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❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥

❆❧❣♦r✐t❤♠ ∗

❲✳ ❲✳ ❍❛❣❡r† ✱ ●✳ ❇❡♥❝t❡✉①‡ ✱ ❊✳ ❈❛♥❝ès§ ✱ ❈✳ ▲❡ ❇r✐s¶

❚❤è♠❡ ◆❯▼ ✖ ❙②stè♠❡s ♥✉♠ér✐q✉❡s
Pr♦❥❡ts ▼✐❝▼❛❝

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ❄❄❄❄ ✖ ✈❡rs✐♦♥ ✷ ✖ ✈❡rs✐♦♥ ✐♥✐t✐❛❧❡ ❙❡♣t❡♠❜❡r ✷✵✵✼ ✖ ✈❡rs✐♦♥
ré✈✐sé❡ ❏✉♥❡ ✷✵✵✾ ✖ ✷✽ ♣❛❣❡s

❆❜str❛❝t✿ ❲❡ ❛♥❛❧②③❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ♠✐♥✐♠✐③✐♥❣ ❛ q✉❛❞r❛t✐❝ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥✱ s❡♣❛r❛❜❧❡ ✐♥ x1 ❛♥❞ x2✱ s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t t❤❛t x1 ❛♥❞ x2 ❛r❡ ♦rt❤♦❣♦♥❛❧
✈❡❝t♦rs ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✳ ❖✉r ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ♦❢ ❛ ❧♦❝❛❧ st❡♣ ✇❤❡r❡ ✇❡ ♠✐♥✐♠✐③❡ t❤❡
♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ ❡✐t❤❡r ✈❛r✐❛❜❧❡ s❡♣❛r❛t❡❧②✱ ✇❤✐❧❡ ❡♥❢♦r❝✐♥❣ t❤❡ ❝♦♥str❛✐♥ts✱ ❢♦❧❧♦✇❡❞
❜② ❛ ❣❧♦❜❛❧ st❡♣ ✇❤❡r❡ ✇❡ ♠✐♥✐♠✐③❡ ♦✈❡r ❛ s✉❜s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② s♦❧✉t✐♦♥s t♦ t❤❡ ❧♦❝❛❧
s✉❜♣r♦❜❧❡♠s✳ ❲❡ ❡st❛❜❧✐s❤ ❛ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✇❤❡♥ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡rs ♥♦♥❞❡❣❡♥✲
❡r❛t❡✳ ❖✉r ❛♥❛❧②s✐s ❡♠♣❧♦②s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s
❢♦r ❛ ❣❧♦❜❛❧ ♦♣t✐♠✉♠ ♦❢ ❛ q✉❛❞r❛t✐❝ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s✉❜❥❡❝t t♦ ❛ s♣❤❡r❡ ❝♦♥str❛✐♥t ❛♥❞
❛ ❧✐♥❡❛r ❝♦♥str❛✐♥t✳ ❚❤❡ ❛♥❛❧②s✐s ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❛ ♥❡✇ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠
❢♦r ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❝❛❧❝✉❧❛t✐♦♥s✳

❑❡②✲✇♦r❞s✿ q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥str❛✐♥ts✱ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥
♠❡t❤♦❞✱ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❝❛❧❝✉❧❛t✐♦♥s

∗ ❆✉❣✉st ✷✾✱ ✷✵✵✼✳ ❚❤✐s ♠❛t❡r✐❛❧ ✐s ❜❛s❡❞ ✉♣♦♥ ✇♦r❦ s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥
✉♥❞❡r ●r❛♥ts ✵✻✶✾✵✽✵ ❛♥❞ ✵✻✷✵✷✽✻✳

† ❤❛❣❡r❅♠❛t❤✳✉✢✳❡❞✉✱ ❤tt♣✿✴✴✇✇✇✳♠❛t❤✳✉✢✳❡❞✉✴∼❤❛❣❡r✱ P❖ ❇♦① ✶✶✽✶✵✺✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱
❯♥✐✈❡rs✐t② ♦❢ ❋❧♦r✐❞❛✱ ●❛✐♥❡s✈✐❧❧❡✱ ❋▲ ✸✷✻✶✶✲✽✶✵✺✳ P❤♦♥❡ ✭✸✺✷✮ ✸✾✷✲✵✷✽✶✳ ❋❛① ✭✸✺✷✮ ✸✾✷✲✽✸✺✼✳

‡ ❊❉❋ ❘✫❉✱ ✶ ❆✈❡♥✉❡ ❞✉ ●é♥ér❛❧ ❞❡ ●❛✉❧❧❡✱ ✾✷✶✹✶ ❈❧❛♠❛rt ❈❡❞❡①✱ ❋r❛♥❝❡ ❛♥❞ ■◆❘■❆✱ ▼■❈▼❆❈ t❡❛♠
♣r♦❥❡❝t✱ ❇P ✶✵✺✱ ✼✽✶✺✸ ❘♦❝q✉❡♥❝♦✉rt✱ ❋r❛♥❝❡✳

§ ❈❊❘▼■❈❙✱ ➱❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❞❡s P♦♥ts ❡t ❈❤❛✉ssé❡s✱ ✻ ✫ ✽✱ ❆✈❡♥✉❡ ❇❧❛✐s❡ P❛s❝❛❧✱ ❈✐té ❉❡s❝❛rt❡s✱ ✼✼✹✺✺
▼❛r♥❡✲▲❛✲❱❛❧❧é❡ ❈❡❞❡① ✷✱ ❋r❛♥❝❡ ❛♥❞ ■◆❘■❆✱ ▼■❈▼❆❈ t❡❛♠ ♣r♦❥❡❝t✱ ❇P ✶✵✺✱ ✼✽✶✺✸ ❘♦❝q✉❡♥❝♦✉rt✱ ❋r❛♥❝❡✳

¶ ❈❊❘▼■❈❙✱ ➱❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❞❡s P♦♥ts ❡t ❈❤❛✉ssé❡s✱ ✻ ✫ ✽✱ ❆✈❡♥✉❡ ❇❧❛✐s❡ P❛s❝❛❧✱ ❈✐té ❉❡s❝❛rt❡s✱ ✼✼✹✺✺
▼❛r♥❡✲▲❛✲❱❛❧❧é❡ ❈❡❞❡① ✷✱ ❋r❛♥❝❡ ❛♥❞ ■◆❘■❆✱ ▼■❈▼❆❈ t❡❛♠ ♣r♦❥❡❝t✱ ❇P ✶✵✺✱ ✼✽✶✺✸ ❘♦❝q✉❡♥❝♦✉rt✱ ❋r❛♥❝❡✳



❆♥❛❧②s❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♣♦✉r ✉♥

♣r♦❜❧è♠❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ q✉❛❞r❛t✐q✉❡

❘és✉♠é ✿ ❖♥ ♣rés❡♥t❡ ❧✬❛♥❛❧②s❡ ♥✉♠ér✐q✉❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♣♦✉r ❧❛ ♠✐✲
♥✐♠✐s❛t✐♦♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦ût q✉❛❞r❛t✐q✉❡✱ sé♣❛r❛❜❧❡ ❡♥ x1 ❡t x2✱ s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ x1

❡t x2 s♦♥t ♦rt❤♦❣♦♥❛✉① s✉r ❧❛ s♣❤èr❡ ✉♥✐té✳ ◆♦tr❡ ❛❧❣♦r✐t❤♠❡ ❝♦♥s✐st❡ ❡♥ ✉♥❡ ét❛♣❡ ❧♦❝❛❧❡ ♦ù
❧❛ ❢♦♥❝t✐♦♥ ❝♦ût ❡st ♠✐♥✐♠✐sé❡ sé♣❛ré♠❡♥t ❡♥ ❝❤❛❝✉♥❡ ❞❡ s❡s ❞❡✉① ✈❛r✐❛❜❧❡s✱ ❡♥ r❡s♣❡❝t❛♥t ❧❡s
❝♦♥tr❛✐♥t❡s✳ ❈❡tt❡ ♣r❡♠✐èr❡ ét❛♣❡ ❡st s✉✐✈✐❡ ❞✬✉♥❡ ét❛♣❡ ❣❧♦❜❛❧❡ ♦ù ♦♥ ♠✐♥✐♠✐s❡ ❧❛ ❢♦♥❝t✐♦♥
❝♦ût s✉r ✉♥ s♦✉s✲❡s♣❛❝❡ ❣é♥éré ♣❛r ❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬ét❛♣❡ ❧♦❝❛❧❡✳ ❯♥ t❤é♦rè♠❡ ❞❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ❧♦❝❛❧❡ ❡st ét❛❜❧✐ q✉❛♥❞ ❧❡s ♠✐♥✐♠✐s❡✉rs ❣❧♦❜❛✉① ♥❡ s♦♥t ♣❛s ❞é❣é♥érés✳ ◆♦tr❡ ❛♥❛❧②s❡
✉t✐❧✐s❡ ❧❡s ❝♦♥❞✐t✐♦♥s ♥é❝❡ss❛✐r❡s ❡t s✉✣s❛♥t❡s ❡t ❧❡s ♣r♦♣r✐étés ❞❡ ❝♦♥t✐♥✉✐té ❞✉ ♠✐♥✐♠✉♠
❣❧♦❜❛❧ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦ût q✉❛❞r❛t✐q✉❡ ♠✐♥✐♠✐sé❡ s♦✉s ✉♥❡ ❞♦✉❜❧❡ ❝♦♥tr❛✐♥t❡ s♣❤ér✐q✉❡ ❡t
❧✐♥é❛✐r❡✳ ❈❡tt❡ ❛♥❛❧②s❡ ❡st r❡❧✐é❡ à ✉♥ ♥♦✉✈❡❧ ❛❧❣♦r✐t❤♠❡ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❞♦♠❛✐♥❡ ♣♦✉r
❧❡s ❝❛❧❝✉❧s ❞❡ str✉❝t✉r❡ é❧❡❝tr♦♥✐q✉❡✳

▼♦ts✲❝❧és ✿ ♣r♦❣r❛♠♠❛t✐♦♥ q✉❛❞r❛t✐q✉❡✱ ❝♦♥tr❛✐♥t❡s ❞✬♦rt❤♦❣♦♥❛❧✐té✱ ♠ét❤♦❞❡ ❞❡ ❞é❝♦♠✲
♣♦s✐t✐♦♥ ❞❡ ❞♦♠❛✐♥❡✱ ❝❛❧❝✉❧s ❞❡ str✉❝t✉r❡ é❧❡❝tr♦♥✐q✉❡



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❬✷❪ ❛♥❞ ❬✸❪ ✇❡ ❞❡✈❡❧♦♣ ❛ ♠✉❧t✐❧❡✈❡❧ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡
❝❛❧❝✉❧❛t✐♦♥s ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❡①tr❡♠❡❧② ❡✛❡❝t✐✈❡ ✐♥ ❝♦♠♣✉t✐♥❣ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❢♦r ❧❛r❣❡✱
❧✐♥❡❛r ♣♦❧②♠❡r ❝❤❛✐♥s✳ ❇♦t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❛♥❞ ♠❡♠♦r② r❡q✉✐r❡♠❡♥t s❝❛❧❡ ❧✐♥❡❛r❧②
✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❛t♦♠s✳ ❆❧t❤♦✉❣❤ t❤✐s ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ✈❡r② ❡✛❡❝t✐✈❡ ✐♥ ♣r❛❝t✐❝❡✱
❛ t❤❡♦r② ❡st❛❜❧✐s❤✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❤❛s ♥♦t ②❡t ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❬✷✱ ✸❪
✇❛s ♠♦t✐✈❛t❡❞ ❜② ❛ r❡❧❛t❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❛ q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠
✇✐t❤ ❛♥ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥str❛✐♥t✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r② ❢♦r t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠✳

▲❡t H1 ❛♥❞ H2 ❜❡ s②♠♠❡tr✐❝ n ❜② n ♠❛tr✐❝❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

min F (x1,x2) := xT

1H1x1 + xT

2H2x2 ✭✶✮

s✉❜❥❡❝t t♦ xT

1x1 = 1 = xT

2x2, xT

1x2 = 0.

■♥ ♦t❤❡r ✇♦r❞s✱ ✜♥❞ ♦rt❤♦❣♦♥❛❧ ✉♥✐t ✈❡❝t♦rs x1 ❛♥❞ x2 ✇❤✐❝❤ ♠✐♥✐♠✐③❡ t❤❡ s❡♣❛r❛❜❧❡
q✉❛❞r❛t✐❝ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❖✉r ❛❧❣♦r✐t❤♠ ❢♦r ✭✶✮ ❝♦♥s✐sts ♦❢ ❛ ✏❧♦❝❛❧ st❡♣✑ ✇❤❡r❡ ✇❡
♠✐♥✐♠✐③❡ F ♦✈❡r ❡❛❝❤ ✈❛r✐❛❜❧❡ s❡♣❛r❛t❡❧②✱ ✇❤✐❧❡ ❡♥❢♦r❝✐♥❣ t❤❡ ❝♦♥str❛✐♥ts✱ ❢♦❧❧♦✇❡❞ ❜② ❛
✏❣❧♦❜❛❧ st❡♣✑ ✇❤❡r❡ ✇❡ ♦♣t✐♠✐③❡ ♦✈❡r ❛ s✉❜s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐t❡r❛t❡s ♦❢ t❤❡ ❧♦❝❛❧ st❡♣✳
❚❤❡r❡ ❛r❡ t✇♦ ♠♦❞❡s ♦❢ t❤❡ ❧♦❝❛❧ st❡♣✱ ❛ ✏❢♦r✇❛r❞✑ ❛♥❞ ❛ ✏r❡✈❡rs❡✑ ♠♦❞❡✳ ■♥ ❝♦♥s❡❝✉t✐✈❡
✐t❡r❛t✐♦♥s✱ ✇❡ ❡♠♣❧♦② t❤❡ ❢♦r✇❛r❞ ♠♦❞❡ ❢♦❧❧♦✇❡❞ ❜② t❤❡ r❡✈❡rs❡ ♠♦❞❡✳ ■❢ xk = (xk1,xk2)
✐s t❤❡ ✐t❡r❛t❡ ❛t st❡♣ k✱ t❤❡♥ t❤❡ ❢♦r✇❛r❞ ❛♥❞ t❤❡ r❡✈❡rs❡ ♠♦❞❡s ♦❢ t❤❡ ❧♦❝❛❧ st❡♣ ❛r❡ t❤❡
❢♦❧❧♦✇✐♥❣✿

❢♦r✇❛r❞

{

yk1 ∈ ❛r❣ ♠✐♥ {F (z,xk2) : ‖z‖ = 1, zTxk2 = 0},
yk2 ∈ ❛r❣ ♠✐♥ {F (yk1, z) : ‖z‖ = 1, zTyk1 = 0},

r❡✈❡rs❡

{

yk2 ∈ ❛r❣ ♠✐♥ {F (xk1, z) : ‖z‖ = 1, zTxk1 = 0},
yk1 ∈ ❛r❣ ♠✐♥ {F (z,yk2) : ‖z‖ = 1, zTyk2 = 0}.

✭✷✮

❍❡r❡ ❛♥❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ ‖ · ‖ ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳
❚❤❡ ♣r♦❜❧❡♠ ✇❤✐❝❤ ♠✉st ❜❡ s♦❧✈❡❞ ✐♥ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❝❛❧❝✉❧❛t✐♦♥s ✐s ♠♦r❡ ❣❡♥❡r❛❧

t❤❛♥ ✭✶✮ ❛♥❞ t❤❡ ♠✉❧t✐❧❡✈❡❧ ❛❧❣♦r✐t❤♠ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✷✱ ✸❪ ✐s ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ✭✷✮✳ ❋♦r
❡①❛♠♣❧❡✱ ✐♥ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❝❛❧❝✉❧❛t✐♦♥s✱ H1 ❛♥❞ H2 ❝♦✉❧❞ ❜❡ ♦❢ ❞✐✛❡r❡♥t ❞✐♠❡♥s✐♦♥s
❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ xT

1x2 = 0 ✐♥ ✭✶✮ ✇♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ♠♦r❡ ❣❡♥❡r❛❧
❝♦♥❞✐t✐♦♥ xT

1Px2 = 0 ✇❤❡r❡ P ✐s r❡❝t❛♥❣✉❧❛r✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ❛❧❣♦r✐t❤♠ st✉❞✐❡❞ ✐♥ t❤✐s
♣❛♣❡r ✇❛s t❤❡ ❜❛s✐s ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✷✱ ✸❪✱ ❛♥❞ ♦✉r ❛♥❛❧②s✐s ✐s
❛♥ ✐♥✐t✐❛❧ st❡♣ t♦✇❛r❞s ❥✉st✐❢②✐♥❣ ❛♥❞ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦r❡
❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠✳

❖♥❡ ❝❛♥ t❤✐♥❦ ♦❢ ❡✐t❤❡r t❤❡ ❢♦r✇❛r❞ ♦r r❡✈❡rs❡ ♠♦❞❡s ❛s ❛ ❜❧♦❝❦ ●❛✉ss✲❙❡✐❞❡❧ ✐t❡r❛t✐♦♥
❬✺✱ ♣✳ ✸✷✸❪✳ ■♥ t❤❡ ❢♦r✇❛r❞ ♠♦❞❡✱ ✇❡ ✜rst ❤♦❧❞ t❤❡ s❡❝♦♥❞ ❜❧♦❝❦ ♦❢ ✈❛r✐❛❜❧❡s xk2 ✜①❡❞ ❛♥❞
✇❡ ♦♣t✐♠✐③❡ ♦✈❡r t❤❡ ✜rst ❜❧♦❝❦ ♦❢ ✈❛r✐❛❜❧❡s t♦ ♦❜t❛✐♥ yk1❀ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ❤♦❧❞ t❤❡
✜rst ❜❧♦❝❦ ♦❢ ✈❛r✐❛❜❧❡s ✜①❡❞ ❛t yk1 ❛♥❞ ✇❡ ♦♣t✐♠✐③❡ ♦✈❡r t❤❡ s❡❝♦♥❞ ❜❧♦❝❦ t♦ ♦❜t❛✐♥ yk2✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✹ ❍❛❣❡r ✫ ❇❡♥❝t❡✉① ✫ ❈❛♥❝ès ✫ ▲❡ ❇r✐s

■♥ ❣❡♥❡r❛❧✱ t❤❡ ❧♦❝❛❧ st❡♣s ❝♦♥✈❡r❣❡ t♦ ❛ ❧✐♠✐t ✇❤✐❝❤ ♠❛② ♥♦t ❜❡ ❛ st❛t✐♦♥❛r② ♣♦✐♥t ♦❢
✭✶✮✳ ❚♦ ❛❝❤✐❡✈❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ st❛t✐♦♥❛r② ♣♦✐♥t ❢♦r ✭✶✮✱ ❡❛❝❤ ❧♦❝❛❧ st❡♣✱ ❡✐t❤❡r ❢♦r✇❛r❞ ♦r
r❡✈❡rs❡✱ ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ ✏❣❧♦❜❛❧ st❡♣✑ ✇❤❡r❡ ✇❡ ♠✐♥✐♠✐③❡ F ♦✈❡r t❤❡ s✉❜s♣❛❝❡ s♣❛♥♥❡❞ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ ✹ ✈❡❝t♦rs✱ ✇❤✐❧❡ ❡♥❢♦r❝✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ♦❢ ✭✶✮✿

[

yk1

0

]

,

[

yk2

0

]

,

[

0
yk1

]

,

[

0
yk2

]

✭✸✮

❆❢t❡r ✐♠♣♦s✐♥❣ t❤❡ t✇♦ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥ xT

1x1 = 1 ❛♥❞ xT

2x2 = 1 ❛♥❞ t❤❡ ♦rt❤♦❣✲
♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ xT

1x2 = 0 ♦♥ t❤❡ s✉❜s♣❛❝❡✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝✉r✈❡ ♦❢
❢❡❛s✐❜❧❡ ♣♦✐♥ts ✐♥ t❤❡ s✉❜s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ✹ ✈❡❝t♦rs ✭✸✮✳ ❚❤✐s ❝✉r✈❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

zk(s) =
1√

1 + s2
(yk + sd), ✭✹✮

✇❤❡r❡

d = ±
[

yk2

−yk1

]

❛♥❞ yk =

[

yk1

yk2

]

.

❚❤❡ ✈❡❝t♦r zk(s) ❧✐❡s ✐♥ t❤❡ s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ✹ ✈❡❝t♦rs ✐♥ ✭✸✮ ❢♦r ❡❛❝❤ ❝❤♦✐❝❡ ♦❢ s❀ t❤❡
♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ❤♦❧❞s s✐♥❝❡

(1 + s2)zT

k1zk2 = (yk1 ± syk2)
T(yk2 ∓ syk1)

T = ±s ∓ s = 0;

❛♥❞ t❤❡ ❢❛❝t♦r 1/
√

1 + s2 ❡♥s✉r❡s t❤❛t t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ zk ❛r❡ ✉♥✐t ✈❡❝t♦rs✳
▲❡t Fk(s) = F (zk(s)) ❜❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t❡❞ ❛❧♦♥❣ t❤❡ s❡❛r❝❤ ❞✐r❡❝t✐♦♥✳ ❋♦r

❝♦♥✈❡♥✐❡♥❝❡✱ t❤❡ s✐❣♥ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ d ✐♥ t❤❡ ❣❧♦❜❛❧ st❡♣ ✐s ❝❤♦s❡♥ s♦ t❤❛t F ′
k(0) ≤ 0✳

❆t ✐t❡r❛t✐♦♥ k ✐♥ t❤❡ ❣❧♦❜❛❧ st❡♣✱ ✇❡ s❡t

xk+1 = z(sk), ✭✺✮

✇❤❡r❡ sk ✐s t❤❡ st❡♣s✐③❡✳
❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r ♦♣t✐♠✐③✐♥❣ ♦✈❡r t❤❡ s✉❜s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ✹ ✈❡❝t♦rs ✭✸✮ ✐s t❤❡

❢♦❧❧♦✇✐♥❣✿ ❋✐rst✱ t❤❡ s✉❜s♣❛❝❡ s❤♦✉❧❞ ✐♥❝❧✉❞❡ t❤❡ ♦r✐❣✐♥❛❧ ✈❡❝t♦rs (yk1,0) ❛♥❞ (0,yk2) t♦
❡♥s✉r❡ t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ❞❡❝r❡❛s❡s✳ ■♥ ♦r❞❡r t♦ ❢✉rt❤❡r ❜r♦❛❞❡♥ t❤❡ s❡❛r❝❤
s♣❛❝❡✱ ✇❡ s❤♦✉❧❞ ❝♦♥s✐❞❡r ✈❡❝t♦rs ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ♦r✐❣✐♥❛❧ ✈❡❝t♦rs✳ ❙✐♥❝❡ t❤❡ ✈❡❝t♦rs
(yk2,0) ❛♥❞ (0,yk1) ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ♦r✐❣✐♥❛❧ ✈❡❝t♦rs✱ t❤❡② ❛r❡ s✉✐t❛❜❧❡ ❢♦r ✐♥❝❧✉s✐♦♥ ✐♥
t❤❡ s✉❜s♣❛❝❡✳ ❋✐♥❛❧❧②✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ❣❧♦❜❛❧ st❡♣ ❛♥❞ ✇✐t❤ t❤❡s❡ ✹ ✈❡❝t♦rs ♣r♦✈✐❞❡s ❛ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ s✉❜♣r♦❜❧❡♠s ✇❤✐❝❤ ✐s
❡①♣❧♦✐t❡❞ t♦ ♦❜t❛✐♥ ❝♦♥✈❡r❣❡♥❝❡✳

◆♦t✐❝❡ t❤❛t ✇❤❡♥ H1 ❛♥❞ H2 ❛r❡ ✷ ❜② ✷ ♠❛tr✐❝❡s✱ t❤❡ ✹ ✈❡❝t♦rs ✐♥ ✭✸✮ s♣❛♥ R
4✳ ❍❡♥❝❡✱

✐♥ t❤❡ ✷ ❜② ✷ ❝❛s❡✱ t❤❡ ❣❧♦❜❛❧ st❡♣ ②✐❡❧❞s ❛ ❣❧♦❜❛❧ ♦♣t✐♠✉♠ ❢♦r ✭✶✮✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ✜♥❞
t❤❛t t❤❡ ❧♦❝❛❧ st❡♣s st❡❡r t❤❡ ✐t❡r❛t❡s ✐♥t♦ ❛ s✉❜s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ H1

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✺

❢♦r k = 0, 1, 2, . . .
■❢ k ✐s ❡✈❡♥✱ ♣❡r❢♦r♠ ❛ ❢♦r✇❛r❞ st❡♣✿

yk1 ∈ ❛r❣ ♠✐♥ {F (z,xk2) : ‖z‖ = 1, zTxk2 = 0},
yk2 ∈ ❛r❣ ♠✐♥ {F (yk1, z) : ‖z‖ = 1, zTyk1 = 0},

❊❧s❡ ♣❡r❢♦r♠ ❛ r❡✈❡rs❡ st❡♣✿
yk2 ∈ ❛r❣ ♠✐♥ {F (xk1, z) : ‖z‖ = 1, zTxk1 = 0},
yk1 ∈ ❛r❣ ♠✐♥ {F (z,yk2) : ‖z‖ = 1, zTyk2 = 0}.

●❧♦❜❛❧ st❡♣✿ ❙❡t xk+1 = z(sk) ✇❤❡r❡

zk(s) = 1√
1+s2

(yk + sd), d = ±
[

yk2

−yk1

]

✱

❛♥❞
sk ∈ ❛r❣ ♠✐♥ {Fk(s) : s ∈ [0,−ρF ′

k(0)]}, Fk(s) = F (zk(s)).
❚❤❡ s✐❣♥ ♦❢ d ✐s ❝❤♦s❡♥ s♦ t❤❛t F ′

k(0) ≤ 0✳
❡♥❞

❋✐❣✉r❡ ✶✿ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠✳

❛♥❞ H2 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡s✱ ✇❤✐❧❡ t❤❡ ❣❧♦❜❛❧ st❡♣ ✜♥❞s t❤❡ ❜❡st ♣♦✐♥t
✇✐t❤✐♥ t❤✐s ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡✳

■❞❡❛❧❧②✱ t❤❡ st❡♣s✐③❡ sk ✐s t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦❢ Fk(s) ♦✈❡r ❛❧❧ s✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ❛♥❛❧②s✐s ❢♦r t❤✐s ✏♦♣t✐♠❛❧ st❡♣✑ ✐s ♥♦t ❡❛s② s✐♥❝❡ ‖yk −xk+1‖ ❝♦✉❧❞ ❜❡ ♦♥ t❤❡ ♦r❞❡r ♦❢
✶ ❢♦r ❛❧❧ k✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ H1 = H2✱ t❤❡♥ Fk(s) ✐s ❝♦♥st❛♥t✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ s❀ ❝♦♥s❡q✉❡♥t❧②✱
❛♥② ❝❤♦✐❝❡ ♦❢ s ✐s ♦♣t✐♠❛❧✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ✐t❡r❛t✐♦♥ ❝❤❛♥❣❡✳ ❚♦ ❡♥s✉r❡ ❣❧♦❜❛❧
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❡ r❡str✐❝t t❤❡ st❡♣s✐③❡ t♦ ❛♥ ✐♥t❡r✈❛❧ [0,−ρF ′

k(0)]✱ ✇❤❡r❡ ρ ✐s
❛ ✜①❡❞ ♣♦s✐t✐✈❡ s❝❛❧❛r✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ t❛❦❡

sk ∈ ❛r❣ ♠✐♥ {Fk(s) : s ∈ [0,−ρF ′
k(0)]}. ✭✻✮

◆♦t✐❝❡ t❤❛t sk = 0 ✇❤❡♥ F ′
k(0) = 0 ❛♥❞ t❤❡ ❣❧♦❜❛❧ st❡♣ ✐s s❦✐♣♣❡❞✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ♦❜s❡r✈❡

❝♦♥✈❡r❣❡♥❝❡ ✇❤❡♥ sk ✐s ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ♦❢ Fk✳ ❚❤❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ st❡♣s✐③❡ ✐s ♥❡❡❞❡❞
t♦ r✐❣♦r♦✉s❧② ♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐t❡r❛t✐♦♥✳ ❋♦r r❡❢❡r❡♥❝❡✱ t❤❡ ❝♦♠♣❧❡t❡ ❛❧❣♦r✐t❤♠ ✐s
r❡❝❛♣♣❡❞ ✐♥ ❋✐❣✉r❡ ✶✳

❆s ✇❡ s❤♦✇ ❧❛t❡r ✐♥ ✭✹✶✮✱ F ′
k(0) t❡♥❞s t♦ ③❡r♦✳ ❍❡♥❝❡✱ t❤❡ ❝♦♥str❛✐♥t s ∈ [0,−ρF ′

k(0)] ♦♥
t❤❡ st❡♣s✐③❡ ✐♥ t❤❡ ❧✐♥❡ s❡❛r❝❤ ✭✻✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐t❡r❛t✐♦♥ ❞✐✛❡r❡♥❝❡ xk+1 − yk t❡♥❞s t♦
③❡r♦✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ❢♦r ❝♦♥tr♦❧❧✐♥❣ t❤❡ st❡♣s✐③❡ ✐s t♦ ❡♠♣❧♦② ❛ tr✉st r❡❣✐♦♥ s❝❤❡♠❡ ❬✹✱ ♣✳
✶✷✾❪ ✇❤❡r❡ ✇❡ ♠✐♥✐♠✐③❡ F ✐♥ t❤❡ s✉❜♣❛❝❡ ✭✸✮ ❛♥❞ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s ρk ❝❡♥t❡r❡❞ ❛t yk✳ ■❢ ρk

t❡♥❞s t♦ ③❡r♦✱ t❤❡♥ t❤❡ ❝❤❛♥❣❡ xk+1 − yk ❛❣❛✐♥ t❡♥❞s t♦ ③❡r♦✳ ❚❤❡ ✉♣❞❛t❡ ✭✻✮ ❛♠♦✉♥ts t♦ ❛
tr✉st r❡❣✐♦♥ st❡♣ ✇✐t❤ ❛ s♣❡❝✐❛❧ ❝❤♦✐❝❡ ❢♦r t❤❡ tr✉st r❡❣✐♦♥ r❛❞✐✉s✳

❙✐♥❝❡ F ✐s ❛ ♣✉r❡ q✉❛❞r❛t✐❝✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s

F (x1,x2) = F (−x1,x2) = F (x1,−x2) = F (−x1,−x2).

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✻ ❍❛❣❡r ✫ ❇❡♥❝t❡✉① ✫ ❈❛♥❝ès ✫ ▲❡ ❇r✐s

❍❡♥❝❡✱ ✐❢ ykj ✐s ❛ ♠✐♥✐♠✉♠ ✐♥ ❛ s✉❜♣r♦❜❧❡♠ ❛t ✐t❡r❛t✐♦♥ k✱ t❤❡♥ s♦ ✐s −ykj ✳ ■♥ ♦r❞❡r t♦ ❝❛rr②
♦✉t t❤❡ ❛♥❛❧②s✐s✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❝❤♦♦s❡ t❤❡ s✐❣♥s s♦ t❤❛t ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞✿

{

xT

k2
H1yk1 ≥ 0 ❛♥❞ yT

k1
H2yk2 ≥ 0 ✭❢♦r✇❛r❞ ♠♦❞❡✮

xT

k1
H2yk2 ≥ 0 ❛♥❞ yT

k2
H1yk1 ≥ 0 ✭r❡✈❡rs❡ ♠♦❞❡✮

✭✼✮

❲✐t❤ t❤✐s s✐❣♥ ❝♦♥✈❡♥t✐♦♥✱ t❤❡ ♠✉❧t✐♣❧✐❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥str❛✐♥ts ✐♥
t❤❡ ❧♦❝❛❧ st❡♣ ❛r❡ ❛❧✇❛②s ♥♦♥♥❡❣❛t✐✈❡ ❛s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✹✳

❖✉r ❛♥❛❧②s✐s ❡st❛❜❧✐s❤❡s ❧♦❝❛❧✱ ❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s ❣❧♦❜❛❧✱ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
❛❧❣♦r✐t❤♠ ♦❢ ❋✐❣✉r❡ ✶ t♦ ❛ st❛t✐♦♥❛r② ♣♦✐♥t✳ ■♥ ❈♦r♦❧❧❛r② ✶ ✇❡ s❤♦✇ t❤❛t ✐❢ y = (y1,y2)
✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✐③❡r ❢♦r ✭✶✮✱ t❤❡♥ t❤❡r❡ ❡①✐st s❝❛❧❛rs λ1✱ λ2✱ ❛♥❞ µ s❛t✐s❢②✐♥❣ t❤❡ ✜rst✲♦r❞❡r
❝♦♥❞✐t✐♦♥

[

H1 0
0 H2

] [

y1

y2

]

=

[

λ1I µI
µI λ2I

] [

y1

y2

]

. ✭✽✮

✇❤❡r❡ λ1 ❛♥❞ λ2 ❧✐❡ ❜❡t✇❡❡♥ t❤❡ s♠❛❧❧❡st ❛♥❞ s❡❝♦♥❞ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ H1 ❛♥❞ H2

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✽✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t y1 ❛♥❞ y2 ❛r❡ ❢❡❛s✐❜❧❡ ✐♥
✭✶✮ ❢♦r♠ t❤❡ ❑❑❚ ✭❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r✮ ❝♦♥❞✐t✐♦♥s✳

❙♦❧✉t✐♦♥s ♦❢ t❤❡ s✉❜♣r♦❜❧❡♠s ✭✷✮ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ ❚❤❡r❡ ❡①✐st s❝❛❧❛rs λk1✱
µk1✱ λk2✱ ❛♥❞ µk2 s✉❝❤ t❤❛t

❢♦r✇❛r❞

[

H1 0
0 H2

] [

yk1

yk2

]

=

[

λk1yk1 + µk1xk2

µk2yk1 + λk2yk2

]

,

r❡✈❡rs❡

[

H1 0
0 H2

] [

yk1

yk2

]

=

[

λk1yk1 + µk1yk2

µk2xk1 + λk2yk2

]

.

✭✾✮

❆ ❢✉♥❞❛♠❡♥t❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ♦♣✲
t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✮ ❛♥❞ t❤❡ s✉❜♣r♦❜❧❡♠s ✭✷✮ ✐s t❤❛t µk1 ♠❛② ♥♦t ❡q✉❛❧ µk2 ✐♥ t❤❡ s✉❜✲
♣r♦❜❧❡♠s✳ ❍❡♥❝❡✱ ❛ ❦❡② ♦❜❥❡❝t✐✈❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ✐s t♦ s❤♦✇ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❡rs ✐♥ t❤❡
s✉❜♣r♦❜❧❡♠s ❛♣♣r♦❛❝❤ ❛ ❝♦♠♠♦♥ ❧✐♠✐t✳ ❆s ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ t❤❡ ❛♥❛❧②s✐s t❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❛r❡
❛❜❧❡ t♦ ❜♦✉♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ µk1 − µk2 ✐♥ t❡r♠s ♦❢ F ′

k(0)✱ ✇❤✐❝❤ t❡♥❞s t♦ ③❡r♦✳ ❍❡♥❝❡✱ ❛s
F ′

k(0) t❡♥❞s t♦ ③❡r♦✱ ❜♦t❤ t❤❡ ✐t❡r❛t✐♦♥ ❝❤❛♥❣❡ xk+1 − yk t❡♥❞s t♦ ③❡r♦✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✻✮✱
❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❡r ❞✐✛❡r❡♥❝❡ µk1 − µk2 t❡♥❞s t♦ ③❡r♦✳

❚❤❡ ❧♦❝❛❧ st❡♣ ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ q✉❛❞r❛t✐❝ ♣r♦✲
❣r❛♠ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

min xTHx s✉❜❥❡❝t t♦ ‖x‖ = 1, aTx = 0, ✭✶✵✮

✇❤❡r❡ a ∈ R
n ✇✐t❤ ‖a‖ = 1 ❛♥❞ H ✐s s②♠♠❡tr✐❝✳ ■♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠✱ H ✐s Hi

❛♥❞ a ✐s ❡✐t❤❡r xki ♦r yki✱ i = 1 ♦r ✷✳ ❙✐♥❝❡ H ✐s s②♠♠❡tr✐❝✱ ✇❡ ❝❛♥ ♣❡r❢♦r♠ ❛♥ ♦rt❤♦❣♦♥❛❧
❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s t♦ ❞✐❛❣♦♥❛❧✐③❡ H✳ ❍❡♥❝❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
H ✐s ❞✐❛❣♦♥❛❧ ✇✐t❤ t❤❡ ♦r❞❡r❡❞ ❡✐❣❡♥✈❛❧✉❡s

ǫ1 ≤ ǫ2 ≤ . . . ≤ ǫn ✭✶✶✮

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✼

❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❛♥❛❧②s✐s ♦❢ ❤♦✇ t❤❡ ♠✉❧t✐♣❧✐❡r
❢♦r t❤❡ ❝♦♥str❛✐♥t aTx = 0 ✐♥ ✭✶✵✮ ❞❡♣❡♥❞s ♦♥ a✳ ■❢ H ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✱ t❤❡♥
t❤✐s ♠✉❧t✐♣❧✐❡r ✈❛♥✐s❤❡s✱ ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡r ♦♥ a ✐s tr✐✈✐❛❧✳ ❊①❝❡♣t ✐♥ t❤✐s
s♣❡❝✐❛❧ ❝❛s❡✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡r ♦♥ a ✐s ♥♦♥tr✐✈✐❛❧✳ ❋♦r ❛❧♠♦st ❡✈❡r② ❝❤♦✐❝❡ ♦❢
a✱ t❤❡ ♠✉❧t✐♣❧✐❡r ✐s ✉♥✐q✉❡ ❛♥❞ ❞❡♣❡♥❞s ❝♦♥t✐♥✉♦✉s❧② ♦♥ a✳ ❙✉♣♣♦s❡ t❤❛t H ✐s ♥♦t ❛ ♠✉❧t✐♣❧❡
♦❢ t❤❡ ✐❞❡♥t✐t② ❛♥❞ ❧❡t ǫs ❞❡♥♦t❡ t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ H ✇❤✐❝❤ ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ ǫ1✳
❚❤❡ ❞❡❣❡♥❡r❛t❡ ❝❤♦✐❝❡s ♦❢ a✱ ✇❤❡r❡ ✉♥✐q✉❡♥❡ss ❛♥❞ ❝♦♥t✐♥✉✐t② ❛r❡ ❧♦st ❝♦rr❡s♣♦♥❞ t♦ t❤♦s❡
a 6= 0 ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥s

∑

ǫi=ǫ1

a2
i

ǫs − ǫ1
=
∑

ǫi>ǫs

a2
i

ǫi − ǫs

, ai = 0 ✇❤❡♥ ǫi = ǫs. ✭✶✷✮

❲❡ s❛② t❤❛t a ✐s ❞❡❣❡♥❡r❛t❡ ❢♦r H ✐❢ ✭✶✷✮ ❤♦❧❞s✱ ❛♥❞ ❝♦♥✈❡rs❡❧②✱ a ✐s ♥♦♥❞❡❣❡♥❡r❛t❡ ✐❢ ✭✶✷✮
✐s ✈✐♦❧❛t❡❞ ♦r H ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✳ ❚❤❡ ❞❡❣❡♥❡r❛t❡ ❝❤♦✐❝❡s ♦❢ a ❝♦♠♣♦s❡ ❛ s❡t
♦❢ ♠❡❛s✉r❡ ✵✳ ❲❡ s❛② t❤❛t (y1,y2) ✐s ♥♦♥❞❡❣❡♥❡r❛t❡ ❢♦r ✭✶✮ ✐❢ y1 ✐s ♥♦♥❞❡❣❡♥❡r❛t❡ ❢♦r H2

❛♥❞ y2 ✐s ♥♦♥❞❡❣❡♥❡r❛t❡ ❢♦r H1✳ ■❢ H1 ❛♥❞ H2 ❝♦♠♠✉t❡✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✮✱ ❣✐✈❡♥ ✐♥
❙❡❝t✐♦♥ ✸✱ ✐s ♥♦♥❞❡❣❡♥❡r❛t❡✳

❖✉r ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✶✳ ■❢ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡rs ♦❢ (1) ❛r❡ ❛❧❧ ♥♦♥❞❡❣❡♥❡r❛t❡✱ t❤❡♥ ❢♦r ❛♥② st❛rt✐♥❣

❣✉❡ss s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ t❤❡ s♦❧✉t✐♦♥ s❡t✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐t❡r❛t❡s ♦❢ t❤❡

❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ ❋✐❣✉r❡ 1 t❤❛t ❛♣♣r♦❛❝❤❡s ❛ st❛t✐♦♥❛r② ♣♦✐♥t ❢♦r (1)✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳
❘❡♠❛r❦ ✶✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ H1 = H2 ❛♥❞ ǫ3 − ǫ2 ≥ ǫ2 − ǫ1✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✶❪

t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❣❧♦❜❛❧❧② ❝♦♥✈❡r❣❡♥t ❢♦r ❛♥② st❛rt✐♥❣ ♣♦✐♥t✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✇❡ ♦❜s❡r✈❡ ✐♥ ❙❡❝t✐♦♥ ✺ t❤❛t ✇❤❡♥ ǫ3 − ǫ2 < ǫ2 − ǫ1✱ t❤❡♥ ❢♦r s♣❡❝✐❛❧❧② ❝❤♦s❡♥ st❛rt✐♥❣
♣♦✐♥ts✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❝♦♥✈❡r❣❡ t♦ ❛ st❛t✐♦♥❛r② ♣♦✐♥t ✇❤✐❝❤ ✐s ♥♦t ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳

■♥ ♦✉r ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❚❤❡♦r❡♠ ✶✱ t❤❡ r❡q✉✐r❡♠❡♥t ❢♦r t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❡♥s✉r❡s
t❤❛t t❤❡ ✐t❡r❛t❡s ❛✈♦✐❞ ❞❡❣❡♥❡r❛t❡ ♣♦✐♥ts ❢♦r ❡✐t❤❡r H1 ♦r H2✳ ▲❡t Cd ❞❡♥♦t❡ t❤❡ ♠✐♥✐♠✉♠
✈❛❧✉❡ ❢♦r t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ ✭✶✮ s✉❜❥❡❝t t♦ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t t❤❛t ❡✐t❤❡r x1

✐s ❞❡❣❡♥❡r❛t❡ ❢♦r H2 ♦r x2 ✐s ❞❡❣❡♥❡r❛t❡ ❢♦r H1✳ ❙✐♥❝❡ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡rs ♦❢ ✭✶✮ ❛r❡
♥♦♥❞❡❣❡♥❡r❛t❡✱ Cd ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ❢♦r t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ■❢
t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛t t❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s str✐❝t❧② ❧❡ss t❤❛♥ Cd✱ t❤❡♥ t❤❡ ✐t❡r❛t❡s ❛r❡
❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ❞❡❣❡♥❡r❛t❡ ♣♦✐♥ts ❢♦r ❡✐t❤❡r H1 ♦r H2✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❞❡✈❡❧♦♣ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t
♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ❛ q✉❛❞r❛t✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❜♦t❤ ❛ s♣❤❡r❡ ❛♥❞ ❛♥ ❛✣♥❡
❝♦♥str❛✐♥t✱ ❛♥❞ ✇❡ ❞❡✈❡❧♦♣ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ✭✶✮✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❛♣♣❧②
t❤❡ ♦♣t✐♠❛❧✐t② t❤❡♦r② t♦ ♦❜t❛✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❧♦❝❛❧ s✉❜♣r♦❜❧❡♠✱ ❛♥❞ ✇❡ s❤♦✇
t❤❛t t❤❡ ♠✉❧t✐♣❧✐❡rs ✐♥ t❤❡ s✉❜♣r♦❜❧❡♠s ♣♦ss❡ss ❛ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt②✳ ❚❤❡ ♦♣t✐♠❛❧✐t② t❤❡♦r②
❛❧s♦ ②✐❡❧❞s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✶✮ ✇❤❡♥ H1 ❛♥❞ H2 ❝♦♠♠✉t❡✳ ■♥ ❙❡❝t✐♦♥
✹ ✇❡ ♣r♦✈❡ ♦✉r ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❚❤❡♦r❡♠ ✶✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❣❧♦❜❛❧
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✉s✐♥❣ ❛ s❡r✐❡s ♦❢ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✽ ❍❛❣❡r ✫ ❇❡♥❝t❡✉① ✫ ❈❛♥❝ès ✫ ▲❡ ❇r✐s

✷ ❖♣t✐♠❛❧✐t② ❈♦♥❞✐t✐♦♥s

❊❛❝❤ st❡♣ ♦❢ t❤❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s♣❤❡r❡ ❝♦♥✲
str❛✐♥❡❞✱ q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❧✐♥❡❛r ❝♦♥str❛✐♥t✳ ❚❤✐s ❧❡❛❞s ✉s t♦ ❝♦♥s✐❞❡r
❛ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ str✉❝t✉r❡

min f(x) :=
1

2
xTHx − hTx s✉❜❥❡❝t t♦ xTx = 1, Ax = b, ✭✶✸✮

✇❤❡r❡ A ✐s m ❜② n✱ h ∈ R
n✱ ❛♥❞ b ∈ R

m✳ ❚❤❡ ❧♦❝❛❧ st❡♣s ♦❢ ♦✉r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝❛s❡ h = 0✱ m = 1✱ ❛♥❞ b = 0✳ ❖✉r ❛♥❛❧②s✐s ✐♥ t❤✐s s❡❝t✐♦♥✱ ❤♦✇❡✈❡r✱
❛♣♣❧✐❡s t♦ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ q✉❛❞r❛t✐❝ ❝♦st ❢✉♥❝t✐♦♥ ❛♥❞ ❧✐♥❡❛r ❝♦♥str❛✐♥ts ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✸✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ♣♦✐♥t t♦ ❜❡ ❛ ❣❧♦❜❛❧
♠✐♥✐♠✉♠✳ ❲✐t❤♦✉t t❤❡ ❧✐♥❡❛r ❝♦♥str❛✐♥t✱ t❤✐s r❡s✉❧t ✐s ❦♥♦✇♥ ✭s❡❡ ❬✼❪✮✳ ❲❡ ❣✐✈❡ ❛ s❧✐❣❤t❧②
❞✐✛❡r❡♥t ❛♥❛❧②s✐s ✇❤✐❝❤ ❛❧s♦ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❧✐♥❡❛r ❝♦♥str❛✐♥ts✳ ❘❡❝❛❧❧ t❤❛t ❛t ❛ ❧♦❝❛❧
♠✐♥✐♠✐③❡r ✇❤❡r❡ ❛ ❝♦♥str❛✐♥t q✉❛❧✐✜❝❛t✐♦♥ ❤♦❧❞s✱ t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s t②♣✐❝❛❧❧②
♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ♦✈❡r t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❧❧ t❤❡ ❝♦♥str❛✐♥ts✱ ❜♦t❤ t❤❡
❧✐♥❡❛r ❝♦♥str❛✐♥t Ax = b ❛♥❞ t❤❡ s♣❤❡r❡ ❝♦♥str❛✐♥t xTx = 1✳ ■❢ y ✐s ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r
❢♦r ✭✶✸✮ ❛♥❞ λ ✐s t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ❢♦r t❤❡ s♣❤❡r❡ ❝♦♥str❛✐♥t✱ t❤❡♥ t❤❡ s❡❝♦♥❞✲♦r❞❡r
♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐s t❤❛t t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✽✮ ❤♦❧❞s ❛♥❞

dT(H − λI)d ≥ 0 ✇❤❡♥❡✈❡r Ad = 0 ❛♥❞ yTd = 0.

■♥ ✭✶✺✮✱ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ yTd = 0 ❝❛♥ ❜❡ ❞r♦♣♣❡❞ ❛♥❞ t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡
▲❛❣r❛♥❣✐❛♥ ✐s ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ♦✈❡r ❛ ❧❛r❣❡r s♣❛❝❡✱ t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ A✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙✉♣♣♦s❡ t❤❛t y ✐s ❢❡❛s✐❜❧❡ ✐♥ (13)✳ ❆ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r

y t♦ ❜❡ ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ✐s t❤❛t t❤❡r❡ ❡①✐st λ ∈ R ❛♥❞ µ ∈ R
m s✉❝❤ t❤❛t

Hy = h + yλ + ATµ ✭✶✹✮

❛♥❞

dT(H − λI)d ≥ 0 ✇❤❡♥❡✈❡r Ad = 0. ✭✶✺✮

Pr♦♦❢✳ ▲❡t L : R × R
m × R

n → R ❜❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❞❡✜♥❡❞ ❜②

L(λ, µ,x) = f(x) +
λ

2
(1 − xTx) + µT(b − Ax).

❋✐rst✱ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐st λ ∈ R ❛♥❞ µ ∈ R
m s✉❝❤ t❤❛t ✭✶✹✮ ❛♥❞ ✭✶✺✮ ❤♦❧❞✳ ❋♦r ❛♥②

❢❡❛s✐❜❧❡ x ❢♦r ✭✶✸✮✱ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ L ❛r♦✉♥❞ y ②✐❡❧❞s

f(x) = L(λ, µ,x)

= L(λ, µ,y) + ∇xL(λ, µ,y)(x − y) +
1

2
(x − y)T(H − λI)(x − y)

= f(y) +
1

2
(x − y)T(H − λI)(x − y). ✭✶✻✮

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✾

❚❤❡ ✜rst✲❞❡r✐✈❛t✐✈❡ t❡r♠ ✐♥ ✭✶✻✮ ✈❛♥✐s❤❡s ❞✉❡ t♦ ✭✶✹✮✳ ❙✐♥❝❡ x ✐s ❢❡❛s✐❜❧❡✱ A(x − y) = 0✳
❍❡♥❝❡✱ ✭✶✺✮ ❛♥❞ ✭✶✻✮ ✐♠♣❧② t❤❛t f(x) ≥ f(y)✱ ✇❤✐❝❤ s❤♦✇s t❤❛t y ✐s ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ❢♦r
✭✶✸✮✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t y ✐s ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ❢♦r ✭✶✸✮✳ ❈♦♥❞✐t✐♦♥ ✭✶✹✮ ✐s t❤❡ ✉s✉❛❧
✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❛t y✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✏❝♦♥str❛✐♥t q✉❛❧✲
✐✜❝❛t✐♦♥✑ ✐s s❛t✐s✜❡❞ ✭❡✳ ❣✳ s❡❡ ❬✻❪✮✿ ❋♦r ❡❛❝❤ ✈❡❝t♦r d ✐♥ t❤❡ t❛♥❣❡♥t s♣❛❝❡ T ❛t y✱ t❤❡r❡
❡①✐sts ❛ ❢❡❛s✐❜❧❡ ❝✉r✈❡ ❛♣♣r♦❛❝❤✐♥❣ y ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ d✱ ✇❤❡r❡

T = {d ∈ R
n : yTd = 0, Ad = 0}.

●✐✈❡♥ d ∈ T ✱ s✉❝❤ ❛ ❢❡❛s✐❜❧❡ ❝✉r✈❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛

x(t) = x0 +

(

y + td − x0

‖y + td − x0‖

)

‖x0 − y‖, ✭✶✼✮

✇❤❡r❡ t ✐s ❛ s❝❛❧❛r ❛♥❞ x0 ✐s t❤❡ ♣♦✐♥t s❛t✐s❢②✐♥❣ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ Ax = b ✇❤✐❝❤ ✐s ❝❧♦s❡st
t♦ t❤❡ ♦r✐❣✐♥✳ ❙✐♥❝❡ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ ♣❛r❡♥t❤❡s❡s ✐♥ ✭✶✼✮ ❧✐❡s ✐♥ t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ A ❛♥❞
s✐♥❝❡ Ax0 = b✱ ✐t ❢♦❧❧♦✇s t❤❛t Ax(t) = b ❢♦r ❡❛❝❤ ❝❤♦✐❝❡ ♦❢ t✳ ❙✐♥❝❡ x0 ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡
♥✉❧❧ s♣❛❝❡ ♦❢ A✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ P②t❤❛❣♦r❡❛♥ t❤❡♦r❡♠ t❤❛t x(t) ✐s ❛ ✉♥✐t ✈❡❝t♦r ❢♦r ❡❛❝❤
❝❤♦✐❝❡ ♦❢ t✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ x(t)✱ ✇❡ ♦❜t❛✐♥

x′(0) = d − (y − x0)

(

(y − x0)
Td

‖y − x0‖2

)

.

❙✐♥❝❡ d ∈ T ✱ yTd = 0✳ ❙✐♥❝❡ x0 ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ A ❛♥❞ Ad = 0✱ ✇❡ ❤❛✈❡
xT

0d = 0✳ ❍❡♥❝❡✱ x′(0) = d ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❢❡❛s✐❜❧❡ ❝✉r✈❡ ❛♣♣r♦❛❝❤✐♥❣ y ✐♥ t❤❡ ❞✐r❡❝t✐♦♥
d✳ ❚❤✐s ✈❡r✐✜❡s t❤❡ ❝♦♥str❛✐♥t q✉❛❧✐✜❝❛t✐♦♥ ❢♦r ✭✶✸✮❀ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥
✭✶✹✮ ✐s s❛t✐s✜❡❞ ❢♦r s♦♠❡ λ ∈ R ❛♥❞ µ ∈ R

m✳
❇② ✭✶✻✮✱ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✹✮✱ ❛♥❞ t❤❡ ❣❧♦❜❛❧ ♦♣t✐♠❛❧✐t② ♦❢ y✱ ✇❡ ❤❛✈❡

(x − y)T(H − λI)(x − y) = 2(f(x) − f(y)) ≥ 0 ✭✶✽✮

✇❤❡♥❡✈❡r x ✐s ❢❡❛s✐❜❧❡ ✐♥ ✭✶✸✮✳ ❙✉♣♣♦s❡ t❤❛t Ad = 0✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥✱ dTy = 0✱ t❤❡♥ d ∈ T ✳
❊❛r❧✐❡r ✇❡ ♦❜s❡r✈❡❞ t❤❛t ✇❤❡♥ d ∈ T ✱ x(t) ✐s ❢❡❛s✐❜❧❡ ✐♥ ✭✶✸✮ ❢♦r ❛❧❧ ❝❤♦✐❝❡s ♦❢ t✳ ❙✐♥❝❡
x(t) ✐s ❢❡❛s✐❜❧❡✱ ✇❡ ❝❛♥ s✉❜st✐t✉t❡ x = x(t) ✐♥ ✭✶✽✮✳ ❙✐♥❝❡ x(t) − y = td + O(t2)✱ ✐t ❢♦❧❧♦✇s
❢r♦♠ ✭✶✽✮✱ ❛❢t❡r ❞✐✈✐❞✐♥❣ ❜② t2 ❛♥❞ ❧❡tt✐♥❣ t ❛♣♣r♦❛❝❤ 0+✱ t❤❛t ✭✶✺✮ ❤♦❧❞s✳ ■❢ dTy 6= 0✱ t❤❡♥
d 6∈ T ✱ ❛♥❞ ‖y + td‖ < 1 ❢♦r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t ♥❡❛r ✵✳ ■♥❝r❡❛s❡ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t ✉♥t✐❧
‖y + td‖ = 1✳ ❙✉❜st✐t✉t✐♥❣ x = y + td ✐♥ ✭✶✽✮ ❣✐✈❡s ✭✶✺✮✳

❲❡ ♥♦✇ ♦❜t❛✐♥ ❜♦✉♥❞s ♦♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡r λ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✸✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ■❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ H ❛r❡ ❛rr❛♥❣❡❞ ✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ❛s ✐♥ (11) ❛♥❞ ✐❢

A ❤❛s r❛♥❦ k ≥ 1✱ t❤❡♥ λ ≤ ǫk+1 ✇❤❡♥ (15) ❤♦❧❞s✳ ▼♦r❡♦✈❡r✱ ✐❢ h = 0 ❛♥❞ b = 0 ❛♥❞ y ✐s

❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ✐♥ (13)✱ t❤❡♥ λ ≥ ǫ1✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✵ ❍❛❣❡r ✫ ❇❡♥❝t❡✉① ✫ ❈❛♥❝ès ✫ ▲❡ ❇r✐s

Pr♦♦❢✳ ■❢ W ✐s t❤❡ k + 1 ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
k + 1 s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ H✱ t❤❡♥ ✇❡ ❤❛✈❡

ǫk+1 = max{vTHv : v ∈ W, ||v|| = 1}. ✭✶✾✮

❙✐♥❝❡ A ❤❛s r❛♥❦ k ≥ 1✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ A ✐s n−k✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ✉♥✐t
✈❡❝t♦r v ✇❤✐❝❤ ❧✐❡s ❜♦t❤ ✐♥ t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ A ❛♥❞ ✐♥ W✳ ❙✐♥❝❡ Av = 0✱ t❤❡ s❡❝♦♥❞✲♦r❞❡r
❝♦♥❞✐t✐♦♥ ✭✶✺✮ ❛♥❞ ✭✶✾✮ ②✐❡❧❞

ǫk+1 ≥ vTHv ≥ λ.

■❢ h = 0 ❛♥❞ b = 0✱ t❤❡♥ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✶✹✮ ✐♠♣❧✐❡s t❤❛t

λ = yTHy ≥ min{vTHv : ‖v‖ = 1} = ǫ1.

◆❡①t✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ✷✲✈❛r✐❛❜❧❡ ♣r♦❜❧❡♠ ✭✶✮✳

❈♦r♦❧❧❛r② ✶✳ ■❢ (y1,y2) ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✐③❡r ❢♦r (1)✱ t❤❡♥ t❤❡r❡ ❡①✐st λ1✱ λ2✱ ❛♥❞ µ s✉❝❤

t❤❛t (8) ❤♦❧❞s✳ ■❢ y ✐s ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ❢♦r (1)✱ t❤❡♥ ❢♦r i = 1, 2✱ ✇❡ ❤❛✈❡ λi ∈ [ǫi1, ǫi2]✱
✇❤❡r❡ ǫij ✐s t❤❡ j✲s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ Hi✱

ǫi1 ≤ ǫi2 ≤ . . . ≤ ǫin. ✭✷✵✮

Pr♦♦❢✳ ❚❤❡ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ❝♦♥str❛✐♥ts ❢♦r ✭✶✮ ❛t y ❛r❡ ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ✸ ✈❡❝t♦rs

[

y1

0

]

,

[

0
y2

]

,

[

y2

y1

]

.

❙✐♥❝❡ t❤❡s❡ ✈❡❝t♦rs ❛r❡ ♦rt❤♦❣♦♥❛❧✱ t❤❡② ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❙✐♥❝❡ t❤❡ ✏❧✐♥❡❛r ✐♥❞❡✲
♣❡♥❞❡♥❝❡ ❝♦♥str❛✐♥t q✉❛❧✐✜❝❛t✐♦♥✑ ✐s s❛t✐s✜❡❞✱ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✽✮ ❤♦❧❞s
❢♦r s✉✐t❛❜❧❡ ❝❤♦✐❝❡s ♦❢ λ1✱ λ2✱ ❛♥❞ µ✳ ■❢ y ✐s ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ♦❢ ✭✶✮✱ t❤❡♥ yi ✐s ❛ ❣❧♦❜❛❧
♠✐♥✐♠✐③❡r ♦❢ t❤❡ ♣r♦❜❧❡♠

min xTHix s✉❜❥❡❝t t♦ xTx = 1, zTx = 0,

✇❤❡r❡ z = y2 ✇❤❡♥ i = 1 ❛♥❞ z = y1 ✇❤❡♥ i = 1✳ ❲❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✷ ✇✐t❤ k = 1 t♦
♦❜t❛✐♥ λi ∈ [ǫi1, ǫi2]✱ i = 1, 2✳

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✶✶

✸ ❚❤❡ ❧♦❝❛❧ st❡♣ ❛♥❞ ❝♦♥t✐♥✉✐t②

■♥ ❡❛❝❤ st❡♣ ♦❢ t❤❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠✱ ✇❡ ♠✉st s♦❧✈❡ ❛ q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣
♣r♦❜❧❡♠ ♦❢ t❤❡ ❢♦r♠ ✭✶✵✮✳ ❆❢t❡r ❛♥ ♦rt❤♦❣♦♥❛❧ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ❝❛♥ ❛ss✉♠❡✱ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t H ✐s ❞✐❛❣♦♥❛❧ ✇✐t❤ t❤❡ ♦r❞❡r❡❞ ❡✐❣❡♥✈❛❧✉❡s ✭✶✶✮ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ❛♥❞
‖a‖ = 1✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷✱ ✇❡ ♥♦✇ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ ✭✶✵✮✳ ■♥
t❤❡ s♣❡❝✐❛❧ ❝❛s❡ h = 0 ❛♥❞ A = aT✱ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✹✮ r❡❞✉❝❡ t♦

Hy = yλ + aµ ✭✷✶✮

❈❛s❡ ✶✿ ǫ1 = ǫ2✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✱ t❤❡ ♠✉❧t✐♣❧✐❡r λ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ✐s λ = ǫ1 = ǫ2✳ ❉❡✜♥❡
t❤❡ s❡t

Ei = {j : ǫj = ǫi}.

■❢ µ 6= 0✱ t❤❡♥ ❜② ✭✷✶✮ ✇❡ ♠✉st ❤❛✈❡ ai = 0 ❢♦r ❛❧❧ i ∈ E1✳ ■❢ i 6∈ E1✱ t❤❡♥

yi =
µai

ǫi − ǫ1
❛♥❞ aTy = µ

∑

i 6∈E1

a2
i

ǫi − ǫ1
6= 0, ✭✷✷✮

✇❤✐❝❤ ✈✐♦❧❛t❡s t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ aTy = 0✳ ❍❡♥❝❡✱ µ = 0 ❛♥❞ ❛❧❧ y s❛t✐s❢②✐♥❣
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s♦❧✉t✐♦♥s t♦ ✭✶✵✮✿

yi = 0 ✐❢ i 6∈ E1, aTy = 0, ‖y‖ = 1. ✭✷✸✮

❖❜s❡r✈❡ t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ s♦❧✉t✐♦♥s y ✇❤✐❧❡ t❤❡ ♠✉❧t✐♣❧✐❡rs λ ❛♥❞ µ ❛r❡
✉♥✐q✉❡✳

❈❛s❡ ✷✿ ǫ1 < ǫ2 ❛♥❞ a1 = 0✳ ■❢ λ > ǫ1✱ t❤❡♥ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✶✺✮ ✐s ✈✐♦❧❛t❡❞ ❜②
t❤❡ ✈❡❝t♦r d1 = 1 ❛♥❞ di = 0 ❢♦r i > 1✳ ❍❡♥❝❡✱ λ = ǫ1✳ ❆s ✐♥ ❈❛s❡ ✶✱ t❤❡ ♦rt❤♦❣♦♥❛❧✐t②
❝♦♥❞✐t✐♦♥ aTy = 0 ✐s ✈✐♦❧❛t❡❞ ✉♥❧❡ss µ = 0✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ❛❣❛✐♥ ❣✐✈❡♥ ❜② ✭✷✸✮ ❛♥❞
t❤❡ ♠✉❧t✐♣❧✐❡rs ❛r❡ λ = λ1 ❛♥❞ µ = 0✳

❈❛s❡ ✸✿ ǫ1 < ǫ2 ❛♥❞ a1 6= 0✳ ❲❡ ✜rst s❤♦✇ t❤❛t λ > ǫ1✳ ❙✉♣♣♦s❡✱ t♦ t❤❡ ❝♦♥tr❛r②✱ t❤❛t
λ = ǫ1✳ ❚❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ ✭✷✶✮ ✐♠♣❧✐❡s t❤❛t µ = 0✳ ❍❡♥❝❡✱ ✭✷✶✮ r❡❞✉❝❡s t♦
Hy = ǫ1y✳ ❙✐♥❝❡ H ✐s ❞✐❛❣♦♥❛❧ ❛♥❞ ǫi > ǫ1 ❢♦r i > 1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t yi = 0 ❢♦r
i > 1✳ ❍❡♥❝❡✱ y1 = ±1 s✐♥❝❡ y ✐s ❛ ✉♥✐t ✈❡❝t♦r✳ ❍♦✇❡✈❡r✱ ❛ ✈❡❝t♦r ♦❢ t❤✐s ❢♦r♠ ✈✐♦❧❛t❡s
t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ aTy = 0 ✇❤❡♥ a1 6= 0✳ ❚❤✐s ❣✐✈❡s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ s♦ ✇❡
❤❛✈❡ λ > ǫ1✳

✭❛✮ ai 6= 0 ❢♦r s♦♠❡ i ∈ E2✳ ❲❡ s❤♦✇ t❤❛t λ < ǫ2✳ ❙✉♣♣♦s❡✱ t♦ t❤❡ ❝♦♥tr❛r②✱ t❤❛t
λ = ǫ2✳ ❙✐♥❝❡ a1 6= 0 ❛♥❞ ai 6= 0 ❢♦r s♦♠❡ i ∈ E2✱ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝♦♥❞✐t✐♦♥
✭✶✺✮ ✐s ✈✐♦❧❛t❡❞ ❜② t❛❦✐♥❣ d t♦ ❜❡ ❝♦♠♣❧❡t❡❧② ③❡r♦ ❡①❝❡♣t ❢♦r ❝♦♠♣♦♥❡♥ts ✶ ❛♥❞
i✳ ❙✐♥❝❡ ǫ1 < λ < ǫ2✱ ✭✷✶✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ❢♦r y✿

y = µ(H − λI)−1a. ✭✷✹✮

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✷ ❍❛❣❡r ✫ ❇❡♥❝t❡✉① ✫ ❈❛♥❝ès ✫ ▲❡ ❇r✐s

■❢ µ = 0✱ t❤❡♥ y = 0✱ ✇❤✐❝❤ ✈✐♦❧❛t❡s t❤❡ ❝♦♥str❛✐♥t yTy = 1✳ ❲❡ ❝♦♠❜✐♥❡ t❤❡
❡①♣r❡ss✐♦♥ ✭✷✹✮✱ ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ aTy = 0✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
µ 6= 0 t♦ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥

g(λ) :=
n
∑

i=1

a2
i

ǫi − λ
= 0. ✭✷✺✮

❖❜s❡r✈❡ t❤❛t g ✐s str✐❝t❧② ♠♦♥♦t♦♥❡ ✐♥❝r❡❛s✐♥❣ ♦♥ t❤❡ ✐♥t❡r✈❛❧ (ǫ1, ǫ2) ❛♥❞ g(ǫ+1 ) =
−∞ s✐♥❝❡ a1 6= 0 ✇❤✐❧❡ g(ǫ−2 ) = +∞ s✐♥❝❡ a2 6= 0✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ③❡r♦ λ
♦❢ g ✐♥ (ǫ1, ǫ2)✳ ❚❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✵✮ ✐s

yi =
µai

ǫi − λ
✇❤❡r❡ µ2 =

(

n
∑

i=1

a2
i

(ǫi − λ)2

)−1

= g′(λ)−1. ✭✷✻✮

❚❤❡ ❡q✉❛t✐♦♥ ❢♦r µ2 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t yTy = 1✳ ◆♦t✐❝❡ t❤❛t
❜♦t❤ t❤❡ s♦❧✉t✐♦♥ y ❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❡r µ ❛r❡ ✉♥✐q✉❡ t♦ ✇✐t❤✐♥ s✐❣♥✳

✭❜✮ ai = 0 ❢♦r ❛❧❧ i ∈ E2 ❛♥❞ g(ǫ2) < 0✳ ❲❡ s❤♦✇ t❤❛t λ = ǫ2 ❛♥❞ µ = 0✳ ❇② ✭✷✶✮✱
✇❡ ❤❛✈❡

yi =
µai

ǫi − λ
✇❤❡♥ i 6∈ E2.

■❢ µ 6= 0✱ t❤❡♥ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ aTy = 0 r❡❞✉❝❡s t♦ ✭✷✺✮✱ ✇❤✐❝❤ ❤❛s
♥♦ s♦❧✉t✐♦♥ ♦♥ (ǫ1, ǫ2) s✐♥❝❡ g ✐s ♠♦♥♦t♦♥❡ ♦♥ t❤✐s ✐♥t❡r✈❛❧✱ g(ǫ+1 ) = −∞✱ ❛♥❞
g(ǫ2) < 0✳ ❍❡♥❝❡✱ µ = 0✳ ■❢ λ < ǫ2✱ t❤❡♥ ✭✷✹✮ ✐♠♣❧✐❡s t❤❛t y = 0✱ ✇❤✐❝❤ ✈✐♦❧❛t❡s
t❤❡ ❝♦♥str❛✐♥t yTy = 1✳ ❍❡♥❝❡✱ λ = ǫ2 ❛♥❞ µ = 0✳ ❚❤❡ s♦❧✉t✐♦♥ ❝♦♥s✐sts ♦❢ ❛❧❧
✈❡❝t♦rs y s❛t✐s❢②✐♥❣

yi = 0 ✐❢ i 6∈ E2, ‖y‖ = 1. ✭✷✼✮

◆♦t✐❝❡ t❤❛t λ ❛♥❞ µ ❛r❡ ❛❣❛✐♥ ✉♥✐q✉❡✳

✭❝✮ ai = 0 ❢♦r ❛❧❧ i ∈ E2 ❛♥❞ g(ǫ2) > 0✳ ❋✐rst✱ s✉♣♣♦s❡ t❤❛t µ 6= 0✳ ❙✐♥❝❡ g(ǫ+1 ) =
−∞ ✇❤✐❧❡ g(ǫ2) > 0✱ g ✐♥ ✭✷✺✮ ❤❛s ❛ ✉♥✐q✉❡ ③❡r♦ ♦♥ (ǫ1, ǫ2)✳ ❍❡♥❝❡✱ ♦♥❡ s♦❧✉t✐♦♥
t♦ ✭✷✶✮ ✐s ❣✐✈❡♥ ❜② ✭✷✻✮✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t µ = 0 ❛t ❛ ❣❧♦❜❛❧
♠✐♥✐♠✉♠✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡
✐s ❛ ✉♥✐q✉❡ ✭t♦ ✇✐t❤✐♥ s✐❣♥✮ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ❢♦r ✭✶✵✮ ❣✐✈❡♥ ❜② ✭✷✻✮✳ ■❢ µ = 0✱
t❤❡♥ ❜② ✭✷✶✮✱ (ǫi − λ)yi = 0 ❢♦r ❛❧❧ i✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t yi = 0 ❢♦r i 6∈ E2 s✐♥❝❡
ǫ1 < λ ≤ ǫ2✳ ❙✐♥❝❡ ‖y‖ = 1✱ ✐t ❢♦❧❧♦✇s t❤❛t λ = ǫ2 ✭♦r ❡❧s❡ y = 0✱ ✈✐♦❧❛t✐♥❣
t❤❡ ❝♦♥❞✐t✐♦♥ ‖y‖ = 1✮✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✶✺✮ ✐s
✈✐♦❧❛t❡❞ ❢♦r t❤❡ ❝❤♦✐❝❡

di =
ai

ǫi − γ
,

■◆❘■❆
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✇❤❡r❡ γ ✐s t❤❡ ✉♥✐q✉❡ ③❡r♦ ♦❢ g ♦♥ t❤❡ ✐♥t❡r✈❛❧ (ǫ1, ǫ2)✳ ❚❤✐s ❝❤♦✐❝❡ ❢♦r d s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥ aTd = 0 s✐♥❝❡ g(γ) = 0✳ ❙✐♥❝❡ γ < ǫ2✱ ✇❡ ❤❛✈❡

dT(H − λI)d = dT(H − ǫ2I)d =

n
∑

i=1

d2
i (ǫi − ǫ2)

=
∑

i 6∈E2

a2
i (ǫi − ǫ2)

(ǫi − γ)2
<
∑

i 6∈E2

a2
i (ǫi − γ)

(ǫi − γ)2
= g(γ) = 0.

❚❤✐s ✈✐♦❧❛t❡s t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✶✺✮✳

✭❞✮ ai = 0 ❢♦r ❛❧❧ i ∈ E2 ❛♥❞ g(ǫ2) = 0✳ ❚❤✐s ✐s t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❛s❡ ✐♥tr♦❞✉❝❡❞ ✐♥
❙❡❝t✐♦♥ ✶✳ ❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t λ = ǫ2✳ ❙✉♣♣♦s❡✱ t♦ t❤❡ ❝♦♥tr❛r②✱ t❤❛t λ < ǫ2✳
❇② ✭✷✶✮✱ y ✐s ❣✐✈❡♥ ❜② ✭✷✹✮✳ ■❢ µ 6= 0✱ t❤❡♥ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ❣✐✈❡s ✭✷✺✮✱
✇❤✐❝❤ ❤❛s ♥♦ s♦❧✉t✐♦♥ ♦♥ (ǫ1, ǫ2) s✐♥❝❡ g ✐s ♠♦♥♦t♦♥❡ ❛♥❞ g(ǫ2) = 0✳ ❈♦♥s❡q✉❡♥t❧②✱
µ = 0 ❛♥❞ ✭✷✹✮ ✐♠♣❧✐❡s t❤❛t y = 0✱ ✈✐♦❧❛t✐♥❣ t❤❡ ❝♦♥str❛✐♥t yTy = 1✳ ❚❤✉s λ = ǫ2✳

❇② ✭✷✶✮✱

yi =
µai

ǫi − ǫ2
❢♦r i 6∈ E2. ✭✷✽✮

❋♦r i ∈ E2✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✶✹✮ ♣r♦✈✐❞❡s ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥❝❡r♥✐♥❣ yi

s✐♥❝❡ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✈❛♥✐s❤ ✐❞❡♥t✐❝❛❧❧②✿

(ǫi − ǫ2)yi = µai = 0.

❚❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐rst✱ ❝❤♦♦s❡ ❛♥② ✈❛❧✉❡ ❢♦r yi✱ i ∈ E2 ✱ s✉❝❤
t❤❛t

∑

i∈E2

y2
i ≤ 1.

❚❤❡♥ ❝❤♦♦s❡ µ ✐♥ ✭✷✽✮ s✉❝❤ t❤❛t ‖y‖ = 1✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝❤♦♦s❡ µ s♦ t❤❛t

µ2 =
1 −∑i∈E2

y2
i

g′(ǫ2)
.

◆♦t✐❝❡ t❤❛t λ ✐s ✉♥✐q✉❡ ✐♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❛s❡✱ ✇❤✐❧❡ ❜♦t❤ µ ❛♥❞ y ❛r❡ ♥♦t ✉♥✐q✉❡✳

▲❡♠♠❛ ✶✳ ❋♦r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ (10) ❛♥❞ ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r y✱ t❤❡ ♠✉❧t✐♣❧✐❡r λ
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t yTy = 1 ✐s ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ a ♦♥ t❤❡ ✉♥✐t

s♣❤❡r❡✳ ❲✐t❤ ❛♣♣r♦♣r✐❛t❡ s✐❣♥✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✉❧t✐♣❧✐❡r µ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦rt❤♦❣♦✲

♥❛❧✐t② ❝♦♥str❛✐♥t aTy = 0 ✐s ❝♦♥t✐♥✉♦✉s ❛t ❛♥② ♥♦♥❞❡❣❡♥❡r❛t❡ a✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✹ ❍❛❣❡r ✫ ❇❡♥❝t❡✉① ✫ ❈❛♥❝ès ✫ ▲❡ ❇r✐s

Pr♦♦❢✳ ■♥ ❈❛s❡ ✶✱ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✱ s♦ ✇❡ ❢♦❝✉s ♦♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡
ǫ1 < ǫ2✳ ❙✐♥❝❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡s a1 = 0 ♦r a2 = 0 ✇✐t❤ t❤❡ ✉♥✐t s♣❤❡r❡ ❛r❡
s❡ts ♦❢ ♠❡❛s✉r❡ ③❡r♦ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s♣❤❡r❡✱ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦✈❡r t❤❡ ❝♦♠♣❧❡♠❡♥t
✐♠♣❧✐❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦✈❡r t❤❡ ❡♥t✐r❡ s♣❤❡r❡ ✭❜② ❝♦♥t✐♥✉✐t②✮✳ ❍❡♥❝❡✱ ✇❡ r❡str✐❝t ♦✉r
❛tt❡♥t✐♦♥ t♦ ǫ1 < ǫ2✱ a1 6= 0✱ ❛♥❞ a2 6= 0✳ ■♥ t❤✐s ❝❛s❡✱ λ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✷✺✮ ♦♥
t❤❡ ✐♥t❡r✈❛❧ (ǫ1, ǫ2)✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✷✺✮ ❣✐✈❡s

∂λ

∂ai

=
2ai

(λ − ǫi)g′(λ)
. ✭✷✾✮

■❢ ❢♦r s♦♠❡ i✱ ✇❡ ❤❛✈❡

∑

j∈Ei

a2
j ≥ 1/2, ✭✸✵✮

t❤❡♥

|ǫi − λ|g′(λ) =

(

1

|ǫi − λ|

)





∑

j∈Ei

a2
j



+ |ǫi − λ|
∑

j 6∈Ei

a2
j

(ǫj − λ)2
✭✸✶✮

≥
(

1

|ǫi − λ|

)

∑

j∈Ei

a2
j ≥ 1

2|ǫi − λ| ≥
1

2(ǫn − ǫ1)
.

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✾✮ t❤❛t ✇❤❡♥ ✭✸✵✮ ❤♦❧❞s✱

∣

∣

∣

∣

∂λ

∂ai

∣

∣

∣

∣

≤ 4(ǫn − ǫ1).

■❢ ai = 0✱ t❤❡♥ ∂λ/∂ai = 0 ❜② ✭✷✾✮✳ ◆♦✇✱ s✉♣♣♦s❡ t❤❛t ai 6= 0 ❛♥❞ ✭✸✵✮ ✐s ✈✐♦❧❛t❡❞✳ ❇② ✭✷✾✮
❛♥❞ ✭✸✶✮✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

∂λ

∂ai

∣

∣

∣

∣

=
2|ai|

1

|ǫi − λ|





∑

j∈Ei

a2
j



+ |ǫi − λ|





∑

j 6∈Ei

a2
j

(ǫj − λ)2





≤ 2
( |ai|
|ǫi − λ|

)

+
|ǫi − λ|
|ai|





∑

j 6∈Ei

a2
j

(ǫn − ǫ1)2





≤ 2
( |ai|
|ǫi − λ|

)

+

( |ǫi − λ|
|ai|

)(

1

2(ǫn − ǫ1)2

) . ✭✸✷✮

■◆❘■❆
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❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ✭✸✵✮ ✐s ✈✐♦❧❛t❡❞✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
∑

j 6∈Ei

a2
j ≥ 1/2.

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ❝♦♥t❛✐♥s ❜♦t❤ |ai|/|ǫi − λ| ❛♥❞ ✐ts r❡❝✐♣r♦❝❛❧ |ǫi − λ|/|ai|✳ ❙✉♣♣♦s❡ t❤❛t
|ai|

|ǫi − λ| ≥ 1. ✭✸✸✮

❇② ✭✸✷✮✱ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ∂λ/∂ai ✐s ❜♦✉♥❞❡❞ ❜② ✷ ✐♥ ♠❛❣♥✐t✉❞❡ s✐♥❝❡ ❜♦t❤ t❡r♠s ✐♥
t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ✭✸✷✮ ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ ♦♥❡ ♦❢ t❤❡ t❡r♠s ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ✶✳
❈♦♥✈❡rs❡❧②✱ ✐❢ ✭✸✸✮ ✐s ✈✐♦❧❛t❡❞✱ t❤❡♥ ✇❡ ❞r♦♣ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ✭✸✷✮ t♦
♦❜t❛✐♥

∣

∣

∣

∣

∂λ

∂ai

∣

∣

∣

∣

≤ 4(ǫn − ǫ1)
2.

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ✐❢ a
❧✐❡s ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ✇✐t❤ a1 6= 0 ❛♥❞ a2 6= 0✱ t❤❡♥

∣

∣

∣

∣

∂λ

∂ai

∣

∣

∣

∣

≤ β

❢♦r ❡❛❝❤ i✳ ❖❜s❡r✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ λ t♦ ✭✷✺✮ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐❢ a ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ❛
♥♦♥③❡r♦ s❝❛❧❛r✳ ❍❡♥❝❡✱ ❢♦r ❛♥② ♥♦♥③❡r♦ a ✭♥♦t ♥❡❝❡ss❛r✐❧② ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✮ ✇✐t❤ a1 6= 0
❛♥❞ a2 6= 0✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

∂λ

∂ai

∣

∣

∣

∣

≤ β/‖a‖.

❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts r1 < 1 < r2 ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t
∣

∣

∣

∣

∂λ

∂ai

∣

∣

∣

∣

≤ 2β

✇❤❡♥❡✈❡r r1 ≤ ‖a‖ ≤ r2✱ a1 6= 0✱ ❛♥❞ a2 6= 0✳ ●✐✈❡♥ t✇♦ ❛r❜✐tr❛r② ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t
s♣❤❡r❡✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ♣❛t❤ ❜❡t✇❡❡♥ t❤❡♠ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡
❧✐♥❡ s❡❣♠❡♥ts ❛❧❧ ❧✐❡ ✇✐t❤✐♥ t❤❡ s❤❡❧❧ ❢♦r♠❡❞ ❜② t❤❡ s♣❤❡r❡s ♦❢ r❛❞✐✉s r1 ❛♥❞ r2✳ ❉✉❡ t♦ t❤❡
❜♦✉♥❞ ♦♥ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ λ✱ t❤❡ ❝❤❛♥❣❡ ✐♥ λ ❛❝r♦ss ❡❛❝❤ ❧✐♥❡ s❡❣♠❡♥t ✐s ❜♦✉♥❞❡❞
❜② 2β t✐♠❡s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧✐♥❡ s❡❣♠❡♥t✳ ❙✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❡ s❡❣♠❡♥ts ✐s ❜♦✉♥❞❡❞✱
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♣♦✐♥ts✱ ✇❡ ❞❡❞✉❝❡ t❤❛t λ ✐s ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥
♦❢ a ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♠✉❧t✐♣❧✐❡r µ✳ ■❢ ǫ1 = ǫ2✱ t❤❡♥ µ = 0 ✭❈❛s❡ ✶✮ ❛♥❞ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦
♣r♦✈❡✳ ◆❡①t✱ ✇❡ ❢♦❝✉s ♦♥ ❈❛s❡ ✸❛ ✇❤❡r❡ µ ✐s ❣✐✈❡♥ ❜② ✭✷✻✮✳ ❋♦r λ ∈ (ǫ1, ǫ2)✱ g′ ✐s ❜♦✉♥❞❡❞
❛✇❛② ❢r♦♠ ③❡r♦✳ ❋♦r ❡①❛♠♣❧❡✱

g′(λ) =

n
∑

i=1

a2
i

(ǫi − λ)2
≥ 1

(ǫn − ǫ1)2
.
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▲❡t λ(a) ❞❡♥♦t❡ t❤❡ ✉♥✐q✉❡ ♠✉❧t✐♣❧✐❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥② ❣✐✈❡♥ a✳ ❙✐♥❝❡ λ ✐s ❛ ▲✐♣s❝❤✐t③
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ a✱ ✐t ❢♦❧❧♦✇s t❤❛t µ ✐s ❝♦♥t✐♥✉♦✉s ❛t ❛♥② ♣♦✐♥t a ✇❤❡r❡ λ(a) 6= ǫi

❢♦r ❛❧❧ i✳ ❙✐♥❝❡ λ ∈ [ǫ1, ǫ2]✱ t❤❡ ♦♥❧② ♣♦t❡♥t✐❛❧ ♣♦✐♥ts ♦❢ ❞✐s❝♦♥t✐♥✉✐t② ❛r❡ t❤♦s❡ ♣♦✐♥ts b ❢♦r
✇❤✐❝❤ λ(b) = ǫi✱ i = 1 ♦r i ∈ E2✳ ■❢ b1 6= 0 ♦r bi 6= 0 ❢♦r ❛♥② i ∈ E2✱ t❤❡♥ µ(a) ❛♣♣r♦❛❝❤❡s ✵
❛s a ❛♣♣r♦❛❝❤❡s b ❞✉❡ t♦ t❤❡ ♣♦❧❡ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ g′✳ ❍❡♥❝❡✱ µ ✐s ❝♦♥t✐♥✉♦✉s ❛t b✳

■❢ b1 = 0 ❛♥❞ λ(b) = ǫ1✱ t❤❡♥ ✇❡ ✉s❡ ✭✷✺✮ t♦ s♦❧✈❡ ❢♦r a2
1/(ǫ1 − λ)✿

a2
1

λ − ǫ1
=
∑

i>1

a2
i

ǫi − λ
✭✸✹✮

❇② ❛ss✉♠♣t✐♦♥✱ λ(a) ❛♣♣r♦❛❝❤❡s ǫ1 ❛s a ❛♣♣r♦❛❝❤❡s b✳ ❙✐♥❝❡ t❤❡ r✐❣❤t s✐❞❡ ♦❢ ✭✸✹✮ ✐s
❝♦♥t✐♥✉♦✉s ✇❤❡♥ λ ✐s ♥❡❛r ǫ1✱ t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❧❡❢t s✐❞❡ ❛s a ❛♣♣r♦❛❝❤❡s b ✐s

∑

i>1

b2
i

ǫi − ǫ1
> 0

s✐♥❝❡ b1 = 0 ❛♥❞ ‖b‖ = 1✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ✭✷✻✮✱ µ t❡♥❞s t♦ ✵ ❛s a ❛♣♣r♦❛❝❤❡s b✱ t❤❡ s❛♠❡
❧✐♠✐t ❣✐✈❡♥ ✐♥ ❈❛s❡ ✷✳

❋✐♥❛❧❧②✱ s✉♣♣♦s❡ t❤❛t bi = 0 ❢♦r ❛❧❧ i ∈ E2 ❛♥❞ λ(b) = ǫ2✳ ❆❣❛✐♥✱ ❜② ✭✷✺✮✱ ✇❡ ❤❛✈❡

(

1

λ − ǫ2

)

∑

i∈E2

a2
i =

∑

i 6∈E2

a2
i

ǫi − λ
✭✸✺✮

❆❝❝♦r❞✐♥❣ t♦ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ ❝♦♥t✐♥✉✐t② ❛t ♥♦♥❞❡❣❡♥❡r❛t❡
b✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ r✐❣❤t s✐❞❡ ❞♦❡s ♥♦t ✈❛♥✐s❤ ❛t λ = ǫ2✳ ❍❡♥❝❡✱ ❛s a ❛♣♣r♦❛❝❤❡s b✱ t❤❡
r✐❣❤t s✐❞❡ ❛♣♣r♦❛❝❤❡s t❤❡ ❧✐♠✐t

∑

i 6∈E2

b2
i

ǫi − ǫ2
6= 0.

❈♦♥s❡q✉❡♥t❧②✱ ❜② ✭✷✻✮✱ µ t❡♥❞s t♦ ✵ ❛s a ❛♣♣r♦❛❝❤❡s b✱ t❤❡ s❛♠❡ ❧✐♠✐t ❣✐✈❡♥ ✐♥ ❈❛s❡ ✸❜✳
◆♦t❡ t❤❛t ❈❛s❡ ✸❝ ✐s ♥♦t ❛ ♣♦✐♥t ♦❢ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ µ s✐♥❝❡ λ < ǫ2✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡
♣r♦♦❢✳

◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✶✮✳ ■❢ H1 ❛♥❞ H2 ❝♦♠♠✉t❡✱ t❤❡♥ t❤❡② ❛r❡
s✐♠✉❧t❛♥❡♦✉s❧② ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ❜② t❤❡ s❛♠❡ ❡✐❣❡♥✈❡❝t♦r ♠❛tr✐① ❬✽✱ ♣✳ ✷✹✾❪✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡
❝❛♥ ♣❡r❢♦r♠ ❛♥ ♦rt❤♦❣♦♥❛❧ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s t♦ r❡❞✉❝❡ H1 ❛♥❞ H2 t♦ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✳
❚❤❡ s♦❧✉t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿

❈♦r♦❧❧❛r② ✷✳ ❙✉♣♣♦s❡ Hi✱ i = 1 ❛♥❞ 2✱ ❛r❡ ❞✐❛❣♦♥❛❧ ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥t ǫij✱ 1 ≤ j ≤ n✱
❛rr❛♥❣❡❞ ✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r✳ ❚❤❡ ♠✐♥✐♠✉♠ ❝♦st ✐♥ (1) ✐s

ǫ11 + ǫ22 ♦r ǫ12 + ǫ21,

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✶✼

✇❤✐❝❤❡✈❡r ✐s s♠❛❧❧❡r✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❛♥ ❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥ t♦ (1) ✐s

y11 = 1, y22 = 1, ❛♥❞ yij = 0 ♦t❤❡r✇✐s❡.

■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ❛♥ ❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥ t♦ (1) ✐s

y12 = 1, y21 = 1, ❛♥❞ yij = 0 ♦t❤❡r✇✐s❡.

Pr♦♦❢✳ ❋✐rst✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ Hi ❛r❡ str✐❝t❧② s❡♣❛r❛t❡❞✿

ǫi1 < ǫi2 < . . . < ǫin

❢♦r i = 1, 2✳ ❇② t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✽✮ ❛♥❞ ❜② t❤❡ ❞✐❛❣♦♥❛❧ str✉❝t✉r❡ ♦❢
t❤❡ Hi✱ ✇❡ ❤❛✈❡

(ǫ1j − λ1)y1j = µy2j ❛♥❞ (ǫ2j − λ2)y2j = µy1j .

❲❡ ❝♦♠❜✐♥❡ t❤❡s❡ ❡q✉❛t✐♦♥s t♦ ♦❜t❛✐♥
[

(ǫ1j − λ1)(ǫ2j − λ2) − µ2

]

y1j = 0 =

[

(ǫ1j − λ1)(ǫ2j − λ2) − µ2

]

y2j . ✭✸✻✮

❇② ❈♦r♦❧❧❛r② ✶✱ t❤❡ ♠✉❧t✐♣❧✐❡rs λ1 ❛♥❞ λ2 s❛t✐s❢② λi ∈ [ǫi1, ǫi2]✳ ❍❡♥❝❡✱ t❤❡ ❝♦❡✣❝✐❡♥ts
♦❢ y1j ❛♥❞ y2j ✐♥ ✭✸✻✮ ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ j ∈ [2, n]✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡s❡
❝♦❡✣❝✐❡♥ts ❝❛♥ ✈❛♥✐s❤ ❢♦r ❛t ♠♦st ♦♥❡ j ∈ [2, n] ❛♥❞ ♣♦ss✐❜❧② ❢♦r j = 1✳ ❲❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥ts
♦❢ y1j ❛♥❞ y2j ❞♦ ♥♦t ✈❛♥✐s❤ ✐♥ ✭✸✻✮✱ ✇❡ ♠✉st ❤❛✈❡ y1j = y2j = 0✳ ■♥ s✉♠♠❛r②✱ ❛t t❤❡ ❣❧♦❜❛❧
♦♣t✐♠✉♠✱ ❛❧❧ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ yij ✈❛♥✐s❤ ❡①❝❡♣t ♣♦ss✐❜❧② y11✱ y21✱ y1j ✱ ❛♥❞ y2j ❢♦r s♦♠❡
j ∈ [2, n]✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ j = 2 s✐♥❝❡ j > 2 ❧❡❛❞s t♦ ❛ ❧❛r❣❡r ❝♦st✳

❉❡✜♥❡ x2
1j = vj ❛♥❞ x2

2j = wj ❢♦r j = 1, 2✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✮ ✇✐t❤ Hi

❞✐❛❣♦♥❛❧ ❛♥❞ xij = 0 ❢♦r j > 2 r❡❞✉❝❡s t♦

min v1ǫ11 + v2ǫ12 + w1ǫ21 + w2ǫ22
s✉❜❥❡❝t t♦ v1 + v2 = 1 = w1 + w2,

v1w1 = v2w2, v1, v2, w1, w2 ≥ 0.

❚❤❡ ❡q✉❛t✐♦♥ v1w1 = v2w2 ✐s t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ x11x21 = −x12x22 sq✉❛r❡❞✳ ❲❡
s✉❜st✐t✉t❡ v1 = 1 − v2 ❛♥❞ w1 = 1 − w2 t♦ r❡❞✉❝❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t♦

min ǫ11 + ǫ21 + v2(ǫ12 − ǫ11) + w2(ǫ22 − ǫ21) ✭✸✼✮

s✉❜❥❡❝t t♦ v2 + w2 = 1, v2 ≥ 0, w2 ≥ 0.

❲❡ s✉❜st✐t✉t❡ v2 = 1 − w2 ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t♦ ❢✉rt❤❡r r❡❞✉❝❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ t♦

min ǫ21 + ǫ12 + w2(ǫ11 + ǫ22 − ǫ21 − ǫ12)

s✉❜❥❡❝t t♦ 0 ≤ w2 ≤ 1.

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
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❙✐♥❝❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ w2✱ t❤❡ ♠✐♥✐♠✉♠ ✐s ❛❝❤✐❡✈❡❞ ❛t ❡✐t❤❡r w2 = 0 ✭w1 = 1✱
v1 = 0✱ v2 = 1✮ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ǫ21 + ǫ12 ♦r w2 = 1 ✭w1 = 0✱ v1 = 1✱ v2 = 0✮
✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ǫ11 + ǫ22✳

❲❤❡♥ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❛r❡ ♥♦t str✐❝t❧② s❡♣❛r❛t❡❞✱ t❤❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ✐♥ t❤❡ st❛t❡♠❡♥t
♦❢ t❤❡ ❝♦r♦❧❧❛r② r❡♠❛✐♥s ✈❛❧✐❞✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛s ❢♦❧❧♦✇s✿ ❋✐rst✱ ♣❡rt✉r❜ t❤❡ ❞✐❛❣♦♥❛❧
❡❧❡♠❡♥ts t♦ ♠❛❦❡ t❤❡♠ str✐❝t❧② s❡♣❛r❛t❡❞✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡
s♦❧✉t✐♦♥ ❣✐✈❡♥ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❝♦r♦❧❧❛r② ✐s ✈❛❧✐❞✳ ◆❡①t✱ ❧❡t t❤❡ ♣❡rt✉r❜❛t✐♦♥ t❡♥❞
t♦ ③❡r♦✳ ❚❤❡ ❧✐♠✐t ♦❢ t❤❡s❡ ♣❡rt✉r❜❡❞ s♦❧✉t✐♦♥s ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✉♥♣❡rt✉r❜❡❞
♣r♦❜❧❡♠✳

❘❡♠❛r❦ ✷✳ ❆ss✉♠✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❛❧❧ ❞✐st✐♥❝t✱ t❤❡♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❤♦✐❝❡s ❢♦r a
✐♥ ✭✶✵✮ ❝♦rr❡s♣♦♥❞ t♦ t❤♦s❡ ✈❡❝t♦rs a ❢♦r ✇❤✐❝❤

a2
1

ǫ2 − ǫ1
=

n
∑

i=3

a2
i

ǫi − ǫ2
, a2 = 0,

∑

i 6=2

a2
i = 1. ✭✸✽✮

❚❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✮ ❣✐✈❡♥ ❜② ❈♦r♦❧❧❛r② ✷ ❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ♥♦♥③❡r♦s ❧✐❡ ✐♥ t❤❡ ✜rst t✇♦
❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦rs✱ ✇❤✐❧❡ ❛ ❞❡❣❡♥❡r❛t❡ a ♠✉st ❤❛✈❡ ♥♦♥③❡r♦ ✐♥ ❝♦♠♣♦♥❡♥ts ❣r❡❛t❡r
t❤❛♥ ♦r ❡q✉❛❧ t♦ ✸✳ ■♥ ❢❛❝t✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✽✮ t❤❛t

n
∑

i=3

a2
i ≥ ǫ3 − ǫ2

ǫ3 − ǫ1
.

❘❡♠❛r❦ ✸✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ H1 = H2 = H✳ ❙✐♥❝❡ H1 ❛♥❞ H2 ❝♦♠♠✉t❡✱
✇❡ ❝❛♥ ❛♣♣❧② ❈♦r♦❧❧❛r② ✷✳ ▲❡t ǫj ❞❡♥♦t❡ t❤❡ j✲t❤ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ H✳ ❆s s❤♦✇♥ ✐♥
✭✸✼✮✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✮ r❡❞✉❝❡s t♦

min 2ǫ1 + (v2 + w2)(ǫ2 − ǫ1)

s✉❜❥❡❝t t♦ v2 + w2 = 1, v2 ≥ 0, w2 ≥ 0.

❙✐♥❝❡ v2 + w2 = 1✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ✐s ǫ1 + ǫ2✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ v2

❛♥❞ w2 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts✳ ❍❡♥❝❡✱ ✇❤❡♥ H1 = H2 t❤❡r❡ ❛r❡ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢
s♦❧✉t✐♦♥s t♦ ✭✶✮✳ y1 ✐s ❛♥② ✉♥✐t ✈❡❝t♦r ✐♥ t❤❡ s♣❛♥ ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ǫ1 ❛♥❞
ǫ2✱ ❛♥❞ y2 ✐s ❛♥② ♦rt❤♦❣♦♥❛❧ ✉♥✐t ✈❡❝t♦r ✐♥ t❤❡ s❛♠❡ ❡✐❣❡♥s♣❛❝❡✳ ◆♦t❡ t❤❛t ✐❢ H ✐s ✷ ❜② ✷✱
t❤❡♥ ❛❧❧ ❢❡❛s✐❜❧❡ ♣♦✐♥ts ❛r❡ ♦♣t✐♠❛❧ ❛♥❞ F (x1,x2) ✐s t❤❡ tr❛❝❡ ♦❢ H ✇❤❡♥❡✈❡r x1 ❛♥❞ x2 ❛r❡
❢❡❛s✐❜❧❡ ✐♥ ✭✶✮✳

✹ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ✐s ♦r❣❛♥✐③❡❞ ✐♥t♦ ❢♦✉r st❡♣s✳ ■♥ ❙t❡♣ ✶✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❣❧♦❜❛❧ st❡♣
❛♥❞ s❤♦✇ t❤❛t t❤❡ ✐t❡r❛t✐♦♥ ❞✐✛❡r❡♥❝❡ ‖xk+1 − yk‖ t❡♥❞s t♦ ✵✳ ■♥ ❙t❡♣ ✷✱ ✇❡ s❤♦✇ t❤❛t
t❤❡ ♠✉❧t✐♣❧✐❡rs µkj ✐♥ t❤❡ ❧♦❝❛❧ st❡♣ ❛r❡ ❛❧♠♦st ♠♦♥♦t♦♥❡ ❞❡❝r❡❛s✐♥❣ s✐♥❝❡ t❤❡ ✈✐♦❧❛t✐♦♥ ✐♥

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✶✾

♠♦♥♦t♦♥✐❝✐t② ❞❡❝❛②s t♦ ③❡r♦ ❛s t❤❡ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r k t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❙t❡♣ ✸ ❛♥❞ ✹ ❢♦❝✉s
♦♥ t❤❡ ❧✐♠✐t ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡rs µkj ❛s k t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❙t❡♣ ✸ ❝♦♥s✐❞❡rs t❤❡ ❧✐♠✐t ✵✱ ✇❤✐❧❡
❙t❡♣ ✹ ❝♦♥s✐❞❡rs ❛ ♣♦s✐t✐✈❡ ❧✐♠✐t✳
❙t❡♣ ✶✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❣❧♦❜❛❧ st❡♣

❙✉♣♣♦s❡ t❤❛t ✐t❡r❛t✐♦♥ k ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢♦r✇❛r❞ ♠♦❞❡✳ ▲❡t yk ❞❡♥♦t❡ t❤❡ r❡s✉❧t ♦❢
t❤❡ ❧♦❝❛❧ st❡♣✱ ❛♥❞ ❧❡t xk+1 ❜❡ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❣❧♦❜❛❧ st❡♣ ❜❛s❡❞ ♦♥ t❤❡ st❛rt✐♥❣ ♣♦✐♥t yk✳
❙✐♥❝❡ xk1 ✐s ❢❡❛s✐❜❧❡ ✐♥ t❤❡ ✜rst s✉❜♣r♦❜❧❡♠ ♦❢ t❤❡ ❢♦r✇❛r❞ ♠♦❞❡ ✭✷✮✱ ✇❡ ❤❛✈❡

F (yk1,xk2) ≤ F (xk1,xk2).

❙✐♥❝❡ xk2 ✐s ❢❡❛s✐❜❧❡ ✐♥ t❤❡ s❡❝♦♥❞ s✉❜♣r♦❜❧❡♠✱ ✇❡ ❤❛✈❡

F (yk1,yk2) ≤ F (yk1,xk2).

❈♦♠❜✐♥✐♥❣ t❤❡s❡ r❡❧❛t✐♦♥s ❣✐✈❡s

F (yk) ≤ F (xk). ✭✸✾✮

❆ s✐♠✐❧❛r ❛♥❛❧②s✐s ❢♦r t❤❡ r❡✈❡rs❡ ♠♦❞❡ ❛❧s♦ ❣✐✈❡s F (yk) ≤ F (xk)✳
❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ zk(s) ❧✐❡ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ❢♦r ❛❧❧ ❝❤♦✐❝❡s ♦❢ s✳ ❈♦♥s❡q✉❡♥t❧②✱ F ′′

k (s)
✐s ❜♦✉♥❞❡❞ ❜② ❛ ✜♥✐t❡ ❝♦♥st❛♥t M ✱ ✉♥✐❢♦r♠❧② ✐♥ k ❛♥❞ s✳ ❉❡✜♥❡ t❤❡ ❝♦♥st❛♥ts

δ = min{ρ, 1/M} ❛♥❞ s̄k = −δF ′
k(0).

❙✐♥❝❡ s̄k ❧✐❡s ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0,−ρF ′
k(0)] ❛♣♣❡❛r✐♥❣ ✐♥ ✭✻✮✱ ✇❡ ❤❛✈❡

F (xk+1) = Fk(sk) ≤ Fk(s̄k). ✭✹✵✮

❊①♣❛♥❞✐♥❣ ✐♥ ❛ ❚❛②❧♦r s❡r✐❡s ❛r♦✉♥❞ s = 0✱ t❤❡r❡ ❡①✐sts ξk ∈ [0, s̄k] s✉❝❤ t❤❛t

Fk(s̄k) = Fk(0) + F ′
k(0)s̄k + 1

2
s̄2

kF ′′
k (ξk)

≤ Fk(0) + F ′
k(0)s̄k + 1

2
s̄2

kM

= Fk(0) + δF ′
k(0)2( 1

2
δM − 1) ≤ Fk(0) − δ

2
F ′

k(0)2

= F (yk) − δ
2
F ′

k(0)2 ≤ F (xk) − δ
2
F ′

k(0)2,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✐s ✭✸✾✮✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✹✵✮ ❣✐✈❡s

F (xk+1) ≤ F (xk) −
(

δ

2

)

F ′
k(0)2.

❙✉♠♠✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ♦✈❡r k ②✐❡❧❞s

F (xk) ≤ F (x0) −
(

δ

2

) k−1
∑

i=0

F ′
i (0)2.

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✵ ❍❛❣❡r ✫ ❇❡♥❝t❡✉① ✫ ❈❛♥❝ès ✫ ▲❡ ❇r✐s

❙✐♥❝❡ t❤❡ ❢❡❛s✐❜❧❡ ♣♦✐♥ts ❢♦r ✭✶✮ ❧✐❡ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ✐s ❜♦✉♥❞❡❞
❢r♦♠ ❜❡❧♦✇✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡

lim
k→∞

F ′
k(0) = 0. ✭✹✶✮

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ zk ❛♥❞ t❤❡ ❢❛❝t t❤❛t sk ∈ [0,−ρF ′
k(0)] ✇❤❡r❡ F ′

k(0) ❛♣♣r♦❛❝❤❡s ✵✱ ✇❡
❛❧s♦ ❝♦♥❝❧✉❞❡ t❤❛t

‖xk+1 − yk‖ ≤ c|F ′
k(0)| ✭✹✷✮

✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ k✳

❙t❡♣ ✷✳ ❚❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠✉❧t✐♣❧✐❡r µ✳

❇② t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❜❡t✇❡❡♥ yk1 ❛♥❞ xk2 ✭❢♦r✇❛r❞✮✱ ❜❡t✇❡❡♥ yk1 ❛♥❞ yk2 ✭❢♦r✇❛r❞ ❛♥❞
r❡✈❡rs❡✮✱ ❛♥❞ ❜❡t✇❡❡♥ xk1 ❛♥❞ yk2 ✭r❡✈❡rs❡✮✱ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✾✮ ❢♦r t❤❡
s✉❜♣r♦❜❧❡♠s ✭✷✮ ②✐❡❧❞✿

❢♦r✇❛r❞























λk1 = yT

k1
H1yk1

µk1 = xT

k2
H1yk1

λk2 = yT

k2
H2yk2

µk2 = yT

k1
H2yk2

r❡✈❡rs❡























λk1 = yT

k1
H1yk1

µk1 = yT

k2
H1yk1

λk2 = yT

k2
H2yk2

µk2 = xT

k1
H2yk2

✭✹✸✮

❇② ♦✉r s✐❣♥ ❝♦♥✈❡♥t✐♦♥ ✭✼✮✱ t❤❡ ♠✉❧t✐♣❧✐❡rs µkj ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✳
❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Fk(s)✱ ✇❡ ❤❛✈❡

F ′
k(0) = ±2(yT

k1H1yk2 − yT

k2H2yk1). ✭✹✹✮

❲❡ ♠✉❧t✐♣❧② t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✾✮ ❜② yT

k2
t♦ ♦❜t❛✐♥ yT

k1
H1yk2 = µk1y

T

k2
xk2✳ ❲❡ ♠✉❧t✐♣❧②

t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❜② yT

k1
t♦ ♦❜t❛✐♥ yT

k1
H2yk2 = µk2✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ❢♦r✇❛r❞ ♠♦❞❡✱ ✐t

❢♦❧❧♦✇s ❢r♦♠ ✭✹✹✮ t❤❛t

µk2 = yT

k1H2yk2

= yT

k1H1yk2 ∓ F ′
k(0)/2

= µk1y
T

k2xk2 ∓ F ′
k(0)/2, ✭✹✺✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

µk2 ≤ |µk1y
T

k2xk2| + |F ′
k(0)|/2 ≤ µk1 + |F ′

k(0)|/2 ✭✹✻✮

s✐♥❝❡ yk2 ❛♥❞ xk2 ❛r❡ ✉♥✐t ✈❡❝t♦rs✳ ■♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✱ ❢♦r t❤❡ r❡✈❡rs❡ ♠♦❞❡ ❛t ✐t❡r❛t✐♦♥
k + 1✱ ✇❡ ❤❛✈❡

µk+1,1 ≤ µk+1,2 + |F ′
k+1(0)|/2. ✭✹✼✮

■◆❘■❆
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■❢ ✐t❡r❛t✐♦♥ k ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢♦r✇❛r❞ ♠♦❞❡✱ t❤❡♥ t❤❡ ♠✉❧t✐♣❧✐❡r µk1 ❝♦rr❡s♣♦♥❞s t♦
a = xk2 ❛♥❞ H = H1 ✐♥ ✭✶✵✮✳ ❚❤❡ ♠✉❧t✐♣❧✐❡r µk−1,1 ❝♦rr❡s♣♦♥❞s t♦ a = yk−1,2 ❛♥❞ H = H1

✐♥ ✭✶✵✮✳ ❇② ✭✹✷✮ ‖xk2 −yk−1,2‖ ≤ c|F ′
k−1

(0)|✳ ❲❡ ❛♣♣❧② ▲❡♠♠❛ ✶ ❛♥❞ ✭✹✶✮✳ ❋♦r ❛♥② ✭s♠❛❧❧✮
η > 0✱ ✇❡ ❤❛✈❡

|µk1 − µk−1,1| ≤ η ✭✹✽✮

✇❤❡♥ k ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

µk1 ≤ µk−1,1 + η. ✭✹✾✮

❚❤❡ ❛♥❛❧♦❣♦✉s r❡s✉❧t ❢♦r t❤❡ r❡✈❡rs❡ ♠♦❞❡ ✐s

µk+1,2 ≤ µk2 + η ✭✺✵✮

❢♦r k s✉✣❝✐❡♥t❧② ❧❛r❣❡✳
❈♦♠❜✐♥✐♥❣ ✭✹✻✮✕✭✺✵✮✱ ✐t ❢♦❧❧♦✇s t❤❛t ✇❤❡♥ k ✐s ❧❛r❣❡ ❡♥♦✉❣❤ t❤❛t |F ′

j(0)| ≤ η ❢♦r ❛❧❧
j ≥ k✱ ✇❡ ❤❛✈❡

µk−1,1 � µk1 � µk2 � µk+1,2 � µk+1,1 ✭✺✶✮

✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ µk1 � µk2 ♠❡❛♥s t❤❛t µk2 ≤ µk1 + η✳ ❍❡♥❝❡✱ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ t❤❡
µ ♠✉❧t✐♣❧✐❡r ❡✐t❤❡r ❞❡❝r❡❛s❡s ♦r ♠❛❦❡s ❛♥ ✐♥❝r❡❛s❡ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❜② η✳ ❇② ✭✹✸✮✱ t❤❡
♠✉❧t✐♣❧✐❡rs ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ❧❛r❣❡st ❛❜s♦❧✉t❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ H1 ❛♥❞ H2✳

❙t❡♣ ✸✳ ❚❤❡ ❝❛s❡ lim inf µk1 = 0✳

❲❤❡♥ lim inf µk1 = 0✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐t❡r❛t❡s ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t
µk1 t❡♥❞s t♦ ✵✳ ❇② ✭✺✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t η ❝❛♥ ❜❡ t❛❦❡♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡rs µk2 ❛❧s♦ ❛♣♣r♦❛❝❤❡s ✵✳ ❙✐♥❝❡ yk ❧✐❡s ✐♥ ❛
❝♦♠♣❛❝t s❡t✱ ✇❡ ❝❛♥ ❡①tr❛❝t s✉❜s❡q✉❡♥❝❡s ❝♦♥✈❡r❣✐♥❣ t♦ ❛ ❧✐♠✐t t❤❛t ✇❡ ❞❡♥♦t❡ ❜② y✳ ❇②
✭✹✸✮✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s❡q✉❡♥❝❡ ♦❢ ♠✉❧t✐♣❧✐❡rs λk1 ❛♥❞ λk2 ❛❧s♦ ❛♣♣r♦❛❝❤ ❧✐♠✐ts ❞❡♥♦t❡❞
λ1 ❛♥❞ λ2✳ ❇② ✭✾✮✱ ✇❡ ❤❛✈❡

[

H1 0
0 H2

] [

y1

y2

]

=

[

λ1y1

λ2y2

]

.

❙✐♥❝❡ y1 ❛♥❞ y2 ❛r❡ ♦rt❤♦❣♦♥❛❧ ✉♥✐t ✈❡❝t♦rs✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t y ✐s ❛ st❛t✐♦♥❛r② ♣♦✐♥t ❢♦r
✭✶✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠✉❧t✐♣❧✐❡r µ = 0✳

❙t❡♣ ✹✳ ❚❤❡ ❝❛s❡ µ = lim inf µk1 > 0✳

❲❡ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡✱ ❞❡♥♦t❡❞ νj1✱ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡r s❡q✉❡♥❝❡ µk1 ✇❤✐❝❤ ❝♦♥✈❡r❣❡s
t♦ µ✿

lim
j→∞

νj1 = µ.

●✐✈❡♥ ❛♥② η > 0✱ ❝❤♦♦s❡ K ❧❛r❣❡ ❡♥♦✉❣❤ t❤❛t ✭✺✶✮ ❤♦❧❞s ❢♦r ❛❧❧ k ≥ K✳ ❆❧s♦✱ ❝❤♦♦s❡ K
❧❛r❣❡r✱ ✐❢ ♥❡❝❡ss❛r②✱ s♦ t❤❛t

|µ − νj1| ≤ η ❢♦r ❛❧❧ j ≥ K. ✭✺✷✮

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✷✷ ❍❛❣❡r ✫ ❇❡♥❝t❡✉① ✫ ❈❛♥❝ès ✫ ▲❡ ❇r✐s

❍❡♥❝❡✱ ❢♦r ❛♥② j ≥ K✱ ✇❡ ❤❛✈❡

µ − η ≤ νj1 ≤ µ + η. ✭✺✸✮

❇② ✭✺✶✮✱ ✭✺✸✮✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ νj1 ❢♦r♠ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ µk1✱ ✐t ❢♦❧❧♦✇s t❤❛t

νj2 ≤ νj1 + η ≤ µ + 2η.

▲❡t k ❞❡♥♦t❡ ❛♥ ✐♥❞❡① ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s❡q✉❡♥❝❡ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t µk2 = νj2✳ ❇② ✭✺✶✮✱
✇❡ ❤❛✈❡

νj2 = µk2 ≥ µk+1,2 − η ≥ µk+1,1 − 2η.

❇② ✭✹✽✮ ❛♥❞ ✭✺✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

µk+1,1 ≥ µk1 − η = νj1 − η ≥ µ − 2η.

❈♦♠❜✐♥✐♥❣ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❣✐✈❡s

µ − 4η ≤ νj2 ≤ µ + 2η ❛♥❞ µ − η ≤ νj1 ≤ µ + η.

❙✐♥❝❡ η ✐s ❛r❜✐tr❛r②✱ ✐t ❢♦❧❧♦✇s t❤❛t νj1 ❛♥❞ νj2 ❛♣♣r♦❛❝❤ t❤❡ s❛♠❡ ❧✐♠✐t µ✳
❆❣❛✐♥✱ ❜② ❡①tr❛❝t✐♥❣ s✉❜s❡q✉❡♥❝❡s✱ t❤❡r❡ ❡①✐st ❧✐♠✐ts y1✱ y2✱ λ1✱ ❛♥❞ λ2 s✉❝❤ t❤❛t

[

H1 0
0 H2

] [

y1

y2

]

=

[

λ1y1 + µx2

µy1 + λ2y2

]

. ✭✺✹✮

❇② ✭✹✺✮✱ ✇❡ ❤❛✈❡

µ = µyT

2 x2,

✇❤❡r❡ µ > 0✳ ❙✐♥❝❡ y2 ❛♥❞ x2 ❛r❡ ✉♥✐t ✈❡❝t♦rs✱ ✇❡ ❞❡❞✉❝❡ t❤❛t x2 = y2✳ ❲❤❡♥ x2 ✐s r❡♣❧❛❝❡❞
❜② y2 ✐♥ ✭✺✹✮✱ ✇❡ s❡❡ t❤❛t y ✐s ❛ st❛t✐♦♥❛r② ♣♦✐♥t✳

❘❡♠❛r❦ ✹✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ H1 = H2 = H✱ ❜♦t❤ t❤❡ ❛♥❛❧②s✐s ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠
s✐♠♣❧✐❢②✳ ❆s ♥♦t❡❞ ❡❛r❧✐❡r✱ F ′

k(0) = 0 ✐♥ t❤✐s ❝❛s❡ s♦ t❤❡ ❣❧♦❜❛❧ st❡♣ ✐s s❦✐♣♣❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡
♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ✭✺✶✮ ❤♦❧❞s ✇✐t❤♦✉t t❤❡ r❡✈❡rs❡ ✐t❡r❛t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
❛❧❣♦r✐t❤♠ ❝❛♥ s✐♠♣❧② ❡♠♣❧♦② ❢♦r✇❛r❞ st❡♣s✱ ❢♦r ✇❤✐❝❤ t❤❡ ❛ss♦❝✐❛t❡❞ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t②
❝♦♥❞✐t✐♦♥ ✐s

[

H 0
0 H

] [

yk1

yk2

]

=

[

λk1yk1 + µk1yk−1,2

µk2yk1 + λk2yk2

]

. ✭✺✺✮

▼✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❜② yT

k2
❣✐✈❡s

µk1y
T

k2yk−1,2 = yT

k2Hyk1

= yT

k1(µk2yk1 + λk2yk2) = µk2.

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✷✸

❙✐♥❝❡ yk2 ❛♥❞ yk−1,2 ❛r❡ ✉♥✐t ✈❡❝t♦rs✱ t❤✐s s❤♦✇s t❤❛t µk2 ≤ µk1✳ ▼✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst
❡q✉❛t✐♦♥ ✐♥ ✭✺✺✮ ❜② yk−1,2 ❣✐✈❡s

µk1 = yT

k−1,2Hyk1

= yT

k1(µk−1,2yk−1,1 + λk−1,2yk−1,2)

= µk−1,2y
T

k1yk−1,1.

❙✐♥❝❡ yk1 ❛♥❞ yk−1,1 ❛r❡ ✉♥✐t ✈❡❝t♦rs✱ ✇❡ ❞❡❞✉❝❡ t❤❛t µk1 ≤ µk−1,2✳ ❍❡♥❝❡✱ ✭✺✶✮ ❤♦❧❞s ✇✐t❤
� r❡♣❧❛❝❡❞ ❜② ≥✳

✺ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

❆ s❡r✐❡s ♦❢ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢
t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ t♦ ❡①♣❧♦r❡ t❤❡ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧✲
②s✐s ❛♥❞ t❤❡ ♣r❛❝t✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ✇❡ ❞❡s❝r✐❜❡ ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣
❙❝✐❧❛❜ ✭✇✇✇✳s❝✐❧❛❜✳♦r❣✮✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ❧♦❝❛❧ st❡♣ ✭✶✵✮ ✇❛s ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣✉t✐♥❣
❛♥ ❡✐❣❡♥✈❡❝t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♠❛❧❧❡st ♥♦♥✲③❡r♦ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐① PHP✱ ✇❤❡r❡
P = I − aaT ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ✐♥t♦ t❤❡ s✉❜s♣❛❝❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ a✳ ❚❤❡ ❣❧♦❜❛❧ st❡♣ ✇❛s
✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ t❤❡ ❙❝✐❧❛❜ r♦✉t✐♥❡ ✏♦♣t✐♠✑ ✇✐t❤ ❞❡❢❛✉❧t ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳

❘❡❝❛❧❧ t❤❛t ✐♥ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s✱ t❤❡ st❡♣s✐③❡ ✇❛s r❡str✐❝t❡❞ t♦ ❛♥ ✐♥t❡r✈❛❧ [0,−ρF ′
k(0)]✱

❢♦r s♦♠❡ ✜①❡❞ ρ > 0✱ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ✐t❡r❛t❡s ❛♣♣r♦❛❝❤ ❡❛❝❤ ♦t❤❡r ✐♥ t❤❡ ❧✐♠✐t✳ ❍♦✇❡✈❡r✱
✐♥ ❛❧❧ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡r❡ ✇❛s ♥♦ ♥❡❡❞ t♦ r❡str✐❝t t❤❡ st❡♣s✐③❡
t♦ ♦❜t❛✐♥ ❝♦♥✈❡r❣❡♥❝❡✳ ❍❡♥❝❡✱ ✐t ❛♣♣❡❛rs t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦♥ t❤❡ st❡♣s✐③❡ ✐♥ ✭✻✮ ✐s ❛♥
❛rt✐❢❛❝t ♦❢ t❤❡ ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

■♥ ✭✺✶✮ ✇❡ s❤♦✇ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧♦❝❛❧ st❡♣s ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
❛❧❣♦r✐t❤♠ ❛❧♠♦st ❞❡❝❛② ♠♦♥♦t♦♥✐❝❛❧❧②✳ ■♥ ❘❡♠❛r❦ ✹✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❞❡❝❛② ✐s ♠♦♥♦t♦♥❡
✇❤❡♥ H1 = H2✳ ◆✉♠❡r✐❝❛❧❧②✱ ✇❡ ❢♦✉♥❞ t❤❛t ✇❤❡♥ H1 6= H2✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
♠✉❧t✐♣❧✐❡rs ♠❛② ♥♦t ❜❡ ♠♦♥♦t♦♥❡✳ ❆♥ ✐❧❧✉str❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷ ✇❤❡r❡ ✇❡ r❛♥❞♦♠❧②
❣❡♥❡r❛t❡ t✇♦ ✶✵✵ ❜② ✶✵✵ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s H1 ❛♥❞ H2 ✇✐t❤ ❡♥tr✐❡s ❜❡t✇❡❡♥ −1 ❛♥❞ +1✱
❛♥❞ ✇❡ ♣❧♦t t❤❡ ♠✉❧t✐♣❧✐❡rs ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r✳ ❉✉❡ t♦ t❤❡ ✐♥✐t✐❛❧ ❣r♦✇t❤
✐♥ t❤❡ ♠✉❧t✐♣❧✐❡rs ❞✉r✐♥❣ t❤❡ ✜rst ✸✵✵ ✐t❡r❛t✐♦♥s✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t ♠♦♥♦t♦♥❡ ❛♥❞ t❤❡
✐♥❡q✉❛❧✐t✐❡s � ✐♥ ✭✺✶✮ ❝❛♥ ♥♦t ❜❡ r❡♣❧❛❝❡❞ ❜② ≥ ✐♥ ❣❡♥❡r❛❧✳

■♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ✇❤❡♥ H1 = H2 ✇❛s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♠❛❧❧❡st ✸ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐①✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❛tr✐① ❞✐♠❡♥s✐♦♥✳
❚♦ ✐❧❧✉str❛t❡ t❤❡ t②♣✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✸ ❜② ✸ ❞✐❛❣♦♥❛❧ ♠❛tr✐①

H1 = H2 =





1 0 0
0 2 0
0 0 2 + α



 , ✭✺✻✮

✇❤❡r❡ α > 0 ✐s ❛ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ✇❡ ✈❛r② t♦ ❡①♣❧♦r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ st❛rt✐♥❣ ❣✉❡ss ✐s

xT

02 =
1√
3
[1 1 1]T. ✭✺✼✮
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 0.0001

 0.001

 0.01

 0.1

 0  100  200  300  400  500  600  700  800  900  1000

µ k

k

µ1
µ2

❋✐❣✉r❡ ✷✿ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡rs✱ r❛♥❞♦♠ ✶✵✵ ❜② ✶✵✵ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s H1 ❛♥❞ H2✱
ρ = 1✳

❙✐♥❝❡ H1 = H2✱ t❤❡ r❡✈❡rs❡ st❡♣ ❝❛♥ ❜❡ s❦✐♣♣❡❞✱ ❛♥❞ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ♦♣❡r❛t❡s ✐♥
✏❢♦r✇❛r❞ ♠♦❞❡✑ ✇✐t❤♦✉t ❛ ❣❧♦❜❛❧ st❡♣✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✐t❡r❛t❡s ❛r❡ ❛❧✇❛②s ♥♦♥③❡r♦✱
❛♥❞ t❤❡ ✐t❡r❛t❡s ❣✐✈❡♥ ❜② ✭✷✻✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠

xk1i =
µk1xk−1,2i

ǫi − λk1

, xk2i =
µk2xk,1i

ǫi − λk2

. ✭✺✽✮

❚❤❡ ✐t❡r❛t❡s ❝♦♥✈❡r❣❡ t♦ ❛ ♣❛✐r (x1,x2) ♦❢ t❤❡ ❢♦r♠

xT

1 = [a b 0]T ❛♥❞ xT

2 = [−b a 0]T

✇✐t❤ a2 + b2 = 1✱ ✇❤✐❝❤ ✐s ❛ ✈❛❧✐❞ s♦❧✉t✐♦♥ t♦ ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ❈♦r♦❧❧❛r② ✷ ❛♥❞ ❘❡♠❛r❦ ✸✳
❙✐♥❝❡ t❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s♦❧✉t✐♦♥ ✈❛♥✐s❤❡s✱ ✇❡ ✇✐❧❧ st✉❞② ❤♦✇ q✉✐❝❦❧② t❤❡ t❤✐r❞

❝♦♠♣♦♥❡♥t ❛♣♣r♦❛❝❤❡s ✵✳ ❇② ✭✺✽✮✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❝♦♠♣♦♥❡♥ts ❝❛♥
❜❡ ❡①♣r❡ss❡❞ ❛s

xk13

xk12

=
xk−1,23

xk−1,22

(

ǫ2 − λ1k

ǫ3 − λ1k

)

=
xk−1,13

xk−1,12

(

ǫ2 − λ2,k−1

ǫ3 − λ2,k−1

)(

ǫ2 − λ1k

ǫ3 − λ1k

)

.

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✷✺

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 1

 20  40  60  80  100  120  140  160  180  200

x k
13

k

α=1
α=0.1

α=0.01

❋✐❣✉r❡ ✸✿ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ xk13 ❢♦r ♠❛tr✐❝❡s ✭✺✻✮ ❛♥❞ st❛rt✐♥❣ ♣♦✐♥t ✭✺✼✮✳

❙✐♥❝❡ ǫ2 > ǫ3 ❢♦r t❤❡ ♠❛tr✐① ✭✺✻✮✱ t❤❡ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ (ǫ2 − λ)/(ǫ3 − λ)✱ λ ∈ [1, 2]✱ ❛tt❛✐♥s
✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ 1/(1 + α) ❛t λ = 1✳ ❍❡♥❝❡✱ ❜② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡

xk13

xk12

≤
(

1

1 + α

)2k

. ✭✺✾✮

❚❤✉s ❛s α ❛♣♣r♦❛❝❤❡s ✵✱ t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ❛♣♣r♦❛❝❤❡s ✵✱
r❡❧❛t✐✈❡ t♦ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t✱ ❣r♦✇s✱ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝♦✉❧❞ ❜❡ ♠✉❝❤ s❧♦✇❡r✳ ❆♥❞
❛s α ❜❡❝♦♠❡s ❧❛r❣❡✱ t❤❡ ❜♦✉♥❞ ❞❡❝r❡❛s❡s ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐♥❝r❡❛s❡s✳ ■♥ s✉♠♠❛r②✱
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ s❡❡♠s t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ǫ2 ❛♥❞ ǫ3 r❡❧❛t✐✈❡
t♦ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ǫ1 ❛♥❞ ǫ2✳ ❆s t❤❡ r❛t✐♦ ❛♣♣r♦❛❝❤❡s ✵✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝♦✉❧❞ ❜❡ s❧♦✇❡r✱
❛s s❡❡♥ ✐♥ ✭✺✾✮✳

■♥ ❋✐❣✉r❡ ✸ ✇❡ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ xk13 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r k ❢♦r
✈❛r✐♦✉s ❝❤♦✐❝❡s ♦❢ α✳ ◆♦t✐❝❡ t❤❛t ❛s α ❛♣♣r♦❛❝❤❡s ✵✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✮ ❜❡❝♦♠❡s
♠♦r❡ ♣♦♦r❧② ❝♦♥❞✐t✐♦♥❡❞ s✐♥❝❡ t❤❡ ♣♦✐♥ts

xT

1 = [1 0 0] ❛♥❞ xT

2 = [0 0 1]

❛r❡ ❢❡❛s✐❜❧❡ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ 3 + α ≈ 3✱ ✇❤❡♥ α ≈ 0✳ ❚❤✉s t❤❡r❡ ❛r❡ ❢❡❛s✐❜❧❡
♣♦✐♥ts ✇❤✐❝❤ ❛r❡ s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❜✉t ✇✐t❤ ♥❡❛r❧② t❤❡ s❛♠❡ ❝♦st ❛s t❤❡
♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ■♥ t❤❡ ❡①tr❡♠❡ ❝❛s❡ ✇❤❡r❡ α = 0✱ t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠
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♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛t t❤❡ ✜rst ✐t❡r❛t✐♦♥✳ ❚❤❡ t✇♦ ✈❡❝t♦rs x1 ❛♥❞ x2 ❤❛✈❡ t❤❡✐r t❤r❡❡
❝♦♠♣♦♥❡♥ts ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✳

❲❡ ♥♦✇ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦ t❤❡
❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ✇❤❡♥ t❤❡ st❛rt✐♥❣ ❣✉❡ss ✐s s✉✣❝✐❡♥t❧② ♣♦♦r✳ ■♥ ❘❡♠❛r❦ ✶✱ ✇❡ ♣♦✐♥t ♦✉t
t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❝♦♥✈❡r❣❡♥t ❢♦r ❛♥② st❛rt✐♥❣ ❣✉❡ss ✇❤❡♥ H1 = H2 ❛♥❞
ǫ3 − ǫ2 ≥ ǫ2 − ǫ1✳ ❙✉♣♣♦s❡ t❤❛t ǫ3 − ǫ2 < ǫ2 − ǫ1✱ ❛♥❞ t❤❡ st❛rt✐♥❣ ❣✉❡ss ✐s

xT

02 =
1√
2
[1 0 1 0 0 . . . ]T.

❆❝❝♦r❞✐♥❣ t♦ ❝❛s❡ ✸❝ ♦❢ ❙❡❝t✐♦♥ ✸✱

xT

11 =
1√
2
[−1 0 1 0 0 . . . ]T ❛♥❞ x12 = x02.

❍❡♥❝❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ❛❢t❡r ♦♥❡ ✐t❡r❛t✐♦♥ t♦ t❤❡ st❛t✐♦♥❛r② ♣♦✐♥t

xT

1 =
1√
2
[−1 0 1 0 0 . . . ]T ❛♥❞ x2 =

1√
2
[1 0 1 0 0 . . . ]T.

❚❤✐s st❛rt✐♥❣ ❣✉❡ss✱ ❤♦✇❡✈❡r✱ ✐s ❡①❝❡♣t✐♦♥❛❧✳ ■❢ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ♦❢ x02 ✐s ❝❤❛♥❣❡❞ t♦
❛♥② ♥♦♥③❡r♦ ✈❛❧✉❡ α✱ t❤❡♥ t❤❡ ✐t❡r❛t❡s q✉✐❝❦❧② ❝♦♥✈❡r❣❡ t♦ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳ ❋♦r ❡①❛♠♣❧❡✱
✐❢ α = 10−14 ❛♥❞

H1 = H2 = ❞✐❛❣ [−0.9,−0.5,−0.4,−0.3,−0.2,−0.1, 0.0,+0.1,+0.2,+0.3],

t❤❡♥ t❤❡ ❡rr♦r ✐s r❡❞✉❝❡❞ t♦ 10−10 ✇✐t❤✐♥ ✹✹ ✐t❡r❛t✐♦♥s✳
❋♦r t❤❡ ❝❛s❡ H1 6= H2✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ♠❛② ❝♦♥✈❡r❣❡ t♦ ❛ st❛t✐♦♥❛r② ♣♦✐♥t

✇❤✐❝❤ ✐s ♥♦t t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ✇❤❡♥ t❤❡ st❛rt✐♥❣ ❣✉❡ss ✐s ❞❡❣❡♥❡r❛t❡ ❛♥❞ t❤❡ ❞❡❣❡♥❡r❛t❡
✐t❡r❛t❡s ❛r❡ ❝❤♦s❡♥ ✐♥ ❛ ✈❡r② s♣❡❝✐❛❧ ✇❛②✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ s✉♣♣♦s❡ t❤❛t H1 ❛♥❞ H2 ❛r❡
❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✱ ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❛rr❛♥❣❡❞ ✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r✱ ❛♥❞ t❤❛t ❛❧❧ t❤❡
❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ st❛rt✐♥❣ ♣♦✐♥t x02 ❛r❡ ♥♦♥③❡r♦ ❡①❝❡♣t ❢♦r ❝♦♠♣♦♥❡♥t ✷ ✇❤✐❝❤ ✐s ✵✳ ❚❤❡
♥♦♥③❡r♦ ❝♦♠♣♦♥❡♥ts ♦❢ x02 ❛r❡ ❝❤♦s❡♥ t♦ ♠❛❦❡ ✐t ❞❡❣❡♥❡r❛t❡ ❢♦r H1✳ ❚❤❡ ✐♥✐t✐❛❧ ✐t❡r❛t❡ y11

✐s ❞❡s❝r✐❜❡❞ ❜② ❝❛s❡ ✸❞ ♦❢ ❙❡❝t✐♦♥ ✸✳ ❚❤❡r❡ ❛r❡ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ❧♦❝❛❧
s✉❜♣r♦❜❧❡♠✳ ❲❡ ❝❤♦♦s❡ t❤❡ s♦❧✉t✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✐s ③❡r♦ ✭t❤❡ r❡♠❛✐♥✐♥❣
❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦♥③❡r♦✮✳ ❚❛❦❡ ǫ11 ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ǫ12 t♦ ❡♥s✉r❡ t❤❛t y111 ✐s ♥❡❛r ✶ ✐♥
♠❛❣♥✐t✉❞❡✳ ■♥ t❤✐s ❝❛s❡✱ g(ǫ22) < 0 ✐♥ t❤❡ s❡❝♦♥❞ ❧♦❝❛❧ st❡♣✳ ❇② ❝❛s❡ ✸❜ ♦❢ ❙❡❝t✐♦♥ ✸✱ ❛❧❧ t❤❡
❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✐t❡r❛t❡ y12 ❛r❡ ③❡r♦ ❡①❝❡♣t ❢♦r t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✇❤✐❝❤ ✐s ✶✳ ❙✐♥❝❡
F ′

1(0) = 0✱ t❤❡ ❣❧♦❜❛❧ st❡♣ ❤❛s ♥♦ ❡✛❡❝t❀ ✇❡ ❤❛✈❡ x21 = y11 ❛♥❞ x22 = y12✳ ❚❤❡r❡❛❢t❡r✱ xk1

✐s t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢ t❤❡ ✐❞❡♥t✐t② ❛♥❞ xk2 ✐s t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ♦❢ t❤❡ ✐❞❡♥t✐t②✳ ■❢ H1 ❛♥❞
H2 ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t

ǫ11 + ǫ22 > ǫ21 + ǫ12,

t❤❡♥ t❤❡ ✐t❡r❛t✐♦♥ ❤❛s r❡❛❝❤❡❞ ❛ st❛t✐♦♥❛r② ♣♦✐♥t ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳ ■♥
❝♦♥tr❛st✱ ✇✐t❤ ❛♥② ♣❡rt✉r❜❛t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ♦❢ x02✱ ✇❡ ♦❜t❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ t♦
t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳

■◆❘■❆



❆♥❛❧②s✐s ♦❢ ❛ ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥ ❆❧❣♦r✐t❤♠ ✷✼

■❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ H1 ❛♥❞ H2 ❛r❡ ♦rt❤♦❣✲
♦♥❛❧✱ t❤❡♥ t❤❡s❡ ♦rt❤♦❣♦♥❛❧ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✮✳ ❇② r❛♥❞♦♠❧② ❝❤♦♦s✐♥❣ t❤❡
r❡♠❛✐♥✐♥❣ ♦rt❤♦❣♦♥❛❧ ❡✐❣❡♥✈❡❝t♦rs ♦❢ H1 ❛♥❞ H2✱ ✇❡ ♦❜t❛✐♥ ♥♦♥❝♦♠♠✉t✐♥❣ ♠❛tr✐❝❡s ❢♦r
✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✮ ✐s ❦♥♦✇♥✳ ❆s ❛ s♣❡❝✐✜❝ ❡①❛♠♣❧❡✱ ✇❡ t♦♦❦ Hi = QiDiQ

T

i ✇❤❡r❡ Di

✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❝❤♦s❡♥ r❛♥❞♦♠❧② ♦♥ [−1, 1]✱ ❛♥❞ Qi✱ i = 1 ♦r ✷✱
✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐① ♦❢ t❤❡ ❢♦r♠

Q1 =
[

e1 U1

]

❛♥❞ Q2 =
[

e2 U2

]

.

❍❡r❡ ei ❞❡♥♦t❡s t❤❡ i✲t❤ ❝♦❧✉♠♥ ♦❢ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✱ ❛♥❞ Ui ✐s ❛♥ n ❜② n− 1 ♠❛tr✐① ✇✐t❤
r❛♥❞♦♠❧② ❝❤♦s❡♥ ❡♥tr✐❡s s✉❝❤ t❤❛t Qi ✐s ♦rt❤♦❣♦♥❛❧✱ i = ✶ ♦r ✷✳ ❋♦r ❛❧❧ st❛rt✐♥❣ ♣♦✐♥ts✱ ✇❡
♦❜s❡r✈❡❞ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳ ❈♦♥✈❡r❣❡♥❝❡ t♦ ❧♦❝❛❧✱ ♥♦♥ ❣❧♦❜❛❧✱ ♠✐♥✐♠❛ ❤❛s
❛❧s♦ ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠❛tr✐❝❡s H1 ❛♥❞ H2 ❞♦ ♥♦t ❝♦♠♠✉t❡✱ ❜✉t ❤❛✈❡
t❤❡ s❛♠❡ ❡✐❣❡♥✈❡❝t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡✳

✻ ❈♦♥❝❧✉s✐♦♥s

❆ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❞❡✈❡❧♦♣❡❞ ❢♦r ❛ q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ s♣❤❡r❡
❛♥❞ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥str❛✐♥ts✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ♦❢ ❧♦❝❛❧ st❡♣s✱ ❜♦t❤ ❢♦r✇❛r❞ ❛♥❞
r❡✈❡rs❡✱ ❛♥❞ ❛ ❣❧♦❜❛❧ st❡♣ ✇❤❡r❡ ✇❡ ♠✐♥✐♠✐③❡ ♦✈❡r ❛ s✉❜s♣❛❝❡✳ ❲✐t❤♦✉t t❤❡ ❣❧♦❜❛❧ st❡♣✱ ❛♥②
❧✐♠✐t (y1,y2) ♦❢ t❤❡ ❧♦❝❛❧ st❡♣ s❛t✐s✜❡s

[

H1 0
0 H2

] [

y1

y2

]

=

[

λ1I µ1I
µ2I λ2I

] [

y1

y2

]

.

❚❤✐s ❞✐✛❡rs ❢r♦♠ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✽✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ♦♣✲
t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✮ ❜❡❝❛✉s❡ µ1 ♠❛② ♥♦t ❡q✉❛❧ µ2✳ ■❢ t❤❡ ❧♦❝❛❧ st❡♣ ✐s ❢♦❧❧♦✇❡❞ ❜② t❤❡
❣❧♦❜❛❧ st❡♣✱ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ❙❡❝t✐♦♥ ✹✱ F ′

k(0) t❡♥❞s t♦ ③❡r♦ ✭s❡❡ ✭✹✶✮✮✱ ✇❤✐❝❤
✐♠♣❧✐❡s t❤❛t ✭s❡❡ ✭✹✹✮✮ yT

1 H1y2 = yT

2 H2y1✳ ❙✐♥❝❡ µ1 = yT

1 H1y2 ❛♥❞ µ2 = yT

2 H2y1✱ t❤❡
❣❧♦❜❛❧ st❡♣ ❡♥s✉r❡s t❤❛t µ1 = µ2✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ✭✶✮
✐s s❛t✐s✜❡❞✳

❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛♥❛❧②s✐s ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❚♦ s❤♦✇ t❤❛t
t❤❡ ✐t❡r❛t❡ xk2 ❝♦♥✈❡r❣❡s t♦ t❤❡ s❛♠❡ ❧✐♠✐t ❛s yk2✱ ✇❡ st✉❞✐❡❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐♣❧✐❡rs ❢♦r
t❤❡ s✉❜♣r♦❜❧❡♠ ✭✶✵✮✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❡r λ ❢♦r t❤❡ s♣❤❡r❡ ❝♦♥str❛✐♥t ❧✐❡s ❜❡t✇❡❡♥
ǫ1 ❛♥❞ ǫ2✱ t❤❡ t✇♦ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ H❀ ♠♦r❡♦✈❡r✱ λ ❞❡♣❡♥❞s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s❧② ♦♥
a✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ♠✉❧t✐♣❧✐❡r µ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥str❛✐♥t ✐s ❝♦♥t✐♥✉♦✉s
❛t ♥♦♥❞❡❣❡♥❡r❛t❡ ❝❤♦✐❝❡s ❢♦r a✳

❆ ❧❡ss t❡❝❤♥✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s t❤❛t
t❤❡ ❧♦❝❛❧ st❡♣s st❡❡r t❤❡ ✐t❡r❛t❡s ✐♥t♦ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥✲
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