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Abstract. We consider the linear Primitive Equations of the ocean in
the three dimensional space, with horizontal periodic and vertical Dirichlet
boundary conditions. Thanks to Fourier transforms we are able to calculate
explicitly the pressure term. We then state existence, unicity and regularity
results for the linear time-depending Primitive Equations, with low-regularity
right-hand side.

1 Introduction and main results

We establish regularity results for the linear Primitive Equations (PE) of the
ocean in the three dimensional space. For the nonlinear PE, the first work
of Lions, Temam and Wang [4] and the further paper by Temam and Ziane
[7] proved global existence of weak solutions and local existence and unicity
of strong solutions. The regularity of the linear Stokes-type problem related
to the PE has been studied by Ziane [8], Hu, Temam and Ziane [3] and
Temam and Ziane [7]. For diverse boundary conditions, the authors prove
the regularity of weak solutions, when the right-hand side stays in L?.

Our work is motivated by the following remark: many problems involving the
PE of the ocean (such as numerical ocean modelling, assimilation of surface
data or more theoretically controllability of the PE) need the calculation, or



at least the estimation, of the pressure term. But in the previous studies
of the PE, the regularity of the pressure is not explicitly investigated. Thus
the aim of this paper is to calculate explicitly the most singular part of the
pressure term in order to obtain more precise regularity results, in particular
with less regular right-hand side. The analogous of this question for the full
Stokes problem has been addressed by Fabre and Lebeau [1].

The paper is organized as follows: in the rest of this section our main results
are stated, in section 2 we present some preliminaries, in section 3 we prove
theorem 1, some further remarks and results are provided in section 4.

1.1 The Primitive Equations of the ocean

The Primitive Equations of the ocean are at the base of general ocean circu-
lation models, intensively used by oceanographers. The linear equations we
are interested with are the following:

(O — vAu—av+0,p = fi in 2 x (0,7)
Oov —vAv+au+0p = fo
O.p—p0=0

w(x7y7 th) = - foz a:vu<x7y7zlat) + ayv(xayvzlut) dz'

\
with the following initial conditions:

U(t=0)="U,, O(t =0) =6y in Q (2)
and boundary conditions:

u,v,w,#,p are periodic in x,y
u=0,0=00=0 onT?x{z=0,z=a}x(0,T) (3)
[0+ 0udz=0 onT?x(0,T)

where
— () is a horizontally periodic and vertically bounded ocean basin: 2 =
T? x (0,a), with T? = (R/27Z)? the bidimensional torus;
— U = (u,v) is the horizontal velocity of the fluid, w its vertical velocity;
— 0 is the temperature around a vertical temperature profile f = 6 — 0, —

z@, with 6 the real temperature, 6, and 6, top and bottom boundary

conditions for 6:
— p is the pressure;
— F = (f1, fo, f3) is a given forcing term;
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— « is the constant Coriolis parameter;

— v is the kinematic viscosity and the temperature diffusion parameter;
— [ is a physical constant, depending on the gravity constant;

— 7 1s a constant.

Remark 1 1. We have assumed, without loss of generality, that the salin-
ity does not appear in the state equation, so that it is a passive tracer
(see [7] for the full equations).

2. In order to lighten notations, we have assumed that the kinematic hor-
izontal and vertical viscosity and the diffusion parameter in the tem-
perature equations are equal, we thus have similar results with different
values of these parameters.

3. We choose to use Dirichlet boundary conditions because these are re-
alistic physical conditions; moreover this enables us to consider low
reqularity forcings F.

We will also use the stationary linear model Sy for spectral study, with A € C:

Si(u,v,0) = F
)
([ \u—vAu—av+0,p=fi in
A —VvAv+ au+ Oyp = fo (4)

d.p—P0=0
A —VvAO+yw = f3

w(zr,y,z) = — foz Opu(x,y, ') + 0yv(z,y, 2') dz’

\

with stationary boundary conditions:
u,v,w, 0, p are periodic in x,y
u=0,v=00=0 onT?x{z=0,2=a} (5)
[, 0u+0vdz=0 onT?

1.2 Some functional spaces

Let us now introduce some functional spaces
Definition 1 Forall s € R

HS(Q> = { f(x>y’ Z) = ZkeN*,{eZQ fk,( ek('z) e(($’y>> (mvyvz) €,

s (6)
ZkEN*,CEZ2(1 + I/k2 + I/|§|2) |fk7<‘|2 < OO}
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with:

en(z) = \/gsin(’%”) vz € (0,a)

, (7)
ec(r,y) = 5@ V(z,y) € T?
forall k € N* and ¢ = (&,n) € Z2.
For f € H® we denote
A3 =" D (4 vk +wlCP) | fucl (8)
keN* ¢eZ?
H* () is a Hilbert space with the following inner product:
(frg)s= D (L4 vk +vICP) fie Toc. 9)

keN* ¢eZ?

The following characterization holds true, where H*(2) denotes the usual
Sobolev space:

Lemma 1
—dcs<i = HW(Q) = H(Q)

1<s<3 = H(Q) = {feH, flimo = fliza =0} 1o

We define also the following classical spaces (see [2], [6] or [3]):

Definition 2 Let
E, = {U = (u,v) € C®(Q)?,u,v periodic in x,y,
u=0,v=00nT?>x{z=0,2=a}
[ 0uul, 5, 2) + Byl g, ) = 0.¥(x ) €T} (11)
Ey, = {0€C>(Q),0 periodic in z,y,
0=00onT*x{2=0,2=a}}

Then Hy (respectively Hs) is defined to be the closure of Ey in L*(Q)?* (resp.
L3(2)), and Vy (resp. Vy) is the closure of Ey (resp. Ey) in H'(Q)? (resp.
HY()), and finally H = H1 X Ha, V = Vi X V.

Inner products on ‘H and V are:

(X, X3 = (u,u)p2) + (0, 0)2) + 2(0,0) 120
= Jo(uu/ +vv' + 596’) dx dy dz

(X, Xy = (u, ) gy + (0,0 ma@) + %(9@’)1{5(9)
= Jo(Vu.Vu + Vo.VV + 2V0.V0') do dy d=

(12)



1.3 Results

Our main result states as follows:

Theorem 1 Leto €] — 3, 1], o

Let F(t) = (f1, fa, f3) € ( 2(R;HO)3 ) wzth Support (F) C {t > 0}.
There exists a unique

X(t) = (u,v,0) € (L*(R; H)3),  Support (X) C {t > 0} (13)

l\DI»—l

and there exists a unique (up to a distribution depending only on t) pressure
p(t) € D'(R x Q),  Support (p) C {t > 0} (14)
so that the following equation holds true, in the sense of distributions in R x )

Ou — vAuU — av + 0,p = fi
Ov —vAv + au+ Oyp = fo

0,0 — vAO + yw = f3
with w(z) = — [ (Oyu + dyv) and w(a) =0
Moreover
| X N(z2@spot2yys < C N F|l(z2@smeys (16)

and the temperature 6 verifies
8159 c L2(R; HU) and ]|8t«9||L2(R;HU) S C ||FH(L2(R;HU))3 (17)

The pressure p verifies

pto,2) = clt) + altag) + 6 | Oty a9
0

with
c(t) € D'(R), Support (c) C {t > 0} (19)

and

- for o €] — 3, 5[ we have
q(t,a:, y) S L2(R; H0+1<T2)) and HqHLQ(R;HUH(TQ)) < C HFH(LQ(R;HU))B

(20)

- for o €] — 3, —1[ we have

q(t,z,y) = a1(t, 7, y) + @2(t, 7, y)
qg(t,x,y) € L2(R; HU—H(TQ)) and HQ2||L2(R;H“+1('JF2)) <C ||F||(L2(R;H”))3

qi(t,z,y) € HOPTVAR, HY(T?)) and ||a1 || goronagmn o2y < C|1F || z2@me)ys
(21)



Remark 2 1. The reqularity exponent o.

- With a forcing term F € (L*(R;H)?), we cannot have more than
X € (L*(R;H°t%)3). Thus the boundary condition X|,—¢.—q = 0 is
well defined only if 0 + 2 > %, .e. o> —%.

-0 = —% 1s a critical exponent for the reqularity of the pressure, whose
description is more technical.

- Considering only o < % enables us to use the spaces H° and to do

explicit calculations.

2. An explicit formula for q;.

Actually, for o €] — %,
(21), namely

qt,z,y) = q(t,r,9) +qt,2,y), @t =,y) € L*(R; H7TH(T?)) (22)

where qp 1is explicit as a function of F (see remark 4.1 and formula

(174)).

3. Formula (18).
In formula (18) for p, q is the value of p at z = 0. We can replace q
either by p(t,z,y, z0), for any zo € [0,al], or by foap(t,x,y,z) dz, the
results remain the same.

—%[, we will prove a more precise result than

4. Mazimal estimates.

For o > —%, we have d,p,dyp € L*(R;H?), so that the pressure gra-
dient term can be seen as a forcing term and we have the following

mazximal estimates

||X||(L2(R;HU+2))3 ‘l— ||8tX||(L2(]R;'H”))3 S O ||F||(L2(R;'H‘7))3 (23)

_ 3

However, for o €] —3, —%[, the mazimal estimate is wrong (see remark

4.3).
We prove also the following corollary for the Cauchy problem with o = —1:

Corollary 1 Let p(t) € C>*(]0,T)), F(t) = (f1, fa, f3) € (L*0,T;H™))3,
Xo € H. Let (X,p) be the unique solution of equation (15) with

X = (u,v,0) € L*(0,T;V)NC([0,T]; H), X(t=0)=X,

p e D(0,T; LX(Q)) (24)

Then @p is rewritten as
op(t,,y,z) = C(t)+Q(t,x,y)+ﬁ/ 0(t, x,y,2') d', with c(t) € D'(R) (25)
0

6



with q(t) € H=Y4(0,T; H'(T?)) and we have

q(t) € L*(0,T; L*(T?))
) (26)
AFH 50 = vA) Yo f1 + 90y fo] d2] € L2(0,T; LX(T?))
where Ay is the horizontal Laplacian operator, defined by Aqt) = Oppth+0yy1).

Remark 3 The preceding Cauchy problem can easily be addressed thanks to
classical variational methods, but it gives less precise results regarding the
pressure, see lemma 5 and remark 5.

2 Preliminary results

2.1 The Primitive Equations operator

Multiplying equation (4) by yu/, v/, yw', 30’ (with X’ = (u/,v',6') € V) and
integrating by parts (using boundary conditions (3)), we obtain formally:

S\(X)=F
T
AX, X3+ (X, X')y + BB(X, X') + aC(X, X") = (F,X")n, VX' €V

(27)
where B and C' are given by:

B(X, X/) = —(O,w’)Lz(Q) + (w, 0/)[/2(9)
with w = — [ O,u+ Oy, w = — [5 0u/ + O’ (28)

C(X, X/) = —(U, u’)Lz(Q) + (u, U/)LQ(Q)

and _
fQ —0w + w@ = 2Q([wh) €iR
= [o(—vu+uv) = 2u3([,uv) €iR
We define then A(X,X) = (X, X")y. The operator P = vA + B + aC,
called Primitive Equations operator, maps V to V', and for all (X, X’) € V

we have
(P(X), X)Wy = v(X,X")y +BB(X,X') + aC(X, X')

(A +P)X), Xy = MX, X )y +v(X, X))y + BB(X, X') + aC(X, X')
(30)

(29)



Remark 4 Operator A corresponds to the uncoupled Stokes-type equation
obtained from (4) with « = 3 =~ = 0, B corresponds to the coupling (via
the parameters 3 and ) between the vertical velocity w and the temperature
0 and C 1is the Coriolis operator.

We have:
Lemma 2 The mapping

D 1 (X, X') = (P(X), X )y
is continuous on V*. More precisely

200a?
2

(PX), Xl < v+ 2=VBy + ) IXIMIX Y (81)

Proof. Let X = (u,v,0) and X' = («/,2/,0’) be in V. We have clearly:
(AX), Xy = (X, Xy < [[X[v[IX [l
[B(X, X)) < 0llzollw'lize + lwleoldliee (32)

IC(X, X)) < vllez@llv | 2@ + lull 2@ llv' 2@

For all p € HJ(2) the following Poincaré inequality holds:

2
a
||90H%2(Q) < F“V(:OH%?(Q) (33)

Thus we obtain

a ¥ a [v
2 < || X || < = || X Ollr2c) < 4 /=X |lx < —4/=]|X
el < X1 < S0, 0L < 431X < 2 200
(34)

Using Cauchy-Schwarz inequality, we obtain

I Jo Owu+ ayUH2L2(Q)

w2 =
< & X[}

(35)

A straightforward calculation gives the desired conclusion.
O



2.2 Qualitative spectral study

Definition 3 We call eigenvalue of —P : V — V' a complex number X so
that A + P 1s not injective. We denote Vp the set of the eigenvalues of —P:

Vp ={A€C,AX €V, X £0, (AX + P(X), X )y =0VX' €V} (36)

Lemma 3 We have the following inclusion:

2

VPC{)\GC,%()<—%and|\S( )| < 20+ 2a\/By ——} (37)

Proof. If A is an eigenvalue of — P, then there exists X € V, X # 0 such
that

A, X )+ (X, Xy + BB(X, X') + aC(X, X') =0,¥X' €V (38)
Using (29) and (38) with X’ = X, we have

RIX N+ vIIXS =0

_ (39)
SIIX 7+ 263( o wb) + 203(fquv) =0
Thanks to (34) | X2, < %X )%, we obtain:
v X[ _ vr?
R(N) = — < - (40)
1 X113, a’

With (34) and (35) we have:

SO Qﬁlg(fgwa)l/llXII%+20§|3(fg ud)|/[1X 17 ,
26wl 2@ 101l 2 /1 X 13, + 2e[ull 2@ 0]l 2 /1 X (13

2av/BY|[ X [[v/[| Xl + 200 (41)
20 + 2ay/Byy/ - 2N

From (40) and (41) we get that (37) holds true.
O

IAIA I

2.3 First existence and unicity results

Let us finish this section by stating two lemmas, whose proofs are based on
very classical use of the variational method, as in [4] or in [7].



Lemma 4 I[f\ € C\Vp and Y = (y1,92,y3) € (H1(Q))? then there erists
a unique X = (u,v,0) € V and there exists a pressure p(z,y,z) € L*(Q),
unique up to a constant, so that

;

A — vAu —av + 0.p =1 m )
A — VAV + ou + Oyp = Yo
0.p— [0 =0 (42)

A — VvAO 4+ yw = y3
w(w,y,2) = — [y Su(z,y,2') + Oyv(x,y, ") d

\

Lemma 5 Let T > 0, Xg € H and F = (f1, fo, f3) € L?(0, T, (H1(Q))?).
Then there exists a unique

X = (u,v,0) € L*(0,T; V)N C([0,T); H) (43)
and there exists a pressure
p e D(0,T;L*(Q)) (44)

unique (up to a time distribution), such that the following equation holds true
in the sense of distributions in 2 x (0,7T):

( ou—vAu—av+0p=fi

O — VAV + au + Oyp = fo

d.p— B0 =0 (45)
00 — vAO + yw = f3

with w(z) = — [ Oyu(z') + Oy () d2’

and

(u,v,0)]i=0 = Xo (46)

Remark 5 The derivative % is in H™'(0,T, (H{(2))%) and equation (45)
tells us in particular:

Vp € L*(0, T, (H™1(Q))°) + H (0, T, (H;(2))*) (47)

3 Proof of theorem 1

The proof is organized as follows. In section 3.1 we take the Fourier-Laplace
transform of the equation, first in the horizontal coordinates, then in the
vertical one and finally in time. Spectral parameters are then introduced,
A =it and w = X+ v(?, where 7 is the Laplace parameter and ¢ the

10



horizontal Fourier variable. In section 3.2 we introduce the function M, (), ()
and we prove preliminary estimates for this function. In section 3.3 we study
the uncoupled system, ie (69) ie with &« = § = v = 0. This is the core
of the proof. We will use the function M, in order to establish in theorem
2 optimal estimates for the uncoupled system depending on the values and
asymptotics of the parameters and the vertical Fourier variable. In section
3.4 we use the results of section 3.3 to establish estimates for the coupled
system. We conclude the proof in section 3.5.

3.1 First reductions

Estimation (17) for temperature is straightforward: if (16) holds, then w €
L*(R;H7) and
[wll 2@y < CNE L2 @) (48)
then the temperature satisfies
00 — VAl = f3 — yw (49)
and (17)follows easily. Thus it is sufficient to prove existence, unicity, (18),

(16), (20) and (21).

Fourier transform in space. For f € D'(R x ), we write
ft,z,y,2) ngtz ©(@y) (50)
(ez?

Equation (15) is equivalent to the following equations, with parameter ¢ =

(&n) € 2%

Ou¢ — vOzzuc + vCuc — ave +ilpe = fig
e — v0,,vc + vCPue + que + inpe = far

O.pc — B0 =0 (51)
ék ¢~ u@zzég + VC29§ + Yw¢e = f3 <
with we(t, z) = — [ (iuc +inve), we(a) =0, X¢|.mp2ma =0
The equation above gives
pe(t, z) = pe(t,0) + ﬁ/ Oc(t,2") d2’ (52)
0
So we set
¢#0 c(t) o ;qc(t) = pe(t,0)

11



The spaces H. We define now the following space of functions of z €
(0,a). For f(2) = > ,en- frer(2), we set

IFI3e =Y L+ vk + )| fil? (54)

keN*

and we denote by H¢ the Hilbert space associated with this latter norm.
Similarly to lemma 1 for spaces H® we have

Lemma 6
—3<s<3 = H! = H*0,a) (55)
%<s<g = H = {f(z) € H*(0,a), fl.—0 = fl.=a = 0}

And for f(t,z,y,2) = D ccpe fe(t,2) @) we obtain:

o= e, 2 (56)

cez?

1/ ()]

So that (16), (20) and (21) are equivalent to the following estimates, with C
independent of (:

IXcllp2@mzrays < ClEwz@ng))s (57)

and also for gc = q1 ¢ + qa¢:

—3<o<j3 lach o smgery < ClFCl 2y

—§<o<—3 : gl mrerzvrage, ) + HqQ,C‘|L2(R+;Hg+1) < ClFll 2@y
(58)

Case ¢ = 0.

In that case, py vanishes from the first two equations of (51) , wy = 0 and
(51) gives
Orug — v0,ug — avg = fi
Oy — V0,00 + aug = fop
Oy — v0..00 = f30 (59)
po(t,z) = co(t) + B [ o(t, ) dz'
with XQ’Z:(]’Z:a =0

So that classical results on the heat equation give:

[ Xoll2@mz2ys < CllFollaeeimg))s (60)
10:Xoll (2;mgys < CllFollr2mg))s



Moreover qo(t) = 0 and estimates (20) and (21) are immediate.
In the sequel, we assume that ¢ # 0.
For the pressure p we have then

pe(t, z) = qc(t) + 5/: Oc(t,2") dz' (61)

so that existence and unicity for u, v and 6 give those of p (up to the constant

c(t)) and(18).

Fourier-Laplace transform in time. For f(t,z) € L*(R; HZ) with sup-
port in {t > 0}, we denote by f (7) its Fourier-Laplace transform:

~

+o00
f(rz) = / e f(t,2) di (62)
0
It is clear that f is holomorphic in {r € C,J(r) < 0} and satisfies

+oo
| WOl dr = Coll sy (63)
From (51), for a given ¢ # 0, for u¢, v € L*(R; HY) we have
pc € L*(Ry; HY) + 0, L*(Ry; HZ™?) (64)
where 0, L*(R,; Hg”) ={q, 37 € L*(Ry; Hg“), q = 0:q}. Thus the Fourier-
Laplace transform of p. is well-defined.
Introduction of the parameters. Let S be the subset of C defined by:
. . 1
S = {06y — p1 + i, with (uy, p2) € R* and || > (5_'u1} (65)
1

with §; > 0 small enough that SN Vp = @) (which is possible from lemma 3)

and

1/7T2 14

Jy < 03 = min(ﬁ, 5) (66)
For (2 € Z*\ 0 and ) € S, we set
A=it, w’=\+uv? (67)
so that w40
2522\0} — A+ 40 (68)

V§2—53>0

13



Keeping the same notations for functions and their Fourier-Laplace trans-
form, we obtain that (51) is equivalent to the following equations, with pa-
rameter ((*,\) € Z*\ 0 x S:

(w? — v, )uc — ave +iépe = fic
(w? = v0..)ve + que + inpe = far
azpc — 694 =0
(w2 — Vazz)eg + ’ng = f37(:
with we(2) = — [1 (i€u¢ + inve)
and wc(a) = 0, XC|z:0,z:a =0

(69)

For ¢ and X\ given Z? \ 0 and S, (69) is a differential system as a func-
tion of z € (0,a) with data F, € H?(0,a) and unknown X. € H?(0,a),
X¢ls=0, = 0. Therefore, unicity is clear. Indeed, the third equation of (69)
gives pc € H73(0,a), so that if F = 0 we obtain u¢,v; € H°**(0,a), thus
w € H7"5(0,a), then § € H°"#(0,a). In particular we have X € Hj(0,a),
and the spectral result SN Vp = @ gives X, = 0 for all (\,¢) € Z*\ 0 x S.
Then X =0 and p = 0 up to a function of time.

It remains to prove existence and estimates for the solutions of (69), which
will give (57) and (58) thanks to (63).

3.2 Preliminary results for the parameters

We set
€)=1+[cl, (W)?=IN+()? (70)

The following lemma will be useful:

Lemma 7 There exists a constant C such that, for all N € S, ( € Z*\ 0 and

k € N*:
|wW?| > C{w)? > C(1+ |\ +?) (71)
and 122
1% T
|w? + > | > C ((w)? +K?). (72)

This lemma is easily obtained from the straightforward following lemma:

Lemma 8 Let Cy and Cy be two closed cones of R™. We assume the distance
between C1 and Cy to be non-zero, ie there exists a constant d > 0 such that

Ve e C,Vy € Oy, |zl =1lyll=1=[z—-y| >d (73)
Then there exists a constant C > 0 such that

Ve e Cnvy e Gy, o=yl = C(lzll + llyl) (74)

14



The function M, (), (). For (), () € S x Z?\0 we set:

( Z K2k + 1(l€2 02y >1/2 (75)

keN*

which is well-defined for o > —5.
We shall use the following notation

301, Cy > 0, V(A ¢) € S x Z2\0,
A(X, Q) ~ B(A,Q) (76)
Lemma 9 Foro €] — %, %[, o # —5, the following hold true:
()
o> —% : M, ~ w)?
Q) (w)™7 : o
o<z Moo~ Tz + o) F st with k= n
(77)
Proof. First we can write:
2 _ (k2 4+(0)*) 7 Q) @*4+(0)*) 7 (W) (@2+(0)*)°
Ma’ - k2 (<w>4+k4) ~ [fl 22 ((w>4+x4) dl’ + f« x2(<w)4+x4 dl’ (78)
+ f Jr):r: dl’}
We have immediately:
_ Q) @2+ ~° (€)% Q) da
L= | 22 ()it drv ~ Wi J1 22
oo
{w)4
) @+ (w) i
L= [ o 4+x4> gdo ~ Jio" #aram dx
~ ) e (79)

_ oo (x24(¢)?)~7 oo x—2°
Is = Jo wmma d ~ Jo #amm @
_20 —20

du

°‘<) fl u? (1+u4)
<w> 20

(w)®

Then there are two cases:

* Case 0 > —% with o < 0: then <7>2U is bounded and (¢)™2 > 1 thus
<W>_2" 1 (S
< C < I; < CI 80
Wp =Tt S Tt T e (50)
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If 0 > —3, with o > 0, then (w)™27 < (€)™ thus I3 < C1,.
Moreover, if o > —% we have 20 + 2 > 1 then

© de 201
/<C> ) < C(Q) = L <ChL (81)

It follows that (77) holds true for o > —3.

*x Case 0 < —%: we have

(w)
| st = <o (52)
(

0 r20+2

In order to compare I; and I3 we introduce the following critical exponent:

2 1
p— 22t & 20k = —20—1 (83)
20

If 0 €] — 2, —3], then x €]0, 3[. We have again two cases:

* 1F ({€), (w)) € {(¢) < ()"}, then

O <™ =w™>"' = LICh (84)
« If ((€), (w)) € {(¢) = (w)"}, then

O 2w =w™>" = L<CL (85)
And (77) follows, for o < —1.

O
We have also

Corollary 2 Ifo €] — 3, %[ then

(WYPMM_y  ~  (w)7? (86)
Ifo €] —3, =1 then
(WyPM,M_, < (w)™! (87)
and
(WI*MM o < Cligzs + (@) g (88)

16



Proof. If o €] — 1,3, (86) is immediately obtained from lemma 9. If
o €] — 3, —3[ then

C —0o W) C o
(WP MMy~ (W2 (7 Loz + i L) (52
~ (W) 2L s s + (O (W) T T P L <y
(89)
< (W) 2L yr + (W) T2 < gy
< (w) !

because (()? < 1 as o <0 and (W)™ "2 < (W)™t as —0 —5/2 < —1.
Finally we have

(WPMoM_g_y ~ (W) ({O) (W) 2Lz wyx + (W) 72 L < fwpx)

O

3.3 The uncoupled system

Having disposed of these preliminary steps, we can now study the uncoupled
system (69) ie with « = =~ =0:
(w2 — VaZZ)UC + prg = fLC
(W? = v0..)v¢ + inpe = fag
Gzpc =0 (91)
(w2 — Vazz>(9§ = fg’c
with foa(fuC -+ 77U<) =0 and Xdzzoyz:a =0

Notations. We denote for short:

® pco=Dpc(z=0);

o [l llnc stands for ||z, [y and [ fgaes

o (HZ¥2)2, stands for {(u,v) € (HI*)2, [ €u+no = 0}

The next theorem is the core of the proof:

17



Theorem 2 Let (A, () €S x Z*\0. The operator

(HZ)3, X © x HZ (H2y

(w? = vO..)u + i&po f1

EO : ('LL, v, Po, 0) — (WQ — Vazz)'U + ZT]pO = f2
(w? —v0,.)0 fs

(92)
is continuous and bijective. Moreover Y = (u,v) splits in Yy + Yy and the
following estimates hold:

(a) [Cpol < Clw)* M| Fllo

(b) M_ga[M_o] " [Yillog + [Villor2e < Clw)MeM_gos[Fllog (93)
() (W?V2lloc + Yallor2c < CllF o

(d) (@ [0llog + 1002 < Clifsllog

with (fl, f2> =F.
Before proving this theorem, we state an elementary but useful remark:

Remark 6 The eigenvalues of the operator w? — vd,, are eigenvalues of P.
Moreover, for all A & Vp, the operator w* — v, is continuous and bijective
from Hg” to HZ, for all o €] — %, %[

Proof of theorem2.  Continuity is easy, as is injectivity (because SNVp =
0).

We first examine the 6 part. Surjectivity is clear. Then 6 satisfies a heat
equation for which we can write a maximal estimate, which is exactly (93,d):
indeed let f € HZ, with f = >,  frer(z). Let g be the solution of (w® —
v0,,)g = [ with homogeneous Dirichlet boundary conditions. Then g €
H"%(0,a), with 042 E]%, g[, and ¢(0) = g(a) = 0, hence g € Hg” according
to lemma 6. Thus g = ), grer and we have:

vk*n?

a?

W+ g = £ (94)
with w? + 7 £ 0.
Using lemma 7 we obtain easily:
| fel®
|w2 + Vk;27r2’2
| fil”

C<w>4 ;(1 + VC2 + I/kZ)Um < CHfH;C

(@ llgllze = (@'Y 1+ +vk?)

' (95)

IN
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and

lglZ 0 < D (141 + vk?) | fil?
k

< CY (L+vC+ k)| fil?
k

(1 + v+ vk?)?
w2 + HE 2
(O + K
(Wyt+k+ —

(96)
ClfIIZ

With f = f3, € HZ and 0 = g we get (93,d).

We know examine Ly restricted to (u,v,po) € (HJ )2 x C. To establish
surjectivity, we first evaluate (explicitly) the constant py, we then invert the
operator (w? — vd..) (which is possible according to remark 6). Thus it is

sufficient to evaluate py and prove estimates (93).
With (92) we obtain:

u= (W’ = vd..)"'[fi —ipol, v= (=) [fi —inp] (97
then we evaluate pg thanks to foa &u 4+ 1mv = 0:

Jo 1€(w? = v0..) " [fi — i€po] + in(w? — v0..) "' [fi — inpo) dz = 0
& [N w? = v0..) (€2 + nP)po) dz = — [y (w? — v0..) il f1 + infa] dz
& Cpo [y (WP = vd..) 1] dz = — [[(W* — vd..) i€ fr +inf] dz
(98)
We will prove further the following lemma:

Lemma 10 There exist constants Cy and Cy, independent of w* = X\ + v(,
such that, for all (A, () € S x Z\ 0,
Cy

o » o
o /0 (= rh) (s < (99)

Thus pg is well-defined by the following formula:

a

Cro==[ [ 0=y a] " [ v g ingl e (100

Let us now estimate ['(w? —v0..) '[i€ fi +info] dz. Let f =", frex € HY.
As previously, using lemma 7, we have

| fo W? —vd.) ] = | f5> ﬁek(@ dz|

a2

£
< CX R (101)
e e

< Ol fllocMs(A;C)

IN
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Using (99), (100) and (101) we obtain:

Clpol < C(w)* Ma(X, Q) IS Fllog (102)

and (93,a) and surjectivity follows.
To establish (93,b,c) we use (97):

u = (W — v0..) fi] —i€po(w? — vd..) 1] = uy +uy (103)

Define
§

Yi = —
- il

} po(w? — v0,.) 1]
(104)

/2

Like 0;, Y5 satisfies the maximal estimate of the heat equation, namely:

Y, = (w—vd..)! [ h ]

(@) Yalloc + Yallorac < ClIF g (105)
We now turn to Y;i:

Yillo+2c = IC]pol [1(w® = v0:2) " (1 llo+2¢ (106)

As previously, the constant function 1 stays in H? and 1 = > i Qxe, with
ar = CO% for k£ odd and a; = 0 otherwise, and we obtain:

62 = 100 Wllosac < [ X" = earanang

k

(107)
(M_,_ is well-defined for o €] — 2, 1)
Likewise we get:
“(WQ - Vazz)_l[”“mé“ < CM_4(A. Q) (108)
(M_, is well-defined for o €] — 2, 1)
which completes the proof.
O
Proof of lemma 10. Straightforward calculation gives:
a 1 — cosh(“2)
/ (=) MV dz = S 12y ] (109)
0 w 7 smh(ﬁ)



where w is the square root of w? with positive real part. Let us define

1 — cosh(x)

N =1+2 X sinh(y)

(110)

with y = \‘;—% We have w? = X\ + v(, thus according to (65), (66) and (68) w
and y stays in B with

B = {/,Ll + iﬂg, with (,LLI,,LLQ) < R+ x R and |,LLQ| S (1 + 55)/,61} \(5431 (111)

where ¢4 and d5 are small and B; is the open unity disk.
The singularities of A are zeros of sinh, so that A is holomorphic in B.
Moreover, N has no zero in B, because L, is injective for w € B. We have
besides

lim N (x) =1 (112)

x| =00

Hence there exist constants C and Cs, independent of w, such that for all
X €B
Cy < |N(>§)| < & :
1+ x| X 1+ x|
Estimate (99) easily follows from (113) and lemma 7.
U

(113)

3.4 The coupled system

We now turn to the case a, 3,7 # 0 and system (69). Let us define the
corresponding perturbation operator L;:

(HZ™)3, x Cx HI™? — (HZ)?
_av—i—ifﬁzf;@ (114)
Ly (u, v, po, 0) — au + inf fo 0
— foz(ifu + inv)

such that £ = Ly + L4, where Ly is given by (92), corresponds to system
(69). We have the

Theorem 3 Let (N, () € S x Z*\0. The following operator
(T2 < € x HE®? (g

(115)
L: (U,U,po,e) = ([’0 + El)(uvvap()a 9) =F
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is continuous and bijective. Moreover Y = (u,v) splits in Yy + Yy and the
following estimates hold true:

(a) [Cpol < CHw)* Mo Fl|og

(b) M_go[M_o] M Willog + [Villorae < Clw)*MoM o] Fllo
() (W V2lloc + Yallor2c < CllF o

(d) (@0l + [0llo42c < ClFlloe

(116)

Proof.  Let (\,¢) € S x Z*\0. To prove that £ is an isomorphism, we
first state that the image of £; is included in a compact subspace of (HZ)?.
Indeed, if (u, v, po,0) € (H{T?)3;, x C x HZ*?, then

—av+iB {0 € H(0,a)
au+inb [0 € H(0,a) (117)
— Jy u+inv) € HH3(0,a)
and (H?2(0,a))* x H?*%(0,a) is a compact subspace of (H¢)?. From Fred-

holm theory, £ = Lo+ L is an isomorphism if and only if its kernel is trivial.
Let (u,v,po,#) be in the kernel of L, ie

(W? = Vs )u = av —i€p
(w? = v0,,)v = —au —inp
d:p — B0 =0
(w? — 10,,)0 = —yw
with w(z) = — [; (iu + inv)
and w(a) =0, X|,—0.20 =0

(118)

Thus u, v and § are smooth and 0 ¢ Vp gives (u,v,0) = 0 and then py = 0.
Let us turn now to estimates (116). We write

L(u,v,p0,0) =F <  Lo(u,v,po,0) =F — L1(u,v,po,0) (119)

and we use theorem 2. We get:

(a) [Cpol < CW) M [[[Flloc + 1Y lloc + ICHI [y 0dzloc]

(0 72 Mllog +Yillorac < Clw)*MoM_gos[[IFlloc + 1Y llog + ISII f5 6 dzlog]
(@) (@?Yallog + Vallorae < ClIFlloc + 1Yo + IS fy 0 dzlloc]

(d) (@[0lloc + 10llor2c < ClIF e+ K f5 Y dzlloc]

(120)
We will prove further the following lemma:

22



Lemma 11 Let sel—23ls# —5 and p € HI N HZ’”. The function

272
= [, w(¥)d2’ stays in H.
Beszdes if s E] =, 5[, we get
I9llsc < Cliellse (121)

where the constant C is independent of ¢ and w.

If s €] — %, —%[, we get

[6llsc < Calw, Q) ((W)?ll@llse + lellsrac)
Ipllsc < Cilw, Q) (FF2lellse + lells2c) 122
with:
() () Caw,C) e
(i4) () Cr(w,O) Ligspr 252 0 (123)
(i) Ciw,O) Dy 250

Assume first that o €] — 3, 3[. Lemma 11 gives:

(a) [Cpol < CW)* Mo [[|F o + 1Y lloc + 1€11101]0c]

(0) T2 Millog + Yillosee < Clw)*MoM_os[I1Flloc + Y lloc + IC1116]loc]
(©  (WPYalloe + Yalloroe < ClIFllog + 1Y lloc + SN0

(d) (@[10lloc + 10lo42¢ < CLIFllog + Y lloc]

(124)
Let us absorb the perturbative terms of the right-hand side. When (w) is
bounded, estimates (116) are true because £ is an isomorphism. We shall
then assume that (w) is large enough. Absorbing ||Y3||,¢ in (124, ¢) is easy
and one gets:

1
Yalloc < CW—V[IIFIIU,c + ¥l + 1€H10lloc] (125)

—~

so that (124) becomes:

(a) Cpol < C Mo Flloc + 1Yilloc + 1€110]l0.c]

(0) 22 Yilloc + Yillorae < Clw)MeM_ga[||Fllog + [Yillog + IC]1160]loc]
©  (@P¥2lloc + Yallorac < CIFllog + [Yillog + I€1116]]oc]

() (@20l + 10lor2c < CUF o+ ICYllog + E101loc]

(126)
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According to corollary 2, (w)>?M,M_, ~ (w)~?, therefore we can absorb
|Y1]lo,c in (126,b) to get:

Yilloe < Cw) ™ [I1F o + [CHOlloc] (127)
so that (126, a, c) gives:
() [Cpol < C(w)* My [[1F lloc + [SHO]loc]
(0) 2 Millog + Yillorae < Clw)*MoM_oa[||Fllog + [¢]10]l0]
(@) (@’IVallog +Yallovoe < CUIFllng + 1€0lloc]
(d) (@?10lloc + 10llor2c < ClIFlloc + 10]l0c]
(128)
Absorbing ||6]|,.¢ is then easy and one gets:
18]l < C( E 2 1o (129)

so that (116) is established and the proof is complete for o €] — %, 1.
Let us now turn to the case o €] — 2, —1[. Estimates (120) and lemma 11

with C for Y; and C for 6 and Y, give:
(@) [Cpol < Clw)My[[|Flloc + Yilloc + [1Y2lloc + |C|Calo]

(b)) N < ClPMeM_ooa[|Flloc + [Millog + [Yallog + ICIC21]
(© L < ClFllo¢+ [IYillog + 1¥allog + [CICa1]
d) Iy < C[|F|lo¢+I[¢|CoL + [CCL L]
(130)
where we have denoted
Iy = (W)0lloc + 10llo+2c
L = (w)?[Yallog + [Yallotc (131)
L= P Wil + 1Yillora
As previously, absorbing Y5 in (130, c) gives
Y20 < C< E 5 U Fllog + 1Yilloc + [¢|CaT6) (132)
so that we obtain, thanks to (123,4) in (d):
(@) [Cpol < C{w)* My [[|Flloc + [[Yillog + €] Ca Io]
0) L < CWwPMeM_gos[[|[Flloc + [IYilloc + €] Co L] (133)
(€ Ir < CllIFllo¢ + 1Yillog + |6 C2 Ip]
d) Iy < ClIFlloc+I1¢ICoYillog +[CI7C3 o+ ¢ Ci I ]
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From corollary 2 we have (w)?M,M_, < (w)~! for 0 €] — 2, —2[, thus we can
absorb Y in (133,0) to obtain:

[Villoe < Clw)*MeM o [||Floc + [¢] Co 1] (134)

and
(a) ICpol < Clw)MG[|IF|loc + 1¢| Ca o)

) L < CWIMMoyo]|Floc+1¢1CaTs)  (135)
() I < C[[|Flloc+ ¢ Ca Iy
Let us now examine (d). Using lemma 11 and corollary 2 we get:
(d) Ip < C[IFloc+ ¢l CallYillog +1C17CF Lo+ |¢| C1 11 ]
< ClFllog [1 4161 Co {w)? Mo Mg + [¢| C1 ()2 Mo M52 ]+
Cl¢ICo 1o [[C] Co (w)? Mo Mg + [¢] O + [¢ O (w)? Mo M ]

< C 14K CL (W) MeM_s—s] [|IF|loc + €] Co 1o ]
< CII+1CCL g wx + Cr Ligy<qoy] [I1Flloc + ¢ Co 1o ]
< C[IFllog+ ¢ Co Iy ]

(136)
According to corollary 2, |¢| Cs tends to 0 as (w) goes to infinity, we thus
absorb Iy in (d) then in (a, b, ¢) to conclude.
O

Proof of lemma 11. Let s < § and ¢ € HZ™?, with ¢ = 37, pei(2).
Define ¢ = [ ¢(2')dz' = 3", drer(2). Let us evaluate ¢y

o = Co [ ¢(z)sin(E2) dz
= Co Jy [ J& >, isin(E2) d2'] sin(k22) dz

= CJy [Zz prp(1 — cos(122))] sin(*22) dz (137)
= C’Zl N [sm(k”) — —(sm( k“ )+Sm(—))] dz
_ k+1
= CZl 7 [1 (kl -4 ;21—)12 )k]
therefore | . "
@1l
9] ~ OZ [k: k+l)(|k—l|+1)} (138)
Let us first examine the case s €] — 3, 1[. We have
2
o]z ~ zk<1+k2+c2>s(zl B+ ﬁ]) (130)

1 k 2
< Il (A +E ¢33 12(1+z2+<2)s [+ + (k+l)(|k:fl\+1)}
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When [ is much smaller or much larger than £, [% + 7 is of the

4]
k+0)(|k—1]+1)

same order as %; when [ and k are of the same order, [% + m

the same order as 1. Therefore we get:
61 < ClloIZ S0+ 87+ 20 & S (arrsbrens) + ey

1 k2 2\s
< Clpll( S S b + )

| is of

(140)

For s positive one has:

2 2)\s 1,2 2)\s 00 1‘2 2)\s
2k (Hkkjc Lo~ 1C ( IQC Fda + C+ ( I"’C Fdu (141)
~ C2S + <23—1 ~ CQS

For s positive, we have also:

YiEnmreyr ~ X (142)
so finally one gets, for s €] — 1, 1[:
Zl (1+l l;‘rC )s ~ ng (143)
such that (121) is established, for s €] — £, 1.
We turn now to the case s €] — 3, —1[. Let us set
2= giclelic+ el
= Y+ P+l + A+ P+l (144)
~ A+ P+ ) (guc +(O2) + D)lal?

where g, ¢ can be either (w)? or %===2.

Let us estimate ||¢||s as a function of ]},. From (138) and the Cauchy-Schwarz
inequality one has:

2 2 2 2\s 1 1 k 2
lolls < Icp Zk(l +k 4+ ) Zz P(1+2+¢2)%((9w,c+(0)?)2+4) [E + (k+l)(\kfl|+1)]
(145)

—s

As previously and as for the estimation of M,, we have

1 1 k 2
2 P(1+ 12+ ) ((goc + (022 +14) Lk " (k+D(k—1+1)

<<k or I>>k
1
C

1
< O B BT Ot O D)

1
C ﬁ[h + I + I3]

IN

(146)
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d.T <—2s

(9u,cH(Q)2)Y? d
I, =
/g 22 (1422 + ) ((gue + (€)% + 21)

¢
/1 P +27 4+ ) (g + (22 + 27 (o + (02

N 1 /(gw,c+<4>2)1/2 dx N (G + <C>2)7571/2
(Guc +(€)%)* Je z25+2 (Guc +(€)%)?
o /+oo dx 1
T Jgericpne 2 224 B (Gu (O 2Y) T (gug + (0P
(147)
Hence
3 1 1 N k 2
e PA+P+)p (g2 + 1+ [k (B+D(k—1]+1)
—2s 2\—s—1/2
k (gwe +(€)?)
(148)
We have also:
1+ k2 4+ ¢%)s ! 2s 149
D AHE )5~ ¢ (149)
k
Let us now examine (145) for [ and k of the same order:
1 1 k

Zk<1 + k2 + QZ)S Z l2(1 + l2 + CQ)S((g%C -+ <C>2)2 -+ l4) E +

k,l~k
1

2 O T e (e @ R |

1
”z;w«%g+«wv+w>
1
(guc + ()22

We have proved that, for s €] — 2, —1:

<C

(k+0O(lk=1+1)

1 2
E+C]

(150)

ol < L Q%@+«V>hwo%%@+xv>w5ﬂ) (151)
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Let us set

Ca(w,€) = (W) + (00D + () ((w)? + (¢)2)~2/2-5/4

(152)
Ci(w,) = (2 + (O + (O (2 +(OH)
We have easily, considering separately the cases s > —1 and s < —1:
1 Cy ~ [ (W) + (0% + (O ((w)? +(O)?) /25
< Clw)™ +(0OHw) 752 (153)
< Clw)™
which gives in particular (123, 7).
Let us now turn to C7, and set
2(—s—2)+1 2s+3
) (—) 25+ 4 (154)
For s €] — 2, —1[ we have:
T2~ (O @) P gz + @) g <) () W) (155)
2

~ (O L ieysyr + (W) 2L < oy

Thanks to (152), we get:

() Ciligs@ys ~ O+ (O (C) Lz (156)

which gives (123,4i), as k > 0. Then

(6 ()13 (G + (O ((0) ™ {w) 1572 4 (g)2) 2o/
(@972 4 (€)™ + (P (C) w2 + () /251

(<w>s+3/2 + <C>2)_1 + <<>52/2+95/4(<w>5+3/2 + 1)—5/2—5/4
(157)

Cilig< oy

ININ

with (¢)™* > 1 and (¢)? > (¢)~*. Finally we notice that

s—3 < -1 (158)

3 . 1.2 9 .
8+§>0 73S +4_18<_1 ;o — 3

W~ Ot

1
2

therefore C11 )<y~ tends to 0 as (w) tends to infinity and the lemma is
proven.
O
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3.5 End of the proof

We are now in a position to complete the proof, thanks to estimates (116) of

thm 3.
For u and v one gets:

Yilloroe < C{w)?MoeM_ss|[Fllog
Yallos2e < CllFllog
According to corollary 2, (w)?M,M_, 5 < C, therefore
1Y [|or2c < Cl[Fllog
Inverting the Fourier-Laplace transform, one gets
Y e LA(Ry; HI?)

||Y||L2(R+;Hg+2) < C||F||L2(R+;Hg)

hence (57) follows, for u and v.
The same argument applies to 6:

0 € L*(Ry; HI™?)
10 2, ey < CllFl2@ymg)

and (57) is established for 6, so that (16) and (17) are proven.

For o €] — 3, 5[, one has M, ~ <8>—; and with (116,a) one obtains

() Mpol < ClFlog
then py = ¢ satisfies
q € L*(R,; Ho(T?))
lall2@esmoriry < COlF|| 2@, me)

hence (58) and

For o €] — 3, —

272

20) follow, for o €] — 2, 1J.
[, we split pp = g in q; + g2 as follows:

1(

@1 =po Lioy<wyns G2 = Po Ligy>(wy»

Similarly, lemma 9 gives for gs:
(O Mzl < CllFllog

29
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(161)

(162)

(163)

(164)

(165)

(166)



thus
q2 € LQ(RJF; Hot! (TQ))

(167)
l@ll2@ smorirey < ClF| 2@y
For ¢, lemma 9 gives:
@Ol < CllFllog (168)
As 2 +1 2
o
- : 1
K 5 € 10, 3[ (169)
we get
() < @) = (| +(O)"* = () < |2 (170)
Therefore (w) ~ (1) in the support of ¢y, so (168) becomes
¢ € Hcf/2+1/4 R ;Hl T2
1 (Ry; H(T7)) )
gl zorzvraey ey < ClF 2@
O
4 Remarks and further results
4.1 An explicit formula for the pressure
Study of the uncoupled system gives the following formula for py:
1w? wa 17t [,
__lwtr s wa _ 172
m=—r G WCD] T [ v ighinplas m

where N is defined by formula (110). For the coupled system, (119) enables
us to write

po= i E W] [t —v0:) S F a0 —i€0J30) (g
+in(fo — au—ins [ 0)

According to theorem 3, the terms involving v and 6 are smooth enough that
the singular term of the pressure is given by

1 w?
Q1(7—75777) = - IL(QS(w)“ a?

with N defined by (110).

[N(_)} -1 /a(w2 —v0,,)” [fol + infs] dz
0 (174)
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4.2 Proof of corollary 1

Under the assumptions of corollary 1, X satisfies equation (15) with right-
hand side pF + ¢'(t)X in (L*(0,T;H~'))3 and with support in ¢ > 0. The-
orem 1 gives (25). Thanks to the previous remark, we know that ¢ splits
in ¢ + ¢2, with ¢; less smooth than ¢y, and we have explicitly (in Fourier
variables)

1w2[ wa

_1 fa
@ (7.6 m) = — Lig<) 5? N(ﬁ)] /0 (wz—yazz)_l[i£(¢f1)7,4+z’n(gpf2)ﬂ<] dz
(175)
(indeed, the contribution of ¢'(¢)X is smooth, because C' € L*(0,T;V))
Thus the following equivalence holds:
¢ € L*(0,T; L*(T?))

A %2 f0a<w2 - VaZZ)il[ig(@fl)ﬂC +in(efa)rcldz € L2(T%€?) (176)

s A [0 —vA)THpds fi + 0, fo] dz] € L*(0,T; L*(T?))
O

4.3 A counter-example to maximal estimates

In this paragraph, we construct a counter-example to the maximal estimate
(23) for 0 < —1/2. Tt is sufficient to find F € (L*(R,H?))? such that the
gradient of the associated pq is not in L? in time, as each other term of the
equations (15)(except 9;X) are in L? in time.

Let 0 €] — 2, —1[ and let a be such that a €]o+ 1, 0[. Let g(t) € L*(R) with
support in ¢ > 0. Let f € ‘H?, independent of time, be defined by

flz,y,2) = Zk‘a er(2)e™ (177)

If ¢ = (1,0) then fer =k and if ¢ # (1,0) then f; ) = 0.

Now let F' € (L*(R,H?))? with support in ¢ > 0 defined by F = (fg,0,0)
and let p be the pressure, solution of (15) with right hand side F. We write
p = q1 + p1 where Vp; is as smooth as F' is, and ¢ is explicitly given by
formula (174) (omitting the high frequency cut-off):

]—1 /O“(uﬂ _ yﬁzz)—l[igf(g, n,2)g9(T)]dz (178)

1w2[ wa

(11(T,€,77)=—5? (ﬁ)
Therefore ¢, (t,7,y) = q1(t) € and the Fourier transform of ¢;(¢) is
a(r) = g(r)m(7)

-1 (179)
with m(r) = Yr=)NE)| fow? = v0.) M fuo(2)] d
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with w? = i7 + (2. Let us now calculate m(7):

m(r) = i(T—Z wT /Z Vk27r2 en(z) dz

o (180)
= Gr-pven] Y
a Vv vk2m2
[ ] Koda k(1417 + 2555)
In order to get a lower bound on |m(7)|, let us define
k—Oé
g, =
" kzddk(l—i—w—l—”k”)
° 2 2 (181)
k(1 + ) , k—or
Z E((1 vk2n2 2 -t Z L((1 k272N 9
Koaa k(14 a2)+7—) Koaa B (1 +555)2 +72)
We have, as a4+ 3 > 1:
(T =Skl = [R((T —4)Sk)| = [TR(Sk) + (k)]
ko vk?m?
- 14 1
Y s ,,,CQWQPMQ)( Y
- C| ‘Z Vk27r2 2
Foad k )T
e (182)
C|T| 2.2
k;pk((H )+ )
x> dx
~ 7] oy
|7|1/2 JZ(Z' —|—’/')
~ Il

Moreover we know that N ~! — 1 as |7| — +oo, thus we have, if |7| is large
enough
m(7)] = C|r|~*/2 (183)

So finally, for |7| large enough
()| = Clg(r)| |7~ (184)

Choose now g € L*(R), with support in ¢ > 0, such that g ¢ H*(R) for all
s > 0. Then |g(7)||7]7%/% is not in L*(7 € R) (because —a > 0), and the
pressure q;(t)e’ is not L? in time and neither is its gradient.
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