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P(QSR0T�UWVOXOY&Z\[!]_^a`bR;T�U;^5c_deT�f0gihkj9dSU;^
lmgbnpoqU�`O[_T�rp^bQ

strvueu'npgb`tw!UWgiU;xyQeU;gixyQeUzc|{~}�}F}�}�Z��tde�9dS^q`��p�p�_��Z��p��u�rv�pUF^

�����;�0���e�p�p�W� U�u'U0gb��npgiT�U;w�r,`bgyr��pU;��h�ce�$�(r��pU�rvcSrp��]!^bh�^�nv��r$`q��n,ueQ�rp^bU�hk^anp`bQeU;gbT�rp���mdS��U;g5T�n!w!U;�'`bn�U� !Qeh�¡eh¢`(`iQeU�h�ceceU;g
^a`bgidSx£`idegiU�nv�O^bQen!xy¤���r��9U;^Wh�c.`q��nv¥¦ueQSrp^bU�§Sn��t^;¨?©ªc.`iQeU�T�n!w!U;��^a`bdSweh�UFw.h�c«`bQehk^���n9gb¤|¬�`bQeU�w!h�^i^bh�uSrv`bh��pU­giU0�9de�krvgih�®;h�ce�
`iU0giT�hk^­cenp`­nv���Khk^ix�npd�^�`q]Ku'U?¡ede`­h�cS^a`bUFrpw¯x�n9T�U;^���ginpT°gbU;��rv !rv`bh�npc±ueQeU0cSnpT�U0cSr�`in���rpgiw²U;jKdeh���h�¡egih�dST°¡'U�`q��U0U;c±`iQeU
ueQ�rp^bU;^;¨�P(QSh�^��ph��pUF^�rpc­dec_dS^bdSrv�|^q`igbd�x£`bdSgbUO`bn�`bQeU�w!h�³'dS^bh�npc­`iU0cS^bnpg��5QeU;gbU�w!h�^i^bh�uSrv`bh��pUO`bU0giT�^�rpueu'U;rvg�npcS��]�h�c­`bQSU�T�rp^i^
x0npcS^bU0gi��r�`bh�npc�U;jKdSrv`bh�npcS^;¨ � U�^aQen���`bQSrv`W`bQehk^Wh�T�ue��h�U;^W`bQSrv`W`bQeU�T�rp^i^���gyrpx£`ih�n9cS^WrvgiU�cenv`,x0npcS^a`irpcK`�h�cS^bh�weU�`bQeU­^bQen!xy¤
rp�¢`iQenpde�9Q�`bQSU�sOrvce¤_h�ceU�¥ª´tde�9npceh�nv`�gbU;��rv`bh�npcS^��ph��pU�r�®0U;gbntoqdeT�u�np�M`bQeU�T�rp^i^m��gyrpx�`bh�npc�`iQeginpde�9Q�`bQeU�w!hk^bx0npcK`bh�c_deh�`bh�U;^;¨ � U
rp��^bn�^bQen��µ`bQ�r�`�`bQeU;gbU�U� !hk^q`y^�r�x�gih�`bhkx0rv�_^bu�U;U;wW��n9g�`bQeU�`bgyr��pU;��h�ce�t�(r��pUF^
rv¡'n��pU��5QehkxyQ,cen

C 1
^bnp��d!`bh�npc�^�U0 !h�^a`;¨�VtU0�9U0gb`bQe��U;^i^

��n9g(`bQehk^tx0r9^aU9¬!h¢`thk^(u'n9^i^ah�¡e��U�`bn�x�n9cS^q`igbd�x£`(`bgyr��pU;��h�ce��^an9��d!`ih�n9cS^(h�cK�9np���_h�ce��^bh�ce�9��U�ueQ�rp^bU�^bQen!xy¤!^0¨
¶¸·K¹|ºb»�¼ ��½��p� ��^a]_T�u!`inv`bhkx5rvc�rv��]_^bhk^0¬K¾�Q�rvueT�rvce¥C�mc�^a¤9np��U� !uSrvc�^ah�npcM¬9strvce¤_h�ceU�¥ª´tdS�pnpcSh�np`�giU0�kr�`ih�n9cS^0¬K[_Qen!xy¤�^a`bgidSx£`idegiUp¬
P�gir��9U0��h�cS���(r��pUF^0¬S¾�npT�uegiU;^i^bh�¡e��U�`q��n�ueQSr9^aU�§Sn��t^

∗ ¿�ÀqÁÃÂ�À£Ä Å�Æ�ÇÉÈÉÈËÊyÁÃÌvÍ�ÎBÏ£Ð�Ñ�ÇËÊFÄ ÇÉÒ�ÁÃÇËÊFÄ Ó�ÁÕÔ'Ö�ÁÃÏy×ÃÀqØ�ÙFÚ�Û�ÙF¿
† Ü ÇÉÒ�ÝqÀqÒ0ØaÄ Ö!ÀqÁBÁÃÇÉÀqÁ¦Í�ÞtÊiØBÑKÄ ÆFÔàßvÏ£ÁÃÌ�ÀaÊyÆFápâ£Ä Ó�Á�Ô'ã�ÒFÇ Â�ÀaÁÃÎCÇ ØBä~Ì�Àmå|Ï£ÁÃÌ�ÀaÊyÆFá�â
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	 � � Vtn9dS^mr��9npcS^�gif;rp��hk^af(decSUOrvcSrp��]!^bU5uSrvg�npcSw!UF^~ueginp�9gbUF^b^bh��9U;^�w�� dec�T�n_weR0��Ut�mde��U0g�
Ww!U0d! �ueQSr9^aUF^~u'npdeg�wef;x�gih�gbU
�kr�^q`igbdSx�`bdegiU�w!U;^(n9cSw!U;^5weU�xyQSn_x;^(wervcS^���U;^(fFx�npdS��U;T�U;cK`i^5w!h�ueQSr9^ahkjKdeU;^;¨���rpcS^(x�U�T�n_weR0��Up¬!��U;^�`bU;gbT�UF^5w!U�gbf;�pde�krvgih�^ir�`ih�n9c
w!hk^i^ah�uSr�`ih��9U�cSU"^bnpcK`�uSrp^�w!U�`q]_u�U"�_hk^bjKdeU;d! «T�rvhk^�uSgbn��_h�U0ceceU;cK`�w!U�`bU;gbT�UF^�weU�giU0�kr� erv`bh�npc«�9U0gy^,��� fFjKdeh���h�¡egbU�U0cK`igbU���UF^
ueQ�rp^bU;^;¨?¾�U;��r w!npcecSU­deceU�^a`bgidSx�`bdegiU­h�ceQSrv¡Sh¢`ideU0����U�rvdµ`bU;cS^bU0deg�w!U�w!h�³'d�^ah�npc«n��«w!U;^$`bU;gbT�U;^,w!h�^i^bh�uSrv`bh��Ã^,rpueuSrvgyrvhk^i^aU;c9`
^bU0de��U0T�U;c9`$werpcS^���U;^�f;jKdSrv`bh�npcS^�w!U�x0npcS^bU0gi��r�`bh�npc�^�weU;^�T�rp^i^aUF^0¨�Vtn9dS^�T�npcK`bginpcS^�jKdeU�x�UF^�`bU0giT�U;^�h�T�ue��hkjKdeU0cK`$jKdeU���UF^
��gyrpx�`bh�npcS^�T�rp^i^ahkjKdeU;^�ceU�^bnpcK`�uSrp^�x�n9cS^q`yrvcK`bUF^�wSrvcS^���UF^�®0npcSU;^�w!U�xyQen!x,¡eh�U;c jKdeU���UF^OgiU0�kr�`ih�n9cS^�w!U�sOrvce¤_h�ceU�¥ª´tde�9npceh�nv`
uegif0�9nph�U0cK`mdec�^irvde`�c_de��w!UF^~��gyrpx�`bh�npcS^~T�r9^b^bh�jKdeUF^�rpd�`igir��9U0gy^~w�� dec�xyQen!xv¨�Vtn9dS^mT�n9c9`igbn9cS^mrpdS^b^bh�jKd�� h��SU� !hk^q`iUtdeceU��_h¢`iU;^i^aU
w�� npc�w!U$x�gih¢`ih�jKdeU$rpd¸w!U0��
�w!UW�krpjKdeU0����UWh��Mc�� U0 _hk^a`bUWue��dS^tw!U$^bnp��d!`ih�n9c

C
1
¨�¾�U0u'U0c�wervcK`;¬'wervc�^5x�U$x0r9^0¬ScenpdS^(T�n9c9`igbn9cS^5jKdeU

��� n9c"u�U;d!`Ox�n9cS^q`igbdSh�giU�weU;^t^bnp��d!`bh�npc�^5j9dSh|��npcK`Orvueu�rvgyrvh�`bgiU�w!UF^txyQen!x0^(T�npcSnpueQSr9^ahkjKdeU;^;¨
� ¼ �;� º ��� � �«� �OcSrv��]!^aU�r9^a]_T�u!`inv`bhkjKdeUp¬���f0�9U0��npu'U0T�U0cK`y^,w!U?¾�QSrvuST�rpc!¥¦�mcS^b¤pnp��¬�stU0�kr�`bh�npc�^,w!U�strvce¤_h�ceU�¥ª´tdS�pnpcSh�np`;¬
[K`igbd�x£`bdSgbU$w!UF^5xyQen!x0^;¬���cSw!UF^(uegbn9�pgiU;^i^ah��pUF^0¬9��x�n9de��U0T�U0cK`i^Ow!h�uSQSrp^bh�jKdeUF^5x�n9T�uSgbUF^b^bh�¡S��UF^
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8:9%; �;� ¼ ½ ���v��< ¼ ; =

>@?BA · 	«�e� A · 	²�!�5<B�p� ��	 ¼ ½ · � C
�e¨0D ��c9`igbn9u_]�rvcSw�w!hk^b^bh�uSr�`ih��_h�`q] ¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨ �
�e¨ �3´O]_u�U;gb¡'np��h�x0h¢`q] ¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨ E

FHG · �I<KJe�!�5< ¼ ; ¼ML � A · 	 ¼ ½ · � N
�S¨0D P(QSU�`q��nv¥¦uegiU;^i^adSgbU9¬p`q��n��pU0��n!x�h�`q]­¡Srpgbnp`bginpuehkxtT�n!w!U0��¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨ O

�S¨0D9¨0D P�d�rp^bh¢¥¦��h�ceUFrvg���npgiT nv��`bQSU�T�n!w!U;��¨W¨W¨�¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨ O
�S¨0D9¨ � �m _hk^a`bU0c�x�UWnv�~rvc�U0cK`igbn9uK] ¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨QD;�
�S¨0D9¨ � ´O]_u�U;gb¡'np��h�x0h¢`q] ¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨QDRD

�S¨ �TS�h�gi^a`a¥¦npgyw!U;g5¾�QSrpueT�rvc!¥¦�mcS^b¤pn9��rpcSrv��]!^ahk^�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨QDRD

UT? ���RJ · ��< ;WV » �6J · � ¼ � ���5< ¼ ; � ¼ML � A · � · ½ ��� · ½ 	 ¼ ½ · � 8XU
Y ¨0D � U;rp¤�^bQen!xy¤_^ ¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨QD��
Y ¨ � [_`bginpce��^aQSn_xy¤!^µ¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨W¨�¨W¨�¨W¨�¨W¨�¨QD��

=@Z �
	 · �!<Ã�p� ����[W[
��<Ã�9�!�5< ¼ ; � 8 N

\ ] ¼ ; ��� ���5< ¼ ; >M>
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D l�gbn��S��UF^(h�c�`iQeUW^aQen!xy¤���n9g(`bQeUW��U;rp¤�^bQen!xy¤­x0rp^bUp¬!dSueu�U;gt��U��à`
�~uegiU;^i^adSgbU9¬KdSueu�U;gtgih��9Q9`��~�9U0��n_x0h¢`q]9¬!��n���U0g���U��à`��~T�rp^i^���gyrpx£`ih�n9c D
� l�gbn��S��UF^(h�c�`iQeUW^aQen!xy¤���n9g(`bQeU$^a`bginpcS��^bQen!xy¤�x0r9^aU�n9¡!`irph�ceUFw­��ginpT cKdST�U;gbhkx0rp�Õh�cK`iU0�pgyr�`ih�n9c�np����� Y�� deuSu�U;gt��U0�à`
�~uegiU;^i^adegiUp¬_deuSu�U;g
� Y rp^i^���gyrpx�`bh�npc�uegin��S��U�h�c�`bQSU$^aQen!xy¤���n9g(`bQeU$^a`bginpcS��^bQen!xy¤�x0r9^aU9¬�S�� ^bxyQeU;T�U�x0npT�uSrpgbUFw­�5h�`bQ�`bQeUWc_deT�U;gbhkx0rp�Õh�cK`bU;�pgyr�`ih�n9c�nv�����
Y Y rp^i^���gyrpx�`bh�npc�uegin��S��U�h�c�`bQSU$^aQen!xy¤���n9g(`bQeU$^a`bginpcS��^bQen!xy¤�x0r9^aU9¬_dS^ah�ce�­rpc�h�cSx�giU;r9^ah�ce��c_deT,¡'U0g5np���9gbhkw�u'nph�cK`i^;¨~P(QeUW��rvgih�n9dS^(x�d
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´O]Ku'U0gi¡'np��h�xW^b]!^q`iU0T�^(nv��l�rpga`ih�rp���Oh�³|U0giU0cK`bhkrv�M��j9d�r�`bh�npc�^(nv�
`iQeU���npgiT

∂U

∂t
+ A(U)

∂U

∂x
= 0

� D �

�5QeU;gbU
U ∈ IRn

rvcSw
A(U)

hk^trpc
n × n

T�r�`igbh� Õ¬SrvuSu�UFrvgth�c¸r���rpgb�9U�c_deT�¡�U;gtnv�~w!n9T�rph�c�^5h�c¸^ix�h�U0cSx0U$rvcSw�U;ce�ph�ceU0U;gbh�ce��¨
©¦�

A(U) = dUF (U)
��npg5^an9T�U�§�d! ­��decSx�`bh�npc

F (U)
¬e^a]!^a`bU;T �cD � ¡'U;x�n9T�U;^(r�^a]!^a`bU0T nv��x0npcS^bU0gi��r�`ih�n9c��kr��t^�np�
`iQeU���npgiT

�
∂U

∂t
+

∂F (U)

∂x
= 0

�B� �
� uSrpgir9w!h��9T�rv�'U� ervT�ue��U�np�M`bQSU;^bU�^b]!^q`iU0T�^(rvgiUt`iQeU��mde��U0g5U;jKdSrv`bh�npcS^�np�
�9r9^�w!]_cSrpT�h�x;^�U0 !uegbUF^b^bh�ce�$`iQeUWx�npc�^aU;gb��r�`ih�n9c­nv�
T�rp^i^

ρ
¬|T�npT�U0cK`ideT

ρu
rvcSw U0ceU;gb�9]

ρe
�5QeU0giU

U = (ρ, ρu, ρe)t
rvcSw

F (U) = (ρu, ρu2 + p, (ρe + p)u)t
�5h�`bQ

p
`iQeU

uegiU;^i^bdegbU9¨
� xyQSrpgir9x£`bU;gbhk^a`bhkx5��U;rv`bdegiU�nv��^b]!^q`iU0T�^ � D � n9g��B� � hk^�`bQSrv`�`iQeU0h�g5^an9��de`bh�npcS^(x0rpc�¡'U;x0npT�U�w!h�^ix�n9cK`bh�cKdSnpdS^�U0�9U0c���npg5rvcSrp��]K`ih�x
h�ceh�`bhkrv��wSr�`irS¨�P(Qehk^5��U;r9we^(`bn�`iQeU,x0npcSx0U0u!`tnp��^bQen!xy¤�^bnp��d!`bh�npcS^tnv��`bQeUF^aU,^b]!^q`iU0T�^���SSnpgO^b]!^q`iU0T nv�~x�npc�^aU;gb��r�`ih�n9c��kr��t^(nv�
`iQeU���npgiT �B� � r�^aQen!xy¤�`igir��9U0��h�cS���5h�`bQ¸^bu�U;U;w

s ∈ IR
hk^5r���U;rp¤�^bnp��d!`bh�npc�nv���B� � nv��`bQeU���n9gbT

U(x, t) =

{

UL

��npg
x < st

UR

��npg
x > st

�B� �

`iQSr�`O^ir�`ih�^ �SU;^�`iQeU$strpce¤_h�ceU0¥¦´Ode�pn9ceh�nv`(gbU;��rv`bh�npcS^ �

F (UR) − F (UL) = s(UR − UL)
� Y �

´On���U;�pU0gF¬;`bQehk^�x0npcSx0U0u!`�nv�S^bQen!xy¤��(r��pUF^Õhk^M`inKnO�5h�w!U ���5x�`bdSrp����]�T�rpcK]W^a`bU;uW��decSx�`bh�npcS^�^brv`bhk^q��]_h�ce�5`iQeU�sOrvce¤_h�ceU�¥ª´tde�9npceh�nv`
x0npcSw!h�`bh�npc�^ � Y � x0rpc�U� !hk^q`5^bh�T�de�¢`yrvceU;npdS^b��]�rpcSw�`iQ_dS^�`bQeU�h�ceh¢`ih�rp�|��rp��dSU�ueginp¡S��U;T�^���npg��C� � T�r�]�QSr��9UOT�de�¢`ih�uS��UW^bnp��d!`bh�npcS^;¨
� ^bdSx0x0U;^i^q��dS�5��r�]µ`in�giU0T�UFw!]µ`bnµ`iQeh�^�uSgbn9¡e��U;T hk^�`bn.rpwew ^bnpT�U¸w!h�^i^bh�uSrv`bh��pU�T�U;xyQSrpceh�^bT `in �C� � rvc�w«`in�giU0��]«n9c r
`igir��9U0��h�ce�¸�(r��pU�rpcSrv��]!^ahk^�� �!¬ D Y ¬�����np��`iQeU­giU;^bde��`bh�ce� ^b]_^a`bU;T"¨"Y?npgiU­^au'U;x0h ��x;rv����]9¬�`bQeU�^b]!^q`iU0T �B� � h�^�xyQSrvcS�pU;w `in rvc
U;ce��rpgb�9U;w�w!hk^b^bh�u�r�`bh��pU�^b]_^a`bU;T np�
`bQSU���npgiT

∂U

∂t
+

∂F (U)

∂x
= ε

∂

∂x
(D(U)

∂U

∂x
)

��� �

�5QeU;gbU
D(U)

h�^�r�weh�^i^ah�uSrv`bh��pU�`bU;cS^an9g~rvcSw
ε
r�^bT�rp���!u'n9^bh�`bh��pU(uSrvgyrvT�U0`bU0gF¨�P(QSU0c�npceU(��n_np¤W��n9g�`bgyr��pU0��h�ce�O�(r��pUF^�^bnp��d!`ih�n9cS^

U(x−st)
�5h�`bQ

U(−∞) = UL

rvc�w
U(+∞) = UR

np� ��� � ¨�©¦�Õ^adSxyQ�^an9��de`bh�npcS^�U0 _hk^a`i^;¬vrp^
ε → 0

¬
U((x−st)/ε)

x�n9cK�9U0gi�pUF^
`in�`bQeU$weh�^ix�n9c9`ih�c_den9dS^5^a`bU0u"��dScSx£`ih�n9c �Ã� � weU��Sceh�ce��h�c?rvc"decehkjKdeUW�(r�]�`bQeU�^aQen!xy¤�^an9��d!`ih�n9c�np� �B� � x0npT�uSrv`bh�¡e��UW�5h�`bQ"`iQeU
U;ce��rpgb�9U;w�^a]!^a`bU;T ��� � ¨

´On���U;�pU0gF¬_`bQSU,uegyrpx�`bhkx0rv�
gbUFrv��h�®Fr�`bh�npc"np�~r�`bgyr��pU0��h�ce����r��9U�rpcSrv��]!^ahk^(�Ãr9x�U;^OT�rvc_]�w!h��­x�de��`bh�U;^;¨tP(QeU�T�nK^q`�h�T�u'npgb`irvcK`
n9ceU�x0npcSx0U0gicS^~`iQeU�xyQen9h�x0Utnv�Õ`iQeU�w!h�^i^bh�uSrv`bh��pU5`iU0cS^bnpg

D(U)
¨�©¦`�hk^�x0��UFrvg~��ginpT `iQeUOuegiU0�_h�npdS^�w!hk^bx0dS^b^bh�npc�`bQ�r�`�`bQeU�w!h�^i^bh�uSrv¥

`ih��9U5`bU;cS^an9g�^bU0��U;x£`y^mrWuSrpga`ih�x0de�krvgm^bQen!xy¤�^bnp��d!`bh�npcS^m��gbn9T `iQeUtu'n9^i^ah�¡e��UO^an9��de`bh�npcS^~np� � Y�� ¨�©ªc­`bQeUOx;rp^bU5nv�Õcen9c!¥¦x0npcS^bU0gi��r�`ih��9U
^b]!^q`iU0T�^�hB¨ U"^a]!^a`bU0T�^ �cD � `bQSrv`­x0rvcScenv`�¡�U"uede`�dScSw!U0g�`iQeU���npgiT �B� � ¬�`bQeU¸^bh¢`idSr�`ih�n9c²hk^�U0�pU;c²��npgy^aU �¸Vtnv`�npcS��].`iQeU
^a`bgidSx£`idegiU5nv�|`bQeU�^aQen!xy¤$¡Sd!`�rv�k^bn�`bQeUtU;cSw�^q`yr�`iU;^~n9c�`iQeU5`q��n$^ahkw!UF^~nv�|`bQSUOw!hk^bx0npcK`bh�c_deh¢`q]�w!U0u'U0cSw�QSU;r��_h���],n9c�`bQeUtuSgbUFx�hk^aU
^bQSrvu'U­np��`iQeU�w!hk^b^bh�uSr�`ih��9U�`bU0c�^an9g;¨��5x�`bdSrp����]p¬�h�c.cenpc!¥ªx�n9cS^bU0gi��rv`bh��pU�^a]!^a`bU;T�^;¬�`bQeU­giU0�9de�krvgih�®;h�ce��U�³|U;x�`,nv��`bQSU�w!h�³'dS^bh��pU
`iU0cS^bnpg5uegiU;x0h�^bU0��]�w!hkx£`yr�`iU�`bQeU$rpT�uS��h�`bdSweUWnv��`bQeU(oqdeT�u"giU0�kr�`bh�npc�^5x�npcSceU;x�`bh�ce��`bQeU�`q��n�^q`yr�`bUF^(nv��`bQeU$weh�^ix�n9c9`ih�c_deh�`q]p¨ � U
giU���U;g,��n9g�h�cS^a`irvc�x�U�`in��É���(��npg�U� ervT�ue��U;^�^aQSn��5h�ce�?`bQeU�^q`igbn9ce�?h�c!§SdeU;cSx�U�nv�5`iQeU��_hk^bx0n9^bh¢`q] `bU;cS^bnpg,n9c.`bQSU��9U0ceU;girp��h�®0UFw
strpce¤_h�cSU�¥ª´tde�9npceh�nv`5giU0�kr�`bh�npc�^�h�c"cenpce¥¦x0npcS^bU0gi��r�`bh��pU�^a]!^a`bU;T�^;¨

SSnpgOx0npcSx0gbU0`bUWueginp¡e��U0T�^;¬!`bQSh�^�j9dSU;^a`bh�npc¸hk^5nv�~�pgiU;rv`5uegir9x£`ih�x;rv�Mh�T�u�n9ga`yrvcSx0Up¨�©¦`Oh�T�ue��h�U;^5`iQSr�`O`bQeU,weh�^i^ah�uSrv`bh��pU�`bU;cS^bnpg
x;rvcecenp`5¡�U$rpgb¡eh�`bgyrvgi]­rvc�w�T�dS^q`th�c¸^an9T�U�^bU0c�^aU�U0c�x�n!w!U�`bQeUWgih��pQK`5ueQ_]_^bhkx�np�
`iQeUWh�cSceU0gO^a`bgidSx�`bdegiU�nv��r�^bQen!xy¤|¨
��`5uegiU;^bU0cK`;¬K��n9gtx�npc�x�giU�`bU�ueginp¡e��U0T�^;¬9`iQeUW^aT�rp���|c_deT,¡'U0g5np�
��npgi¤_^�`bQ�r�`5QSr��pU�w!U;rp�¢`5�5h�`bQ�`bQeU�U0³'UFx£`bh��pUWx0npcS^a`bgidSx£`ih�n9c­nv�
`igir��9U0��h�ce���(r��pUF^�r9^5r�T�UFrvcS^5`bn­w!U �SceU$^bQen!xy¤�^an9��de`bh�npcS^(QSr��9U�T�rph�cS��]�x�npc�^ahkw!U0giU;w
	 � $%�f�,
X$ giU0�pdS��rpgbh�®0h�ce��`bU0c�^an9gi^

D(U)�#DRDv¬Õ���¦¨5©ªc"`bQeUF^aU,��n9gb¤!^;¬!`bQeU�w!npT�h�cSrvcK`OgiU0�9de��rpgbh�®0h�ce��U�³|U;x�`Ohk^Orp^i^bdeT�U;w�`bn�x�npT�U���ginpT2�_h�^ix�nK^ah�`q]�rpcSw�`bQeU�w!h�^i^bh�uSrv`bh��pU
`iU0cS^bnpgtx0npcK`irph�cS^(cSnpc!¥¦®0U;gbn,`bU0giT�^5h�c�`iQeU�T�npT�U0cK`bdST U;jKdSrv`bh�npcS^(n9ce��]p¨
SSnpg�^ah�T�ue��U,T�n!w!U;��^�nv�~§�n��t^0¬S`bQehk^�xyQenphkx�U$hk^Ox0U0gb`irph�ce��]�gbUFrp^bnpcSrp¡e��U9¨t´tn���U0�9U0gF¬!��npg�T�n9gbU�x�npT�ue��U� "§Sn�� T�n!w!U0�k^�rp^5`iQeU
n9ceU;^�U;cSx�n9decK`bU0giU;w²h�c±`q��nv¥¦ueQSrp^bU�n9g�T,de��`bhkx�n9T�u�n9ceU0cK`�§Sn��t^;¬~`bQeU?weh�^i^ah�uSrv`bh��pU�`bU0c�^an9g�x;rvc¯x�n9c9`yrvh�cS^;¬m¡�UF^ahkw!U"�_h�^ix�n9dS^
U0³'UFx£`i^;¬_T�rvc_],np`bQeU;g�w!hk^b^bh�uSr�`ih��9UtU�³|U;x�`i^ � �Ode��npdegF¬e[_npgiU�`F¬pU�`yx � ¨�P(QSh�^�h�^m`bQeU�x0r9^aU9¬v��npg�h�c�^q`yrvcSx0Uth¢�Õ`iQeU�weh�^i^ah�uSrv`bh��pU(`bU;cS^bnpg

^_^ Ò,`�aFâcb�dfe%g�h%ifj�k
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QSr9^�¡'U0U;c�x0npcS^a`bgidSx£`iU;w�¡_]�`bQSU�T�n!w!U0��h�ce�,`iU;xyQecSh�jKdeUF^�dS^bU;w­h�c�cenpc!¥¦U;jKdeh���h�¡egih�deT `bQeU;gbT�n!w!]_cSrvT�hkx0^ � E �C¨ SSnpg�`bQeUF^aU�x0rp^bU;^;¬
h�`th�^tcenv`5np¡_�_h�npdS^�`iQSr�`5�_h�^ix�n9dS^(giU0�pdS��rpgbh�®;rv`bh�npc­QSr9^�`bQeU$wenpT�h�c�rvcK`5U�³|U;x£`F¨

©ªc�`bQSUtuegiU;^bU0cK`~��n9gb¤|¬���U5��n9de��w���h�¤9U�`bnWuegiU;^bU0cK`�rvc�U� erpT�uS��U5np�|rpcenv`iQeU0g~¤_h�cSw�nv�|u�nK^b^bh�¡S��U5giU0�9de��rpgbh�®0h�ce��U�³|U;x�`i^�`iQSrvc
�_hk^bx0npdS^~n9ceU;^�h�c­rW^bh�T�ue��U5T�n_weU0�enp�'`q��nv¥¦ueQSr9^aU�§Sn��t^;¨�P(QSh�^~U0³'UFx£`mhk^m¡Sr9^aUFw,n9c�`bQeUtU0 !h�^a`bU;cSx�U5np�'giU0�kr� er�`ih�n9c�uSQeU0cen9T�U0cSr
h�c.`q��nv¥¦ueQSrp^bU­^b]_^a`bU;T�^W`bQ�r�`�w!gih��pU�`iQeU­`q��n?ueQSr9^aUF^�`bn��(rvgyw�T�U;xyQSrpceh�x;rv��rvcSw�`iQeU0giT�n_we]Kc�rvT�h�x;rv�mUFjKdeh���h�¡egbh�deT"¨ ��^�r
x0npcS^bU;jKdeU;cSx�U9¬�`bQeU�w!npT�h�cSrvcK`~U�³|U;x�`�h�c�`iQeUtgiU0�pdS��rpgbh�®0h�ce��weh�^i^ah�uSrv`bh��pU(`bU;cS^bnpg~hk^~cenv`�r��_hk^bx0npdS^�n9ceU5��UFrpw!h�ce��`bn$rWjKdeh�`bU5dSc!¥
dS^bdSrp�e^q`igbdSx�`bdegiU(nv�'`bQehk^�`bU;cS^bnpgF¨ � U5�5h����eceU;�pU0gb`bQS��UF^b^�^bQen��«`iQSr�`mr�`bgyr��pU;��h�ce����r��9U�rpcSrv��]!^ahk^���npg�`bQehk^m^b]!^q`iU0T hk^~u'n9^i^ah�¡e��Up¨

Y¸n9gbU;n��pU;g;¬K��ginpT r�ueQ_]!^bh�x;rv�Mu'nph�cK`tnv���Kh�U0�W¬'rv��`bQen9de�pQ�`bQSU,^a]!^a`bU;T ��UW�5h����
x�n9cS^bh�w!U;g5h�^O^ah�T�ue��U9¬S��UW�5h����
^bU0U�`iQSr�`Oh�`
giU0�9U;rv�|h�cK`bU0giU;^a`bh�ce��rvc�w�dec_dS^bdSrp�|��U;r�`idegiU;^(npc�`bQSU$^q`igbdSx�`bdegiU�nv��^aQen!xy¤!^(h�c�`q��n�ueQSrp^bU�§Sn��t^;¨�©ªc"uSrpga`ih�x0de�krvgF¬K��U��5h����
^bU0U
`iQSr�`�`bQehk^tT�n!w!U0��gbU;�pUFrv�Õ`iQSr�`t`iQeU$T�rp^i^5��gyrpx�`bh�npcS^th�c"`iQeU�^a`bgidSx£`idegiUWnv�mr�`q��nv¥¦ueQSrp^bUW^aQSn_xy¤�h�^Ocenv`�r­x�n9cS^q`yrvcK`;¨(P(Qehk^thk^
decSU� !u�UFx£`iU;w ^bh�cSx�U�`bQeU�strvcS¤Kh�ceU0¥¦´Ode�pn9ceh�np`�giU0�kr�`ih�n9cS^5��n9gO`iQeU�u�rvgb`bhkrv�
T�r9^b^�U;jKdSrv`bh�npc ��`bQSrv`�rpgbU$h�c x0npcS^bU0gi��r�`ih��9UW��npgiT
U;�pU0c���npg5np`bQeU;gtx�n9T�uS��U0 �cenpce¥CUFj9dSh���h�¡Sgbh�deT T�n!w!U0�k^ � uegbUFw!hkx£`Or�®0U;gbn�oqdeT�u¸nv��`bQeUWT�rp^i^���gyrpx£`ih�n9cM¨

P(QeUµ^bU;jKdeU0��nv�W`iQehk^�u�rvu'U0g"h�^�rp^���np����n��t^ �«©ªc ^aUFx£`ih�n9c �!¬t��U��5h�����uegbUF^aU;cK`�`bQSU T�n!w!U0��rvc�w/h�`i^�T�r�`bQSU0T�r�`ih�x;rv�
ueginpu'U0gb`bh�U;^;¨"©ªc.uSrvgb`bhkx�dS��rpg;¬���U­�5h�����^bQen���`iQSr�`�`bQehk^$T�n!w!U;��hk^$U0c�w!n���UFw��5h¢`iQ²r"T�r�`bQSU0T�r�`ih�x;rv��U;cK`bginpu_] x0npT�uSr�`ih�¡S��U
�5h�`bQ¸`iQeU�weh�^i^ah�uSrv`bh��pU�`bU;cS^bnpgF¨5[!U;x£`ih�n9c?��hk^Ow!U;�pnv`iU;w�`bn­`bQeU�w!U0gih���rv`bh�npc"nv�~`iQeh�^OT�n_weU0�C¨5©¦`O�5h�����^aQen�� `bQ�r�`O`iQeU,^bu�UFx�h ��x
��n9gbT nv�Õ`iQeU�weh�^i^ah�uSrv`bh��pUt`iU0cS^bnpg�gbUF^adS�¢`y^~��ginpT gbU;��rv er�`bh�npc�ueQSU0cen9T�U;cSr$¡'U�`q��U0U;c­ueQSr9^aUF^~`iQSr�`(w!gbh��pUF^~`q��nv¥¦ueQSr9^aUO^b]!^q`iU0T�^
`in���rpgiw"UFj9dSh���h�¡Sgbh�deT"¨�©ªc ^aUFx£`ih�n9c Y ¬|��U,�5h����~^a`bdSw!]�`iQeU�U0 !h�^a`bU;cSx�U�nv�m`igir��9U0��h�ce���(r��pUF^5��n9g�n9degOT�n!w!U0���5Qeh���U�^bU;x�`bh�npc �
�5h����
uegbUF^aU;cK`5^bnpT�U�c_deT�U0gih�x;rv�ÕU0 !rpT�ue��UF^0¨

 "!_^# Û
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©ªc�`bQSh�^5��npgi¤|¬_��UWrvgiUWx�n9cSx�U;gbceUFw­�5h�`bQ?r�`bgyr��pU;��h�ce����r��9U�rpcSrv��]!^ahk^���npg(`iQeU���np����n��5h�ce��^a]!^a`bU;T

∂

∂t
(ρ) +

∂

∂x
(ρu) = 0 (6.1)

∂

∂t
(ρY ) +

∂

∂x
(ρY u) − ε

∂

∂x
(ρY (1 − Y )ur) = 0 (6.2)

∂

∂t
(ρu) +

∂

∂x
(ρ(u)2 + p) = 0 (6.3)

P(Qehk^�^a]!^a`bU0T w!UF^bx0gbh�¡'U;^Or­`q��np¥CuSQSrp^bUWT�U;w!h�deT x�n9T�u�nK^aUFw"nv�~`q��n­h�T�T�hk^bx0h�¡e��U$§�deh�wS^
k = 1, 2

�5QeU0giUW`iQeU�uSgbUF^b^bdegiU;^5h�c
`iQeU�uSQSrp^bU;^ D,rvcSw ��rvgiU$U;jKdSrp��rpcSw¸�ph��pU;c¸¡_]�¡Srpgbnp`bginpuehkxW^a`ir�`iU,�kr��t^0¨tP�n�¡'U,T�n9gbU,^bu'U;x�h ��xp¬

ρ
QeU0giU�w!U;cenv`iUW`bQSU$`bnp`irp�

w!U;cS^bh¢`q]¸np�m`bQeU�§Sn��W¬
u
h¢`y^��9U0��n!x�h�`q]��5QSh���U

Y
h�^�r�T�r9^b^O��gyrpx£`ih�n9c?U� !uegiU;^i^bh�ce�­`bQeU�giU0�kr�`bh��pU,uegbn9u�n9ga`ih�n9c¸nv�m`iQeU�T�r9^b^�nv�

n9ceU�np�M`bQSU�`q��n$§�deh�w�n��pU;g�`iQeU�`bnv`yrv�|T�rp^i^0¨ SSnpg(w!U��ScSh¢`ih��9U0ceUF^b^;¬_��U��5h����Mrp^i^bdeT�Ut`bQ�r�`(`bQehk^�T�rp^i^���gyrpx�`bh�npc­hk^�gbU;��rv`bh��pUO`bn
`iQeU$§SdSh�w � �

Y = Y2

¨tP(QeU$T�rp^i^5��gyrpx�`bh�npcS^
Yk

rpgbUWgiU0�kr�`iU;w�`bn­`bQeU��pnp��deT�U���gyrpx£`ih�n9c
αk

¡_]�`bQeU�gbU;��rv`bh�npc
αkρk = ρY2�5QeU;gbU

ρk

hk^�`bQeUOueQSrp^bUtw!U;cS^ah�`bh�U;^;¨�P(QeU5�Ãrpx�`~`bQSrv`m`bQSU5`q��n�§SdSh�w�x;rvcecenp`mT�h¢ �h�^mU� !uegiU;^i^aUFw,¡_]$`iQeUO^ir�`idegirv`bh�npc�x�n9cS^q`igirph�cK`
α1 + α2 = 1

¨ S�h�cSrv����]p¬K`bQeU�uegiU;^i^adSgbUF^
pk, k = 1, 2

h�c­`iQeUO`q��n,uSQSrp^bU�rpgbUt�9h��9U0c­¡_]�¡Srpgbnp`bginpuehkxt^a`irv`bUO�kr��t^
pk = pk(ρk)

¨
P(QeU,ueQSrp^bUWw!U0c�^ah�`bh�U;^�rp^(��U0���
rp^(`iQeUWuegiU;^i^adSgbU

p
rvgiU�`bQSU0c���npdec�w"¡K]�^an9���_h�ce��`bQeU�^a]!^a`bU0T nv��U;jKdSrv`bh�npcS^(U0 _uSgbU;^i^bh�ce��`iQeU

UFj9d�rv��h¢`q]­np��`iQeUWuegiU;^i^adSgbUF^�h�c�`bQeU�`q��n�ueQSrp^bU;^5r9^(��U;���Mr9^�`bQeU$^ir�`idegyr�`bh�npc�x�n9cS^q`igirph�cK`5�ph��_h�cS� �














p1(ρ1) = p2(ρ2)

(1 − Y )

ρ1

+
(Y )

ρ2

=
1

ρ

P(QeUOuSrvgb`bhkrv�eT�r9^b^mx0npcS^bU0gi��r�`ih�n9c�UFjKdSr�`ih�n9c � �e¨É� � x0npcK`irph�c�^~r$w!h�³'dS^bh��pU5`iU0giT�`iQSr�`�U0 !uegbUF^b^bU;^�`iQeU5�Ãr9x£`m`iQSr�`�`bQeUt�9U0��n!x�h�`bh�U;^
np�~`bQeU,`q��n­uSQSrp^bU;^�rvgiU$cenv`�U� erpx�`b��]�UFjKdSrv�C¨tP(QeU0]¸w!h�³|U0gy^5��ginpT2`bQeU�x�U;c9`iU0g�nv�mT�rp^i^t�9U0��n_x0h¢`q]

u
¡_]"r­giU0�kr�`ih��9UW�pU0��n!x�h�`q]

ur

¨5�tc?r9^a]_T�u!`inv`bhkxWrvc�rv��]_^bhk^5nv��`bQSU$cenpce¥CUFj9dSh���h�¡Sgbh�deT `q��nv¥¦ueQSr9^aUWT�n!w!U;�M`bn�¡'U,u'U0gb��npgiT�U;w�h�c?^aUFx£`bh�npc?��uSgbn��_hkw!U;^(`iQeU
��n9����n��5h�cS��UF^q`ih�T�rv`bU���npg(`iQeh�^5`bU0giT

ur = (Y − α)
∂p

∂x

�¦� �
P(QeU�^b]!^q`iU0T � � � QSrp^�¡'U0U0c�h�c9`igbn!w!d�x�U;w h�c � O ��rp^�r�T�n!w!U;����npg�hk^anp`bQeU;gbT�rv��¡ede¡S¡e��]?§Sn��t^0¨�VtdeT�U0gihkx0rv�~rpueuegin� _h�T�r�`ih�n9c
��n9g�`iQehk^W^a]!^a`bU0T �(rp^�ueginpu'n9^bU;w?h�c `bQehk^���npgi¤"rpcSw?h�`W��r9^�^bQen��5c `bQSrv`WweU;^bueh¢`iU�h¢`y^�^bh�T�uS��hkx�h�`q]p¬Õ`iQehk^W^a]!^a`bU0T hk^�rv¡e��U�`bn
giU0uegin!w!dSx0U�`q��nv¥¦ueQSr9^aU�x�n9T�ued!`irv`bh�npcS^(d�^adSrp����]­u'U0gb��npgiT�U;w��5h¢`iQ�T�n9gbU�x�n9T�uS��U0 �T�n!w!U0�k^0¨

´OU0giU�n9deg~h�c9`iU0giU;^a`mh�c�`iQeh�^mT�n!w!U;�ehk^~w!h¢³|U0giU0cK`�rpcSw���U(dS^bU5h¢`~`in$^q`idSw!],`bQeU5u'n9^i^ah�¡e��U(gbU;�pde�krvgih�®;h�cS��U0³'UFx£`mh�c�`q��nv¥¦ueQSr9^aU
T�n!w!U0�k^$np�t^aUFx�npc�w_¥Cn9giweU0g�u�U;ga`idegi¡Sr�`ih�n9cS^Wnv��`bQSU­��npgiT&weh�^bue�kr�]pU;w�h�c.U;jKdSrv`bh�npc � �!¨É� � ¨¸�5x£`bd�rv����]9¬�h�c«x�n9c9`igir9^q`�`in?T�rvc_]
T�n!w!U0�k^Ox0npcS^bhkw!U0giU;w�h�c?^a`bd�w!h�UF^5npc"�_hk^bx0npdS^t^bQen!xy¤­uegin�����UF^0¬!`iQeU$T�n!w!U0��� � � w!n_U;^5cenp`�x�n9cK`irvh�c"r��Khk^ix�npd�^5gbU;�pde�krvgih�®;r�`ih�n9c
h�c�`bQeUtT�n9T�U;cK`bdeT U;jKdSr�`ih�n9c�rpcSw�npceU5T�r�]$��npcSweU0g�h¢�|`iQeUtw!h�³'dS^bh��pU(`bU;gbT�h�c � �S¨ � � h�^�^ad �­x0h�U;c9`���n9g�r�gbU;�pde�krvgih�®;h�cS��U0³'UFx£`
`in$n!x0x�dSg;¨��~ ervT�ue��Utnv�|`iQeUtcen9c!¥C�_hk^bx0npdS^~V�r��_h�U;ga¥q[K`bn9¤pUF^~^a]!^a`bU0T �5h¢`iQ�`bQSU0giT�rp�Sw!h�³'d�^ah�npc � � �|^aQen��t^�rpx£`idSrv����]$`bQ�r�`�^bQen!xy¤
^bnp��d!`bh�npc�^mx�n9de��w�w!U;�pU;��n9u�U;�pU0c�h�c�`bQeU5uegiU;^bU0c�x�U5nv�Õw!h�³'d�^ah��pU(`iU0giT�^mh�c�`bQSUtU;jKdSrv`bh�npcS^;¨�P(QeU;gbU0��npgiUp¬�`iQeUtjKdeU;^a`bh�npc�`inW¤KcSn��
h��t^aQen!xy¤ ^bnp��d!`ih�n9cS^Wnv��� � � rpw!T�h�`i^$weh¢³|dS^bh��9U�uegbn��S��U;^�hk^Wnv�5h�c9`iU0giU;^a`W�ph��pU0c�`iQeU�cenpce¥¦^a`irpcSwervgyw ��npgiT nv�(`bQSU­w!h�^i^bh�uSrv`bh��pU
`iU0cS^bnpgF¨�©ªc�`iQeUWgiU0T�rvh�cSw!U;g�np��`iQehk^t^aUFx£`ih�n9c���UW^adeT�T�rvgih�®0U�`bQeUWT�rv`bQeU;T�rv`bhkx0rp�Õuegbn9u�U;ga`ih�UF^�nv��`bQehk^5T�n!w!U0�C¨

����� ���
	���
�������������������������	��� !��	"�

#
U�`tdS^t^bU�`
U = (ρ, ρY, ρu)t

rpcSw��5gbh�`bU�`iQeU$^a]!^a`bU;T � � � decSw!U;g(`bQeU���n9gbT �

∂U

∂t
+

∂F (U)

∂x
=

∂

∂x
(D(U)

∂U

∂x
)

��E �

�5h�`bQ.n9¡K�_h�npdS^�cSnv`irv`bh�npcS^;¨­P(QeU�T�r�`iQeU0T�rv`bhkx0rv��uegbn9u�U;ga`ih�UF^�nv�5^a]!^a`bU;T � � � QSr��pU�¡'U0U0c«^a`bd�w!h�UFw�h�c � O ��rpcSw���U�giU���U;g�`bn
`iQeh�^���npgi¤���n9gt`bQSU,uegin_nv�~nv�~`iQeU,giU;^bde��`i^O`bQSrv`���U$gbUFx0rp����U;w"h�c¸`bQSh�^�^aUFx£`ih�n9cM¨ S�h�gy^a`�^bh�cSx0U$`iQeU�^b]!^q`iU0T � � � h�^�¡Srpgbnp`bginpuehkxv¬
��U$x0rpc�w!U �SceU�`bQSU$´tU0��T�Qenp��`b®���giU0UWU;ceU0gi�p]

fk(ρk), k = 1, 2
np��U;r9xyQ�uSQSrp^bU�¡K] �

f ′

k(ρk) = pk(ρk)/ρ2
k
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� h�`bQ"`iQeU;^bUWw!U��ScSh¢`ih�n9cS^0¬S��U�h�c9`igbn!w!d�x�U�`bQeU���n9����n��5h�ce����decSx£`ih�n9c

η(U) = ρ
u2

2
+ ρY f2(ρ2) + ρ(1 − Y )f1(ρ1)

��O �

� U�`bQeU;c"QSr��pU
� � ¼ [ ¼ ��<���< ¼ ; >��K8

η(U)
� $ �,� ����	�����"����%�!� 	(��� $��I$�	 �%)	��

� � 1 �,���f� 	 �%� �*��� 	(��� 	����, #"����I$������!$����

Y ∈]0, 1[
��� 	����

4,� � 
X$��K�!� 	 ����$��!�
D(U)

� $ 4!� $f$�� "��!	�� 	 ���%�,�B	���� $ �%�
	����f"�� �

©ªcSweU0U;w���n9gt^aT�n_nv`iQ�^bnp��d!`bh�npc�^0¬
η(U)

�9U0gih ��U;^�`bQSUWU;jKdSr�`ih�n9c

∂η(U)

∂t
+ ∇Uη(U) ·

∂F (U)

∂x
=

∂

∂x
(∇Uη(U) · D(U)

∂U

∂x
) −∇2

Uη(U)
∂U

∂x
· D(U)

∂U

∂x

� DF� �

¡ede`Oh¢`Ox;rvc�¡�U$^bQen��5c �Ã^bU0U�� O � � `iQSr�`

∇Uη(U) ·
∂F (U)

∂x
=

∂(η(U) + p)u

∂x�5Qeh���U
∇2

Uη(U)
∂U

∂x
· D(U)

∂U

∂x
= (ur)

2

rpcSw�`bQeU;c�uSgbn9u�nK^ah�`bh�npc"�!¨#D�hk^(uegin��pUFw

��� � � �!��� ��� 
������ ��	"�

©¦����UWcSn�� x�n9cSx�U;c9`igirv`bU�npc�`bQSU �Sgi^a`5npgyw!U0g5x0npc_�pUFx£`bh��pU�uSrpga`5nv�~^b]_^a`bU;T � � �

∂U

∂t
+

∂F (U)

∂x
= 0

� D6D �

��UWQSr��pU �Ã^bU0U � O �M��n9g(`bQeUWuSgbn_nv� �
� � ¼ [ ¼ ��<���< ¼ ; >�� > �.��� $��I$�	 ��)��������2� $ � ��"����"!f�!+ �K� � ��	(��� �f�,) ".+0�%	 � $���	W��� �%�$# �%� 	 �f��	 �,�f$ �I$f$��5���K�!	 �f4B	 �2	(��� ���$# �%� 	 �,+ 
���$

λ1(U) = u − a , λ2(U) = u , λ3(U) = u + a
� DF� �

�_���%���
a
� $'	����'$�"����f4 ���2$��!
��.4 4R�&% �.�f4'!"� 	���� �
(%"M���%$f$f�K�,�

1

ρa2
=

∑

k

αk

ρka2
k

� DF� �

13�!����� 	 ��� � 	(�����f���,���R��	 �%��� $�	��K�)%/�%+04!$ �!$f$%�����K�!	 ��4 � ��	�� 	(��� ��� 	 ��$
λ1(U) = u − a

�,�M4
λ3(U) = u + a

�,���*# �%�

����M��++�
�.�!�3+ ���M�f�!�'�_����+0� 	���� �f���,���R��	 ����� $�	��K��%/�%+#4 �I$f$����%�K�,	 �f4 � ��	�� 	����B��� 	 �

λ2(U) = u
� $2+ ���M�f�!��++� 4R�,#6���M�����,	 � �

- . �(����/���
����$�	���²
���� )*��4��5+

©ªc²`bQehk^�^aUFx£`bh�npc
¬m��U�^aQSn�� `bQSrv`�`iQeU�T�n!w!U;� � � � x0rpc«¡�U"w!U;gbh��pUFwµ��gbn9T r?¡Srpgbnp`bginpuehkx��9U0gy^ah�npc.np�t`bQeU10(rvU;ga¥ªVtdecS®0hkr�`bn
T�n!w!U0� �#D �¦¨ SSnpg�`bQehk^���Ut�5h����'r9^b^bdeT�Ut`iQSr�`�`bQeU�uegbUF^b^bdegiUOrvc�w��pU;��n!x�h�`q]�gbU;��rv !rv`bh�npc�`bh�T�U;^�`bU;cSw�`bn�®0U;gbn,rpcSw­x0npcS^bh�weU0gm`iQeU
�Sgy^a`a¥¦npgyw!U0gW¾�QSrvueT�rpc!¥C��cS^a¤9np��U� !uSrvc�^ah�npc?np�m`bQSU�¡�rvginv`bginpuSh�x20(rpU0gb¥¦VOdece®0hkr�`in­T�n!w!U0�~h�c?`iQeh�^���h�T�h�`;¨�Vtnv`iU,`iQSr�`Wh�c � O �¦¬
`iQeU�T�n_weU0� � � � ��r9^�rv�k^an"w!U0gih��pU;w?��gbn9T `bQSU­x��krp^i^ahkx0rp�
`q��nv¥¦�pU;��n!x�h�`q]p¬Õn9ceU�uegiU;^i^adegiU$`q��n�§Sdehkw T�n!w!U;� �Ã^bU0U���npgWh�cS^a`irpcSx�U
� Y ¬ D��!¬�DF� � � h�c"`iQeUW��h�T�h¢`�nv�~��rpgb�9U�wegirp��x0n_U �­x�h�U0cK`i^;¨�P(QSh�^t^bU;x�`bh�npc"uegiU;^bU0cK`i^5rpc¸rv��`bU0gicSrv`bUWw!U0gih���rv`bh�npc¸rvc�w�`iQeU0giU���n9gbU�hk^
cenp`�UF^b^bU0cK`ih�rp�
`in�`iQeU�gbU;T�rph�c�w!U0g�nv�m`iQeU�uSrvu'U0gF¨W©¦`�x;rvc ¡�U�^a¤_h�ueu'U;w?¡_]¸giU;r9w!U0gy^tcenp`�h�cK`bU;gbUF^q`iU;w?¡_]"`iQeU�weU�`irph��k^�nv�m`iQeU
w!U;gbh���r�`ih�n9c�np��� � � ¨

 "!_^# Û



�����������
	���
���	�
����������������! #"����!$%�'&�$��!	(������)*�,+.-/
�+0���213�546�%+ O

����� ��� � 	�� 
�� ����� ���	� ����
�	�� 
  �� ��
�� ��	"� ��� ��
�	���
 ������
 
!�)� �

P(QeU�cenpce¥CUFj9dSh���h�¡Sgbh�deTQD5ORE ��0(rvU0gb¥ªVtdece®;h�rv`bn�T�n!w!U0� �0D ��n9g�^bnpT�U$nv�mh�`i^O��rvgih�rv`bh�npcS^5Q�r��pU$¡'U0U;c?gbUFx�U;c9`i��]�`bQSU�^bde¡!oqU;x�`Onv�
^bU0�9U0gyrv����n9gb¤!^O`bn�T�n!w!U;��`q��np¥CueQ�rp^bU$§Sn��t^ �0D��!¬Õ�e¬ DF� �t¨$©ªc `bQehk^�^aUFx£`bh�npc
¬Õ��U�w!U;^ix�gih�¡�U�rvc h�^bnv`iQeU0giT�rv���pU;gi^bh�n9c?nv��`bQehk^
T�n!w!U0�C¨ � U(`iQ_dS^~x�n9cS^ahkw!U;gmrO§�n��±x�n9T�u�nK^aUFw,np��`q��n�h�T�T�h�^ix�h�¡e��U�§Sdehkwe^0¬

αk

w!U;cenv`iU(`bQeU5�9np��deT�U���gir9x£`bh�npc�^�np�'UFrpxyQ�ueQSr9^aU
�
α1 + α2 = 1

� ¬
ρk

`iQeU0h�gOueQ�rp^bU,w!U0c�^ah�`bh�U;^��5Qeh���U
uk

rvgiUW`bQSU,�pUFx£`inpgt�9U0��n_x0h¢`ih�UF^0¨ S�h�cSrv����]
pk

rvgiU�`bQeU�uegiU;^i^adegiU;^tgbU;��rv`bU;w
`in�`bQeUWueQ�rp^bU�weU0cS^bh¢`ih�UF^

ρk

¡_]­¡Srpgbnp`bginpuehkx�U;jKdSr�`ih�n9cS^�nv�~^q`yr�`iU

pk = pk(ρk)
� D Y �

`iQSr�`th�c¸rpx0x0npgywervc�x�UO�5h�`bQ?^a`irpcSwerpgiw­`bQeU;gbT�n!w!]_cSrvT�hkxv¬!�9U0gih¢��]

∂pk

∂ρk

> 0

rpcSw"��UWcSnv`bU
ak(ρk) =

√

∂pk/∂ρk

`iQeU,^bu�U;U;w"np�~^bnpdScSw�h�c"`iQeU$ueQSr9^aU
k
¨ � h�`bQ¸`iQeU;^bU$cenp`irv`bh�npcS^;¬!`bQeU,T�n!w!U;�M`iQSr�`O��U

x0npcS^bh�weU0g5hk^
∂α1ρ1

∂t
+

w!h��
(α1ρ1u1) = 0 (15.1)

∂α1ρ1u1

∂t
+

w!h��
(α1ρ1u1 ⊗ u1) + ∇α1p1 = p © ∇α1 + λ(u2 − u1) (15.2)

∂α2ρ2

∂t
+

w!h��
(α2ρ2u2) = 0 (15.3)

∂α2ρ2u2

∂t
+

w!h��
(α2ρ2u2 ⊗ u2) + ∇α2p2 = p © ∇α2 − λ(u2 − u1) (15.4)

∂α2

∂t
+ u © .∇α2 = µ(p2 − p1) (15.5)

©ªc `bQeUF^aU�U;jKdSrv`bh�npcS^;¬
p © rvc�w u

© ^a`irpcSw?giU;^bu�UFx£`ih��9U0��]���n9g�`iQeU�h�cK`bU;ga¥C�Ãrpx0h�rp�
uegiU;^i^bdegbU�rvcSw?�pU0��n!x�h�`q]p¨ #MU0`�d�^�weU��SceU Yk =

(αkρk)/ρ
`iQeU,T�rp^i^5��gyrpx�`bh�npc"nv��`iQeU,ueQ�rp^bU

k
�5QeU0giU

ρ =
∑2

k=1
αkρk

h�^t`bQeU�T�h¢ _`bdSgbU,weU0cS^bh¢`q]9¨
u
© h�^OQeU0giU,xyQenK^aU;c¸rp^`iQeU$x�U;c9`iU0g5np��T�rp^i^(�pU;��n!x0h¢`q]

u © =

2
∑

k=1

Ykuk

� D�� �

¾�n9cS^ahkw!U;girv`bh�npcS^Onpc?`iQeU�U0cK`bginpu_]"w!h�^i^bh�uSrv`bh�npc?np�m`bQSU�T�n!w!U0� ��`bn�¡�U��ph��pU;c?��rv`bU;g�h�c?`iQeh�^�^bU;x�`bh�npc � ^aQSn�� `bQSrv`��5h�`bQ `bQehk^
xyQen9h�x0U�nv��`bQeUWh�cK`bU0gb¥C�Ãrpx�hkrv�|�9U0��n_x0h¢`q]9¬_`bQeU�h�cK`bU0gb¥C�Ãrpx�hkrv�ÕuSgbUF^b^bdegiU�T�dS^q`tQ�r��pU�`bQeU���n9����n��5h�cS����rv��deU �

p © =
2

∑

k=1

Yk̄pk

� D�� �

�5QeU;gbU
k̄ = (2, 1)

�5QSU0c
k = (1, 2)

¨5P(QeU,T�n!w!U;���cD�� � x0npcK`irph�c�^5gbU;��rv er�`bh�npc"uSrpgirpT�U�`bU;gi^
λ
rvc�w

µ > 0
`bQ�r�`�w!U0`bU;gbT�h�ceU

`iQeU�gyr�`iU;^�r�`��5Qeh�xyQ�`bQeU��pU;��n!x0h¢`ih�UF^�rvc�w­uegiU;^i^adSgbUF^mnv�Õ`iQeU�`q��np¥CueQ�rp^bU;^~giU;r9xyQ­U;jKdeh���h�¡egih�dST�¨�©ªc�T�rpc_]�^bh¢`idSr�`ih�n9cS^ ��¡ede¡S¡e��]
ueh�u'U$§Sn��t^;¬S¡edS¡e¡e��U�x�n9��dST�c
¬�U0`ix � ¬�`iQeU$uegiU;^i^bdegbUWUFjKdeh���h�¡egbh�deT2`bh�T�U,hk^tU0 K`igbU;T�U0��]�^bT�rv���
�5Qeh���U$`bQeU,`bh�T�U�ceU;x0U;^i^brpgb]­`bn
giU;r9xyQ��9U0��n!x�h�`q] U;jKdSrp��h�`q] hk^$T�dSxyQ.�krvgi�pU0gF¨�P(Qehk^$��U;r9we^W`in?x�n9cS^ahkw!U;gW`bQeU�x��krp^i^ahkx0rp�~`q��np¥C�9U0��n!x�h�`q]p¬Mn9ceU­uegiU;^i^adSgbU�T�n!w!U0�k^
� � Y ¬ D �e¬ DF� � � �5QeU0giU?U;jKdSrv`bh�npc �cD �_¨ � � hk^­giU0uS��r9x�U;w ¡_]±`bQeU�rp^i^adeT�u!`ih�n9c¯nv�WuegiU;^i^adegiU¸U;jKdeh���h�¡egih�deT

p1(ρ1) = p2(ρ2)
¨

´On���U;�pU0gF¬�`bQehk^,�krp^a`�T�n!w!U;���Ãrph��k^W`in ¡'U�Q_]_u�U;gb¡'np��h�x�rvcSw.h�c.`iQeU�^bU;jKdeU;�B¬���U�uegiU���U;g$`bn�w!U0gih��pU � � � weh�giU;x�`b��] ��ginpT � D�� �
h�cS^a`bU;r9w�nv��r9^b^bdeT�h�ce��r�uSgbh�npgih|uegbUF^b^bdegiU�U;jKdSrv��h�`q]�¡�U0`q��U;U0c�`bQeU�`q��n�ueQSr9^aUF^0¨

F �K8��K8 � ���e�5< º ��< ; · �e� L¦¼ � 	 ¼ML � A · 	 ¼ ½ · �
©ªc¸`iQeU�^bU;jKdeU;�B¬�`bQSU,T�r�`iU0gih�rp��w!U;gbh���r�`bh��pU,nv��r­jKdSrpc9`ih¢`q]

φ
�5h¢`iQ giU;^bu�UFx£`t`in­`iQeU,�9U0��n_x0h¢`ih�UF^

uk

nv�mU;r9xyQ¸ueQSr9^aU
k
r9^t��U0���

r9^�`bQeUWh�cK`bU0gb¥C�Ãrpx�hkrv�|�9U0��n_x0h¢`q]
u © �5h����
¡�U$w!U;cenv`iU;w�¡_] �

Dkφ

Dt
=

∂φ

∂t
+ uk.∇φ

��npg
k = 1, 2

rvc�w
k =

© � D�E �

^_^ Ò,`�aFâcb�dfe%g�h%ifj�k
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X�^ah�ce��`bQSh�^5cSnv`irv`bh�npcM¬_`iQeU$T�npT�U;c9`ideT UFjKdSr�`ih�n9cS^ � D �e¨ � � ¥ � D��K¨ � � rvcSw�`bQSUWT�r9^b^5x0npcS^bU0gi��r�`ih�n9c�U;jKdSrv`bh�npcS^��cD �_¨#D � ¥ �cD �_¨ Y � ¬
h�`th�^tU;rp^bh���]�^bU0U;c�`iQSr�`5`iQeUW�pU;��n!x0h¢`ih�UF^

uk

n9¡�U;]­`iQeU���np����n��5h�ce��U;jKdSrv`bh�npcS^ �

α1ρ1

D1u1

Dt
+ ∇α1p1 = p © ∇α1 + λ(u2 − u1) (19.1)

α2ρ2

D2u2

Dt
+ ∇α2p2 = p © ∇α2 − λ(u2 − u1) (19.2)

VOU� _`;¬|dS^bh�cS��`bQeU��pn9��deT�UW��gyrpx�`bh�npc¸UFj9d�r�`bh�npc �cD �e¨É� � ¬'��U,x;rvc¸giU0�5gih¢`iUW`bQSU,T�rp^i^Ox0npcS^bU0gi��r�`bh�npc"UFj9d�r�`bh�npc�^�� D��_¨#D � ¥ � D��_¨ Y �
h�c�`bU0giT np��ueQ�rp^bU�weU0cS^bh¢`ih�UF^

ρk

dec�w!U0g5`iQeU���npgiT

α1

D1ρ1

Dt
+ α1ρ1

w!h��
u1 = ρ1(u © − u1).∇α1 + µρ1(p2 − p1) (20.1)

α2

D2ρ2

Dt
+ α2ρ2

w!h��
u2 = ρ2(u © − u2).∇α2 − µρ2(p2 − p1) (20.2)

S�h�cSrv����]9¬!`bn��9U�`5`iQeUWU;jKdSrv`bh�npcS^���n9g5`bQeUWuSgbUF^b^bdegiU;^
pk

nv��U;r9xyQ�uSQSrp^bUp¬!��UW�5gbh�`bU�`iQSr�`O^bh�cSx�U
pk = pk(ρk)

¬!`iQeU0c Dkpk

Dt
=

a2
k

Dkρk

Dt

rpcSw���UWn9¡!`irph�c

α1

D1p1

Dt
+ α1ρ1a

2
1

w!h��
u1 = ρ1a

2
1(u

© − u1).∇α1 + µρ1a
2
1(p2 − p1) (21.1)

α2

D2p2

Dt
+ α2ρ2a

2
2

w!h��
u2 = ρ2a

2
2(u

© − u2).∇α2 − µρ2a
2
2(p2 − p1) (21.2)

#
U�`,dS^,^adeT�T�rvgih�®0U�`bQeUF^aU�gbUF^ade��`i^;¨­©ªcµ`iU0giT nv��`bQSU­��rvgih�rp¡e��UF^
t(uk, pk, α2)

¬�`bQeU�h�^bnv`iQeU0giT�rv�~cen9c!¥CUFjKdeh���h�¡egbh�deT&T�n!w!U;�
�cD � � x;rvc�¡�UW�5gih�`a`bU;c�dScSw!U0gt`bQeU$jKdSr9^ah�¥C��h�ceU;rpg���n9gbT



















































































α1ρ1

D1u1

Dt
+ ∇α1p1 = p © ∇α1 + λ(u2 − u1) (22.1)

α2ρ2

D2u2

Dt
+ ∇α2p2 = p © ∇α2 − λ(u2 − u1) (22.2)

α1

D1p1

Dt
+ α1ρ1a

2
1

w!h��
u1 = ρ1a

2
1(u

© − u1).∇α1 + µρ1a
2
1(p2 − p1) (22.3)

α2

D2p2

Dt
+ α2ρ2a

2
2

w!h��
u2 = ρ2a

2
2(u

© − u2).∇α2 − µρ2a
2
2(p2 − p1) (22.4)

D © α2

Dt
= µ(p2 − p1) (22.5)

©ªc�`bQSU$^aUFj9dSU0�C¬!��U��5h����
weU0cenp`bU
Ck = ρka2

k

`iQeUW¡ede��¤­T�n!w!de��dS^;¨

F �K8�� > ��� <B�0� · ; � ·¸¼ML � ; · ; �;� ¼ [ ¹
� � ¼ [ ¼ ��<���< ¼ ; F �K8�� �%	

η(U ), G(U )
!�� 4R�&% �.�f4'!"�

η = α1ρ1(
u

2
1

2
+ f1(ρ1)) + α2ρ2(

u
2
2

2
+ f2(ρ2))

G(U ) = u1(α1ρ1(
u

2
1

2
+ f1(ρ1)) + α1p1) + u2(α2ρ2(

u
2
2

2
+ f2(ρ2)) + α2p2)

	(�����
η(U ), G(U )

�!��� � ���,
�"M+0�*����	�����"��! ��/
�( 	(���!	 	 �%��� %/��$��

∂η

∂t
+ divG ≤ 0

 "!_^# Û
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���	�
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�+0���213�546�%+ DRD

F �K8��#F � ¹ [ · �F� ¼ ��<Ã�R<Ã� ¹
� � ¼ [ ¼ ��<���< ¼ ; F � > �.��� $��I$�	 ��)��������2� $ � ��"����"!f�!+ �K� � ��	(��� �f�,) ".+0�%	 � $���	W��� �%�$# �%� 	 �f��	 �,�f$ �I$f$��5���K�!	 �f4B	 �2	(��� ���$# �%� 	 �,+ 
���$

λ1(U) = u1 − a1

λ2(U) = u1 + a1

, λ3(U) = uI
λ4(U) = u2 − a2

λ5(U) = u2 + a2

�B�p� �
�_���%���

ai

� $ 	(���3$�"��f�f4 ��� $��,
��M4 ��� 	(����"����I$��
i
13�!���f� 	 ��� � 	(���������!���6�%	 ����� $f	��K� % ��+04!$ �I$f$��5���K�!	 �f4 � ��	�� 	(������� 	 ��$

λ1(U), λ2(U), λ4(U), λ5(U)
�!��� # �%�

����M��++� �M�,� + ���M�f�,� �_�X��+0� 	(��� �����!���6�%	 �%��� $�	��K� % ��+04 �!$�$����%�K�,	 �f4 � ��	�� 	���� ��� 	 �

λ3(U) = uI

� $2+ ���M�f�!��++� 4R�,#6���M�����,	 � �

��� � � ��� � 	 � 
�� �)� ��� � � � 
 ��� � � ������
	� ��� � � � �����
©ªc `bQehk^�^aUFx£`bh�npc
¬���U�rpgbU,h�cK`bU;gbUF^q`iU;w¸h�c ^bh�`bdSrv`bh�npcS^��5QeU0giUW`iQeU�giU0�kr� erv`bh�npc"`bh�T�U;^�rvgiU,^bT�rv����x0npT�uSrvgiU;w"�5h�`bQ `bQeU�nv`iQeU0gy^
xyQSrpgir9x£`iU0gih�^a`bhkx�`bh�T�UF^$np��`iQeU­§�n�� rpcSw.w!U0gih��pU­r"giU;w!dSx0U;wµT�n!w!U0����npgW`iQeU;^bU�^bh¢`idSr�`ih�n9cS^;¨"P(Q_dS^$��U�^bU�`

λ = λ0/ε
rpcSw

µ = µ0/ε
�5QSU0giU

λ0
rvc�w

µ0
rpgbU

O(1)
rvcSw±��U"rpcSrv��]_®0U�`bQeU?x;rp^bU

ε → 0
¨¯P(Qeh�^�rpcSrv��]!^ahk^�h�^�^bh�T�h���rpg�`bn `bQeU¸n9ceU;^

u'U0gb��npgiT�U;w¸h�c �#DF���mrpcSw � O �mrvcSw?dS^aUF^t`iQeU­¾�QSrvueT�rpc!¥C��cS^a¤9np�­U0 !uSrvcS^bh�npc¸`iU;xyQecehkjKdeUp¨'SSnpgt`iQeU�^brp¤pU,np��^ah�T�ue��h�x0h¢`q]9¬|`bQehk^
rpcSrv��]!^ahk^~�5h����e¡'UOw!n9ceUth�c D�¥ �,¨ S�h�gy^q`F¬p��Ut^aU0`

U = t(u1, u2, p1, p2, α2)
¨~XO^bh�ce�$`bQeU5giU;^bde��`i^~np�|u�rvgyrv�pgyrvuSQ��e¨#Dp¨#D(��U5�5gih�`bU

^b]!^q`iU0T �C�p� � h�c�`bQeU���n9gbT
∂U

∂t
+ A(U )

∂U

∂x
=

R(U )

ε

�B� Y �
�5QeU;gbU�`iQeU�
9r9x�n9¡eh�rpc�T�r�`igbh� 

A(U )
hk^(�ph��pU;c�¡_] �

A(U ) =













u1 0 1/ρ1 0 (p1 − p © )/(α1ρ1)
0 u2 0 1/ρ2 (p2 − p © )/(α2ρ2)

C1 0 u1 0 C1(u1 − u © )/α1

0 C2 0 u2 C2(u2 − u © )/α2

0 0 0 0 u ©













�B��� �

�5Qeh���U�`bQeU$^bnpdegyx�U�`bU;gbT
R(U )

QSr9^�`bQeU���n9����n��5h�cS��U0 _uSgbUF^b^bh�n9c �

R(U ) =













λ0(u2 − u1)/(α1ρ1)
−λ0(u2 − u1)/(α2ρ2)

µ0C1(p2 − p1)/α1

−µ0C2(p2 − p1)/α2

µ0(p2 − p1)













�B� � �

P(QeUWUFjKdeh���h�¡egbh�deT2^aU0`
E = {U ∈ IR5; R(U ) = 0}

�C�9� �
hk^tr�^aT�n_nv`iQ�T�rpceh¢��n9��w�`iQSr�`Ox;rvc�¡�UWuSrpgirpT�U�`bgih�®0U;w�¡_]�`bQeUWT�rpueueh�ce�

M : u ∈ IR5 → U ∈ E
w!U �SceU;w�¡_]





u1

u2

u3



 =





u
p
α2



 −→













u1

u1

u2

u2

u3













=













u
u
p
p
α2













�B�RE �

SSnpgtrvc_]
u = (u, p, α2) ∈ IR3

¬!`iQeUW��h�ceUFrvgih�®;U;w�^an9degix0U�`bU0giT U;��rp��d�r�`bUFw�n9c¸rvc�U;jKdeh���h�¡egih�deT2^q`yr�`iU�Q�rp^�`bQSUWU� !uegiU;^i^ah�npc

R′(M(u)) =













−λ0/(α1ρ1) λ0/(α1ρ1) 0 0 0
λ0/(α2ρ2) −λ0/(α2ρ2) 0 0 0

0 0 −µ0C1/α1 µ0C0
1/α1 0

0 0 µ0C2/α2 −µ0C0
2/α2 0

0 0 −µ0 µ0 0













�B�RO �

^_^ Ò,`�aFâcb�dfe%g�h%ifj�k
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#
nKn9¤_h�ce����npgt^bnp��d!`ih�n9cS^(nv� �B� Y�� x���n9^bUO`in�`bQeUWUFjKdeh���h�¡egbh�deT T�rpceh¢��n9��w
E
��U�h�cK`bgin_wedSx�U�`bQSU$rvcS^ir�`i®

U = M(u) + εV =













u0

u0

p0

p0

α0
2













+ ε













u1
1

u1
2

p1
1

p1
2

α1
2













�Ã�9� �

rpcSw h�cµrv�pgiU0U;T�U0cK`��5h�`bQ `bQeU�¾�QSrpueT�rvc!¥¦�mcS^b¤pn9��r9^a]_T�u!`bnp`bhkx$`iU;xyQecSh�jKdeU9¬M��U�xyQen_n9^bU$`iQeU �Sgy^q`b¥Cn9giw!U;g�x0npgigbUFx£`ih�n9c
V
h�c

s5cS� �
R′(M(u))

� ¬e`iQeU �Sgy^q`t^a`bU;u�hk^�`bQ_dS^5`bn�xyQSrvgyrpx�`bU0gih�®0Ut`iQeUWU0��U0T�U;c9`y^5nv��`bQehk^t^buSrpx0Up¨ Sen9g(`bQehk^5��U�QSr��pU

��· 	 	«� F �K8 � ��	
V = t(u1

1, u
1
2, p

1
1, p

1
2, α

1
2) ∈ �

� #��
R′(M(u))

��	(����� ��	 �
(6� $�	K$
w = t(w1, w2) ∈ IR2

$�
���� 	(���,	























u1
1 = −w1/Y1 (31.1) p1

1 = −w2C1/α1 (31.3)

u1
2 = w1/Y2 (31.2) p1

2 = w2C2/α2 (31.4)

α1
2 = −w2 (31.5)

	 ���5��� � P(QeU�U� !uegiU;^i^bh�n9c �B�RO � nv��`bQeUW��h�cSU;rvgih�®0U;w�^an9degyx�U�`bU0giT ^bQen��t^�`bQSrv`Or,¡�rp^bh�^(np��s5ce� �
R′(M(u))

� hk^(�ph��pU;c�¡_]�`iQeU
`q��n��pU;x�`bn9gi^

I1 =













−1/Y 0
1

1/Y 0
2

0
0
0













; I2 =













0
0

−C0
1/α0

1

C0
2/α0

2

−1













�Ã�K� �

P(Q_dS^(��n9gtrvc_]­�9U;x£`inpgF¬
V ∈

stce� �
R′(M(u))

� ¬S`bQeU;gbUWU0 _hk^a`i^
w ∈ IR2

^ad�xyQ�`iQSr�`
V = w1I

1 + w2I
2
rvcSw�`bQeUWgiU0�kr�`ih�n9cS^

�B��D � ��n9����n��W¨

©¦`5giU0T�rvh�cS^�cen�� `in��Sc�w�`iQeU�U� !uegiU;^i^ah�npc�nv�
`iQeUWx�n_npgyw!h�cSr�`iU;^
w
h�c�`bU0giT np�M`bQeU�n9giw!U;g

0
��rvgih�rp¡e��U;^

t(u0, p0, α0
2)
rvcSw

`iQeU0h�gOw!U;gbh���r�`bh��pUF^0¨~P(Qehk^(hk^tw!npcSU�h�c�`bQeU���n9����n��5h�ce��giU;^bde��`��

��· 	 	«� F � > � ��	
V = t(u1

1, u
1
2, p

1
1, p

1
2, α

1
2) ∈ �

� # �
R′(M(u))

!f��	(��� 	 ����	 �!� ��� �/
���	�
��,	��K�,��$3�!�.4 ����	����54,
��f�3	(���
�.�!	 �!	��K�!��$

ur = u1
2 − u1

1

�,�M4
∆p = p1

2 − p1
1

	����%�3	������%�,+�+0�!� ��� # ���%+#�!	��K�!��$����!+04 	���
��

λ0ur = ρ0Y 0
1 Y 0

2 (
1

ρ0
1

−
1

ρ0
2

)
∂p0

∂x
= (Y 0

2 − α0
2)

∂p0

∂x
(33.1)

µ0∆p = α0
1α

0
2

C0
1 − C0

2

α0
1C

0
2 + α0

2C
0
1

∂u0

∂x
(33.2)

	 ���5��� � #MU0`tdS^(h�c9`igbn!w!d�x�U�`bQeU$rpcS^ir�`b®
U = M(u) + εV

h�c�^b]!^q`iU0T �C� Y�� ¬edeu�`bn�`bU;gbT�^5np��n9giw!U;g
O(ε)

��U�np¡!`yrvh�c

∂M(u)

∂t
+ A(M(u))

∂M(u)

∂x
− R′(M(u)).V = O(ε)

�Ã� Y �

n9g5h�c¸w!U;�pU0��npu'U;w���npgiT

∂u0

∂t
+ u0 ∂u0

∂x
+

1

ρ0
1

∂p0

∂x
−

λ0

α0
1ρ

0
1

(u1
2 − u1

1) = O(ε) (35.1)

∂u0

∂t
+ u0 ∂u0

∂x
+

1

ρ0
2

∂p0

∂x
−

λ0

α0
2ρ

0
2

(u1
1 − u2

k) = O(ε) (35.2)

∂p0

∂t
+ u0 ∂p0

∂x
+ C0

1

∂u0

∂x
−

µ0C0
1

α0
1

(p1
2 − p1

1) = O(ε) (35.3)

∂p0

∂t
+ u0 ∂p0

∂x
+ C0

2

∂u0

∂x
−

µ0C0
2

α0
2

(p1
1 − p1

2) = O(ε) (35.4)

∂α0
2

∂t
+ u0 ∂α0

2

∂x
− µ0(p1

2 − p1
1) = O(ε) (35.5)

�Ã� � �

 "!_^# Û
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Y¸dS�¢`ih�ue��]_h�cS� �B���_¨É� � ¡_]
α0

2ρ
0
2

¬ �Ã� �!¨ � � ¡K]
α0

1ρ
0
1

rvcSw?`irp¤Kh�ce��`bQeU�w!h�³'U;gbU;cSx�U9¬ÕnpceU�np¡!`yrvh�cS^ �Ã�p�e¨0D � ¨$P(QeU�U� !uegiU;^i^ah�npc?��npg
`iQeU$w!h�³'U;gbU;cSx�UWnp�
`bQSUWuegbUF^b^bdegiUO§�dSx£`idSr�`ih�n9cS^tx0rpc�¡'UWnp¡e`irvh�ceUFw�h�c�`bQeU$^irvT�U���r�]9¨

�

VOn��W¬,x�n9T,¡eh�ceh�ce� `bQSU²�krp^a`?`q��n ��U;T�T�r9^0¬$��U²x;rvc xyQSrpgir9x£`bU;gbh�®0U«x0npT�ue��U�`iU0��] `iQeU �Sgy^a` npgyw!U0g x�npgigiU;x£`ih�n9c
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� #
(R′(M(u)))
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

































u1
1 = −Y 0

2 ur (36.1) p1
1 = −α0

2

C1

C
∆p (36.3)

u1
2 = Y 0

1 ur (36.2) p1
2 = α0

2

C2

C
∆p (36.4)

α1
2 = −

α0
1α

0
2

C
∆p (36.5)
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kρ0
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f = f0 + εf1
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ε
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ρ0 =
∑2

k=1
α0

kρ0
k

`bQeU�T�h� _`bdegiU�weU0cS^bh¢`q]9¨�P(QeU(w!U0`irvh��k^Mnv�!`iQeU(x�npT�uede`ir�`ih�n9cS^
rpgbU�cen�� rp^���np����n��t^
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χ
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∂

∂t
(ρ0

kY 0
k ) +

∂

∂x
(ρ0

kY 0
k u0) − ε

∂

∂x
(χ(τ0

k − τ ′0
k )

∂p

∂x
) = O(ε2)
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ρk = ρk(pk)��U$w!U;wedSx�U�`bQ�r�`

ρk(p + εp1
k) = ρk(p) +

ε
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p1
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`iQeU0c
ρ1
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∂

∂t
(α0

kρ0
k) +

∂

∂x
(α0

kρ0
ku0) = ε

∂

∂x
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(ρ0Y 0
1 Y 0

2 )2

λ0
(

1

ρ0
k

−
1

ρ′0k
)
∂p0

∂x
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χ =
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τk = 1/ρk
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∂p0
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0
2)
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∂p0

∂x
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∂

∂x
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∂u0
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) = 0

^_^ Ò,`�aFâcb�dfe%g�h%ifj�k



D Y ����� 
���+�+0�!��4���� �
	 �������K�%�

	 ���5��� � S�h�gy^a`;¬S��UWgiU0T�rvgi¤�`bQ�r�`t`iQeUW`bnp`irp�
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(αkρk)0u0 + ε[(αkρk)1u0 + (αkρk)0u1
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2
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−
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∂t
(α0

1ρ
0
1) +

∂

∂x
(α0

1ρ
0
1u

0) − ε
∂

∂x
J1 = 0 (42.1)
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∂t
(α0

2ρ
0
2) +

∂

∂x
(α0

2ρ
0
2u

0) − ε
∂

∂x
J2 = 0 (42.2)
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∂t
(ρ0u0) +

∂

∂x
(ρ0(u0)2 + p0) − ε

∂

∂x

(

µ
∂u0

∂x

)

= 0 (42.3)
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a2 > a1
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∂t
(ρ) +

∂

∂x
(ρu) = 0 (44.1)
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∂t
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∂

∂x
(ρY u) − ε

∂

∂x
(ρY (1 − Y )ur) = 0 (44.2)

∂

∂t
(ρu) +

∂

∂x
(ρ(u)2 + p) = 0 (44.3)
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∂x
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









limξ→−∞ Û(ξ) = UL (46.1)

limξ→−∞ Û ′(ξ) = 0 (46.2)

limξ→+∞ Û(ξ) = UR (46.3)

limξ→+∞ Û ′(ξ) = 0 (46.4)
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UL

rpcSw
UR

T,d�^q`t^ir�`bhk^a��]�h¢��`bQeU;]�rvgiU�x0npcecSU;x£`iU;w�¡K]�r�^bQen!xy¤
�(r��pU9¨�P(QSU;^bU�oqdST�u¸x0npcSw!h�`bh�npc�^5rvgiU �
��· 	 	«� U �K8

ρR(uR − s) = ρL(uL − s) (48.1)

YRρR(uR − s) = YLρL(uL − s) (48.2)

uRρR(uR − s) + pR = uLρL(uL − s) + pL (48.3)

#
U�`WdS^Ww!U �SceU
M = ρR(uR − s) = ρL(uL − s)

`iQeU�x�n9cS^q`yrvcK`�T�r9^b^�§Sde  rpx0gbnK^b^t`bQeU��(r��pUp¨W��j9d�r�`bh�npc � Y E!¨#D � U;^a`irp¡!¥
��h�^bQeUF^,`iQSr�`�`iQeU"T�r9^b^�§Sde 

M
hk^�r�x�n9cS^a`irvcK`F¨²P
��n x;rp^bU;^�rvgiU­`iQeU0giU���n9gbU�u'n9^i^ah�¡e��Up¬

M > 0
n9g

M < 0
¨²P(QeU;]«rvgiU

r9^b^bn!x�hkr�`bUFw�giU;^bu'U;x£`ih��9U0��]��5h�`bQ?r D0¥¦x0npT�uegiU;^i^ah�npc���r��9U�n9gOr���¥ªx�n9T�uSgbUF^b^bh�n9c��(r��pU9¨��5x0x0npgyw!h�cS��`in #
rv �^bQen!xy¤�x�gih¢`iU0gih�n9cM¬
r��v¥¦x0npT�uegiU;^i^ah�npc­�(r��pU�QSrp^�`in��pU;gbh���]







u− < s

u− − a− > s > u+ − a+

��n9g$`bQSU�`q��n?^a`irv`bUF^
U−

rvc�w
U+

n9cµ`bQeU­`q��n?^bh�weU;^Wnp��`iQeU­�(r��pU9¨�©ªcµ`bQSh�^�^q`idSw!]p¬���U�rp^i^bdeT�U�`bQSrv`
s > 0

rvcSw `iQKd�^
M = ρ(u − s) < 0

¨~P(QeU$x;rp^bU�np��r D�¥ªx�n9T�uegbUF^b^bh�npc­�(r��pU
M > 0

x0rvc�¡'UWQSrvcSwe��UFw�^bh�T�h���rpgb��]­¡_]�xyQSrpce�ph�ce�
ξ
h�c

−ξ
¨
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� U�rv�k^an�cenv`iU�`bQSrv`Wh¢�
M 6= 0

`iQeU0c�`iQeU�gbU;��rv`bh�npc � Y ES¨ � � h�T�ue��h�UF^�`bQSrv`W`bQeU�T�rp^i^���gyrpx£`ih�n9cS^�rvgiU�UFjKdSrv�~n9c?`bQSU�`q��n
^bh�weU;^5np�
`bQSU$w!h�^ix�n9cK`bh�cKdSh¢`q]9¨

©ªc¸`iQeU�^bU;jKdeU;����U�rpgbU,h�cK`bU;gbUF^q`iU;w�`in�^bQen�� `bQeU�U� !h�^a`bU;cSx�U�nv�m�_hk^bx0npdS^Ouegbn��S��U,x�n9ceceU;x�`bh�ce��`q��n�U;cSw?^a`ir�`iU;^O�pU0gih���]Kh�ce�
� Y E � ¬!`bQ�r�`5h�^t��UWrvgiU�h�cK`iU0giU;^a`bU;w�`bn �Sc�w�r�^bnp��d!`bh�npc

U
nv��`bQeUWuegin�����U�U;jKdSrv`bh�npc

D(Û)Û ′ = F (Û) − F (ÛR) − s(Û − ÛR)
� Y O �

^bdSxyQ `bQSrv`
Û → ÛL

��n9g
ξ → −∞

¨ SenpgWx0npc_�pU;ceh�U;cSx�U9¬M��U��5h�����npT�h¢`�`iQeU�cenv`yr�`ih�n9c
ˆ
h�c `bQeU­^bU;jKdeU;�B¨�P(QeU�h�cK`bU0�9girv`bh�npc

¡'U�`q��U0U;c
ξ
rvc�w

+∞
nv��`bQSUWU;jKdSr�`ih�n9cS^ � Y6Y ¨#D � rvc�w � YRY ¨ � � �9h��9U;^(dS^bh�cS��`iQeUW¡'npdecSwSrvgi]�x�n9cSw!h�`bh�npcS^�� Y � �

��· 	 	«� U � >
ρ(ξ)(u(ξ) − s) = M =

�f�!��$�	 �,��	
(50.1)

M2(τR − τ(ξ)) + pR − p(ξ) = 0 (50.2)

�5QeU;gbU���UWQSr��pU�dS^bU;w�`bQeUWcSnv`irv`bh�npc
τ = 1/ρ

¨

P(QeU�ceU� _`�^a`bU;u«h�c.`bQeU�rvcSrp��]!^bh�^$nv�(`bQeU�w!h�³'U;gbU;c9`ih�rp��^b]!^q`iU0T � Y � � hk^$`in?giU;w!dSx0U­h�`,`bn�r �Sgy^q`�w!U0�9gbU;U�rvd!`inpcen9T�npdS^
w!h�³|U0giU0cK`bhkrv�MUFjKdSr�`ih�n9cM¨~P(Qeh�^(hk^tw!n9ceU�h�c�`iQeU���np����n��5h�ce��gbUF^adS�¢`
�
��· 	 	«� U �#F �M���*4!� � ��������	��K�!+ $��I$�	 �%) ������� �!$�$����%�K�,	 �f4 � ��	�� 	����B���$#I�X	 !f�!
��.4R�!��� ���,�M4,��	��K�,��$

{

limξ→+∞ U(ξ) = UR

limξ→+∞ U ′(ξ) = 0

�f�!� !f�B���f4,
����f4�	 �*	(��� �%�!+�+#�!� ��� # %��f$�	/�!��4R��� �!
�	 �!�.�!) �!
X$�$��I$�	 �%) ���B4,��)*����$��K�,� �����3	(��� 	 �,���K��!�+0�
z = p − pR

Y (1 − Y )(α − Y )z′ = τ
z(M2τR − pR − z)

M(a2
2 − a1

1)
(51)

�!$�$����%�K�,	 �f4 � ��	(� 	(��� �%�!+�+0�,� ��� # 4R�&% �
��	��K�,��$ �%�!� 	����2$�"��f��� % � 	 �!+ 
�) � �,�M4 	 ��+0���%��	 �














τ = τR −
z

M2
(52.1)

u = uR −
z

M
(52.2)

�,�M4 �_�������
Y
�!�M4

α
�!��� �f
��M��	��K�,��$B���

z
#,� 	 �%� !�� 	(��� �
(�".���%$�$��K�,��$























Y (z) = YR +
z(M2τR − pR − z)

M2(a2
2 − a2

1)
(53.1)

α(z) =
a2
2Y (z)

τ(z)(pR + z)
(53.2)

	 ���5��� � � U �Sgi^a`5¡�U;�ph�c�`bn�uegin��pU ���v�e¨0D � ¨mP(QeUWUFj9d�r�`bh�npc�^(nv��^a`irv`bU
pk = ρka2

k

rv����n�� `bn��5gih¢`iU

pτ = Y1a
1
1 + Y2a

2
2 = (a2

2 − a2
1)Y + a2

1

`iQSr�`Ox;rvc�¡�U$^bnp���pUFw­��n9g
Y
`in�np¡!`yrvh�c

Y =
pτ − a2

1

(a2
2 − a2

1)
=

p(M2τR + pR − p) − M2a2
1

M2(a2
2 − a2

1)

��ginpT �5Qeh�xyQ ���p�!¨#D � ��np����n��t^�¡_]�cenv`ih�ce��`iQSr�`

pRτR = (a2
2 − a2

1)YR + a2
1

VOU� _`;¬e��UWx�n9cS^ahkw!U;g
���v�e¨ � � ¨mP(QeU$w!U �Sceh�`bh�npc"nv�
α = α2

`inp�pU0`bQeU;g5�5h¢`iQ�`bQeU$^a`irv`bU���r�� �ph��pUF^

α =
Y

τρ2

=
a2
2Y (z)

pτ

 "!_^# Û
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`iQSr�`Ohk^(U� er9x£`b��] ���v�!¨É� � ¨�VtU0 _`;¬!`iQeU$giU0�kr�`bh�npc�^����p� � x�npT�UF^���gbn9T ���p� � ¨/S�h�cSrp����]p¬e`bQeUWh�cK`bU0�9girv`bh�npc�¡�U0`q��U;U0c
ξ
rvcSw

+∞
nv�

`iQeUWT�rp^i^���gir9x£`bh�npc�U;jKdSrv`bh�npc��ph��pUF^
M(Y − YR) = ρY (1 − Y )(Y − α)p′`iQSr�`5`inp�pU0`bQeU;g5�5h¢`iQ ���v�e¨0D � �ph��pU;^ ����D � ¨

#
U�`WdS^�w!U���ceU
zL

¡K]
zL = pL − pR = M2τR − pR

¨�P(QeU�U� !h�^a`bU;cSx�U�nv���_h�^ix�n9dS^�uegbn��S��U;^�h�^�`iQKd�^�gbUFw!dSx�UFw¸`in�`iQeU
^a`bdSwe]�nv��`bQSUWn_weU

Y (1 − Y )(α − Y )z′ = τ
z(zL − z)

M(a2
2 − a1

1)

��� Y �

� U�¡'U0�9h�c `bn�cenv`iU$`iQSr�`
zL > 0

^ah�cSx0U�¡_]�`bQeU #
rv ?x�gih¢`iU0gih�n9c¸��U�QSr��pU
s − uR > aR

`bQ�r�`�h�T�ue��h�UF^
τRρ2

R(s − uR)2 >
ρRa2

R = pR

¨�P(QSUWn_weU ��� Y � x0rpc�`iQeU0giU���n9gbU�¡'U$^q`idSw!h�U;w"¡'U�`q��U0U;c
z = 0

rvc�w
z = zL

`bQSrv`�rvgiU�`q��n�UFj9dSh���h�¡Sgbh�deT u'nph�cK`i^;¨
0�U���n9gbU�^q`idSw!]_h�ce�W`bQSU�^a`irp¡eh���h�`q]�np�Õ`bQeUF^aU�U;jKdeh���h�¡egih�rS¬9��UOQ�r��pU5`in�xyQeUFxy¤�h�� ��� Y � x;rvc­¡'U;x0npT�U�^bh�ce�pde�krvgF¨ � U�rvgiU5`bQ_dS^���U;rpw
`in­^q`idSw!]�`iQeU���decSx�`bh�npc

Y (z)(1 − Y (z))(α(z) − Y (z))
��npg

z ∈ [0, zL]
¨

� U,¡'U0�9h�c"`in­gbU;T�rvgi¤�`bQSrv`
(α(z) − Y (z)) > 0

��npg
Y (1 − Y ) > 0

^bh�c�x�UW��ginpT `bQeU�^q`yr�`bU,��r�� rvcSw�`iQeU,w!U �Sceh�`bh�npc?np�
α��UWQSr��pU

α(z) − Y (z) = Y (z)
ρ − ρ2

ρ2

= Y (z)(1 − Y (z))
(a2

2 − a2
1)

(pR + z)(τ(z))P(QeU;gbU0��npgiUp¬�h¢`moqd�^q`�gbU;T�rph�c�^(`bn�^a`bd�w!]
Y (z)(1 − Y (z))

�5QeU;gbU
Y (z)

h�^O�ph��pU0c"¡_] ���v�!¨#D � ¨ 0�U�`q��U0U0c
z = 0

rvcSw
z = zL

¬
Y (z) > YR

rvcSw�`bQ_dS^�`bQeU�npce��]�u�nK^b^bh�¡Sh���h¢`q]���n9g�`iQeUOn!w!U ��� Y�� `in�¡'U;x0npT�U�^bh�cS�pde�krvgmhk^�`bQSrv`
Y (z) ≥ 1

¨ � U�rvgiU5`iQeU0c���UFrpw
`in­x�npc�^ahkw!U0g�`q��n�w!h¢³|U0giU0cK`O^bh¢`idSr�`ih�n9cS^;¨

� ��� � � � � �	� 
 � �!�
¾�n9cS^ahkw!U;g(`bQeU���dec�x£`bh�npc

Y (z) = YR +
z(zL − z)

M2(a2
2 − a2

1)

����� �

P(Qehk^thk^tr�^bU;x0npcSw"w!U;�pgiU0U�u�n9��]_cen9T�h�rp�Mh�c
z
�5Qen9^bUWT�r� !h�T�deT hk^5giU;r9xyQeU;w���npg

z = zL/2
¨�P(QeU,��rp��dSUWnv��`bQehk^5T�r� !h�T,deT

hk^
Ymax = YR +

z2
L

4M2(a2
2 − a2

1)
=

(M2τR − pR)2

4M2(a2
2 − a2

1)rpcSw²hk^­r�h�cSx�giU;r9^ah�ce�?��dScSx£`ih�n9c np�
M2

¨/P(QeU0giU���n9gbU�h¢`�U0 _hk^a`i^�rµx�gih¢`ih�x;rv�5��rv��deU"nv��`bQeU¸T�r9^b^�§Sde 
Mcrit

^bdSxyQ±`bQSrv`­h¢�
M2 < M2

crit

`iQeU0c
Ymax < 1

rvc�w­`iQeU0c�`bQSUWn_weU ��� Y�� h�^(cSU0�pU;gt^ah�ce�9de��rpg;¨m[_n9T�U�rp���9U0¡egyr��ph��pU;^ �

M2
crit =

a2 + 2(1 − Y2)(a
2
1 − a2

2) + 2
√

(1 − Y2)(a2
1 − a2

2)(a
2 + (1 − Y2)(a2

1 − a2
2))

τ2
R

��� � �

�5h�`bQ
a2 = τRpR

¨tP�n­U;cSw"`bQSU�^a`bdSw!]�nv�~`iQehk^Ox0r9^aU9¬S��U5oqdS^a`�QSr��9UW`bn�^q`idSw!]�`bQeU�^q`yrv¡eh���h�`q]�nv�~`bQSUW`q��n�U;jKdeh���h�¡egih�r
z = 0rpcSw

z = zL

¨
#Mh�ceUFrvgih�®;h�ce� ��� Y�� h�c"`bQSU$�_h�x0h�ceh�`q]�np��`iQeU;^bUW`q��n�u�n9h�cK`i^�^aQSn��t^(U;rp^bh���]�`iQSr�`
z = 0

h�^tr�^a`irp¡e��UWU;jKdeh���h�¡egih�deT
�5Qeh���U

z = zL

hk^(decS^a`irp¡e��Up¨ � U$^adeT�T�rvgih�®0U�`bQehk^tx;rp^bU�h�c�`bQeUWgiU;^bde��` �
� � ¼ [ ¼ ��<���< ¼ ; U �K8 ��� · ���±� A ¼ ��� �p�e� · & � 	���� ) �I$f$ �/
�( 	 ����� % �%$

M2 < M2
crit

	(���2��4R� � � � �B� $ �.� 	 �%� $f��� #,
�+#�!� �,�M4
	(�������&�%�!�����/��	 �
(6� $f	�$ � 
�������
��

C 1
$��!+ 
�	��K�!� �f�!�
�M�f�%	���� # 	(��� 	���� �	��
���+ � !%����
�) $

z = 0
�!�.4

z = zL

�,�M4 �����f�!��$�� ��
����M�f�
� 	 � $��f�!
X$ ".����%�+0� �f�,���M�f��	���� # 	(��� 	���� $�	 �,	 �%$

UL

�!�M4
UR

�

� � � ��	���
 � � �	� 
 � �!�
� U$rvgiU�cen�� h�cK`bU0giU;^a`bUFw�h�c�`bQeU$^a`bginpcS��^bQen!xy¤�x0r9^aU9¬K��npg5�5QehkxyQ

M2 > M2
crit

h�c�`bQehk^tx0r9^aU9¬_`bQeUWUFjKdSr�`ih�n9c

1 = YR +
z(zL − z)

M2(a2
2 − a2

1)

���K� �
r9w!T�h¢`y^�U0 erpx£`i��]­�$gbn_nv`y^ �ÃU0�9U0cK`bdSrp����]�h�weU0cK`bhkx0rp� � `bQSrv`���U��5h����'w!U;cenv`iU

z∗L
rpcSw

z∗R
�5h¢`iQ

0 < z∗R ≤ z∗L < zL

¨ Sen9g
z = z∗Rn9g

z = z∗L
¬�`iQeU�n!w!U ��� Y � ¡'U;x�n9T�U;^,^bh�ce�pde�krvg�rvcSwµh�`,hk^,cenp`,u'n9^i^ah�¡e��U�`bn x0npcecSU;x£`

z = 0
`bn

z = zL

¡_]�r
C 1

npgi¡eh�`;¨
´On���U;�pU0gF¬K`bQeU�h�T�u�n9ga`yrvcK`5u�n9h�cK`5`bn�cenp`bU�hk^�`bQSrv`O^ah�cSx�U

z = 0
rpcSw

z = zL

rvgiU�UFj9dSh���h�¡Sgbhkr�x�npgigiU;^bu�n9cSw!h�ce�$`in�`q��n�^q`yr�`iU;^
UR

rpcSw
UL

`iQSr�`�^brv`bhk^q��]�`iQeU,strpce¤_h�cSU�¥ª´tde�9npceh�nv`5giU0�kr�`bh�npc�^ � Y ¨#D � `iQeU0c"`iQeU�`q��n­^a`irv`bUF^
U∗

R

rvcSw
U∗

L

x�n9gbgiU;^bu�n9cSw!h�ce��`bn
z∗R

rpcSw
z∗L

rv�k^an�^ir�`ih�^a��]�`bQSU$^brpT�UWstrpce¤_h�cSU�¥ª´tde�9npceh�nv`(gbU;��rv`bh�npcS^�� Y ¨#D � �5h�`bQ�`bQeU$^irvT�U�T�rp^i^�§Sd!  �
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��· 	 	«� U �0U � ��	
U∗

L,R = t(τ∗

L,R, u∗

L,R, Y ∗

L,R)
!f� 	(��� 	���� $f	 �!	 �%$ ���,�����%$�"��!�.4!��� # 	 � 	(��� 	 �!���K� !%+#��$

z∗L,R

#R� 	 ��� !�� 	����
����+0�,	��K�,��$ � ���"� �,�M4

Y ∗

L,R = 1
	(�����

U∗

L,R

$%�,	�� $ ��� 	����
�
�,�X�,���M�� � 
�# �!���K�,	 ����+0�!	��K�!��$ � � � ��� � ��	(� 	���� $%�,)*����
�) " 	 �%+0������	&�

s

	 ���5��� � P(Qehk^�x;rvc?¡'U�^bU0U;c?¡_]�cenp`bh�ce�­`iQSr�`�`bQeU�strvcS¤Kh�ceU0¥¦´Ode�pn9ceh�np`OgiU0�kr�`bh�npc�^tgiU;^bde�¢`y^5��ginpT2`bQSU,h�c9`iU0�9girv`bh�npc¸nv� � Y � � �
#
U�`

ξ∗L
rpcSw

ξ∗R
¡�U$`bQeU,x0n_npgyw!h�c�r�`bUF^5�5QeU;gbU

z = z∗L
rpcSw

z = z∗R
gbUF^au'U;x�`bh��pU0��]p¨�©ªcK`bU;�pgyr�`bh�npc�nv� � Y � � ¡'U�`q��U0U;c

ξ = −∞rpcSw
ξ = ξ∗L

rpcSw�¡�U0`q��U;U0c
ξ = ξ∗R

rvcSw
ξ = +∞

gbUF^au'U;x�`bh��pU;��]�]_h�U0�kwe^��

F (U∗

L) − F (UL) = s(U∗

L − UL)

F (UR) − F (U∗

R) = s(UR − U∗

R)

¡'U;x;rvdS^bU�h�c
ξ = ξ∗L,R

`bQSU�weh¢³|dS^bh�n9c­`bU;cS^bnpg5w!hk^brpueu�UFrvgy^ �
D(U∗

L,R) = 0
�5Qeh���U�h�c

ξ = ±∞
`bQeU��pgyrpweh�U;c9`y^

dξU
rpgbU�cKdS���C¨

�5weweh�ce�­`bQeU$uSgbU;�Kh�npd�^(`q��n�UFjKdSr�`ih�n9cS^5rvcSw"d�^ah�ce��`bQSUW�Ãrpx�`t`bQSrv`
UL

rvc�w
UR

�pU0gih���]­`bQSU,strvcS¤Kh�ceU0¥¦´Ode�pn9ceh�np`5U;jKdSr�`ih�n9cS^
^bQen��t^�`bQ�r�`5`bQSU0]�rpgbUWrv�k^bn��9U0gih �SUFw�¡_]

U∗

R

rpcSw
U∗

L �

VOn��W¬�rv��`bQSnpde�9Q�`iQeU,n!w!U ��� Y � ¡'U;x�n9T�U;^O^bh�ce�pde�krvg5h�c
z = z∗R

rpcSw
z = z∗L

¬�`bQehk^tn!w!U�x0rvc¸¡'U$h�cK`bU0�9girv`bUFw�`in�x�n9ceceUFx£`
z = 0

`bn
z = z∗

R

rvc�w
z = z∗L

`in
zL

gbUF^au'U;x�`bh��pU;��]9¨�P�np�9U�`iQeU0g(�5h�`bQ"`bQSUWuegbU;�_h�n9dS^���U;T�T�rS¬!`bQehk^trp����n��t^�`bQeU$w!U �Sceh�`bh�npc"nv�
`igir��9U0��h�ce���(r��pU�^an9��d!`ih�n9cS^5x�n9ceceUFx£`bh�ce��`bQSU�`q��n�U0cSw"^a`irv`bU;^

UR

rpcSw
UL

�

� � ¼ [ ¼ ��<���< ¼ ; U � > ���M�0� ¼ ;WV � A ¼ ��� �p�e� · & � 	���� )*�!$�$ � 
�( 	 ����� % �%$
M2 > M2

crit

�/	(������� � $ �.�
C 1

	 � $����,
X$ "M����% +#�
�f�!�
�M�f��	���� # 	(��� $�	 �!	 ��$

UL

�,�M4
UR

� �.��� ��4R� � � � � � $'$���� #R
�+0�!� ���
z∗L

�!�.4
z∗R

�,�M4 	����%���*�
(6� $f	 �!� ��� %�����	 �B�

�) !f��� ���
�,�"!%��	�$ �f�!���.�f�%	���� #�	����B	���� �	��
���+ � !%���K�

z = 0
�!�M4

z = zL

� �.���%$�� �,�"!%��	�$ �!��� �f�!) "��I$��f4 ���
 �

C 1
	����! #"����!$%� $��!+ 
�	��K�,� �f�!�
�M�f�%	���� # 	(��� �	��
���+ � !�����
�)

z = 0
�!�.4

z = z∗

R
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	�++�
UR

�!�.4
U∗
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 � 4,� $%�f�,��	�����
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X$ �,�M�� #"����!$��B$����5�f� �f�,���M�f��	���� #�	(��� 	���� $�	 �,	 �%$
U∗

R

�!�.4
U∗

L

 �
C

1
	����! #"����!$%� $��!+ 
�	��K�,� �f�!�
�M�f�%	���� #

z = z∗L
�!�.4�	(��� �	�%
���+ � !%����
�)

z = zL

�!� �	��
�� 	 �,+0����	�++�
U∗

L

�,�M4
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VOnv`bU�`iQSr�`5`iQeU��5h�w_`iQ"nv�
`iQeUWnpcSU�ueQ�rp^bU�giU0�9h�n9c�hk^5rvgi¡eh�`bgyrvgi]p¨�P(QSU0giU���npgiU�`bQeU�uegin��S��U�U;jKdSrv`bh�npc � Y O � r9w!T�h¢`y^5rvc�h�c �Sceh�`q]
np��^bnp��d!`bh�npc�^�`bQSrv`Ow!h¢³|U0gOnpce��]­¡_]­`iQeUW�5h�w!`bQ"nv��`bQehk^5giU0�9h�n9cM¨�©ªc�u�rvgb`bhkx�de�krvgF¬_`bQehk^5n9ceU�ueQSrp^bUW®0n9ceUWx0rpc�¡'U$giU;w!dSx0U;w�`bn­r
^bh�cS�p��U�u'nph�cK`;¨

� � �")*�(�������,+.�W � "+�������
��0�$��#

� U?h�����dS^a`bgyr�`bU"`iQeU?giU;^bde��`i^�nv��`iQeU¸uegiU0�_h�n9dS^­^bU;x�`bh�npc �5h¢`iQ/^an9T�U¸c_deT�U;gbhkx0rp�trvueue��hkx0r�`ih�n9cS^;¨ ©ªc `bQeUF^aU¸U0 ervT�ue��U;^;¬�`iQeU
UFj9d�r�`bh�npc�^(nv�~^q`yr�`bUWxyQSrpgir9x£`iU0gih�®;h�ce�,`bQeU�`q��n�§Sdehkwe^5rvgiU

pk = ρka2
k

�5h�`bQ
a1 = 1000

rvcSw
a2 = 3000

���,E �

P(QeUWdSceu�U;ga`idegi¡�UFw�^a`irv`bU�hk^5�ph��pU;c�¡_]
Y1 = 0.5 p = 8910 u = 10

���RO �
rpcSw"rpx0x0npgyw!h�ce�$`in�`bQeU$^a`irv`bU���r��t^����,E � ¬!`bQSh�^tx0npgigbUF^au'npc�we^�`bn�`bQeU���n9����n��5h�ce����rp��deUF^5nv��`bQeU$weU0cS^bh¢`ih�UF^��

ρ1 = 8.91× 10−3 ρ2 = 9.9 × 10−2
� �9� �

rpcSw
ρ = α1ρ1 +α2ρ2 = 1.634862385321101×10−2

¨ � h�`bQ�`bQeUF^aU5��rp��deUF^0¬v`bQeU5T�h�ceh�T�deT�T�r9^b^�§Sde ,`bnWQ�r��pU(r�^bQen!xy¤$hk^
M = ρR(uR − s) = 12.0692269235486

rvcSw"r9x0x�n9giweh�ce��`bn�U0 !uegbUF^b^bh�npc � � � � ¬S`bQeUWT�h�ceh�T,deT T�r9^b^�§�d! �x0npgigbUF^au'npcSweh�ce�
`in­r�¡S��n��(¥¦deu�nv�

C 1
^bnp��d!`ih�n9cS^�h�^

Mcrit = 27.3763735493943
¨

¾�n9T�uSd!`irv`bh�npc"nv��r
C

1
^bnp��d!`ih�n9c � � U �Sgy^a`�x�npT�uede`bUOr

C
1
^bnp��d!`bh�npc­x0npgigbUF^au'npc�w!h�cS�O`in,r�T�rp^i^�§Sd! �U;jKdSrv�e`bn

M = 17
¨

�5x;x�npgyw!h�ce��`bn�`bQSU$strvce¤_h�ceU�¥ª´tdS�pnpcSh�np`�giU0�kr�`ih�n9cS^ � Y ¨#D � `iQeU$^a`ir�`iUWr��à`bU;g(`bQeUWu�rp^i^brp�pU�nv�
`iQeU$^bQen!xy¤­h�^(�9h��9U0c�¡_]

Y1 = 0.5 p = 17677.3288439955 u = −505.725226117383
� ��D �

x0npgigbUF^au'npcSweh�ce��`bn�`iQeU���np����n��5h�ce����rv��deU;^(np�
`iQeU$w!U0c�^ah�`bh�U;^

ρ1 = 1.767732884399551× 10−2 ρ2 = 0.196414764933283
� �9� �

 "!_^# Û
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rpcSw
ρ = 3.24354657687991× 10−2

¨�P(Qehk^W^an9��d!`ih�n9c �(rp^�x0npT�ued!`iU;w ¡K]?`q��n"w!h�³'U;gbU;c9`WT�U�`iQen!we^;¨�P(QSU���gi^a`WT�U0`bQen!w
h�cK`bU0�9girv`bUF^t`iQeU�n!w!U ��� Y � �5h¢`iQ h�ceh¢`ih�rp�~x�npc�w!h¢`ih�n9cS^��ph��pU0c ¡K]?r�^a��h��pQK`�u'U0gb`bdegi¡Srv`bh�npc np�~`bQeU�uegiU�¥ª^aQSn_xy¤"^a`ir�`iU ���,O � ¨$P(QeU
x0npT�ued!`yr�`bh�npcµhk^$^a`bnpuSu�UFw �5QSU0c.r"^q`iU;rpwe] ^a`ir�`iU�h�^Wn9¡!`irph�cSU;wÕ¨ � U��5h�����xyQSU;xy¤¸`iQSr�`W`iQeh�^,^q`yr�`bU­x0npgigbUF^au'npc�w?h�cSw!U0UFw `bn
`iQeU$u'n9^a`a¥ª^aQen!xy¤�^a`irv`bU9¨ SeginpT `bQeU,cKdST�U;gbhkx0rp�Õu�n9h�cK`Onp���_h�U0�W¬'r�s5dece�9U�¥���d!`a`yr�T�U0`bQen!w"nv��npgyw!U;g Y �5h¢`iQ?rpwerpu!`bh��pU�`ih�T�U
^a`bU;ueueh�ce��QSrp^(¡'U0U;c"dS^aUFwÕ¨
P(QeUt^bU;x0npcSw,T�U�`bQSn_w�hk^~r �Sceh�`bU(�pn9��deT�U(T�U�`iQen!w,`iQSr�`m^bnp���pUF^�weh�giU;x�`b��]W`bQeU(l ���«^b]_^a`bU;T � � � ¨�P(QeU(c_deT�U0gih�x;rv�!T�U�`iQen!w,hk^
`iQeUOn9ceUOnp� � O �'U� ex�U;u!`�`iQSr�`�`bQeU�Q_]Ku'U0gi¡'np��h�xt^bnp���pU;gmQSr9^m¡'U0U0c�xyQSrvce�9U;w���npg(r$s5n_UO^ixyQeU;T�U9¨~P(Qeh�^���r9^�w!n9ceUt¡'U;x;rvdS^bUOs5n_U
^ixyQeU0T�U5QSr9^�`bQSUtueginpu'U0gb`q],nv�Õx�n9T�ued!`bh�ce�$U0 erpx£`i��]$`bQeUO^a`irv`bh�npcSrpgb]�w!h�^ix�n9cK`bh�cKdSh¢`ih�UF^0¨�P(QeU0giU���n9gbU5h�c�`bQehk^m�(r�],��U5T�h�cSh�T�h�®0U
`iQeU,h�c!§SdeU;cSx�U�nv��`bQSU,c_deT�U0gih�x;rv���Khk^ix�n9^bh�`q]�nv��`iQeU�^ixyQeU0T�U$n9c"`bQeU��5h�w!`bQ?np��`iQeU�^bQen!xy¤�uSgbn��S��U�rvcSw"U0 _u'U;x�`O`iQeU,giU;^bde��`i^
`in­w!U0u'U0cSw�n9ce��]�npc�`bQeUWw!hk^b^bh�uSr�`ih��9U ��rvgyx�]K¥ �Ogih��à`(T�n!w!U;�B¨mP(QeUF^aU �ScSh¢`iUW�pnp��deT�U�x�npT�uede`ir�`ih�n9cS^(QSr��9U�¡'U0U;c"wenpceU�h�c�`iQeU
x0nKn9giweh�cSrv`bU�^a]!^a`bU0T np�m`bQSU�^bQen!xy¤|¬Õ^q`yrvgb`bh�ce�­��ginpT w!hk^ix�npcK`ih�c_den9dS^Oh�ceh�`bhkrv�~x�n9cSw!h�`bh�npcS^��9h��9U0c?¡_]"`bQSU�sOrvce¤_h�ceU�¥ª´tde�9npceh�nv`
x0npcSw!h�`bh�npc�^Orvc�w"h�cK`bU;�pgyr�`ih�ce��h�c"`bh�T�U$`iQeU�^b]!^q`iU0T � � � decK`bh���r­^a`bUFrpw!]�^q`yr�`iU$h�^�giU;rpxyQSU;wÕ¨ Sen9gt`bQSU;^bU S � x�n9T�ued!`irv`bh�npcS^;¬
r DF�p�p�,cen!w!UWT�U;^bQ��(rp^(d�^aUFwÕ¨
S�h��pdegiU�D�^bQen��t^(`iQeU�x0npT�ued!`iU;w¸uSgbn��S��UF^th�c¸`bQSU�^bQen!xy¤�giU0�ph�npc
¨5©ªc rv�9gbU;U0T�U0cK`t�5h�`bQ¸`iQeU$`iQeU0n9gbU0`bhkx0rv��gbUF^adS�¢`y^Or­^bT�nKnp`bQ
^bQen!xy¤ uegin�����U�nv�(cen9c!¥C®;U0gin"�5h�w_`iQ.h�^$np¡!`yrvh�ceU;wµrvc�w `iQeU­T�rp^i^���gyrpx£`ih�n9cµuSrp^i^aUF^�`bQeginpdS�pQµr"T�rv !h�T�deT"¨ ��ceU�x0rpc.rv�k^an
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S�h��pdegiU D��~lmgin��S��U;^�h�c�`iQeUW^aQen!xy¤���n9g�`iQeU���UFrv¤­^bQen!xy¤­x0r9^aU9¬KdSueu�U;g5��U0�à`
��uegbUF^b^bdegiUp¬_deueu'U0g5gih��pQK` ���9U0��n_x0h¢`q]9¬_��n���U0g(��U��à`��
T�rp^i^���gyrpx£`ih�n9c

¾�n9T�uSd!`irv`bh�npc"nv��r�weh�^ix�n9c9`ih�c_den9dS^�`bgyr��pU;��h�ce����r��9U�^bnp��d!`bh�npc �mVOU� _`;¬e��U�`bdSgbc�`bn�`iQeU$x�n9T�ued!`irv`bh�npc�nv�~r�^q`igbn9ce��^aQen!xy¤|¨
P(QeU�uegiU�¥ª^aQen!xy¤"^q`yr�`iU�rvc�w"§Sdehkw?xyQSrpgir9x£`bU;gbhk^a`bhkx0^trpgbUW`iQeU�^brpT�U$`bQSrpc?h�c `bQeU�uegiU0�_h�n9dS^Ox0npT�ued!`yr�`ih�n9cS^t¡ede`���U,dS^bU,cSn��
r¸��rp��deU�nv�(`bQeU�T�r9^b^W§Sd! .U;jKdSrp�~`bn

M = 29 > Mcrit

¨ Sen9gW`bQehk^,x;rp^bUp¬�`bQeU�strvcS¤Kh�ceU0¥¦´Ode�pn9ceh�np`WgbU;��rv`bh�npcS^W�9h��9U;^�`iQeU
��n9����n��5h�cS����rp��deUF^���npg(`iQeUWu�nK^q`b¥¦^bQen!xy¤­^a`ir�`iU

(Y1)L = 0.5 pL = 51441.6386083053 uL = −1456.60822787260
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M = 29 > Mcrit
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^bnp��d!`bh�npcS^�x0rpc­U� !hk^q`(rvcSw�`bQeU�^an9��de`bh�npc��5h����|¡e��n��(¥CdSu�h�c�`q��n

^a`irv`bU;^
U∗

L

rpcSw
U∗

R

�9h��9U0c�¡K]�`bQeUWgin_nv`y^�np��`iQeUWU;jKdSrv`bh�npc ���K� � ¨�[_n9���_h�ce��`bQehk^5UFj9d�r�`bh�npc
¬!�ph��pU;^�`iQeU���np����n��5h�ce����rv��deU;^��

(Y1)
∗

R = 1 p∗R = 21834.3523662052 u∗

R = −435.667322972591

(Y1)
∗

L = 1 p∗L = 38517.2862421001 u∗

L = −1010.94090490000
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U∗

L

rpcSw
U∗

R

^ir�`ih�^a��] `iQeU�sOrvce¤_h�ceU�¥ª´tde�9npceh�nv`$giU0�kr�`ih�n9cS^W�5h�`bQµ`iQeU�^irvT�U­T�rp^i^
§Sde 

M
rvc�w�`bQ_dS^th�`Ohk^tu'n9^i^ah�¡e��U�`bn�x0npcecSU;x£`O`bQeU;T ¡_]"r�^ah�ce�p��U$ueQ�rp^bU$^aQen!xy¤�x�npgigiU;^bu�n9cSw!h�ce��`bn

Y1 = 1
¨5P(Qehk^5hk^t�5QSrv`
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S�h��pdegiU$� ��lmgin��S��U;^(h�c�`iQeU$^bQen!xy¤���npg(`bQSU�^a`bginpcS��^bQen!xy¤­x0r9^aU�np¡e`irvh�ceUFw���ginpT c_deT�U0gihkx0rv�|h�cK`bU0�9girv`bh�npc�nv� ��� Y � dSueu�U;g5��U0�à`
�~uegiU;^i^bdegbU9¬!deueu'U0g5gih��9QK` �~�9U0��n!x�h�`q]p¬!��n���U;g���U��à`
�~T�r9^b^���gyrpx�`bh�npc

UFj9d�rv��`bn�®0U0gin�rpcSw"`bQSU�T�npcSnv¥¦ueQSrp^bU$giU0�9h�n9c¸gbUFw!dSx�UFw"`bn�r�^bh�cS�p��U,u'nph�c9`F¨ ��c �S�pdSgbU��_¬Õ��U��9r��9U$r�cen9c!¥¦®0U0gin��5hkw_`bQ `bn
`iQeh�^�giU0�9h�n9cWh�c�npgyw!U;gM`bn�^bQen��µ`bQSrv`�`bQeU(^aQSn_xy¤�uegin�����U�QSrp^�h�c �Sceh�`bU5w!U;gbh���r�`bh��pUF^
�5QSU0c$`iQeU(^q`yr�`bUF^

U∗

L

rvc�w
U∗

R

rpgbU�gbUFrpxyQeUFwÕ¨
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