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Abstract: We analyze a decomposition algorithm for minimizing a quadratic objective
function, separable in x; and x5, subject to the constraint that x; and x, are orthogonal
vectors on the unit sphere. Our algorithm consists of a local step where we minimize the
objective function in either variable separately, while enforcing the constraints, followed
by a global step where we minimize over a subspace generated by solutions to the local
subproblems. We establish a local convergence result when the global minimizers nondegen-
erate. Our analysis employs necessary and sufficient conditions and continuity properties
for a global optimum of a quadratic objective function subject to a sphere constraint and
a linear constraint. The analysis is connected with a new domain decomposition algorithm
for electronic structure calculations.
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Analyse d’un algorithme de décomposition pour un
probléme de programmation quadratique

Résumé : On présente I’analyse numérique d’un algorithme de décomposition pour la
minimisation d’une fonction coit quadratique, séparable en x; et x2, sous la contrainte que
x;1 et x2 sont orthogonaux sur la sphére unité. Notre algorithme consiste en une étape
locale ou la fonction colt est minimisée séparément en chacune de ses deux variables, en
respectant les contraintes. Cette premiére étape est suivie d’une étape globale ot on minimise
la fonction cott sur un sous-espace généré par les solutions de I’étape locale. Un théoréme
de convergence locale est établi quand les minimiseurs globaux ne sont pas dégénérés. Notre
analyse utilise les conditions nécessaires et suffisantes et les propriétés de continuité du
minimum global d’une fonction colt quadratique minimisée sous une double contrainte
sphérique et linéaire. Cette analyse est reliée & un nouvel algorithme de décomposition
de domaine pour les calculs de structure électronique.

Mots-clés : programmation quadratique, contraintes d’orthogonalité, méthode de décomposition
de domaine, calculs de structure électronique
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1 Introduction

In [2] and [3] we develop a multilevel domain decomposition algorithm for electronic structure
calculations which has been extremely effective in computing electronic structure for large,
linear polymer chains. Both the computational cost and memory requirement scale linearly
with the number of atoms. Although this algorithm has been very effective in practice,
a theory establishing convergence has not yet been developed. The algorithm in [2, B]
was motivated by a related decomposition algorithm for a quadratic programming problem
with an orthogonality constraint. In this paper, we develop a convergence theory for the
decomposition algorithm.

Let H; and Hy be symmetric n by n matrices. We consider the following quadratic
optimization problem:

min F(x1,%2) := x] Hyx; + xJ Hoxo (1)

subject to xJx; =1 =xJx2, x]x2 =0.

In other words, find orthogonal unit vectors x; and x» which minimize the separable
quadratic objective function. Our algorithm for () consists of a “local step” where we
minimize F' over each variable separately, while enforcing the constraints, followed by a
“global step” where we optimize over a subspace generated by the iterates of the local step.
There are two modes of the local step, a “forward” and a “reverse” mode. In consecutive
iterations, we employ the forward mode followed by the reverse mode. If x; = (xj1,Xg2)
is the iterate at step k, then the forward and the reverse modes of the local step are the
following:

7,Xpo) : 2] =1, 2'xp0 = 0},

Yri € arg min {F :
forward
{ Yklaz) : ”Z” = ]‘J zTykl = 0};

Yr2 € arg min {F

2)

xr1,2) ||zl =1, zTxp =0},
z,yk2) : ||zl = 1, 2Tyr = 0}.

Ye2 € arg min {F
Yri € arg min {F

Py Py

reverse {

In general, the local steps converge to a limit which may not be a stationary point of
(@M. To achieve convergence to a stationary point for (), each local step, either forward or
reverse, is followed by a “global step” where we minimize F' over the subspace spanned by
the following four vectors, while enforcing the constraints of (II):

KT P B ®

The global step amounts to minimizing F' over the curve defined by

24 (s) = ﬁ(yk + sd), (4)

where

Yk2 Yk1
d=+ d = .
[ —Yk1 ] anc Ye [ Yk2 ]

RR n° 6288



4 Hager & Bencteuz & Cancés & Le Bris

for k=0,1,2,...
If k is even, perform a forward step:
yii € argmin {F(z,x2):||z||=1, z"xp =0},
Yr2 € argmin {F(yi,2): |zl =1, 2'ym =0},

If k is odd, perform a reverse step:
Yia € argmin {F(x1,2):||z||=1, z'x =0},
Vi € argmin {F(z,yi):|lzll =1, 2Tys = 0}.
If k is either even or odd, perform a global step:
_ 1 _ Yk2 k4+1 _
zi(s) = ﬁ(yk +sd), d=4= [ Y ] , x*Tl=1z(s),
where
s € arg min {Fy(s) : s € [0, —pF}(0)]}.
end

Figure 1: The decomposition algorithm.

Let Fy(s) = F(zx(s)) be the objective function evaluated along the search direction. For
convenience, the sign in the definition of d in the global step is chosen so that F}(0) < 0.
At iteration k in the global step, we set

Xpt1 = Z(8g), (5)

where sy, is the stepsize.

Notice that when H; and Hy are 2 by 2 matrices, the 4 vectors in @) span R?. Hence,
in the 2 by 2 case, the global step yields a global optimum for ({Il). More generally, we find
that the local steps steer the iterates into a subspace associated with the eigenvectors of Hy
and Hy corresponding to the smallest eigenvalues, while the global step finds the best point
within this low dimensional subspace.

Ideally, the stepsize sy is the global minimum of Fj(s) over all s. However, the conver-
gence analysis for this “optimal step” is not easy since ||xp — xj41]|| could be on the order of
1 for all k. For example, if H; = Hj, then Fy(s) is constant, independent of s; consequently,
any choice of s is optimal, and there is no control over the iteration change. To ensure global
convergence of the algorithm, we restrict the stepsize to an interval [0, —pF} (0)], where p is
a fixed positive scalar. In other words, we take

sy, € arg min {Fy(s) : s € [0, —pF}(0)]}. (6)

Notice that s, = 0 when F}/(0) = 0 and the global step is skipped. In practice, we observe
convergence when sj is a global minimizer of Fj. The constraint on the stepsize is needed
to rigorously prove convergence of the iteration. For reference, the complete algorithm is
recapped in Figure [

INRIA



Analysis of a Quadratic Programming Decomposition Algorithm 5

Since F' is a pure quadratic, the objective function satisfies
F(Xl,Xz) = F(—X17X2) = F(Xl, —Xz) = F(—Xl, —Xz).

Hence, if yt; is a minimum in a subproblem at iteration k, then so is —yy;. In order to carry
out the analysis, it is convenient to choose the signs so that following inequalities hold:

(7)

xfoHiyrp >0 and yJ Hoyre >0 (forward mode)
x; Hoygo >0 and yL,Hiyr >0 (reverse mode)

With this sign convention, the multipliers associated with the orthogonality constraints in
the local step are always nonnegative as shown in Section H

Our analysis establishes local, and in some cases global, convergence of the decomposition
algorithm of Figure[ll to a stationary point. Recall that y = (y1,¥y2) is a stationary point if
there exist scalars A;, A2, and p such that

Hl 0 Y1 — /\II NI Y1 (8)
0 H, y2 pl oI y2 |’
The condition (®) is often called the KKT (Karush-Kuhn-Tucker) condition.

The local step in the decomposition algorithm requires the solution of a quadratic pro-
gram of the following form:

min x"Hx subject to ||x||=1, a'x=0, (9)
where a € R" with ||al]| = 1 and H is symmetric. In the decomposition algorithm, H is H;
and a is either xy; or ygi, ¢ = 1 or 2. Since H is symmetric, we can perform an orthogonal
change of variables to diagonalize H. Hence, without loss of generality, we can assume that
H is diagonal with the ordered eigenvalues

Q<< .. <e (10)

The analysis of the decomposition algorithm is based on an analysis of how the multiplier
for the constraint a'x = 0 in (@) depends on a. For almost every choice of a on the
unit sphere, the multiplier is unique and depend continuously on a. Let e; denote the
smallest eigenvalue of H which is strictly larger than €;. The degenerate choices of a, where
uniqueness and continuity are lost, correspond to those a which satisfy the equations

2 2
a;  _ a;
Z — e Z € —

€s
€i=€1 €i>€s

, |lall =1, a; =0 when ¢; = ¢,. (11)

€s

We say that a is degenerate for H if ([II]) holds, and conversely, a is nondegenerate if {1 is

violated. The degenerate choices of a compose a set of measure 0 on the unit sphere. We say

that (y1,y2) is nondegenerate for (@) if y; is nondegenerate for Hy and y2 is nondegenerate

for Hy. If H; and Hy commute, then the solution to (), given in Section [ is nondegenerate.
Our main result is the following:

RR n° 6288



6 Hager & Bencteuz & Cancés & Le Bris

Theorem 1. If the global minimizers of ) are all nondegenerate, then for any starting
guess sufficiently close to the solution set, there exists a subsequence of the iterates of the
decomposition algorithm of Figure 0l which approaches a stationary point for ().

Remark 1. In the special case where H; = Hy and €3 — €5 > €3 — €1, it is shown in
[1] that the decomposition algorithm is globally convergent for any starting point. On the
other, we observe in Section [ that when €3 — e < €3 — €1, then for specially chosen starting
points, the algorithm could converge to a stationary point which is not a global minimum.

In our local convergence result Theorem [ the requirement for the starting point ensures
that the iterates avoid degenerate points for either H; or Ha. Let Cy denote the minimum
value for the objective function of () subject to the additional constraint that either xy
is degenerate for Hy or x5 is degenerate for Hy. Since the global minimizers of ([{Il) are
nondegenerate, Cy is strictly larger than the minimum value for the objective function. If
the objective function at the starting point is strictly less than Cy, then the iterates are
bounded away from degenerate points for either H; or Ha.

The paper is organized as follows. In Section Bl we develop necessary and sufficient
optimality conditions for a quadratic optimization problem with both a sphere and an affine
constraint, and we develop necessary optimality conditions for (). In Section Bl we apply
the optimality theory to obtain an optimal solution for the local subproblem, and we show
that the multipliers in the subproblems possess a continuity property. The optimality theory
also yields the solution to the original problem () when H; and H, commute. In Section
B we prove our local convergence result Theorem [[l In Section Bl we investigate the global
convergence of the decomposition algorithm using a series of numerical examples.

2 Optimality Conditions

Each step of the domain decomposition algorithm requires the solution of a sphere con-
strained, quadratic programming problem with a linear constraint. This leads us to consider
a problem with the structure

1
min f(x) := EXTHX —h'x subjecttox'x=1, Ax=b, (12)

where A is m by n, h € R”, and b € R™. The local steps of our decomposition algorithm
correspond to the case h = 0, m = 1, and b = 0. Our analysis in this section, however,
applies to the more quadratic cost function and linear constraints appearing in ([I2).

The following result gives necessary and sufficient conditions for a point to be a global
minimum. Without the linear constraint, this result is known (see [6]). We give a slightly
different analysis which also takes into account linear constraints. Recall that at a local
minimizer where a constraint qualification holds, the Hessian of the Lagrangian is typically
positive semidefinite over the tangent space associated with all the constraints, both the
linear constraint Ax = b and the sphere constraint x'x = 1. If y is a global minimizer

INRIA



Analysis of a Quadratic Programming Decomposition Algorithm 7

for (I2) and A is the Lagrange multiplier for the sphere constraint, then the second-order
necessary optimality condition is

d"(H - AM[)d >0 whenever Ad=0 and y'x=0.

In ([[@), we claim that the condition y'x = 0 can be dropped and the Hessian of the
Lagrangian is positive semidefinite over a larger space, the null space of A.

Proposition 1. Suppose that'y is feasible in [IA). A necessary and sufficient condition for
y to be a global minimizer is that there exist A € R and p € R™ such that

Hy=h+y\+ATp (13)

and
d"(H - \I)d >0 whenever Ad = 0. (14)

Proof. Let £L:R x R™ x R® — R be the Lagrangian defined by
A
LOp,%) = f(x) + 5(1 —x"%) + p7 (b - Ax).

First, suppose that there exist A € R and p € R™ such that (I3) and () hold. For any
feasible x for ([2), a Taylor expansion of £ around y yields

fx) = L wpx)
= L) + VeLO V) (X = ¥) + 5 (x = y) T (H = M) x - )

1
= fly)+ §(X—Y)T(H—)\I)(X—Y)- (15)
The first-derivative term in ([IH) vanishes due to ([3). Since x is feasible, A(x —y) = 0.
Hence, ([4) and ([[3) imply that f(x) > f(y), which shows that y is a global minimizer for
(™.

Conversely, suppose that y is a global minimizer for (I2). Condition (3) is the usual
first-order optimality condition at y. This condition holds if the following “constraint qual-
ification” is satisfied (e. g. see [H]): For each vector d in the tangent space T at y, there
exists a feasible curve approaching y along the direction d, where

T={deR":y'd=0, Ad =0}

Given d € T, such a feasible curve is given by the formula

y+td—X0 )
) =x0+ [ 2 2CTX0 Y %0 — v, 16
X() Xo (||y+td—x0|| ||X0 y” ( )

RR n° 6288



8 Hager & Bencteuz & Cancés & Le Bris

where ¢ is a scalar and xg is the point satisfying the linear equation Ax = b which is closest
to the origin. Since the expression in parentheses in ([[8) lies in the null space of A and
since Axg = b, it follows that Ax(t) = b for each choice of ¢. Since xq is orthogonal to the
null space of A, it follows from the Pythagorean theorem that x(t) is a unit vector for each
choice of t. Differentiating x(t), we obtain

(v - Xo)Td) _

lly — xoll?

X(0) = d -y —x0)

Since d € T, y'd = 0. Since x¢ is orthogonal to the null space of A and Ad = 0, we have
x{d = 0. Hence, x'(0) = d and there exists a feasible curve approaching y in the direction
d. This verifies the constraint qualification for ([IZ); consequently, the first-order condition
(@3 is satisfied for some A\ € R and p € R™.

By (I3@), the first-order optimality condition ([[3), and the global optimality of y, we have

(x—y) H-A)(x~y) =2(f(x) - f(¥)) >0 (17)

whenever x is feasible in ([[). Suppose that Ad = 0. If in addition, d"y = 0, then d € T.
Earlier we observed that when d € T, x(¢) is feasible in ([[2) for all choices of ¢. Since
x(t) is feasible, we can substitute x = x(t) in (). Since x(t) —y = td + O(t?), it follows
from ([7), after dividing by ¢? and letting ¢ approach 0%, that (&) holds. If d"y # 0, then
d ¢ T, and ||y +td|| <1 for a suitable choice of ¢ near 0. Increase the magnitude of ¢ until
|ly +td|| = 1. Substituting x =y + td in ([[d) gives (). O

We now obtain bounds on the location of the multiplier A associated with ([[2).

Proposition 2. If the eigenvalues of H are arranged in increasing order as in (I and if
A has rank k > 1, then X < €1 when holds. Moreover, ifh =0 and b= 0 and y is
a global minimizer in ([[3), then X\ > €.

Proof. If V is an n by k matrix whose columns are an orthonormal basis for the rows of A,
then the matrix P = I— V'V projects a vector into the null space of A. Define B = H— AL
Condition ([Id) is equivalent to

x'"PBPx=x"(I-VV)BI-VV x>0 (18)

for all x € R™. In other words, the matrix PBP is positive semidefinite.
Expanding in ([[&), we have
PBP = B-VV'B-BVV' +VV'BVV'
= B+WV'+VW'
= B+PP"-QQ' (19)

INRIA
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where

W+V d _W-V
7 and Q= 7z
By an old result, first written down by Weyl [8] (see Parlett [5, p. 192]), the i-th smallest
eigenvalue of B — QQ" is less than or equal to the i-th smallest eigenvalue of B for any i.
Since P has rank k, the same result of Weyl also implies (see [5, p. 193]) that the smallest
eigenvalue of (B—QQ")+ PP is less than or equal to the (k+ 1)-st smallest eigenvalue of
B — QQ. Since the (k + 1)-st smallest eigenvalue of B = H — AL is €541 — A, the (k+1)-st
smallest eigenvalue of B — QQT is less than or equal to €41 — A. Hence, if A > €41, PBP
is not positive semidefinite and ([A) cannot hold. Conversely, if ([[A) holds, then A < €x41.
Now, suppose that h = b = 0 and A < ¢;. By (), we conclude that y = (H-AI) "' AT .
Utilizing the constraint Ay = 0, it follows that

1
W=-BV + §VVTBV, P=

AH-)X) ATy =0.
Hence, p lies in the null space of AT. Since h = 0 and A < ¢, it follows that y = 0, which
violates the sphere constraint ||y|| = 1. Consequently, A > €;. O

Next, we focus on the original 2-variable problem ().

Corollary 1. If (y1,y2) is a local minimizer for (), then there exist A1, A2, and p such
that the KKT condition [8) holds. If y is a global minimizer for ), then for i = 1,2, we
have \; € [€;1,€2], where €;; is the j-smallest eigenvalue of H;,

€1 < €2 < ... < €in- (20)

Proof. The gradients of the constraints for (l) at y are multiples of the 3 vectors

M

Since these vectors are orthogonal, they are linearly independent. Since the “linear inde-
pendence constraint qualification” is satisfied, the first-order optimality condition () holds
for suitable choices of A1, A2, and u. If y is a global minimizer of (), then y; is a global
minimizer of the problem

min x'H;x subject to x'x = 1, z'x = 0,

where z = y, when ¢ = 1 and z = y; when ¢ = 1. We apply Proposition Bl with &k = 1 to
obtain \; € [6,'1,62'2], i1 =1,2. O

RR n° 6288
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3 The local step and continuity

In each step of the domain decomposition algorithm, we must solve a quadratic programming
problem of the form (). After an orthogonal change of variables, we can assume, without
loss of generality, that H is diagonal with the ordered eigenvalues ({[) on the diagonal and
[lal| = 1. Using Propositions [l and Bl we now determine the optimal solutions to (@). In the
special case h =0 and A = a', the first-order optimality conditions ([C3) reduce to

Case 1:

Case 2:

Case 3:

Hy =yA+ap (21)

€1 = €3. By Proposition B the multiplier A of Proposition Mlis A = €; = e3. Define
the set

Ez- = {J : 6]' = 6,’}.
If 4 # 0, then by ([ZI) we must have a; =0 for all i € &. If i & &1, then
; 2
yi= Y and aly=p) —— #£0, (22)
€ — € g6 € —€

which violates the orthogonality condition a’y = 0. Hence, x = 0 and all y satisfying
the following conditions are solutions to ():

yi=0ifi ¢ &, aly=0, [yl=1. (23)

Observe that there is an infinite set of solutions y while the multipliers A and p are
unique.

€1 < €2 and a3 = 0. If A > ¢, then the second-order condition () is violated by
the vector dy = 1 and d; = 0 for 4 > 1. Hence, A = €;. As in Case 1, the orthogonality
condition a'y = 0 is violated unless u = 0. The solution is again given by (Z3) and
the multipliers are A = A\; and u = 0.

€1 < €2 and a1 # 0. We first show that A > €;. Suppose, to the contrary, that
A = €. The first component of ([J) implies that p = 0. Hence, [I3) reduces to
Hy = €¢1y. Since H is diagonal and ¢; > €; for ¢ > 1, we conclude that y; = 0 for
i > 1. Hence, y; = %1 since y is a unit vector. However, a vector of this form violates
the orthogonality condition a'y = 0 when a; # 0. This gives a contradiction, so we
have A > ;.

(a) a; # 0 for some ¢ € £,. We show that A < e;. Suppose, to the contrary, that
A = €3. Since a; # 0 and a; # 0 for some i € &, the second-order condition
(@) is violated by taking d to be completely zero except for components 1 and
i. Since €; < A < €2, (1)) can be solved for y:

y = u(H = \I) ta. (24)

INRIA
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(b)

(c)

RR n° 6288

If u = 0, then y = 0, which violates the constraint y'y = 1. We combine the
expression (24)), with the orthogonality condition a'y = 0, and the fact that
1 # 0 to obtain the equation

g@%:}j.% - 0. (25)

Observe that g is strictly monotone increasing on the interval (1, €2) and g(ef) =
—oo since a3 # 0 while g(e5) = 400 since a; # 0. There exists a unique zero A
of g in (€1, €2). The solution to (@) is

n 2 -1
na; 2 a; ' 1
;i = ——  wh = § —r = . 2
Y 6 — A ere [ ( (e /\)2> g'(A) (26)

i=1

The equation for p? is obtained from the requirement that y'y = 1. Notice that
both the solution y and the multiplier x4 are unique to within sign.

a; = 0 for all 7 € & and g(e2) < 0. We show that A = €3 and p = 0. By 1),
we have o
yi = B hen g & Es.
€; — A

If u # 0, then the orthogonality condition a'y = 0 reduces to (ZH), which has
no solution on (e1,€2) since g is monotone on this interval, g(e}) = —oo, and
g(e2) < 0. Hence, p = 0. If X\ < €3, then ([Z4) implies that y = 0, which violates
the constraint y'y = 1. Hence, A = €3 and p = 0. The solution consists of all
vectors y satisfying

yi=0ifig &, |yl =1 (27)
Notice that A and p are again unique.

a; = 0 for all i € & and g(ez) > 0. First, suppose that u # 0. Since g(e]) =
—oo while g(e2) > 0, g in (20) has a unique zero on (e, €2). Hence, one solution
to ) is given by [28). We now consider the possibility that 4 = 0 at a global
minimum. We will show that this leads to a contradiction. Consequently, there
is a unique (to within sign) global minimizer for @) given by @8). If u = 0,
then by @I, (e; — A)y; = 0 for all 4, which implies that y; = 0 for 7 ¢ &, since
€1 < A < €. Since ||ly|| = 1, it follows that A = ez (or else y = 0, violating
the condition ||y|| = 1). We now show that the second-order condition () is
violated for the choice
a;
di = )
€ —7
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(d)

where ~ is the unique zero of g on the interval (€1, €s). This choice for d satisfies
the condition a’d = 0 since g() = 0. Since v < €3, we have

d"(H - \I)d d"(H - eD)d =) di(e—e)
i=1

= a;(ei — €2) a?(ei =) _ _
= zgng (€i —)? <i§5:2 (61 — )2 g(v) =0.

This violates the second-order condition ([4).

a; = 0 for all ¢ € €, and g(e2) = 0. This is the degenerate case introduced in
Section [l We first observe that A = e5. Suppose, to the contrary, that A < es.
By 1), y is given by @4). If u # 0, then the orthogonality condition gives 2H),
which has no solution on (1, €2) since g is monotone and g(e2) = 0. Consequently,
p = 0 and ([24) implies that y = 0, violating the constraint y 'y = 1. Thus A = €.

By @1, o
yi= 1 forig & (28)

€ — €2
For i € &,, the first-order condition (3] provides no information concerning y;
since both sides of the equation vanish identically:
(€ — €2)y; = pa; =0
The general solution is the following. First, choose any value for y;, i € & , such
that
doyi<t
1€E2
Then choose p in ([28§) such that ||y|| = 1. In other words, we choose p so that
u2 = 1-Yiee, 47
9'(e2)

Notice that A is unique in the degenerate case, while both p and y have multiple
values.

Lemma 1. For the optimization problem [@ and a global minimizer y, the multiplier A
associated with the constraint y'y = 1 is a Lipschitz continuous function of a on the unit

sphere. With appropriate sign, the corresponding multiplier p associated with the orthogo-
nality constraint a'y = 0 is continuous at any nondegenerate a.
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Proof. In Case 1, Lipschitz continuity is trivially satisfied, so we focus on the situation where
€1 < €. Since the intersection of the hyperplanes a; = 0 or ay = 0 with the unit sphere are
sets of measure zero on the surface of the sphere, Lipschitz continuity over the complement
implies Lipschitz continuity over the entire sphere (by continuity). Hence, we restrict our
attention to €; < €2, a1 # 0, and az # 0. In this case, A is the unique solution to (23) on
the interval (€1, €3). Differentiating 23l gives

o\ _ 2&1'
da; A—e€)g'(N)

(29)

If for some 4, we have

> a?>1/2, (30)

JEE;
then
G-l = (i) [ +M—M§:@%%§ (31)
’ JEE; jge:
1 ) 1 1
- © > > .
(|e,~ - /\|> JGZE 4 = 2le; — A T 2(en —€1)
It follows from (29) that when (B0) holds,
o\
‘aa' S 4(€n - 61).

If a; = 0, then OA/0a; = 0 by [J). Now, suppose that a; # 0 and B) is violated. By Z9)
and (@), we have

‘ oA _ 2|a,|
da;| 2
1 ) a?
- J
PEpTA P37 Rl DBy oy
JEE; jges
2
( |ai > lei — Al > aj
|61 - /\l |ai| FEE; (en - 61)2
2

(32)

(Q?N)+<M@ﬁv(%%iavy

The last inequality is due to the assumption that (B0) is violated, which implies that

> ai>1/2.

JEE:
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14 Hager & Bencteuz & Cancés & Le Bris

The denominator contains both |a;|/|e; — A| and its reciprocal |e; — A|/|a;|. Suppose that

|a;]
> 1. 33
PR (33)

By B2), the partial derivative 0A/da; is bounded by 2 in magnitude since both terms in
the denominator of ([B2) are positive and one of the terms is greater than or equal to 1.
Conversely, if ([B3) is violated, then we drop the first term in the denominator of ([B2) to
obtain

‘ O S 4(€n - 61)2.

6(1,’

At this point, we have shown that there exists a constant 8 with the property that if a
lies on the unit sphere with a; # 0 and a2 # 0, then

‘8)\ <8

8a,~

for each i. Observe that the solution A to ([Z3) does not change if a is multiplied by a
nonzero scalar. Hence, for any nonzero a (not necessarily on the unit sphere) with a; # 0
and ay # 0, we have

oA
| <81l

Consequently, there exists constants r; < 1 < ro with the property that

<28

oA
6ai

whenever 1 < ||a]| < r2, a1 # 0, and a2 # 0. Given two arbitrary points on the unit
sphere, we can construct a piecewise linear path between them with the property that the
line segments all lie within the shell formed by the spheres of radius r; and r;. Due to the
bound on the partial derivatives of A, the change in A across each line segment is bounded
by 25 times the length of the line segment. Since the number of line segments is bounded,
independent of the location of the points, we deduce that A is a Lipschitz continuous function
of a on the unit sphere.

Now consider the multiplier u. If €, = €2, then g = 0 (Case 1) and there is nothing to
prove. Next, we focus on Case 3a where pu is given by 8). For A € (e1,€2), ¢’ is bounded
away from zero. For example,

: ~_ a 1
7= ; (Cia—)\)2 z (en — €1)?

i=1

Let A(a) denote the unique multiplier associated with any given a. Since A is a Lipschitz
continuous function of a, it follows that p is continuous at any point a where A\(a) # ¢;
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for all 4. Since A € [e1, €], the only potential points of discontinuity are those points b for

which A\(b) =¢;,i=10ri € &. If by # 0 or b; # 0 for any i € &, then u(a) approaches 0

as a approaches b due to the pole in the denominator of ¢’. Hence, p is continuous at b.
If b = 0 and A(b) = €1, then we use ([Z3) to solve for a?/(e; — A):

2 2
ay  _ a;
)\—el_zei—/\ (34)

i>1

By assumption, A(a) approaches e€; as a approaches b. Since the right side of (B4 is
continuous when A is near €, the limit of the left side as a approaches b is

b7
Zei_el >0

i>1

since b = 0 and ||b|| = 1. Consequently, by (28), u tends to 0 as a approaches b, the same
limit given in Case 2.
Finally, suppose that b; = 0 for all i € & and A\(b) = €5. Again, by ([ZH), we have
2

(A—1€2>Za?zzeia—ik (35)

i€€o ¢ Ex

According to the statement of the lemma, we only need to prove continuity at nondegenerate
b, in which case the right side does not vanish at A = e;. Hence, as a approaches b, the
right side approaches the limit
b2
>z
€; — €9

igEs "
Consequently, by (28), u tends to 0 as a approaches b, the same limit given in Case 3b.
Note that Case 3c is not a point of discontinuity of p since A < e3. This completes the
proof. O

Now let us consider the original problem (). If H; and Hy commute, then they are
simultaneously diagonalizable by the same eigenvector matrix [7, p. 249]. In this case, we
can perform an orthogonal change of variables to reduce H; and H, to diagonal matrices.
The solution is as follows:

Corollary 2. Suppose H;, i =1 and 2, are diagonal with diagonal element €;;, 1 < j < m,
arranged in increasing order. The minimum cost in [{d) is

€11 T €22 0T €12 + €21,
whichever is smaller. In the first case, an associated solution to [) is
yin =1, ya=1, and y;; =0 otherwise.
In the latter case, an associated solution to () is

yiz=1, yan =1, and y;; =0 otherwise.
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16 Hager & Bencteuz & Cancés & Le Bris

Proof. Without loss of generality, we assume that the diagonal elements of H; are strictly
separated:

€1 <€ < ...<€ip
for i = 1,2. If some of the diagonal elements were equal, then we could establish the corollary

by considering a sequence of perturbed problems and letting the perturbation go to zero.
By the first-order optimality conditions () and by the diagonal structure of the H;, we have

(€15 — M)y1j = pya; and  (ezj — A2)y2j = ;-

We combine these equations to obtain

(€17 — A1)(€25 — A2) — N2]y1j =0= [(611 — A1) (e2j — A2) — 14| Y2 - (36)

By Corollary [, the multipliers A; and A, satisfy A; € [ei1,€:2]. Hence, the coefficient
of y1; and yo; in (BH) are strictly increasing functions of j € [2,n]. It follows that these
coefficients can vanish for at most one j € [2,n] and possibly for j = 1. When the coefficients
of y1; and y»; do not vanish in (B6), we must have y;; = y2; = 0. In summary, at the global
optimum, all the components of y;; vanish except possibly y11, y21, y1;, and y»; for some
J €[2,n]. We focus on the case j = 2 since j > 2 leads to a larger cost.

Define w%j = v; and ng = wj; for j = 1,2. The optimization problem (Il with H;
diagonal and z;; = 0 for j > 2 reduces to

min vi€1 + v2€12 + wi€21 + Waea
subject to vy +v2 =1 = w; + wo,
VW] = VW2, V1,V2,wWi, w2 > 0.

The equation v;w; = vaws is the orthogonality condition 211221 = —r12222 squared. We
substitute v; = 1 — vy and w; = 1 — wy to reduce the optimization problem to

min €11 + €21 + U2(€12 - 611) + w2(€22 - 621) (37)

subject to wvo +wy =1, vy >0, wy>0.

We substitute v2 = 1 — ws in the objective function to further reduce the optimization
problem to

min € + €12 + wa(€11 + €22 — €21 — €12)
subject to 0 < wy < 1.

Since the cost function is linear in w2, the minimum is achieved at either wy = 0 (w; = 1,

v = 0, vo = 1) with objective function value €21 + €15 or w1 =1 (wy =0, v1 = 1, vy = 0)
with objective function value €11 + €22. O
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Remark 2. Assuming the eigenvalues are all distinct, then the degenerate choices for a
in @) correspond to those vectors a for which

af - azg 2
= as = 0 a; = ]. 38
€ — €1 ; € — 62, 2 3 #22 i ( )

The solution to ({Il) given by Corollary Blhas the property that the nonzeros lie in the first two
components of the vectors, while a degenerate a must have nonzero in components greater
than or equal to 3. In fact, it follows from BR) that

Tb € €
2 €3 €
Eafz .
€3 — €

i=3 3T

Remark 3. Let us consider the special case H; = Hy = H. Since H; and Hs commute,
we can apply Corollary Let €; denote the j-th smallest eigenvalue of H. As shown in
(BD), the optimization problem () reduces to

min 2e; + (’1)2 + ’U)z)(GQ — 61)
subject to wva +wy =1, vy >0, wy>0.

Since vy + we = 1, the objective function value is €; + €5, independent of the choice of v
and wq satisfying the constraints. Hence, when H; = Hy there are an infinite number of
solutions to ([Il). y: is any unit vector in the span of the eigenvectors associated with €; and
€2, and y» is any orthogonal unit vector in the same eigenspace. Note that if H is 2 by 2,
then all feasible points are optimal and F(x1,x2) is the trace of H whenever x; and x5 are
feasible in ().

4 Convergence of the decomposition algorithm

The proof of Theorem [0 is organized into four steps. In Step 1, we analyze the global step
and show that the iteration difference ||x5+1 — yi|| tends to 0. In Step 2, we show that
the multipliers pg; in the local step are almost monotone decreasing since the violation in
monotonicity decays to zero as the iteration number £ tends to infinity. Step 3 and 4 focus
on the limit of the multipliers ux; as k tends to infinity. Step 3 considers the limit 0, while
Step 4 considers a positive limit.

Step 1. Analysis of the global step

Suppose that iteration k corresponds to the forward mode. Let y; denote the result of
the local step, and let x4 be the result of the global step based on the starting point yy.
Since xy; is feasible in the first subproblem of the forward mode (&), we have

F(yri,xk2) < F(Xp1,Xk2)-
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Since xpo is feasible in the second subproblem, we have

F(yr1,¥r2) < F(yri,Xk2)-

Combining these relations gives
F(yr) < F(xx). (39)

A similar analysis for the reverse mode also gives F(yy) < F(xy).
The components of z(s) lie on the unit sphere for all choices of s. Consequently, F}/(s)
is bounded by a finite constant M, uniformly in k£ and s. Define the constants

d =min{p,1/M} and 5, = —dF};(0).
Since 5y, lies on the interval [0, —pF} (0)] appearing in (@), we have
F(xpt1) = Fr(sk) < Fi(5%)- (40)
Expanding in a Taylor series around s = 0, there exists &, € [0, s] such that
Fi(3k) = Fi(0) + Fi(0)3x + 55, Fy (&)
< Fi(0 )+Fk(0)3k+ 35 M
Yo

= F(0) + 6F;(0)*(L6M — 1) < F;,(0) — $ F{(0)*
= F(yx) - F'(O) < F(xi) — $F4(0)?,

where the last inequality is (B3). Combining this with @) gives

Foxus) < o) - (§ ) RO

Summing this inequality over k yields

F(xy) < F(xo) — ( )kng,;

Since the feasible points for ([I) lie on the unit sphere, the objective function value is bounded
from below. Hence, we have
lim FJ(0) = 0. (41)

k—o0
By the definition of z; and the fact that s, € [0, —pF},(0)] where F}(0) approaches 0, we
also conclude that
%kt1 — yrll < c|Fi(0)] (42)
where ¢ is a constant which is independent of k.
Step 2. The change in the multiplier y.

INRIA



Analysis of a Quadratic Programming Decomposition Algorithm 19

The first-order optimality conditions associated with the subproblems (@) can be stated
in the following way: There exist scalars Ag1, g1, Ak2, and pge such that

H, 0 Ykl ] [ Ak1Yk1 + Pk1Xk2 ]
forward = )
v [ 0 H ] [ Y2 Pk2Yk1 + Ak2Yk2

(43)

reverse [ (I;Il 0 ] [ Yk1 ] — [ Ak1Yk1 + k1Y k2 ] _

H: Yk2 Hr2Xk1 + Ap2Y k2

By the orthogonality between yr; and xxs (forward), between yx1 and yge (forward and
reverse), and between xi1 and yy2 (reverse), we have:

M1 = yaHiyi M1 = yhLHiyim
T T
= x,,H = H
forward Hi ';2 LYk1 reverse Hi y_krz LYk1 (44)
k2 = YroHoyio Az = YioHoyr2
ez = Y Hoyes pr2 = x5 Hoygo

By our sign convention (), the multipliers p;; are nonnegative.
By the definition of Fy(s), we have

FL(0) = £(yf Hiyro — Yo Hoyki). (45)

We multiply the first equation in @3) by y}, to obtain yJ, Hiyks = pr1yjoXk2. We multiply
the second equation by yJ, to obtain y} Hoyks = pr2. Hence, in the forward mode,

pre = Vi Hoyee
= yiHiyre F F(0)
=YXk F F(0), (46)
which implies that
pikz < | YgaXrz| + [Fi(0)] < py + |F(0)] (47)

since ygo and Xgo are unit vectors. In a similar fashion, for the reverse mode at iteration
k + 1, we have

Prs1,1 < prt1,2 + [Frpqp (0)]. (48)

If iteration k corresponds to the forward mode, then the multiplier ug; corresponds to

a = xy2 and H = H; in {@). The multiplier py_1,1 corresponds to a = yj_1,2 and H =H;

in @. By @) ||xk2 — Yk—1,2|| < c|F},_;(0)|. We apply Lemma [l and @I)). For any (small)
n > 0, we have

[er — pr—1,1] <
when £k is sufficiently large, which implies that

pe1 < pr—1,1 + 1 (49)

RR n° 6288



20 Hager & Bencteuz & Cancés & Le Bris

The analogous result for the reverse mode is

Pr+12 < pez + 1 (50)

for k sufficiently large.
Combining ED)-(E), it follows that when k is large enough that [F}(0)| < n for all
j >k, we have
Hk—1,1 7 k1 2= HE2 2 [g41,2 = Pk41,1 (51)

where the notation pg; > pre means that pge < ug1 + 7. Hence, in each iteration, the p
multiplier either decreases or makes an increase which is bounded by 7.
Step 3. The case liminf gy = 0.

When liminf pg; = 0, there exists a subsequence of the iterates with the property that
11 tends to 0. By (BI) and the fact that 1 can be taken arbitrarily small, we conclude
that the corresponding subsequence of the multipliers pgs also approaches 0. Since yy lies
in a compact set, we can extract subsequences converging to a limit denote y. By (#4), the
corresponding subsequence of multipliers Ax; and Ag2 also approach limits denoted A; and

As. BY (m)a we have
[ 1 :| [ , :| [ ik :|
0 II2 Y2 A2y2 '

Since y; and y, are orthogonal unit vectors, we conclude that y is a stationary point for
(@ corresponding to the multiplier 4 = 0.
Step 4. The case p = liminf pug; > 0.

Let us focus on a subsequence of the iterates, also denoted ug; for convenience, with the
property that ug, approaches p. Given any n > 0, choose K large enough that (&I holds
for all £ > K. Also, choose K large enough that

< <. (52)

N3

— inf
‘# kngﬂkl

Hence, for some k > K, we have
p=n< prr < pt.

By &I it follows that
pre < pgr +n < p+2n.

Also, by (&I and by (&2), we have

=1 < pet1,1 < k1,2 1 < gz + 20,

Combining these inequalities gives

p=3n<ppe<p+2n and p—n<pp <p+1.
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Since 7 is arbitrary, it follows that pg; and pg2 approach the same limit p.
Again, by extracting subsequences, there exist limits y1, y2, A1, and Ay such that

H; 0 y1 :[)\1}’1 +  px (53)
0 H, y2 pyr + Ay2 |
By #8), we have
[ = pysXa,

where 1 > 0. Since y» and x5 are unit vectors, we deduce that xs = y2. When x5 is replaced
by y2 in (B3), we see that y is a stationary point.

Remark 4. In the special case Hy = Hs = H, both the analysis and the algorithm
simplify. As noted earlier, F,(0) = 0 in this case so the global step is skipped. Moreover, the
monotonicity property (&I holds without the reverse iteration. Hence, the decomposition
algorithm can simply employ forward steps, for which the associated first-order optimality
condition is

[ H 0 ] [ Vi1 ] _ [ Ae1Yr1 + k1Y k—1,2 (54)
0 H Yi2 Pr2Yr1 + Ak2Yk2 |

Multiplying the first equation by y], gives

PEiY peYi—12 = YieHym
=y (Bk2yYr + Me2Yrz) = fgo-

Since yr2 and yj_1,2 are unit vectors, this shows that prz < pr1. Multiplying the first
equation in (B4) by yr_1.2 gives

Mkl = yz_1,zHYk1
y-klr—l (Bk=1,2Yk—1,1 + Ae—1,2¥k-1,2)
= Nk—l,zygﬂ’k—m-

Since yx1 and y—1,1 are unit vectors, we deduce that pg1 < pr—1,2- Hence, @) holds with
> replaced by >.

5 Numerical experiments

A series of numerical experiments were performed to investigate the convergence rate of the
decomposition algorithm and to explore the connections between the theoretical analysis
and the practical convergence. The experiments we describe were performed using Scilab
(www.scilab.org). The solution of each local step [@l) was obtained by computing an eigenvec-
tor associated with the smallest non-zero eigenvalue of the matrix PHP, where P = I—aa’
is the projection into the subspace perpendicular to a. The global step was implemented
using the Scilab routine “optim” with default parameter values.
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Figure 2: Convergence of the multipliers, random 100 by 100 diagonal matrices H; and Hs,
p=1

Recall that in our theoretical analysis, the stepsize was restricted to an interval [0, —pF} (0)],
for some fixed p > 0, to ensure that the iterates approach each other in the limit. However,
in all our numerical experiments, we found that there was no need to restrict the stepsize
to obtain convergence. Hence, it appears that the restriction on the stepsize in (f) is an
artifact of the analysis presented in this paper.

In (BI) we show that the multipliers associated with the local steps in the decomposition
algorithm almost decay monotonically. In Remark 4, we show that the decay is monotone
when H; = H,. Numerically, we found that when H; # Hs, the convergence of the
multipliers may not be monotone. An illustration is given in Figure Bl where we randomly
generate two 100 by 100 diagonal matrices H; and Hy with entries between —1 and +1,
and we plot the multipliers as a function of the iteration number. Due to the initial growth
in the multipliers during the first 300 iterations, the convergence is not monotone and the
inequalities > in (&I can not be replaced by > in general.
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In our experiments, the convergence speed when H; = Hy was closely related to the
distribution of the smallest 3 eigenvalues of the matrix, independent of the matrix dimension.
To illustrate the typical convergence, we consider the 3 by 3 diagonal matrix

1 0 0
H=H,=|0 2 0 |, (55)
0 0 2+a

where a > 0 is a parameter which we vary to explore the convergence. The starting guess
is 1

T T

Xg = —=[1 1 1]". 56

02 \/3[ ] ( )
Since H; = Hj, the reverse step can be skipped, and decomposition algorithm operates in
“forward mode” without a global step. The components of the iterates are always nonzero,
and the iterates given by (£8) can be expressed in the form
_ HE1TE-1,2¢ _ BEk2Tg,15 (57)

Tr1s = y TR2i = ——~ -
€ — A1 € — Ak2

The iterates converge to the solution
x; =[1 00" and x5 =[0 1 0]".

Since the third component of the solution vanishes, we will study how quickly the third
component approaches 0. By (&), the ratio between the second and third components can
be expressed as

Tk13 _ Th—1,23 (62 - )\lk) _ Tg-1,13 (62 - )\Q,k—l) (62 - )\lk)

Tpiz  Th-1,22 \€3 — Alg Tp_1,12 \ €3 — A2p—1 €3 — A1
Since €3 > €3 for the matrix ([BH), the rational function (e2 — A)/(e3 — A), A € [1,2], attains
its maximum value 1/(1 4+ «) at A = 1. Hence, by induction, we have

@s( . )2k. (58)

Tr12 1+a

Thus as a approaches 0, the bound on the rate at which the third component approaches 0,
relative to the second component, grows, and the convergence could be much slower. And
as a becomes large, the bound decreases and the convergence rate increases. In summary,
the convergence speed seems to depend on the ratio of the gap between €3 and €3 relative
to the gap between €; and €5. As the ratio approaches 0, the convergence could be slower,
as seen in (BX).

In Figure B we show the convergence of x;13 as a function of the iteration number k for
various choices of a. Notice that as a approaches 0, the optimization problem (Il) becomes
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Figure 3: Convergence of x5 for matrices (B3) and starting point (BH]).
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more poorly conditioned since the points
x; =[1 00 and xJ=1[0 0 1]

are feasible with objective function value 3 + a = 3, when a ~ 0. Thus there are feasible
points which are separated from the optimal solution, but with nearly the same cost as the
optimal solution.

We now give an example where the decomposition algorithm does not converge to the
global minimum when the starting guess is sufficiently poor. In Remark 1, we point out
that the decomposition algorithm is convergent for any starting guess when H; = H» and
€3 — €3 > €2 — €1. Suppose that €3 — €2 < €5 — €1, and the starting guess is

1
ngﬁp 0100 ... ]

According to case 3c of Section B,

1
XL:E[—l 0100 ... " and xi12 = Xq2.
Hence, the algorithm converges after one iteration to the stationary point
1 1
T T T
x;,=—=[-10100 ... and xo=—7=[1 0100 ...]".
1 \/i[ ] 2 \/5[ ]

This starting guess, however, is exceptional. If the second component of x¢2 is change to any
nonzero value «, then the iterates quickly converge to the global minimum. For example, if
a =10"1* and

H, = H, = diag [-0.9, —0.5, —0.4, —0.3, —0.2, —0.1, 0.0,+0.1,+0.2, +0.3],

then the error is reduced to 10710 within 44 iterations.

For the case H; # H,, the decomposition algorithm may converge to a stationary point
which is not the global minimum when the starting guess is degenerate and the degenerate
iterates are chosen in a very special way. As an example, suppose that H; and Hy are
diagonal matrices, with diagonal elements arranged in increasing order, and that all the
components of the starting point xg2 are nonzero except for component 2 which is 0. The
nonzero components of xg2 are chosen to make it degenerate for Hy. The initial iterate y11
is described by case 3d of Section Bl There are an infinite number of solutions to the local
subproblem. We choose the solution for which the second component is zero (the remaining
components are nonzero). Take €11 close enough to €12 to ensure that yi11 is near 1 in
magnitude. In this case, g(e22) < 0 in the second local step. By case 3b of Section B all the
components of the iterate yio are zero except for the second component which is 1. Since
F{(0) =0, the global step has no effect; we have x5; = y1; and x23 = y12. Thereafter, xz;
is the first column of the identity and x» is the second column of the identity. If H; and
H, are chosen so that

€11 + €22 > €21 + €12,
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then the iteration has reached a stationary point which is not the global minimum. In
contrast, with any perturbation in the second component of x¢2, we obtain convergence to
the global minimum.

If the eigenvectors corresponding to the smallest eigenvalues of H; and Hs are orthog-
onal, then these orthogonal eigenvectors are the solution of (). By randomly choosing the
remaining orthogonal eigenvectors of H; and Hjy, we obtain noncommuting matrices for
which the solution of () is known. As a specific example, we took H; = Q;D;Q] where D;
is a diagonal matrix with diagonal elements chosen randomly on [—1,1], and Q;, i =1 or 2,
is an orthogonal matrix of the form

1 o _ [0 of
Ql_|:0 U1:| and Q2_|:81 U2:|

Here e; is the first column of the identity and U; are random orthogonal matrices. For all
starting points, we observed convergence to the global minimum. Convergence to local, non
global, minima has also been observed in the case where the matrices H; and Hy do not
commute, but have the same ground state eigenvector.

6 Conclusions

A decomposition algorithm is developed for a quadratic programming problem with sphere
and orthogonality constraints. The algorithm consists of local steps, both forward and
reverse, and a global step where we minimize over a subspace. Without the global step, any
limit (y1,y2) of the local step satisfies

ERBEEEIR
0 H y2 | | gl Aol y2 |’

This differs from the first-order optimality conditions (B) associated with the original op-
timization problem () because p; may not equal us. If the local step is followed by the
global step, then according to the analysis of Section B, F} (0) tends to zero (see (EIJ)), which
implies that (see @3)) y{Hiy2 = y4Hoyy. Since p1 = y] Hiy2 and ps = yd Hoy;, the
global step ensures that pu; = ps. Consequently, the first-order optimality condition for ()
is satisfied.

The complexity of the analysis is connected with the proof of convergence. To show that
the iterate xg2 converges to the same limit as y2, we studied the properties of multipliers for
the subproblem (). We showed that the multiplier A for the sphere constraint lies between
€1 and €5, the two smallest eigenvalues of H; moreover, A depends Lipschitz continuously on
a. In contrast, the multiplier y associated with the orthogonality constraint is continuous
at nondegenerate choices for a.

A less technical explanation for the performance of the decomposition algorithm is that
the local steps steer the iterates into a low dimensional subspace associated with the eigen-
vectors of the smallest eigenvalues of Hy or Hy, while the global step finds the best point
in this subspace.
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