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(Submitted by: Roger Temam)

Abstract. In this article we consider the Primitive Equations without
horizontal viscosity but with a mild vertical viscosity added in the hydro-
static equation, as in [13] and [16], which are the so-called §—Primitive
Equations. We prove that the problem is well posed in the sense of
Hadamard in certain types of spaces. This means that we prove the
finite-in-time existence, uniqueness and continuous dependence on data
for appropriate solutions. The results given in the 3D periodic space
easily extend to dimension 2.

We also consider a Boussinesq type of equation, meaning that the
mild vertical viscosity present in the hydrostatic equation is replaced by
the time derivative of the vertical velocity. We prove the same type of
results as for the §—Primitive Equations; periodic boundary conditions
are similarly considered.

1. INTRODUCTION

One of the major challenges in the mathematical and physical sciences is
to study and improve long-term weather prediction and to understand cli-
mate changes. This consists in studying the mathematical equations and the
models governing the motion of the atmosphere and the oceans, and advanc-
ing the techniques for their numerical simulations. The general equations
describing these motions are derived from the basic conservation laws. The
resulting equations are very complex and unfortunately too complicated to
be analyzed but using some scale analysis methods and meteorological obser-
vations, these equations are well approximated by a somehow simpler system
called the Primitive Equations.
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In this article we are interested in deriving various results regarding the so-
called d-Primitive Equations and a Boussinesq type equation. By d-Primitive
Equations we understand the equations governing the movement of the geo-
physical fluids (atmosphere, oceans) as follows; we consider the laws of con-
servation of horizontal momentum with some minor geometrical approxima-
tions and we add a dissipation term in the hydrostatic equation (namely
the term dw in (1.1c) as in [13] and [16]). The Boussinesq type equations
considered in this article are the same as the §-Primitive Equations, the only
difference being the hydrostatic equation, where the dissipative term dw is
replaced by the time derivative of the vertical velocity multiplied by § > 0,
dow/0t, see e.g. [8].

We prove in this article that the equations obtained in this manner lead to
well-posedness of the problem, meaning that in a certain class of functions
and in limited time, the equations have solutions which are unique and
depend continuously on the initial data (for a similar result in the context
of the Euler equation, see e.g. Kato [5], [4] or Temam [15]).

The §-Primitive Equations for the ocean read':

%—Fu%—kvg—z—kw%—f@%ﬁ-%%:ﬂu (1.1a)
%+u%+vg—;+w%+fu+p—l()g—§=Fv, (1.1b)
6w+% = —pg, (1.1c)
%+§—Z+g—:"=0, (1.1d)
8_T+u8_T+UO_T+w8_T = Irp. (1.1e)

ot oz oy 0z

In the system above, (u, v, w) are the three components of the velocity
vector, p, p and T are respectively the perturbations of the pressure, of the
density, and of the temperature from a reference (average) state pg, po and
Ty. The relation between the temperature and the density is given by the
equation of state and we consider here a version of this equation linearized

1Some slight modifications are necessary for the atmosphere; we refer the interested
reader to Salmon [13], where it is shown that working with the potential temperature
instead of the temperature and changing the coordinates, the equations for the lower
atmosphere will have the same form as the equations (1.1) for the ocean.
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around the reference state pg, Tp:

p = po(1 = Br(T —Tp)). (1.2)
In the system (1.1), f is the Coriolis parameter, (F,, F,) represent the body
forces per unit of mass and Fr represents a heating source. In applications,
F,, F, and Fp vanish for the ocean (but we consider here the nonzero forcing
for mathematical generality).
The Boussinesq type equations are the same as (1.1), with the only dif-
ference being that the hydrostatic equation (1.1c) is replaced by:

5%—?—1—%:—@, 0 >0. (1.3)
We recall here that the usual Primitive Equations correspond to § = 0 in
(1.1c). For § > 0, the term dw is a friction (vertical viscosity) term. The
term dw, called a drag term, is on one hand a mathematical remedy to ensure
the well-posedness of the problem. On the other hand, as shown in [16], it
has a smoothing effect, numerically filtering some undesirable oscillations.
An interesting problem raised by these equations is the asymptotic study
when § — 0 (see e.g. [12], [11]). For more details regarding the motivation
for this term see Temam and Tribbia [16] and also Salmon [13]. A coherent
model can also be obtained by replacing the term dw with § Ow/dt; as we
announced we also intend to study this model from the mathematical point
of view.

The article is organized as follows: in Section 2 we recall the -Primitive
Equations, then we prove the existence of solutions in some class of func-
tions, and we finally derive some a priori estimates, showing the continuous
dependence on the data, the uniqueness of the regular solutions and a reg-
ularity in time. In Section 3 we consider the Boussinesq type of equations
and we prove the existence and uniqueness of regular solutions as well as the
regularity in time of the solutions.

For the interested reader, we mention that much work is available on the
mathematical theory of the Primitive Equations in different contexts: the
well-posedness of the Primitive Equations in the presence of viscosity has
been established by Lions, Temam and Wang (see [6], [7]) for both the ocean
and the atmosphere; improved results based on an anisotropic treatment of
the vertical direction can be found in Ziane [19] and in Petcu, Temam and
Wirosoetisno; see [10]. The same problem, of the well-posedness of the
Primitive Equations, has been considered in a thin domain by Hu, Temam
and Ziane [3]. High regularity results for the Primitive Equations in 2D
periodic space were derived in [10]. A review of numerous results available
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in the mathematical theory of geophysical fluid dynamics (as far as existence,
uniqueness, and regularity of solutions are concerned) can be found in [17].

For details regarding the derivation of these models (PEs, 6-PEs, Boussi-
nesq type model) from the physical laws, we refer the reader to classical
references in Geophysical Fluid Dynamics, e.g. Haltiner and Williams [2],
Gill [1], Pedlosky [9], Washington and Parkinson [18], and the references
therein, as well as the references already quoted of Salmon, and of Temam
and Tribbia.

2. 0-PRIMITIVE EQUATIONS

In this section we consider the J-Primitive Equations as described in the
Introduction and we prove that the problem is well-posed in the sense of
Hadamard in certain types of spaces.

2.1. The main result: existence and uniqueness of solutions. In this
article we work in a limited domain = (0, L) x (0, L2) x (0, L3) and we
assume space periodicity with period €2, meaning that all functions are taken
to satisfy:

fx+ Li,y,2t) = f(z,y,2,t) = f(z,y+ La, z,t)
= f('r7y72 +L37t)7

when extended to R3. All the functions being periodic, they admit Fourier
series expansions, hence we can write:

f= Z fkei(k/lerkéerkéz), (2'1)
kez3
where k) = 27k;/L; for j = 1,2,3.

Our aim is to study the existence and regularity of the solutions of problem
(1.1) with some initial data. In system (1.1), the prognostic variables are u, v
and T, whereas p, w and p are the diagnostic variables. Indeed, the density
is already expressed in terms of the temperature T' by the state equation
(1.2), hence taking into account that in (1.1) p and T are respectively the
perturbations of the density and of the temperature from an average value,
we have:

p = —pofrT. (2:2)

In order to determine the vertical velocity in terms of the prognostic vari-
ables, we write the equations (1.1c) and (1.1d) in Fourier modes. We obtain

Swy, + ikspr = —gpr. (2.3)
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and
k'luk. + ké'l)k -+ kéwk = 0. (2.4)
From equation (2.3) we find
wy = —%, for kb =0, (2.5)

and from equation (2.4) we find

 Klug + Kok
A ’

So, for each U = (u, v, T') we can define w = w(U) by its Fourier series,

namely

wy = for kf #0. (2.6)

k! k!
_M7 for kj # 0,
wi={ " 27)
gﬂoﬁTTk, for k3 = 0.

From (2.3) we then determine the pressure p in terms of the diagnostic
variables, up to its vertical average. This means that we can fully determine
the Fourier coefficients py, of the pressure p for k3 # 0, but not for k3 = 0. The
part of the pressure which can not be expressed in terms of the prognostic
variables is the average of the pressure in the vertical direction

p(x1, T2, x3)das = Z pr(t)etFreitkees), (2.8)
k, k3=0

1 [Ls
Ls Jo

Some natural function spaces for this problem are as follows

. L3
V= {0 1) € (@) [ tu)dz=0)  (29)
0
and '
H = the closure of V in (L?(Q))3. (2.10)
Here the dot above H!, . and L? denotes the functions with average in €

per
equal to zero. These spaces are endowed with the usual scalar products,

meaning that on H we take the scalar product from L?(2) and on V we
work with the following scalar product:

[ (0006 040 960
(¢, ¢))V—/Q (8_33%+8_y8_y+$5> ds.

Note that because of the assumption that all the functions have zero average,
the Poincaré inequality holds, meaning

U|2 < co|U|l, YU €V, (2.12)

(2.11)
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which indeed guarantees that || - || is a norm on V equivalent to the usual
norm on H'.

In order to obtain the variational formulation of this problem, we consider
a test function U = (@, 9, T) € V, multiply (1.1a) by @, (1.1b) by ©, and
(1.1e) by T, then integrate over Q. Using integration by parts and the space
periodicity we find that system (1.1) is formally equivalent to the following
problem

d - - - - -
G U.0)2 +b(U, U, U) +e(U, U) = (F,0)2, VUEV,

U(0) = Up.

In (2.13) we have defined the bilinear form e as being;:

e(U,U):f/m}dQ—f/mde—ﬁTg/demi ww dQ, (2.14)
Q Q Q PO JO

and the trilinear form b as

- f il il
b(U,U%,U) = / i valya + w(U)%—uZﬂ) a0

: : :
+/(ua%ﬁ+vaiyﬁ+w(U)8—”5) a0 (2.15)
Q

oT* - OT* - oT* -
—T —T U)—1T)dq.
+/Q(u8x —H}ay + w( )6z )
We also introduce the following notation: we denote by (f, g)m and | f|n, the

scalar product and the norm in Hggr(ﬂ),

(f,9)m =Y (D*f, D), (2.16)

|a)=m

where D? is a multi-index derivation; D® = 91l /9251 0252025%, @ = (a1, az,
a3), o] = a1 + ag + as.

In all that follows in this article, we are interested in proving the existence
of solutions for this problem on a certain interval of time, the uniqueness,
and the continuous dependence on the data for a certain class of solutions.
The main result is the existence and uniqueness theorem, stated here below:

Theorem 2.1. Let there be given m > 3, and L1, Lo, Ly > 0, Q =(0,L1) x
(0,Ly) x (0,L3) as above. Then for each Uy given in V N (H™.(Q))? and

per

F given in L®(0,ty; (H™.(Q))3), there exists a t, < t1, depending on the

per
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data (L1, Lo, L3, Uy, F') but independent of m, and a unique solution U of
problem (2.13) defined on the interval (0,ty), with

U e L®0,t; VN (HT ().

per

Proof. The proof of the existence of solutions is based on the Galerkin-
Fourier method, using the a priori estimates obtained in the subsection below
(for more details see, e.g., in the context of the Euler equations, [4], [14],
[15]). The uniqueness of solution will be proved in the next subsection. [

Remark 2.1. The same result of existence can be obtained in any dimension
d, with identical proof; because of the dimension of the space in the Sobolev
imbedding theorems, we then require m > 1+ d/2.

2.2. Existence of regular solutions. In this section we are interested
in obtaining some estimates on the high order derivatives, from which we
will then derive the existence of solutions for the J-Primitive Equations in
(Hgér (€2))3, for m specified later on, and sufficiently large.

In all that follows, we assume that m > 5/2 so that H™~1(£2) is a multi-
plicative algebra.

We start by deriving the a priori estimates necessary to prove the existence
results. Let o be a multi-index, |a|] = m. We apply the operator D to
equations (1.1a), (1.1b) and (1.1e), then multiply the equations respectively
by D%, D% and DT, integrate over {2 and add all these equations for

||l = m. In this way we obtain

1d, . ou ou ou ov ov ov

iglU\m—i—(u%+va—y+w(U)$,u)m+(u%+va—y+w(U)&,v)m
oT oT oT 1 0p 1 0p
—_— - U—Tm —\a9. m — g5 m:F7U7TL
+(u8x+vay+w( )5, T) +p0(ax u) po(ay v)m = (F,U)
(2.17)
Integrating by parts and using periodicity, we obtain
1 0Op 1 0Op 1
—(=—yU)m + —(=—,V)m = —— (D, Uz + Vy)m- 2.18
(Gt (G = - (ps 4 ) (218)

Using (1.1c), (1.1d) and integrating by parts we find

1 1 1)
= (g + V) = —— (D, W) = — w2, — BrL (T, W) (2.19)
£0o /%) 0o 0o

It now remains to estimate the nonlinear terms
ou ou ou

Il = (U% +Ua—y +ZU(U)aZ,U)m,
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ov ov ov
IQ (ua_$+v8_y+w(U)a ,U)m,
orT oT oT

Since the three terms Iy, Io and I3 have a similar structure, it suffices to
estimate I7, which we write in the form

Ii= Y (D%, D), (2.20)
|a|=m

where ¢ = w0u/dx + v ou/dy + w(U) Ou/0z.
Using the Leibnitz rule we find

0D%y 0D 0Dy

DY =u o +v 29 +w(U) P (2.21)
oD By, dDY By, oD By,
0<f<La

where ¢, g are some suitable coefficients.
The contribution in (2.20) of the first three terms from (2.21) is zero,
because of the conservation of mass law (1.1d). In this way, I; becomes

oD Py, oD By, 0D By,

Il = Z cayg(DﬂuT + Dﬁ?}a—y + Dﬁw(U)T, DaU)L2.
|a|l=m
0<f<La

(2.22)

We bound I; as follows, ¢ denoting an absolute constant which may be

different at different places,

0D Py 0D Py
11| <c ||z_: (D% 12 + \D%iay |
0<f<a (2.23)
0D By o
We know that
| D% 2 < |u|lm < |Ulm, Vawith |a]=m. (2.24)

The problem now reduces to finding a good way to estimate the terms

| Dﬁuapa—ﬁ

u
8 |2y (2.25)
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and 5
OD* Py
&)
| D%u(U) =5 — |20 (2.26)
for a with || =m and 0 < § < a.
In order to bound these terms, we use the following inequalities
€0l 20) < Alélme ) nlr2 @), (2.27)
and
1€nl2(0) < AIEl a1 @)lnla @), (2.28)
where ¢} and ¢, are constants depending only on 2. We obtain
dD> Py,
> [DPu——| 2 < c(UlmlUls + [U[-0). (2.29)
|ee]=m
0<B<La

For the sum from I; containing the terms of the form (2.26), we obtain

OD* Py
Z ‘Dﬁw(U) Oz ‘L2
|o|=m (230)
0<f<Le

< 2([w(U)[m|Ul3 + [w(U)|m-1|Ulm—1 + [w(U)[3]U]m)-

Taking into account these estimates and using Young’s inequality, we find
the following energy estimate

IR+ o), < a0+ €U, (231)
where
n(t) = 1+ ea|U 3 + [w(U)]s,
and

E(t) = 2| Flm + c3(|U 71 + [0(U)lm-1|Ulm-1).
For m = 3 the differential inequality writes as

d 4]
3V + %!w(U)\?) < (e1 + 2 [UR)U +2|U 3| F 5. (2.32)
We find that there exists a t; depending only on the initial data, such that:
[U(t)]s < 1+2[Uols, VO <t <ty, (2.33)
which leads us to

U e L®0,t; (H3,.(Q)3), w(U) e L0,t; H3..(Q)). (2.34)

per per
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Recursively we find that, for m > 3, |U(t)|,, remains bounded on (0,%1),
where t; is exactly the time determined for m = 3.

Gathering all these estimates and using classical methods (the Galerkin-
Fourier method), we obtain the existence of the solutions as announced
above. The Galerkin-Fourier method consists in constructing approximate
solutions by the Galerkin approximation. The approximate solutions are the
solutions of a finite-dimensional equation with bilinear nonlinearity. The a
priori estimates work for each approximate solution. Since the bound is in-
dependent of the solution, we can pass to the limit finding the solution of
the problem.

2.3. Uniqueness and continuous dependence on the data. In this
section we prove the continuous dependence on data of the solutions. Hence,
with the existence result proved above, we obtain that problem (2.13) is well
posed in the sense of Hadamard, in suitable spaces.

Let us consider two solutions for the problem (2.13), namely U'= (v/,v', T")
and U"” = (u”,v",T"), which respectively correspond to the initial data
Ul = (ug, vy, 1)) and Ul = (ug, vi, T§) and to the forcing F' = (F},, F,, F})
and F" = (F}/,F), Fy). We set

=1 —u v =1 — o
w(U) = w(U") —w(U"), T=T -T",

/ 1 / "
Uup = Uy — Ug, Vo = Vg — ¥y,
To =T, — TV, F=F —F"

Then, U = (u, v, T') obeys the following system:

d - . . . - -
E(U,U)Lz +b(U,U,U)+bU,U",U)+e(U,U) = (F,U)2, YUEYV,
(2.35a)
U(0) = Uy. (2.35Db)
We set in all that follows v = (u, v).

In equation (2.35) we take formally U = U(t) for t fixed but arbitrary.
We notice that

/ (v V)uu+ w’?u] 0 = 0, (2.36)
0 z

because (v', w’) obeys the conservation of mass equation, namely (1.1d) (the
same argument is used for the terms similar to (2.36)).
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We obtain
1d 0 0
gailults e+ 176+ - [ Fuan - [ Poan 2an)
=(FU)z+m +772 + 13,
where
a "
m = /Q[(V V" +w 8uz Ju dQ,
8 "
72 z/ﬂ[(v-V)v”er ;Z JvdQ,
T//
n3 = / [(v-V)T" + 1T dQ.
Q z
Using integration by parts we notice that
8]9 dQ+— 8]9 vdQ2 = 1 pwde———/pwde
ooz 0dy" po

(2.38)
= —]w|L2 + —/ pw dS.
PO PO JQ

We need to estimate 1, 72 and n3. Supposing that the solutions are functions
having their gradient in L°°, i.e., their first order spatial derivatives are
bounded, we find

8U//

51 < AIVU = U+ @)Ul e
< k1|U)25 + ko, for j =1,2,3,

where k; and ky are constants depending on U” = (u”, v", T") through the
L norm of its spatial gradient.
Going back to (2.37), we find

1d 1 g
——|U2s + — < U)dQ| + |F|2|U k1|U|?
sV + 0@ <& [ o) a0 4 1FLalUl + kU,
+ kow(U)|12|U] 2.
Using Young’s inequality, (2.40) becomes:
d 0
0

By the Gronwall lemma, we find

t
UOR: < Uofac + ¢ [ 1F(s)ads (2.42)
0
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From the estimate (2.42) we deduce immediately that the solutions having
their first derivatives uniformly bounded depend continuously on the data
in the root-mean-sense.

Uniqueness of the solutions belonging to the class mentioned above can
be deduced from (2.42), taking the same initial data Uj = U/ and the same
forcing F' = F”, which leads to Uy = 0 and F = 0, so that

\U(t)7. <0, VYt>0.
We now define the following function spaces:
Y ={U € L™(0, t.; (Hper(2))%); D;U € (LX(2 x (0,11)))%, j = 1, 2, 3},

per

X = [(HZL.(2))> N V] x [L(0, 15 (H2.(2)%)],

per per
where Dj = 0/0xj, m > 3, t; > 0 arbitrarily chosen and ¢, defined in
Theorem 2.1. Both spaces are equipped with their natural norms which
make them Banach spaces. For Theorem 2.2 we also consider these spaces
equipped with the L? norm for X and with the norm |U| = IVU| Lo (x(0,t1))

and then call X and Y these spaces (which are normed, non-complete
spaces).
We conclude this section by the following theorem:

Theorem 2.2. For (Uy, F) € X and m > 3, the system (2.13) has a unique
solution U in L*(0,t4; (Hgér(Q))?’ NV) C Y. Furthermore, the mapping

(Uo, F) — U is bounded from X into Y and continuous from the bounded
sets of X into Y for the norms of X and Y .

2.4. Time regularity. In this subsection we are interested in deriving some
regularity results in time. We first derive the necessary a priori estimates.
We differentiate the equations (1.1) [ times in ¢ and then take the scalar
product in H™ of the equations resulting from (1.1a), (1.1b), and (1.1le),
respectively, with «®), v®, and T(®. Here and in all that follows we set
ud = dlu/ot'. We find

1d Oul—F) Aul—F) Oul=F)
L4 mpe ke, () OU (k) KOW 1)
U™ +§ Cr(u 5, T 5 +w(U) o u )m

2 dt m — x Y 0z
l
av(l k) 8U(l_k) 8U(l k)
ki, (k) (k) (k) O]
+ ;) Cl (U " ay az , U m
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!

Lo o nt o ! (ap() SONS
po Oz’ oy’

Using periodicity, integrating by parts, and taking into account (1.1c), (1.1d),

we obtain

= (FO U,  (243)

1 ap 1, opY 1
(Gt (O = =0 )+ o) (244)
0 9
= %|w(U)<”|3n - BT%@(”,w(U)”))m-

We now need to estimate the terms

l
B (I-k) o (I-k) B (I-k)
B=3 uaa; +o® @y W oy
k=0

oy 0z

Hul—Fk) Hull=k) Hu—h)
_ k(0 OV (k) 9V (ORCAN()
Jy = ZC’ +o = + @)V —— ") (245)

o=k oT(=Fk) oT(=k)
_ k¢, (k) (k) YL 7 ()
J3—k§OC’l (u +v y +w(U) . ST Y,

where the Clk are the binomial coefficients.
Since the terms .Ji, Jo and J3 are similar, we concentrate our attention
only on J;. We notice that

Ji=Y_ (D, DuD)p, (2.46)

|a|=m

where

Aul—F) Oul=F) Aul=F)
— (k) (k) (k) ) 2.4
n= E C’l pe + v 3y +w(U) P ) (2.47)

Computlng Do‘n we find

apa ) DD H) DD —H)
n—ZCz g g H @Y= —)

-k a— -k
s Caﬂzq (D0 I ;“( : Dﬁv(m%“()
Yy
0<fB<La
ADo By 1=k)
k
( )7)'

+ DPw(U) o

(2.48)
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For k = 0, the corresponding terms from the first sum will have the scalar
product with D equal to zero, because of the conservation of mass law
(1.1d). Taking into account this simplification, J; writes as

l
Doy (1=k) Doy (—k) Do, (I=k)

v

l L2
P oz dy 0z
l
8Da75u(lfk) 8Da*ﬁu(l*k)
k(1B (k) By _
+ Z caﬂZCl (DPu o + DPv By
0<B<a k=0
oD Pul-h)
+ Dﬁw(U)(k)T, D u(l))LQ. (2.49)
Using the inequalities (2.27) and (2.28), we estimate .J; as follows:
71| <1 |Ulmia[UD, + caw(@) | Ut [T,
(2.50)

-1
+e3 Y (UEP ] ((UR ] + [w(U) B ]) [U D).
k=1

Gathering the estimates obtained above and using also Young’s inequality,
we arrive at the following differential inequality
d 0
a|U(l)|72n + p—lw(U)(l)lfn < (a1 + e2|UL ) [UO R, + [FO LU0
0
-1 (2.51)
+c3lUD ] Y (Ut (0B + [0 () P]).
k=1

By classical methods (meaning we use the Galerkin-Fourier method, con-
structing approximating solutions for which all the a priori estimates de-
duced above hold, and then passing to the limit) and using an induction
argument, we find that there exists a time ¢, depending only on the initial
data, such that
!
88—;] € L=(0, te, HJL(Q)?), (2.52)

for all [ > 1 and all m > 3. This way we prove the following result:

Theorem 2.3. Let there be given m > 3, | > 1 and L1,La, L3 > 0, Q =
(0, L1) x (0, Ly) x (0, L3) as above. Then for each Uy given in VN (H™.(Q))3

per

and F given such that FO is in LOO(O,tl,Hgér(Q)?’), there exists a time ty
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depending on the initial data and not on m nor on l, and a unique solution

U of problem (2.13) defined on the interval (0,t.), with

UD€ L0, b, HI(Q)P).

We conclude this section by the following theorem:

Theorem 2.4. Let there be given m > 3, and L1, Lo, L3 > 0, Q = (0, L1) X
(0,L2) x (0,Ls) as above. Then for each Uy given in 'V N (C32,(Q))* and
F' given in C*(0,t1; ngr(Q))S, there exists a unique solution U of problem
(2.13) defined on the interval (0,t,), with U € C®(0,1,;C%(Q)%), where

t. = min(ty,t2), ta is given by (2.33).

Proof. To prove Theorem 2.4 we apply Theorem 2.3 for each m > 3, re-
membering that C32,(€) = Npm>3H% (Q); of importance here is the fact that
t, in Theorem 2.3 is independent of m. We denote by Cpe,(€2) the set of
functions in C*°(2) whose periodic extension beyond € is C*° on R? (smooth

matching at the boundary of Q). O

3. A BOUSSINESQ TYPE EQUATION

As we announced in the Introduction of this article, we are also interested
in considering Boussinesq types of equations, given by:

%—Fu%—kvg—z—kw%—fv-i-%%:f—’m (3.1a)
%-ﬂ-u%%—vg—z—i—w%-Ffu-Fp—log—g:Fm (3.1b)
6% + % = —py, (3.1¢)
%4‘2—;}4—2—2}:0, (3.1d)
%—f + ug—z + vg—z + waﬁ_j,; = Fr, (3.1e)

where & > 0 is given.

3.1. Existence and uniqueness of regular solutions. Our aim is to
study the existence and regularity of solutions of problem (3.1) on a periodic
domain with suitable initial data.

The natural function spaces for this problem are

V= {(u, v, w, T) € (Héer(Q))4; Uz + vy +w, = 0}, (3.2)
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and
H = the closure of V in (L2(Q))*. (3.3)

As before, the dot above the spaces H;er and L? denotes the functions with
average zero; for these functions the Poincaré inequality holds. The spaces
are endowed with the usual scalar products.

We first derive the variational formulation of the problem. We consider a
test function U = (u, v, w, T) € V, multiply (3.1a) by @, (3.1b) by , (3.1c)
by @ and (3.1e) by T then integrate over Q. Using the integration by parts
and the space periodicity, we find that system (3.1) is formally equivalent to

the variational problem:

d ~ ~ - ~ ~ ~
&(U> U)L2 + b(Uv U, U) + €(U, U) = (Fv (a7 v, T))L27 UevV,

U(0) = .

(3.4)

In relation (3.4) we defined the bilinear form e as

e(U,U) :f/ﬂuf;dQ—f/QvﬂdQ—gﬁT/QdeQ, (3.5)

and the trilinear form b as

- f il f
b(U, U, ) = / @2 42 4 w(U)%iza

o Oz oy )@

vt vt ot
—7 —7 — 3.6
+/§2(uaxv+vayv+w(U)azv)dQ (3.6)

i
ox y z

by F' we understand F' = (F,, F,, Fr).
In this section we prove the existence and uniqueness of solutions locally
in time for this problem. We state here the main result for these equations:

i . -
+/(uaiT+valT+w(U)aalT)dQ;
Q

Theorem 3.1. Let there be given m > 3, and L1, Lo, L3 > 0, Q = (0, L1) X
(0, Ly) x (0,Ls3) as above. Then for each Uy given in V N (lﬁlr’f‘er(ﬂ))4 and
F given in L*°(0,1t1; (H{)’ér(Q))?’), there exists a 0 < t, < t1, independent of
m, and a unique solution U of problem (2.13) defined on the interval (0,t,),
with U € L(0,t,; V N (HT.(Q)4).

per

Proof. The proof of the existence of solutions is based on the Galerkin-
Fourier method. The method is based on the priori estimates obtained below.
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The estimates we deduce here are on the high order derivatives; these
estimates lead us to conclude the existence of solutions for the Boussinesq
type equations in (Hggr(ﬂ))‘*, with m > 5/2.

Let a be a multi-index, |a] = m. We take the operator D® and apply it to
equations (3.1a), (3.1b), (3.1d) and (3.1e), then we multiply these equations
respectively by D%u, D%, D*w/py and DT, integrate over 2 and add all
these equations for |a| = m.

The terms containing the Coriolis parameter obviously disappear. Inte-
grating by parts and using the periodicity and the conservation of mass law
we also have

(pl'a u)m + (pya U)m + (pZa w)m = —(p, Uy + Uy + wz)m =0. (37)
We then have
1d 2 2 Y 2 2
+ ([ v, w) - gradju, ) + ((n,v,0) -grad)o, 0) O8)
+ (([(u7 U? 'U}) : grad]T7 T))m = (Fa ('LL, ’U, T))m
We easily estimate
‘g/BT(Ta w)m‘ < gﬁT|T’m‘w|m7 (3-9)
and
[(F, (u, 0, T)) | < F|m(|tfm + [0]m + T]m). (3.10)
It remains to estimate the terms
I = ([(u,v,w) - grad|u, u)m, I = (|(u,v,w) - grad|v,v)m,
1= () gradhusn, o = () grdieo)n,

Is = ([(u,v,w) - grad|T, T') .

Since the terms from (3.11) are the same as the terms considered in the
previous section for the Primitive Equations, we can use the inequalities
(2.27) and (2.28) and apply the same kind of reasonings. We do not repeat
here the details of the computations.

We also introduce the following definition:

J
U7 = luly, + [0l + %!wliﬁr T (3.12)
|| - ||m is @ norm on (qu)’ér(Q))4 equivalent to the usual norm.
Returning to (3.8), we find the following estimate:
1d 2 2 2 2
3V lm = 9Brpol|Ulm + | Elm [Ullm + 1 [l [1Uls + e2llU 11U,

(3.13)
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where ¢; and ¢y are some constants independent of the initial data, which
may vary at different appearances.
For m = 3 we find

d
aIIUH?», < 2gB7po|[U13 + 2| Fl3|[U|ls + c1|U 13 + c2[U[31Uls. (3.14)

Applying the Gronwall lemma to the estimate (3.14), we find that there exists
a time ¢, depending on the initial data such that the following estimate in
L>®(0, ty; (H3(2))*) holds:

IU@)3 < 2||Uolls, VO<t <t (3.15)

Recursively we find that, for m > 3, |U(t)|, remains bounded in (0,t%,),
where t, is the time determined for m = 3. Gathering these estimates and
using the Galerkin—Fourier method, we obtain the existence of the solutions.
In order to prove the uniqueness of the solutions, we consider two solutions
of the problem (3.4), namely U’ = (v, v/, w', T') and U" = (", v", w", T").
We set U = U’ — U”. Subtracting the corresponding equation (3.4) for U”
from the equation for U’ we find that U satisfies the following equation:

d - - - - -
—(U,0)g +b(U',U,U) +b(U,U",U) +e(U,U) =0, YUEV,

dt (3.16)
U(0) =0,
where the scalar product on H is
. 5 .
(U, U)I‘_'I = (u, )2 + (v,0)2 + p—(w, W)z + (T,T) 2. (3.17)
0

In equation (3.16), we take U = U(t) for an arbitrary but fixed instant of time
t. Applying the conservation of mass equation (1.1d) we find b(U’,U,U) = 0.
From the definition of the form e we also find e(U,U) = 0. We then obtain
Ld
2dt

which leads us to the following estimate:

UI% +b(U,U",U) =0, (3.18)

d
&\U% < | DU'| 1= |U . (3.19)

Since the solutions are in (ngr(Q))4, we find U = 0, so the solution is

unique. [l
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Similar to the case of —Primitive Equations, we can prove the continuous
dependence on the data of the solutions. We define the following spaces:

Xy = [(H.(2)* V] x [L®0, t1; (HZ () 1),

per per

Y] = {U € L™(0,t,; (H;er(sz))‘*); D;U € (L=(Q x (0,t))?, § = 1,2,3,4},

where t, is defined in Theorem 3.1.

We equip these spaces with their natural norms, which make them Banach
spaces. We also consider X; equipped with the L?-norm and Y; equipped
with the L>°-norm of the spatial gradient (|U| = |VU|~(ax(0t,))) and we

call these spaces respectively X, and Y;. Then we can find that

Remark 3.1. For the spaces defined above, the analogue of Theorem 2.2
holds.

3.2. Time regularity. In this section we prove that a time regularity result,
similar to the result obtained for the §-Primitive Equations, is available for
the Boussinesq type of equations considered in this section. As before, we
are interested in obtaining some a priori estimates. In order to derive the
necessary a priori estimates, we differentiate [ times in time the equations
(3.1a), (3.1b), (3.1c) and (3.1e), then we take the scalar product in H™ of
the resulting equations respectively with u®, v® | ®) /po and T ), We find

6u( k) Aul=F) Aull=F)
D)2 2 : k (4, () (k) ) (*) @
2dtH H Ci Ox v oy w(U) 0z ¢ Jm

k=0

l -k -k
Z k)(% )+v<k>3“( O )w(z)

oy 0z

! Ik Ik
Z k)aT )M(k)aT( D @I

l l
0
— (F(l)7 (u,v,T)(l))m
(3.20)

Using periodicity, the conservation of mass (3.1d) and integrating by parts,
we have:

l l l
i(ap() W0y 4 LY o +i(8p_()

o9 0y —
T (5 (v )m = 0. (3.21)
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The terms that remain to be estimated are the same as the terms obtained
for the §-Primitive Equations, so the computations are identical and we skip
them here. We obtain the following a priori estimate:

d
aHU(”H2 < erl|Ullmst [UOI, (3.22)

-1
2 ) MU e slTP [ [UD 4+ 21 F O[O
k=1

Using the same arguments as before we find that there exists a time t,,
depending on the initial data, such that:
o'U :
5 € L7008 (Hper()Y), (3.23)
for all { > 0 and all m > 3.
We can now state the following results, similar to the results obtained for
the §-Primitive Equations:

Theorem 3.2. Let there be given m > 3,1 > 0 and L1,Ls, L3 > 0, Q0 =
(0,Ly1) x (0, L) x (0, L3) as above. Then for each Uy given in \70(]37})”&(9))‘L
and F given such that FO is in LOO(O,tl,Hgér(Q)?’), there exists a time ty
depending only on the initial data and a unique solution U of problem (2.13)
defined on the interval (0,t,), with

UD e 120, t,, H™ ().

per

Using the a priori estimates above, we can also find:

Theorem 3.3. Let there be given m > 3, and L1, La, L3 > 0, Q = (0, L1) X
(0, L2) x (0, L3) as above. Then for each Uy given in V N (C3,(2))* and F

per

given in COO(O,to;ngr(Q)S), there exists a time ty, 0 < t, < tg and a unique

solution U of problem (2.13) defined on the interval (0,ty), with
Ue COO(O,t*;ngr(Q)4).
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