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Construction and analysis of approximate models for
electromagnetic scattering from imperfectly conducting
scatterers

Résumé : Ce rapport est dédié a la construction et I’analyse des conditions d’impédances
généralisées (GIBCs) utilisées en électromagnétisme comme approximations d’ordre supérieur
a une simple condition de conducteur parfait. Nous nous intéressons ici au probleme 3-D
modélisé par les équations de Maxwell en régime harmonique. L’obtention des GIBCs se
base sur un développement asymptotique par rapport a la profondeur de peau a l'intérieur
de l'obstacle fortement conducteur. Ce développement est justifié & tout ordre par des
estimations d’erreurs sur les séries tronquées, et nous donnons des formules explicites de ses
termes jusqu’a l'ordre 3. Ces formules sont ensuite utilisées pour obtenir les expressions des
GIBCs. Les problemes aux limites associés aux GIBCs sont analysés et nous établirons des
estimations d’erreurs relatives a ces modeles approchées en terme de la conductivité.

Mots-clés: GIBC, conditions aux limites effectives, forte conductivité, diffraction electromagnetique,
equations de Maxwell, couches limites, développement asymptotique, modeles approchés
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1 Introduction

Generalized Impedance Boundary Conditions (GIBC) have become a rather classical no-
tion in the mathematical modeling of wave propagation phenomena (see for instance, [12]
and, [I8]). They are used in electromagnetism for time harmonic scattering problems from
obstacles that are partially or totally penetrable. The general idea is to replace the use of an
“exact model” inside (the penetrable part of) the obstacle by approximate boundary condi-
tions (also called equivalent or effective conditions). This idea is pertinent if the boundary
condition can be easily handled numerically, for instance when it is local. The diffraction
problem of electromagnetic waves by perfectly conducting obstacles coated with a thin layer
of dielectric material is well suited for the notion of impedance conditions: due to the small
(typically with respect to the wavelength) thickness of the coating, the effect of the layer on
the exterior medium is, as a first approximation, local (see for instance, [15], [12], [, [3],

).

The application we consider here is the diffraction of waves by highly conducting materials in
electromagnetism. In such a case, it is the well-known skin effect that creates a “thin layer”
phenomenon. The high conductivity limitates the penetration of the wave to a boundary
layer whose depth is inversely proportional to the square root of its magnitude. Then, here
again, the effect of the obstacle is, as a first approximation, local.

The first effective boundary conditions for highly absorbing obstacles was proposed by Leon-
tovich. This condition “sees” only locally the tangent plane to the frontier. Later, Rytov,
[I4], [T5] proposed an extension of the Leontovitch condition, and his analysis was already
based on the principle of asymptotic expansions with respect to the small parameter in
the problem: the skin depth §. More recently, Antoine-Barucg-Vernhet [2] proposed a new
derivation of such conditions based on the technique of pseudo-differential operator expan-
sions. However, in all these works, the rigorous mathematical justification of the resulting
impedance conditions was not treated.

This paper is the continuation of the work in [I1], in which we considered the case of the
scalar wave equation. Our objective is to extend the results of to the case of 3D Maxwell’s
equations by constructing and analyzing GIBC’s of order 1, 2 and 3 (with respect to the
skin depth, the small parameter of the problem). These conditions are of impedance type
(or H —to — E nature): they relates the tangential traces of the electric and magnetic fields
via a local impedance operator.

As in [IT], the construction of the approximate conditions relies on an asymptotic expansion
of the exact solution, based on a scaling technique and a boundary layer expansion in the
neighborhood of the boundary of the scatterer. If the organization of this paper contents is
similar to [I1], its technicality is much higher. Moving from the scalar wave equation to the
Maxwell system increases considerably the complexity of the problem at two levels.

RR n° 6302



4 Haddar & Joly & Nguyen

e The first one is linked with the algebra involved in the formal construction of the
asymptotic expansion of the exact solution (see Section HI). This is essentially due
to the vectorial nature of the unknowns and the expression of the curl operator in a
parametric coordinates system (see Section ELIl). The latter is based on the formulas
proposed in [I0] with some simplifications.

e The second one is related to the mathematical analysis on the GIBCs. This is not
only due to the fact that we have to deal with usual functional analysis difficulties
linked to Maxwell equations (in particular trace operators and compact embedding
properties - see Sections [ and [ and Appendix [A]) but also because we have to face
some new difficulties in the case of the third order condition. The tangential differential
operators that would naturally appear in the construction of the third order condition
have not the good “sign properties” to be able to guarantee the existence of the
approximate solution and the convergence (at optimal order) to the true solution.
This leads us to apply various regularization procedures to construct the modified
third order conditions (see Section B2)).

Our objectives in this work are essentially theoretical. The numerical pertinence of obtained
conditions have already been demonstrated in [6] where, in particular, the interest of using
a third order condition rather than a first or a second order condition is clearly shown.

The outline of the article is as follows. Section B contains a description of the physical
and mathematical diffraction problem at study with some basic stability properties of the
solutions and asymptotic estimates with respect to the conductivity. We state the main
results of our paper in Section Bt the GIBCs are presented in Sections Bl and while
the corresponding error estimates are given in Section The formal construction of
the asymptotic expansion is given in Section @l This construction is rigorously justified in
Section Bl by proving optimal error estimates at each order. The last section is dedicated to
the study of the boundary value problems associated with the GIBCs as well as the proof of
optimal error estimates between these solutions and truncated asymptotic expansions. The
main result of our paper is obtained as a combination of the results of Section il and Section
Some non standard technical results related to the H(curl) space (appropriate trace
inequalities and special compact embedding properties) that may have their own interest
have been gathered in Appendix A.

2 Description of the physical model

Let ©; be an open bounded domain in R?® with connected complement, occupied by a
homogeneous conducting medium. We denote by I' the boundary of 2; and assume that this
boundary is a C*° manifold. We are interested in computing the electromagnetic diffracted
wave when the conductivity of the medium, denoted by ¢°, is sufficiently high (§ denotes a
small parameter). More precisely we assume that 0° — oo as § — 0 and would like to study
the asymptotic behavior of the diffracted electromagnetic field as § — 0 in order to derive

INRIA



GIBC for imperfectly conducting scatterers 5

efficient approximate models to compute the diffracted waves.

We assume that the exterior domain is homogeneous and the time and space scales are
chosen such that the wave speed is 1 in this medium. The electromagnetic wave propagation
is therefore governed by the following Maxwell’s equations:

8E5 & & é :
E(z)w +0°(z)E° —cuwrlH®° = F, in Q,
H6
% + curl E® =0, in Q,

where 2 C R3 denotes the propagative medium that we shall assume to be regular and
simply connected with connected boundary (for instance an open ball), the functions ¢ (z)
and e(z) are defined by:

(€. 0%)(2) :{ (1,0), in Q.,

(eq,0%), in Q;

where Q. = Q\ Q; and where ¢, > 0 denotes the relative electric permittivity of the
conducting medium. The right-hand side F' denotes some source term that we shall assume
to be harmonic in time : F(z,t) = Re{f(z) exp(iwt)}, where w > 0 denotes a given
frequency, and where Re(z) denotes the real part of z. Hence, the solutions are also time
harmonic:

E°(z,t) = Re { E°(z) exp(iwt)}, H’(x,t) = Re {H’(z) exp(iwt)},
where the electromagnetic field (E?, H%) is solution to the harmonic Maxwell system:
{ (i) (iew+0®)E? —curl H® = f, in Q, "
(i1) iwH® + curl E° =0, in Q.

We assume that the support of the source term f does not touch €2;. The system of equations
@ has to be complemented with a boundary condition on the exterior boundary 912, for
instance we work with the following absorbing boundary condition

ES —H’xn=g, on 09, (2)

where Er :=n x (E x n), n is a normal vector to 92 directed to the exterior of Q and g
denoting some possible source term.

Remark 2.1 According to ([@), the boundary O can be seen as a physical absorbing bound-
ary where a standard impedance condition is applied. The problem ([, @) can also be seen
as an approximation in a bounded domain (namely Q) of the scattering problem in R3\ ;.
In such a case, the boundary condition on OQ has to be understood as an (low order) ap-
prozimation of the outgoing radiation condition at infinity and g a source term linked to the
incident field.

RR n° 6302



6 Haddar & Joly & Nguyen

Remark 2.2 In this paper, we could have treated as well the scattering problem in R3 \ ;.
The reader will easily be convinced that the obtained results can be extended to this case
without any magjor difficulty. The only difference would lie in the reduction to a bounded
domain. This additional difficulty is purely technical and not essential in the context of this
paper whose main purpose is the treatment of the “interior boundary” T'.

As mentioned above we are interested in describing the asymptotic behavior of the solution
for large o®. As suggested by the expression of the analytic solution where €; is the half
space, the appropriate small length parameter can be defined as:

§:=1/Vwo® — o°=1/(ws?).

This small parameter defines the so-called skin depth: the “width” of the penetrable region
inside the conducting medium is proportional to 9.

For the construction of approximate models in the exterior domain €. it is useful to
rewrite the problem (I} as a transmission problem between (E?, HY) := (E°, H)q, and
(ES,HJ) = (E°,H®)q, as follows:

z'wEg — curng = f, in €,

iwH? +curl EC =0,  in Qe,

ES,T—ngn:g, on 0N

ngn:Efxn, on I

(iepw + =52 )E —curl HY =0, in €,

iwH? + curl E? = 0, in €, (4)

fon:ngn, on T

We have chosen to split the two transmission conditions (namely the continuity of the
tangential electric and magnetic fields) in such a way that the first one appears as a boundary
condition in (@) for the interior field while the second one appears as a boundary condition
in @) for the interior field. Roughly speaking, the approximate models are then obtained
from replacing in system (#]) the exact boundary condition on I' by an approximate one,
whose expression is derived from seeking appropriate asymptotic expansion of the solution
in the boundary layer inside €2;.

2.1 Existence-Uniqueness-Stability

With H (curl, ©) denoting the space of functions V € L?*(0)? such that curlV € L?(U)3,
where O is an open domain of R3, we define

H(curl,0) = {V € H(curl,0) ; Vi € L}(00)} (5)

INRIA



GIBC for imperfectly conducting scatterers 7

where V7 is the tangential trace of V' (cf. Section Bl for more details), L?(00) denotes the
space of functions V € L?(90)3 such that V - n = 0 on dO, where n denotes a normal to
00. We recall that H(curl, O) is a Hilbert space with scalar product

(U, V)ﬁ(curl,O) = (U, V)LQ(O) —+ (CuI‘l U, CuI‘l V)LQ(O) + (UT, VT)L%(BO)'

Theorem 2.1 For given f € L*(Q)3 and g € L?(09Q) there exists an unique solution
(E°, H%) € H(curl,Q) x H(curl,Q) satisfying [@MA). Moreover, there exists a positive con-
stant C independent of § such that

1
1E Ny + 5 17220 < € (1l + oz com)) - (6)

Proof. The proof of existence and uniqueness can be found in [T3] (Theorem 4.17). The
solution E° is constructed (using the Helmholtz decomposition) as

E° = Ey+Vp°
where p® € H}(Q) and E} € Hy(curl, Q) where
H(curl, Q) = {V € H(curl,Q) ; div((ic® — ew?)V) = 0},
will be equipped with the norm of H (curl, ), of which it is a closed subspace.

Taking the divergence of (M) one easily see that the function p? is solution to

1

—w? (EVP‘S, v¢)L2(Sl) + 52

(VP°, Vo) L2(q,) = iw(f, V) L2(0) (7)

for all ¢ € H}(Q). Choosing ¢ = —p? then successively considering the real and imaginary
parts of the resulting equality, one easily deduces that

1
VP |2 + 5 11VP L2 < Cllf 20 (8)

for some positive constant C' independent of &, which proves estimate (f) for the gradient
part of the solution. It remains to get an estimate for Eg . The proof is based on the
compact embedding of Ho(curl, ) into L2(2)3, whose proof can be found in [I3], Theorem
4.7 (which is an adaptation of the proofs in [I6] and [5]). The function Ej satisfies the
variational formulation

(curl Eg, CU.I‘l(I))L2(Q) - UJ2 (E Eg, (I))Lz((z) + 6% (Eg, (I))LQ((L-) + iw(E& T (I)T)Lf((?Q)

— iw {(£,®)r2(0,) = (9. P1)12(00) | +w*( VD', ®)12(0) = = (VD, @) 1200

RR n° 6302



8 Haddar & Joly & Nguyen

for all ® € Hy(curl, ), where p? is the solution to [@). We first prove (by contradiction)
that there exists a positive constant C' independent of § such that

1Bz < € (1) + 19l 22om) ) - (10)
If not, then there would exist a sequence of data (f°) and (g°) such that
||f6||L2(Q) + ||95||L$(69) =1
and such that the corresponding solution Eg satisfies
||Eg||L2(Q) — 00 as 6 — 0.
With an added tilda denoting a division by ||E§||r2(q), one observes that
IES L2 () = 1, (11)
and satisfies, for all ® € ﬁo(curl, Q),

(curl Eg, curl (I))Lz((z) - w2 (E Eg, (I))LQ(Q) + ;—Z(Eg, (I))LZ(Q,;) + iw(E& T q)T)Lf(BQ)

o ] ' o (12)
—iw {(f67 ®) 120, — (3°, ‘I)T)Lg(asz)} +w?(e VP, @) r2(0) — 32 (VP°, @) r2(0)-
where p° is the solution to () with f replaced by f&_ For & = Eg , one gets
||cur1E~’gH%2(Q) —w(e E‘g, Eg)N(Q) + %||Eg||%2(gi) + W||E~1g,TH%g(aQ)
= iw {(f‘;, E) 120,y — (3°, Eg,T)Lg(aQ)} +w?(e V%, EY) 2 (0) — = (VP E)r2(q,)-
(13)
Taking first the imaginary part (I3) and using estimate (@) and ([l), one proves that
1. = = = N
SNESllz200 + Il ES 2200 < € (151220 + 1512000 ) (14)

for some positive constant C' independent of §. One deduces after taking second the real
part and using again estimate ([§) and () that also

lleurl EJ || 20y < Ch + Ca (||f6|\L2(fz) + H§5||L$(asz))

for some different positive constants C1 and C3 independent of §. It is then observed that
the sequence (EY) is bounded in Ho(curl,Q). By the compact embedding of Ho(curl, Q)
into L?(Q)3, one can therefore extract a subsequence (also denoted (E)) that converges to
some E weakly in Hy(curl, Q) and strongly in L2(Q2)®. On the one hand ([I)) implies that

INRIA



GIBC for imperfectly conducting scatterers 9

||EHL2(Q) = 1. On the other hand, taking ® with support inside 2. in ([Z) and taking the
limit as & — 0, show that E satisfies (both f% and §° tend to 0)

curleurl E —w?E =0 inQ, (15)
iwEp +curl Exn =0 ondQ. (16)
Since estimate ([[d]) also proves that HEgHLZ(Qi) — 0, we get
E=0 inQ.
The continuity of tangential components across I', implies that
Exn=0 onl. (17)

The uniqueness of the solution in Hy(curl, Q) to ([[BHIA) proves that £ =0 in Q.. Hence E
is zero which contradicts ||E||r2(q) = 1. This proves [[[). Now take ® = EJ in (@) and use
the imaginary part then the real part as previously done to deduce

1
1B e + 5 1Bl 200 < € (1f sy + I9lzzcom)) - (18)

Estimate (@) is a straightforward consequence of [[¥) and (). O

2.2 Exponential interior decay of the solution

It is shown that the norm of the solution in a domain strictly interior to §2; goes to 0 faster
than any power of 4. This is a first way to express how the interior solution concentrates
near the boundary I'. Let us indicate that this result will also be a consequence of the
asymptotic analysis performed in next sections, however the methodology is more complex.
The proof given here is a direct one and is independent of the subsequent analysis. The
precise result is the following:

Theorem 2.2 For any v > 0 small enough so that Q7 := {x € Q;; B(z,v) C Q;} is a
non-empty set, where B(x,7) denotes the closed ball of center x and radius v, there exist
two positive constants Cy and cy independent of 6 such that

1B || i eurt,2) + I || (eurt,02) < Co exp(—cz /0)(1f I 2y + 91l L2 (002))-

Proof. The proof of this result follows the same lines as the scalar case treated in [IT].
For the reader convenience, we hereafter give the basic ideas.

We introduce a cut-off function ¢ € C°°(2) such that

dp(x) =0 in Q., ¢p(x)=p" in Q,

RR n° 6302



10 Haddar & Joly & Nguyen

where the constant 3”7 > 0 is chosen such that

1
Vo0l < 2. (19)
We set E = exp (¢5(x)/6) E°. Straightforward calculations show that
.1 .
curl E° = exp (= ¢o(2)/0){curl E — Eng)p x E}.
Hence,
. 1 -
curlcurl B = exp (— ¢o(2)/0) {curl curl E — EV(b,; x curl E
1 ~ 1 .
—g curl (V(bg X E) + 6—2V¢17 X (Vqﬁ,; X E)}
Therefore E satisfies, after multiplying the above equality by exp(¢y/6)
curl curl E — 5 (qul, x curl E + curl (Vs x E))
| .
+ ((—€w2 + iwa‘s)E + 5—2V¢17 X (V(bg X E)) = ’wa in Q (20)

Taking the L?(€2)* scalar product of this equation E0) by E and using Stokes formulas
yields, (recall that E = E? and ¢, = 0 in Q.)

leurl B[, o,y — ${(Vow x curlB, E)12(q,) + (Vés x E, curlE)12(q,)}
(—erw? + %)HEHZN(Q” + 52 (Voo x (Vo5 x E)’E)QN(QQ

(1)
{(f, )20 (Q,Eé)Lg(aQ)} — [leurl E°[|7 g,

+w? | B[l 0, ZWHE%HLZ(BQ)

Let us denote by Ls the right hand side of the previous equality. According to Theorem 1],
there exists a constant C' independent of § such that

|Ls] < C (I flI72() + HQH%f(aQ))-

On the other hand, thanks to inequality ([[d), and making use of the inequality |b — a| >
|b] — |a|, we have the lower bound

(—er® + o )HE||L2(Q)Jr (qu,, (VQSDXE)vE)QL?(Qi)

1— [ Vsl2, : 5 I
> (T —er? ) B2, 2 755 1Bl 20,

INRIA



GIBC for imperfectly conducting scatterers 11

for ¢ is sufficiently small. One therefore deduces from (Z1I)
3

462

Then, using again ([[@) and inequality 2|a||b] < a® + b* one gets

5 N 9 N
[eurl Bl 720,y + =5 IEl720,) < 5 Vool lEll 220

curl Bl| 2 (0, +C (If1720) 1917200

N 3
leurl Ef|72q,) + 4_52||E||2L2(Qi) <2C ([ f172¢) + ||9H%§(6sz))-

The final estimate can now be easily deduced by noticing that E° = exp ( — 6’7/6) in QY

[

and by using the Maxwell equations to get estimates on H? from those on E°. O

3 Statement of the main results

We shall denote by (E2*, HF) the approximate solutions in the exterior domain 2., the
presence of the integer k£ meaning that these fields will provide an approximation of order
O(6F*1) of the exact exterior electromagnetic field (E?, H?), in a sense that will be made
precise by the error estimates (see Theorem Bl). They are obtained by solving the standard
Maxwell equations in the exterior domain 2

ing*k — CuI‘ng’k =f in €,
iwHSF + carl ESF =0 in Qe, (22)
Ei’kT—Hf’k Xn=g on 01,

where n denotes the normal to 9 directed to the exterior of €2, coupled with an appropriate
GIBC on the interior boundary I' of the form

EY* xn+w D(HE) =0, (23)

where n denotes the normal to I' directed to the exterior of (), Hng is the tangential

trace of H, gﬁk, and where D% is an adequate local approximation of the H-to-E map for the
Maxwell equations inside €2;, namely the operator:

DY H % (cwl.,I) — H2(dive,T)
defined by

1
Do =——E xnlp
w
where (E?(¢), HY(p)) is the solution of the interior boundary value problem
(ie;w + k) EX () — curl HY () =0, in Q,

iwH? (@) + curl E9(¢) = 0, in €,

Hlp(9) = ¢, on T.

RR n° 6302



12 Haddar & Joly & Nguyen

3.1 The “natural” GIBCs for £ =0, 1, 2.

The approach that we shall use in Section @l for the formal derivation of the GIBCs leads to
the following expressions of D*F (for k = 0,1,2,3),

DO = 0,
DO = 5/, (24)
D2 = §i + 6%(H - C),

where, Vi := @ + z@ denotes the complex square root of i with positive real part, and C
and H are the curvature and mean curvature tensors of I (we refer to Section Bl for more
details). Note that the condition of order 0 simply expresses the fact that the limit exterior
problem when ¢ goes to 0 corresponds to the perfectly conducting boundary condition.

3.2 The modified third order GIBC
The same approach extended to k = 3 would suggest to take:

5,
D°? = Dy (25)

where by definition (we refer to Section L for the definition of the surface operators Vi,
divy, curl. and cu_r'lF )
53 &° -
Dy” = Vi + §2(H —C) + W (C2 —H? + g,w? + Vi divye + curly curly ) . (26)
i

However, we did not succeed in proving that such a choice was mathematically sound due
to the presence of the second order surface operator Vi divy + cu_r»lF curly . As a self-adjoint
operator in L7(I"), this operator (more precisely the associated quadratic form) has no fix
sign. This induces difficulties in the study of the forward problem via variational techniques
and, as a consequence, the well-posedness of the corresponding boundary value problem is
not clear: this is a new difficulty with respect to the scalar wave equation.

This is why we propose hereafter another third order condition, that (formally) gives the
same order of accuracy as the one in 24l but admits good mathematical properties with
respect to stability and error estimates. The reader will easily notice that the proposed
modifications are not the only possible ones (see for instance Remarks Bl and B2), we
exhibit only one particular choice. We shall hereafter present the intuitive reasons that
led us to introduce these modifications, postponing the rational justification to the error
analysis of Section

The first desirable (and probably necessary) property is the absorption property:

Re/D5’3<p-<ﬁda >0,
r

INRIA



GIBC for imperfectly conducting scatterers 13

for any smooth tangential vector field ¢ on I'. Such a property is satisfied by the exact DtN
operator and expresses the absorbing nature of the conductive medium:

1
Re/ D3¢ - @ do = 5 / |E2 (o)) da.
r w Qi

It will play an essential role in proving the uniqueness of solutions. One can observe that
this condition is satisfied by D% and D?%2. For D3, we see that
V2 53 53 53 -
Re DO® =62 + 62(H - C) + — C? —H? 4 ,w?) + —= Vi divy + —= curly curly..
0 B ( ) 2\/5 ( ) 2\/5 r r 2\/5 T r
The problem comes from the operator V. divy. which is negative in the L? sense. However,
we can write formally

W2 53 0 0 53
2 Toyp rT 22 2y ay2 T (27)
)
= 37 (1 —62 Vedive )™ 4 0(89),
which suggests to define the real part of D3 as
Re D3 = 0 +0%(H - C) + o (C*—H?>+&0?) + o curl;, curl
22 22 ’ 2v2 T (28)

5
— (1=-6%*V,.div. )t
+ 2\/5( ivy)

Remark 3.1 The approzimation process [Z74) is analogous to the process used in the con-
struction of absorbing boundary conditions for the wave equations, see [8, [A] for instance,
where the Padé approximations are preferred to Taylor approximations in order to enforce
the stability of the resulting approximate problem.

V2_ 8 8
2 22 22

53 _
v

In [Z7), the splitting ts somewhat arbitrary and could be changed into
ov2 o2
1-o 5 a2y

for any a €]0,1[. Our choice corresponds to a = 1/2.

The second modification was guided by the existence proof for the boundary value problem
associated to the boundary condition ([23). We realized that it was useful that the imaginary
part of D3 satisfies a “Garding type” inequality, namely that the principal part of this op-
erator be positive in the L? sense. This property is not satisfied by the imaginary part of Dg’?’:
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14 Haddar & Joly & Nguyen

V2 53 53 53 -
= -~ (C* - H?® +5,w?) — —=V,divy — ——= curly curly .
D) 2\/5 ( ) 2\/5 r r 2\/5 T r
This time, the problem is due to the negative operator fcu_r'lr curl. . The same manipulation
as for the real part of D% suggests to define the imaginary part of D23 as

Im Dg’3 =0

9 53 53
ImD? = —+—(C°-H*+¢cw?) — —=V,di
"o 2v2 Qﬁ( &) v T (20)
1) -
+ W (1 + 62 curly curly )t
Modifications ([28) and (Z9) lead us to introduce the operator
. Vi 53
D3 = - +52(H—-C)+ —= (C* — H? + £,0°
T o e e
2 -
+ £ 0 ( (1- 6% V. divy )71 + 62 curl, curlp) (30)

4
V2

+ 1 e 1) ( (1+ 52 cu;lF curly )_1 — 6% V.. divy. )

which formally satisfies D%3 = D) + O(5%).

It turns out that even if this condition is suitable for variational study of existence and
uniqueness of the resulting boundary value problem, it did not enable us to have a direct
proof of optimal error estimates (although we think it can be achieved by constructing the full
asymptotic expansion associated with the associated boundary value problem). We realized
that the difficulties encountered in the analysis are related to the fact that the operator D3
is a pseudo-differential operator of order 2, whiles the exact impedance operator which maps
continuously H~1/?(curl,,T) into H~'/2(div,,T) is more something between an operator
of order —1 and an operator of order 1. This gave us the idea to force our approximate
operator to be of order 0 by applying a regularization process (the Yosida regularization) to
the operators cu_r’lF curly and Vi divp

curly curly ~ curl,. curl,. (1+62 curly. curly )t in 0(62),
(31)
Ve divye ~ Vidive (1 — 62 Vidivy )71) in O(62).

Such an approximation is consistent with the O(6°) accuracy provided by D3 since curl,. curly
and V. div. are multiplied by 6. Moreover, it does not affect the good sign properties of the
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GIBC for imperfectly conducting scatterers 15

real and imaginary parts of the operator since we “divide” by positive operators. Therefore,
we propose for the third order condition the following expression
i 53
D3 = 5£ +0%(H —C) + —= (C* — H? + 5,w?)
2 2/i

2 - -
+ % 0 ( (1- 5% V. divy )_1 + 62 curly curly (1+ 52 curly. curly )_1) (32)

+i ? § (1 + 6% curly curly )™t — 62 Vi dive (1 — 02 Vedive)7h).

Remark 3.2 The regularization process {1l) can also be seen as an analogous to the stabi-
lization process used in numerical methods such as stabilized finite elements or discontinuous
Galerkin methods, in order to ensure optimal error estimates. Here again, in [Z1l), we chosed
arbitrarily equal to 1 the regularization constant in the term in factor of 62. We could have
chosen for instance

cu_r'lF curl, ~ cu_flF curly (14 3 62 cu_r'lF curlp )™t

where (3 is a positive constant. However, the interest of choosing f = 1, is that we make
appear the same operators (1 + 0% curly curly )~! and (1 — 0% Vi divy )™!) that are already
present in the expression of D3 ), which is of interest from the numerical point of view.

The operator happens to have the good consistency, coercivity and continuity properties to
lead to optimal error estimates. More precisely:

e One can check that
D3 =Dy + 8% R® (33)

where the operator R%?, given by

2 _ o _ o
RS = %(14’7:) [(1 -8V, divr) ! (Ve divy )? + (1 + 62 curl, curlr) ! (curly curly )2,

maps continuously H;T#(T) in H;(T) and satisfies the uniform bound

< 1. (34)

4,3
P R

e One can prove (see Lemma 1)) that D%3 has the following fundamental properties
(obviously satisfied by D%! and D%2)
Vo € LY(T), [ D**¢llr < Crdlgll, Re (D**p,0)r = C2 6 ||of.

with C7 and C5 strictly positive constants. These appear to be sufficient properties to

transform the consistency properties D%3 into optimal error estimates (see the proof
of Lemma [E2).
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16 Haddar & Joly & Nguyen

3.3 Existence, uniqueness and error estimates

The natural functional spaces for the solutions of the approximate problems vary according
to the regularity of their traces on I'. We shall distinguish the case £ = 0 for which we set

Vi ={H € H(cwrl, Q) ; (H x n)|oaq € L7 (0N}, VE ={E €V ; (Exn)r =0},
from the case k = 1, 2 or 3 for which we set
Vi =Yk = ﬁ(curl, Q)

(see () for the definition of H(curl,€.)). Then we have the following central theorem, that
uses and combines the partial results of Sections 4-6.

Theorem 3.1 For k=0, 1, 2 or 3, there exists 0k such that for § < di, the boundary value
problem ({23), (Z3)) has a unique solution (ES* HY*) € VE x VE. Moreover, if B is a
bounded domain containing ), then there exists a constant Cy, independent of §, such that

HES - E27k|‘H(curl,Sle) < Ck 6k+1-

Remark 3.3 For k = 0,1, the above theorem holds for all d.

4 Formal derivation of the GIBCs

4.1 Preliminary material

We recall in this section some well known facts about differential geometry and differential
operators.

Local coordinates. Let n be the normal field defined on I' and directed to the interior
of Q;. For a sufficiently small positive constant o (see condition (BY) below) we define

QO = {x € Q;; dist(z,00;) < v}.

To any z € Q7 we uniquely associate the local parametric coordinates (zr,v) € I' x (0,7)
through )
r=xr+vn, Q. (35)

Tangential (or surface) differential operators. In what follows we deal with various
fields defined on I': scalar fields ¢ (with values in C), vector fields V (with values in C?)
and matrix (or tensor) fields A (with values in £(C?)). By definition:

e A vector field V is tangential if and only if V- n =0 (as a scalar field along T).

e A matrix field A is tangential if and only if A n =0 (as a vector field along T').

INRIA



GIBC for imperfectly conducting scatterers 17

For simplicity, we assume that these fields have at least C! regularity, but this can be
removed by interpreting the derivatives in the sense of distributions.

We recall that the surface gradient operator Vi is defined by:
Vep(ar) = Vé(zr), Vo:T —R,

where ¢ is the 3-D vector field defined locally in QY by ¢(zr +vn) = p(zr). Note that Vi ¢
is a tangential vector field. We can define in the same way the surface gradient of a vector
field as a tangential matrix field whose columns are the surface gradients of each component
of the vector field.

We denote by —divy. the L?(T')- adjoint of V. : —div;: maps a tangential vector field into a
scalar field. More generally, if A(zr) is a tangential matrix field on I", we define the operator
AV, for a scalar field p(zr) by

(AV)u = A(Vyu).

In the same way, we define the operator (AV, )- acting on a tangential vector field V (zr)

as:
3

(AV.)-V:=> (AV. Vi),

i=1

where the subscript i denotes the i*” component of a vector in the canonical basis of R3.

We then define the surface curl of a tangential vector filed V (zr) and the surface vector curl
of a scalar function p(zr) as

curl, V :=div, (V x n) and curly ¢ :== (Vr @) X n.
Of course, the various operators V., divy., RV, curl. and cu_flF applies in principle to
functions defined on I'. However, they can obviously be understood as (partial) differential

operators acting on fields defined in the (3-D) domain I" x (0,7). For instance, if ¢ €
CH(T x (0,7)), we define V. ¢ € C°(T" x (0,))? as follows (with obvious notation):

Vue(09), [Veo|(n)] =90 [o60)].

We apply similar rules to divy, RV, curl. and CU._ﬂp . The extension of these definition in
the sense of distributions is also elementary (as soon as I' is C°).

Geometrical tools. In what follows, and for the sake of the notation conciseness, we
shall most of time not explicitly indicate the dependence on x of the functions, except
when we feel it necessary. We shall be more precise in mentioning the possible dependence
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18 Haddar & Joly & Nguyen

with respect to the normal coordinate v.

A particularly fundamental tensor field is the curvature tensor C, defined by C := Vn. We
recall that C is symmetric and Cn = 0. We denote c¢1, co the other two eigenvalues of C
(namely the principal curvatures) associated with tangential eigenvectors 71, 7o (71 - n =
T2 -m = 0). We also introduce

g:=cica and h:==(c; +c2) (36)

N =

which are respectively the Gaussian and mean curvatures of I', and also introduce the
associated matrix fields:
H=hI. and G=glI, (37)

where Ir(zr) denotes the projection operator on the tangent plane to I' at zr.
Let us introduce (this is the Jacobian of the transformation (2, v) — x - see (BH))
JW) (= J(v,2r)) =det(I +vC) =1+ 2wh+ g,
and we choose 7 sufficiently small in such a way that
Vv<p, VYarel, Jam)) =14 2vh(z)+12g(xr) > 0. (38)
Thus, for each v < 7, there exists a tangential matrix field 2. — R, (xr) such that
(I +vC(zr)) Ru(wr) = Ir(r).
More precisely, there exists a tangential matrix field on I, M(xr) , such that:
Ii+vM:=Jv)R,, Varel, Vv
One easily sees (using for instance the eigenbasis (71, 72, n) of C) that

M=2H—-C and MC=G.

The curl operator in local coordinates. The basic step of our forthcoming calculations
will be to rewrite the Maxwell equations in the domain QY by using the local coordinates.
For this, we need the expression of the curl operator in the variables (zr,v). It is shown in
[10] that the curl of a 3-D vector field V : Q7 — R3 is given in parametric coordinates by :

curlV = [(R,V:) - (V x m} n+ [RUVF (V-n)| xn— (R,CV) x n—8,(V x n),

where V and V (defined on T x (0, 7)) are related by

~

V(zr,v) =V(zr +vn).
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GIBC for imperfectly conducting scatterers 19

This formula can be written in a more convenient form (for us), after multiplication by J(v):
J) curlV. = {((I +vM)Vy) - (V x n)} n+ [(I + M)V, (V- n)} X n
- [(c n yg)ﬂ xn—J(v) 8,(V x n),
or, in an equivalent form,
J) cwlV = (Cr +v CMYV — J(v) 8,(V x n) (39)
where we have introduced the notation
CF\A/ = (curlF XA/)n 1 curly (\7 ‘n) — CV xn
CMV = (cwrl? V)n + curl¥ (V -n) =GV x n (40)
cwrl¥ = (MVyeu) xn and curl” V = (MV,)- (V x n).

This expression is convenient for the asymptotic matching procedure, described hereafter,
because we made explicit the (polynomial) dependence of the operators with respect to v.

Functional spaces on I' and trace spaces.

We assume that the definition of H*(T") for any real s is well known. We shall denote by
("')F and <'a'>1"
respectively the inner product in L2(I')? and the duality bracket D'(I")? — D(T)3.

Next, we introduce some notation for spaces of tangent vector fields along I'. For any s < 0,
we set:

H;(T)={V e HT)®/V-n=0onT}  (HYI)=LAT)

!’

H (D) ={V e H*)* / (V. on)p =0,V e HT)} (= (HT))

as well as
Hé(dive,T) ={V € H(T")? / div, V € H*(I")}

Hé(curl,,T) ={V € H{(T')? / curl, V € H*(T)}

equipped with their natural graph norms (we notice that H°(divy,I') and H(curl,,T') are
often denoted by respectively H(divr,T") and H(curl.,T’)). Finally, we recall the well known
trace theorems:
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20 Haddar & Joly & Nguyen

Theorem 4.1 The two trace mappings

ueC®(Q)® — wuxnlr

ueC®(Qe)? — ur=u—(u-n)n (=nx(uxn))

can be extended as continuous and surjective linear applications from H(curl,€.) onto
H~2(divy ,T) and H~2 (curly. , T') respectively. Moreover, H= 2 (divy ,T) is the dual of H—2 (curly. ,T)
and one has the Green’s formula:

/ (curlu-v —u-curlv) do = (u x n,vr)p = — (v X n,ur)p
Q

V (u,v) € H(curl, Q,)2.

4.2 The asymptotic ansatz.

To formulate our ansatz, it is useful to introduce a cutoff function xy € C°°();) such that
x=1in Q7 and y =0 in ; \ Q%" for a sufficiently small 7 > 0. For this ansatz we are not
interested in the part of the solution inside the support of (1 — x), since we already know
that the norm of the solution in this part exponentially decay to 0 as d goes to 0 (this is
Theorem 22). For the remaining part of the solution, we postulate the following expansions:

E%(z) = E%(x) + 6 EX(z) + 0% E?>(x) +--- for x € Q.,
H(z) = HY(z) + 6 H}(z) + 6°HZ(x) + -+ for z € Q,, 4D
where B, H’, £ =0, 1, --- are functions defined on €. and
x(2)E¢(2) = EY(xr,v/0) + 8 B} (xr,v/8) + 62 E?(2r,v/8) + -+ for x € QF
x(@)HY (x) = H)(zr,v/8) + 6 H} (2r,v/8) + 6% HE(2r,v/8) +--- for x € QF (42)
where z, . and v are as in ([B3) and where Ef(xr,n), Hf (zr,n) : I x Rt - C satisfy
For a.e. ;. €T, /+OO |Ef (2, n)|* dn < +00 =0,
’ (43)

+oo
For a.e. ;. €T, / |Hf (e, n)|* dny < +o0.
0

Remark 4.1 The condition {{3) will imply that Ef and Hf are exponentially decreasing
with respect to 7.

For a.e. zr €T, lim El(z;,n) =0, (exponentially fast)
1700

For a.e. - € T, lim Hf(zr,n) =0, (exponentially fast)
1700

which is coherent with the existence of a boundary layer suggested by Theorem [Z3.

INRIA



GIBC for imperfectly conducting scatterers 21

Remark 4.2 Ezpansion [£3) makes sense since the local coordinates (zr,v) can be used
inside the support of x.

In the next step, we shall identify the set of equations satisfied by (EY, HY) and (EY, Hf),
£ > 0 by writing, formally, that we want to solve the transmission problem (Bl)-(©).

In the sequel, it is useful to introduce the notation

E}(we,n) i= B (ze,m) + 6 E} (@r,n) + 6% BX(we,m) + -+ (ar,m) €T x RY, (a4
HS(zr,n) := HO(xr,n) + 6 HX(xr,n) 4+ 62 H2(zr,n) + -+ (2r,n) €D X RT.
so that ansatz ([2) has to be understood as
x(@)ES (2) = ES (2, v/8) + O(6%)  for x € OF, )
x(@)HY (z) = HY (xr,v/8) + O(6®)  for z € Q7.

4.3 The equations for the exterior fields.

This is the easy part of the job. The equations are directly derived from (Bl and we obtain
that (E¥, H*) satisfy
iwEF — curl H* = fy, in Q,,

iwHF + curl EF =0, in Q, (46)
Eif‘Tfoxn:gk, on 0N

where we have set fo = f, go = g and f, =0, gr =0, for k > 1, [Tl being complemented
with the interface condition

E¥|r(zr) x n = EF(2r,0) xn, for ap €T, (47)
which completely defines (E¥, HF) if EF(2r,0) x n is known.

4.4 The equations for the interior fields.

As indicated above, we need to compute the interior fields E¥. The principle consists into
expressing this field in terms of the tangential boundary values of (HY), ¢ < k by solving the
interior equations. More precisely, we now substitute the expansion [ EH) into the system
@) and assume that the quantity:

+oo
ngn: E 5kH§><n
k=0

is known on I'.  'We need of course to rewrite the equations of (@) in the local “scaled”
coordinates

(xr,m =v/0).
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Using formula (BY) with v = o7 we obtain:

1\ =~ ~ J (o ~ _
J(6n) (isrw + W)Ef —(Cr +0n CY ) H] + % O H) xn=0(5>), in T'x[0,%),
J(6m) wH + (Cr + oy cM)E — LM 5 B8y — o5 in T x[0,2
iJ(6n) w HY + (Cr +dn C7 ) E; 5 W EP xn=0(5%), in I'x [0, %),
(48)
These equations are complemented by the boundary condition
HY (2:,0) x n+ 0(6®) = H? x n (1), ap €T, (49)

The substitution of {Ed EH) into EJ EJ) leads to a sequence of problems that enable us
to inductively determine the fields (E¥, HF). The computations are relatively delicate but
straightforward. The most difficult task is to explain the recurrence properly, which is
the aim of this section. In Section EEH, we shall compute explicitly the first terms of the
expansions.

It turns out to be very useful to make a change of unknown concerning the electric field.
This is motivated by the observation that

EY =0. (50)

K2

This fact can be explained along the following lines: indeed from 4l and E3) one deduces
(at least formally) that:

+oo
1B oy~ 8 [ [ 1Yol dndo
rJo
Therefore, the a priori estimate (), which says that ”E?”%Q(Qi) = 0(6?%), implies EY = 0.

The expansion for the electric field therefore starts with § E} while for the magnetic field

H? # 0. In some sense there is a natural shift of one power of § between the expansions of

the electric and magnetic fields. This is why we introduce the “normalized” electric field:
SR e

and we seek an expansion of the form

~

E?(‘Tl‘an) = IE?(%’U)‘*’(SE(%W)"‘(SQ E?(ﬂﬁrﬂ?)‘f‘“' (‘Tl"n) EFXRJr’ (52)

with the correspondence .
EFfY=EF, k>1
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We then rewrite X)) as a system of equations for (IE?, ﬁf ) (we have multiplied the first
equation by §)

))
)’

1\ ~ ~ ~
J(5n) (isr&u + ;) E? — (6 Cp + 0% CM)H) + J(6n) 0,H? x n=0, in T'x [0,

SO

iJ(6n) w HY + (6 Cr. + 627 CMYE? — J(6n) 0,ES x n =0, in T x [0,

S9N

that we can rewrite by separating the “d-independent” part, that we keep in the left hand
side, from the remaining terms, that we put in the right hand side, as follows:

4
~ 1 ~ o~
5 5 £ A0 (T8 776 .
677Hi><n+;Ei = ég_léA(Ii)(Ei,Hi) in I x R,
, (53)
2
fﬁn@fanLiwﬁf = E 52Ag)(ﬁf,ﬁ?), in I'x RT.
=1

The linear operators {Ag_?, £=1,2,3 } are given by:
AW _ 1
i (u,v) = Cr v —2hn (Oyv x n+ = u),
1
A (.0) = —iewu 0 G v = gn? (v xn+ = w).
AS) (u,v) = —2nhic,w u,

A%) (u,v) = —2ng ic,w u,

and the linear operators {A%), (=1,2 } are given by:
AR (u,v) = ~Cr u+ 2hn (Onu x n —iw v),
AD (w,0) = =0 CM ut gn? (yu x n —iw v).

Substituting @) and (B2) into (B3] then equating the same powers of § leads to the following
systems:

4
1 ~ ~
OHE xn+—EF = AV EC HEY, in T x RY,
w
/=1
, (54)
— 0,EF x n+iwHF = AO @ HY, in T x RY,
=1
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for k=0,1,2,---, with the convention IEf =Hf=0for £ <0.

Of course, these equations have to be complemented with the conditions (see @) and E3))
Hf(2r,0) x n = HF(xr,0),

+o00 +oo (55)
| P d < oo and [ B dn < oc,
0 0

Var el

The reader can already notice how the roles of the varAiables n and xzr have been separated.
The variable z,. appears as parameter for determining (E¥, HF) from the previous (Ef, HY)’s
since, for each zr, one simply has to solve an ordinary differential system in the variable 7.
The solutions to this inductive system of equations can be expressed in a general way using
the result of the following technical lemma. For that purpose it is useful to introduce

k
P (I, R*;C?) = {U(wr,n) =Y aj(z) 1, a; € CP(T;CP) }
j=1

Lemma 4.1 Let (f,g) € Pi(I,RT;C?)? and p € C(I';R?), Then the problem,
Find (u,v) € C(T; C>®(RT))? such that,
3nvxn+%u:e_ﬂ" f(n,"), in T xR* (56)
—duxn+ivv=e Vi g(n,), in xR
with the conditions:

Var e, wu(zr,0) xn=p(z),

+o0 +oo (57)
v T € Fa / |u(1‘1"777)|2 d77 < +OO, / |’U(1‘Fan)|2 d77 < +OO,
0 0
has a unique solution, which is of the form
ulae,n) = eV plae,n)  and - o(ee,n) = eV gl n) (58)

with (p, q) € Pry1 (T, RT; C)? and with the square root definition \/i := @ (1414).

Proof. This is a simple exercise on ordinary differential equations. For the uniqueness,
assuming ¢ = 0 and f = g = 0, we can eliminate v between the two equations of (BH) and
obtain, with ur =n x (u xn) =u— (u-n) n:

a,muT —1 ur = 0.
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Since we also have up(zr,0) = 0, the only solution satisfying the second condition of (&)
is ur = 0. One deduces from the second equation of ([BH) that v = 0 which in turn implies
u = 0 using the first equation of (B).

We proceed in the same way to prove the existence of solutions of the form (ES). First, the
projection on n of the two equations directly gives

(u-n) =we Vin(f n),

(-n)=we Vi (f -n).
For the tangential components, one easily gets
8WUT —tur = fT 67\/{777

877771)1“ — iUy = §T ei\ﬂn,

where

fT = (&,g — \/z_'ng) xn+iwfr, €Pp(I,RT;C?),

- - 1
gr=nx (0, —Vinf) - —gr, € P, (I, RT;C?).
Thus, the key point is the resolution of the scalar differential equation:
Oyt — ith = s(n) eV, in RY, (59)

with 1(0) = 1)9. The unknown % is sought in L?(R*) and s(n) is given in P,,, the space of
polynomials in 7 of degree less than m. We prove that the solution of this equation has the
form:
Gy =e"1p(n)  with p € Prs.
Indeed, after subtracting
o eV,

we can assume that ¥y = 0. Introducing the space:

Pt :{pGPm/p(O)ZO},
Observing that [0, — 1] {e*ﬂ” at} = e=Vin {22 [2\/{ x4 —1] }, we deduce that
(O — 1) € L(e™V?" Ppyiy,e Vi Py).

From the uniqueness result for L? solutions of (B3) with Dirichlet condition at n = 0, we
deduce that the operator (9y, — ¢) is injective in the space e~Vin 13m+1. Since e~ Vin P,
and e~ Vin ]5m+1 have the same dimension, this operator is an isomorphism from e=Vin P,
into e~ Vin ]5m+1, which concludes the proof. O

As an application of this lemma we obtain the following result.
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Theorem 4.2 The fields H* x n € C®(T';C?) being given, there exists a unique sequence
{ @ mh)ec=me? k=012,
satisfying the sequence of problems (04)-(2d). Moreover,
(eVinBE, eVin HF) € PL(T,R*;C3)2. (60)

Proof. We prove this theorem using an induction on k. Suppose that the existence and
uniqueness of (Ef, H) and the property (@0) have been guaranteed up to k — 1 and

(VB eVITHM™) € P (T, RY R, m=0,--- k—1. (61)
We also include in the recurrence the assumption (by convention P_;(I',R*;R3) = 0):
eVin (= 9E® x n+iwH™) € Py (I,RT;C?)2 m=0,-- k1,

(62)
: 1 ~
Vi (9, H x n+ = E") € Pyt (T,RT;C%)2, m=0,--- ,k—1.
w

According to Lemma EZTl to prove (B and (B2) for m = k, it suffices to show that the two
right hand sides of (B4 are of the form:

e Vinp with pePyq(I,RT;C?)>2
To verify this, let us consider (u,v) satisfying:

( eVin u, eVin v) € P, (I, RT;C3)2,
(63)
( eVin (— Opu X n + iwv), evin (Bgv xn+ L u)) € Pp_y(I,RF;C?)2

The fact that the operators Ag_?, £ = 3, 4, are polynomials of degree 2 in 7, means that
Vi A (u,v) € Pryo(T,RT;C?), for £ = 3, 4. (64)

Moreover, using assumption ([B3)) and the explicit form of Ag_? and Ag_? for £ = 1,2, we
observe that

( eVin Ag}) (u,v), eVin Ag) (u,v)) € Py, (T, RT; C3)2,
(65)
(eVin AY (u,v), eVin AD (u,v)) € Py (T, RT; C3)2.

Therefore, since eV (EF~¢, H*=*) € P;,_4(I, R*; R?)? (according to (BI))), we deduce from
@) that

4
Vi N AR (B HETY) € Py (D,RY; CP)2,
=3
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while, thanks to (62) and by noticing that k — £ +2 < k — 1 for £ > 3, we deduce from (G5
that

2
Vi N AR (B HETY) € Py (D,RY; C3)2,
=1
2 ~
Vi N AW (EFHETY) € Py (D RT CP)2,
1=1
This leads to the desired property.

To end the proof, it suffices to check the result for £ = 0 and k = 1, which will be done in
Section FEH (see Remarks EE3HEA). O

4.5 Explicit computation of the interior fields for £ = 1,2, 3

This section is devoted to the presentation of the technical details related to the computation
of the asymptotic terms up to the order £ = 3. In the sequel, we shall systematically use
the following formulas, deduced from E0),

(CoV)-n=curl, Vp, C.V xn=cul (V- n)xn— (CV xn) xn, (66)

CMVY n=curl™Vy, CMVxn=caul (V-n)xn-— (GV x n) x n. (67)

Computation of (E? = E!, H%). For k =0, (&) gives

1 -~
OpHY xn+—E) = 0, in I'xR*,
v (68)
—0Ed xn+iwH?, = 0 in I'xRY.
whose unique L2 solution satisfying HQT(xp, n) = HeO,T(‘TF) is given by:
E?(mr,n) = B} (ar,n) = Viw (Heo X n)(xp) e‘ﬂ",
(69)

Hio(xp,n) = HeO,T(‘TF) e_ﬂna
from which we deduce the useful information for the construction of the GIBCs, namely:

El xn (zr,0) = —Viw H p(r). (70)

Remark 4.3 Notice that [69) proves in particular Theorem [{-4 for k = 0.
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Computation of (IEl1 = E? H}). For k =1, (B4) gives, using (65)

1 ~
opH} xn+—E = C.H?, in I' xR,
v (71)
— OB xn+iwH!} = —C.E% in I'xRT.
We project (ZT)) on n, use (B0) and the expressions ([B) for E? and H?, to obtain:
IAE}-n:wCpr-n:w[curlpHeoﬁT}(xF)e‘ﬂ", in I' x R,
(72)

H! n= : CFE? ‘n = —L_ [curly (H? x n)](zr) e Vi in T x R¥.
w Vi

Next, we eliminate IAEZ1 in ([ and get the following equation in H, i{T
. 1 ~
(872777 _’L)Hil,T =nX a’q[CI‘H?] — ; n X (CFE? X 7’L)

We use again (G0) and (@) to transform the right hand side. Using the following identity,
that can easily be deduced from the definitions [Bf) and &)

(C(V xn)) xn—CV=-2HV foral VeR?

we finally get after some easy manipulations
(95 = 1) Hig = 2Vi M HQ () e,
whose unique L? solution satisfying HY (zr,n) = HST(,TF) is given by:
Hlg(we,n) = (Hlg(ee) = nH Hp(ee)) eV, (73)
Coming back to the first equation of ([[Il), we get
Bl xn (arm) = w (= ViHL (o) + (€= H) Hoploe) + 0 Vi o Hop(ae)) eV (74)
In particular

B2 xn (0r,0) =w (= Vi Hp(or) + (C = H) Hp (o) ). (75)

Remark 4.4 Notice that [73), (73) and [7)) prove in particular Theorem [[4 for k = 1.
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Computation of (IE? = E2,H?). The calculations are much harder and tedious than for
the two previous cases. That is why we shall restrict ourselves to the main steps. Also,
for the sake of simplicity, we shall often omit to mention the dependence of the various
quantities we manipulate with respect to xr.

For k = 2, (B4) gives, using ([l
aanxn—l—%E? = r%, in I'xR*"
—&ﬂE?anLinf = 7%, in I xRT,
where we have set
ry = CoH! —igwEl+n (CM —2nC.)HY,
rs = —CFIE%—U(CM —2h C; )EY.

We can go directly to the evaluation of Hf,T which satisfies (apply n x 0, to the first equation
of [[@), divide the second equation by w and add the two results)

. 1
(0,2777 — z) H%T =n X 0y r2 — - r%j. (77)

3

The next step consists in expressing the right hand side of ([@) in terms of the previous
(Ef, Hf)'s. Using @0), @7) and the fact that HY - n = 0, we first compute that

nX T =nx curly (Hl1 n) — CH;T —-n (g — 2hC)H2T —i&w (n X E?),
Next, we use the expressions (@), [[2) and [@F) and the identity
n X Cu_r'lF (CurlF (V x n)) =-Vr (divF V)

to obtain

1 . :
nxry = |— (Vr divy + ser)HgT — CHel,T e~Vin 4 n (3hC — Q)HS,T e~Vin

Vi
After differentiation, we get
nx Oy = [~(Vr dive +e0?)HO 4+ (3hC — GYHO o+ Vi CHL | eVim
(78)
—ni (3hC — G)HY 1 e=Vin
In the same way, using again (B8), {@1) and the fact that EY - n = 0, we calculate

T%Ej =nx (7‘]25 x n) = —curly (Ell . n) + (CE}) Xn+n [(g — 2hC)IE?} X n.
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Next, we notice that
CV =—C[(V xn)xn] (and the same with G)

and use the expressions @), () and () respectively for E? x n, E! - n and E} x n to
obtain

rhr = [cu?lr (curly HY 1) +1 Vi ((g —3hC)HO; x n) X n] e Vin

+ [C((H —C)H? % n) xn—/i (C(H;T X n)) X n} e~V
This can be written in a simplified form, using the following identities that hold for all

V € R3 and that are easily deduced from BH) and B7)
{C(H—-C)V) xn)} xn=(3hC —C?—2H?)V,

(C(V xn)) xn=(C—2H)V,

{(3HC — G)(V x n)} x n = (3HC + G — 6H2)V.

We obtain
= rhr = |:Cu;1r (curly HY ) + (3HC — C% — QHQ)HST} e
o | ’ (79)

Vi (C—2H)HL eV + Vi (3HC + G — 6H?) HO 7 eV,
Substituting ([[8) and ) in () leads to the following equation

(05, — ) Hix = e {2ViHHlp+(C°+2H* ~G) H)p
—(Ar +&,0?) HY  —n Vi (6H* - 2G) HS,T} ’
where AF = Vi divy — cu_r’lF curly is the vectorial Laplace Beltrami operator.

Since the L? solution to
(872777 —du=(a+bn) e Vin in R*,

is given by
b

uln) = (w0)+ (5% = )+ 1 P ) e,

we deduce that H? is given by the expression

HiQT(zF’n) = e Vin {HST n ”HelT 1 - (CQ ;i2) HeQT
’ ’ ’ 2V/i ’
+_77 (& + e w2) H? —|——772 (3H2—Q)H1
21/ 8 " ! el [
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Finally we go back to the first equation of to obtain, after lengthy calculations that we do
not detail here,

1
2V/i

1 o
- (ETWQ + Vi divy + curly curly ) HeoﬁT

2V/i
(f HH!  + = (5H2 —6HC +C* — Ay —,0?) HQT)

2\/

B2 xn=we Vi { —ViH2p+(C—H) Hlp - —= (€2~ H?) HYy

(372 - 9)HYy }.
In particular, for n = 0,

EBT xn=we Vi { *\/gHeQ,TJF(C*H) Hel,T* (CQ*HQ) HS,T

1
2/
1 . -

_2_\/1__ (gTwQ + V. divy + curly curly ) HeoﬁT }

4.6 Construction of the GIBCs
The GIBCS of order k is obtained by considering the truncated expansions in €2

k k
El, =) 6'El and H, =) 6'H!

as (formal) approximations of order k + 1 of E? and H? respectively (notice that k appears
here as a subscript while it appears as an exponent in the notation of the solution of the
approximate problem 22 E3)). Using the “second” interface condition, namely 1), one
has

k
Eg,khﬂ(acp) xnzz 6¢ Bl (xr,0) x n for z €T. (81)
=0
Substituting into [I) the computed expressions of Ef(zy,0) for £ = 1,2 and 3, respectively
given by (), (@) and @) leads to an identity of the form

E;

g xn+wDR[(H 7] =6 ¢ onT, fork=0,1,2, (82)

and
E‘S3 X n+wD63[(H§3) |=4¢* <pg,0 on T, (83)
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where D%k = 0,1,2 are given by @24) and Dg’g is given by ([Z8) and where ¢ € C°°(T)3,
k =0,1,2 are tangential vector fields given by

vy =0,
¢} =ViwH!, (84)
0 =Viw HZp+w(C—H)(Hlp+ 6 H ),
and obviously satisfy the estimates (for § small enough)
lekllaz ) < Cr(s), k=0,1,2 (85)

where Cy(s) is independent of §, while ‘Pg,o € C>(T)3 is given by

o =Viw HS,TJFW(C*H)(HS,T +5He2,T)

)

1
+ 2—\/’2 (CQ - HQ) (Hel,T + 5 He2,T + 53 HS,T) (86)

+ (erw? + Vi divy + curly curly ) (Hlp + 6 H2p +6° H2 7).

1
2V/i
The GIBC (3) is obtained for k = 0,1,2 by neglecting the right-hand side of ([82). For
k = 3, the same process leads to the condition [£H) that is modified according to the process
explained in Section Notice that according to that construction, we have

E3,3 X n 4 w DOk [(Hig)ﬂ =4 gpg onT', where <pg = wg,O + RO [(HQS)T], (87)
and using the property ) of R,
03115 (ry < Cs(s) (88)

where C3(s) is independent of 4.

4.7 Towards the theoretical justification of the GIBCs
Our goal in the next two sections is to justify the GIBCs [Z3)) by estimating the errors

E’ —E%% and H? — HY*,

where (E%* H*) is the solution of the approximate problem (), [£3)), whose well-
posedness will be shown in Section Bl (see Theorem BI). It appears non trivial to work
directly with the differences ES — ESF and H? — H2*, we shall use the truncated series
(Egﬁ k> Hgﬁ ) introduced in Section L6 as intermediate quantities. Therefore, the error anal-
ysis is split into two steps:
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1. Estimate the differences E? — E5  and HY — Hg,k ; this is done in Section B, and more
precisely in Lemma BTl and Corollary I5:ﬂ

2. Estimate the difference E‘S - E‘S k and H‘5 — H%¥ ; this is done in Section and
more precisely in Theorem

Remark 4.5 Notice that step 1 of the proof is completely independent on the GIBC and
will be valid for any integer k. Also, for k =0, the second step is useless since E>0 = FE%0,
5 Error estimates for the truncated expansions

5.1 Main results
Let us introduce the fields ES*(z), H*(x) : Q — C? such that

ZééEé = ek, for x € (2,
5.k —
EYT(z) =
x) Z 6 Ef(xp,v/)8)  for z € Q,
=0
Z 65Hé , for x € Q.,
8,k
HY"(x) =
Z §'Hf (zr,v/8)  for z € Q,

where the local coordinates zr and v are defined as in Section ELIl and the cut-off function
X is defined as in section These fields are good candidates to be good approximations
of the exact fields (E°, H°). The main result of this section is:

Lemma 5.1 For any integer k, there exists a constant Cy, independent of § such that

(i) ||E° - Ei’kHH(curl,Q) < Oy 603,
(it) |IE® — B2l L2 () < Oy 603, (89)
(iii) ||E° x n— ES* x n||H,%(F) < O kL

The proof of Lemma Bl postponed to Section B3 rely on a fundamental a priori
estimates that we shall state and prove in Section We first give a straightforward
corollary of Lemma BTl
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Corollary 5.1 For any integer k, there exists a constant ék independent of 0 such that:
HES - Eg,k”H(curl,Qe) < Ck 6k+1;
HHg - Hg,k”H(curl,Qe) < Ck 6k+1-
Proof. Simply write
s s s s k+1 k41
Ee - Ee,k = Ee - Ee,k+1 +0 + E1eJr
which yields, since E°, = Ef(’k"'l in Q,,
1B = B2 il mewn a0 < 1B = EZ* lmewn 0. + 05 I EE | ieun 0.
Using the estimate ([83) of Lemma Bl we get
s ~
|ES - Eg,k”H(curl,Qe) < Cp 62 + SFTUEFY gcunan) < Ok 65T
The estimates for H® — Hg, i s an immediate consequence of
g 5 _ g6 S _ 6y — :
iw(HY — HY ) +ewrl(Bp — E2 ;) =0 in €,

iw(BS — E2 ) +curl(HS — H2 ;) =0 in Q..

O
5.2 A fundamental a priori estimate
The proof of lemma BTl relies of the following fundamental technical lemma.
Lemma 5.2 Assume that E® € H(curl, Q) satisfies
curl curl E? — w?E? = 0, in Qe
s 5 (90)
iwES — curl E° x n =0, on 0,
together with the following inequality
1
‘/ (Jewl E°)? — W?[E°1?) da + iw (/ |E° x n|* ds + —2/ |E? |2 dx)‘
Q o0 d Q; (91)

<A(S BT xnll, g+ 0 B ey )

for some non-negative constants A and s independent of §. Then there exists a constant C
independent of § such that

3
1B geun,0) < C O, B0 p2,) < C 62, ||E° x -ty < C§5t2

j<ceth(92)

for sufficiently small §.
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Proof. For convenience, we shall denote by C a positive constant whose value may change
from one line to another but remains independent of 6. We divide the proof in two steps.

Step 1. We first prove by contradiction that |E?||;2(q) < C'6°T!. This is the main step of
the proof which will use two important technical lemmas [A]] and [A5, that are proven in
the Appendix.

Assume that the positive quantity
X = 64D B 2

is unbounded as 6 — 0. After extraction of a subsequence, still denoted E° with § — 0, we
can assume that A\’ — +o0. Let E® = E°/||E°||12(q) (so that |E®||12q) =1).

Our goal is to show that, up to the extraction of another subsequence, E5 converges strongly
in L?(€.) and to obtain a contradiction by looking at the limit field E.

To show this, we wish to apply to E’ the compactness result of Lemma with O = Q..
Since div E® = 0 and since E? is bounded in L2(f2.), we only need to show that:

(i)  curl E? is bounded in L2(Q.),
(ii) E? x n|pq converges in H~2(8%), (93)
(iii) E° x n|p converges in H—2(I).

We first notice that after division by |E?||2(q), the inequality (&) yields

. . . 1 .
‘/ (|cur1E5|2—w2|E5|2)dz+iw (/ |E° x n|? ds+—2/ |E |2 dz>‘
Q a0 0% Jo,

A/ = 1
< 5 (57 I ey + 87 B x|

(94)
H*%m) '

We shall now establish estimates on the two terms in the right hand side of ([@4)) in terms of
[curl E°[| 12(q) (namely inequalities (E8) and ().
Considering the imaginary part of the left hand side of (), we observe that since 1/)\° is
bounded, ]
IE1Z2() < € 6% B xnl, oy ) +C OB
L2(;) = n H% (D) L2(Q;)-

Next, we use the trace inequality (IZ2) of Lemma [AJ] with O = Q; to get

~ 3 ~s 1 _ o1 ~ o1 ~
18930y < C 0% IR gy (1B 22y + leunl B 2a g ) ) + C 6 1B g,
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which yields, after division by HESH%Z(Qi),
Ik o3 s 0|3
1B 720,y < C1 O E°||Z2q,) + C2 02 [[curl E°|| 7, - (95)

Let K be a positive constant to be fixed later. Using Young’s inequality ab < 2/3 a3/ +
S
/30 witha= K !'dandb=K |\E5||;2(Qi) ,
we get
2 3 .3 K3 ~ 3
<SETEO 4 B, (96)

5B

Choosing C1 K3 = 3/2 and substituting (@) into (@H), one deduces
B2, . <C6d 1ES|2
181 sy < € 0% (14 el B g ) (97)
which yields
5B 12,y < C (1 + chr1E5||E2(Qi)) . (98)

Now considering the real part of the left hand side of ) and using the fact that ||E?|| L2(Q) =
1, we observe that

Jeurl B30y < € (14874 B x nll, g ) +67 [B1200,) (99)

1
H™2(T
On the other hand, after multiplication by 672, the trace inequality (IZ2) applied to E? is

equivalent to

577 ||E° x nll, ) < C 63 {571 ||E6||L2(Qi)} +C {571|‘E6||L2(Qi)}2 chrlEfFsz(Qi).

-3

After applying the Cauchy-Schwarz inequality to the second term of the right hand side of
the above inequality, we easily get, since ¢ is bounded

574 B x ]

A

Hié(l“) = C {(571|‘E6||L2(Qi) + ||CUI‘1E5HL2(QI_)},
(100)

IN

C {1+ lleard B ], ) + lewl Bl 120, }
where we used (@) for the second inequality. Substituting () into (@) shows that
~ ~ 1 ~
lewrl B|j2. g, < C (1 +lleur B3 ) + ||curlE6HLz(Qi)) .
This proves [@3(i)). We also deduce thanks to ([@8) and ([[0d) that

5 Y|E|| L2,y and 673 ||E° x nl-4p are bounded, (101)

)
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which proves in particular {3 (ii)) (E° x n converges to 0 in H~= (I')). This also means that
the right hand side of () remains bounded. Thus, going back to (@) shows that ||E x
n||L2(a0) is bounded, which proves (@3 (iii)) by the compactness of the L?(9€2) embedding

into H~2(89).

Now we shall conclude the proof of Step 1. From (@3(i)) one deduces that E° is a bounded
sequence in H(curl, ), therefore, up to extracted subsequence, we can assume that E°
weakly converges in H(curl,Q)) to some E. Considering the restriction to €., thanks to
@3) we can apply the compactness result of Lemma and deduce that an extracted
subsequence of ]:]‘5, denoted again by E’ for simplicity, strongly converges to E in L?(Q.).
On the other hand, we observe from () that E? strongly converges to 0 in L?(;), hence

E =0 in €;, which implies in particular
Exn=0onT. (102)
Passing to the weak limit in equations (@) one easily verify that

curl curl E — w?E = 0, in Q,
(103)

iwEp — curlE x n = 0, on 0f),

The uniqueness of solutions to (II3)-([[02) in H (curl, 2.) implies that also E =0in Q.. We
therefore obtain that E° converges to 0 in L?(2) which is contradiction with ||E’||p2(q) = 1.
Consequently A is bounded, that is to say

HE(SHLZ(Q) <C st (104)

Step 2. We shall now proceed with the proof of estimates ([8d). Considering the imaginary
part of the left hand side of estimate ([@l) and applying Lemma [AJ] (with O = ;) yields

||E6H%2(Qi) <C (5s+§ chrlEfF”;(m) “EaHEZ(m) + 6512 ||E6|\L2(Qi)) .
Using two times the Young inequality ab < 1/2(a? + b?), the first time with
1 5|3 5|3
a =462 |[curl E ||L2(Qi) and b=|E HLZ(Q” ,
and the second time with
a = ||E6||L2(Qi) and b = 55-{-2,
leads to (we also use ||curl E||12(q,) < [Jcurl E®|| 12 )

1B |72, < C (877 + 6542 (B[l 12() + Ol curl || 12(q) ) - (105)
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On the other hand, considering this the real part of the left hand side of estimate (@II) and
using (), we get

Jeurl B 2y < € (%2 4874 el B Fucq,) 1B e, +8° NE Nzocan)
which gives, using Young’s inequality once again,
leurl E?||72(q) < C (6*7% +6° (|| 2(q,) + 6 [lcurl E?|| 12(q))) - (106)
Combining ([H) and ([04) leads to
1B (1720, + 0% llewrl B[ q) < C (027 + 872 (| E|| 120, + 0 ewl E||L2(0))) |

which yields
B 2(0) + 0 |lcurl E®|| p2(qy < C 6512

and in particular the second inequality of {@2). The third inequality of [@2) is a direct

consequence of the first two ones and the application of Lemma [A1l in ;. (I

Remark 5.1 Notice that since we simply used in the first step of the proof the fact that
1/X% is bounded, we have proved in fact that

. —(s+1) ) R _
}li% d 1 E°l 2 () = 0.

5.3 The proof of Lemma BTl

Let us introduce, for each integer k, the error fields
EOF = E) — EO%, MOF =H) - HOP. (107)

The idea of the proof is to show that £ satisfies an a priori estimate of the type (@) and
then to use the stability lemma To prove such an estimate, we shall use the equations
satisfied by (£%%, H%*), respectively in ©; and Q..

The equations in .. It is straightforward to check that in the exterior domain 2., the
errors

(E2%, H2k) = (£

satisfies the homogeneous equation:

8,k
QeaH

Q.)

(i)  curl HOF +iwES* =0,  in Q,
(108)
(ii) curlEPF —iwHI* =0,  in Q.,

and
(gg,k)T _ Hg,k xn=0, onON. (109)
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Eliminating H2* in ([[X), we get

curl (curlé'g*k) — WQES*’“ =0, in Q.
(110)

curl 9% x n + iw(é‘g’k)T =0, on 0f.

The equations in ;. Now consider the restrictions to €2; and set

(&7, ) = (&

3 3

8,k
QiaH

Q)
It is also useful to introduce the fields
k v k v
E?ik(xl‘ay) = ;68 Eie(xl‘) g)? Hla,k(‘rr‘an) = ;62 Hf(.’L‘F, g))

so that using the local coordinates, we can write
EY* () = x Ep(zr,m),  HYM(x) = x H}i(zr,n) in Q.

Our goal is to show that (Ef(’k, H;?k) satisfy the “interior equations” except that two small
source terms appear at the right hand side, respectively due to the cut-off function x and
the truncation of the series at order k. We first compute that

_ 1 . 1
curle(’k + szf(’k — ﬁEi’k =¥ <“*’Ez§7k + CurlHi‘i,€ s fk> + Vx x H{ik,
curlEf(’k — ini,k =x (curlEf,k — ingk) + Vx x E?,k'
(111)

Thanks to the exponentially decaying nature of Eg w(@r,m) and Hf’ i (@r,n) with respect to
70 (cf. Theorem E2), the terms in factor of Vy are exponentially small in 4.

It remains to compute the terms in factor of y. These calculations are tedious, but the idea
is simple and consists - in some sense - to do the same calculations as in Section B4l but in
the reverse sense. According to (BIl) we define

s Eik k—1 ) .
Elp = — => "R
p=0

With the notation of Section EE4l we have

cwrl By, —iwH? = r2" (20, v/5) (112)

)
2

where the function rf *(x,m) is given by

2
PR = 0B ) —iwHY + Y 8CAD (B, HY).
/=1
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Replacing E?, . and Hf’ « by their polynomial expansion in §, we get

k1 2 k-1
rf’k = Zép (877Ef Xn — inf) —jw ok sz + Z &° Z5p A%)(EfaHf)-
p=0 =1 p=0

Using the equations (&) satisfied by the EI’s and H?’s, we get

2 k-1 2 k-1
r = it HE 4N AR, HE) - NS o0 A HPTY.
(=1 p=0 (=1 p=0

Applying the change of index p + [ — p in the first sum, we get

2 k—1+4¢ 2 k-1
= —iwdh HE 40 ST o AP E HT) =3 S o A HPY),
(=1 p=0 {=1 p=0
that is to say
2 k—1+4¢
i = —iwet HE 4> ST o AP @ P,
(=1 p=k

Paying attention to the above expression and using the form of the functions E? and H? (cf.
Theorem E2), we see that

curlIEf,,€ — in{ik = o (gg,o +4 gg,l) in supp ¥,
where the functions gg and g¢ are of the form

14 v
Qg,q(x) = pk,q(xra g) 67\6 °, Dkgq€ Pk(FvRJr;CB)v q=0,1. (113)

From ([[T3), we easily deduce that

1 1
HX gg,qHLz(Qi) < Ck,q 527 ||X Curlgz,q||L2(Qi) < Cllc,q 527 q= 07 L. (114)
In the same way, using again local coordinates, we have

1 1
iWE?,k + curng,C — ﬁEék = 3 Sf’k(za v/6),

with

4
1
$0F = 9, HY) x n + = B — Y 0f A (B, HYL)
=1
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Replacing E?, . and Hf’ « by their polynomial expansion in § we get

k—1 k—1

= Y (@, HY xn+ E) Z 5 Y 6" Ay (B, HY)
p=0 p=0
4
+8F O HY xn— 3 6 AW (0, HY).
=1

Using equations (B4l satisfied by the E’s and H!’s, we get

k—1

S§,k _ i kil pA(f) Ep 14 Hp é i Z gt (e)(EP,HP)

p=0 /=1 p=0
+ 68 0,HP xn— Z 5k A0, 1Y),
=1

or equivalently
k+e—1

on Z &° ZA (EP~¢ HP™)

+ " 9,H” xn— Z stk A9 0, HE)
(=1

»
I

This time, we see that we can write

3
1 1
WEf,k —l—curngk — 5—2Ef,k =5 Z 69 hgq in supp X,
q=0

where the expression of hi, o is similar to the g 4’s (see formula ([T3)) and implies in par-
ticular that .
Ix 7} gllr2@s) < Chyg 62, ¢=0,1,2,3. (115)

In summary, taking the difference between ([TIl) and @) we have shown that

3
1
curle’k + iwﬁf’k L X ( E , o hi#]) + Vx x Hf,k,
=0

wd? 7t
1
curlé‘f’k — inf’k o x (Z 0 g;‘i,q) + Vy x E?
q=0

where eliminating Hf’k we get

curl curlEf’k 256k+ié’5k

o & = 1f (116)

RR n° 6302



42 Haddar & Joly & Nguyen

with
1 1
o o= ok x (Z 04 curlgqu) + Vx x (Z 64 gi,q) + Vx x curl (VX x E?,k)
q=0 q=0

3
— dwdly (Z 01 hi,q) — iw Vx X Hgk.

Taking into account the form of the functions g,‘i’ o and the exponential decay of the the fields
E? and H? (Theorem EE2), and since the support of V is separated from I, there exists a
constant 7 > 0 such that:

| Vx x curl (Vx x E}) 22y < Ci(k) e °,

1
19x¢ (32 0% 98, ez < Calk) e,
q=0

19 % B L2,y < Calk) 2.
Combining these inequalities with estimates ([Idl) and ([[1H), we see that:
1
”flf”L?(Qe) < Cp ot (117)

Error estimates. We can now proceed with the final step of the proof. First, we multiply

the equation ([I0) by ESF and integrate over €).. Using the Stokes formula and the boundary
condition in [[I0), we get

/ lcurl %2 da — w2/ |ESF|2 da — iw/ |ESK x n)|? + <Cur15§’k X n, (@)T> =0.
I's o0 r

e e

Next, we multiply the equation ([IG]) by Ef * and integrate over ;. We get

/curle‘”? dz — /|5‘”c 52/ 5k curhs“ n) - (W)T>F

£ da.
Q;

Adding the last two equalities and using the fact that £%F belongs to H(curl; Q2), we get

1
/ |Cur156’k|2 _w2/ |56,k|2 —iw(/ |86,k % n|2+ _2/ |56,k|2)
Q Q 90 1)

(118)
:<cur1<5'§’k><7”Lfcur1(5'f’lc 55k / fh-€ Skd
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It remains to compute the jump
curlé‘f’k Xn— curlé'f’k Xn= curlEg,,€ Xn— curlEgk Xn
across I'. Taking the trace on I' of equation ([I2), we get, with pf’k(zr) = Tf’k(zr, 0),
CurlEf,,€ Xn = ingk X n+ pf’k on I
The function pf’k is not zero but small. In particular, according to , we have
165413 g, < O 8" (119)
On the other hand, taking the trace on I' of the first equation of ([II§) we get
curlEik Xn= ingyk xn, onl
The continuity conditions (B5) imply Hf’ B XM= Hi i X 1 onI'so that
curl E2F x n — curlé'f’k Xn= curlEgyk X n— CurlEfJc X n = pf’k. (120)
Substituting ([20) into (1) and using the estimates ([I7) and ([T, we get

1
‘ ’/ |Curlg6’k|2 /|56k|2 iw / |56,k ><7’L|2—|—5—2/ |56,k|2)
Q 1o)

< i (6573 €% x nllpqy) + 6 €% xnl

mimy)

We can finally apply Lemma [ with E? = £%* and s = k — £, which provides the desired
estimates. [

6 Analysis of the GIBCs

6.1 Well-posedness of the approximate problems

We shall prove in this section that the approximate fields (E%* H%F) solution of 22 E3)
for k =0, 1, 2, 3, are well defined. In fact, for k& < 2 this result is an application (or
an adaptation) of classical results about Maxwell equations with an impedance boundary
condition of the form

Exn+wZ Hr=0onT,

where Z is a function with positive real part (see for instance [I3]). To include the case
k = 3 it is sufficient to extend these results to the cases where Z is a continuous operator
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form L?(T") into L?(I") with positive definite real part. More precisely we shall assume that
there exists two positive constants z, and z* such that

{ (@) 1Zelr < 2* [lelr,

y (121)
(ii) Re (Zo,o)r = 2« loll?,

for all ¢ € L?(I'"). These properties are satisfied by the operators D>* k = 1,2,3 for
¢ sufficiently small, and can be seen as a special consequence of Lemma (stated and
proved in next section) where the dependence of the constants z, and z* in terms of ¢ is
also given (which is important for error analysis). The functional space adapted to this type
of boundary conditions is the same as for constant impedances, namely H (curl, Q) (see (@)
for the definition of this space).

Theorem 6.1 Let f € L?(Q.) be compactly supported in Q. and g € L2(09.). Then the
boundary value problem

curl H + iwkE =0, in e,
curl B —iwH =0, in Qe,
Exn+Hpr=g, on 09,

Exn+wZHyr=g9, onl.

has a unique solution (E, H) in H(curl,€,) x H(curl,Q,).

Proof. The proof uses basically the same arguments as for classical impedance conditions
(see for instance [I3]) and is detailed here for the reader convenience. The approach is
divided in three steps:

1. One eliminates the electric field E and formulate a boundary value problem in H only,
then writes the associated weak formulation in an appropriate functional framework.

2. One shows that the Fredholm alternative can be applied for solving this problem.
3. One shows the uniqueness of the solution which also implies the existence.
Step 1. The problem to be solved for H € I;'(curl, Q) is
curlcurl H — w? H = —curl f in Q,
curl H x n —iw?ZHp = —iwg, on T, (122)

curl H x n — i w Hr = —iwg, on 0f).
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The equivalent weak formulation of the boundary value problem [[22) can be written in the
form:

Find H € H(curl,Q,) such that,

/ (cwrlH - curlH' — w?H - H') do — i w(Hr,Hp)oq — i w? (ZH7, Hy)r (123)
Qe

= —iw(g, Hy)aq, +/ fecwlH dz, Y H'e H(curl,Q,).
Qe

Next, we formulate a variational problem, equivalent to ([Z3)), posed in a subspace H, (curl, )
of H(curl, Q.) having additional compactness properties, by using the Helmholtz decompo-
sition. Let us consider the closed subspace of H*(2),

S:={ve H'(Q) / (ulr,ulsn) € Po(T) x Py(9)}
where Py(T") is the space of constant functions on I' (the same for Py(92)). Then we define
Hy(curl, 2.) as
ﬁo(CUI’l,Qe) = {Heﬁ(curl,ﬂe) / H-Vuoder=0,VveS}
Q.

which forms a closed subset of H(curl,{2,). One also has the orthogonal decomposition (in
L?(Qe))
H(curl,Q.) = Ho(curl,Q.) ® VS, where VS :={Vv /v e S} (124)

Remark 6.1 By Green’s theorem, the reader will notice that HO(Curl, Q) is nothing but the
subspace of H(curl,Q.) made of vector fields whose divergence vanishes and whose normal
trace on each connected component of 90, namely ' and 9, has zero mean value.

We claim that the problem ([[23)) is equivalent to

Find H € Hy(curl,Q.) such that,

/ (cwlH -cwrllH —w?H -H') de — iw(Hr,Hp)oq — i w? (ZHy, Hy)r (125)
Qe

= —iw(g, H:)aq. Jr/ fecurlH dz, Y H' € Hy(curl,Q,).
Qe

Indeed, let H € H(curl,€2,) be a solution of [[ZJ). Since, Ho(curl,€,) C H(curl, ), to
prove that H is solution of ([2ZH), we only have to prove that H € Hy(curl, ). According

to (I24), we have:
H = Hy+Vu, Hye Hy(curl,Q.), ueS, (126)
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and we simply have to prove that Vu = 0. If we choose H' = Vu with v € S in ([[23),
remarking that curl H' = 0 and H;. = 0 on I" and 09, we get, using ([Z0):

wQ/ |[Vul?dr =0 = Vu=0.
Qe

Reciprocally, one proves that any solution of ([[2H) is solution of [[23)) using the same type
of argument (decompose the test function instead of the solution).

Step 2. We now rewrite ([ZH) in the form

Find H € Hy(curl,Q,) such that, (127
N 12
a(H,H')=b(H,H')+ L(H'), ¥V H' € Hy(curl,Q,),
where we have defined:
a(H,H") = / (cwrlH -curlH' + H - H') dz — i w(Hy, Hy)oq — i w? (ZHr, HY),
Qe
b(H,H') = (1+uw?) / H-H dx,
QE
L(H') = —iw(g,H})aq, —|—/ [ curl H dz.
Qe

According to (IZI), one has, with a < 1 denoting an arbitrary positive constant

|a(H, H)|

Y]

S|Re a(H, H)| + 5[Tm a(H, H)

2
2 %(HHH%(curl,Qe) - Z*HHT”%) + w2z*

Hr|2 + $[[Hr |30

Choosing o such that az* < w?z, proves that the sesquilinear form a is coercive on

I;'O(curl, Q). On the other hand the sesquilinear form b is continuous with respect to the
L2(Q.) norm, which compactly contains Ho(curl,€.). Therefore the Fredholm alternative
can be applied to ([[Z0): existence uniqueness and stability is equivalent to the uniqueness
of solutions.

Step 3. We shall now prove the uniqueness of the solution of ([23). Let H be a solution of
[=3) with f = 0 and g = 0. Let us take H' = H and condider the imaginary part of the
resulting equality. We get

w |H|}q +w? Re (ZHr, Hr) = 0.

From ([IZI)) one deduces that Hy = 0 on 99 and, using the boundary condition on 92 that
curl H x n = 0 on 99 (this makes sense since, curl carl H = w? H, and therefore curl H
belongs to H(curl,2.)). One concludes using standard unique continuation theorems for
Maxwell’s equations (see [13]). O
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6.2 FError estimates for the GIBCs

The error estimates rely of some key properties of the boundary operator D** that we shall
summarize in the following lemma. We recall that D%* = 0, §v/i and 6v/i + 62 (H —C) for
k =0,1 and 2, respectively. For k = 3, we denote by A% and B? the two operators

A= (1=8Vedive )™, B = (1462 curlpcurl, ) ™

By Lax-Milgram’s Lemma these operators are well defined as continuous operators from
L?(T) to respectively H(divy,T') and H(curl.,T). Setting

1 52
= —— 4+ 0(H—C) + —= (C% — H? + &,0?),
as 2\/5—1—( )+2\/§( + erw?)
65::L—i(c2—7{2+5 w?)
2/2  2V2 e

the expression ([B2) of D%3 can be written in the form
2 -
D3y = Sasp+ % 1) (A6g0 + &2curly. curly B‘Sgo)

+ 0 Bsp+ z? 5§ (B2 — 6°Vydive A%9).

The fundamental properties of the operators D®* are summarized in the following lemma.

Lemma 6.1 Let k = 1,2 or 3. There exist a constant 6 > 0 and two constants C7 > 0
and Cy > 0, independent of 8, such that

(@) ID*¢lr < C1dllelr,

i) Re (DO >Cs 9 2 (128)
(i) Re (D, p)r > G b [,

for all p € L2(T') and § < 6.

Proof. These properties are straightforward for £ = 1 and 2. We shall concentrate on the
case k = 3. We first observe that as and (5 are bounded functions on I, and if p € L?(T)

then 62V, div. A% = (A% — ¢) € L(I) and 62curl, curl, BSg = (=B + @) € L(I).
Therefore D*3p € LZ(TI") and one has

(D*p,0)r = 8 (asp,)r + ? 6 (A%, 0)r + 6% (cutly curls B, )r )
(129)
+ 0 (655071/))F +Z§ 5((369051/})11 752 (VF diVF Aé@aw)F)
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for all o, 1 € LZ(T"). For § sufficiently small, the functions as and Bs satisfy
0<ax<lag|<a® and 0< g, <|Bs5] <B* (130)

for some positive constants a., a*, B, and §* independent of §. On the other hand, from
the identities

(1—0°V,dive)A% =¢ and (1+ §%curl, curl, VBop =

one respectively deduces

(A%, o)r = |4} + 6%||dive A%||2
(131)
—(Vr divy AS‘Pa o)r = |divr A580||12“ +52||VF divr. Ag‘PH%
and o 1 2 2 o 2
(B°p,0)r = [|B%llf + 6%|curly B¢l
(132)

(curly curly Bép, o)p = ||eurly Bopl||2 + 62| curl, curl, Boy|)2
Property (i7) is obtained as an immediate consequence of ([Z1), (32) and ([3d) when applied
to (Z) with ¢» = ¢. Identities (3 and ([32) also respectively imply,
[l < [lelle, 0% Vrdive A¢llr < [lollr,
IB’¢llr < el and 82curl curls B2l < [lg]lr.
Property (i) is then easily obtained from [[Z9) with ¢» = D>3¢ and using these estimates,

as well as (I30). O

6.3 Error estimates for the GIBCs
We shall set for £ = 0,1, 2,3,
g&,k — Eok _ Ziffo I

R (133)
Fgk = HEK Sl .

Using (82), together with B3) and @) when k = 3, we see that (E5%, H2F) € VE x VE is
solution of the boundary value problem:

curl HO* 4 iw E5F = 0, in Q.
curl E5F — jw HE* = 0, in Q.
(134)
ook _ ayd.k _
(EXF)p — HIF xn =0, on 09,
Eok s 4 w DI (HOMp = F1 o8 onT,
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where the tangential vector fields ¢¢ remain bounded with respect to § in all spaces H; ().

Eliminating gka, we see that ﬁg’k € Vi satisfies
curl(curlﬁg’k) — W2 HOF =0 in Q,
curl HOF x n — i w? DOF(HOF)p = ¥+ 2 on T,

curl HO* x n — i w (HO%)p = 0, on O

The proof of error estimates is based on some key a priori estimates that we shall give

hereafter. We multiply by HOF the equation satisfied by ’}-thk in ., integrate over 2. and
use Green’s formula to obtain, after having used the boundary conditions on 02 and I":

/ (|cur1ﬁg*k|2 — w2|7'~(g’k|2) dr — 1 / |(7-t§’“):r|2 do
Q. (o9}

2 5.k (176,k 1768,k _sk+1/ & (i785k
iw? (DM (HI)r, (HE)r) = 0% (ol (HEF)r)

(135)

where ( , ) here denotes a duality pairing between H~1/2(div,T') and H~*/?(curl,T). Con-
sidering the imaginary part of [I3H) and using ([[ZJ)-(ii) together with trace theorems in
H(curl, ), one obtains the existence of two non negative constants C; and Cs independent
of & such that

C1 6 [(HI)rlIE+ I(HE)rll3a < C2 81 1HI | a0 (136)

More precisely we have C1 = 0 for k£ = 0 and C; > 0 for k # 0. Using [(I2ZJ)-(i) and (I30)
one also deduces that

Zm (DOF(HE*) 7, (HE*)7) ] < O3 857 [IHE | frennt ) (137)

for some constant C5 independent of 6. Now considering the real part of ([33) and using
([3@) as well as the trace theorem in H(curl,€).), one gets the existence of two positive
constants Cy and C5 independent of § such that

") v 176
IHE I eurny < Ca 8 IHE | rreunen) + Cs [HF 122 q,)- (138)
Based on these a priori estimates we are in position to prove the following result.

Lemma 6.2 Fork =0,1,2 or 3, there exist a constant C' independent of § and dy > 0 such
that _ _
H5§k|‘H(curl,Qe) + HHg’kHH(curl,Qe) < Oy oF 1

for all § < &y.
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Proof. According to estimate ([38) and first two equations of ([[34) it is sufficient to prove
the existence of a constant C' independent of ¢ such that

IHE* ) r2gq,y < C 6% (139)

Let us assume that [I39) does not hold, i.e. As := 5k+1/|\7'~(g’k||L2(Qe) goes to 0 as § — 0,
and consider the scaled fields

B = HOFJ[HO¥|| 12,y and  €® = ESF /| HE®| 12,

Dividing ([[3R) by ||H%* H%Z(Qe) implies in particular that (h’) is a bounded sequence in
H(curl, ©.). Dividing ([I36) by the same quantity and using the latter result shows that

Oy 8 ||hglf + 1A 50 — 0 as § — 0. (140)

The last boundary condition in ([34)) combined with property ([Z)-(i) shows in particular
that
lezlle < Cs 8 [Ih3llr + As R e

(with the alternative, Cs and C; > 0 or Cs = C; = 0). We therefore conclude that
eS|l goes to 0 as § — 0. The first three equations of (3) implies that €° is a bounded
sequence in Ho(curl, Q) (see definition in the proof of Theorem B]). Therefore, up to
extracted subsequence, one can assume that e converges strongly in L?(€2.) and weakly in
I;O(curl, Q) to some e € E’o(CU.I’l, Q). Passing to the limit as 6 — 0 in ([[34)), we observe
that e € Ho(curl, ) is solution of

curl curl e —w? e = 0, in Q,,
curl e x n —iwer x n =0, on 01,
exn=20 on I,

and therefore e = 0. We then deduce that curl h? strongly converges to 0 in L?(f2.). Com-
ing back to identity ([I3H) and considering the real part, one deduces after division by

IH* ]2, that
11812 carnny < As Co W reuman) + C lewrth® |2,y + Coi [Tm (DMhi, ). (141)
Property ([[Z3)-(i) shows that
|Zm (D**hg., h)| < Cs8|h32 — 0

according to ([@M). Therefore, considering the limit as § — 0 in ([Z) implies that h°
strongly converges to 0 in H (curl, €. ), which contradicts ||h°[|r2(q,) = 1. O
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A Technical Lemmas
The first Lemma is a slight variation of the classical trace lemma in H(curl, O).

Lemma A.1 Let O be a bounded open subset of R3 of class C? (and which is locally from
one side of its normal). Then there exists a constant C' depending only on O such that

[lux ”Hir%(ao) < Cllullzzo) (llewlullrzo) + ullzz0))  Vu € H(curl,O0). (142

Remark A.1 When O = Ri = {y eR®/ys > 0}, one can easily check, using partial
Fourier transform in the variables (y1,y2), that

3 2
Vue H(eur,LRY), |lux ”HH,%(BM) < 2|ullpzrs ) (leurlul| 2 ) + [lullp2es))-

Proof. The idea is to see how the proof for the half-space (cf. previous remark) is modified
when the boundary of O is not flat.

Let us consider first the cases where there exists a > 0, b > 0, § > 0 and h € C?(R?) N
W?2°°(R?) such that

00N supp u C X := { ©(y1,92,0) 5 (y1,y2) €] —a,a[x] —b,b] },

ga(] —aya[x] - b,b[x]o,a[) co,

u is compactly supported in <p(] —a,a[x]=b,b[x]0,0] ),

where
(Y1, y2,y3) = (Y1, Y2, Y3 + h(y1,12))-

Setting % := uwo ¢ and 1 := wo ¢ , one has for y3 = 0,

axi=f (a2 +a3§—y}; : agg—;l — 6, — alg—yz +agaiy1h), fi=(1+|Dh?)7? (143)
On the other hand, (eq, es,e3) denoting the canonical basis in the y-space,
(1)  (curluoy)-eg = %_%@_%’
dy2  Oys Oy Oys
(ii) (cwrluog)-es = 0t _ 0ty | Ot Oh (144)

dys  Oyr  Oyz Oy’

(’L’”) (Curluogo).es — %_%_’_% @_@
dyr  Oy2  Oyz Oya Oy

RR n° 6302



52 Haddar & Joly & Nguyen

Let us set uy = s + 3= , since,
Y2

duy  Duy D3 Oh 9°h

=2 iy
dys  Oys ~ Oys ys Dy30y>
using the formula ([Zl)-(¢) one gets, setting r := (curlu o ) = (r1,72,73)

o dus _  0%h
= + =— +tU3T—F7 145
0y3 ! 0y2 ’ 0y30Yya ( )

In what follows, we use the Fourier transform F in the variables (y1,%2) and denote by
(&1, &2) the dual variable, by @; the Fourier transform of @; and @} the Fourier transform of
uj. By definition of the norm in H~2 (R2),

302,y = [ (01 @36 .0 deade

Since

)
36,6007 = —2Re [ [ S2T (61, 60.00) duo

using ([ZH), we have, r; being the Fourier transform of rq,

é
B 0P = 2Re [ |7 ] (€60 m) die
0

6 _
— 27?,6/ ifg[ag ag](&,&,%) dy3
0

or . ®h | =
— 2Re/0 [f(usm) ug}(£1,§2,y3)dy3.

We divide the above equality by (1+]¢|2)~ 2 and integrate over €. Next we use (14|£[2)"2 <
1, &) (1+[€>)~2 < 1 and Plancherel’s theorem to obtain, since h € W2 (R2),

0 0
fusos0lF g <2 [ nllusldy+ o[ [ jual fuil o
0 JR2 0 JR?

Coming back to the variable x through the change of variable x = p(y), we easily get, since
us| < fua| + Clus]

l3Co, O,y < € (Julldago) + lullzaoy leurtull 2o

where the constant C' only depends on h.
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Finally, using the lemma [A2] (notice that f := (1 + |Dh|?>) 2 belongs to W), we get

.. Oh
172 + s )17y < © (lullfaco) + ull ez lewtullzego (146)

In the same way, one obtains

_ Oh _
Hf(u38_y1 - “1)HH—§(F) < C (||U||%2(0) + ||U||L2(o)HCUﬂUHLz(O))
oh _ oh (147)
(= ala_yQ + ﬁ28_y1)”H*%(F) < C (||U||2Lz(0) + ||U||L2(o)HCUﬂUHLZ(O))

Thanks to {[Z3) and by definition of the norm in H~2(I'), estimates ([Z6) and ([Z7) lead
to the desired inequality.

Obtaining the same inequality in the general case can be deduced by the using a partition
of unity (¢;)i=1,...~n of O and noticing that

l[eurlpiul[20) = [l¢i curlu + Vi x ullr2(0) < [|@illos leurlull 20y + [Villoo [[ullr2(0)-

O
Lemma A.2 Let f € W-°(R") and g € H=2(R") then fg € H™2(R") and one has,
180,15 oy < 3% 1w Nl gy
Proof. We first remark that if ¢ € H2 (R™), then
1508 gy < 3% I lwroe ey 104 oy

which is deduced by interpolation from the (obvious) inequalities:

VORI ¥l g e < Wlecen lollzac,
Vo e H'®Y, Wl < (2 1By + 1 ey 160 .

Next, if g € H™2(R™), we have, for any ¢ € Hz(R™),
[{F9.0) 1= 10 00| < N0l ey 1903 ey < 3% 8l gy 1y 160

from which one easily concludes. (I
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Lemma A.3 Let O C R? be a bounded open set with a C? boundary T'. There exists a
constant C' that depends only on I" such that

ull 1y < CUVEulpy g+ lllgry)  Yu e HED).

H3 (T
Proof. In the case O = {(x1,x2,23) € R? / 23 > 0} one can check by using Fourier transform

in the plane (z1,z2) that

lull? 4

_ 2
2 ey = IVl

2
-3 () + [l 72y -

The inequality is therefore trivially verified in this case. The general case can be easily
deduced by using local parameterizations of the boundary I'. This is where the C?-regularity
of I' is taken into account. (|

Our next lemma is a sharper version of classical compact-embedding theorem for spaces of
L? functions with bounded divergence and curl into L2. We set

H(curl,div, O) := {u € L?*(0)? / curlu € L*(0)? and divu € L*(0)}
equipped with the norm
||u||%1(cur1,div,O) = ||U||2L2(0) + ||CUY1U||2L2(O) + HdiVU||2L2(O)-
Lemma A.4 Let O C R? be a bounded simply connected open set with C? boundary T'.
Then every bounded sequence (u)ren of H(curl,div,O) such that
(uk|r X n)ren is convergent in Ht_%(F) (148)

has a convergent subsequence (uy) in L*(O)3.

Proof. Our proof is an adaptation of the proof given by Costabel in the case where, instead
of ([[AY), one has an L? control of the boundary term of the sequence (see Theorem 2 of [H]).

The idea is to make a Helmholtz decomposition of u; of the form:
ug = wg + Vg, (wg,pr) € H(O) x L*(0), divwy = 0, (149)
constructed in such a way that:

(i) wy, is bounded in H'(O) (and thus admits a converging subsequence in L?(0)?3) : this

uses the fact that curluy is bounded in L?(O)3,
(i) Vpr admits a converging subsequence in L?(0O)3 : this uses the fact that divuy is

bounded in L?(O)? and that (uj x n)|r converges according to (I[ZJ).
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In order to construct wy from curl uy we first construct an extension of curl uy in R?® which
has a compact support (independent of k) and is divergence free. For this, we choose a ball
B containing O in its interior and will constitute the support of the extension of curl uy.

First notice that since curluy € H(div; O), the trace curluy - nyp is well defined in H==(I)

and satisfies, since div curl uy = 0:

lcurl ug, - n| < C leurlugl| 20y, (curlug -n, 1) = 0.

H™3(T)
Therefore, the following Neumann problem in B\ O:

Apr =0 in B\ O,
Onwr = (curlug)-n  on 90,
Onr, =0 on 0B,

admits a solution ¢, € H'(B\ O), which is unique if we impose in addition

/ i dr = 0.
B\O

Moreover, using the Poincare-Wirtinger inequality and (&)

/\O |V(pk|2 dr = ((curlug) -n, g )p < C HCUﬂUkHLz(O) HV(pkHL?(B\E)
B

from which we deduce
HVSQICHIQ(B\@) < C chrlukHLz(O)-

We then introduce the extension yj of curl uy as

curl ug in O,
Xt = § Vor in B \6,
0 in R\ B.

Of course, x1, € L?(R?), is compactly supported in B and satisfies, thanks to (I52)

Iellzees) < € llewrlug 2oy

(150)

(151)

(152)

Moreover, the two boundary conditions in ([I&]) have been chosen in order to enforce the

continuity of i - n across 90 and JB so that:

divyr =0 in R3.
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Next, we introduce ¥j, as the unique solution of he following Laplace problem in R?
— AU, =y, inR) U, c HE (R®? VU, e L*(R?)3. (153)

It is well known that Uy is given by:

1
U, =G*xp, G= 4—||, (the fundamental solution of the Laplace operator)
|z
and satisfies in particular
[Vl 0) < C lIxellL2es) - (154)
Moreover,
divyy=0 = div¥, =0, (155)
Next we define
wy, = curl ¥y, € L*(R?) (156)

whose restriction to O is the good candidate for ([ZJ). Indeed
curl wy, = curl (curl ¥y,) = grad (div¥y) — AP, =y, in R®,  (see ((53) and (I59))

which implies in particular
curl wy = curl ug, in O.

Before constructing py, we first check property (i). The fact that wy, is bounded in L?(0)3
results directly from ([54). Next, we show that wy, is bounded in H*(R3), which implies in
particular (i). Indeed using the Fourier transform in R® we deduce from (I56) and (53
that (€ denotes the dual variable of  and u the Fourier transform of w):

2 _ |§X)?k(§)|2

GE < IRe(9)P

€2 @k (€)]

which yields, by Plancherel’s theorem
||Vwk|\%2(R3) < HX’C||2L2(R3) < C lcurl Uk||2L2(0)-

From now on, we can therefore assume that (up to extracted subsequence) wy converges in
L?(0).

Since curl(ux — wg) = 0 and O is simply connected, one can construct pi (unique up to an
additive constant) such that Vp, = uy — wy (use for instance Theorem 2.9 of [9]). Fixing
pr by imposing that fo prdr = 0 gives raise to a bounded sequence pi in H*(O) by the
Poincaré-Wirtinger inequality. Since we further have that (divuy) is bounded in L?(0O) and
(wy) is bounded in H'(O), then, up to extracted subsequence, one can assume that divuy, is
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1
2

convergent in H~(0), wk|ao is convergent in H~2(00) and pg|so is convergent in L?(9O).
We shall deduce that py, is strongly convergent in H'(O). We first observe that py satisfies

—Apy, = divuy, in O,

Vpr Xn=ug Xn—wg Xn, on dO.
Let m and k be two indexes. From
Apr = pm) = div(uk — um) in O,
(157)

V(pr — pm) X 1= (U — Um) X1 — (W —wp) Xxn  on 00.

and using the classical theory for elliptic equations one gets the existence of a constant C
such that

IVPe = Vpml2 ) < Ch <||diV(Uk = um)|la-10) + 1Pk = Pmll 3 50 ) (158)
On the other hand, using Lemma one has
1122 _p’"”H%(aO) < Cy (||V(Pk — Pm) X nlleé(aO) + |Ipx —pmHLz(aO)) : (159)

From the second equation of [[17), (I28) and [RXJ) it is easily seen that

VoK = VD2 < Cs (||diV(Uk = um)llm-1(0) + (e = um) xnfl ;g 0

+ lwn = wnll,y -y g + Pk = Prllz200) ) -
Using assumption ([[@X) one concludes Vpy, is a Cauchy sequence in L?(90). The result of
the lemma is then proved since ux = wi + Vpg. [l

Lemma [A~4] also applies to domains §2; that are not simply connected. This is proved in the
following lemma.

Lemma A.5 The result of Lemma[A] applies to bounded open domains O € R? of class
C?.

Proof. Let x be an arbitrary point in O. If z € O, one defines U, as a ball centered at z
such that U, C O. If not, one defines U, as a neighborhood of x such that there exits a
bijective map ¢, : @ — U, such that

¢I € Cl(@)a ¢71 € Cl(Uz)v ¢(Q+) = UI N 07 et ¢(Q0) = UﬂaOv

where () denotes the unit cube of R3, Q4 :=={z € Q|23 >0},and Qo ={r € Q | 23 = 0}.
With this definition one observes that U, MO is a simply connected domain for all x € O.
By the compactness of O one can extract a finite covering of O from {U,;x € O}. Let us
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denote by {Uj;, i € I} this finite covering and consider a partition of unity (6;);e; C C°°(R?)
subordinated to this covering, i.e.

supp 6; C U, , Zei:mnb.

el

Then define u!, := 0;u, for all i € I. It is easy to see that for every i, the sequence
(ul) satisfies the hypotheses of Lemma [A4] with O replaced by U;. Using a finite diagonal

n
process, one can therefore assume that there exists a subsequence ny such that

ul,, converges in L*(U;) for all i € 1.
Consequently, the sequence wy, = Y_;c; ul, is convergent in L*(O). O
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