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Abstra
t: In [1℄, Böl and Reese have introdu
ed a dis
rete model for polymer networksby means of a �nite element modeling. In [2, 3℄, they present details on the method anda 
omparison with real experiments. A key parameter of their model is the size h of the�nite element mesh, that is meant to be small in pra
ti
e. The aim of the present work is tostudy the asymptoti
 behaviour (and the 
onvergen
e of the �nite element method) whenthe meshsize goes to zero. In parti
ular, we address the properties satis�ed by the model atthe limit, depending on the properties of the mesh.Key-words: nonlinear elasti
ity, rubber, dis
rete system, �nite element method
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Propriétés de 
onvergen
e du modèle dis
ret deBöl-Reese pour le 
aout
hou
Résumé : Dans [1℄, Böl et Reese ont introduit un modèle dis
ret de réseau de polymèrespar éléments �nis. Dans [2, 3℄, les auteurs détaillent leur méthode et 
omparent les résultatsnumériques obtenus à des expérien
es réelles. Un des paramètres 
lés de leur modèle est lataille du pas h du maillage, qui est petit en pratique. L'obje
tif de 
e travail est d'étudierle 
omportement asymptotique (ainsi que la 
onvergen
e de la méthode des éléments �nis)lorsque h tend vers zéro. En parti
ulier, nous étudions les propriétés satisfaites par le modèleà la limite, en fon
tion, des propriétés du maillage.Mots-
lés : élasti
ité non linéaire, 
aout
hou
, système dis
ret, méthode des éléments�nis



Convergen
e of a dis
rete model for rubber 3Phenomenologi
al 
onstitutive laws for rubber-like materials often involve parameterswhi
h la
k of physi
al motivation. In addition, they are usually di�
ult to �t in pra
ti
e.Mu
h attention has been paid in the re
ent years to mi
ros
opi
ally-based models. Thiskind of models aims at pointing out the mi
ros
opi
 features that govern the ma
ros
opi
behavior of the material, su
h as the geometry of the underlying polymer network. Su
h amodel has been introdu
ed by Böl and Reese in [1℄. In addition to the physi
al parametersprovided by physi
s at the s
ale of the polymer 
hains (su
h as the free energy of a 
hain),this model involves two geometri
 parameters: a typi
al distan
e h > 0 (whi
h is meant tobe small) and a tetraedral mesh.The aim of the present work is to study the asymptoti
 properties of the model when hgoes to zero for di�erent assumptions on the mesh.This note is organized as follows:Contents1 The BöL-Reese model 41.1 The geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41.2 The energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 Convergen
e analysis 52.1 Assumptions on the energies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52.2 The periodi
 
ase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62.3 The sto
hasti
 
ase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 Con
lusion 8
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4 R. Ali
andro, M. Ci
alese, A. Gloria1 The BöL-Reese model1.1 The geometryFor the sake of simpli
ity, let Ω denote the unit 
ube of R
3 and Th be a tetraedral mesh of

Ω. The typi
al distan
e we asso
iate with the mesh is de�ned as follows:
h = 3

√

1

Nel ,where Nel denotes the number of elements (tetraedras) of Th.From a modeling point of view, ea
h edge of the mesh represents an elasti
 spring withan energy related to the underlying polymer network.Let d be a displa
ement �eld of the mesh de�ned at ea
h vertex xi of Th by di. One 
anasso
iate with d a 
ontinuous displa
ement �eld on Ω as follows: vh is the unique pie
ewisea�ne fun
tion on Th su
h that for ea
h vertex xi of Th, vh(xi) = xi + di.The energy of the system deformed by vh is then given by
Eh(vh) =

∑

T∈Th

h3
∑

(xi,xj)∈T

fT
ijW

T
ij

( |vh(xi) − vh(xj)|
|xi − xj |

)

+

∫

Ω

Wvol(∇vh), (1)where T denotes elements of Th, (xi, xj) are distin
t pairs of verti
es in the tetraedra T ,
WT

ij is a pair potential, fT
ij is a s
aling fa
tor and Wvol is an energy density a

ounting forvolume 
hanges of the deformed system.Let us now des
ribe the pair-potential energy.1.2 The energyThe energy of the elasti
 springs is related to the energy of a polymer 
hain as follows:

WT
ij (r) =

k

β
nT

ij









r
√

nT
ij

L−1





r
√

nT
ij



 + ln

L−1

(

r√
nT

ij

)

sinhL−1

(

r√
nT

ij

)









− c

β
, (2)where β is the inverse of the absolute temperature, L−1 is the inverse of the Langevinfun
tion, k and c are 
onstants and nT

ij is a typi
al number of segments of a polymer 
hain.
WT

ij 
an be interpreted as the free energy of a polymer 
hain made of nT
ij segments at thelength √

nT
ij l, where l denotes the length of a segment.The fa
tor fT

ij is a measure of the number of polymer 
hains per unit of volume. We willtypi
ally 
onsider it as 
onstant on Ω.
INRIA



Convergen
e of a dis
rete model for rubber 5Finally, the energy a

ounting for volume 
hanges is given by
Wvol(ξ) =

K

4
(J2 − 1 − lnJ), (3)where K > 0, ξ is a deformation gradient and J = det(ξ). The physi
al origin of this
ontribution is the Van der Waals for
es, whi
h prevent atoms from being too 
lose to oneanother. The s
ale of this for
es is far larger than the s
ale of the polymer network, whi
hexplains why this 
ontribution is already 
oarse-grained and somewhat un
orrelated withthe des
ription of the network.In the following se
tion, we study the 
onvergen
e when h → 0 of the sequen
e ofminimization problems

inf {Eh(vh), vh ∈ Vh + BC} ,where Vh denotes the spa
e of pie
ewise a�ne fun
tions on Th and BC stands for theboundary 
onditions (let say mixed imposed displa
ement and free tra
tion for instan
e).In parti
ular, we address both the 
onvergen
e of the in�mum of the energy and the 
on-vergen
e of the minimizers (the deformation �eld) when h → 0. This 
onvergen
e analysisis performed using Γ-
onvergen
e (see [4, 5℄ e.g.).2 Convergen
e analysis2.1 Assumptions on the energiesFor te
hni
al reasons, in what follows, we will assume that:� WT
ij satis�es the following standard growth 
ondition of order p > 1 for all T and ij:there exist C ≥ c > 0 su
h that for all r,

c|r|p − 1 ≤ WT
ij (r) ≤ C(|r|p + 1), (4)� Wvol satis�es (4) from above.In parti
ular, one 
annot dire
tly deal with the inverse of the Langevin fun
tion. Tosatisfy the growth 
ondition (4), one may use a trun
ated series expansion of L−1, as it isdone in [1, 2, 3℄:

L−1(ρ) = 3ρ +
9

5
ρ3 +

297

175
ρ5 +

1539

875
ρ7 + O(ρ9).Repla
ing L−1 by its development up to order 7 in (2), we obtain a free energy density fora polymer 
hain whi
h satis�es (4) for p = 8.The energy density Wvol given by (3) does not satisfy (4) sin
e limdet(ξ)→0 Wvol(ξ) = +∞while det(ξ) → 0 does not imply |ξ| → ∞. One possible solution 
onsists in taking a 
ut-o�,

RR n° 0123456789



6 R. Ali
andro, M. Ci
alese, A. Gloriawhi
h amounts to relaxing the 
onstraint of in
ompressibility. A typi
al 
ut-o� reads asfollows:
W

η
vol(ξ) =

{

Wvol(ξ) if det(ξ) > η
K
4 (η2 − 1 − ln η) otherwise. (5)For η > 0 �xed, W

η
vol satis�es (4) for Cη large enough. To re
over the in
ompressibilitybehavior, one 
an �rst perform the 
onvergen
e analysis on the dis
rete to 
ontinuum pro
essfor η > 0 and then let η go to zero at the 
ontinuum level. We refer the reader to [6, 7℄ forte
hni
al details.We are now in position to state our 
onvergen
e results.2.2 The periodi
 
aseIn this paragraph, we address the 
onvergen
e of the Böl-Reese model in the periodi
 
ase.To this end, let us assume that the edges of Th are obtained by the periodi
 repli
ation ofa unit 
ell of edges (up to border e�e
ts on the boundary), as illustrated in two dimensionson Figure 1.

Figure 1: Two-dimensional periodi
 mesh, the unit 
ell is in boldLet us further assume that the energy of the elasti
 springs does not depend of the unit
ell and on the mesh lengths
ale h. As a parti
ular 
ase, one 
an take nT
ij to be 
onstanton Th, as it is done in [1, 2, 3℄. Then, [8, Theorem 4.1℄ shows there exists an homogeneousquasi
onvex energy density Whom, whi
h is frame-invariant and satis�es a growth 
onditionof order p, su
h that:� lim

h→0
inf {Eh(vh), vh ∈ Vh + BC} = inf {Ehom(v), v ∈ V + BC}, where V is the Sobolevspa
e W 1,p(Ω), and

Ehom(v) =

∫

Ω

Whom(∇v);� Whom is given by the asymptoti
 dis
rete homogenization formula
Whom(ξ) = lim

h→0
inf{Eh(vh), vh ∈ Vh, v(xi) = ξ · xi if d(xi, ∂Ω) ≤ 2h}.

INRIA



Convergen
e of a dis
rete model for rubber 7In addition, minimizers uh of Eh on Vh + BC weakly 
onverge in W 1,p(Ω) to minimizers
uhom of Ehom on V + BC. This proves in parti
ular the 
onvergen
e of the solutions of the�nite element modelling of rubber introdu
ed by Böl and Reese.In the periodi
 
ase, the energy density at the limit is frame-invariant. However it is notisotropi
 in general. To ensure the isotropy, one may use a sto
hasti
 framework. The endof this paragraph is dedi
ated to the study of a simple example for whi
h the energy densityat the limit is not isotropi
.Let us 
onsider simple linear springs by setting

WT
ij (vh) = K

( |vh(xi) − vh(xj)|
|xi − xj |

)2 and Wvol = 0on the mesh sket
hed on Figure 1. Then, re
alling [8, Remark 5.2℄, the homogenized energydensity is quadrati
 and we end up with a 
onvex minimization problem on one singleperiodi
 
ell. The in�mum is trivial and shows that the homogenized energy is not isotropi
.It is a
tually enough to see that the material is sti�er in the dire
tion e2 − e1 than in thedire
tion e1 + e2 (where e1 and e2 denote the 
anoni
al basis of R
2).2.3 The sto
hasti
 
aseLet us qui
kly re
all the 
on
ept of admissible sto
hasti
 network on a probability spa
e

(Ξ,F , P ) used in [9, 7℄, whi
h is a parti
ular 
ase of the sto
hasti
 networks introdu
ed byBlan
, Le Bris and Lions in [10, 11℄.Let Λ = {yi}i∈Zd ∈
(

R
d
)Z

d be a set of points. We say that Λ is an admissible set ofpoints if it satis�es the two following 
onditions:i. there exists R > 0 su
h that #Λ ∩ B(y, R) > 0 for all y ∈ R
d ;ii. there exists r > 0 su
h that d(yi, Λ \ {yi}) ≥ r for all i ∈ Z

d.In parti
ular, to ea
h admissible set of points Λ one 
an asso
iate a Delaunay triangulation
D(Λ). A sto
hasti
 latti
e L : Ξ →

(

R
d
)Z

d is said to be admissible, if for P -almost every
ω ∈ Ξ, L(ω) is an admissible set of points, and if the Delaunay triangulation is regular inthe sense of the interpolation theory.Given a realization Λ(ω) of a sto
hasti
 latti
e, one may res
ale the latti
e by a fa
tor h,setting yh

i (ω) = hyi(ω). Let us then de�ne Λ(ω)h(Ω) = {yh
i ∈ R

3, yi ∈ Λ(ω) and yh
i ∈ Ω},whi
h is the interse
tion of the res
aled latti
e with Ω. Using the notations of Böl and Reese,one may think of a mesh Th as the Delaunay triangulation of Λ(ω)h(Ω).In what follows, we assume that Th is related to a sto
hasti
 network in the way des
ribedabove and we add an index ω to make the sto
hasti
 dependen
e more expli
it. Futhermorewe will make some hypotheses related to the sto
hasti
 network and the probability spa
e:

RR n° 0123456789



8 R. Ali
andro, M. Ci
alese, A. Gloria(a) there exists a stationary translation group that a
ts on the sto
hasti
 latti
e and whi
his ergodi
 for P ;(b) there exists a stationary group of rotations that a
ts on the sto
hasti
 latti
e (thesto
hasti
 latti
e is then said to be rotation invariant on average).Roughly speaking, the translation invarian
e allows us to obtain a deterministi
 limit whereasthe invarian
e by rotation implies that the energy density at the limit is isotropi
. We referthe interested reader to [7℄ for the pre
ise formulation of the assumptions and the proofs ofthe following result.Within hypothesis (a), there exists an homogeneous quasi
onvex energy density Whom,whi
h is frame-invariant and satis�es a growth 
ondition of order p, su
h that:� For almost all ω ∈ Ξ,
lim
h→0

inf {Eω
h (vω

h ), vω
h ∈ V ω

h + BC} = inf {Ehom(v), v ∈ V + BC},where V is the Sobolev spa
e W 1,p(Ω), and
Ehom(v) =

∫

Ω

Whom(∇v);� Whom is given by the asymptoti
 dis
rete homogenization formula
Whom(ξ) = limh→0

∫

Ξ
inf{Eω

h (vω
h ), vω

h ∈ V ω
h , v(xi) = ξ · xiif d(xi, ∂Ω) ≤ 2hR}dP (ω).In addition, minimizers uω

h of Eω
h on V ω

h + BC weakly 
onverge in W 1,p(Ω) to minimizers
uhom of Ehom on V + BC. This proves in parti
ular the 
onvergen
e of the solutions of the�nite element modelling of rubber introdu
ed by Böl and Reese.In addition, if (b) holds, the sto
hasti
 network is rotation invariant on average, and
Whom is isotropi
.3 Con
lusionIn the �rst se
tion, we have re
alled the �nite element modelling of rubber developed by Böland Reese and we have pointed out some 
onvergen
e issues related to their formulation.In the following se
tions, we have analyzed the asymptoti
 behaviour of the model. Inparti
ular, we have identi�ed two 
ases for whi
h their model provides a �nite elementapproximation of an underlying 
ontinuous model. The 
ontinuous models obtained bothsatisfy the frame invarian
e property and the usual in
ompressibility behaviour used forrubber modelling (up to some te
hni
alities detailed in [7℄). However, only the sto
hasti
model is ensured to yield an isotropi
 energy density at the limit. We have also provided aperiodi
 example whi
h is not isotropi
 at the limit. INRIA
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