN�l�`�odSef�SRj©¤�SR{�lr¦�¦1j�b�`�j�iPzPhab
{�l�bpl�lrb�¦�SRl�`sb�¨¼opgmQ¢g�iPS0lmf�bdj�¤mS odSRzP¦�j�fRlVgm¨�Selmf�N�gr¨�j©bp`yzPodSe{aSRf&SR`p`cg�op`R bN#i�gmbdNPSRo�¥�g�op{P`R«_j�bx{Pg�Se`�iPgrb
i�S&SR{�bdg�¥�lrj©b�¨¼gmo�bpNPS0odSef�SRzabdj�gmi�gr¨�j�b�`�j©i�zPhabt{Plrbpl�`dS&i�b���^6lr¦�¦¹bdNPS opS&zP¦�jkf&lm`�gm¨�j©bp`�z�odSe{aSRf&SR`p`cg�op`R 
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u�`pf�NPSR{ah�¦©Stj�`OK �a�A�2E·��& j©¨�iPgmb�lm¦©¦:bpNPStg�z(SRoplrbdj�gmi�`ºgr¨
Alg

N�lA¤�Sy�:S&S&i�`pf�NPSR{ah�¦©Se{¹«_�Phab�gr¨�f&gmhPo�`cS
lm¦©¦:bpNPStg�z(SRoplrbdj�gmi�`ºbdN(l�bylropSt`pf�NPSR{PhP¦©Se{�lmodSY`ch�f�N�bdN�lrbylr¦�¦(bpNPS&j�o�zPopSR{aSef�SR`p`dgmo�`ºlropStlm¦�`dgV`pf�NPSe{ahP¦�SR{¹ 
¶�j�i�lr¦�¦©^�«FbpNPS & À�ACB �2D gmo � ��� À � K � A�gr¨ l�`cbplrbdjkf6`pf�NPSR{PhP¦©S�jk`­bpNPS

max
gr¨xbpNPS6bdS&opQ�j©i(l�bdj�gmi

bpj©Q�Se`�gr¨�bdNPS0¦klm`cb�gmz:S&o�l�bdj�gmi�`pf�NPSR{ah�¦©Se{�g�i6Selmf�N�gr¨�bdNPS0zPopgaf�Se`d`dgmo�`ºgm¨
Arc

 ½¡£S0iPgrbpSYj©b��������� 
���	� 
 ��� 
 ����� ����� 
 ��� ��� ���
Æ gmbdN�zPodgaf&SR`p`cg�op`�lri({6f&gmQ�Q­hPi�j�fRl�bdj�gmi�¦�j©iP�a`yfRlri6¨·lrj�¦<«(lri�{6bdN�S&^6lmodS I8��E & Â ��E & À�A �  ºU�¦�l�`d`djkf&lr¦�¦�^m«_¥�S
l�{agmzPbxbdN�S­¨·lmj©¦�hPopSVQ�ga{aS&¦$gm¨/\_N�lrbd»�lri�{�¡"lri��S= �r� @µ³�¨·lmj©¦�hPopSR` lropS �R�A� A ��E À�A � «1lmi�{�bpNPS�Q�l �aj©Q�lr¦
{PhPoplrbdj�gmi gr¨Pl�¨·lmj©¦�hPopSFjk`	`dh�f�NYbdN�lrb�j©b�loXJSRf�bp`1g�iP¦�^xbpNPSºf�h�odopS&i�b	g�z(SRoplrbdj�gmi S��aSRf&habdj�iP��g�i�bpg�bdN�S½¨·lrhP¦©bs^
z�odgaf�Se`d`dgmoe«(lmi�{�iPgmbtbpNPS�`chP�(`cSe¾�h�S&i�btg�z(SRoplrbdj�gmi�` ª lri({�`dj©Q�j�¦�lmod¦�^�¨¼g�oxbpNPS�f�gmQ�QVhPiPjkf&l�bpj©g�i?¦�j©iP�a`�¬	R
bpNPjk`%jk`0�_iPg�¥�i´lm` bpNPS-UcNPgrbtWT¨·lmj©¦�hPopS°Q�g_{PS&¦µ �u�fRf�gmo�{aj�iP��bdg�bpNPjk`0¨·lrj�¦�hPodS�Q�ga{aSR¦<«�bdNPS�g_fRf�hPopopS&i�f&S
gm¨�¨·lrj�¦©h�odSe`%gmi l�zPopg_f&SR`p`cg�o0n ª opSR`dz1 $l?f�g�Q�Q­hPiPjkf&lrbdj�gmi´¦�j©i�� ��¬ ¨¼g�¦©¦�g�¥y`­l�n$g�j�`p`cg�i´¦�lA¥ ¥�j©bdN®l
f&gmi�`cbplmi�b$z(lro�lrQ�S�bpS&o

λ
«�f&lm¦©¦�SR{Tj©bp` I8��E & ��� À ���a� ÀJK�À �­�2E � À � A E·�  ½X�g�odSRg�¤mS&oe«e¨·lrj�¦©h�odS�gaf&f&hPopodSRi�f�Se`

lmodS `cbpl�bpj�`cbdjkf&lm¦©¦�^°j�i�{aSRz(SRi�{aS&i�bxSR¤mSRi�b�`& ½M�NPSe`cS0l�`d`dhPQ�zabdj�gmi(`�lropSxbpNPS%`dlmQ�S l�`/bdNPg�`cS0Q�l�{aS j©i = �r� «
�3f « � � « �e~ « �e� « �A� « ��� « � « � « ? « �m� @8  � grbdSYlr¦k`cg%bdN�lrbºbdo�lri(`cj�S&i�bF¨·lmj©¦�hPopSR`ºlmodSybdNPStQTg�`sb/f�gmQ�Q�gmi°¨·lrj�¦©hPopSR`
j�i�Q�g_{PS&opi6SRQ­�:SR{P{aSe{�`c^a`cbdS&Q�`R 
M�NPS � À &�E·�P�FE &�E¼� Á¸gm¨­l®`d^a`sbpS&Q�Q�SRlm`dhPopSR`�j�b�`�f&gmi�bdj�i_hPj©bs^¯gm¨­`cSRod¤_jkf�S�  N8b�j�`�{aS&±�iPSR{�lm`�bdNPS

z�odg���lr�Pj�¦�j�bs^�bdN�lrbTj©bT¨¼hPi�f�bpj©g�i�`�f�g�odopSRf�bd¦�^�{ahPopj�iP��l��mj�¤mSRi"bdj�QTS�j�i�bpS&op¤�lr¦ = � @µ "u�f&f&gmo�{aj©i���bdg£gmhPo
Q�ga{aSR¦<«ebdN�SºopS&¦�j�lm�Pj©¦�j©bs^tgm¨abdNPS�zPodgaf&SR`p`cg�o1n ª opSR`dz1 &bdNPS�f�g�QTQVhPiPjkf&lrbdj�gmi ¦©j�iP� ��¬	{ahPopj©i��ybdN�S�{ahPo�l�bpj©g�i
d
j�`R³

R = e−λd

U�g�i_¤mS&o�`dS&¦�^m«AbdN�S K � Ä �$�a�FE &�E·� Á£Ä I I8��E & �	� À%gm¨JbdNPStzPodgaf&SR`p`cg�o�n ª opSR`dz1 �bdN�Stf�g�Q�Q­hPiPjkf&lrbdj�gmi�¦�j©iP� ��¬
{PhPodj�iP�TbdN�S%{ahPo�l�bdj�gmi

d
jk`&³

F = 1 − R = 1 − e−λd

ixS&i�f&Sm«�bpNPS£odSR¦©jklr�Pj�¦�j�bs^�gr¨0bpNPS£gmz:S&o�l�bdj�gmivg�o6{Plrbplr�8{aSRz(SRi�{aSRi�f�^ 
 zP¦�l�f�Se{vgmi�bdg bdNPS£N�lro�{a¥�lropS
f&gmQ�z:gmiPSRi�btU ª �:S0j�bxlTzPopgaf�Se`d`dgmo/gmoyl�f�g�Q�Q­hPiPjkf&lrbdj�gmi�¦©j�iP�P¬/jk`&³

R(X, C) = e−λCExe(X,C) ª �e¬
X?g_{PS&opi®¨·lmj©¦©�8`dj�¦©SRi�b°z�odgaf�Se`d`dgmo�`�f&lmiIN�lA¤�S�l£¨·lrj�¦©hPopS�oplrbdS�lropgmh�i�{

10−6/hr
 �¶Pg�o�j©i�`cbplmi�f�S�«/bdNPS

z�odg���lr�Pj�¦�j�bs^VbdN�lrb/l­zPodgaf&SR`p`cg�oR«r¥�N�g�`dS�¨·lrj�¦©h�odStoplrbdSyjk`ºSe¾�h�lr¦(bdg
10−6/hr

«��:Sxg�z(SRoplrbdj�gmi�lm¦({ah�odj�iP�V�
N�gmhPo�`	jk`

e−10−6∗2 ' 0.999998
 1U�g�i�f�SRodi�j©iP�tj�b�`�zPodg���lr��j©¦�j�bs^ gm¨P¨·lrj�¦©h�odS/{ahPopj©iP�tbdN�S/`plrQ�S�{ahPo�l�bdj�gmi	«

j©byjk`�SR¾�h�lr¦Jbpg
1 − e−10−6∗2 ' 0.000002
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 � � ������� � ��� � ��� 
������ ��
������ 
�� � �/� � ��# ��
 �
��À $ A E¼��E Ä:A � �6À &�E·�a� E &�E¼� Á�� & Ä � � Â�� E·� B ��� � � ª w Æ � ¬ºN(lA¤mSy�:S&SRi�j�i�bpodga{ah(f�SR{°bdg�f�g�QTz�habdStbdNPS
opS&¦�jklr�Pj�¦©j©bs^Tgr¨	l%`d^a`sbpS&Q = �e� @8 $¶�gmopQ�lr¦�¦©^�«�lri6w Æ �>jk`ºlmi�Ä �oE À!A � À Å B ��� K D

(N, E)
«�¨¼gmo�¥�NPjkf�N°SRl�f�N

i�g_{PS/gm¨
N
j�`$l ��& Ä � � opS&zPopSR`dS&i�bpj©iP�YlriVS&¦�S&Q�S&i�b½gr¨(bdNPS�`d^_`cbdSRQ�«rlri�{VSRl�f�NVlro�f�gr¨

E
j�`½l �m�����e� &�E·� Á

&�E A � �:S�bs¥/S&S&i�bs¥/g6�P¦�gaf��a`& -N#i£lmi�^?w Æ �V«JbdN�S&opS�lmodSVbs¥/g6z�lmocbpj�f&hP¦klro �P¦�g_f��a`R³xj©bp` � Ä ����� À�\�lri({
j©bp` Å À �R�2E A �a��E Ä:A��V :uxi?w Æ �¸opS&zPopSR`dS&i�bp`xl°`c^a`cbdSRQ lri({�j�`xh�`cSe{�bdg�f&gmQ�zPhabpS%j©bp`yopS&¦�jklr�Pj�¦©j©bs^J³�lmi
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w Æ � jk`0ÄHKºÀ �A�P�2E Ä:A � & j X´bdN�S&opSTS��aj�`cbp` l�b0¦�SRl�`sb gmiPSTgmz:S&o�l�bpj©g�i�lr¦$z�lrbdN�¨¼odg�Q�\�bpg��­ 1u z�lrbdN£j�`
g�z(SRoplrbdj�gmi�lm¦	j©¨/lmi�{?g�iP¦©^�j©¨/lm¦©¦�bdN�SV�P¦�gaf��a`xj�i�bpNPjk`tz(l�bdN£lropS­g�z(SRoplrbdj�gmi�lm¦< 0M�NPSTzPopgm��lm�Pj©¦�j©bs^6bpN�l�b
l��P¦�gaf��?�:S�gmz:S&o�l�bdj�gmi(lr¦½jk` j�b�`0odSR¦©jklr��j©¦�j�bs^�  Æ ^�f�g�i�`sbpodh(f�bdj�gmi	«¹bdNPS�z�odg���lr�Pj�¦�j�bs^�bpN�l�b­lmi£w Æ � �(S
g�z(SRoplrbdj�gmi�lm¦Jj�`/bpNPS&opS�¨¼g�odS SR¾�h�lm¦JbdgTbdN�S0odSR¦©jklr�Pj�¦�j�bs^°gm¨�bpNPS0`c^a`cbdSRQ j©byodSRzPodSe`cSRi�bp`R 

N#i�gmh�o$fRlm`dSm«�bpNPS�`c^a`cbdSRQ¸j�`½bdNPS�Q­h�¦�bpj©zPopgaf�Se`d`dgmo½`cbpl�bpj�f�`pf�NPSR{PhP¦©S�«rz:g�`p`cj��P¦�^%z�lrodbdjklr¦µ«�gr¨
Alg

gmi�bdg
Arc

  �ºl�f�N°�P¦�g_f���opS&zPopSR`dS&i�b�`Flri°g�z(SRoplrbdj�gmi 
�zP¦klmf�Se{�gmi�bpg­l%zPopgaf�Se`d`dgmoFn®gmo�l­{Plrbpl��#{aSRz(SRi�{aS&i(f�^



.
Z zP¦�l�f�Se{�gmi�bdg�l�f&gmQ�Q­hPi�j�fRl�bdj�gmi�¦©j�iP���F ¹M�NPSVodSR¦©jklr�Pj�¦�j�bs^�gr¨ºl��P¦�g_f���jk`ybpNPS&opS�¨¼g�odSTf�g�QTz�habdSe{

l�f&f&gmo�{aj©i��­bpgV¨¼g�odQVhP¦kl ª � ¬� 
U�g�QTz�habdj�iP��bpNPS°opS&¦�j�lm�Pj©¦�j©bs^�j�i"bdNPjk`%¥�lA^�lm`p`dhPQ�SR` bpN�l�b%bpNPS°gaf&f&hPopodSRi�f�Se` gr¨�bdNPS°¨·lrj�¦©hPopSR`­lropS

�R�R�P�2E·�R�2E<�m� & & Á E A Å À K�À!A Å À!A � À M À!A �e�  �¡vj�bpNPgmhabVbdNPjk`VN�^_z:grbpNPSR`dj�`R«�bdNPS�¨·lmf�b­bdN�lrbT`dgmQ�S°�P¦�gaf��_`
�:S&¦�gmi��­bpg�`dS&¤�S&o�lr¦:z�l�bpN�`�¨¼odg�Q \°bdg �|Q�lr�mSe`FbpNPS%f�g�Q�zPhabplrbdj�gmi6gr¨	bpNPS odSR¦©jklr��j©¦�j�bs^�¤�S&op^�f�gmQ�zP¦�S��¹ 
U�g�i�f�SRodi�j©iP��N�lmop{a¥�lropS%¨·lmhP¦©bp`R«¹bdNPjk`0N_^_z(gmbdNPSe`cjk` jk` odSelm`dgmi�lm�P¦©S�«J�Phab0bdN�j�`0¥/gmh�¦�{�iPgrb%�:STbdNPS°fRlm`dS
¨¼g�oy`cgm¨Øbs¥/lmodSt¨·lrh�¦�b�`4= ��� @8 
M�NPS�Q�lmj©i�{ao�lA¥���lmf��´gm¨xbdN�j�`°lmzPzPopg�l�f�N®jk`TbdN�lrb�bdNPS?f&gmQ�zPhab�l�bdj�gmi¯gr¨tbdNPS�opS&¦�jklr�Pj�¦©j©bs^ jk`&«/j�i

��S&iPSRoplm¦<«�S��az(g�iPS&i�bpj�lm¦	j�i�bdNPST`cj�»&S­gr¨$bdNPSTw Æ �­ :¡vNPSRi�bdNPST`df�N�SR{ahP¦�S%jk`x¥�j©bdN�gmhabxopS&z�¦©jkf&lrbdj�gmi1«(bdNPS
w Æ ��jk` � À �oE·��& ª jµ  Sm �«abdNPSRodSYjk`/lT`dj©iP��¦©SYz�lrbdN°¨¼opgmQ \°bdg � ¬�`dgVbdNPS0f�g�Q�zPhabplrbdj�gmi6gr¨1bpNPS odSR¦©jklr�Pj�¦�j�bs^
jk`F¦�j�iPSRlmoFj©i°bdNPSY`cj�»&Sygm¨JbdNPSxw Æ �V  Æ hPb�¥�NPSRi�bdNPSY`df�NPSe{ahP¦�Syjk`F¥�j©bdN�opS&zP¦�j�fRl�bpj©g�i�`&«mbdNPSYw Æ �>N(lm`½iPg
z(lrodbdjkf�hP¦klro/¨¼gmopQ�«P`cgVbdN�S%f�gmQ�zPhPbpl�bpj©g�i6gm¨	bpNPS odSR¦©jklr�Pj�¦�j�bs^°jk`�S��az:gmiPSRi�bdjklr¦¹j�i�bpNPS%`cj�»&S gm¨	bdN�S%w Æ �­ 
ux¦�`dg�«_lri6w Æ �>jk` K �a��� & & À & j©¨�lr¦�¦�j©bp`��P¦�g_f��a`�lropSyj©i6z�lro�lr¦�¦�S&¦µ �¶�j©i(lr¦�¦©^�«_lmi°w Æ ��j�` � À �oE·� & Â$K �a��� & & À &
j©¨�j©bp`xf�gmi(`cjk`sb�`/gr¨�l�`dSR¾�hPSRi�f�SYgr¨$z�lro�lr¦�¦�S&¦:z(g�ocbpj©g�i�`&  N#i�bdN�g�`dSt¦klm`cb�bs¥�g�f&l�`cSe`&«�bpNPS0f�gmQ�zPhPbpl�bpj©g�i6gm¨
bpNPS0opS&¦�j�lm�Pj©¦�j©bs^�j�`ylm¦�`dg+�&��
:�)�o�Tj�i6bpNPS0`cj�»&S0gm¨	bpNPS%w Æ �­ 
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¶�j��mhPopS �a³½u|`dj©Q�zP¦�S%`df�N�SR{ahP¦�S ¥�j�bpNPgmhPbyodg�habdj�iP�� 
ut`Ylmi?S��PlmQTz�¦©S�«Jf&gmi�`djk{aS&otbdNPS�`dj©Q�zP¦�S

Alg
�mo�lrzPN�gr¨�¶�j��mhPopS f  Yu z:g�`p`cj��P¦�SV`pf�NPSR{ah�¦©j�iP��¥�j©bdN

opS&z�¦©jkf&lrbdj�gmi�gm¨�bpNPjk`
Alg

�mo�lrzPN6j�`x`cNPg�¥�j©i�¶�j©��hPopS � «P¥�NPSRodS g�z(SRoplrbdj�gmi 
|jk`�opS&zP¦�jkf&l�bpSR{�bs¥�j�f&S ª j©bp`
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opS&z�¦©jkf&l�`��:S&j�iP��iPgmbdSR{ 
 1 lmi�{ 
 2 ¬/lri({�g�z(SRoplrbdj�gmi�Z|jk`�lr¦k`cgTopS&zP¦�j�fRl�bpSR{�bs¥�jkf�S ª j�b�`�odSRzP¦©jkf&l�`/�(SRj©iP�
i�grbdSe{ Z 1 lmi�{ Z 2 ¬� ´M�NPS�w Æ � f�g�odopSR`dz(g�i�{aj�iP��bpg?bdN�j�`�`pf�NPSR{ah�¦©S�j�`T`dNPg�¥�i j�iI¶�j©��hPopS ~ «½¥�j©bdN
`dgmh�opf&S \�lri({6{aSe`sbpj©i(l�bdj�gmi��V �M�NPjk`�w Æ �|N�l�`�iPg�z�lrodbdjkf�hP¦klro�¨¼g�odQ
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¶�j©��hPodS ~P³FM�N�S%w Æ ��gr¨�bdNPS%`pf�NPSR{PhP¦©S gm¨$¶�j��mhPopS �  
% E A E � � &(�����y� À �e��� À ��D Ä Å M�N�S&opSºlropS½bs¥/gyQ�lrj�i%`cg�¦©habpj©g�i�`¹bpgyg�¤mSRopf&gmQ�S$bdN�j�`	zPodg��P¦�S&Q� �¶�j�op`cbR«
g�iPS°f&lmi�h(`cS�bpNPS �]E A E � � &y� �	��� À �R� � À ��D Ä Å = ��f « f @8 6M�NPjk`0Q�S�bpNPga{£j�`0h(`cSe{��_^£f�gmQ�Q�S&o�f�jklr¦
bpg_gm¦k`y`ch(f�N?lm`yw�SR¦©jklr��j©¦�j�bs^�¡£gmop���:S&i(f�N6¨¼opgmQ%$ � �'&����)(!* + g�o N8bdSRQ�M�g_gm¦���j©by¨¼opgmQ%$ ��, - .  �u � �	�
� À � j©i°lmi°w Æ � jk`ºl%`dS�b�gr¨¹�P¦�g_f��a`

C
`ch�f�N�bpN�l�bºbdNPSRodSyS��aj�`cbºiPg0z�lrbdN�¨¼opgmQ \Vbdg �>j�¨1¥/S�opS&Q�g�¤mS�lr¦�¦

bpNPS%�P¦�gaf��a`ygr¨
C
¨¼opgmQ bdN�SVw Æ �V (u f&hab

C
j�` �]E A E �®� & j©¨s«(¥�N(l�bdSR¤mSRo�bdNPSV�P¦�g_f���bdN�lrbtjk`yopS&Q�g�¤mSe{

¨¼opgmQ�j©bR«JbdN�S­opSR`dhP¦�bpj©i���`cS&bYjk`yi�grbYl6f�hab0lri_^_Q�gmopSm yM�NPSVodSR¦©jklr��j©¦�j�bs^�gr¨½bpNPS�`sb�l�bdjkf%QVhP¦©bdj�zPodgaf&SR`p`cg�o
`pf�NPSe{ahP¦�S

S
jk`ylrzPz�odg �aj�Q�lrbdSe{��_^°bdN�S0odSR¦©jklr�Pj�¦�j�bs^�gm¨�bpNPS%w Æ �¸f�g�Q�z(g�`cSe{°gr¨½lr¦�¦JbdN�S0QTj�iPj�Q�lr¦	f&habp`

z�hab�j©i�`cSe¾�h�S&i�f&Sm ½M�NPSYodSR¦©jklr�Pj�¦�j�bs^�gm¨�l­Q�j�iPj�Q�lm¦¹f�haby`dS�b
Ci

jk`�bdNPS opS&¦�j�lm�Pj©¦�j©bs^Tgm¨�lr¦�¦Jj�b�`��P¦�g_f��a`�zPhab
j�i�z�lro�lr¦�¦�S&¦µ³

R(Ci) = 1 −
∏

(o,c)∈Ci

(

1 − R(o, c)
) ª �m¬

ixS&i�f&Sm«_j�i°gmo�{aS&oºbdgTlrzPzPopg �aj©Q�lrbdS�bpNPSxopS&¦�j�lm�Pj�¦©j©bs^
R(S)

gm¨	lri�w Æ �V«_j�b�`ch�Q�f&SR`Fbdg�f�gmQ�zPhPbdStlm¦©¦:j©bp`
Q�j�iPj�Q�lm¦�f�hPbº`cS&bp`

Ci

«�i_hPQ­�:S&opSR{V¨¼opgmQ¢�/bdg
n
«�lri�{VbpNPS&iTbdg%f&gmQ�zPhabpS�bdNPS�opS&¦�jklr�Pj�¦©j©bs^

R−(S)
gr¨:bdNPS

`dS&opjklr¦©�µz�lmoplm¦©¦�S&¦(w Æ ��f&gmQ�z:g�`dSR{�gm¨	lr¦�¦(bpNPSR`dS f�hab�`& ½M�NPjk`�f�gmQ�zPhPbpl�bpj©g�i°jk`�¦�j�iPSRlmo�j�i�bdN�SYi_hPQV�(SRo�gm¨
Q�j�iPj�Q�lm¦	f�hPbx`cS&bp`R³

R(S) ≥ R−(S) =
n∏

i=1



1 −
∏

(o,c)∈Ci

(

1 − R(o, c)
)




ª ��¬

M�NPjk`$lrzPz�odg �aj�Q�lrbdj�gmi%jk`$ly¦�g�¥�SRo��:gmh�i�{¹«m`dgxj©¨:lt`df�NPSe{ahP¦�S
S
j�`$`dh�f�N%bpN�l�b

R−(S) > Robj

«r¥�N�S&opS
Robj

jk`$bdN�SxopS&¦�j�lm�Pj©¦�j©bs^­gm�PqsSRf�bpj©¤�S�bdN�lrbFbdN�S�bplmod��S�bº`pf�NPSR{ah�¦©S�QVh�`sb�QTSRS�be«mbpNPS&i°j©bºzPopg�¤mSe`�bdN�lrb
R(S)jk`��mopSRlrbdSRo­bpN�lri

Robj

«�¥�N�j�f�N¯j�`�z:S&od¨¼SRf�bd¦�^ ±�i�Sm �M�NPS�Q�lrj�iIzPopgm��¦©SRQ,gr¨YbdNPjk`�Q�S�bdN�g_{¯jk`TbdN�lrbR«
/�021�354�687�9;: î <�=�=�> ?A@�@�B�B�B CED�F�G�H�I�J�>�<8KLF�G�M�=�BLJ�ILN�CPO�G�Q�CR<�=�Q ïS 0ETVUXW î <�=�=�> ?A@�@�B�B�B CED�=�N�Q;Y�Z C
QVO2Q[JXD�\]CPO�G�Q8@�I�^L_!CR<L=�Q8\
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{PS&z:S&i�{aj�iP��gmi6bdN�S `cbdoph�f�bdhPopS gr¨	bpNPS0w Æ �­«_bpNPS bdgmbplm¦:i_hPQV�(SRo�gr¨�QTj�iPj�Q�lr¦1f�hPbp`�jk`��(S&bs¥�SRS&i
n− 1lmi�{

2n−2 «�¥�NPS&opS n
j�`�bpNPS�i�h�Q­�:S&o$gr¨�i�g_{PSR`�gr¨PbpNPS�w Æ �­ r¶�gmo�j©i(`sb�lri�f&Sm«�bpNPS/w Æ ��gm¨(¶�j©��hPopS ~ N�lm`

���xQ�j�iPj©Q�lm¦Jf&hab�`cS&bp`R³
{1, 2}

«
{3, 4, 5, 6}

«
{7, 8}

«
{1, 5, 6}

«
{2, 3, 4}

«
{3, 5, 8}

«
{4, 6, 7}

«
{1, 6, 7}

«
{1, 5, 8}

«
{2, 4, 7}

«Flmi�{
{2, 3, 8}

 �ux`°l"f�g�i�`dSR¾�hPS&i(f�Sm«ºbdNPS�lrzPzPopg �aj©Q�lrbdS6f&gmQ�zPhab�l�bpj©g�i¯gm¨tbpNPS
opS&¦�jklr�Pj�¦©j©bs^�¥�j�bpN?bdN�SVQ�j�iPj©Q�lm¦$f&hab0`cS&bp`tQTS&bdNPga{�j�`Ylr¦k`cg�S��az(g�iPS&i�bpj�lm¦�j�i?bpNPST`dj�»&S­gm¨

S
 0M�NPjk`xjk`tl

{PoplA¥���l�f���gr¨�bdNPS0�Pjkf�opj©bdS&opjklV`pf�NPSR{PhP¦©j�iP��lr¦��mg�odj©bdN�Q zPodg�z(g�`cSe{�j�i = � @µ 
_	À �oE·� & Â$K �a��� & & À &t�R�mD À Å���& À � À ��D Ä Å ¶�gmo bdN�j�` opSRl�`cg�i1«J¥�S�zPopgmz:g�`dS%bpg�z�odga{ah�f&ST`pf�NPSe{ahP¦�SR` j�i
`dh�f�N�l ¥�lA^%bdN(l�bFbpNPSxf�g�odopSR`dz:gmi�{aj�iP�0w Æ � ¥�j�¦�¦��:Sm«���^Tf�g�i�`sbpodh(f�bdj�gmi	«�`dS&opj�lm¦��8z�lro�lr¦�¦�S&¦µ 	M�NPjk`Flr¦�¦©g�¥y`
h(`Tbdg"f�gmQ�zPhPbdS�j�b�`�odSR¦©jklr��j©¦�j�bs^®j©i�l�¦�j�iPSRlmoVbpj©Q�S�¥0  oR  bR $bpNPS�`cj�»&S�gm¨

S
 �M�NPS�{aoplA¥��(lmf��"j�`TbpN�l�b

bpNPS�`df�NPSe{ahP¦�SR`Y¥/S­zPopga{ah�f�STN�lA¤�SVl°��odSel�bpS&o � ��� � «JbdN�lrbYjk`&«1l�NPj��mNPSRoYg�¤�S&opNPSRl�{ R:NPg�¥�SR¤mSRoR«:¥�ST¥�j�¦©¦
`dS&S j�i�\aSRf�bpj©g�i ~P Ê� bpN�l�b�bpNPS%lm{P{Pj�bpj©g�i�lr¦¹g�¤�S&opNPSRl�{�j©i(f�hPopodSe{°�_^°bpNPjk`�{aSR`dj©��i�f�N�gmjkf�S j�`�opSRl�`cg�i�lr��¦©S� 
N#i({aS&Se{¹«mhPi�¦©j��mS�¥�N�lrbF¥�S�N(lA¤mS�`dlmj�{Tj�i�\aSRf�bpj©g�i �P  f opS&��lro�{aj�iP�xbpNPSx`pf�NPSR{PhP¦©Se`$¥�j�bpN�odSRzP¦�j�fRl�bdj�gmi	«rgmhPo
z�odg�z(g�`dlm¦(¨¼g�opf&SR`�Selmf�N�gmz:S&o�l�bpj©g�i�bpg�¥/lmj�b�¨¼g�o�bdNPS­odSef�S&zPbdj�gmi�gr¨½lr¦�¦1j�b�`yj�iPzPhabY{Pl�b�l�`cSRi�by�_^�lr¦�¦¹bdNPS
opS&z�¦©jkf&l�`Fgr¨�j�b�`ºzPopSR{PSRf�Se`d`dgmo�`F�:S�¨¼g�odSY`sb�lrodbdj�iP�%j©bp`/S��aSef�habpj©g�i1«_grbdN�S&op¥�j�`dS�bdN�Stg��abplmj©iPSe{°w Æ ��¥�g�hP¦k{
i�grb��(S%`dS&opjklr¦©�µz�lmoplm¦©¦�S&¦µ 
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¶�j��mhPopS��a³ ª l�¬%u bdo�lri�`c¨¼gmopQ�SR{
Alg

��oplmzPN ¥�j©bdNIodSRzP¦©jkf&lrbdj�gmi lmi�{´¥�j©bdNIl�odg�habdj�iP��gmz:S&o�l�bdj�gmi w
¥�N�S&i 
>lri({gZ�lropS/opS&z�¦©jkf&lrbdSR{Vbs¥�jkf�S R ª �:¬º\almQTSyl�` ª l�¬$¥�j�bpNPgmhPb½bdNPSyopgmhPbdj�iP�0gmz:S&o�l�bpj©g�iTR ª fe¬F\almQTS
l�` ª l�¬º¥�N�S&i+Z¸j�`yodSRzP¦©jkf&lrbdSe{�bdN�odjkf�S R ª {�¬�\PlrQ�S%lm` ª fR¬/¥�j©bdNPg�hab�bdNPS0opgmhPbdj�iP�Vg�z(SRoplrbdj�gmi1 
U�g�i�f�SRodiPj�iP� bpNPSx`pf�NPSR{ah�¦©j�iP�%lr¦��mg�odj©bdN�Q�«rbdNPjk`FQ�S�bpNPga{�j©i_¤�gm¦�¤mSR`$j�i�`dS&odbdj�iP�%lri°l�{P{aj©bdj�gmi�lm¦ � Ä ��� Â

E ACB�ÄHKºÀ ���a�2E ÄHA�«A¥�NPg�`dSF¡ U �ºM"j�`	SR¾�h�lm¦rbdgt��bdj�Q�SºhPiPj©bR«��:S�bs¥/S&SRi bdNPS/{Pl�b�l��#{aS&z:S&i({aS&i�f&j©Se`	f&gmQ�j©i��
g�habygr¨$bpNPS­`dgmhPo�f�S gmz:S&o�l�bpj©g�i�lri�{6bdN�S­{Pl�b�l��#{aS&z:S&i({aS&i�f&j©Se`��mg�j©i��Vbpg�¥/lmop{�`/bdNPS­{PSR`cbdj�i�l�bpj©g�i�g�z(SRoc�
lrbdj�gmi1 �M�NPS%opSRlm`dgmi6gr¨�bdNPjk`xf�N�gmjkf�S j�`ybdN�lrb�bdNPSVw Æ �|gr¨F`dh�f�N�`df�NPSe{ahP¦�SR`�¥�j©bdN�opgmhabpj©i��Tg�z(SRoplrbdj�gmi�`
lmodS­�mh�lmoplmi�bpS&Se{°bpg��:SV`dS&opj�lm¦��8z�lro�lr¦�¦�S&¦µ«PNPS&i(f�S­Q�lm��j�iP��bpNPSVf&gmQ�zPhab�l�bpj©g�i�gr¨½bdN�S­opS&¦�j�lm�Pj©¦�j©bs^6¦�j©i�SRlro
j�i�`cbdSelm{�gr¨1S��az(g�iPS&i�bdjklr¦(j©i°bdNPSY`cj�»&Sygm¨JbdNPSYw Æ � ª `cSRSY\_Sef�bdj�gmi ��  ~ ¬� F¶�j©��hPopS � ª l�¬F`dNPg�¥y`$bpNPSx��oplmzPN
bpoplmi�`c¨¼gmopQ�lrbdj�gmi6bdN�lrbtgaf&f&hPo�`�¨¼odg�Q bpNPS

Alg
�mo�lrzPN�gr¨F¶�j��mhPopS f ¥�NPSRi�
¸jk`yopS&zP¦�jkf&l�bpSR{�bs¥�jkf�S ª 
 1lmi�{�
 2 ¬Ylmi�{VZ jk` odSRzP¦�j�fRl�bdSe{�bpNPodjkf�S ª Z 1 « Z 2 «	lri�{�Z 3 ¬� �N#i´`ch�f�N£l�f&lm`dSm«1l6opgmhabpj©iP��gmz:S&o�l�bpj©g�i

w�jk`�j©i�`dS&odbdSe{��:S�bs¥/S&SRi�bpNPSYbs¥�gTopS&zP¦�j�fRlm`/gr¨

¸lri�{�bdN�Stbs¥/gTodSRzP¦©jkf&l�`/gr¨bZT �M�NPjk`��mh�lmoplmi�bdS&Se`FbpN�l�b
Selmf�N�odSRzP¦�j�fRl�gr¨ Z¸¥�j©¦�¦	opSRf&S&j�¤mS j©bp`yj�iPzPhPbt{Pl�b�lT¨¼odg�Q �:grbpN�odSRzP¦©jkf&l�`�gr¨�
¸�:S�¨¼g�odS%`cbplmocbpj©iP��j©bp`xS��aS��
f&habdj�gmi	 �M�NPSx�mo�lrzPN�gr¨1¶�j��mhPopS � ª l�¬$N�l�`$¨¼gmh�o�f�g�Q�Q­hPiPjkf&lrbdj�gmi�`R bN#i°f&gmQ�z�lmodjk`cg�i1«r¥�NPSRi�iPg%opgmhabpj©i��
g�z(SRoplrbdj�gmi?jk`Yj©i(`cSRocbpSR{¹«¹¶�j©��hPopS � ª �(¬t`cN�g�¥y`ybpNPS­bpoplmi�`c¨¼gmopQTSe{

Alg
�mo�lrzPN1³xj�b%lr¦k`dg°N�lm`t¨¼g�hPo0f�gmQT�

QVhPiPjkf&lrbdj�gmi�`R«_�Phab/bdNPSR^�lropS��)1o
0��,.�	�6��
H
<«�¥�NPj�¦©S j�i6¶�j©��hPopS � ª l�¬�«�bdNPS opgmhabpj©iP�Vgmz:S&o�l�bpj©g�i°¦©j�Q�j�b�`/bdNPS
f&gmi�f&hPopodSRi�f�^J³/j©i�{PS&SR{1«(bpNPS%bs¥/g�f&gmQ�Q­hPi�j�fRl�bdj�gmi(`yopSRf�SRj©¤�SR{��_^�w|Q­h(`sbY�(ST`df�NPSe{ahP¦�SR{��:S�¨¼g�odS­bdNPS
bs¥/g f�gmQ�QVhPiPjkf&l�bpj©g�i�`$`cSRi�b$�_^­w% rM�NPj�`½{Pj%XJS&opS&i�f&S�j©i�f�g�i�f�h�odopS&i�f&^ S��azP¦klrj�i�`�bdNPS�l�{P{aj©bdj�gmi�lm¦a¦©SRiP�rbpN
g�¤�S&opNPSRl�{Tj©i�f&hPopodSe{��_^VbpNPSxopgmhPbdj�iP�­g�z(SRoplrbdj�gmi�`R �¶�j��mhPopSR` � ª fR¬Flmi�{ � ª {�¬º`cN�g�¥ l­`dj©Q�j�¦�lmo�`dj�bph�l�bpj©g�i
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¥�N�S&opS�
|jk`�opS&zP¦�jkf&l�bpSR{�bs¥�j�f&S0lri�{ Z¸jk`�odSRzP¦�j�fRl�bdSe{°bpNPopj�f&Sm  N#i�bdNPjk`yfRlm`dSm«_bdN�S
Alg

�mo�lrzPN6¥�j�bpN�bdNPS
opgmhPbdj�iP��gmz:S&o�l�bdj�gmi�N�l�`�±�¤�S%f�gmQ�QVhPiPjkf&l�bpj©g�i�`R«P¥�NPj�¦©S bpNPS

Alg
��oplmzPN6¥�j©bdN�gmhabxopgmhPbdj�iP��gmz:S&o�l�bpj©g�i

N(lm`0`dj ��f&gmQ�Q­h�iPj�fRl�bpj©g�i�`& �ux��lrj�i1«¹bpNPS&opS�j�`%¦©Se`d`0f&gmi�f&hPodopS&i(f�^��:S�bs¥/S&S&i�bdN�S°f�gmQ�QVhPiPjkf&l�bpj©g�i�` j�i
¶�j��mhPopS � ª fR¬�«��Phab­j�i£bdNPjk`%fRlm`dSVbpNPS&opS°lropS�lr¦k`cg�¨¼S&¥/S&o%f&gmQ�Q­h�iPj�fRl�bpj©g�i�`& °M�N�j�`0S��azP¦�lmj©i(` ¥�N�^�bdNPS
l�{P{aj©bdj�gmi�lm¦¹¦©SRiP�rbpN6g�¤�S&opNPSRl�{°jk`�¦©j�Q�j�bpSR{ ª `dS&S­\aSRf�bpj©g�i ~� Í� ¬� 
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ht`cj�iP� bdNPS�odSR¦©jklr��j©¦�j�bs^ l�`Il `df�N�SR{ahP¦�j�iP� f&odj©bdSRodj�gmi o�lrjk`cSe` bpSRf�NPi�j�fRlr¦�{aj%Q°f&hP¦�bpj©Se`¯�(Sef&lrh(`cS�bdNPS
opS&¦�jklr�Pj�¦©j©bs^�{aS&z:S&i�{�`�j�i�bdopj©i(`cjkf&lm¦©¦�^�g�i|bdN�S¯{ah�oplrbdj�gmi¸gm¨�bdNPS¯gmz:S&o�l�bpj©g�i�`�lmi�{¸f�g�Q�Q­hPiPjkf&lrbdj�gmi�`ª SR¾�h�lrbdj�gmi ª � ¬c¬� §X�gmopS®zPopSRf&j�`dS&¦�^m«­bdNPSI¨¼hPi�f�bdj�gmi

d 7→ e−λd
�:S&j�iP��{aSef�opSRl�`cj�iP��«Tl �Pjkf�opj©bdS&opjklª ¦©SRiP�rbpN1« odSR¦©jklr�Pj�¦�j�bs^P¬%f&g�`cb­¨¼hPi(f�bdj�gmi®¥�j©¦�¦/bdS&i({´bdg��mj�¤mS�l��mopSRlrbdS&oVj©Q�z:gmodbplmi�f�S�bpg�bpNPS�¦�S&i��rbdN¯f�opj��

bpS&opj©g�i�bdN�lmi�bdg°bdNPSVodSR¦©jklr�Pj�¦�j�bs^�f�opj�bpS&opj©g�i1  N8bt¨¼gm¦�¦©g�¥y`�bpN�l�bYj�bYj�`Y{aj Q°f�hP¦©btbpg�{aSe`cj��mi?l6`dlrbdjk`s¨·l�f�bdg�od^
��j�f&odj©bdSRodjkl�`df�N�SR{ahP¦�j�iP�°NPSRhPodjk`cbdjkfr  N#i?z�lmocbpj�f&hP¦klroe«�j©btjk`y¤mSRod^�bdopj�f��_^6bdg�f&gmi�bdopgm¦	zPodSef�jk`cSR¦©^6bdN�S­opS&zP¦�j��
fRl�bpj©g�i�¨·l�f�bdg�o�gr¨�bdNPS0g�z(SRoplrbdj�gmi�`�¨¼opgmQ bpNPS0�(SR�mj�iPiPj�iP��bdgTbpNPS0S&i�{�gm¨	bdN�S%`df�NPSe{ahP¦�Sm 
¶�gmoYbdNPjk`0opSRl�`cg�i1«J¥�STzPopgmz:g�`dSTl6iPS&¥ f�opj�bpS&opj©g�i�j�i�z�¦�l�f�STgr¨ºbpNPS�`df�N�SR{ahP¦�STodSR¦©jklr�Pj�¦�j�bs^�«¹i�lrQ�S&¦�^
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Λ(S) =
− logR(S)

U(S)

#"#C�7���$�
U

���g�)1o* /:,.
��)8 �m�
U(S) =

∑

oi∈S

Exe(oi) �
\_j�i�f&S�bdNPS°¨·lrj�¦©hPopS°o�l�bpS�j�` Ucz:S&o%bpj©Q�S°h�iPj�btW�«$j©b­jk`%j�i�bpodj�i�`dj�fRlr¦�¦©^�j©i�{PS&z:S&i�{aSRi�bVgr¨�bpNPS�{ahPo�l�bpj©g�i

gm¨½bdNPSVgmz:S&o�l�bpj©g�i�`& tux`Yl�f�g�i�`dSR¾�hPS&i(f�Sm«:gmh�oxiPSR¥�bdNPSRgmopS�bdjkf&lm¦1¨¼o�lrQ�S&¥/gmop��j�`Yf�g�i�`cjk`cbdS&i�bx¥�j©bdN�bdNPS
j�i�bdhPj©bdj�gmi bpN�l�b�odSRzP¦�j�fRl�bdj�gmi jk`	��g_g_{t¨¼g�o1bdN�SºopS&¦�j�lm�Pj©¦�j©bs^x�Phab���lm{0¨¼gmo¹bpNPSº¦�S&iP�mbdN1 �uy¦k`cg(«ebdNPS/{aS�±�i�j�bpj©g�i
gm¨

U(S)
j�`�f&gmi�`djk`sbpS&i�b�¥�j�bpN6bpNPS UcNPgrbtWt¨·lrj�¦�hPodS Q�ga{aS&¦µ 
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 �&% � ��� 
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 �

U�g�i�`dj�{aSRoYlm��lmj©i�bpNPST¤mS&op^�`cj�Q�zP¦�S
Alg

�mo�lrz�N�gr¨/¶�j��mhPopS f «1`pf�NPSR{ah�¦©Se{�gmi�bdg�lri
Arc

�mo�lrzPN�f�gmQT�
z:g�`dSR{�gr¨1bs¥/gTzPodgaf&SR`p`cg�op`½nx� lmi�{°n/�a«Pf�g�iPiPSef�bdSe{°�_^°l%z:gmj�i�bc�µbdgm�µz:gmj�i�b�f&gmQ�Q­hPi�j�fRl�bdj�gmi6¦©j�iP� �º�e�a 
¶�j��mhPopS ? `cN�g�¥y`�gmiPS z:g�`p`cj��P¦�S%`df�NPSe{ahP¦�S ¥�j�bpNPgmhabtodSRzP¦©jkf&lrbdj�gmi�gr¨�bdNPjk`

Alg
��oplmzPN1«a¥�NPSRodS SRl�f�N�gmza�

SRoplrbdj�gmi ª odSe`cz1 ¹f&gmQ�Q­hPi�j�fRl�bdj�gmi:¬�jk`topS&z�odSe`cSRi�bpSR{��_^�l��:g ��¥�NPg�`dS­N�S&j��mN�btjk`YzPodg�z(g�ocbpj©g�i�lr¦	bdg6bdNPS
¡ U �ºM ª opSR`dz1 $bdNPS�¡ U�U/My¬Tgr¨tbdN�lrb�g�z(SRoplrbdj�gmiIgmi�bdg£j�b�`�zPopg_f&SR`p`cg�o ª odSe`cz	 ½j�b�`�f�gmQ�QVhPiPjkf&l�bpj©g�i
¦�j�iP�P¬� 
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�	S�b
λ1
�:S�bpNPS�¨·lrj�¦©hPopS�o�l�bpS�gm¨xny�m«

λ2
�:S�bpNPS�¨·lrj�¦©hPopS�o�l�bpS�gm¨xn��a«�lri�{

λ12
�(S6bdNPS6¨·lrj�¦�hPodS

o�l�bpS°gr¨��º�e�a ��	S�b
t1X

,t¡ U �ºM ª 
V« ny�A¬�«
t2Y

,t¡vU ��M ª ZV« n���¬�«Flri({
t12XY

,t¡ U�U/M ª 

.
ZV« �F�A�m¬�  Æ ^

lmzPzP¦�^_j©iP�¯SR¾�h�lrbdj�gmi ª � ¬�«t¥/S�g��abplmj©i
R(X, P1) = e−λ1t1X

«
R(X . Y, L12) = e−λ12t12XY

« lri({
R(Y, P2) = e−λ2t2Y

 F¶�j��mh�odS � `cN�g�¥y`/bdNPS%w Æ �¸f&gmopodSe`cz:gmi({aj©i��%bdg�bpNPS0`df�N�SR{ahP¦�S0gr¨$¶�j©��hPodS ? ³

�
.
�

�

�
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¶�j��mhPopS9?P³½u|`dj©Q�zP¦�S%`df�N�SR{ahP¦�S ¥�j�bpNPgmhPbyodSRzP¦©jkf&lrbdj�gmi1 
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¶�j©��hPodS �P³FM�N�S%w Æ ��gr¨�bdNPS%`pf�NPSR{PhP¦©S gm¨$¶�j��mhPopS ?  
\_j�i�f&S bdNPg�`cSYbdN�odSRSY��¦©gaf��a`�lropStj�i�`cSe¾�h�S&i�f&SYj�i6bdNPS%w Æ �V«a¥�S N�lA¤�SxbpNPS ¨¼gm¦�¦�g�¥�j©iP�T�m¦�gm�(lr¦JodSR¦©jkl��

��j©¦�j�bs^J³
R(S) = R(X, P1)R(X . Y, L12)R(Y, P2)

= e−λ1t1X e−λ12t12XY e−λ2t2Y

= e−(λ1t1X+λ12t12XY +λ2t2Y )

Æ ^�lmzPzP¦�^_j©iP�TbpNPS ¨¼gmopQ­hP¦klVgr¨ �xS&±�iPj©bdj�gmi f� �� «_bpNPSgd0\a¶$w�gr¨�bdNPjk`y`d^_`cbdSRQ¢jk`&³

Λ =
− logR

U
=

λ1t
1
X + λ12t

12
XY + λ2t

2
Y

t1X + t12XY + t2Y

ª f�¬
N#i¯bpNPS�z�lrodbdjkf�h�¦�lmo�fRlm`dS�¥�NPS&opS�bdNPS?lmopf�NPj©bdSef�bphPodS�jk`�NPgmQ�g��mS&i�S&gmh(`V¥0  oe  be $bdNPS�opS&¦�j�lm�Pj�¦©j©bs^m«

λ1 =
λ2 = λ12

«aN�S&i�f&S
Λ = λ1

 FM�NPjk`�opSR`dhP¦�b�jk`/z(SRoc¨¼Sef�bd¦�^6f&gmi�`djk`sbpS&i�b/¥�j©bdN�gmh�oy{aS�±�i�j�bpj©g�i6gm¨	bdN�S9d0\P¶�wª �xS&±�iPj©bdj�gmi f� �� ¬� 
��� � 	 �/��� ��# ��
 �&% � ��� ��� ��
 � � � ����
��

¡£S0iPg�¥�f�g�i�`cjk{aSRoyl�`df�NPSe{ahP¦�S0¥�j�bpN�odSRzP¦�j�fRl�bdj�gmi�gr¨$bpNPS%`dlmQ�S
Alg

�mo�lrzPN1« 

→

ZT«(`pf�NPSR{PhP¦©Se{�gmi�bdg
lmi

Arc
�mo�lrzPN�f�g�Q�z(g�`cSe{�gr¨¹±�¤�SyzPopg_f&SR`p`cg�op`$nx�ybdg­n �a«af�g�Q�zP¦©S&bdSR¦©^�f�g�iPiPSRf�bdSe{���^�z:gmj�i�bc�µbdgr�8z:gmj�i�b
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f&gmQ�Q­h�iPj�fRl�bpj©g�i�¦�j©i��_`R 6¶�j��mhPopS �R� `dNPg�¥y` gmi�S�z(g�`d`dj©��¦©S°`pf�NPSR{PhP¦©S�¥�j©bdN´opS&z�¦©jkf&lrbdj�gmi£gr¨
Alg

gmi�bdg
Arc

«�¥�NPS&opS�bs¥/g­lmf�bdj�¤mS�opS&zP¦�jkf&lm`ºgr¨¹�:grbdN 
�lri({�Z ª opSR`dz:SRf�bpj©¤�S&¦�^Vi�grbdSe{ 
 1 « 
 2 «!Z 1 «_lri�{LZ 2 ¬ºlropS`pf�NPSe{ahP¦�SR{¹  � gmbdSxbdN�lrb�bpNPStS��aSRf�hPbdj�gmi�bpj©Q�SYgr¨¹bdN�Stopgmhabpj©i��­gmz:S&o�l�bpj©g�i°w jk`���«a`cgVj�b�j�`�opS&zPopSR`dS&i�bdSe{
�_^´l?�:g �´¥�NPg�`dS�N�S&j��mN�bVjk`��P  N#i bdN�j�`T`df�N�SR{ahP¦�Sm«�lr¦�¦ºbpNPS6g�z(SRoplrbdj�gmi�`VlropS°zP¦klmf&SR{ g�i�bdg�{ajk`cbdj�i�f�b
z�odgaf�Se`d`dgmo�`R«m�Phab�gr¨�f�gmh�op`dSybpNPj�`/jk`/iPgrb�iPSRf&SR`p`dlmodj�¦�^­bpNPS0f&lm`dSm $u�f�bph�lr¦�¦�^m«�bdNPS0`pf�NPSR{PhP¦©j�iP�Tlr¦��mgmopj©bdNPQ
¥�j�¦�¦/Q�lm�mS�j�b�`V�:SR`cb�bdg£�mopgmhPz¯`cg�Q�S�gmz:S&o�l�bpj©g�i�`Vgmi bpNPS�`dlmQ�S6zPopgaf�Se`d`dgmoT`cg"lm`Vbdg"lA¤mg�j�{ j©i�bdSRoc�
z�odgaf�Se`d`dgmo/f�g�QTQVhPiPjkf&lrbdj�gmi�`R ½M�NPS0w Æ �|f�gmopopSR`dz(g�i�{aj�iP�%bpg­bpNPj�`�`pf�NPSe{ahP¦�SYjk`�`dNPg�¥�i�j�i�¶�j��mhPopS �m� «
¥�j©bdN�`dgmhPo�f�S0\�lri�{�{aSe`sbpj©i�lrbdj�gmi��V 
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¶�j��mhPopS��R�P³½u|`dj©Q�zP¦�S0`df�N�SR{ahP¦�S0¥�j©bdN�odSRzP¦�j�fRl�bdj�gmi	 
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¶�j��mhPopS��m��³$M�N�S%w Æ ��gr¨�bdNPS%`pf�NPSR{PhP¦©S gm¨$¶�j��mhPopS �R�  
¶�j�op`cbR«J¥/S­f�g�i�`cjk{aSRoybdN�S­z�lmocbpj�lm¦�`pf�NPSR{ah�¦©S

S′
f&gmQ�z(g�`cSe{�gmiP¦�^�gr¨$bdN�S%±�o�`sbtbs¥�g�gmz:S&o�l�bdj�gmi(` 
 1lmi�{ 
 2

ª j<  Sm �«_bdN�Sxbs¥/g­opS&zP¦�jkf&lm`�gr¨ 
 ¬�j©i�bdNPS `df�N�SR{ahP¦�SYgr¨�¶�j��mhPopS �e�  $M�NPSYf&gmopodSe`cz:gmi({aj©i��­w Æ ��j�`
lm¦�`dg6`dNPg�¥�i?j�i�¶�j��mhPopS ��� «J�Phab ¥�j©bdN"`cg�hPopf&SV\?lmi�{�{PSR`cbdj�i�l�bpj©g�i��V² ª j�be² `0l�f�bph�lr¦�¦©^�l6`chP�P�µ��oplmzPN(¬� 
\aj©i�f&S­bpNPg�`dSTbs¥�g6�P¦�g_f��a` lropSTj©i�z�lro�lr¦�¦©SR¦<«JbpNPS�odSR¦©jklr��j©¦�j�bs^�gm¨

S′
jk` ª ¥/S�l�{agmzPbtbpNPS�`dlmQTS�f�g�Q�z�lmf�b

i�grbplrbdj�gmi�`�l�`/j©i?\_Sef�bdj�gmi f(  � «aSm  �� �«
t2X = WCET (X, P2)

¬�³
R(S′) = 1 −

(
1 − R(X1, P1)

) (
1 − R(X2, P2)

)

= 1 −
(

1 − e−λ1t1X

) (

1 − e−λ2t2X

) ª �m¬
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¶�gmotbdNPS�`plr��S­gr¨�bdNPSTS��PlmQTz�¦©S�«¹¦©S&b h(`xb�lr��S­bpNPST¨¼gm¦�¦©g�¥�j�iP��i_hPQV�(SRop`R³
λ1 = λ2 = 10−5 z(SRotbpj©Q�Sh�iPj�bxlmi�{

t1X = t2X = 5
bdj�Q�S0hPiPj©bp`R ½¡�S bpN�h(`�gm�ab�lrj�i1³

R(X1, P1) = 0.9999500
R(X2, P2) = 0.9999500

}

⇒R(S′) = 0.999999997500

M�g�f�g�QTz�habdS bpNPSgd0\a¶$w
Λ(S′)

«P¥/S lmzPzP¦�^�bdN�S ¨¼gmopQ­hP¦klTgr¨
�tS�±(iPj�bpj©g�i f� �� ³

Λ(S′) =
− logR(S′)

U(S′)

ª ~�¬
N#i�g�hPo�f&lm`dSm«

U(S′) = 10
bpj©Q�S0hPiPj©bp` ª

5 + 5
¬�  ixS&i�f&Sm³

Λ(S′) = 2.49987 10−10

¡£StfRlri�iPgmbdjkf�S�bpN�l�be«_¥�NPS&i
x ' 0

«
ex ' 1+x

«�g�oFSR¾�hPj�¤�lr¦�S&i�bd¦�^
1− e−x ' x

«_NPS&i�f&SxSe¾�h(l�bdj�gmi ª � ¬
�:SRf&gmQ�SR`R³

R(S′) ' 1 − (λ1t
1
X)(λ2t

2
X)

ª �r¬
Æ ^�l�`dj©Q�j�¦�lmo�odSelm`dgmiPj�iP�(«�¥�N�S&i

x ' 0
«
log(1 − x) ' −x

«aNPSRi�f�S0Se¾�h(l�bdj�gmi ª ~ ¬/�(Sef�gmQ�Se`&³

Λ(S′) '
λ1t

1
Xλ2t

2
X

U(S′)
=

λ1t
1
Xλ2t

2
X

t1X + t2X

ª ?�¬
M�N�j�` lrz�zPodg �aj�Q�l�bdj�gmi�f&lri��(S�Selm`dj©¦�^�¤mS&opj©±�SR{�j©i�bdNPS�lr�:g�¤mSTf�g�QTz�habplrbdj�gmi1  ��¾�h(l�bdj�gmi ª ? ¬xfRlri£�(S
��S&iPSRoplm¦©j�»&Se{Vbdg

n
l�f�bpj©¤�SyodSRzP¦�j�fRlm`½gm¨ 
�`pf�NPSR{ah�¦©Se{�j©i�z�lro�lr¦�¦©SR¦�g�i�bpg

n
zPopg_f&SR`p`cg�op`Fny�

, . . . ,
nFi	«�¥�j©bdN

¨·lmj©¦�hPopS oplrbdSR`
λ1, . . . , λn

«�lmi�{6`dh�f�N�bdN(l�b�bdNPS0¡ U �ºM�gr¨�

i
g�i6nºj1j�`

tiX
 FM�NPjk`�^_j©SR¦�{�`&³

Λ(S′) '

∏n

i=1 λit
i
X

∑n

i=1 tiX

ª ��¬
M�N�Syf�oph�f�jklr¦az:gmj�i�bFj�`�bpN�l�bFbpNPSyÄ �AÅ À � Ä I � � B:A E·����Å À gm¨(bpNPS d0\a¶$w¯j�`$bpNPS�zPopga{ah�f�bFgm¨(bpNPS�¨·lrj�¦�hPodS
o�l�bpSR`0gm¨�bdNPS

n
z�odgaf�Se`d`dgmo�`R«	{aj�¤�jk{aSe{"��^�bdN�S�zPopga{ah�f�bVgr¨�bdNPS�S��aSRf&habdj�gmi"bpj©Q�SR`R ?M�NPjk`%jk`%S��al�f�bp¦©^

¥�N(l�b�gmiPS S��_z:SRf�bp`�¥�N�S&i�lm{P{Pj©iP��l�f�bdj�¤mS opS&zP¦�jkf&lm`�bpg�l�`pf�NPSe{ahP¦�Sm 
¡£S�iPg�¥¸f�g�i�`cjk{aSRoxbpNPST¨¼hP¦©¦F`pf�NPSe{ahP¦�S

S
 %M�N�STw Æ � jk` l6`dSR¾�hPSRi�f�SVgr¨ºbpNPopS&S­��¦©gaf��a` ª

B1
«
B2
«

lmi�{
B3
¬�«P¥�NPg�`cS opS&¦�j�lm�Pj�¦©j©bdj�SR`�lmodS�³

R(B1) = 1−
(

1−e−(λ1t1X+λ13t13XY )
)(

1−e−(λ2t2X+λ23t23XY )
)

R(B2) = 1
�:SRfRlrh�`dSYbdNPS0¡ U �ºM�gr¨$w�jk`ylm¦©¥�lA^a`��

R(B3) = 1−
(

1−e−(λ34t34XY +λ4t4X )
)(

1−e−(λ35t35XY +λ5t5X )
)

uxi�{vbpNPS"odSR¦©jklr��j©¦�j�bs^�gm¨%bdNPS´`pf�NPSR{PhP¦©S£jk`
R(S) = R(B1)R(B2)R(B3)

  ¶Pgmo6bdN�S"`plr��S?gr¨VbdNPS
S��PlrQ�zP¦�Sm«1¦�S�b0h�`Yb�lr�mSTbpNPST¨¼gm¦�¦©g�¥�j�iP��i�h�Q­�:S&o�`&³

∀i, λi = 10−5 z(SRo bdj�QTS�h�iPj�be« ∀i, j, λij = 10−4

×�×�Ìon7p	q�rts
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z:S&o%bdj�QTS�hPiPj©bR«
t1X = t2X = 5

bpj©Q�S�hPi�j�b�`&«
t4Y = t5Y = 5

bdj�QTS�hPiPj©bp`R«�lmi�{
∀i, j, tijXY = 3

bpj©Q�S
h�iPj�b�`& ½¡£S bdN_h�`ygm�ab�lrj�i1³

R(B1) = 0.99999988
R(B2) = 1

R(B3) = 0.99999988






=⇒ R(S) = 0.99999976

u�fRf�g�op{aj�iP� bpg0bdNPSt¡vU ��M�gr¨JbdNPStj©i({aj©¤_jk{ah�lm¦(g�z(SRoplrbdj�gmi�`Flmi�{�{Plrbpl��#{aSRz(SRi�{aS&i(f�j�SR`R«rbdN�Sxhabpj©¦�j©»el�bpj©g�i
gm¨	bpNPS%`df�N�SR{ahP¦�S

S
j�`�Se¾�h(lr¦Jbdg°���0bpj©Q�S0hPi�j�b�`&«P¥�N�j�f�N�^_j©SR¦�{�`&³

Λ(S) =
− logR(S)

U(S)
= 7.500 10−9

ut`$S��az:SRf�bpSR{­¨¼odg�Q�bdNPS���oplmzPN%bpoplmi�`s¨¼g�odQ�lrbdj�gmi ª j©¦�¦©h(`sbpoplrbdSR{­j©i�¶�j©��hPopS � ¬�«�bpNPS�lmf�bpj©¤�S�opS&z�¦©jkf&lrbdj�gmi­gm¨

 lmi�{gZv{PSRf�opSRl�`cSe`�bdNPS d0\a¶$w0«m�Phab½bdN�Sylm{P{aj©bdj�gmiTgr¨(bdNPS�opgmhPbdj�iP� gmz:S&o�l�bdj�gmiVj©i(f�opSRlm`dSR`�bpNPS � � ��� ª j�b
¥/gmh�¦�{­N�lA¤mS��(SRS&i��R�xbdj�QTS�hPi�j�b�`$j©i�`cbdSelm{Vgr¨	�e~�¬� $Wx¨:f&gmhPo�`dSm«�¥�NPSRiVf�g�Q�zPhabdj�iP�YbdN�S/QVhP¦©bdj�zPodgaf&SR`p`cg�o
`pf�NPSe{ahP¦�Sm«_gmhPo�`pf�NPSR{ah�¦©j�iP�Vlm¦©��gmopj�bpNPQ ¥�j©¦�¦:bdop^�bdgT�mopgmhPz6`cg�QTStgmz:S&o�l�bpj©g�i�`ºg�i�bdN�S `plrQ�StzPodgaf&SR`p`cg�o
`dg�lm`/bpg�lA¤�gmjk{°j�i�bdS&od�8zPodgaf&SR`p`cg�o/f&gmQ�Q­hPi�j�fRl�bdj�gmi(`& 
��� � � � � ��# � � ����� 
�� ������� 
 
 � 
�� � � ��# ��
 ���

¶�j�op`cbR«x¦©S&b6h�`6odSef&lm¦©¦xbdNPS�bs¥�g®j©Q�z:gmodbplri�b6¨¼gmopQ­hP¦klm`�gm�ab�lrj�iPSR{�j�i�\_Sef�bpj©g�i�` f(  � lri�{ f(  �   Æ grbpN
¨¼g�odQVhP¦klm`ºf&gmi�f&S&opi�l­w Æ �|f&gmQ�z:g�`dSR{�gm¨¹bs¥�gV�P¦©gaf��a`

B1
lri�{

B2
«a¥�j�bpN�opSR`dz(Sef�bpj©¤�Sy¨·lrj�¦�hPodStoplrbdS

λ1lmi�{
λ2
«�lri({�opSR`dz(Sef�bpj©¤�SY¡ U �ºM

t1
lri�{

t2
³

`dS&opjklr¦¹`df�N�SR{ahP¦�Sm³
Λ(B1 · B2) =

λ1t1 + λ2t2
t1 + t2

ª �R��¬

z(lro�lr¦�¦©SR¦1`df�NPSe{ahP¦�Sm³
Λ(B1‖B2) '

λ1t1λ2t2
t1 + t2

ª �m�e¬
�	j©��SFj©i bpNPSºz�odSR¤�j�gmh(`1`ch���`cSef�bpj©g�i�`&«e¥/SFf�gmi(`cjk{aS&o�ly`df�N�SR{ahP¦�SFgm¨�bpNPSº`plrQ�S

Alg
��oplmzPN gr¨P¶�j©��hPopS f «

¥�N�S&opS 
 jk` opS&zP¦�j�fRl�bpSR{�bs¥�j�f&S�lmi�{SZ¢j�` i�grb0odSRzP¦�j�fRl�bdSe{¹ °M�NPjk`0`df�N�SR{ahP¦�S�j�`­lmf�bph�lr¦�¦�^?l�`chP�(`cS&b gm¨
bpNPS­g�iPSV`dNPg�¥�i�j�i�¶�j��mhPopS �R� «(¥�N�S&opS­zPopgaf�SR`p`dgmoyn ��lri�{?¦©j�iP���	� �°lropS%opS&Q�g�¤mSe{¹«(lmi�{�¥�NPSRodS­bdNPS
opS&z�¦©jkf&lLZ 1 jk`xopS&z�¦�l�f�SR{��_^6bdNPSViPgmiP�µopS&zP¦�jkf&l�bpSR{�g�z(SRoplrbdj�gmi+ZV ¹M�NPS­w Æ � `cbplmocb�`�¥�j�bpN?bs¥/g°�P¦�gaf��_`
j�i�z�lro�lr¦�¦©SR¦ ª �P¦�g_f��

B11

¨¼gmo
X1/P1

lri({
B12

¨¼g�o
X2/P2

«_lmi�{6¥�SYiPgrbpS
B1 = B11‖B12

¬º¨¼g�¦©¦�g�¥�Se{
�_^®l£`dSR¾�hPS&i(f�S�gr¨tbdNPopS&S��P¦�gaf��_` ª �P¦�g_f��

B2 = R · X . Y/L34 · Y/P4
¬�  ixS&i�f&Sm«/�_^®lrzPz�¦©^_j�iP�

Õ¼Ö�×1ÕØÇ
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Se¾�h�l�bpj©g�i�` ª �R� ¬�lri�{ ª ��� ¬�«a¥�S0g��abplmj©i1³

Λ11 =
λ1t

1
X + λ13t

13
XY

t1X + t13XY

T11 = t1X + t13XY

Λ12 =
λ2t

2
X + λ23t

23
XY

t2X + t23XY

T12 = t2X + t23XY

Λ1 '
Λ11T11Λ12T12

T11 + T12

T1 = T11 + T12

Λ2 =
0 + λ34t

34
XY + λ4t

4
Y

0 + t34XY + t4Y
T2 = 0 + t34XY + t4Y

Λ =
Λ1T1 + Λ2T2

T1 + T2
T = T1 + T2

¶�gmoTbdN�S?`dlm�mS�gr¨xbpNPS�S��PlrQ�zP¦�Sm«�¦©S&b°h�`Tbplm�mS6bdNPS�¨¼g�¦©¦�g�¥�j�iP��i_hPQV�(SRop`R³
∀i, λi = 10−5 z:S&o�bpj©Q�Sh�iPj�be«

∀i, j, λij = 10−4 z:S&o°bdj�QTS�h�iPj�be« t1X = t2X = 5
bpj©Q�S�hPi�j�b�`&«

t4Y = 5
bpj©Q�S�hPiPj©bp`R«�lri�{

∀i, j, tijXY = 3
bpj©Q�S�hPiPj©bp`R ½M�NPjk`½^_j©SR¦�{P`

T11 = T12 = T2 = 8
«
T1 = 16

«
T = 24

«
Λ11 = Λ12 = Λ2

«
Λ1 ' 1

2T11Λ11Λ12

«�lri�{
Λ = 1

3 (2Λ1 + Λ2)
 TM�NPS�i_hPQ�S&opj�fRlr¦½f�g�QTz�habplrbdj�gmi�`Y�mj�¤mS

Λ11 = Λ12 =
Λ2 = 4.375 10−5 « Λ1 ' 7.656 10−9 «�lri({ Λ ' 2.917 10−5  M�NPSTgmo�{aSRotgm¨ºQ�lr�mi�j�bph�{aSTgr¨

Λ1
jk`

10−9 ¥�N�j©¦�S­bpN�l�b0gm¨ Λ2
jk`

10−5  %M�NPjk`tjk`YS��az:SRf�bpSR{�`cj�i�f�S
Λ1
jk`�bpNPS-d0\a¶$w|gm¨�bs¥/g��P¦�gaf��_`yj©i�z�lmoplm¦©¦�S&¦µ«�¥�N�j©¦�S

Λ2
j�`ybdNPS�d0\a¶$w|gr¨$bs¥/g��P¦©gaf��a`�j�i?`cSe¾�hPS&i�f&Sm 

M�N�S0gmo�{aS&o�gr¨$Q�lr��iPj�bph�{aS gr¨�bdN�S&j�oy`chPQ j�`
10−5 «P¥�NPjkf�N�Q�SRlri(`/bdN�lrb Λ2

Uc¥�j©i(`�W g�¤mS&o
Λ1
«P�PhPbybdNPS

2
3

QVhP¦©bdj�zP¦©jkf&lrbdj�¤mS ¨·l�f�bdg�oylr¦�¦©g�¥y`/h�`/bpggUsopS&��lrj�i�Wt`dgmQ�S z�lrodb�gr¨½lri�gmo�{aS&o�gr¨$Q�lr��iPj�bph�{aS� 

10987654321

10

10

10
−6

−5

−4

n

�������

¶�j��mhPopS��e�a³ d0\a¶$w�gr¨$l�`c^a`cbdSRQ f�g�QTz:g�`dSR{6gr¨
n
��¦©gaf��a`�j©i�`dSR¾�hPS&i(f�Sm 
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N8b­jk`%j�i�bdSRodSe`sbpj©iP��bpg��mSRiPS&o�lr¦�j©»RSTbdNPjk`­w Æ � bdg
n
�P¦�gaf��_`%j©i `dSR¾�hPSRi�f�S�«	¥�NPSRodS�bpNPS�±�o�`sb

n − 1��¦©gaf��a`�lropStSelmf�N6f&gmQ�z:g�`dSR{°gm¨	bs¥/g��P¦©gaf��a`/j©i�z�lmoplm¦©¦�S&¦ ª �:SRfRlrh�`dSYbdNPS0f&gmopodSe`cz:gmi�{Pj©iP�Vgmz:S&o�l�bpj©g�i�gmo
{�l�bplr�8{PS&z:S&i�{aSRi�f�^Tjk`ºopS&zP¦�jkf&l�bpSR{�bs¥�jkf�SA¬�«�¥�NPj�¦©SxbdNPSY¦�l�`sb/�P¦�g_f���f�g�odopSR`dz:gmi�{P`½bdgVlV`cj�iP��¦©Syg�z(SRoplrbdj�gmi1 
ut`d`dhPQ�j�iP��«_¨¼g�o�bdNPS%`plr��Stgm¨�`dj©Q�zP¦�j�f&j�bs^�«abdN(l�b�bdNPS0S��aSRf�hPbdj�gmi6bdj�QTSe`�gr¨$lr¦�¦JbdNPS0��¦©gaf��a`�lropStjk{aSRi�bpj�fRlr¦ª lri�{�SR¾�h�lm¦�bdg��m¬�«JbdNPS�d0\a¶$w j�`YbpNPS&i

Λ = 1
n
(
∑n

i=1 Λi)
  �1S&b h(`Ylm¦�`dg�lm`p`chPQ�SVbdN�lrb bdNPST¨·lrj�¦�hPodS

o�l�bpSR` gm¨�lm¦©¦½bpNPS°zPopgaf�Se`d`dgmo�`tlmi�{"f�g�QTQVhPiPjkf&lrbdj�gmi"¦©j�iP�a`%lmodS�jk{aS&i�bdjkf&lm¦ ª lmi�{£SR¾�h�lm¦½bdg
10−4 ¬	R$¥�S

bpNPS&i"N�lA¤�S
∀1 ≤ i ≤ n − 1, Λi = 2.5 10−8 lri�{ Λn = 10−4   �tS&z:S&i({aj©i���gmi n

«	¥/S�bdN_h�` N�lA¤�S
bpNPS�d0\a¶$w `dNPg�¥�iIj�i ¶�j©��hPopS �A�   N8b�¨¼g�¦©¦�g�¥y`TbdN(l�bR«�j�ivgmhPo�S��PlrQ�zP¦�Sm«�j�¨ gmi�S�gmz:S&o�l�bdj�gmi¯jk`�iPgrb
opS&z�¦©jkf&lrbdSR{1«�bpNPS&i¯`cj��´grbpNPS&oTgmz:S&o�l�bpj©g�i�`0Q­h(`sb��(S6odSRzP¦�j�fRl�bdSe{"bs¥�jkf�S�j©¨x¥/S�¥�lri�b%bpg+UcodSR��lrj�i�W�gmiPS
g�op{PS&o�gr¨�Q�lm�miPj©bdh({aSm 

� � �&�º�$��
����$��� �	�$�6��2 + ����
��3�%���%.%����
�� *
����� � ��� � � ��� 
 �
Wth�oV�Pjkf�opj©bdS&opjkl�`pf�NPSR{ah�¦©j�iP�"lr¦��mgmopj©bdNPQ jk`Tl B � À_À Å Á &�E<�&�"�R�mD À Å���&�E ACB D À ���oE·�R�2E·� f&lm¦©¦�SR{ Æ \.i% 
N8btbplm�mSR`tlm`tj©i�zPhab0lri?lr¦��mg�odj©bdN�Q ��oplmzPN

Alg
«¹lri({?lro�f�NPj©bdSRf�bdhPopS%��oplmzPN

Arc
«:bpNPS­b�lr�P¦�S

Exe
gr¨ºlm¦©¦

g�z(SRoplrbdj�gmi�`1¡vU �ºM´lmi�{0f�g�Q�Q­hPiPjkf&lrbdj�gmi�`	¡vU�U/M «elri�{­lyf�g�i�`sbpoplmj©i�b
Λobj

 CN8b�zPopga{ah�f�Se`	l�`¹gmhabpzPhab
l0`cbplrbdjkf�Q­hP¦©bdj�zPopgaf�SR`p`dgmoF`pf�NPSR{ah�¦©S

S
gm¨

Alg
g�i�bdg

Arc
«_`dh�f�NTbdN�lrbFbdNPS d0\a¶$w�gr¨

S
j�`F`dQ�lr¦�¦©SRo½bdN(lri

Λobj

«$lri�{"`dh�f�N�bdN�lrb%j�b�` �������Tj�`%l�`0`cQ�lm¦©¦ºl�` z(g�`d`dj��P¦©S�  Æ \.i h�`dSR`YbpNPS �P�m�2E�M À � À!K &�E·���a�2E ÄHA|Ä I
ÄHKºÀ ���a�2E ÄHA � bpg�Q�S&S&b­bpNPS

Λobj

f&gmi�`cbdo�lrj�i�bR«$lri�{"bpNPS Å À!KºÀ�A Å��a� & À �e��D À Å���& À K � À �e� �	� À£lm`­l
f&g�`cb ¨¼hPi�f�bpj©g�i£bdg�Q�j©i�j©Q�j�»&S�bdN�S � � ���   Æ SR`dj�{PSR`R«1j�bVj©i�`dS&odbp` � Ä �	��E AFBvÄ7K�À ���a��E Ä:A � bpg�Q�lr�mS�`dhPopS
bpN�l�bxbdNPSTw Æ �¸gr¨ºlmi_^�z�lmocbpj�lm¦	`df�N�SR{ahP¦�S%jk`x`dS&opj�lm¦��8z�lmoplm¦©¦�S&¦µ �u�fRf�gmo�{aj�iP��bdg°bdNPSe`cS%z�odj�i�f�j�zP¦�SR`R« Æ \.i
jk`���l�`cSe{�g�i6bpNPSY¨¼gm¦�¦©g�¥�j�iP��zPopgmz:g�`dj�bpj©g�i1³
	 � ÄHKºÄ �2E·�2E Ä:A���������
��-�����	���o��� /��3�$�o��� ���:�
	��5#F� �4�)�"�)�+*J�"���$1
�t��� 1����J��
`
��7� ������,7��
:�)�4��� �	,7�)� 
��7�o

��
�� � ���F� ���9� �	�)�9
����o


Λobj

# 
��7��
S
��7� ��� �F� 1!�9
��7� #C�71o� �9��	�� ���g�3� ��1�� ���)�9
��7�o

Λobj �

	 � Ä1Ä Ip� �1S&b­h�`Vf&lr¦�¦
(Bi)1≤i≤n

bpNPS
n
Q�lmf&odgm�µ��¦©gaf��a`Ygr¨�bdNPS�`cSRodjklr¦©�8z�lro�lr¦�¦©SR¦½w Æ �­ ��1S&b­h�`%i�grbdS

Λ(Bi)
bpNPSgd0\a¶$w�gr¨

Bi

lmi�{
U(Bi)

bpNPS0habpj©¦�j©»el�bpj©g�i�gm¨
Bi

  Æ ^°N_^_z:grbdN�SR`dj�`R«a¥�S N�lA¤�Sm³
∀1 ≤ i ≤ n, Λ(Bi) ≤ Λobj

⇒ ∀1 ≤ i ≤ n, Λ(Bi)U(Bi) ≤ ΛobjU(Bi)

⇒

n∑

i=1

Λ(Bi)U(Bi) ≤

n∑

i=1

ΛobjU(Bi)

⇒

n∑

i=1

Λ(Bi)U(Bi) ≤ Λobj ×

n∑

i=1

U(Bi)
ª �e�m¬

\aj©i�f&S0bdN�S%Q�lmf�opgr�8�P¦�gaf��_`
Bi

lmodS0j�i?`cSe¾�hPS&i�f&Sm«PSe¾�h�l�bpj©g�i ª �R� ¬/�mj�¤mSe`�bdNPS%¨¼gm¦�¦©g�¥�j�iP� d0\a¶$w�¨¼gmoxbdNPS
¥�N�gm¦�S w Æ �V³

Λ =

∑n

i=1 Λ(Bi)U(Bi)
∑n

i=1 U(Bi)

Õ¼Ö�×1ÕØÇ
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ixS&i�f&Sm«�l�f&f&gmo�{aj©i��%bdg�j�iPSe¾�h(lr¦�j�bs^ ª �e� ¬�«a¥/SYN(lA¤mS
Λ ≤ Λobj

 
2

Æ \.i|¥/gmop�a`�¥�j�bpN�bs¥�g�¦�jk`sb�`ygr¨½g�z(SRoplrbdj�gmi�`�gm¨
Alg

³FbpNPS­f&lmi�{ajk{Pl�bpS0gmz:S&o�l�bpj©g�i�`
L

(n)
cand

lmi�{�bdNPS
lm¦©opSRl�{a^ `df�NPSe{ahP¦�SR{­gmz:S&o�l�bdj�gmi(`

L
(n)
sched

 �M�NPS�`dhPz(SRop`pf�opj�zab
(n)

{aSRiPgrbpSR`�bdN�S�f&hPopodSRi�b�j�bpS&o�l�bpj©g�i%gr¨(bdNPS
`pf�NPSe{ahP¦�j©iP�°lm¦©��gmopj�bpNPQ ª j<  Sm �«(¥/S%lropS0`df�N�SR{ahP¦�j�iP��bdNPS

n
�<bpN�gmz:S&o�l�bdj�gmi:¬�  N#i�j�bpj�lm¦©¦�^m«

L
(0)
sched

j�`xS&Q�zabs^
¥�N�j©¦�S

L
(0)
cand

f&gmi�bplmj©i(`�bdNPSVj©i�zPhab gmz:S&o�l�bdj�gmi(`�gr¨
Alg

 tu/bYlri_^�j�bpS&o�l�bpj©g�i
n
«Jlr¦�¦�bdNPSVgmz:S&o�l�bdj�gmi(`�j©i

L
(n)
cand

lmodS0`dh�f�N�bpN�l�bxlm¦©¦JbpNPS&j�oyzPopSR{PSRf�Se`d`dgmo�`/lropSYj�i
L

(n)
sched

 
M�NPS�{aSRz(SRi�{Plm�P¦©S�`pf�NPSR{ah�¦©STzPopSR`p`chPopS­jk` l�¤�lmodjklri�b gr¨FbpNPS�`df�NPSe{ahP¦�SVz�odSe`d`dhPopSVf�g�`sbY¨¼hPi�f�bdj�gmi

σz�odg�z(g�`cSe{�j©i = �r~ « �e� @8«�¥�NPjkf�N6bdopj©Se`ºbpg�QTj�iPj�Q�j©»RStbpNPS ¦©SRiP�rbpN6gm¨	bpNPS0f�opj�bpj�fRlr¦Jz�l�bpN6gm¨	bpNPS0lr¦��mgmopj©bdNPQ
��oplmzPN6lmi�{6��^�S��azP¦�gmj©bdj�iP�TbdNPS0`pf�NPSR{ah�¦©j�iP��Q�lrop�mj�i�gr¨�SRl�f�N6g�z(SRoplrbdj�gmi1 $M�NPS �R�mD À Å���& ÀGK � À �e� �	� À
σ
jk`�f�gmQ�zPhPbdSR{6¨¼g�o�SRlmf�N�gmz:S&o�l�bpj©g�i

oi

lmi�{6SRlmf�N�zPopgaf�SR`p`dgmo
pj

lm`/¨¼gm¦�¦�g�¥y`&³

σ(n)(oi, pj) = ETS(n)(oi, pj) + LTE(n)(oi) − CPL(n−1) ª �R��¬
¥�N�S&opS

CPL(n−1) j�`�bpNPS%f�opj©bdjkf&lr¦¹z(l�bdN�¦�S&iP�mbdN�gr¨�bdNPS0z(lrodbdjklr¦1`pf�NPSR{ah�¦©S0f�g�Q�z(g�`cSe{�gm¨	bdN�S%lr¦�odSelm{a^`pf�NPSe{ahP¦�SR{�g�z(SRoplrbdj�gmi�`R«
ETS(n)(oi, pj)

j�`ºbdNPS Selrop¦©j�SR`cbFbdj�Q�S0l�b�¥�N�j�f�N�bdNPSYgmz:S&o�l�bpj©g�i
oi

fRlri�`sb�lrodb
j©bp`%S��aSRf&habdj�gmi"gmi£bpNPS�zPopg_f&SR`p`cg�o

pj

«$lri�{
LTE(n)(oi)

jk` bdNPS�¦�lrbdSR`cb­`cbplrodb bdj�Q�S�¨¼odg�Q[S&i({"gr¨
oi

«
{PS�±�iPSe{ bpg"�(S�bpNPS�¦©SRiP�rbpNIgm¨xbpNPS�¦©g�iP�mSe`sb�z�lrbdN¯¨¼odg�Q

oi

bdg
Alg

² `�g�habdzPhPb°gmz:S&o�l�bdj�gmi(`& I¡vNPS&i
f&gmQ�zPhabpj©i��®bpNPS�¦�S&i��rbdN�gr¨­bdNPjk`�z�l�bpN1«Y`dj�i�f�S�bdNPS"g�z(SRoplrbdj�gmi�`6lri�{�{Pl�b�l��#{aS&z:S&i�{PS&i�f&j©Se`�lmodS�iPgrb
`pf�NPSe{ahP¦�SR{ ^�S�be«º¥/S�{Pg�iPgmb���i�g�¥ bdNPSRj©o�¡ U �ºM ª opSR`dz1 $¡vU�U/My¬�«F`cg£¥�S�f&gmQ�zPhabpS6bpNPS�lA¤mSRoplm�mS
¡ U �ºM ª odSe`cz1 �¡vU�U/My¬%gr¨ySelmf�N´gmz:S&o�l�bpj©g�i ª opSR`dz1 �{�l�bplr�8{PS&z:S&i�{aSRi�f�^P¬ g�i®lr¦�¦ºz�odgaf�Se`d`dgmo�` ª opSR`dz1 
f&gmQ�Q­h�iPj�fRl�bpj©g�i�¦�j©iP�a`�¬� 
¶�j�op`cbR«P¥/S �mSRiPS&o�lr¦�j©»RSxbpNPS%`pf�NPSR{ah�¦©S zPopSR`p`ch�odS

σ
bpg°l�`cS&bygr¨�z�odgaf�Se`d`dgmo�`R³

σ(n)(oi,Pk) = ETS(n)(oi,Pk) + LTE(n)(oi) − CPL(n−1) ª ��f�¬
¥�N�S&opS

ETS(n)(oi,Pk) = maxpj∈Pk
ETS(n)(oi, pj)

 
M�NPSRi1«x¥/S�f&gmi�`djk{aS&o6bdNPS�Q�lr�mSe`cz(lri lm`�l®f&odj©bdSRodjkl"bpgI�:S�Q�j�iPj©Q�j�»&Se{�lmi�{�bdN�S d0\a¶$w lm`�l

f&gmi�`cbdo�lrj�i�b�bdg��:S%Q�S�bR³F¨¼gmoySelmf�N�f&lri({aj�{�l�bdS0g�z(SRoplrbdj�gmi
oi ∈ L

(n)
cand

«P¥�S%f&gmQ�zPhabpS0bdN�S0�(Se`sbt`dhP��`dS�b
gm¨�zPopgaf�Se`d`dgmo�`Fbpg�S��aSRf&habdS

oi

¥�j©bdN�Se¾�h(l�bdj�gmi ª � � ¬�³

P
(n)
best(oi) = Pj ∈ 2P

`R  bR  ª ���m¬
σ(n)(oi,Pj) = min

Pk∈2P

{

σ(n)(oi,Pk) |Λ(n)(oi,Pk) ≤ Λobj

}

¥�N�S&opS
Λ(n)(oi,Pk)

j�`FbdNPS d0\a¶$w�gr¨JbdNPSxz�lrodbdjklr¦�`pf�NPSe{ahP¦�Syl�¨ØbdSRoFopS&zP¦�j�fRl�bpj©iP�%lmi�{�`pf�NPSR{ah�¦©j�iP�
oi

g�i
lm¦©¦	bdNPSTzPopgaf�SR`p`dgmo�`�gr¨

Pk

 tM�g���h�lro�lri�bdSRS bdNPSTf�g�i�`sbpoplmj©i�b
Λ(n)(oi,Pk) ≤ Λobj

«(bpNPSV`dhP��`dS�b
Pk

j�`
`dS&¦�SRf�bdSe{�`dh�f�N�bdN(l�b�bdN�S-d0\a¶$w�gr¨�bdNPS­�P¦©gaf���bdN�lrbxf�gmi�b�lrj�i�`/bdNPS­odSRzP¦©jkf&l�`�gr¨

oi

g�i6bpNPS0zPopgaf�SR`p`dgmo�`
gm¨

Pk

j�`�¦�SR`p`�bpN�lri
Λobj

ª `dS&S?¶�j©��hPopS ��� ¬�  N8¨ lm¦©¦x�P¦©gaf��a`�lropS�`ch(f�NIbpN�l�b
Λblock ≤ Λobj

«ºbpNPS&i
Λ(n) ≤ Λobj

«PbdN�lmiP�a`/bdg�nFopgmz:g�`dj�bpj©g�i �P ©�  

×�×�Ìon7p	q�rts



��� ��� �o��
��O���6�o,.�&
����-�o*J1o,783���L�o��� �

¶�j�i�lr¦�¦©^�«P¥/S f&gmQ�zPhabpS bdNPS0Q�g�`sb�hPop�mSRi�b�g�z(SRoplrbdj�gmi�¥�j©bdN�Se¾�h(l�bdj�gmi ª �e~ ¬�³

ourg = oi ∈ L
(n)
cand

`R  be  ª �R~�¬
σ(n)

(
oi,P

(n)
best(oi)

)
= max

oj∈L
(n)
cand

{

σ(n)
(
oj ,P

(n)
best(oj)

)
}

U�g�QTz�habdj�iP��bdNPS`d0\a¶$w gm¨�bdNPS�z�lmocbpj�lm¦�`pf�NPSR{PhP¦©S�N�l�`­�:S&SRi®S��azP¦klrj�iPSe{ j�i¯\_Sef�bdj�gmi f   iyg�¥��
SR¤mSRoR«�¥�NPS&i {Pgmj�iP��`dg�«�¥�S°QVh�`cb­bplm�mS�j�i�bdg�l�f&f�g�hPi�b%bdN�S�¨¼habdh�odS�f�gmQ�QVhPiPjkf&l�bpj©g�i�` ¨¼g�o%bdN�S6{Plrbpl��
{PS&z:S&i�{aSRi�f�j�SR` `dS&i�b ��^�bpNPS�¦�l�`sb0`pf�NPSR{ah�¦©Se{?gmz:S&o�l�bpj©g�i`ZV  N#i({aS&Se{¹«1lmfRf�gmo�{aj�iP��bpg�¶�j��mhPopS � «JbdNPSe`cS
f&gmQ�Q­h�iPj�fRl�bpj©g�i�`�¥�j©¦�¦y�:S?opS&zP¦�j�fRl�bpSR{Ij©i�bdg"bpNPS?`plrQ�S�i_hPQ­�:S&o°gm¨YopS&z�¦©jkf&l�`�lm`�ZV«��Phab°bpNPS�¦�j©iP�a`
¥�N�S&opS�bdNPSR^V¥�j�¦�¦(�:Sx`pf�NPSR{ah�¦©Se{�¥�j©¦�¦(g�iP¦�^V�:Sy�_iPg�¥�i°l�bºbdNPStiPS��_b�`cbdSRz°gr¨ Æ \.i% _ux`�l%f�g�i�`dSR¾�hPS&i(f�Sm«
¨¼g�oYlmi

Alg
�mo�lrz�N?gr¨FbpNPSV¨¼gmopQ 


→
Z
→ � «¹¥�ST�PhPj�¦�{?bdNPS�w Æ � gr¨�¶�j©��hPodS �e� «J¥�NPS&opSVbdNPST¨¼habphPodSf&gmQ�Q­h�iPj�fRl�bpj©g�i�`�lropSYj�i�odSe{ ��{PgrbcbpSR{¹ 

��� ��� ���

� � 1 ���!���

�
	
.�
���5�����

�
	
.�
���5����� � � . � ����� �

� � . � ���	�P�

"

� � 2 ���
���
¶�j��mhPopS��R�P³½u|w Æ ��b�lr�_j�iP��j©i�bdg�l�f&f�g�hPi�b�bdNPS ¨¼habphPopS%f�gmQ�QVhPiPjkf&l�bpj©g�i�`/gr¨FZV 

¶�hPocbpNPS&opQ�gmopSm«A¥�NPSRiV`dS&¦�SRf�bpj©i��ybdN�S�¦�j©i��_`�bpgtf�g�Q�zPhabdS�bdN�S�opS&¦�j�lm�Pj�¦©j©bs^ gr¨abdN�S��P¦�gaf��a`�f&gmopodSe`cz:gmi�{a�
j�iP�0bpg%bpNPSR`dS�¨¼habphPodSYf�g�QTQVhPiPjkf&lrbdj�gmi�` ª �F²_lri({ �0Wyj©i6¶�j��mh�odS �e� ¬�«�¥/Sxf�NPg_g�`dS�bpNPSx¦�j©i��_`ºN�lA¤_j©i��0bdNPS
¥/gmo�`dSy¨·lrj�¦�hPodSYo�l�bdSe`&«_j�i�gmo�{aS&o�bdg��mh(lro�lri�bdSRSybdN(l�bR«a¥�N(l�bdSR¤mSRoºbpNPS%`df�N�SR{ahP¦�j�iP�Tf�N�gmjkf�SYQ�l�{aS {ahPopj©iP�
bpNPS0iPS���by`cbdSRz

n + 1
gm¨ Æ \.i­«

Λ(n+1) ¥�j�¦�¦¹�(S0¦�SR`p`/bdN�lmi Λobj

 
����� � � � ��� ��� � ��� � � � ��# ��
 � � � � ��� ����� ��� �
��� !����

M�N�S Æ \.i `pf�NPSe{ahP¦�j©iP��NPSRhPopj�`cbdjkfTj�`0`dNPg�¥�i£j©i´¶�j©��hPopS �2f  LN#iPj©bdjklr¦�¦©^�«
L

(0)
sched

j�` SRQ�zabs^�lmi�{
L

(0)
candjk`�bpNPS0¦©jk`cbygr¨$gmz:S&o�l�bdj�gmi(`�¥�j�bpNPgmhabxlmi_^�zPopSR{aSef�Se`d`dgmo�`& $u/bybpNPS

n
�<bpN�`sbpS&z1«abpNPSR`dS0¦�j�`cbp`ylmodS hPzJ{PlrbdSR{

l�f&f&gmo�{aj©i��­bpgVbpNPS%{Plrbpl��#{aSRz(SRi�{aS&i(f�j�SR`�gr¨
Alg

 
u/b SRl�f�N?`sbpS&z

n
«Jg�iPS­g�z(SRoplrbdj�gmi

oi

gr¨½bdN�SV¦�j�`cb
L

(n)
cand

jk`t`dS&¦�SRf�bdSR{�bdg��:S�`df�NPSe{ahP¦�SR{¹  ¶Pg�oxbpNPjk`&«
¥/S�`cSR¦©Sef�b%l�b bpNPS�Q�j�f&odgm�8`cbdSRz�`

➀
lmi�{

➁
«�¨¼gmo Selmf�N"f&lri({aj�{�l�bdS�g�z(SRoplrbdj�gmi

oi

«1bpNPS��:SR`cb­`chP�(`cS&b gm¨
z�odgaf�Se`d`dgmo�`

P
(n)
best(oi)

bdg0opS&zP¦�j�fRl�bpSylri�{�`pf�NPSR{ah�¦©S
oi

«�`dh�f�NTbdN�lrb½bdNPS d0\a¶$w�gr¨:bdNPS�opSR`dhP¦©bdj�iP�0z�lrodbdjklr¦
`pf�NPSe{ahP¦�S�jk`­¦�SR`p`%bpN�lri

Λobj

 "M�N�S&i1«FlmQTg�iP��bpNPg�`dS��:SR`cbTz(lrj�op`
〈oi,P

(n)
best(oi)〉

«F¥/S6`dS&¦�SRf�b�l�bTbdNPS
Q�jkf�opgr�#`sbpS&z

➂
bdNPS­gmiPS%N(lA¤�j�iP�TbdN�S­�Pj��m��SR`cbx{aS&z:S&i�{�lr�P¦�S­`pf�NPSR{ah�¦©S0zPopSR`p`dhPodS ¤�lr¦�hPS�«(jµ  S� ©«�bdNPS­QTg�`sb

h�od��S&i�bYz(lrj�o
〈ourg ,P

(n)
best(ourg)〉

 �M�NPS°`cSR¦©Sef�bpSR{�gmz:S&o�l�bdj�gmi
ourg

jk` opS&zP¦�j�fRl�bpSR{£lri�{£`df�N�SR{ahP¦�SR{£l�b
bpNPS Q�j�f&odgm�8`cbdSRz

➃
gmi�SRlmf�N�zPopgaf�SR`p`dgmo/gr¨

Pbest(ourg)
f�g�QTz�habdSe{�lrb�QTjkf�opgr�#`cbdS&z

➁
«�lri({°bpNPS%f�g�QV�

QVhPiPjkf&lrbdj�gmi�`xj©Q�zP¦�j©Se{��_^�bdNPSe`cSVj©Q�zP¦�S&Q�S&i�b�l�bdj�gmi(`tlmodS%lm¦�`dg°opS&zP¦�j�fRl�bpSR{�lri({?`df�N�SR{ahP¦�SR{�lmf&f&gmo�{aj�iP�
bpgTbdNPS0��oplmzPN°bpoplmi�`s¨¼g�odQ�lrbdj�gmi�`/gr¨$¶�j©��hPodSe` � ª l�¬/lri�{ � ª fR¬� ½¡�S%f�NPSef��°l�b�bdN�S0QTjkf�opgr�#`cbdS&z

➄
j�¨�bdNPS

Õ¼Ö�×1ÕØÇ
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¨·lmj©¦�hPopS°o�l�bdS�gm�aqsSef�bdj�¤mS�j�`V`dlrbdjk`s±�Se{"gmoViPgrbe VN8¨yj�bTj�`ViPgmbR«�bdNPS6h�`dS&oVfRlri f�N�lmiP�mS°bdNPS�¨·lmj©¦�hPopS�o�l�bpS
g��aqsSRf�bdj�¤mS

Λobj

gmoYhPzP��opl�{aS%bpNPS�lro�f�NPj©bdSRf�bdhPopS
Arc

«	lmi�{?opS��8S��aSef�habpS­bpNPS�lr¦��mgmopj©bdNPQ� %¶�j©i(lr¦�¦©^�«¹¥�S
h�z:{PlrbdS bpNPS0¦©jk`cbp`�gr¨½f&lmi�{ajk{Pl�bpS0lri�{�`df�N�SR{ahP¦�SR{�g�z(SRoplrbdj�gmi�`�l�b�bpNPS0Q�j�f&odgm�8`cbdSRz

➅
 

���������
	��
�����������
	����������

Alg  Arc  Exe  �!�"�# Λobj $�%���&���'�(� !*),+.-0/1!�23-1+4#3/05768),/02�936,+.#:576;!
6,/0<=58<;>�+&#?9�-0+�@
A Alg @�" Arc 6,>�!
6�BC/0"�/0BC/0D.+.5E6,>�+FBG!�HI+.58J�!�":!
"�#
5,!
6,/057K�+.5 Λobj  3@�)L!MAN!�/0-093),+OBC+.585,!
P(+ $QSRT�U	N�
V @(BCJ�9?6,+W6,>�+W58+X6 2P @
AS!�-0-�589�2�58+Y6,5Z@
A P $[I\ 6,>3+]9�58+X)Z<&!
"4-0/0BC/06^6,>3+O#3+.P
),+.+ k @�ASJ3),@_<X+.5858@�)L<.@(BM2�/0"�!
6,/0@("�5 \
[

L
(0)
cand := { @(JU+X);!
6,/0@("�5a`a/b6,>�@�936ZJ3),+&#?+.<.+.5858@
),5 } $

L
(0)
sched := ∅ $

n := 0 $c ��	N��R
L

(n)
cand 6= ∅ d �

➀ e�@
)Z+&!�<;>4<&!
"�#3/1#3!
6,+f@(JU+Y);!
6,/0@(" oi ∈ L
(n)
cand  3<.@(BCJ3936,+ σ(n)(oi,Pk) A�@�)Z+&!�<;>458932�58+X6 Pk @�A 2P g

➁ e�@
)Z+&!�<;>4<&!
"�#3/1#3!
6,+f@(JU+Y);!
6,/0@(" oi  �58+.-0+.<Y6Z6,>3+]2U+.576Z589�2358+X6 P(n)
best(oi) ∈ 2P 589�<;>�6,>�!
6 �

σ
(n)(oi,P

(n)
best(oi)) = min

Pk∈2P



σ
(n)(oi,Pk) |

Λ(n)(oi,Pk) ≤ Λobj

ff

➂ hT+.-0+.<X6a6,>�+]BC@�576Z93),P(+X"T6a<.!�"�#?/1#�!
6,+f@�JU+X);!
6,/0@�" ourg !�BC@("3PC!�-0- oi @�A L
(n)
cand 589�<;>�6,>�!
6

�

σ
(n)`

ourg,P(n)
best(ourg)

´

= max
oj∈L

(n)
cand



σ
(n)`

oj ,P
(n)
best(oj)

´

ff

➃ hT<Y>3+&#393-1+W+&!�<;>=),+.J3-1/0<&!�@
A ourg @("4+.!�<;>4J3),@_<.+X5858@�)L@�A P(n)
best(ourg) $

➄
	�i

(P(n)(ourg) = ∅)
�
��R3�

�
R?�&�����kj AN!�/0-05Z6,@l5,!
6,/057A�m�A�!�/0-093),+f);!
6,+f@(2Tn7+.<X6,/0oI+Yp $ RTq�	r� $[I\ 6,>3+]9�58+Y)L<.!�"4BC@T#?/0Arm Λobj !�"�#F),+Xst+Xu?+.<.9?6,+W6,>�+O!
-0P(@�),/b6,>3B \
[

➅ vLJ%#�!
6,+L6,>�+f-0/0576,5Z@
AS<&!�"�#3/1#�!
6,+f!�"�#=58<;>�+&#?9�-0+&#�@�JU+X);!
6,/0@�"�5 �
L

(n)
sched := L

(n−1)
sched ∪ {ourg} $

L
(n+1)
cand := L

(n)
cand − {ourg} ∪

{t′ ∈ succ(ourg) | pred(t′) ⊆ L
(n)
sched} $

➆ n := n + 1 $
R�� d c ��	���R
R�� d

¶�j��mhPopS���f(³$M�N�S Æ \.i|`pf�NPSe{ahP¦�j©iP��NPSRhPopj�`cbdjkfr 
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� ��� *,+ �&� 
���.%
 �$��� + ��
��

���� � �����!� � ��� ����� ����� ��� ���
¡£S£N�lA¤mS£f�gmi({ah�f�bpSR{>S��_bdSRi�`cj�¤mS"`dj©QVhP¦�lrbdj�gmi�`6gr¨VgmhPo Æ \.i lr¦��mgmopj©bdNPQ� ¢M�NPS�¨¼gm¦�¦©g�¥�j�iP�®±��mhPopSR`
N(lA¤mS��:S&S&i®gm�ab�lrj�iPSR{"�_^£�mS&i�S&o�l�bdj�iP��o�lri�{PgmQ�¦©^ �r�

Alg
�mo�lrzPN�`%gr¨��r��g�z(SRoplrbdj�gmi�`0Selmf�N1«$¥�j©bdN l

U�g�Q�Q­hPiPjkf&lrbdj�gmia�µbdgm�sU�g�Q�zPhabplrbdj�gmi�wyl�bpj©g `dS�b�bdg ��  � �ºlmf�Nvgm¨ bdNPSe`cS?��oplmzPN�`�¥/S&opS�bdNPSRi �mj�¤mSRi
bpg Æ \.i ¥�j©bdN bpNPS�bs¥�gINPS�bpS&opgm�mSRiPS&g�h�`

Arc
��oplmzPNvN�lA¤_j�iP�®opSR`dz(Sef�bpj©¤�S&¦�^ f¯lri�{�~ zPopgaf�Se`d`dgmo�`&«

f&gmQ�zP¦�S�bpS&¦�^ f�gmi�iPSRf�bdSR{1 ®M�lm�P¦�S � �mj�¤mSe`­bpNPS�j©i({aj©¤_jk{ah�lm¦�¨·lmj©¦�hPopS6o�l�bpSR`Tz:S&oTbdj�Q�S�h�iPj�b�gm¨tlr¦�¦�bdNPS
z�odgaf�Se`d`dgmo�`/lri�{�f�g�QTQVhPiPjkf&lrbdj�gmi�¦©j�iP�a`�j©i�bpNPS9f�zPodgaf&SR`p`cg�op`/lro�f�NPj©bdSRf�bdhPopSm 

ny��« n�� n �a« nº~ �º�e�P« �º���a« �F�e~P« �����a« ���r~�« �
�r~
λ1,2 = 10−4 λ5,6 = 10−5 λm = 10−3

M�lr�P¦�S��m³F¶�lmj©¦�hPopS oplrbdSR`/z:S&o�bpj©Q�S0hPi�j�byj�i�bdNPS9f�zPopgaf�SR`p`dgmo�`�lmopf�NPj©bdSef�bphPodS� 
M�lr�P¦�S � ��j©¤�SR`/bpNPS­j�i�{aj�¤_j�{ah(lr¦1¨·lmj©¦�hPopS%o�l�bdSe`�z:S&oybpj©Q�S%h�iPj�bYgr¨$bdN�S­lm{P{Pj�bpj©g�i�lr¦�zPodgaf&SR`p`cg�op`�lri({

f&gmQ�Q­h�iPj�fRl�bpj©g�i�¦�j©iP�a`�j�i�bdNPS%~TzPopgaf�Se`d`dgmo�`�lmopf�N�j�bpSRf�bphPopSR`

nº��« n f �º�R�P« �F�2f�« ���m�P« ���of(« ���3f(« �����_« �	��~a« �bf��a« �Tf�~
λ3,4 = 5.10−5 λm = 10−3

M�lr�P¦�S%�a³F¶�lmj©¦�hPopS oplrbdSR`/z:S&o�bpj©Q�S0hPi�j�byj�i�bdNPS%~TzPopgaf�SR`p`dgmo�`�lmopf�NPj©bdSef�bphPodS� 

���� � � � ��� ����
�� 
�� ��� � � ! 
�� ��� � � � � ����
 � 
 �

Λobj¶�j��mhPopS ��� `dNPg�¥y`:bdN�Sºlmf�bdh�lm¦ d0\a¶$w"gm�ab�lrj�iPSR{Y�_^ Æ \.i j©i ¨¼hPi(f�bdj�gmi0gm¨�bpNPSFg��aqsSRf�bdj�¤mS
Λobj

«�lA¤mS&o�lr��SR{
g�¤�S&o½bpNPS��m�

Alg
��oplmzPN�`R �M�NPSt`ch�fRf�Se`d`dj©¤�Sy¤�lr¦�hPSR`ºgr¨

Λobj

��j©¤�S&i�bdg Æ \�i ¥/S&opSm³
10−2 « 10−3 « 10−4 «

10−5 « 10−6 «(lri�{ 10−7  ¡vNPSRi
Λobj

j�`xj©i�bpNPS%j�i�bdS&op¤�lr¦
[10−7, 10−4]

«
Λ(S)

odSRQ�lrj�i�`�¤mSRod^�f�¦�g�`dS bdg
Λobj

 ON#i?f&gmi�bdo�lm`cbR«
¥�N�S&i

Λobj

jk`�j©i6bdN�S0j©i�bdSRod¤�lm¦
[10−4, 10−2]

«_bdN�S&i
Λ(S)

j�`�`dj��miPj©±(f&lmi�bd¦�^�¦©g�¥/S&o/bdN(lri
Λobj

 FM�NPjk`�j�`
�:SRfRlrh�`dS%j©btjk`xi�grbxz:g�`p`cj��P¦�S%bpg°gm�ab�lrj�i?`ch(f�N�l�¦�g�¥�¦�S&¤�S&¦�gr¨½¨·lrj�¦�hPodS­oplrbdS%¥�j©bdN�bpNPS­z�odgaf�Se`d`dgmo�`�lri({
f&gmQ�Q­h�iPj�fRl�bpj©g�i�¦�j©iP�a`�gm¨

Arc
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¶�j©��hPodS�� �a³��Flropj�lrbdj�gmi�gr¨�bdNPS0g��abplmj©iPSe{+d0\P¶�w
Λ(S)

j�i�¨¼hPi�f�bpj©g�i�gr¨
Λobj

 


�� � � � � ��� ����
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�� ��� � ��� � �����!� ��� � 
�� � � ����
 � � � � � 
 � ��� �%� � � ����
�� 
��
Λobj¶�j��mhPopSR` �R~ lmi�{ ��� `cN�g�¥ bpNPS�lA¤�S&o�lr��S�opS&z�¦©jkf&lrbdj�gmi�¨·lmf�bdg�o6zPopga{ah�f&SR{��_^ Æ \�i[j�iv¨¼hPi�f�bdj�gmi>gm¨

bpNPS�g��aqsSRf�bdj�¤mS
Λobj

«tlA¤mS&o�lr��SR{Ig�¤mSRo�bdNPS �r�
Alg

�mo�lrzPN(`&  �ºl�f�N z:gmj�i�b�j©i({aj�fRl�bpSR`�bdNPS£lA¤mS&o�lr��S
opS&z�¦©jkf&lrbdj�gmi�¨·lmf�bdg�oxgm�Pbplrj�iPSe{�¨¼gmoJ1o
0�

Alg
�mo�lrz�N1«:lmi�{�bpNPSTf&hPop¤mS%z�l�`d`dSR`ybdNPopgmh��mN�bpNPS­Q�jk{P{a¦�SVgm¨

lm¦©¦_bpNPS�z(g�j©i�b�`$gm�ab�lrj�iPSR{V¥�j�bpNTlY��j©¤�S&i
Λobj

  � gmbdS/bdN(l�b½¥�NPS&i
Λobj

jk`$j�iVbpNPS�j©i�bpS&op¤Alm¦
[10−4, 10−2]

«
bpNPS0opS&zP¦�j�fRl�bpj©g�i°¨·lmf�bdg�o�j�`�lm¦©Q�g�`cb�SR¾�h�lm¦Jbdg��m«a¥�N�j�f�N�jk`�f�gmi(`cjk`sbpS&i�b�¥�j�bpN�bdNPS0opS&Q�lrop��Q�lm{aS0lm�(g�¤�S
f&gmi�f&S&opiPj�iP�%bpNPS5d0\a¶$w ª bdNPS opS&zP¦�jkf&l�bpj©g�i°¨·l�f�bdg�o�f&lri�iPSR¤mS&o��:S �(SR¦©g�¥¸�0`dj©i(f�S l�b�¦©Selm`cb/g�iPS odSRzP¦�j�fRl
gm¨�Selmf�N�g�z(SRoplrbdj�gmi�Q­h�`cb%�(S�`pf�NPSR{PhP¦©Se{�¬� �ut` ¥�S�f&lmi£`dS&S�«¹bdN�S�odSRzP¦©jkf&lrbdj�gmi�¨·lmf�bpgmo �mopg�¥y` lr¦�Q�g�`cb
¦�j�iPSRlmod¦�^�¥�NPS&i

Λobj

{aSRf&odSelm`dSR`�¨¼odg�Q
10−3 bdg 10−6  ux¦�`dg�«e¥�SFfRlri0`dS&S$bdN(l�b1bpNPS½bs¥/gyf�hPop¤mSe`¹lropS�i�grb	¤�S&op^x{aj X:SRodSRi�be �M�N�lrb1j�`R«ebdNPSFlA¤�S&o�lr��S�opS&zP¦�jkf&l�bpj©g�i

¨·l�f�bpgmoºjk`/iPgrb/j©i���hPS&i(f�SR{��_^VbpNPS `cj�»&Stgr¨1bpNPSyb�lrop�mS�b�lro�f�NPj©bdSRf�bdhPopSm«��Phab�gmi�¦©^��_^TbdNPSYgm�aqsSef�bpj©¤�S
Λobjlmi�{�bdNPS0j�i�{aj�¤_j�{ah(lr¦¹¨·lmj©¦�hPopSYo�l�bpSR`/z:S&o�bpj©Q�S0hPiPj©bygr¨�bdN�S%lro�f�NPj�bpSRf�bdhPopStN(lro�{a¥/lmodSYf�g�QTz:gmi�S&i�bp`R 
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¶�j��mhPopS°�e~P³ �Flropj�lrbdj�gmi�gr¨$bpNPSVlA¤�S&o�lr�mS opS&zP¦�jkf&l�bpj©g�i�¨·lmf�bdgmoxj©i�¨¼h�i�f�bpj©g�i�gr¨
Λobj
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Λobj
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Λobj¶�gmoT¶�j��mh�odSe` �2? lri�{ �e� «$¥/S°N�lA¤mS6f�NPg�`dS&i´g�iPS°z�lmocbpj�f&hP¦�lmo

Alg
�mo�lrzPN´gm¨��r��g�z(SRoplrbdj�gmi�`R  �ºlmf�N

g�z(SRoplrbdj�gmi"jk`%i_hPQ­�:S&opSR{£¨¼opgmQ ��bpg��r�� �¡£S�N(lA¤mS�ophPi Æ \.i¢g�i"bdNPjk`%��oplmzPN"¥�j�bpN
Λobj = 10−5lmi�{°{ao�lA¥�i�bpNPStS��Plmf�b/odSRzP¦�j�fRl�bdj�gmi°¨·lmf�bpgmo�gr¨	Selmf�N°g�z(SRoplrbdj�gmi1  Æ grbdN°±��mhPopSR`/f�g�odopSR`dz:gmi�{TbpgVl0¨¼h�¦©¦�^

f&gmiPi�SRf�bpSR{�lro�f�NPj©bdSRf�bdhPopSm«aopSR`dz:SRf�bpj©¤�S&¦�^�¥�j�bpN`f�lri�{�~�zPopg_f&SR`p`cg�op` ª ¥�N�g�`dSYj�i�{aj�¤_j�{Ph�lr¦¹¨·lmj©¦�hPopS oplrbdSR`
z:S&o$bpj©Q�S�hPiPj©bp`ºlropS�opSR`dz(Sef�bpj©¤�S&¦�^0�mj�¤mS&iVj©i�M�lr�P¦�SR` � lri�{ � ¬� CN#iVbdN�S fYz�odgaf�Se`d`dgmo�`	fRlm`dSm«AbpNPSylA¤mSRoplm�mS
opS&z�¦©jkf&lrbdj�gmi°¨·l�f�bpgmo�jk`�SR¾�h�lm¦Jbdg

2.18
«_¥�NPj�¦�S0j©i�bdN�S%~Vz�odgaf�Se`d`dgmo�`/f&lm`dSm«aj©byjk`�SR¾�h�lr¦Jbpg

2.22
 

M�NPS�j�Q�z(g�ocb�lri�b bdNPj�iP��bdg�iPgrbpS�j©i"¶�j©��hPodSe` �2? lri�{ �R� j�`YbpN�l�b bpNPS�S��Plmf�bYopS&zP¦�jkf&l�bpj©g�i?¨·l�f�bdg�op`
lmodS�S&¤mSRiP¦�^£{ajk`cbdopj©�PhPbdSR{ g�¤mS&o%bdNPS�lA¤mS&o�lr��Sm GN#i�{aSRSR{¹«$bpNPS6`cbplmi�{Plmop{´{aSR¤_j�lrbdj�gmi´jk`­g�iP¦©^

0.384
¨¼g�o

¶�j��mhPopS �2? ª opSR`dz1 
0.414

¨¼gmoy¶�j��mhPopS �e� ¬� F¶�hPodbdNPSRodQ�gmopSm«�bpNPS&opS j�`�i�gT�(lm{JU#¨¼h�iPiPS&¦%WYS�X:Sef�be 
¶�j�i�lr¦�¦©^�«�bdNPS�¨·lmf�b°bdN�lrb�bpNPS�lA¤mSRoplm�mS�odSRzP¦�j�fRl�bdj�gmi�¨·l�f�bpgmo ª

2.18
¨¼gmo�¶�j��mh�odS ��? lri({

2.22
¨¼gmo

¶�j��mhPopS �R� ¬­{ag_Se`�iPgrb°{aSRz(SRi�{¯gmiIbdNPS?`dj�»&S�gr¨YbdNPS�b�lrop�mS&b�lmopf�NPj©bdSef�bphPodS�jk`°f�g�i�`cjk`cbdS&i�b�¥�j©bdN¯bdNPS
g���`dS&op¤Alrbdj�gmi6Q�l�{aS j©i?\_Sef�bpj©g�i ~�  � lr�:g�¤mS� 
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¶�j��mhPopS���?P³ � �al�f�b�odSRzP¦�j�fRl�bdj�gmi®¨·lmf�bdgmoTgr¨tSRlmf�N®gmz:S&o�l�bdj�gmi ¨¼gmo
Λobj = 10−5 g�iIlSf�zPopgaf�SR`p`dgmo�`

lmopf�N�j�bpSRf�bphPopSm 
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¶�j��mhPopS��e�P³ � �al�f�b�odSRzP¦�j�fRl�bdj�gmi®¨·lmf�bdgmoTgr¨tSRlmf�N®gmz:S&o�l�bdj�gmi ¨¼gmo
Λobj = 10−5 g�iIl£~?zPopgaf�SR`p`dgmo�`lmopf�N�j�bpSRf�bphPopSm 
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¡£S�lropS­lr¦k`cg6j©i�bpS&opSR`cbdSR{?j©i�bdNPS�lA¤mSRoplm�mS odSRzP¦�j�fRl�bdj�gmi?¨·lmf�bpgmoYgr¨½bpNPSVg�z(SRoplrbdj�gmi�`t`df�N�SR{ahP¦�SR{ ª iPgmbdSe{
AORP

¬/g�i�SRlmf�N�zPopgaf�SR`p`dgmo/gr¨�bdNPS%lmopf�NPj©bdSef�bphPodS� ½w�SRfRlr¦�¦¹bdN�lrbR«a¨¼g�oylri�gmz:S&o�l�bpj©g�i�
V«
Σ(X)

jk`�bpNPS
`dhP��`dS�b%gm¨�zPopgaf�Se`d`dgmo�`tbdN�lrb%S��aSRf&habdS 
V biySRi�f�S�«1bdN�S°odSRzP¦�j�fRl�bdj�gmi�¨·lmf�bdg�o0gr¨ 
 j�`

|Σ(X)|
«�lmi�{�bdNPS

i_hPQV�(SRo
AORP (P)

jk`�Se¾�h(lr¦Jbdg(³

AORP (P) =

∑

X ��� ��� P∈Σ(X)

|Σ(X)|

∑

X ��� ��� P∈Σ(X)

1

ª �A�r¬

M�NPS
AORP

jk`�¤�S&op^ j©Q�z:gmodbplmi�b�bpg®lm`p`dSR`p`TbdNPS?¾�h�lm¦©j©bs^®gm¨0l ª ¦©SRiP�rbpN1« odSR¦©jklr�Pj�¦�j�bs^P¬T�Pjkf�opj�bpS&opj�l
`pf�NPSe{ahP¦�j©iP�?lm¦©��gmopj�bpNPQ�«��:SRfRlrh�`dS°j©bT`dNPg�¥y`0NPg�¥ j©bVjk`%opS&¦kl�bpSR{£bdg?bdNPS�¨·lrj�¦©hPopS°o�l�bpS�z(SRo%bdj�Q�S�hPi�j�b
gm¨ºSRl�f�N?zPopgaf�SR`p`dgmoe Y¡£STj©i�bdh�j�bpj©¤�S&¦�^?S��az:SRf�bYbdN(l�bR«¹j©¨

λP > λP′

«JbpNPS&i
AORP (P) < AORP (P′)

«
bpN�l�bYj�`R«Jgmz:S&o�l�bpj©g�i�`x`pf�NPSR{PhP¦©Se{�gmi�QTg�odS­odSR¦©jklr�P¦�S­z�odgaf�Se`d`dgmo�`�`dNPgmhP¦k{��:SVopS&z�¦©jkf&lrbdSR{?¦©Se`d`R tM�NPjk`tj�`
j�i�bdhPj©bdj�¤mS��:SRfRlrh�`dSTlmi�g�z(SRoplrbdj�gmi�`pf�NPSe{ahP¦�SR{�gmi�bdg�l�¤�S&op^�odSR¦©jklr��¦©STzPopg_f&SR`p`cg�o ª j<  Sm �«1¥�NPg�`cSV¨·lrj�¦�hPodS
o�l�bpSxjk`/�mopSRl�bpS&oºbdN�lmi

Λobj

¬/{ag_SR`�iPgrb�iPS&Se{�bpgV�:StopS&z�¦©jkf&lrbdSR{1«�¥�N�j©¦�SYlmi°gmz:S&o�l�bpj©g�i�`pf�NPSR{ah�¦©Se{°gmi�bpg
lmi6h�iPodSR¦©jklr��¦©SYzPopg_f&SR`p`cg�o ª j<  Sm �«P¥�NPg�`cSt¨·lrj�¦�hPodS o�l�bpStjk`�¦©Se`d`�bpN�lri

Λobj

¬/Q­h�`cb��(S opS&zP¦�jkf&l�bpSR{�`cSR¤mSRoplm¦
bpj©Q�Se`�bdg�opSRlmf�N

Λobj

 
ixg�¥�SR¤mS&oe«_¥�NPS&i�f&gmQ�zPhabpj©iP�TbpNPS

AORP
«P¥/SYN(lA¤mStbdg��:S%f&lropS�¨¼h�¦¹gr¨	bpNPS0¤�lr¦�hPSR`�gm¨	bpNPS ¨·lrj�¦©h�odS

o�l�bpS0gr¨�bdNPSVf�gmQ�QVhPiPjkf&l�bpj©g�i�¦©j�iP�a`& ON#i�{aSRSR{¹«�bdNPSe`cS­¤Alm¦©h�SR`�N�lA¤�S%l�{aj�odSef�byj�i���hPSRi�f�S%g�i�bdNPSVlmf�bph�lr¦

Õ¼Ö�×1ÕØÇ



���������	��
���
���
������������	��
����	������� ��
!�"
���#��$���%���"�����&��
�')(+*-,.�%
�� /0�$12�)���)��13�4�	
��3
����5���6�7�683,.�&��
!�9/:�61"��� ��* �m�

opS&z�¦©jkf&lrbdj�gmi�¨·l�f�bdg�otgm¨ºSRl�f�N?gmz:S&o�l�bpj©g�i ª `dS&S�\_SRf�bdj�gmi �a �� lri({?j�i�z�lmocbpj�f&hP¦�lmoY¶�j��mhPopS �e� ¬�  ¶�gmoYbdN�j�`
opSRl�`cg�i1«PbpNPS�`cj�Q­hP¦kl�bpj©g�i?�:S&¦�g�¥ ª ¶�j©��hPopS �r� ¬�jk`xophPi�¥�j�bpN?bdN�odSRS­¤�lr¦�hPSR`tgr¨½bpNPSV¨·lrj�¦©hPopS­o�l�bpS­gm¨FbdNPS
f&gmQ�Q­h�iPj�fRl�bpj©g�i°Q�SR{ajkl

λm

«P{aj%XJS&opS&i�b/¨¼odg�Q bdNPg�`cSY�mj�¤mSRi°j©i�M�lm�P¦�SR` � lmi�{ � ³	bpNPSR`dSti�S&¥ ¤�lr¦�hPSe`�gm¨
λm

lropStf�NPg�`cSRi°`ch(f�N�bdN�lrb�bpNPSYodSRzP¦©jkf&l�`ºgm¨¹bdNPS {Plrbpl­{PS&z:S&i�{aSRi�f�j�SR`/g�i�bdNPS f�g�Q�Q­hPiPjkf&lrbdj�gmi°Q�Se{aj�l
N(lA¤mS lVopSR{Ph�f�Se{�j�i���hPSRi�f�S0g�i�bdNPS0opS&zP¦�jkf&l�bpj©g�i°¨·l�f�bdg�o�gr¨�bdNPS0g�z(SRoplrbdj�gmi�`R 
¶�j��mhPopS �m� `dNPg�¥y`�bdN�S

AORP
gr¨�SRlmf�N6zPopg_f&SR`p`cg�oºny�YbpgTn�~­j�i�bpNPS%~VzPodgaf&SR`p`cg�op`�lro�f�NPj�bpSRf�bdhPopSm«

¨¼g�otl�¤Alm¦©h�S­gr¨
Λobj

SR¾�h�lr¦	bdg
10−5 lmi�{�¨¼gmotbdN�odSRSV{ajk`sbpj©i(f�bt¤�lm¦©hPSe`xgm¨ λm

«Ji�lmQTSR¦©^
10−4 « 5.10−5lmi�{

10−5  �M�N�j�` ±(�mhPopS�`cNPg�¥y` ¤�S&op^�f�¦�SRlmod¦�^�bdN(l�b AORP (P)
j�`­{aj©opSRf�bd¦�^�opS&¦kl�bpSR{�bdg�bdN�S�¨·lrj�¦©hPopS

o�l�bpS z(SRoybdj�Q�S%hPiPj©bxgm¨�n$«�¥�N�j�f�N?{aSRQ�gmi�`cbdo�l�bpSR`/bdN(l�bxg�hPo�iPS&¥
BSH

`pf�NPSe{ahP¦�j©iP��N�S&hPopj�`cbdjkf ¥/gmop�_`
opS&Q�lmod��lr��¦©^�¥/S&¦�¦< 
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λm =10−5

λm =5.10−5

λm =10−4

λ5,6 =10−5 λ1,2 =10−4λ3,4 =5.10−5

Λobj = 10−5

¶�j��mhPopS%�r�P³$u�¤mS&o�lr��StopS&z�¦©jkf&lrbdj�gmi6¨·lmf�bpgmo/¨¼gmo�Selmf�N�zPopg_f&SR`p`cg�oº¨¼g�o
Λobj = 10−5  

ut`1¥/SFf&lri%`dS&S½j�i%¶�j©��hPopS �r� «ej�i bdNPS½bpNPopS&SFf&l�`cSe`&«RbdN�SFQ�gmopS½odSR¦©jklr�P¦�S�bdNPS�zPopg_f&SR`p`cg�oJj�`R«&bpNPSº¦�SR`p`¹j©bp`
lA¤�S&o�lr��SxopS&zP¦�j�fRl�bpj©g�i6¨·l�f�bpgmo��:SRf�g�Q�SR`R³

AORP (P5&P6) > AORP (P3&P4) > AORP (P1&P2)
 

M�N�j�`xgmo�{aS&o�opS&¦kl�bpj©g�i�`cN�j©z�jk`xf�¦�SRlmodSRo�j©i�bpNPS
λm = 10−5 f&lm`dS0�:SRf&lmh�`dSm«�j�i�bdN(l�btfRlm`dSm«abpNPSVf&gmQ�Q­ha�i�j�fRl�bdj�gmi£Q�SR{ajkl�lropS�Q�gmopSTopS&¦�jklr�P¦�STbdN�lmi�bpNPS�zPopgaf�SR`p`dgmo�` ª lmf�bph�lr¦�¦�^m«1bpNPS&^£lropS�lm` opS&¦�j�lm�P¦©S�l�` bdNPS

Q�g�`sb�opS&¦�j�lm�P¦©S zPopgaf�Se`d`dgmo�`ºn ��lri�{6nº~�¬� 

��	
 � � � ��� ����
�� 
�� ��� � �/��� ��# ��
 � 
 ����� ��� 
 � � � � � � # ��� �%� � � ����
�� 
��

Λobj¶�j��mhPopS �P� `dNPg�¥y`�bpNPST¦©SRiP�rbpN�g�¤mSRodN�SRlm{�gm¨FbdNPS�`pf�NPSR{ah�¦©Se`xzPopga{ah�f&SR{��_^ Æ \.i j©i�¨¼hPi�f�bpj©g�i�gm¨FbdNPS
g��aqsSRf�bdj�¤mS

Λobj

«�lA¤mSRoplm�mSe{�g�¤mSRoºbpNPS �r�
Alg

�mo�lrz�N�`&«af&gmQ�zPhabpSR{��_^°SR¾�h�lrbdj�gmi ª ��? ¬�³
length(BSH)− length(BSH

¥�j©bdN�gmhabyopS&zP¦�jkf&l�bpj©g�i
)

length(BSH
¥�j©bdNPg�habyodSRzP¦�j�fRl�bdj�gmi

)
× 100

ª ��?�¬
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¥�N�S&opS U
length(BSH

¥�j�bpNPgmhabyopS&z�¦©jkf&lrbdj�gmi
)
W0{aS&i�grbdSe`/bdNPS%lA¤�S&o�lr��St`pf�NPSR{ah�¦©S ¦�S&iP�mbdN�gm�ab�lrj�iPSR{6�_^

l�Q�ga{aj�±(SR{ Æ \.i bpN�l�b�{ag_SR`TiPgmbTopS&zP¦�jkf&l�bpS�bpNPS6bplm`d�a`&  M�N�j�`T±���hPopS6`dNPg�¥y`%bpNPS�f�g�QTz�odg�QTjk`dS�j�i
bpS&opQ�`xgm¨�`df�N�SR{ahP¦�S­¦�S&i��rbdN?bdN�lrbtbpNPSVh(`cSRotN�l�`ybpg�z�lA^�j�i�g�op{aSRoybpg6��lrj�i�gmiPSTgmoY`cSR¤mS&o�lr¦�gmo�{aS&o�`ygm¨
¨·lmj©¦�hPopSyo�l�bdS� ½M	¥/g­f�h�od¤�SR`ºlmodSt{aoplA¥�i	«mopSR`dz(Sef�bdj�¤mSR¦©^V¨¼gmo�lri°lmopf�N�j�bpSRf�bphPopSy¥�j�bpN�fVlmi�{°~0z�odgaf�Se`d`dgmo�`R 
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Λobj

¶�j©��hPodS%�P�m³��Flropj�lrbdj�gmi6gr¨�bdNPS0¦�S&iP�mbdN�g�¤mSRodNPSelm{�j©i�¨¼hPi�f�bdj�gmi�gr¨
Λobj

 
M�NPS�g�¤mS&opNPSelm{?��odg�¥y` ¥�N�S&i

Λobj

{aSRf&odSelm`dSR`R«	�:SRf&lmh�`dS�bdNPS°opS&z�¦©jkf&lrbdj�gmi�¨·lmf�bpgmo%j�i�f&odSelm`dSR`0lri({
`dg6{Pg�Se`tbdNPS�i_hPQ­�:S&o gm¨ºodSRzP¦�j�fRlm`R«:N�S&i�f&S­bpNPS�z(SRi�lr¦©bs^�j©i(f�hPopodSe{��_^�bdNPS�j�i�`dS&odbdj�gmi?gm¨FbdNPS�opgmhabpj©i��
g�z(SRoplrbdj�gmi�`��:SRf�g�Q�SR`�Q�gmopStlmi�{�Q�g�odSYj©Q�z:gmodbplmi�be ½uyiPgmbdNPSRo�odSelm`dgmi�¨¼g�o�bpNPS g�¤mSRodNPSelm{�jk`/bdN(l�b�bdNPS
j�i�`dS&odbdj�gmi%gm¨�opgmhabpj©iP�tgmz:S&o�l�bpj©g�i�` ª iPSRf&SR`p`dlmod^tbdgY^_j©SR¦�{V`cSRodjklr¦©�µz(lro�lr¦�¦©SR¦mw Æ �Y¬	j�i�f�opSRl�`cSe`¹bdN�S/`pf�NPSR{PhP¦©S
¦�S&i��rbdN	 �¶�j�i�lr¦�¦�^m«(bdNPSVg�¤mS&opNPSelm{°jk`t¦©Se`d`�¥�N�S&i�bpNPS­lro�f�NPj©bdSef�bdh�odS0N�l�`yQ�gmopS0zPopgaf�SR`p`dgmo�`&«a�:SRfRlrh�`dS%j�i
bpN�l�b�f&l�`cS�«mbpNPSYz�lro�lr¦�¦©SR¦©jk`dQ lA¤�lmj©¦klr�P¦�Syj�i�bpNPS lro�f�NPj�bpSRf�bdhPopSyjk`���odSel�bpS&oe«mNPSRi�f�SYSRl�f�N°zPopg_f&SR`p`cg�oºQVh�`sb
S��aSRf�hPbdS0l�`cQ�lr¦�¦�S&o�i_hPQ­�:S&o�gm¨�opS&z�¦©jkf&l�`& 
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0 Λobj

��������� ������������� �!� ���#"%$���&'����(�(�&)��(
λm = 10−3

λm = 10−4
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./,
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3 4 +
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,.
5

¶�j©��hPopS0���a³��Flropjkl�bdj�gmi�gr¨�bdNPS%`pf�NPSe{ahP¦�SY¦�S&i��rbdN�g�¤�S&opNPSRl�{�j©i�¨¼hPi(f�bdj�gmi�gm¨
λm

 
¶�j��mhPopS �m� ��j©¤�SR` bpNPS°¤�lropjkl�bdj�gmi(`0gr¨/bdNPS�`df�N�SR{ahP¦�S�¦�S&iP�mbdN g�¤�S&opNPSRl�{?j�i´¨¼hPi�f�bdj�gmi´gr¨

Λobj

«�¨¼gmo
bs¥/g�{aj X:SRodSRi�bt¤Alm¦©h�SR`�gm¨�bpNPS0¨·lrj�¦�hPodS0o�l�bpS0z(SRo�bdj�Q�S%hPiPj©bxgm¨�bpNPS­f&gmQ�Q­hPi�j�fRl�bdj�gmi�¦�j©iP�a`

λm

«�j�i�bdNPS
f�zPodgaf&SR`p`cg�op`%lmopf�N�j�bpSRf�bphPopSm ?¡£S6fRlri®`dS&S�bpN�l�be«½¥�NPS&i®bdNPS�f�g�QTQVhPiPjkf&lrbdj�gmi´¦�j©iP�a`V�(Sef�g�QTS6Q�gmopS
opS&¦�jklr�P¦�S ª j<  Sm �«

λm

{aSef�opSRlm`dSR`�¬�«FbdNPS�g�¤mSRodN�SRlm{´{PSRf�opSRl�`cSe`&³°bdNPjk`�j�`��:SRfRlrh�`dS6bdNPS�gmz:S&o�l�bpj©g�i�`ViPS&Se{
bpg��(S�¦©Se`d`0opS&z�¦©jkf&lrbdSR{�bdg�lmf�NPj�S&¤�SVbpNPS°{aSe`cj�odSe{

Λobj

  � gmbdjkf�S�bpN�l�b%bpNPS�f&hPod¤�ST¨¼gmo
λm = 10−3 j�`jk{aSRi�bpj�fRlr¦Jbpg�bdNPS0f�h�od¤�St¨¼g�o�n

= 4
j�i�¶�j��mh�odS �P�  


���6 	 � � ��� � � �/��� ��# ��
 � 
 ����� ��� 
 � � ��� � � # # � � ��
 ��� � ��
 � ��� � � 
�� � ��� ����
 � �
��� � � � � ����
 � 
 �

λmM�lr��¦©S � `cN�g�¥y`$bdNPSYlA¤mSRoplm�mS�`df�N�SR{ahP¦�Sy¦�S&iP�mbdN°g�¤�S&opNPSRl�{�{ahPSybpg0bdN�Sxopgmhabpj©iP�­gmz:S&o�l�bdj�gmi(`& $¶Pg�oºSRl�f�N
Alg

�mo�lrz�N®lri�{ SRlmf�N®¤Alm¦©h�S6gm¨
Λobj

«º¥/S�N�lA¤�S6f&gmQ�zPhabpSR{´bs¥/g�`cbplrbdjkf6`pf�NPSe{ahP¦�SR`R³�bdNPS�±�o�`sbTgmiPS
¥�j©bdNIgmhPoT�Pjkf�opj�bpS&opj�l�`df�N�SR{ahP¦�j�iP��lm¦©��gmopj�bpNPQ Æ \�i ª bdN�lrbTjk`&«º¥�j�bpN®opgmhabpj©iP��gmz:S&o�l�bpj©g�i�`p¬�«Flri�{ bdNPS
`dSRf&gmi�{�gmiPS �_^�opS&Q�g�¤_j�iP�%bpNPS0odg�habdj�iP��gmz:S&o�l�bpj©g�i�`��Phaby�mSRS&zPj�iP�TbdN�S%`dlmQTS0l�`d`dj©��iPQ�S&i�b�f�NPgmjkf�Se`�gm¨
bpNPSYgmz:S&o�l�bdj�gmi(`FbpgVbpNPSYzPodgaf&SR`p`cg�op`�lm`/j©i�bdNPSY±�o�`cb�`pf�NPSR{PhP¦©S� ½M�NPS g�¤mS&opNPSelm{�jk`ºbpNPS&i�f�g�Q�zPhabdSe{°�_^
Se¾�h�l�bpj©g�i ª �R� ¬�³

length(BSH)− length(BSH
¥�j©bdN�gmhabyopgmhabpj©i��

)

length(BSH
¥�j©bdNPg�habyodg�habdj�iP�

)
× 100

ª �e��¬
¶�gmo/bdN�S bs¥�g�lro�f�NPj©bdSRf�bdhPopSR` ª ¥�j©bdNGf�lri({6~VzPopg_f&SR`p`cg�op`�¬�«�¥/SYN(lA¤mS lA¤mS&o�lr��SR{TbpNPSR`dS g�¤mS&opNPSelm{P`�g�¤mSRo
�m�

Alg
��oplmzPN�`R �¡£S0N�lA¤�Sxb�lr�mSRi�bpNPopS&S%{ajk`sbpj©i(f�by¤�lr¦�hPSR`�gm¨	bpNPS ¨·lrj�¦©h�odS o�l�bdS z:S&o�bpj©Q�S0hPiPj©bp`ygr¨�bdNPS

f&gmQ�Q­h�iPj�fRl�bpj©g�iVQ�SR{Pj�l
λm

«�i�lrQ�SR¦©^
10−3 « 10−4 lri�{ 10−5 «�lri�{T¥/S�N�lA¤mS�lA¤mSRoplm�mSe{0bdN�S�g�¤mS&opNPSelm{g�¤�S&o�bpNPSV`dj ��h�`dh�lr¦�¤Alm¦©h�SR`ygm¨

Λobj

«(¨¼opgmQ
10−2 bdg 10−7  yM�lm�P¦�S � `cN�g�¥y`�bdN�lrbybdN�S­g�¤mSRodN�SRlm{�{ahPSbpg�bdN�S�opgmhabpj©iP��gmz:S&o�l�bdj�gmi(`0j�`V¤mSRod^�odSelm`dgmi�lm�P¦�Sm³­j©bV¤�lmodj�SR`­�(S&bs¥�SRS&i

−4.12 %
ª lmi lmf�bph�lr¦���lmj©iTPÍ¬

lmi�{
+9.96 %
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λm 10−3 10−4 10−5n
= 4 −4.12 % +2.43 % +4.09 %n
= 6 +2.44 % +8.47 % +9.96 %

M�lm�P¦©S0��³Fu	¤�S&o�lr�mSY`df�N�SR{ahP¦�S ¦©SRiP�rbpN�g�¤mS&opNPSelm{°{ah�S bdgTbdNPS0opgmhPbdj�iP��gmz:S&o�l�bdj�gmi(`& 

λm 10−3 10−4 10−5n
= 4 2.07 1.50 1.33n
= 6 2.10 1.52 1.35

M�lm�P¦�S9f�³½u	¤�S&o�lr��StopS&zP¦�jkf&l�bpj©g�i°¨·l�f�bdg�o�¨¼gmo�bpNPS%`df�N�SR{ahP¦�SR`�¥�j©bdN�opgmhabpj©i��Tg�z(SRoplrbdj�gmi�`R 
¡£S%f&lmi�`dS&SYbpN�l�byj©bt{aSef�opSRlm`dSR`/¥�NPSRi�bdNPS%f&gmQ�Q­hPi�j�fRl�bdj�gmi�¦�j©iP�a`��:SRf&gmQ�S0¦©Se`d`�opS&¦�jklr�P¦�Sm³$bpNPj�`yj�`

�:SRfRlrh�`dStbdNPS0lA¤mSRoplm�mSyopS&z�¦©jkf&lrbdj�gmi�¨·l�f�bdg�o�gr¨	bpNPS gmz:S&o�l�bpj©g�i�`ºj�i�f&odSelm`dSR` ª `dS&S M�lm�P¦©S f ¬	RaNPSRi�f�StbdNPSRodS
jk`4*J1o�$�g� 1��6�3�&��
 '�j�i6bpNPS%f�g�Q�zPhabplrbdj�gmi�`2RaNPSRi�f�S bpNPS&opS0lropSYQ�g�odS opgmhabpj©iP��g�z(SRoplrbdj�gmi�`�`pf�NPSR{ah�¦©Se{�g�i
bpNPSx`plrQ�SyzPopgaf�Se`d`dgmo$gr¨¹SRj�bpNPS&oºbdNPSx`dgmh�opf&S�gmo½bpNPSt{aSe`sbpj©i(l�bdj�gmi�g�z(SRoplrbdj�gmi�gr¨JbdN�Sx{Pl�b�l��#{aS&z:S&i({aS&i�f&^m«
opSR`dhP¦©bdj�iP�Tj©i6¨¼S&¥/S&o�f�g�Q�Q­hPiPjkf&lrbdj�gmi�`�lmi�{°¦�SR`p`�`df�NPSe{ahP¦�S ¦©SRiP�rbpN6g�¤�S&opNPSRl�{¹ �ux¦�`dg�«a¥/SYfRlri�`cSRStbpN�l�b
bpNPS�g�¤mSRodN�SRlm{%j�`½��odSel�bpS&o�¨¼gmo$bpNPSy~ zPopg_f&SR`p`cg�op`�lro�f�NPj©bdSef�bdh�odS�bdN�lmiT¨¼gmo$bdN�S f0zPodgaf&SR`p`cg�op`�gmiPS�³1bpNPj�`Fj�`
�:SRfRlrh�`dSybpNPS&opSxjk`/Q�gmopStf�g�i�f�h�odopS&i�f&^TlA¤�lmj©¦klr�P¦�S�bpgV`pf�NPSR{ah�¦©StbdNPS f�g�Q�Q­hPiPjkf&lrbdj�gmi�`ºj©i6z�lro�lr¦�¦�S&¦�j�i6l
¨¼h�¦©¦�^%f�g�iPiPSRf�bdSe{%~yzPopgaf�Se`d`dgmo�`1lro�f�NPj©bdSef�bdh�odS ª ����f&gmQ�Q­h�iPj�fRl�bpj©g�i%¦©j�iP�a`�¬JbdN(lri­j�iVl fxzPopgaf�SR`p`dgmo�`¹gmiPSª ~�f�g�QTQVhPiPjkf&lrbdj�gmi�¦©j�iP�a`p¬�³Fj�i�{aS&Se{¹«�opSRfRlr¦�¦JbdN�lrb�bdNPSVlr��`dS&i�f&S gr¨$odg�habdj�iP��gmz:S&o�l�bpj©g�i�`�Q�SRlri(`�Q�gmopS
{�l�bplr�8{PS&z:S&i�{aSRi�f�j�SR`/j�i6z(lro�lr¦�¦©SR¦ ª `cSRSY¶�j��mhPopS � ¬� F¶�j�i�lr¦�¦�^m«_bdN�S lA¤�S&o�lr��Syg�¤mSRodNPSelm{�jk`/gmiP¦�^

+3.88 %
«

¥�N�j�f�N�j�`y¤mS&op^�opSRlm`dgmi(lr�P¦�Sm 

� � .%
���� + �	�&.%

¡£SFN�lA¤�S½zPopgmz:g�`dSR{ l�iPS&¥£¨¼o�lrQ�S&¥/gmop��¨¼g�o¹bdNPS ª ¦�S&iP�mbdN1« opS&¦�j�lm�Pj©¦�j©bs^a¬:��j�f&odj©bdSRodjkl�`sb�l�bpj�f½QVhP¦©bdj�zPodgaf&SR`p`cg�o
`pf�NPSe{ahP¦�j©iP�TzPopgm�P¦�S&Q� ºWthPo/±�o�`sb�f�opj©bdS&opjkl­opS&Q�lrj�i�`ºbdNPS%`cbplrbdjkft`pf�NPSe{ahP¦�Sm² `�¦�S&i��rbdN ª f&odh(f�jklr¦:bdg�lm`p`dSR`p`
bpNPS?`d^_`cbdSRQ�² `�opSRlm¦��µbdj�Q�S�z�odg�z(SRocbs^P¬� v¶�gmo�gmh�o�`dSRf&gmi�{¯f�opj©bdS&opjklP«º¥/S�f�g�i�`cjk{aSRo�bdNPS���¦©g���lr¦/¨·lrj�¦�hPodS
o�l�bpS ª d0\a¶$wx¬­gr¨�bpNPS6`d^a`sbpS&Q j©i�`cbdSelm{"gm¨/bpNPS�h(`ch�lm¦ºopS&¦�j�lm�Pj�¦©j©bs^m �M�NPS d0\P¶�w¢j�`%bdNPS�¨·lrj�¦©hPopS°o�l�bpS
gm¨�bdNPS6Q­hP¦©bdj�zPopg_f&SR`p`cg�o%`c^a`cbdSRQ `dS&SRi lm`0j©¨yj�bT¥�SRodS°l�`cj�iP�m¦�S�gmz:S&o�l�bpj©g�i´`df�NPSe{ahP¦�SR{"g�i�bpg�l?`dj©i��m¦�S
z�odgaf�Se`d`dgmoe �M�NPS�odSelm`dgmi�j�` bpN�l�b0bpNPS d0\a¶$w {ag_SR` i�grb­{aSRz(SRi�{£gmi£bdNPS°`pf�NPSe{ahP¦�ST¦�S&i��rbdN"¦�j©��S�bdNPS
opS&¦�jklr�Pj�¦©j©bs^�{ag_SR`R«_{PhPSybpg­j©bp`�f�g�QTz�habplrbdj�gmi°j�i�bdN�SYf&¦�l�`d`dj�fRlr¦(odSR¦©jklr�Pj�¦�j�bs^TQ�g_{PS&¦Jgr¨�\_N(l�bd»Ylri�{°¡£lmiP�� 
M�N(lriP�a`/bdg�bpNPjk`��mSR^°j©i({aS&z:S&i�{PS&i�f&S0zPodg�z(SRocbs^�¥�S%lA¤�gmjk{�bdN�odSRS0zPodg��P¦�S&Q�`&³�±�o�`cbR«abpNPS0j©Q�z:g�`p`cj��Pj�¦©j©bs^
bpgtf&gmi�bdopgm¦mbdNPS/odSRzP¦�j�fRl�bdj�gmi ¨·l�f�bpgmo�gr¨PSRl�f�N%j�i�{aj�¤�jk{ah�lm¦mb�lm`d� gr¨abdN�S/{aSRz(SRi�{aSRi�f�^ b�lm`d�Y��oplmzPN0�mj�¤mSRi­lm`
lt`cz:SRf&j�±:f&l�bpj©g�i1«�¥�j©bdNTodSe`cz:SRf�b	bdgtbdN�S�{PSR`dj©opSR{0opS&¦�jklr�Pj�¦©j©bs^0Rr`cSef�g�i�{¹«AbdN�Sº¨·l�f�b$bdN�lrb�bpNPS/¦©SRiP�rbpNVf�opj©bdS&opjkl
g�¤�S&opz(g�¥/S&o�`�bpNPS�opS&¦�j�lm�Pj©¦�j©bs^�f�opj�bpS&opj�l7R�lmi�{?bpNPj�op{¹«	bdNPS�i�gmi"Q�gmiPgmbdgmi�gmh�`diPSR`p`tgr¨/bdNPS�opS&¦�j�lm�Pj�¦©j©bs^?j�i
¨¼h�i�f�bpj©g�i°gr¨JbdN�St`pf�NPSR{ah�¦©S� �¶�hPocbpNPS&opQ�gmopSm«�¥�SYf�¦klrj�Q bpN�l�b�lri_^­�Pjkf�opj©bdS&opjkl0gmzabpj©Q�j�»Rlrbdj�gmi�zPopgm�P¦�S&Q j�i
¥�N�j�f�N�bdNPSTbs¥/g6f�opj©bdS&opjkl�lropS­i�grb0j©i({aS&z:S&i�{PS&i�b0gmiPSV¨¼odg�Q�bdNPS�grbpNPS&o ¥�j�¦©¦½lm¦©¥�lA^a`t`dh.XJS&oY¨¼gmotbdNPg�`cS
bpNPopS&S zPopgm�P¦�S&Q�`R 
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¡£S�N�lA¤mS�zPopgmz:g�`dSR{Il�iPSR¥ ��j�f&odj©bdSRodjkl�`pf�NPSe{ahP¦�j©iP�"lr¦��mg�odj©bdN�Q�«�f&lr¦�¦�SR{ Æ \�i%«½¥�NPjkf�N¯bplr��SR`�lm`
j�iPzPhPb½lybpl�`c� �yu d ª

Alg
¬�«mlmi­NPS&bdS&opgm��S&iPSRgmh�`�{ajk`sbpodj��PhabpSR{%Q�SRQTg�od^%lmopf�N�j�bpSRf�bphPopS ª

Arc
¬�«�bdNPS/¥/gmo�`sb
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