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u(x) = sin(2πmx) , m = 1, 2, · · · , »N�{¾
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g(x) =

∫ 1

0

K(x, s)u(s)ds =

∫ 1

0

K(x, s) sin(2πms)ds , m = 1, 2, · · · , »7��¾
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K
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��ps]��{ru£{]qm�ÀEg

K(x, s) = (cos(x) + cos(s))2(
sin(π sin(x) + sin(s))

π sin(x) + sin(s)
)2 , m = 1, 2, · · · , »#"�¾

��m��

u(x) = a1 exp(−c1(t− t1)
2) + a2 exp(−c2(t− t2)

2) ,
»7��¾

���{ps�{[®]qjl]\psi
a1 = 2

�
a2 = 1

�
c1 = 6

�
c2 = 2

�
t1 = 0.8

��m��
t2 = −0.5

·
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gi =

∫ 1

0

K(xi, s)u(s)ds ≈
N

∑

j=1

wjK(xi, sj)u(sj) ,
»Á��¾
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A = UΣV T =

N
∑

i=1

uiσiv
T
i ,

»7��¾

À5y�jlX%[.�*jsplrª­
U
��m��

V
��ps]�y{pljlXZy��{y�m����N�v�{m��@jlXZ]�[^r¹�Z�h�u]�[.�*jlpsrª­

Σ =



















σ1 0 0 · · · 0

0 σ2 0

···

0

· · · · · · · · ·
0···

0 σN−1 0
0 · · · 0 0 σN



















N×N

,
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σ1 ≥ σ2 ≥ · · · ≥ σN ≥ 0 .
»|©L��¾
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r¹iailgE[®[^]qjlpsru�{�ZjlX�]qm¶rªj�is�*jlr¹iA9�]\i

U = V
· ¢ j�r¹ia�{�uily^jlyV£�]qpsr±¯²gBjlXZ]�¯²y{�u�ªy*¤�rumZ�

ps]q�¹�*jlruy{m�i�¤�rªjlX%ps]q�v��p!�hrªm��Sjsy^ilrumZ�{nZ�¹��p�£*���unZ]Li2��m��@£{]L�Ijsy{p!i A

Avi = σiui , ‖Avi‖ = σi , i = 1, 2, · · · , N ,
»|©{©¬¾

�{i�¤¦]q�u�Â�{i

b =

N
∑

i=1

(uT
i b)ui , Y =

N
∑

i=1

(vT
i Y )vi , AY =

N
∑

i=1

σi(v
T
i Y )ui .

»|©¬�{¾

;2]\m��
]��:jlX�]�ilrª[^�Z�u]\ikj®�{m���Zkm��{rª£�]�[B���Z��plyv�{�!X�jly�iky��ª£�].jlX�]@�urªm�]\��p®[.�*jsplrª­ ]\tvn��*jsrªy�m »Õ�v¾S�\��m�À5]
¤�psr±jljl]qmµ��i

Y ����� ��� = A−1b =

N
∑

i=1

uT
i b

σi

vi .
»|©L��¾

;2y*¤¦]q£�]qpajlXZ](Zkm���ru£{]�[�iky��ªnZjlruy{mPX��{i���ÀZrª���Zpsy{ÀZ�u]q[%�Â]Lik�5]\�qru�{�ª�ugµ¤�XZ]\mPjsXZ]^[®]LikX��{psr¹�
N
rui��

ÀZru�@mEnZ[�À�]\p\�M¤�XZr¹�!XPr¹i~¤�]\�ª�¥]
­h�Z�¹��rumZ]L�¶rum�;a�{m�il]qm � i�bP�*jl�¹��À��h]q[^y�·�W#y�À�]Li|j��
y�mv£�]qg�y{nZp~�5y{rum�j!i
rum��¹�*js]qp2il]\�
jlruy{m�i¦¯²y�p�y{nZp�[^yh�h]q�Â��ply�ÀZ�ª]\[.iq�hXZ]\pl]�¤¦]�pl]L�h]q[^y{m�i|jsps��jl]~����plj�pl]LiknZ�ªjsi�rum%XZr¹i2�h]q[^y�·

½�]�9�mZ]�jsXZ]�ZkmZy{r¹ik]�[~�{i¦¯²y��ª�uy*¤2i

b �
	�� �
� = b + e �
	�� �
� .
»|©,^v¾

W¥��§{]
N = 32

� Ê rª��·�©ailXZy*¤2ixilrªm��{nZ�¹��p�£¬�{�ªn�]\i
σi

�h�qyv]��V�
ru]qmvjsi
uT

i b
��m�� uT

i
b

σi

rum.jsXZ]�m���ru£{]aily{�unhjlruy{m
Y
y�¯�jlXZ]%[.�*jsplrª­ ]\tvn���jlruy{mÂ�~»Õ�v¾SX��{i®mZy�mZy{r¹il]{�x¤�X�rª�u] »²À�¾®X���i®jlXZ]%mZy�ruil]%�ª]\£{]\�

e �
	�� �
� = 10−3 ·Ê psy{[ jsXZ]�»Õ��¾
�x¤¦]��\��m¿ik]\]VjlX��*j.¤�XZ]qm
i < 17

� £*���unZ]\i®y{¯
uT

i b
�h]\�qpl]L�{il].¯Õ�{ikjl]\p�jsX���m jlXZyvik]�y�¯

�
y�plps]\il�5y{m��hrumZ�
σi

��rum%¯Õ�{�
j��hr¹il�qpl]qjl]�w r¹�q�{ps�%�qy{m��hrªjlruy{m%js]q�u�ui2n�i�jsX��*jarªj�ilXZy{n��u�%���u¤��¬gEi�À5]�jsplnZ]��{i
�uy{mZ�a��iMjlX�]xrum�js]q��ps�{��]\tvn���jlruy{m�X���iHist�n���ps]:rªmvjl]\�{p!��ÀZ�u] ily{�unhjlruy{m�i\�L¤�XZrª�u]x¤�X�]qm

i > 17
jlX�rui#�
y{m��hr±jsrªy�m

¯Õ��ru�¹i~jlyµXZy��u�ËÀ�]L�q�{n�ik].y{¯�psy{nZm��hrªm���]\plpsy{p!i~iky�jlX��*jS�
yE]��.�qrª]\mvjsi uT

i
b

σi

À5]\�qy{[^].nZmZps]\��iky�m���À��ª]�ÀZrª���
¤�XZr¹�!Xµ�ª]L�{�Zi�jlyVXZru�{X%¯²ps]\tvnZ]\m��
g�]qpspsy{p!i�rumµjsXZ]�m��{rª£�]�iky��ªnhjsrªy�m¶�
y�m�ikr¹�h]\plrumZ�®jlXZ]�[SnZ�ªjlru�Zr¹�q��jlruy{m%ÀEg
uT

i
b

σi

vi

· Ê y�p2»²À�¾
��¤¦]��q�{m�y�À�ik]\pl£�]�ilrª[^ru�u�{p:pl]Likn��±j!iq��y�mZ�ugS�hr��5]\pl]\m��
]�r¹i�jlX���j:jlXZ]¦jsnZplm�rªmZ���5y{rumvj
i = 7

�
�u]\�{�ZrªmZ�%jsy%jlXZ]V¯Õ��ru�ªnZps]Vy{¯�jsXZ]B�hr¹il�qpl]qjl].w r¹�q�{ps� �qy{m��Zr±jsrªy�mÂ�#r¹i�il[.���u�ª]\p�À�]L�q�{n�ik].y{¯�jlXZ]V]q­hruikjl]\m��
]
mZy�ruil]

e �
	�� �
� = 10−3 rumBjsXZ]�psrª��X�j�X��{m���£{]L�Ijly�p\·

$&%'$&%'$ � �h�51 È �¥� �BÄ�� ���Õ�Z�01��{�h� 1 È�8 � Ä � + È É#�
¢ jxr¹i ikjlp!��ru�{Xvj|¤¦�{ps��jly�jsXZrªm�§Srª¯M¤¦]�jlX�ply*¤ �¬¤¦�¬g��{�ª�ZjlXZ]�js]qps[.i:¤�XZ]qm®jsXZ]a�hr¹il�qpl]qjl]�w r¹�q�{ps�®�
y�m��hrªjlruy{m
�hyE]\ilm � j~X�y{�¹�K�Kr7· ]{·u�

i > 17
¯²y{p�jlXZ].�\�{il]Sy�¯�mZy@m�y{r¹ik]�y{p

i > 7
¯²y�p�jsXZ]®mZy{r¹ik]®�u]q£{]\�

e ��	�� �
� = 10−3rum=jsXZ]µ��À5y*£{]�]
­Z��[^�Z�u]{�xjlXZ]\m ¤�]µ�
y�nZ�¹�=�qnZpl]�jsXZ]%rª�u�±° �
y�m��hrªjlruy{m¿�Zpsy{ÀZ�u]q[%·�� ]\i\�xrªjVrui.��ilrª[^�Z�u]
�����Zplyv�{�!XÂ�#�q���u�u]\�PjlpsnZm��q��jl]L��eh¼�½��Âjly¶ikjs�{ÀZru�ªru³q]^jsXZ]Viky��ªnZjlruy{m�i\�H¤�XZr¹�!X ��ps]^�ª]Lili�il]qm�ilrªjlru£{]^jly%jsXZ]
�5]qpljlnZpsÀ��*jsrªy�m�i\·�W�X�rui��Zpsyh�
]Lili�r¹i��q�{�ª�u]\�@pl]\�{nZ�¹��psru³\�*jsrªy�mÂ·
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(b) with noise
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Ê rª��nZps]S© A Ê y�p
N = 32

�v�Z�uy�j¦ilrumZ�{nZ�¹��p�£*���unZ]\i
σi

�h�
yE] �V�qrª]\m�j!i
uT

i b
�{m�� uT

i
b

σi

rumVjsXZ]am��{rª£�]�ily{�unhjlruy{m
Y
y�¯¥jlXZ]�[.��jlpsr±­B]Ltvn��*jsrªy�mÂ·�»Õ��¾¦X��{i�mZy^mZy�ruil]{�h¤�XZru�u]V»²À�¾¦X���i¦jlXZ]�m�y{r¹ik]��u]q£{]\�

10−3 ·

$&%'$&%�� * � � 8  {�Z� Ä É 6 � :
W�XZ]�jspln�m��q��jl]\�¶eh¼�½�»ÕW2eE¼~½~¾a���Z��plyv�{�!X%rui2jlyB���Ijsn����u�ªg%�
y�[^�Znhjl]�jlXZ]^eE¼�½ ��m��%m�]q�{�u]\�
j����u�ÂjsXZ]
nZm��Z]\ilrªps]\�%eE¼�½ �
y�[®�5y{m�]qmvjsi7A

Y �����	� =
k

∑

i=1

uT
i b

σi

vi ,
»|©0"{¾

¤�XZ]\pl]
k
rui¦jsXZ]�[.�*­hru[SnZ[ £*�{�ªnZ]�¤�X�ru�!X%il��jlr¹iY9�]\i¦jlX�]��hruis�
ps]
js]�w ru�\��p!�@�qy{m��hrªjlruy{mH·
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(d) true solutions

Ê rª��nZps]@��A Ê y�p
N = 32

��m���¤�r±jsXZy{nhj®mZy{r¹il]{�:�Z�uy�j^iky��ªnhjsrªy�m�i�¯²y�p�jsXZ]@�{�Z�Zpsy��{�!X�y{¯aW2eE¼�½�¤�rªjlX
£*��psgErªmZ�

k
��m��BjlpsnZ]�ily{�unhjlruy{m�iq·

¢ m Ê ru��·x�E�E¤¦]��Z�uy�j�ily{�unhjlruy{m�ix¯²y{p�jlX�]~�{�Z�Zpsy��{�!X.y{¯#W2eE¼~½ ¤�rªjlX@£*��psgvrumZ�
k
��m��.jlpsnZ]~ily{�unhjsrªy�m�i

¤�rªjlXZy�nhj¥m�y{r¹ik]�����m��S¤�]¦�q��m®ik]\]��q�ª]L��ps�ªg~jlX��*j�¤�XZ]qm
k
r¹i¥il[.���u�ª]\pHjsX���mSjlXZ]�y{�Zjlru[®ru³q]L��£*���unZ]

k = 17
�

�����Zply¬­hru[.�*jlruy{m@iky��ªnhjsrªy�m�i���ps]�rumµiky�[^]�¤��¬gViltvnZ]\]q³\]\�K�E¤�XZru�ª]
k
rui��¹��ps�{]\pxjsX���m%rªj\�Z�����Zply¬­hru[.�*jlruy{m

ily{�unhjlruy{m�i�À5]q��rªm@jly.yvil�qrª�u�¹�*jl]�·
�ai�g�y{n��q��m�il]q]®¯²y{p�jsXZrui�W2eh¼�½ [^]
jsXZyh�K�H¤¦]^mZ]q]L�¶jsyµ�
y{[^�ZnZjl]®jlXZ]VilrumZ�{nZ�¹��p�£*���unZ]Li�y�¯xjsXZ]

[.�*jsplrª­K�h¤�XZru�!X%r¹i��Zpsy{XZruÀZrªjlru£{]~¯²y{p�ÀZru�.ikru³q]��Zpsy{À��ª]\[^i\·
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$&%'$&%�� * 1�� + È98¥È 3 �@Ä � ���Õ�h�51 ���h�71 È98
W�XZ]�§�]qg�r¹�h]\��y{¯5W�ru§EXZy{mZy*£Spl]\�{nZ�¹��psrª³L�*jsrªy�m�rui:jly��{�\�
]\�hj ��mZy{mZ³\]qpsy�ps]\ilr¹�hn����

AY −b
�{m��®rªm^ps]
jln�plm

y{ÀZjs��rum%�®il[.���u�ª]\p2iky��ªnZjlruy{m�mZy{ps[%�hr7· ]{·u�hjlX�]��Zply�ÀZ�u]q[)�\��m�À�]�¯²y�pl[�nZ�u��jl]L�@��i¦¯²y{�u�ªy*¤2i
[^rªm

Y {‖AY − b‖22 + λ2‖Y ‖22} ,
»|©L��¾

XZ]\pl]�jlXZ]�ps]q��nZ�u�{plru³\��jlruy{m.���{ps�{[^]
jl]\p
λ
�qy{mvjlpsy{�¹i jsXZ]�¤�]\rª��Xvj�y�¯¥mZy{ps[ ‖Y ‖2 pl]\�u��jlru£{]2jsy�[^rumZru[®ru³\��°jlruy{m.y{¯MjlXZ]2ps]\ilr¹�hn�����mZy{ps[ ‖AY − b‖2
·�W�X�]a�h]q]\��]\pxrum�ilrª��X�j rumvjly�jsXZ]2�Zpsy{�5]qpljlru]\i y�¯MjlXZ]~W�rª§EXZy�mZy*£

ily{�unhjlruy{m�i
Yλ

ilXZy*¤2i¦jlX��*j

Yλ =

N
∑

i=1

σ2
i

σ2
i + λ2

uT
i b

σi

vi ,
»|©*��¾

jlX�]�tvn���mvjsr±jsrª]Li
Ti =

σ2

i

σ2

i
+λ2

��ps]x�q�{�ª�u]\�~jsXZ]�W�rª§EXZy�mZy*£M9��ªjl]\pH¯Õ���Ijsy{p!iq�¬¤�XZr¹�!XS�
y�mvjlpsy{�*jsXZ]¦����[^�ZrumZ�2y�¯
jlX�]�rum��hru£Eru�hn����ZeE¼�½ �qy{[^�5y{mZ]\m�j!iHy{¯ZjlX�]¦ily{�unhjlruy{m

Yλ

·:eE��]L�
r¹���u�ªg��*¤�XZ]qm
σi >> λ

»
i
rui��qy{[^����p!��À��ª]

il[^�{�ª� ¾I��W�ru§vX�y{mZy*£ 9��±js]qp�¯Õ���Ijsy{p!i
Ti =

σ2

i

σ2

i
+λ2 ≈ 1

�#jlXEn�i�r±j��Zyv]Li�mZy{jlXZrumZ�µ¯²y�p�jlXZ]B�ªy*¤�¯²pl]Lt�n�]qmvj
�
y�[^��y�mZ]qmvjsi\��¤�XZru�ª]Ë¤�XZ]qm

σi << λ
»
i
r¹iB�qy{[^����p!��À��ª]µ�¹��ps�{]¬¾I��W�rª§EXZy�mZy*£ 9��ªjl]\pV¯Õ���Ijly�psi

Ti =
σ2

i

σ2

i
+λ2 ≈ σ2

i

λ2

��¤�XZru�!X¿XZ]\�ª��i®jsy �Z��[^�=jlXZ]¶�qyv]��V�
ru]qmvjsi®y�¯~�u��i|jBeE¼~½��
y�[^��y�mZ]qmvjsi�¯²y�p^jlXZ]%XZru�{X
¯²ps]\tvnZ]qmvj2�
y�[^��y�mZ]qmvjsi\·

� XZru�ª]�rum��Zps���Ijsru�q]{�h¤¦]�n�ik]~jsXZ]�¯²y{�u�ªy*¤�rumZ�®mZy{ps[.���K]Lt�n��*jlruy{m�i�]LtvnZrª£*�{�ª]\m�j�jsy®jlXZ]V»k©\�{¾ A

(AT A + λ2I)Y = AT b ,
»|©L��¾

¤�XZ]\m�[^��jlpsr±­
A
r¹iPilgE[^[®]qjlpsru� ��m��0�5y�ilr±jsrª£�] �h]�9�mZrªjl]{�SjlXZ]\pl] ]
­hruikjsiP��m ���ªjl]\plm��*jlru£{]�¯²y�pl[ y�¯

W�ru§vX�y{mZy*£.ps]q��nZ�u�{plru³\��jlruy{m&A

(A + λI)Y = b , λ ≥ 0 ,
»k©\��¾

��m��VjsXZ]�pl]\�{nZ�¹��psru³q]\�@iky��ªnZjlruy{m�rui���rª£�]qm@Àvg

Yλ =

N
∑

i=1

wT
i b

σi + λ
wi =

N
∑

i=1

σi

σi + λ

wT
i b

σi

wi ,
»7�{��¾

mZy{jl]~jlX���j�¯²y{p�jsXZ]�ikgE[^[^]
jsplr¹�~[^��jlpsr±­K�
wi = ui = vi

·

$&%'$&%�� � � Ä �*�h�71 È98 � Ä � + È É¥�
Ê y�p2jspl]L�*jlrumZ�V�¹��ps�{]q°Áis�q�{�ª]��Zpsy{À��ª]\[^i\��¤�X�]qps]�jlXZ]®�hrupl]L�Ij~�qy{[^�Znhj!�*jsrªy�m�i2rumE£{y{�u£{]L�%�
y{[^�ZnZjlrumZ�@eE¼~½
À5]\�
y�[^]a�Zpsy{XZruÀZrªjlru£{]�· ¢ js]qp!�*jsrªy�m.[®]qjlXZyh�Zi\�E�ªru§{]�jlX�]��
�¹�{isilru� \H��m��h¤�]\À�]\p � i [^]qjlXZyh�Zi���m��V�
y�m*z|nZ����jl]
�{p!�{�Zrª]\m�jx»��
	�¾Â�{�ª��y{psr±jsXZ[%�qX��¬£�]:À�]\]qm�¤�r¹�h]q�ug�n�ik]L�~¯²y{pÂjsXZr¹iÂ�Zpsy{ÀZ�u]q[%· ¢ m�jlXZ]Lik] [^]qjlXZyh�Zi\�¬r±js]qp!�*jlruy{m
mEnZ[SÀ5]qp

k
�Z�¹�¬ghi�jlXZ]�psy{�u]�y�¯HjsXZ]�ps]q�{n��u�{plru³\��jlruy{mB����p!��[^]
js]qpL·
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�2m�y�jlX�]qp�rªmvjl]\pl]\psikjlrumZ�=ru�h]L� r¹i@jly¿n�il]���psgE�ªy*£ il���{�q]P[^]
jsXZyh�Ziq· \Â]
j%[.�*jsplrª­
M

�h]\mZy�js]��
�Zps]\�qy{m��hrªjlruy{m�]qpL��jsXvn�i

M−1A ≈ I
�{m��

M−1(b − AY ) ≈ e
·�W�XZ]®r±js]qp!�*jlruy{mË�q��mPÀ�]^�
y�m�i|jspln��Ijl]L�

ÀEg

Y (K+1) = Y (K) + M−1(b−AY (K)) ,
»7�Z©L¾

��m��Brªj2rui2]\�{ilru�ªg.jsX��*j�¤¦]�y{Àhj!��rumBjsXZ]�¯²y{�u�uy*¤�rªmZ�®]qpspsy{p�pl]\�u��jlruy{m&A

e(K+1) = (I −M−1A)Ke(0) ,
»7���{¾

� ���������
	���

�¦��� ����� �
������� +-���! #

����

������� 	Ë� ���q������
! #"%$ (*���
� "�	 	Ë����� 5�� �@&Â H�¥�65x #

� � /0����1��q�2$'&�� 
! #"	� ����
q��� /´	���	S$'�
�
 ¥���¥

�¦	� #
q� �

��]��{ru£{]�j|¤�y~�ª]\£{]\�hru�h]L���hps]q��nZ�u�{plru³q]L���
y�plps]\�
jlruy{m®���u�{y{psrªjlXZ[.i\�
Y ′ � Z ′ �{m�� L′ [^]
jsXZyh�Ziq�{¯²y{p:�~�ªrumZ]L��p�q��ik]Sº¶ikX��{��]^ps]\�qy{m�ikjlpsn��Ijsrªy�m¶�Zpsy{ÀZ�u]q[��{m����BmZy�mZ�urªmZ]L��p��q��ik]SºµrªmE£{]\psil]�ilX��{��]®jl]Li|j��Zpsy{À��ª]\[¸rªm

jlX�]�mZ]
­Ejail]\�Ijsrªy�mÂ·

�?>A@ B?H�N
� T � T�� D�K�V!F�U ����FIJAD�K���UID! 
�YT�C

γ
A
y(x) � j!��ps�{]qj7A ȳ(x)

J(γ) =

∫

γ

1

2
(y(x)− ȳ(x))2dx ,

»7�{��¾

y{p

J(Y ) =

∫

γ

1

2
(BN (t)T (Y − Ȳ ))2NBN−1(t)

T ∆X0dt .
»7�"^v¾

Ê y�p�jlXZ]�n�mZr±¯²y�pl[��q��ik]��h¤�]�§EmZy*¤ jlX���j
x0(t)′ = NBN−1(t)

T ∆X0 = 1
��ily^¤�]�y{m��ªg@mZ]q]L�Bjsy.�q��ps]

��À5y{nZj

J(Y ) =

∫

γ

1

2
(BN (t)T (Y − Ȳ ))2dt .

»7� "{¾

}�m�jsXZ]S9�mZ]��ª]\£{]\�5»Õrªm®y{nZp¥]
­h�5]qpsrª[^]\m�jL�*¤�]��!XZyEy�il]
N = 8

¾I�*¤¦]¦�{�ªps]\���hg�§EmZy*¤�jlX���j#jsXZ]�����p!��[^]qjlpsru�
�{p!�{�Zrª]\m�j�r¹i��ªrumZ]L��p�»²rumµ½��¦e ¢ ½���� ¢ ��m��%b¶����½ � i2��]\pl£Eruy{n�i¦¤¦y{ps§h¾ A

J ′(Y ) = AY − b ,
»7���v¾

XZ]\pl]~jlX�]�[^��jlpsr±­

A =

∫ 1

0

BN (t)BN (t)T dt = { 1

2N + 1

Ci
NCj

N

Ci+j
2N

} .
»7�v��¾
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��m��VjsXZ]�plru�{Xvj2ilru�h]�§EmZy*¤�m@£{]L�Ijly�p

b = AȲ .
»7�{��¾

¢ j r¹i il�{[^]�¯²y�px���u�EjlX�]2[^]
jlX�yE��i:y{m�jlXZ]M9�mZ]��u]q£{]\�7��jlX���j rui\��jsy�n�ik]�jsXZ]�¯²y{�u�uy*¤�rªmZ���q�u��ililru�\���hikjl]q]\��]Li|jl°
�h]L�
]qmvj2rªjl]\ps��jlruy{m&A

Y j+1 = Y j − ρ(AY j − b) ,
»7�{��¾

XZ]\pl]
j = 0, 1, 2, · · · � Y 0 r¹i��P�{ru£{]\m�rªm�r±jsru�{�¦��nZ]\isi\� ��m�� ¤¦]@��ililnZ[^]@��j j = K

¤�]�y{ÀZjs��rum jsXZ]
£*���unZ]\i

Y K
y{m 9�mZ]S�u]q£�]q�N�K��m��%��y@�hy*¤�m%jsy@�
yv��p!ik]��u]q£�]q�#jly@[^�{§{]Sily{[^]S�qy{pspl]L�Ijsrªy�m�i2ilyVjlX��*jajsXZ]

�����Zply¬­hru[.�*jlruy{m�i®�\��m´�qy{mE£{]\pl��]B¯Õ��i|js]qp.jsX���m¿jlX�]PikrumZ���ª]¶����p!��[^]
js]qpsrª³L�*jlruy{m¿���Z��plyv�{�!XÂ· Ê y{pVy�nZp
��m����ugEilr¹iq�E¤¦]��\��mµ�h]L�
y{[^�5y�il]ajsXZ]�[.�*jsplrª­

A
rum�jsy

A = WΣNW T =

N
∑

i=1

wiσiw
T
i ,

»Õ����¾

¢ m@jlXZ]��hr¹����y{m��{��[.�*jsplrª­
ΣN

�hps]\���5�5y�ilr±jsrª£�]~]\rª��]qmE£*���unZ]\i¦��ps]���psps�{mZ�{]L�^rªm É Ä  {� Ä �Z� 1 8 ��È �*É Ä � jly
§{]\]q�%�
y�m�ikr¹ikjl]qm��
]�¤�r±jsX�jlXZ]\y{psgVy�¯¥pl]\�{nZ�¹��psrª³L�*jsrªy�m�iq·

¢ ¯Â¤¦]:z|n�ikj�]q[^�Z�uy*g®r±js]qp!�*jlruy{m�i2»7�{��¾:¤�X�]qm
N
r¹ixtvnZrªjl]��u�{pl��]{��jsXZ]�ily{�unhjsrªy�m�i �u]\���®jlySyvil�qrª�u�¹�*jlruy{m�iq·

W#y@�
n�pl]�jsXZ]®rª�u�±° �
y�m��hrªjlruy{m�i\�5¤�]®�q��mµn�ik]SjlXZ]^���ªjl]\plm���jlru£{]�¯²y�pl[�y�¯xW�ru§EXZy{m�y*£@ps]q��nZ�u�{plru³\��jlruy{m »|©L�{¾
�
y�m�ilru�h]\plrumZ��jlXZ]�[.��jlpsr±­

A
r¹i����u¤��¬gEi�ilgE[®[^]qjlpsru����m��@�5y�ilrªjlru£{]��h]�9�mZr±js]

(A + λI)Y = b , λ ≥ 0 ,
»7�Z©L¾

��m��VjsXZ]�pl]\�{nZ�¹��psru³q]\�@iky��ªnZjlruy{m�rui���rª£�]qm@Àvg

Yλ =

N
∑

i=1

wT
i b

σi + λ
wi =

N
∑

i=1

σi

σi + λ

wT
i b

σi

wi .
»Õ�v�{¾

�?> = � JYU V�F���D N UWV T��<T.R�T ��� D UIUIT ��FIJAD�K�� T F�H�D O
¢ m%y{nZp�]q­h��]\plru]qm��q]{�h¤¦]��!XZyEy�il]

n = 4
y{m@jlX�]��
y��{psil]
j��u]q£{]\�#A

J(Y ′) =

∫

γ

1

2
(BN (t)T (YK + EN

n Y ′ − Ȳ ))2dt .
»Õ����¾

\Â]qj
Y = EN

n Y ′ + YK − Ȳ
�ZjsXZ]qm%¤¦]��q�{m�]L�{ilrª�ugVy�Àhjs�{rªm�jlX�]�¯²y{�u�ªy*¤�rumZ�^mZ]q¤ [.�*jsplrª­@]Lt�n��*jlruy{m

¯²y{p2�qy��{psil]��u]q£�]q�Â�qy{pspl]L�Ijlruy{m�i A

AcyY ′ = bcy ,
»Õ��^v¾

XZ]\pl]~jlX�]��
yE] �V�
ru]qmvj�[.�*jsplrª­

Acy = (EN
n )T (A + λI)EN

n ,
»Õ� "{¾
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��m��VjsXZ]�plru�{Xvj2ilru�h]�£�]\�
jly{p

bcy = (EN
n )T (A + λI)(−Y K + Ȳ ) = (EN

n )T (b− (A + λI)Y K) .
»Õ����¾

��]P�q�{m ily{�u£{]�jsXZ]µ¯²y{�u�uy*¤�rªmZ� rªjl]\ps��jlruy{m y{m¿jsXZ]P�
yv��p!ik]%�u]q£�]q��¯²y�pB�
y�plps]\�
jlruy{m¿Àvg=rªm�r±jsru�{�ªru³qrumZ�
Y ′

0 = 0
A

Y ′j+1 = Y ′j − ρ(AcyY ′j − bcy) ,
»Õ�E��¾

jlX�]qm%¤�]��\��m%nZ�M�Z�*js]�Àvg
Y K + EN

n Y ′ y�mBjsXZ]*9�mZ]��u]q£�]q�N·:WHyVil��]\]\�@nZ��jlXZ]�p!�*js]�y�¯:�
y{mE£�]qps�{]qm��
]{�¤¦]��\��m�n�il]���À5]
jljl]\p�jl]L�!XZmZr¹t�n�]aºBW¥�!XZ]qÀEgh�!XZ]\£.r±js]qp!�*jlruy{m�i�¨ �¬«#y{m@jlXZ]*9�m�]��ª]\£{]q�N�hrN· ]�·ª�Zrªj�X��{i¦jsXZps]q]
ikjl]q��i¦¯²y{p�]\���!X��qgh�
�u] A

Y j1 = Y j0 − τ1(AY j0 − b) ,

Y j2 = Y j1 − τ2(AY j1 − b) ,

Y j3 = Y j2 − τ3(AY j2 − b) ,

¤�XZ]\pl]
τi

»
i = 1, 2, 3

¾���ps]��{ru£{]qm�ÀEg A

1

τi

=
b + a

2
+

b− a

2
ri

»Õ����¾

¤�XZ]\pl]
[a, b]

r¹i~jlX�]�j!��ps�{]qjkjl]L�¶rumvjl]qps£*����rumPjsXZ]^]qru�{]qmE£*���unZ]
λ
y�¯

A
�{m��

ri = 0,±
√

3/2
�BpsyEy�j�y�¯

jlX�]�W#�!XZ]\ÀEgE�!X�]q£.�5y{�ugvm�y{[^ru�{�Ky�¯:�h]q��pl]\]~��·
_2y*¤=�ª]qj � i:jsnZplm®jsy�jlXZ]a�{m����ughikr¹i¥¯²y{p�jsXZ]a�qy���p!il]��u]q£�]q���qy{pspl]L�Ijlruy{m�iq�¬¯²y�pxikru[^�Z�uru�qr±j|g��{¤¦]2�q��m®jsXZrªm�§

N = n
�ZrN· ]�·ª�ZjlX���j�jlXZ]�]\�ª]\£¬��jlruy{m�[.�*jlpsrª­

EN
n

r¹i�r¹�h]qmvjlrªj|gB[.��jlpsr±­K·:W�XEn�i�¤�]�X��¬£�]

Acy = A + λI ,
»Õ�{�v¾

�{�\�
y�ps�hrumZ��jly®jlX�]��
y��{psil]��
y{psps]\�Ijsrªy�m�i~»Õ�"^E¾¦y�¯¥[®]qjlXZyh�
Y ′ �Z¤¦]�y{Àhj!��rum

Y ′ =
N

∑

i=1

wT
i (bcy − (A + λI)Y K)

σi + λ
wi =

N
∑

i=1

σi

σi + λ

wT
i (bcy − (A + λI)Y K)

σi

wi ,
»_^v��¾

�?> � B/T�� D�K�O ��D�N U V!T��(T.R�TF� ��D UWUIT ��FIJYD�K � T.FIH�D?O
Ê y�p�jlXZ]��qy��{psil]��u]q£�]q�Â�qy{pspl]L�Ijlruy{mBy�¯

Z ′ [^]qjlXZyh�K�Z¤¦]�n�il]�jsXZ]�¯²y{�u�uy*¤�rªmZ�.is�!XZ]q[^] A

J(Z ′) =

∫

γ

1

2
(BN (t)T (Yk + Q0E

N
n Z ′ − Ȳ ))2dt ,

»_^�©L¾

¤�XZ]\pl]
Q0 = WPNW T

��[^��jlpsr±­
PN

r¹i��h]�9�mZ]\�%��i

PN =















1
1···

1
1















N×N

.
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\Â]qj
Z = (Q0E

N
n )Z ′ + Y K − Ȳ

· ¢ m y�jlX�]qpB¤¦y{p!�Zi\��¤�]¶X��¬£{]%jlX�]¶¯²y{�u�uy*¤�rªmZ� m�]q¤¸[.�*jsplrª­
]\tvn���jlruy{m&A

AczZ
′ = bcz ,

»_^E�{¾
XZ]\pl]~jlX�]�[^��jlpsr±­

Acz = (EN
n )T Q0(A + λI)Q0E

N
n = (EN

n )T A1E
N
n ,

»_^v��¾
��m��VjsXZ]�£{]L�Ijly�p

bcz = (EN
n )T Q0(b− (A + λI)Yk) .

»_^!^v¾
�2m����ugEilr¹ix¯²y�p�jlX�]��qy��{psil]��u]q£�]q�Â�qy{pspl]L�Ijlruy{m�i�rum�jlXZ]��\�{il]�y{¯

N = n
�ZjlXEn�i�¤¦]�X��¬£{]

Acz = Q0(A + λI)Q0

= (WPNW T )WΣNW T (WPNW T ) + λI

= (WPNΣNPNW T ) + λI

= (WPN )ΣN (WPN )T + λI ,

¯²psy{[ jsXZ]���À5y*£{]~pl]\�u��jlruy{mÂ�h¤¦]�y{Àhj!��rum

A = (WPN )(ΣN + λI)(WPN )T =

N
∑

i=1

wN+1−i(σi + λ)wT
N+1−i .

»_^ "{¾

Ê y�p�jlXZ]��qy��{psil]~�qy{pspl]L�Ijsrªy�m�ixy{¯¥[^]qjlXZyh�
Z ′ �{m��@jlXZ]�]q­h�Zpl]Lililruy{mBy{¯#[.�*jsplrª­ PN

��¤�]�y{ÀZjs��rum

Z ′ =

N
∑

i=1

wT
N+1−i(bcz −AczZ

K)

σi + λ
wN+1−i =

N
∑

i=1

σi

σi + λ

wT
N+1−i(bcz −AczZ

K)

σi

wN+1−i .
»_^v��¾

�?>�� � H�JYU O � D N UWV T �(T.R�TF� ��D�UIUIT ��FIJYDSK � T F�H�D O
b¶��jlpsr±­

∆
rui��Z]�9�mZ]L�%�{i

∆ =



















1 0 0 · · · 0

0 −1 0

···

0

· · · · · · · · ·
0···

0 (−1)N 0
0 · · · 0 0 (−1)N+1



















N×N

,

L′ bµ]qjlXZyh� n�il]\i@jlXZ]�r¹�h]\�=y�¯�jlXZ] Z ′ b¶]
jlX�yE�´jly ps]q£{]\psil]¶���{rªpsrumZ� À5]
j|¤¦]q]\m ]qru�{]\mE£¬�{�ªn�]\i���m��]qru�{]\mE£{]\�
jly�psi�ÀEgB�.ikru[^�Z�u]~[.��jlpsr±­
∆
rªm�i|js]\�{�@y�¯:�
y�[^�ZnhjlrumZ�®jlX�]��
y{[^�Z�ur¹�q�*js]\�@[.�*jlpsrª­

Q0
·
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Ê y�p¦jlXZ]��qy���p!il]��u]q£�]q�Â�
y�plps]\�
jlruy{m@y�¯
L′ [^]
jsXZyh�K�Z¤¦]~n�ik]�jsXZ]�¯²y{�u�ªy*¤�rumZ�^il�!X�]q[^] A

J(L′) =

∫

γ

1

2
(BN (t)T (Y K + ∆EN

n L′ − Ȳ ))2dt .
»_^h��¾

\Â]qj
L = (∆EN

n )L′+Y K−Ȳ
· ¢ m®y�jsXZ]qp�¤¦y{p!�Zi\�*¤�]�X��¬£�]xjsXZ]¦¯²y{�u�ªy*¤�rumZ�~mZ]q¤=[^��jlpsr±­�]\tvn��*jsrªy�m&A

AclL
′ = bcl ,

»_^v��¾
XZ]\pl]~jlX�]�[^��jlpsr±­

Acl = (EN
n )T ∆(A + λI)∆EN

n = (EN
n )T A2E

N
n ,

»_^v��¾
��m��VjsXZ]�£{]L�Ijly�p

bcl = (EN
n )T ∆(bcl − (A + λI)Y K) .

»#"{��¾
�2m����ugEilr¹ix¯²y�p�jlX�]��qy��{psil]��u]q£�]q�Â�qy{pspl]L�Ijlruy{m�i�rum�jlXZ]��\�{il]�y{¯

N = n
�ZjlXEn�i�¤¦]�X��¬£{]

Acl = ∆(A + λI)∆

= ∆A∆ + λI

= ∆WΣNW T ∆ + λI

= (∆W )ΣN (∆W )T + λI ,

ÀEg.jlX�]��h]�9�m��*jlruy{m%y{¯HjlX�]�[^��jlpsr±­
∆
��¤�]�X��¬£�]

A = (∆W )(ΣN + λI)(∆W )T =

N
∑

i=1

w̃i(σi + λ)w̃T
i ,

»#"Z©L¾

¤�XZ]\pl]

w̃i =























w1,i

−w2,i

w3,i

−w4,i···
(−1)N−1wN−1,i

(−1)NwN,i























,
mZy{jl]�jsX��*j

wi =























w1,i

w2,i

w3,i

w4,i···
wN−1,i

wN,i























,

Ê y�p�jlXZ]��qy��{psil]~�qy{pspl]L�Ijsrªy�m�ixy{¯¥[^]qjlXZyh�
L′ �Z¤�]�y�Àhjs�{rªm

L′ =

N
∑

i=1

w̃T
i (bcl −AclY

K)

σi + λ
w̃i =

N
∑

i=1

σi

σi + λ

w̃T
i (bcl −AclY

K)

σi

w̃i .
»#"��{¾
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Ê rªp!ikjl�ug��u]
j�� ia�ªyEy�§���j~�hr¹il�qpl]qjl]�wxru�\��p!�¶�
y�m��hrªjlruy{m�i\��rN· ]{·u�5ilrªm��{nZ�¹��p�£¬�{�ªn�]\i

σi

�K�qyv]��V�
ru]qmvjsi
uT

i b
��m��

uT

i
b

σi

rªm^jsXZ]am��{rª£�]2iky��ªnZjlruy{m
Y
y�¯MjlX�]2�ªrumZ]L��p�ilX��{��]�ps]\�qy{m�ikjlpsn��Ijsrªy�m���ply�ÀZ�ª]\[ ¤�rªjlX

N = 16
· ¢ m Ê rª��·

�P»7��¾2X��{i�mZyBm�y{r¹ik]��5¤�X�rª�u]@»ÕÀ�¾2X��{iajlXZ]�mZy{r¹ik]��ª]\£{]\�
10−7 �M�{m��µrªj�il]q]\[.i2jsX��*j~[^��­hrª[�nZ[ k = 15¯²y{p�jsXZ]��q��ik]�y{¯#mZy^mZy�ruil]{���{m��

k = 12
¯²y{p�jlX�]��q�{il]�y�¯�»²À�¾
·
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(b) with noise level 10− 7
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�!XZyEy�il]

N = 16
·��am��¶¤¦]�js��§�]�jsXZ].�q�{il]Sy{¯ jlX�]�mZy�ruil]S�u]q£�]q�

10−7 · ¢ m Ê rª��·,"h�K¤¦]S�Z�uy�j�ilrªm��{nZ�¹��p
£*���unZ]\i

σi

�a�
yE]��.�qrª]\mvjsi
uT

i b
�{m�� uT

i
b

σi

rum jlXZ]Pm���ru£{]Pily{�unhjsrªy�m
Y
��m�� W�rª§EXZy�mZy*£ ps]q��nZ�u�{plru³\��jl]L�

ily{�unhjlruy{m
Yλ

y{¯HjsXZ]��ªrumZ]\�{p�ikX��{��]�ps]\�qy{m�ikjlpsn��Ijsrªy�mV�Zpsy{ÀZ�u]q[%·:Ì¦g.jlX�]\il]��qy{[^���{plr¹iky�mÂ�v¤�]��q�{mB]L�{ilrª�ug
jlX��*j�ik]\]2jlX��*j�pl]\�{nZ�¹��psrª³L�*js]\�^iky��ªnZjlruy{m

Yλ
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(a) before regularization with noise 10− 7
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(b) after regularization with λ = 10− 4
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(a) After 10 iterations
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(b) After 50 iterations
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(c) After 100 iterations
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(d) After 300 iterations
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(a) After 3 iterations
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(b) After 10 iterations
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(c) After 20 iterations
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(d) After 40 iterations
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√
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p � ��� A � �4	 � 8L�5�M"$�N	 ( �PO-	�� ω(t) > 0 � ��� α > 1 �  
��	Q��"$	������5RK��	,���5 4���58N 
��	 � � (!��� ���7 
��	���"4	,�-���!R

� �
	 � <N	,��� �  4��	 � � ( ��� � ��� ( � x(t)
�>"&�5��%5	,� � "4=��2�5 4� � ���S=7�5���5 4����	HRT��� ( �
	 � "4����� ��� ���S<N�! 
�

x(t)

U)UWV!X�Y[Z[\[]



��� ��� �������
	���
���	G��


50 100 150 200 250 300
10

−3

10
−2

10
−1

10
0

10
1

iterations

m
a

x
 e

rr
o

r

 

 

regularized single level

regularized Y method

regularized Z method

�	��

�������)�	���)���
N = 16 �3� � . !
>�� *$���E#6�)�-%6� >B��#6��!74�% � ��#6��+,*$���3�"��
�#6���H�0��>�= �-� !(8L��#6�-��*$#6�"!(�)%-?

*$� 4
y(t)

*(�6�&47� . � 47�-4�=�� . !
�3#6��!( �� !
 ��0

!(�

x(t) =
N

∑
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‖Y ‖22 ,

»#"v��¾

XZ]\pl]
λ
r¹i�jlX�]�����p!��[^]
js]qp�y�¯¥pl]\�{nZ�¹��psru³\�*jsrªy�m�i\·
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λ = 0, bezier curve

λ = 0, control polygon

λ = .0005, bezier curve

λ = .0005, control polygon

λ = .001, bezier curve

λ = .001, control polygon
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