
HAL Id: inria-00166096
https://inria.hal.science/inria-00166096v1
Submitted on 31 Jul 2007 (v1), last revised 7 Mar 2008 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Efficient schemes for total variation minimization under
constraints in image processing

Pierre Weiss, Gilles Aubert, Laure Blanc-Féraud

To cite this version:
Pierre Weiss, Gilles Aubert, Laure Blanc-Féraud. Efficient schemes for total variation minimization
under constraints in image processing. [Research Report] 2007. �inria-00166096v1�

https://inria.hal.science/inria-00166096v1
https://hal.archives-ouvertes.fr


appor t  
de  r ech er ch e 

IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
??

??
--

F
R

+
E

N
G

Thème COG

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Efficient schemes for total variation minimization
under constraints in image processing

Pierre Weiss — Gilles Aubert — Laure Blanc-Féraud

N° ????

November 2006





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������
	�������������
�������������� �"!#���$�������%� 	&����	��%����'������%� 	&(�	�)*�+�
��� 	�,�-�$� ��	������	.�%���0/ �21��$�3�4�
�-��	�/

5�687:9;9<7>=?7@6BA;A>CEDF68GBG87@A�H�I$JK7@9%LMCENPOQI$9;7>RSG8OUT$VXW�Y[Z:9\OUI$]

^+_a`%bdc0e
f�gihkjmlonqpr`<bdc<n�s%tvuvwyxzp{xz|}n
~K�rtv��c�p{n
�P�rx��XwQ�

�P�X�a�Utv�rp��mc��rc;s�_ac%��s�_ac�w��$�;�\�\��h��Pt��vc<b0�Uc%�P�X�:�v��hk�v�S�y�vuvc<n

�����<�%���a�v�v� ^+_ax�n��y�v�Qc<�P�a�{c<nrc%w@p�n
wac%���v ¡u:tv�{xzp{_ab3n+prt¢bdx£wax£bSx£¤%c0prtvp{�X ����X�{x£�Xprx£tvwF�Xwy�¥bdt:�rc u:c%wm¦
c<�{�v ¡ £l

l1
¦§watv�{b3n�¨awy�mc<���Fu:c%wac<�{�v Es�t:w@�:c�©ªs�tvwQn�p{�{�vx¡w@p<«¥^+_ac��v ¡u:tv�{xzp{_ab3n �X�{c3�y�:nqc;�¬t:w"�F�{c<s�c<w@p

�:�m���Xwys%cdx¡wªs�t:w@�:c�©>t:�mprx£bdx¡¤;��prx£tvwª�a�{tv�Ut:nrc<�M�olFE¨a�{x¡xK�Pc<nqprc<�rt��¯® �X°�±§«¢²#c%�Uc%wy�mx£wauFt:wMp{_ac3�rc<uv¨m¦
 ��X�{x¡p�l¬tv|
pr_ac��a��p��¥³Q�mc< ¡x¡p�l´prc%�{b¥µ¶�4c�nqt: ¡�:c3c%x¡pr_ac<�S�M�a�{x¡b3�X 4�a�{tv�a £c%b¥µ$c%x¡pr_ac<�S�¬�m¨y�v K�a�{tv�a £c%b¥«
·�x£�{nqpE��c�nq_at��¸pr_Q��p4nqp{�vwy�a�X���0³y�{nqpEtv���mc<�Enrs�_ac<bdc<nE�v ¡ £t��"p{t uvc%pKnqt: ¡¨mp{x¡t:wyn¶tv|U�a�{c<s%x£nrx£tvw

ε
x£w
O( 1

ε2 )x¡prc<�{�Xprx£tvwyn0��p0��tv��n�p;«�·ytv�S�¥uvc%wyc%���X Ks%tvwo�vc%©´s�t:wynqpr���Xx£w:p;µ-��c¢�a�{tv�Ut:nrc¢�Fnrs�_yc%bdc3pr_Q��p��v ¡ £t���n�prt
t:�mp{�vx¡wd��nqt: ¡¨aprx£tvwdtX|U�a�rc;s�x�nqx£tvw

ε
x£w
O( 1

ε )
xzp{c%����p{x¡t:wyn%«$·at:�E��n�p{�rt:wauv £l s�t:w@�:c�©0s%tvwynqpr���Xx£w@p<µX��c
nqt: ¡�:c

���m¨y�X ��a�{tv�a £c%b¹�
xzp{_¬�¢n{s�_ac<bSc pr_y�Xp#�{c<º@¨ax£�rc;n
O( 1√

ε
)
x¡prc<�{�Xprx£tvwyn+p{t�u:c�p#�¢nrtv £¨mp{x¡t:wFtX|E�a�{c<s%x£nrx¡t:w

ε
« ^+_o¨yn<µ»�mc%�Uc%wQ�mx¡wyu�t:w>p{_ac��{c%u:¨a ��X�{xzp�l�tX|4pr_acd�a��p��¢p{c%�{b¥µ,�4cSu:�vx¡wF|¼�{tvb½t:wac�prt*p��4t*tv���mc%��nPtv|
b3�vuvwax¡pr¨y�ac0x£wFpr_acSs�t:w@�:c%�{uvc<wys�c�����prc;n��
x¡pr_¬�rc;nq�Uc<s�p�prt�n�p��Xwy�a�v�{�Fn{s�_ac<bSc;n%«#·�x£wy�v ¡ £l¥�4c��Qc<�q|¼t:�rb
nrtvbdc�wo¨abdc%�{x£s<�X �c�©m�Uc%�{x¡bdc<w:p�n
�
_ax�s�_�s%tvwm³Q�rb�p{_ac�pr_yc%tv�{c�p{x£s<�X ,�{c<nr¨a ¡p{n+tvw����X�{x¡t:¨yn��a�{tv�a £c%b3n<«
¾F¿@À�Á{Â0Ã ��Ä��v�

l1
¦§watv�{b�bdx£wax£bSx£¤<�Xprx£tvw¯µyprtXp��X ��\�v�rx���p{x¡t:w¥bSx£wax£bdx¡¤;��prx£tvw-µ

lp
¦§watv�{b3n%µy�a¨y�X £xzp�l:µyu:�{�X¦

�ax¡c<w:pd�Xwy�Ånq¨a�yuv���v�mx£c%w@p��mc;nrs%c%w@p{n<µ¶��c;n�p{c%�{t��´n{s�_ac%bdc:µ��Utv¨ywy�mc<�¸�Xwy�ªwytvwm¦§�Qt:¨awy�mc;�¯wat:x£nrc<n<µ�prc�©o¦
p{¨a�{c\Æ#uvc<tvbdc�p{�rl3�mc;s�t:bS�Ut:nrx¡prx£tvw»µas%tvbd�a £c�©mxzp�l:«



� ��/ ���$�����¥���
 �+����� ���
�1¬� (*���������%	*�%���%-�����%� 	&)�� ���
![���$���������0	 ������� ��� -�0(*���� 	��-�$� ��	����


��� ����� � � e4c4�y�X�yx¡c<�»�a�	�<nrc%w@prcK�acEwatv¨y�vc<�v¨m©[�v ¡u:tv�{xzp{_abdc<n��Utv¨a��bdx¡wax£bdx£nrc%�� £���\�v�rx���p{x¡t:w[prtXp��X £cvµ\c�p
�y ¡¨yn�u
�<w��%���X £c%bdc<w:p��mc<n�watv�{bdc<n

l1
µXnrtv¨Qn��mc;n�s%tvw@pr���Xx£w@prc;n-s�t:wo�vc�©mc;n%«�e4c;n��v ¡u:tv�{xzp{_abdc<n»�y�rt��ox£c%wawac<w@p

�� ¨awycM�\���Xwys��%c>�	�<s%c%w@prcFc<w tv�mp{x¡bdx�nr�Xprx£tvw�s�t:wo�vc�©mcF�a�{tv�Ut:n��%cF�Q�X�¢E¨y�rx£x#�Pc<nqprc%�{t���«�jo¨ax£�\�vw@p� £�
�	�%u:¨a ��X�{xzp	�E�mcK �� �Xpqp��vs�_ac��X¨m©��mtvwyw��%c;n%µ\wat:¨yn-�	�<nrtv £�vt:wyn,nrtvx¡p�¨aw �y�rt:�a ¡`<bdcK�a�{x¡b3�v Bµ�nrtvx¡p-¨aw0�y�rt:�a ¡`<bdc
�a¨y�X 8«$~E�rc<bdx¡`<�rc<bSc<w@p<µmwat:¨yn+bdtvw@pr�{tvwyn+º@¨ac� £c<n+nrs�_��%b3�vn+nqp{�XwQ�a�X�����mc��a�{c%bdx£c%�
t:�{�m�{cP�Uc%�{bdc�prprc%w@p
�� t:�mprc<wax¡�$�mc;n�nrtv £¨mp{x¡t:wyn��ac��y���;s�x�nqx£tvw

ε
c<w
O( 1

ε2 )
x¡p��<�{�Xprx£tvwyn��X¨0�ax¡�{c+�mc<n$s%�:n%«�~$tv¨a��¨awac+s�t:w:p{�{�vx¡w@p{c

s%tvwo�vc%©mc$º@¨ac< £s%tvwyº@¨ac:µ%wat:¨yn,�a�{tv�Ut:nrtvwQn�¨aw�nrs�_��<b3�
º:¨yxX�Qc<�rbdc%p���� tv�mp{c%wax£�»¨awacEnrtv £¨mp{x¡t:w��acE�a�	�<s�x�nrx¡t:w
ε
c<w

O( 1
ε )
x¡p��<�{�Xprx£tvwyn<« ~$tv¨y�[¨ywac3s�tvw@p{�{�vx¡w@prc0|¼tv�rprc<bSc<w@p�s%tvwo�vc%©mcvµ�watv¨Qn#�	�<nrtv £�vt:wyn#¨aw¬�y�rt:�a ¡`<bdc

�a¨y�X y�\�:c<s�¨aw¢n{s�_��%b3��º@¨axU�mc%b3�XwQ�mc
O( 1√

ε
)
x¡p��%����p{x¡t:wyn¶�Utv¨a�Ktv�mp{c%wax£�E¨awac#nqt: ¡¨mp{x¡t:w3�mc��a�	�<s%x£nrx¡t:w

ε
«

jm¨ax¡���vw:p» ��
s�t:w@pr���Xx£w:p{cvµ<watv¨yn»u:�Xu:watvwQn,�mtvwys$¨yw��
�ac%¨m©�tv���m�{c<n��a�XwQn, £�+���X�yx£�mx¡p��E�acKs�t:w@�:c%�{uvc<wys�c��y�X�
���X�y�Qt:�qp�
�mc;n»�X�a�y�rtms�_ac;n,n�p��Xwy�a�v�{�»«-·�x¡wy�v ¡c<bdc%w@p<µ;watv¨Qn�|}�Xx�nqt:wyn,º@¨ac% �º@¨ac<n»c�©m���<�rx£c%wQs�c<n»w@¨yb��<�rx�º@¨ac<n
º@¨ax»s%tvwm³Q�rbdc%w@p
 £c<n
�	�<nr¨a ¡p{��p�n4pr_��<tv�{x£º@¨ac;n
nq¨a���ac�watvb��a�rc<¨m©¢�a�{tv�a £`%bdc;n%«
� Ã �;� Á �
� � ��� wat:�rbdc

l1
µ:bdx£wax£bSx�n{��prx£tvw3���v�rx���p{x¡t:w0p{tXp{�v ¡c:µv�a�{¨ax¡p{nK�Qt:�rw��;n%µv�a�r¨yxzp�nK�mcPs%tvbd�a�{c<n{nqx£tvw-µ

���<s�t:bd�Qt@nqx¡prx£tvwFp{c�©opr¨y�rc3Æ u
�<tvb���p{�rx£cvµ��m¨y�v ¡x¡p��:µ�nrtv¨Qn�¦§uv���v�mx£c%w@pP�y�rtv��c�p��:µUs%tvbd�a £c�©mx¡p��vµ»s%tvw@pr���Xx£w@prc;n
s%tvwo�vc%©mc<n



���������
	�������������
��
������������	������! #"��$����	 �

% & 	��-�$�3)�(*�K����� 	
' wÅpr_ax�nS�y�X�Uc%�d��c��v�rc*x¡w@p{c%�{c<nqprc<�Åx¡wÅpr_ac�|}�:n�pd�rc;nqt: ¡¨aprx£tvw"tv|#�Ms% £�:nrnStX|#x¡b3�Xu:c��{c<nqprt:�{�Xprx£tvw"�XwQ�
�ac<s�t:bd�Qt@nqx¡prx£tvw��a�{tv�a £c%b3n4pr_y�XpPs%�vw*�Uc��
�rx¡pqp{c%w¥¨awy�ac%�
p{_ac�uvc%wyc%���X »s�t:wynqpr���Xx£wac<�¢|¼tv�{b)(

inf
u∈ * n,F (u)≤α

||Bu||1 +-, « ,#.
t:�+pr_ac0/�c<º@¨ax£�\�v ¡c<w@p1/32-�Xu:�{�vwauvx��Xw¢|¼tv�{b)(

inf
u∈ * n

||Bu||1 + γF (u) +4, « � .
5 n x£nEpr_ac[�mx�nrs%�rc%prcPnr�y�vs%c
tX| 2D x£b3�Xu:c<n + n x�nKpr_ac�wo¨ab��Qc<�Ktv|»�axz©mc< £n . «¶^+_ac��{c<nr¨a ¡p{nK�4c��y�rc;nqc<w:p�v�a�a £l¢p{t��Xwol� £x£wac<�v�
tv�Uc%����prt:�

B
«6' w¥pr_yx£nP�y�X�Uc%����c s�t:wys�c<w@pr����prc�t:w¥pr_ac ¨Qnqc�tv|

B = ∇ µ ||Bu||1s%tv�{�rc;nq�UtvwQ�mx¡wyu3prt�pr_yc�p{tXp��X $���X�{x£�Xprx£tvw + nqc<c0p{_ac3�X�a�Uc%wQ�mxz©M|¼tv�[pr_ac3�mx�n{s��{c�prx£¤<�Xprx£tvw¬tX|4�mx!7�c%�{c%w@prx��X t:�Qc<�{�Xprt:�{n . « F x�nP�¢s%tvwo�vc%©*�a�{tv�Uc%�P|¼¨awys p{x¡t:w»«�8´c0�
x£ £ -�y�\l¥�¢�y�v�qp{x£s%¨a ��X�P�Xpqprc<w@prx£tvw¥prt�|¼¨awys�prx£tvwyn
p{_y��p��
�{xzp{c

F (u) = |λ(Au − f)|p
�
_ac<�rc

A
x�n��� £x£wac<�v�[x£wo�vc<�qp{x¡�a £c p{�{�vwynq|¼tv�{b + x£�ac%w@prx¡p�lvµ,�+�\�vc< ¡c%pp{�{�vwynq|¼tv�{b�µos�t:wo�vtv £¨mp{x¡t:w»µ¡«£«£« . µ λ ∈ [0,∞]n

x�n+�0�Ut:n{nqx£�a £l3���X�{l@x£wau��y�X���Xbdc�p{c%�;µ
p ∈ {1, 2,∞} �vwy� fx�n
�Xw¥t:�ynqc<�r�:c<�¢�y��pr¨yb�«

^+_ax�n�|¼t:�rb3�X £x�nqb2s%t��vc<�{n��¥�
x��mc3�{�vwauvcdtv|�¨ynrc�|¼¨y K�X�a�y ¡x�s%�Xprx£tvwyn<«�jotvbdc3tv|4p{_ac%b �X�{cS £x�n�p{c<�ªx£w
p{_ac�|¼tv £ £t��
x¡wau�p{�v�a £c9(

p = 1 p = 2
�;: ∞

A = Identity
' bS�y¨a £nrc�watvx�nrc��ac�¦
wat:x£nrx£wauyµ<' b3�vuvc��mc%¦
s%tvbd�Qt@nqx¡prx£tvw�® �oµ��>=oµ
,>, µ , =;±

g��X¨Qnrnrx£�vw�watvx�nrc �mc�¦
wat:x£nrx¡wyu�® ° , ± ? tv¨awQ�mc<�¹wat:x£nrc��mc�¦wat:x£nrx¡wyu*® °@=�±

A = Convolution
�
tv�a¨Qn�p �mc;s�t:w@�:tv £¨m¦
p{x¡t:w¬® ,BA ±

' b3�Xu:c �mc;s�tvwo�:tv £¨m¦
prx£tvwª® °:�mµ , �oµa�X±

��t�Cowat��
w��rc%|¼c%�{c%wys%c

A = D "�E��
F!���HGIF!�B��"JF���1K��	;�L�$�M"�	NO�
���K� ' b3�Xu:c �ac<s�t:bd�Qt@nqx¡¦
p{x¡t:w t:� �mc%wat:x£nrx£wau
® , �\±

' b3�Xu:c �mc%wat:x£nrx£wau
+ �PtPCowat��
w �rc%|¼c%�r¦
c%wQs�c .

e4tvbd�a�{c<n{nrx¡t:w watvx�nrc
�mc<watvx�nqx£wau¥® �mµa°:�aµ , �\±

^+_ax�n�|¼tv�{b3�X £x£nrb��X �nqt[�X £ ¡t���n-prt��mtPx£b3�Xu:c4¤<t@t:bdx¡wau�® � A ±m¨ynrx¡wau#pr_yc�·ytv¨a�{x¡c<�-p{�{�vwynq|¼tv�{b t:��x£b3�Xu:cs<�X�rprtotvwFÆ p{c�©opr¨a�{c �mc;s�tvbd�Ut:nrxzp{x¡t:wyn[® �:�\±§«
e4t:wynqx��mc<�rx£wau¥�ynrc%¨y�mtv¦8x£wo�vc<�qp{x¡�a £cSpr���Xwynq|¼tv�{b3n[pr_ac��a�rc;s�c;�mx¡wyu¥|¼tv�{bd�v ¡x�nrb2��tv¨a ��´x¡wys% ¡¨Q�mc¢tXp{_ac%�

x£w@prc<�rc;n�p{x¡wau3�v�a�a £x£s<��prx£tvwQn+ ¡xQCvc��mc<watvx�nqx£waud¨ynrx¡wyu3�rc;�m¨awy�a�vw@p�p{�{�vwynq|¼tv�{bdn + �mx�s prx£tvwywy�X�{x¡c;n%µas%¨a�{�vc% £c�p�n%µ«£«£« . ® �X�mµNR�±-tv�
x£b3�Xuvc��mc;s�t:bS�Ut:nrx¡prx£tvwyn[® °@�;±§«
�#nd�4c¥nqc<c�p{_ac�prtvp{�X 
���v�rx���p{x¡t:w"x£nd�
x��mc< ¡l¯¨ynrc<�¸x£wÅb3�Xwol¯x£bd�vuvc��a�{tos%c<n{nqx£wau¬bStm�mc< £n<«¸^+_yx£n

x�nSs�c%�rp{�vx¡wy ¡l¯�m¨ac�prt¬xzp�n�u:toto�¯pr_ac<tv�{c�prx�s%�v K�a�{tv�Uc%�rprx£c<n��Xwy�Å�a���vs p{x£s<�X 4�rc;nq¨a ¡p{n<«ª^+_ac*�mx!S¢s�¨a ¡p�l¯x£w
bdx£wax£bSx£¤%x£wau¸xzp� ¡x£c<n*x¡w pr_ac¬watvw �axT7�c%�{c%w@prx��X�yx¡ £xzp�l tX|�p{_ac

l1
¦§watv�{b¥«U'§p*b3�VCvc<n�xzp¥�"s�_y�v ¡ £c%wau:x¡wyu

p��vnMC´prtª�mc<nrx¡u:wW�H�������
	��0wo¨abdc%�{x�s%�X �bdc�p{_atm�an%«"^+_yx£nSx�n��:c%�{lªx¡bd�Utv�rp{�Xw@p�|¼tv�Sx¡b3�Xu:c*�y�rtms�c;nrnrx£wau
�v�a�a £x£s<��p{x¡t:wyn3�
_ax�s�_ x¡wo�vt: ¡�:cF_o¨auvc>�mx£bdc%wynrx£tvw �a�{tv�a £c%b3n<« �½ £tXp*tX| �mx!7Uc<�rc<w:p�prc<s�_ywax£º@¨ac;n3_y�\�:c

XYX[Z�\�]M]^]^]



° D ��� ^�G ����� ���K��G�� F!"�	;�	��
���M" ���

�Uc%c<w*�y�rt:�Qt@nqc;�,«Ejotvbdc��X�{c#~4²�� �y�:nqc;���
x¡pr_�c�©m�a £x£s%xzp�® °:�mµy° , ±§µanqc<bdxz¦§x¡bd�a £x�s�x¡p�® ��°X±-tv��³a©mc<�*�Utvx£w:p® °v°X±¶n{s�_ac<bSc;n%«�fPp{_ac%���v�rc��y�vnrc<�Mtvw>p{_acSbSx£wax£bdx¡¤;��prx£tvw´tX|��*�mx�n{s��{c�prx£¤%c;�Fc%wyc%�{uvlv« ^+_yt:nrc�x£wys� £¨y�mc
nr¨a�au:�{�:�mx£c%w@p[�mc;nrs%c%w@p{n�® ���;±§µ»��c<�+prt:wm¦8 £xQCvc0bdc%pr_atm�and® �V=;±§µ»nrc<s�t:wy�>t:�{�ac%��s�tvwyc��a�{tvu:�{�vbdbSx£wau>® � , ±8µx£w@prc<�rx£tv�S�Qt:x¡w@pdbdc�pr_yto�yn*® ,BA ±8µ4tv�Suv���X�a_"�Q�vnrc<�Å�v�a�a�{t:�:s�_ac<n�® , =oµ , �\±§«Å�
c;s�c%w@p{ ¡l:µ4nrtvbdc*�v¨mpr_at:�{np{�rx£c<��prt3¨Qnqc��a�{x¡b3�v z¦ �m¨y�v ,tv�
�m¨y�v z¦§tvwa £l��v�a�a�{t:�vs�_yc<n#® , �oµQ�v�mµ A ±§«' w¸pr_ax�nS�4t:�MC�µ¶��c��a�{tv�Ut:nrc�wyc%��s%tvwo�vc<�ru:c%w@p�n{s�_ac%bdc<n0prtªnrtv £�vc +4, « ,#. �Xwy� +-, « � . «Å^+_ac<l"�X�{c�v ¡ ¶�Q�vnrc<�>t:wM³Q�{nqp�tv���mc%�[c�©m�a £x£s%xzp0n{s�_ac<bSc;n[�a�rt:�Qt@nqc;�>�{c<s%c%w@pr £lF�olF�«-�Pc<nqprc<�rt��ª® �:�oµ-�v°�±§«S^+_ac;nqc
n{s�_ac<bSc;n#�v�rc�uvx£�vc<wM�
x¡pr_´c�©m�a £x£s%xzp�s�t:w@�:c%�{uvc<wys�c ����p{c<n + �
_ax�s�_Mx�n�nrc% ��mtvb½nrc%c%w¬x¡w¬pr_yc� £xzp{c%����p{¨a�rc . µ�v�rc+t:�mprx£b3�X a�
x¡pr_d�{c<nr�Qc;s p¶prt ��s%c%�rp{�Xx£w3s� ��vn{n$tX|,s�t:w@�:c�© �a�{tv�y ¡c<bdn<µX�{c<º@¨ax£�rc+ £xzprpr £c�bdc%bdtv�{l0�vwy�d�X�{c
c;�vnrl¢p{t��y�v�{�v ¡ £c% £x¡¤<c �Xwy�¥x£bd�a £c%bdc%w@p���« 8¬cSs�t:bS�Q�X�{c�pr_ac<x¡�[c
S¢s�x£c%wQs�l��
xzp{_Mnqt:bdc tXp{_ac%�Ps% £�:nrnrx�s%�X 
³Q�{nqp
tv���mc%�
n{s�_ac%bdc<n<« 8¬c nr_at�� pr_ac<x¡�+p{_ac%t:�rc%prx�s%�X »�vwy�*�a�{�:s p{x£s<�X »nr¨a�Qc<�rx£tv�{x¡p�lv«
²#c%�Uc%wy�ax¡wauªt:w¯pr_ac��{c%uv¨y £�v�rx¡p�l¬tv|

F
µE��c��a�{tv�Ut:nrc¢p���t¬�axT7�c%�{c%w@p3�X�a�a�{t:�:s�_ac<n bStvprx£����prc;�"�ol

p{_acSbd�X©mx¡bdx£¤<��p{x¡t:w>tX|Kpr_ac�pr_ac<tv�{c�p{x£s<�X ��{�Xprc<n#tX|�s�tvwo�:c%�{uvc%wQs�cv«[·at:�[u:c%wac<�{�v �s%tvwo�vc%©
F
µ,��c0|¼t: ¡ £t��

p{_ac �X�y�a�rt@�vs�_¢tv|�S«y��c;n�p{c%�{t��3x¡wª® �X°�±��Xwy��¨ynrc��SnrbdtotXpr_F�v�a�a�{t\©ox£b3��p{x¡t:w¢tX|�pr_ac�p{tXp��X ,���X�{x£�Xprx£tvw»«
²#tvx£wauMnrtyµ$u:c�pqp{x¡wyuM�>nrtv £¨mprx£tvw¯tv|+�y�rc;s�x�nqx£tvw

ε
�rc;º@¨ax¡�{c<n

O( 1
ε )
x¡prc<�{�Xprx£tvwyn��
_yx¡ £c�bdt:nqp ³y��nqp0tv���mc%�

n{s�_ac<bSc;n��rc;º:¨yx¡�{c
O( 1

ε2 )
xzp{c%����prx£tvwQn%«¶·at:�
n�p{�rt:wauv £l3s�tvwo�:c�©

F + p�l@�yx£s<�X £ ¡l l2 wat:�rb3n . µm��c[nr_at���p{_y��pp{_acd�rc;nqt: ¡¨aprx£tvw>tv|4�*�a¨y�X ¶�a�{tv�y ¡c<b¹�
x¡pr_ª����c<nqprc<�rt�� � n#n{s�_ac<bScS £c<�v�ynPp{t��v ¡u:tv�{xzp{_ab3n#�ac%b3�Xwy�ax¡wau
O( 1√

ε
)
x¡prc<�{�Xprx£tvwyn4p{t3uvc�p��vw

ε
¦ nqt: ¡¨mp{x¡t:w»«

^+_ac�t:¨mpr £x£wac�tX|�pr_ac��y�v�Qc<�
x£nP�vn�|¼tv £ £t���n3(
� ' w¬nrc<s�prx£tvw , µU��cdnqc%pqpr £c p{_acSbd�vx¡w¬watXp���p{x¡t:wyn#�vwy�>�mc%³ywax¡prx£tvwyn<«�^+_ac%w¬�4cSnq_yt��ipr_y�Xp[b3�Xwolx¡b3�vuvc0�y�rtms�c;nrnrx£wau¢�a�{tv�a £c%b3n[nq¨Qs�_M�vn#�rc;n�p{tv����p{x¡t:wFtv���mc<s%tvbd�Qt@nqx¡prx£tvw¬s%�XwM�QcSc�©m�a�{c<n{nqc;�>�vn
+-, « ,1. tv� +-, « � . «
� ' w´nrc<s�prx£tvwM�yµ,�4c0³y��n�p��Xwy�v ¡lmnrc p{_acSs%tvwo�vc<�ru:c%wys%c��{�Xprc;nPtv|4nqt:bdcSs% £�:nrnrx£s<�X -³y�{nqp�tv���mc%���X £uvtv¦
�rx¡pr_ybdn<«E^+_ac<w���c��mc�p��Xx£ �pr_ac��y�rt:�Qt@nqc;�*�v ¡u:tv�{xzp{_ab3n%«$^+_ac%x£��s�t:wo�vc%�{uvc<wys�c#�{�Xprc;n+tv¨mp{�Qc<�q|¼t:�rb
pr_ac�tvpr_ac<�+s% £�:nrnrx�s%�X Unrs�_yc%bdc<n��ol3tvwac[tv�4p���t0tv���mc<�{n4tX|-b3�vuvwax¡pr¨y�ac[�mc<�Qc<wy�mx£waudtvw�pr_ac[�rc<uv¨m¦
 £�v�rx¡p�l¢tv|

F
«

� ' wFnqc;s prx£tvw�°yµm��c s�t:bd�y�X�{c#t:¨a���X�y�a�rt@�vs�_¢�
x¡pr_Fnrtvbdc�tXp{_ac%�
c%©ox�nqprx£waudbSc%pr_atm�an<«
� � �����������0	*�� 	�).� 1*1¥�������������0	&��¢�0� 1¥���


����� � �"!$#%!'&(�*)�+,#-)�./.10324)�&(!'&(�*)�+
2-c�p
¨yn��ac<n{s��{x¡�Uc[pr_ac�watvp{�Xprx£tvwyn+��c�¨ynqc[p{_a�rt:¨auv_ytv¨mp+pr_yx£n
�Q�X�Uc%�;«
^�t¢nqx£bd�a £xz|¼l�pr_ac�watvp{��p{x¡t:wyn<µm�4c�¨ynrc

X =
5 n µ Y = X ×X

µa�Xwy�
J(u) = ||∇u||1

«
�P ¡ ¶p{_acdpr_yc%tv�{lM�mc<�vc< ¡t:�Qc;�Mx£w´pr_ax�n��y�X�Uc%� �v�a�a £x¡c;n[prt>s%tv £tv��x¡b3�vuvc<n[¨ynrx£wau�|¼tv��x£wyn�p��Xwys%c3s�tv £tv�

p{tXp��X ,���X�{x£�Xprx£tvw¬®5�\±8«76Pc%�{c[��c[|¼tms�¨yn
t:w*u:�{�\l@¦ nrs<�X £cPx£b3�Xuvc;n%«
ū
�mc<watXp{c<n
�dnrtv £¨mprx£tvw�tX| +-, « , tv� , « � . « f ∈ X

�
x¡ £ -�mc<watXp{c�uvx£�vc%w*tv�ynrc%�{�vc;���a�Xpr¨ab¥«
8:9�;=<5>3<5>@? Z <5A�BDCFEG9H? Z 9@IKJ�?L9HMNE�J7IOCFE�P%E�?QB=;=<5R*STEGCUR�J(>�>H< Z=V�W Z < 9@CFE@STEGC V EH?QA�A1?QX=Y5J%Z[C V <5R7\%J:]N<5R(J7B=EGC V EH?QA�A�< ZNV

^`_ X3^ba



���������
	�������������
��
������������	������! #"��$����	 =

·ytv�
u ∈ X

µ
ui ∈

5´�mc%watvprc;n�pr_ac�x¡¦Bp{_Fs�tvbd�Utvwac<w@p+tv|
u
«

·ytv�
g ∈ Y

µ
gi ∈

5 2 �mc%watvprc;n+pr_ac�x¡¦Bp{_Fs�tvbd�Utvwac<w@p+tv| g µa�XwQ� gi = (gi,1, gi,2)
«

< ·, · >X
�mc<watXp{c<n+p{_ac�¨ynr¨y�X »n{s%�v £�v���y�rtm�m¨ys�p
tvw

X
«E·at:�

u, v ∈ X
�4c�_y�\�:c�(

< u, v >X :=

n
∑

i=1

uivi + �m« � .
< ·, · >Y

�mc<watXp{c<n�pr_yc�¨ynq¨Q�X »n{s%�X ��X�+�a�{tm�m¨ys�p+t:w
Y
«E·at:�

g, h ∈ Y
(

< g, h >Y :=
n

∑

i=1

2
∑

j=1

gi,jhi,j + �m« ° .

| · |p
µ
p ∈ [1,∞[

x£n�p{_ac
lp
watv�{b t:w

X
(

|u|p := (

n
∑

i=1

|ui|p)1/p + �m« = .

| · |∞
x�n+pr_ac

l∞
¦8wytv�{b�tvw

X
(

|u|∞ = max
i∈{1,2,...,n}

|ui| + �m« � .
|| · ||p

µa|¼tv�
p ∈ [1,∞[

x�n��Swatv�{b t:w
Y
�mc%³ywac<���ol<(

||g||p := (
n

∑

i=1

|gi|p2)1/p + �m« � .
�Pwy� (

||g||∞ := max
i∈{1,2,...,n}

|gi|2 + �m« R .
·�x£wy�X £ ¡l bac µmx�n+pr_yc�x¡w@prc<uvc<���Q�X�rp+tv| a ∈ 5$«

��¿������ � �BÃ��
	�����-® �E¨ys� £x��mc<�vw3�a�rtv��c<s�prtv�r± 2-c�p
K ⊂ X

�UcP��s�t:w@�:c�©�nrc�p;«�^+_yc��E¨ys� £x��mc<�vw3�a�rtv��c<s�prtv�
t:w

K
x�n��mc%³ywac<���ol<(

ΠK(x) = argmin
u∈K

|u− x|2

��¿������ � �BÃ���	���	��K® �E¨ys� £x��mc<�vw�wytv�{b tX|$�Xw�tv�Uc%����prt:�q± 2»c%p
B
�Uc �S ¡x£wac;�X�+tv�Uc%����p{tv��|¼�rt:b

X
p{t
Y
«

^+_yc4�K¨ys� £x£�ac<�Xw¥wat:�rb�tX|
B
x£n
�mc%³ywac;�*�ol<(

||B||2 = max
x∈X,|x|2≤1

(||Bx||2)

XYX[Z�\�]M]^]^]



� D ��� ^�G ����� ���K��G�� F!"�	;�	��
���M" ���

��¿������ � �BÃ�� 	�� � �
® ~E�rt:�Qc<�
|¼¨awys�prx£tvwm±�� s%tvwo�vc%©¢|¼¨awys�prx£tvw
F
t:w

X
x£n#�a�{tv�Uc%��x¡|K�Xwy�¥t:wa £l*x¡|

F
x£n

wytXp
x£�ac%w@prx�s%�v ¡ £l�c;º:¨Q�X �prt
+∞ �XwQ��p{_y��p
x¡pP�mtoc<n
wytXp+p{�VCvc[pr_ac����v ¡¨ac −∞ t:w

X
«

��¿������ � �BÃ�� 	���� �#® ' wy�mx�s%�Xprtv�[|¼¨awQs prx£tvwa± 2»c%p
K ∈ X

�Qc3��watvw´c%bd�mp�l>s% ¡t@nqc;�¬s%tvwo�vc%©>nq¨a�Qnqc%p�tv|
X
«$^+_yc�x¡wy�ax£s<��prt:��|¼¨awys p{x¡t:w¥tX|

K
µa�mc<watXp{c<�

χK
µmx�n��mc�³Qwac<���ol;(

χK(x) =

{

0
x¡|
x ∈ K

∞ tvpr_ac<�r�
x�nrc + �m« A>.
��¿������ � �BÃ���	������4® jo¨a���mx!7Uc<�rc<w:p{x£�v -�XwQ�*nr¨a�au:�{�:�mx¡c<w@pq±¯^+_ac nq¨y�U�mx!7�c%�{c%w@prx��X ,tv|

J
��p
�Qt:x¡w@p

u ∈ X
µ

x�n
�mc%³ywac<���ol<(
∂J(u) = {η ∈ X, J(u)+ < η, (x − u) >X≤ J(x), ∀x ∈ X} + �a« , � .

η ∈ ∂J(u)
x�n�s<�X £ ¡c;�*�dnr¨a�auv���v�ax¡c<w:p;«

^+_ac nr¨a���mx!7Uc<�rc<w:p{x£�v -s%�vw*�Uc�pr_ytv¨au:_:p
tv|$�:n�pr_ac nrc�p
tX|$_olo�Qc<�r�a ��Xwyc<n��y�vn{nrx¡wauSp{_a�rt:¨auv_��Utvx£w:p
u�
_yx£s�_>�v�rc  £c<n{n+p{_y�XwFp{_ac |¼¨ywys p{x¡t:w

J
«#f#w>�Qt:x¡w@p�n��
_ac<�rc

J
x�n#�mx!7�c%�{c%w@prx��X�a £cvµypr_acSnq¨y�U�mx!7�c%�{c%w@prx��X 

�{c<�a¨ys�c;n�prt3�dnqx£wauv £c�p{tvw ($pr_ac s% £�:nrnrx�s%�X �u:�{�:�mx¡c<w@p<«
��¿������ � �BÃ���	���� �4®

L
¦ 2»x£�yn{s�_axzp{¤[�axT7�c%�{c%w@prx��X�y ¡c[|¼¨awys�prx£tvwm±

�?|¼¨awys�prx£tvw
F
�mc�³Qwac<�Mtvw

K
x�n#n{�Xx��Fp{t*�Uc

L
¦ 2-x¡�yn{s�_ax¡pr¤S�mxT7�c%�{c%w@p{x£�v�a ¡cSx¡|Kxzp�x�n[�axT7�c%�{c%w@prx��X�y ¡c

t:w
K
�vwy�*pr_y�Xp |∇F (u1) −∇F (u2)|2 ≤ L|u1 − u2|2

|¼tv���Xwol
(u1, u2) ∈ K2 «

��¿������ � �BÃ���	������4® j@pr�{tvwyuv £l¢s�tvwo�:c�©��mx!7Uc<�rc<w@prx��X�a £c�|¼¨awys�prx£tvwm±
���mx!7�c%�{c%w@prx��X�a £c#|¼¨awys p{x¡t:w

F
�mc�³Qwac<�*tvw¥�ds�tvwo�:c�©¢nqc%p

K ∈ X
x�n
n{�Xx��3prtd�Uc�n�p{�rt:wauv £l3s�tvwo�:c�©

x¡|�pr_ac<�rc�c�©mx�n�p�n
σ > 0

nq¨Qs�_�p{_y��pL(
< ∇F (u) −∇F (v), u− v >X≥ σ|u− v|22 + �m« ,V,1.

|¼t:���vw@l
(u, v) ∈ K2 « σ x£n�s%�v ¡ £c<�3pr_ac�s�t:w@�:c�©mx¡p�l��y�v�{�vbdc�prc<�Ktv| F «¶��tXp{cPp{_y��p��a�{tv�Uc%�rp�l + �m« ,V,B.x£bd�a £x¡c;n+pr_y�Xp |∇F (u) −∇F (v)|2 ≥ σ|u− v|2

«

��¿������ � �BÃ���	���	 �4® 2»c<uvc%wQ�m�rc%¦§·yc%wys�_yc% -e4tvw���¨yu:��p{c�±2-c�p
G
�Uc[��s�tvwo�:c�©d�a�rt:�Qc<�4�v�a�a £x£s<��prx£tvw¢|¼�rt:b

X
p{t05 ∪ {∞} «¶^+_ac#s%tvw���¨yu:��p{c�|¼¨awQs prx£tvw*tX| Gx�n
�mc%³ywac<���ol<(

G∗(y) = sup
x∈X

(< x, y >X −G(x)) + �a« , � .
G∗ x�n��ds�t:wo�vc�©¢�y�rt:�Qc<�+|¼¨awys p{x¡t:w»«�
Ft:�rc<t��vc%�;µ@�4c�_y�\�:c�(

G∗∗ = G
«

��¿������ � �BÃ���	���� �4®
ε
¦§nrtv £¨mprx£tvwQn�±

^`_ X3^ba
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�Pw
ε
¦§nrtv £¨mprx£tvw�tv|o�y�rt:�a ¡c<b +4, « ,#. µ\x�n-�vw�c% £c%bdc%w@p uε

tX| {u, F (u) ≤ α} n{��p{x£nq|¼lox¡wau J(uε)−J(ū) ≤
ε
µm�
_ac<�rc

ū
x�n��dnqt: ¡¨mp{x¡t:w*tv| +4, « ,B. «�Pw

ε
¦ nqt: ¡¨aprx£tvw�tX|��y�rt:�a ¡c<b +-, « � . µax�n
�Xw�c% £c%bdc<w:p uε

tX|
X
n{��p{x£nq|¼lox¡wyu (

J(uε) + F (uε) − (J(ū) + F (ū)) ≤ ε
�
_ac<�rc

ū
x�n
�dnqt: ¡¨mp{x¡t:w*tv| +4, « � . «

����� ���'0@+ 0@) !$#%!$&��*) ��� + ��� 0 #��	�	
 &�� #%!'&(�*)�+

M�Xwol"x£bd�vuvc¥�a�{tms�c<n{nrx¡wau´bdtm�mc% �n3¨ynrc�pr_ac¥p{tXp{�v ����X�{x£�Xprx£tvw

J(u) = ||∇u||1
�vn3�ª�a�{x¡t:�dtvw pr_ac

x£b3�Xu:c<n<«d^+_yx£n º@¨y�vw@prx¡p�lMnqt:bdc%_at��?bSc;�vnr¨a�{c<n#pr_ac�t:n{s�x£ ¡ ���p{x¡t:wyn[tX|
�Xw´x¡b3�Xu:cv«9'§p �+�vn�x£w@pr�{to�a¨ys�c;�
�ol¥�
¨y�mx£w»µ-f[nr_ac%�[�Xwy�>·Q��p{c%bdx + ��f[· . x¡wÅ® ° , ±$�:nP���rc<uv¨a ��X�{x¡¤<x¡wyu¢s��{xzp{c%�{x¡t:w*|¼t:�#x£b3�Xu:c0�mc%wytvx�nqx£wauy«'§p�n[bd�vx¡w¬x¡w@p{c%�{c<nqp[ £x¡c;n[x¡wMpr_acS|}�vs�p#p{_y��p�x¡p��rc<uv¨a ��X�{x¡¤<c<n+p{_acdx¡b3�vuvc<n#�
x¡pr_at:¨mp��a ¡¨y�r�{x¡wyu¢pr_ycSc;�muvc;n%«
�Pt����:�a�\lmn+xzp�x�n#�v�a�a�{c<s�x���p{c<��|¼t:�#x¡p{n[�X�ax£ £xzp�l�prt*bdto�ac% �pr_acS�ax£c<s�c<�
x£nrc0nrbdt@tvpr_>t:�#s%tvwynqp{�vw:p[�y�X�rp{n
tv|��vw�x£b3�Xu:cv« 2»c%p+¨Qn�nq_yt�� pr_Q��p+pr_ac�|¼t: ¡ £t��
x£wauS|¼tv�{bd�v ¡x�nrb (

inf
u∈X,|λ(Au−f)|p≤α

(J(u)) + �m« , � .
�mc;nrs%�rx£�Uc<n+ £tXp{n+tv|�x£b3�Xu:c[�y�rtms�c;nrnrx£wau��y�rt:�a ¡c<b3n%«

	���	���
A = Id  p ∈ {1, 2,∞} Á �*¿ ��Ã�� � � ���¬Ã ��Ä ¿ � Ã ��� Ã � � � �BÃ��


M�XwolMx£b3�Xuvc¢�ac%uv���v�y��prx£tvw´bdtm�mc% �n��
�{xzp{c<(
f = u + b

«
u
x£n pr_ac¢t:�rx£uvx£wy�v ¶x¡b3�Xu:cvµ

b
x£n0�F�
_ax¡prc

�:�a�mx¡prx£�vc�wat:x£nrc��Xwy�
f
x�n�pr_ac �ac%uv���v�ac<�¢t:�ynrc%�{�\�Xprx£tvw»«¶jo¨a�y�Qt@nqc�p{_y��p
��c[_Q�\�vc��S�a�rt:�y�X�yx¡ £xzp�l

P (u)t��:c%��pr_yc nq�y�:s�c[tX|$x¡b3�vuvc<n�p{_y��p
x�n
�a�{tv�Utv�rprx£tvwy�v Uprt
exp(−J(u)) � «E^+_yc%w¥xzpPs<�Xw��Qc�nq_at��
w*¨ynrx¡waup{_ac ? �\lvc;n4�{¨a £c[pr_y�Xp
pr_ac0/��Qc;n�p�/P�+�\ldprtd�{c�p{�rx£c%�:c u |¼�{tvb f

x£n
prt3nqt: ¡�:cPp{_ac�|¼tv £ £t��
x¡waud�a�{tv�y ¡c<b)(
inf

u∈X,|u−f |p≤α
(J(u)) + �m« , ° .

�
x¡pr_
p = 1

|¼tv��x£bd�a¨a �nqc3wytvx�nqcF® �oµ-�@=oµ ,>, µ , =\±8µ p = 2
|¼tv�0g��X¨Qnrnrx£�vw¬wytvx�nqcF® ° , ±8µ p = ∞ |¼tv�

¨ywaxz|¼t:�rb2watvx�nqc¥® °@=;±§µ$�Xwy�
α
�¥�y�v�{�vbSc%prc<���ac%�Uc%wy�mx£wauFt:wMp{_ac3���X�{x£�vwys�cdtX|4pr_ac3wytvx�nqc:«¢^+_ac3watvx�nrc

bdx£uv_@p�_y�\�vcd�*�axT7�c%�{c%w@p����X�{x£�vwys�cStvw´�mxT7�c%�{c%w@p��y�v�qp�n#tv|Kp{_acdx¡b3�Xu:cv«L' w¬pr_yx£n�s<�vnrcvµ,��cds<�Xw´nqt: ¡�:c
p{_ac��a�{tv�a £c%b (

inf
u∈X,|λ(u−f)|p≤α

(J(u)) + �m« , = .
�
_ac<�rc

λ ∈ [0,∞]n
x�n����y�v�{�vbSc%prc<�4p{_y��p+�
x£ ¡ »�v ¡ £t���prt�pr�{c<�Xp+�axT7�c%�{c%w@pr £l3p{_ac��mxT7�c%�{c%w@p
�{c%uvx£tvwQn

tv|+pr_ac*x¡b3�Xu:cv«Mf#w¯�ax¡©mc% �n �
_ac<�rc
λi = ∞ p{_ac¢bdtm�mc% ��
x£ ¡ 4x¡bd�Ut:nrc

ūi = fi
«¬f#w¯�yxz©mc% �n �
_yc%�{c

λi = 0
µopr_yc��\�v ¡¨yc[tv|

ūi
�
x£ ¡ ,t:wa £l��mc%�Uc%wQ�¥tvw*pr_ac��a�{x£tv�

J
«E^+_ax£n�x£�mc;�S���:n4�y�rt:�Qt@nqc;��x£wª® °@�mµy�\±§«

2-c�p�¨yn�³ywQ�X £ ¡l*watXp{c#p{_y��p��{c<s%c%w@pr £lvµop{_ac
BV − l1

bdtm�mc% -���:n�nr_at��
w*prtd�Uc �Xw�c
S¢s�x£c%w@p�bdtm�mc% 
|¼t:�+pr_ac �ac<s�t:bd�Qt@nqx¡prx£tvw�tX|$�Xw�x¡b3�Xu:c�x¡w@prt¢�ds<�X�rprtotvw��Xwy���Sprc%©@p{¨a�{cS® °:��±8«
���3;=<5>3<5>3BDCF>H>H<5XNY5J-< I�� J">HMNB=BDCF>HJ-9�; ?L9%<5A1? V J(>3; ?(]	J7?XDCFM Z�� J � ?QA�B=Y5< 9�M � J��

XYX[Z�\�]M]^]^]
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A =

� Ã �:���K� Ã � ����¿ �%��� � ��� Ã � �  Â ��� ¿ � ¿ �3�%��� � ��� Ã � �  p ∈ {1,∞}� ��� � � ��� �m� �}Ã��  ����� ¿ ��� Ã �BÄ � ���  � � Ä Â � � � ¿ ��Ã�� � ¿ �SÄ ¿ ��Ã�� � �����
� ��s� ��vn{nqx�s%�v ����\l3p{t3s�tvbd�a�{c<n{n+�dnqx£uvwy�v ,x£n
prt (

, «+^����Xwynq|¼tv�{b�xzp��
x¡pr_Fnrtvbdc� ¡x£wac;�X�;µm�ax ��c;s p{x¡�:c �X�a�a £x�s%��p{x¡t:w»«�a«	�#¨Q�Xw@prx£¤%c[pr_yc�tv�mp��Xx£wac<��s�toc
S¢s%x¡c<w:p�n�prtd�{c<�m¨ys%c�pr_ac�c<w:p{�rt:�olv«
�y«�
#nqc �S £t:n{nq £c<n{n+s�t:bS�y�rc;nrnrx¡t:w*�v ¡u:tv�{xzp{_ab�tvw*pr_ac º@¨y�vw@prx£¤%c<��s�toc�S3s%x¡c<w@p{n<«

' w¥x¡b3�Xu:c[s%tvbd�a�{c<n{nqx£tvw�pr_ac�³Q�{nqp
¨ynqc;�¢p{�{�vwynq|¼tv�{b ���:n4pr_ac� £tms%�X ,s%t:nrx¡wac[p{�{�vwyn�|¼t:�rb�x£w
jpeg

«
^+_ac�wac%� n�p��Xwy�a�v�{��x£n

jpeg2000
�
_ax£s�_*¨ynrc<n+�0�+�\�vc< ¡c%p4p{�{�vwynq|¼tv�{b�«$^+_ax�n C@x£wy�*tX|�s%tvbd�a�{c<nq¦

nqx£tvwMx¡w@pr�{tm�m¨ys%c<n[�X�rprc�|}�:s p�n� £x!C:c0t:n{s�x£ £ £�Xprx£tvwynPwac<�v��pr_yc�c;�muvc;n%« 2»c�p
u
�Ucd�Xw>t:�rx£uvx£wy�X �x¡b3�vuvcvµ

�Xwy�
f
�Ss%tvbd�a�{c<n{nqc;�¢x£b3�Xuvc:«¶^+_ac �mc%u:�{�:�a��p{x¡t:w�t:�Qc<�{�Xprtv�

Ψ
s<�Xw��Qc��
�{x¡pqprc<w (

Ψ(u) = A−1(Q(Au)) = f + �a« , � .
�
_ac%�{c

Q
x�n0�F¨ywaxz|¼t:�rb tv��watvw¯¨awyxz|¼t:�rb º@¨y�Xw@prx£¤%c<�0�XwQ�

A
x�n0nrtvbdc3 ¡x£wac;�X� p{�{�vwynq|¼tv�{b�«F�

wy��p{¨a���X K�+�\lFp{t>�rc;s�t��:c%�
u
µ�x�n�p{t> ¡tot>CM|¼t:��pr_ac*x¡b3�vuvc3tX|
bdx£wax¡b3�v Eprtvp{�v K���X�{x£�Xprx£tvwªx£w¯pr_ac

s�t:w@�:c�©�nrc�p
Ψ−1(f)

® �aµ , �<±§«E^+_ax£n
�vbdtv¨aw@p{n�p{t¢nqt: ¡�ox£wau�(

inf
u∈X,∀i∈[1..n], |(A(u−f))i|≤αi

2

(J(u))

�
_ac%�{c
αi
n�p��Xwy�an�|¼t:�+pr_ac º@¨y�vw@prx£¤<��p{x¡t:w*nqprc<�yn%«E^+_yx£n
�y�rt:�a ¡c<b�s%�vw*c;�vnrx¡ £l¢�Uc��rc;�mc�³Qwac<���vn (

inf
u∈X,|λA(u−f)|∞≤1

(J(u)) + �m« , � .
�
xzp{_

λ ∈ [0,∞]n
«

� 8´�\�:c% £c�p�pr_a�{c<nr_atv ��mx£wau>x�n �
x��mc% £lª¨ynrc<�ªp{t¬�mc<watvx�nqc*nqx£uvwy�v £n<«¬jo¨Qs�_"tv�Uc%����p{x¡t:wyn0nr_at�� uvtotm�
�Qc<�q|¼t:�rb3�vwys�c;n%µ»�y¨mp x¡w@p{�rtm�m¨ys%cdt:n{s�x£ ¡ ���p{tv�{l>�X�rprc�|}�:s p�n#�
_yc%wª¨ynrx¡wau¥wat:w¬�{c<�a¨awy�a�vw:p��+�\�vc< ¡c%p
pr���Xwynq|¼tv�{b3n%«$jotv £�ox¡wyu#�#�a�rt:�a £c%b�nqx£bdx¡ ��X��p{t + �m« , � . s%�vw0�Uc�nr_at��
w�p{t#�{c<�m¨Qs�c4pr_at@nqc+�X�rprc%|}�vs p�n%«
� �
c<s%c%w@pr £l¥�3bdto�ac% �nrx£bSx£ ��X�
p{t + �m« , � . µU�
xzp{_>�Xw l1 ¦8wytv�{b�x£wyn�p{c<�:�*tv|$pr_ac l∞ ¦8wytv�{b��+�vn
�a�{tX¦�Qt@nqc;�*|¼tv�
x£bd�vuvc��mc%wytvx�nqx£wau¥® , �\±§«

	���	�� �
A =

� Ã�� � Ã � ��� �BÃ��  p = 2
Á� �Å� �Q¿ Ä ¿ � Ã�� � Ã � ��� �}Ã��

f#wyc[tv|�p{_ac�|¼¨awy�y�Xbdc%w@p{�v ,�a�{tv�a £c%b3n+tX|�x¡b3�vuvc��a�{tos%c<n{nqx£wauSx£n
pr_ac �mc<�a £¨a�r�{x£wauy«¶��s�t:bdbSt:w*�+�\ldprt
bdtm�mc< ,x¡b3�Xu:c��mc%u:�{�:�a��p{x¡t:w¢x£n (

f = h ? u+ b
«
u
x£nP�0u:x¡�:c%w�tv�{x¡u:x¡wy�v �x¡b3�Xu:cvµ

b
�S�
_ax¡prc0g��v¨yn{nqx��Xw

wytvx�nqc��vwy�
h
� s%tvwo�vt: ¡¨aprx£tvw�Cvc<�rwac< a�{c%�a�{c<nrc%w@prx£wau�p{_acP�mc<uv���v�a�Xprx£tvw3�m¨ac
p{t�pr_ycPtv�aprx�s%�X Qnqlmnqprc%b �XwQ�

nrc%wQnqt:�{n<«�^�td�rc%pr�{x¡c<�vc#pr_ac�t:�rx£uvx£wy�v Ux£b3�Xu:cvµm��c�s<�Xw¥nqt: ¡�:c[pr_ac�|¼t: ¡ £t��
x¡wyu��a�{tv�y ¡c<b)(
inf

u∈X,|h?u−f |2≤α
(J(u)) + �m« , R .

^`_ X3^ba
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	���	����
A = � Ã �-� �B¿ ���%��� � ��� Ã � � Á � �"� �U¿ �vÃ»Ã � �����

' w3�ox£c%� tX|-jo_Q�Xwawat:w� n$pr_ac<tv�{c%b¥µvt:wacPs%tv¨a ��Spr_ax£w�C�pr_y�XpKp{_ac��Uc<nqpK���\l0prt ¤<totvb?�vw3x¡b3�vuvc
x�n¶prt0¨ynqc
�*¤%c<�rtv¦8�Q�v�a�mx£wau3p{c<s�_awyx£º@¨ac:« 
�wa £¨ys�Cox£ ¡l:µ,pr_ax�n[x¡w@p{�rtm�m¨ys%c<n[t:n{s�x£ £ £�Xprx£tvwyn#wac<�v�Pp{_acdc<�mu:c<n<« � nqx£bd�a ¡c
�+�\ldprt¢�\�:tvx��3p{_ac%b�x£n�p{t¢nqt: ¡�:cPp{_ac�|¼tv £ ¡t��
x£wauS�a�{tv�a £c%b)(

inf
u∈X,|λ(Au−f)|∞≤α

(J(u)) + �m« ,BA>.
�
x¡pr_

f
pr_yc¢¤%c<�rtv¦8�y�:�a�mc;�¬·ytv¨a�{x¡c<� s�toc
S¢s%x¡c<w:p�n tv|4p{_ac¢�{c<�m¨ys%c<�ªx£b3�Xuvc:µ

λi = ∞ �
_ac%�{c
fi
x£nCowat��
w-µa�Xwy�

λi = 0
tvpr_ac<�r�
x�nqc:«E^+_ax�n
�a�{tv�a £c%b x�n��S�y�v�qp{x£s%¨a £�v�
x¡wQn�p��Xwys%c[tv|$�Sbdtv�{c�uvc<wac%���X ,s% £�:nrn

tv|�¤%totvbdx£wauFp{c<s�_awax�º@¨ac<n��a�{tv�Ut:nrc<�ªx£w ® � A ±§« 2-c�p�¨Qn0wat��� £totVCª��p�pr_ac*w@¨ybSc<�rx�s%�v ��v ¡u:tv�{xzp{_ab3n�prtnrtv £�vc +-, « ,#. �Xwy� +-, « � . «
� � ��� 1��$��1¬� ��
) � ��/0����� ������

~K�rt:�a ¡c<b +4, « ,#. s�t��vc<�{n$b3�vw@lS¨ynrc�|¼¨a ��X�y�a ¡x�s%�Xprx£tvwynK�a¨mp�xzp�x£n��mx!S3s%¨a ¡pKprtSnqt: ¡�:c��Xwy�¢bd�vwolSs%¨a�r�{c%w@p{ ¡l¨Qnqc;�*�v ¡u:tv�{xzp{_ab3n��v�rc�nr ¡t���«¶^+_ax�n
s� £c<�v�r £l¢ £x¡bdx¡p{n+p{_ac�x£wy�m¨ynqpr�{x£�v ,x¡w@p{c%�{c<nqp�|¼t:��nq¨Qs�_*bdtm�mc% �n<«
' wMpr_ax�n�nqc;s p{x¡t:w»µ��4c�³y��n�p�nq_at��ip{_y��p�nrtvbdcSs%tvbdbdtvwa £l¥¨ynrc<�M�v�a�a�{t:�:s�_ac<n
�{c<º@¨ax£�{c

O( 1
ε2 )

x¡prc<�q¦
�Xprx£tvwyn�prt*�a�rt��ox��mc0�vw

ε
¦§nrtv £¨mprx£tvw-« 8�xzp{_¬nr¨ys�_M�3����p{c0u:c�pqp{x¡wyu*�

10−3 ¦§nrtv £¨mprx£tvwM�rc;º:¨yx¡�{c<n
tv|Etv���mc%�
106 x¡prc<�{�Xprx£tvwyn<«$^+_ac%w3��c#nr_at�� _at�� prt��v�a�a £l0p{_acPx��mc;�vnEtv|,�«o��c;n�p{c%�{t���® �X°�±Uprt0nrtv £�vc +4, « ,#. «$^+_yx£n £c<�:�an0prtª�

O( 1
ε )
�X £uvt:�rx¡pr_ab¥« 8¬c�p{_@¨Qn0u@�Xx£wÅtvwyc�tv���mc<�0tX|[s�tvwo�:c%�{uvc%wQs�cv« 8�xzp{_Åp{_ax�n�wyc%� ����p{c

u:c�prprx£wauS�
10−3 ¦ nrtv £¨mprx£tvw*�rc;º:¨yx¡�{c<n4tX|�tv���mc%� 103 x¡prc<�{�Xprx£tvwyn<«�·�x£wy�X £ £lvµm��c[nr_at���p{_y��p
�
_ac<w��mc;�X £x¡wyu�
x¡pr_¯�¥nqpr�{tvwau: ¡lFs�t:wo�vc�©F|¼¨ywys p{x¡t:w

F
µ-pr_acd�{c<nrtv £¨mprx£tvw´tX|+�¥�m¨y�X ¶�y�rt:�a ¡c<b2s%�vw¬�Uc3�mtvwycS�
x¡pr_¯�vw

O( 1√
ε
)
�X £uvt:�rx¡pr_yb�«[^+_o¨yn%µ���cS�vu:�vx¡wFu@�Xx£w>tvwac�tv���mc%�#tX|4s%tvwo�vc<�ru:c%wys%cv« 8�x¡pr_Mpr_ax�n[�{�Xprc�uvc�prprx£wau*�

10−3 nrtv £¨mp{x¡t:w*�{c<º@¨ax£�rc;n�tX|�t:�{�ac%� 30
xzp{c%����p{x¡t:wyn��

����� � ��� 0 � � � � �*)	
��
	�+�0�. #��	� �'�*# ���10@+

M�\l@�Uc p{_acSbSt@n�p�n�p{�{�vx¡u:_@pq|¼tv�{�+�X�����v ¡u:tv�{xzp{_ab�prt¥nqt: ¡�:c +-, « ,1. |¼t:�#u:c%wac<�{�v �s�t:wo�vc�©�|¼¨awys�prx£tvw F µ�x£np{_ac��a�{tX��c;s prc;�*nr¨a�au:�{�:�mx£c%w@p+�ac<n{s�c%w@p��X £uvt:�rx¡pr_yb�« '§p��
�{xzp{c<n (

{

u0 ∈ K

uk+1 = ΠK(uk − tk
ηk

|ηk|2 ) + �a« �X� .
6Pc%�{cvµ

tk > 0
|¼t:�4�Xwol

k
µ
ηk x�n4�vw@ldc< ¡c<bSc<w@p4tX| ∂J(uk) + nqc<c + �m« , � .M. �vwy� ΠK

x�nEp{_ac4�E¨ys� £x��mc<�vw
�y�rtv��c<s p{tv�4tvw

K = {u, F (u) ≤ α} « '§p��+�vnK�a�rt:�Qt@nqc;�3�{c<s�c<w@pr £l�x£w*nrtvbdcPx£b3�Xu:cP�a�{tms�c<n{nrx¡wau0�y�X�Uc%��n® �mµ$�JR\±§«*^+_ax�nLCox£wy�´tX|
nrs�_yc%bdc3_y�vn�p��4t>nrc%�:c%�{cd�a�{�\�
�y�:s�Cmn%«3·�x¡��nqp<µ�xzp0x�n �mx!S¢s�¨a ¡p p{tM�mc<nrx£uvw´pr_ac
nrc<º@¨ac<wys�c {tk}

«Fjoc;s�tvwQ�m ¡l:µ$c%�vc<wªxz|
p{_ac�nrc<º@¨ac%wQs�c {tk}
x£n��mc�³Qwac<�ªt:�mprx£b3�X £ ¡l:µ�x¡p�bdx£uv_@p0�Uc¢�vc<�rl

nr £t���«Y'§p
x�n�nr_at��
w¢x£w´® � , ±�pr_y�Xp
�vwold�v ¡u:tv�{xzp{_ab tvwa £l3¨ynrx¡wyu0p{_ac�nqc;º:¨yc%wys%c<n J(uk)
�vwy�

∂J(uk)
_y�vn

�S��tv��n�p
s%�:nqc�s%tvbd�a £c�©mxzp�l�tX|
O( 1

ε2 )
«

XYX[Z�\�]M]^]^]
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�PwatXp{_ac%���
x��mc% £lMnr�a�{c<�v�Mprc;s�_awax�º@¨ac3s�tvwQnqx�n�p�n[x¡w¯�X�y�a�rt\©mx£b3��prx£wau�pr_acSprtvp{�v ¶�\�v�rx���p{x¡t:wÅ® °:�mµ-°v°�±
�ol<(

J̃µ(u) =

n
∑

i=1

√

|(∇u)i|2 + µ2 + �a« � ,1.
�vwy�>¨ynrcd���a�{tX��c;s p{c<�Fu:�{�:�mx¡c<w@p[�mc;nrs%c%w@p#�
x¡pr_ªs�t:wyn�p��Xw@p[nqprc<�>p{t*bdx£wax¡bdx£¤%cdx¡p<« ^+_ax�n[x£�mc;���+�vn

¨Qnqc;�d|¼�rt:b pr_ac#³y��n�p�wo¨abdc%�{x£s<�X ���pqp{c%bd�mp�nKp{tSnrtv £�vc�prtXp��X U���X�{x£�Xprx£tvw¢�a�{tv�y ¡c<bdn#® ° , ±§«¶^+_ac#c<�vt: ¡¨mp{x¡t:wc;º@¨y��p{x¡t:w ∂u
dt = div( ∇u

|∇u| )
���:n��rc<�a £�:s�c;�¢�ol ∂u

dt = div( ∇u√
|∇u|2+µ2

)
«E�Pu:�vx¡w*�4c�s%�vw*nr_at���p{_y��p+prt

u:c�p��Xw
ε
¦§nrtv £¨mp{x¡t:w»µmtvwac�wac<c<�an�p{t¢s�_at:nrc

µ
tv|�t:�{�mc<�

ε
�Xwy�

k
tX|$tv���mc%�

O( 1
ε2 )
«

^+_ac#p���t�nqpr����prc<uvx£c<n4�a�{c<nrc%w@prc;�¢�X�{cP�
x��mc% £ld¨ynrc<�¢�y¨mp
tvwa £ld ¡c;�v�3p{t��v�a�a�{t\©ox£b3��p{cPnqt: ¡¨aprx£tvwyn<« ' w
p{_ac�|¼tv £ £t��
x¡wauS��c[x£w@pr�{tm�m¨ys�c[|}�:n�p{c%���X £uvt:�rx¡pr_ybdn<«

����� � 0@+�!$0 �'�����G+ + � ��0 � 0
' wF® �v��±��vwy�d £�Xprc<�Ex¡wM® �v°�±8µ:�«o��c;n�p{c%�{t��0�a�{c<nrc%w@p{c<�d�Xw

O( 1√
ε
)
�X £uvtv�{x¡pr_ab �v�a�v�mprc;�Sprt�p{_ac��a�{tv�a £c%b (

inf
u∈Q

E(u) + �a« �v� .
�
_ac<�rc

E
x£n[�Xwol*s%tvwo�vc%©,µ

L − Lipschitz − differentiable
|¼¨awQs prx£tvw-µ��vwy�

Q
x£n#�Xwol*s%tvwo�vc%©,µ

s% ¡t@nqc;�>nrc�p<« ·ytv�#pr_ax�n�s� ��vn{nPtv|K�a�{tv�a £c%b3n<µ�xzp s%�vw>�UcSnr_at��
w>p{_y�Xw¬wat*�v ¡u:tv�{xzp{_ab¹¦
tvwa £l¥¨ynqx£wau*pr_ac
���v ¡¨ac;n��Xwy�¬uv���v�ax¡c<w:p�nPtv|

E
¦�_y�:n[���Uc�prprc%������p{cdtX|�s%tvwo�vc<�ru:c%wys%c p{_y�Xw

O( 1√
ε
)
¨awax¡|¼tv�{bS £l>t:w´�v ¡ 

�y�rt:�a ¡c<b3n+tX|-p�lo�Uc + �y« �:� . «$S«y��c;n�p{c%�{t�� � n+�X £uvt:�rx¡pr_ab�x�n+p{_@¨Qn+tv�mp{x¡b3�X »|¼tv�+pr_yx£n�s% £�:nrn�tv|��a�{tv�y ¡c<bdn<«6Px£n
b3�vx¡w¥�{c<nr¨a zp
x�n
�vn�|¼t: ¡ £t���n (
� � ¿oÃ � ¿ � � ���� � �N� �
��F�F!��� ��	�� "�F �>�J�K����� �
	

�
� ���
k = −1

G
G−1 = 0

G
xk ∈ K

G
L  � ����^� ���� ��N"��^"��9�
� �
� �4� E��� ���

k = k + 1
G��^�J��� � � �

ηk = ∇E(xk)��� ���
yk = argminy∈Q

(

< ηk, y − xk >X + 1
2L||y − xk||2

)

��� ���
Gk = Gk−1 + k+1

2 ηk

�
� ���
zk = arg minz∈Q

(

L
σ d(x)+ < Gk, z >X

)

��� ���
xk+1 = 2

k+3z
k + k+1

k+2y
k G��>� � "V���9� � 2

� 	��H��F
k = N �

+ �a« �X� .
��	� � �M�
 �O��"J��	

0 ≤ F (yk) − F (ū) ≤ 4Ld(ū)

σ(k + 1)(k + 2)
+ �a« ��° .

� ���� ���
3
G || · || � ��	 ��� �
L"J	 �9	;���K��G "�� �� ��� 5

G
d
�  "�	 �0���J	NE��"! � � 	 ���$����	 �"��$� O������	��#	

d(x) ≥ σ

2
||x− x0||2

�
�J� ����9����F!������	N�
x0 ∈ K.σ

�  ���N� ����	�E1�$!>���%�&�N"��^"��9�
� �
� �-�
d. + �a« �V= .

^`_ X3^ba
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#nqx£wauSx¡wac;º@¨y�X £xzp�l + �a« ��° . µoxzp
x�n4c;�vnrx¡ £l3nqc<c%w�pr_y�Xp�u:c�pqp{x¡wyuS�vw ε ¦§nrtv £¨mp{x¡t:w��mtoc<n�watvp��{c<º@¨ax£�rc#bdtv�{cp{_y�Xw √

4Ld(ū)
ε

x¡prc%����p{x¡t:wyn<«$^+_yx£n�nr_at���n4pr_Q��p + �y« �v� . x�n
�Xw O( 1√
ε
)
�X £uvt:�rx¡pr_ab¥«

jo¨y�a�Qt@nqx£wau�p{_y��p�n�p{c%�yn
3
�Xwy�

5
�v�rc��:s�_ax£c%���X�a £cvµXpr_ax�n4n{s�_ac<bSc
_Q�vnEb3�vw@lSº@¨y�X £xzp{x¡c;n%« '§p4x�nKnrx£bS�y ¡c

p{t�x¡bd�a £c%bdc%w@p;µ:�mtoc<n$wytXp¶�rc;º@¨ax¡�{c+bdtv�{cKp{_y�Xw
5
prx£bdc<n�pr_yc�nqx£¤%c+tX|Qpr_ac
x£b3�Xu:c+�vwy��xzpEx�n�pr_ac<tv�{c�p{x£s<�X £ ¡l

t:�mprx£b3�X  + nrc%cS® �:�;±,|¼t:�+���a�{c<s%x£nrc#�mc%³ywax¡prx£tvw�tX|-x¡p{n+t:�mprx£b3�X £xzp�l . «$�PtXp{cPp{_y��p+pr_yc�s% £�:nrnrx�s%�X U�a�{tX��c;s prc;�u:�{�:�mx£c%w@p+�ac<n{s�c%w@p
x�n��Xw
O( 1

ε )
�X £uvt:�rx¡pr_yb�«

��� � � ��
��1& )���� �"����� �Q���,! �10 !$�"!$# 
&�%# ��&�#%!$&��*) #")�. +�� � 0 � �*) �*0�� � 	�) � !'&(� )�+
F


Pwm|¼tv�rpr¨ywy��p{c% £lvµm�X £uvt:�rx¡pr_ab + �a« �X� . s%�vwawatXp+�Uc#¨ynrc<�*�mx£�rc;s pr £ldprtSnqt: ¡�:c +4, « ,#. �m¨ac#prt�pr_ac[watvw��mx!7Uc<�q¦c<w@prx��X�ax£ ¡x¡p�l�tX|ypr_ac4prtvp{�X o���X�{x���prx£tvw-«�^�t[s%tv�Uc4�
x¡pr_0pr_ax�n¶�mx!S3s%¨a ¡p�lvµ���c4¨ynrc+�#nrbdt@tvpr_S�X�a�a�{t\©mx¡b3�Xprx£tvw
tv|
J
«
�FÃoÂ � Ã ��� Ã»Ã � �"� � ¿ � Ã �;��� �a�m� � �m� �}Ã��
	
·ytv £ ¡t��
x£wau�pr_yc
x£�mc;�vn¶x£wF® �X°�±§µ:��c
¨ynrc���¨awax¡|¼tv�{b?nrbdt@tvpr_¢�v�a�a�{t\©ox£b3��p{x¡t:w0tX|

J
«¶·�x£��n�pEwatvprc
p{_y��p(

J(u) = sup
q∈Y,||q||∞≤1

(< ∇u, q >Y ) + �a« �X� .
^+_ac �v�a�a�{t\©mx¡b3��p{x¡t:w¢��c��a�rt:�Qt@nqc[�
�{xzp{c<n (

Jµ(u) = sup
q∈Y,||q||∞≤1

(

< ∇u, q >Y −µ
2
||q||22

)

+
µ

2
+ �a« ��� .

'§p�x�n
c<�:nqx£ £l¢nq_at��
w*pr_Q��p
Jµ(u) =

∑n
i=1 ψµ(|(∇u)i|)

�
x¡pr_ (

ψµ(x) =

{

|x| x¡| |x| ≥ µ
x2

2µ + µ
2

tvpr_ac<�r�
x�nqc + �a« �JR .
ψµ
x£n�pr_o¨yn�pr_ac0nrt¢s%�v ¡ £c<� 6P¨a�Uc%��|¼¨ywys p{x¡t:w»«

Jµ
nrc%c<b3n�bdtv�{c �X�a�y�rt:�a�rx���p{c[pr_y�vw

J̃µ
�ac�³ywac;�Fx£w

+ �a« � ,B. µy�vn+�UtXp{_��v�a�a�{t\©mx¡b3��p{x¡t:wyn+�X�{c ||div||22
µ

¦ 2»x£�yn{s�_ax¡pr¤��mx!7Uc<�rc<w:p{x£�v�a £c��vµa�a¨mpL(
0 ≤ J̃µ(u) − J(u) ≤ nµ + �y« � A>.

�
_ax£ £c9(
0 ≤ Jµ(u) − J(u) ≤ nµ

2
+ �a« �v� .

 9�;=J"Z[<5B=>�R ;=< 9��"R(C Z >�9H? Z 9 � J:9HJ(EGA�< Z J(>@9�;=J7R(C Z ]	J(E V J Z R(JE�?L9HJ7CQI'A�CF>�9��=E�>G9�CFE � J(E%>�R ;=J(A�J(>

XYX[Z�\�]M]^]^]
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���M" ���

^+_ac �v�a�a�{t\©mx¡b3��p{x¡t:w
Jµ
pr_o¨yn
nrc%c<bdnL/ p��
x£s%c@/#�Uc�pqp{c%�;«�2»c%p�¨yn�³ywy�v ¡ £l�watvprc[pr_Q��pL(

∇Jµ(u) = div(Ψ)
�
xzp{_

Ψi =

{

(∇u)i

|(∇u)i|
xz| |(∇u)i| ≥ µ

(∇u)i

µ

tXp{_ac%�{�
x£nrc + �a« � ,1.
·y�rt:b wat�� t:w»µa��c�s�tvwQs�c%w@p{�{�Xprc[tvw*pr_ac��{c<nrtv £¨mprx£tvw�tX| (

inf
u∈X,F (u)≤α

Jµ(u) + �a« �:� .
�FÃoÂ � Ã �a� � �B¿ � ¿ �<� ¿ �$�

3
� � Ä

5
	

^�tF�X�a�a £lM�v ¡u:tv�{xzp{_ab + �y« �v� . µ��4cS³y��nqp�_Q�\�vc�prtFs�_atot:nrc3�*wytv�{b || · || �XwQ�¬�*|¼¨awys�prx£tvw d «¢·ytv�nrx£bS�y ¡x�s�x¡p�lF�Xwy�F�Uc<s<�X¨ynrc ��c |¼t:¨awy�>wyt¢wo¨abdc%�{x£s<�X -x£w@prc<�rc;n�p[x¡w>tvpr_ac<�[s�_ytvx�s�c<n<µU�4c0s�_yt@t@nqc pr_ac �E¨m¦
s% ¡x��mc;�Xw¥watv�{b | · |2

�Xwy�¥nrc�p
d(x) = 1

2 |x− x0|22
µa�
_ac<�rc

x0 ∈ K
x£n+|¼t:��x£wyn�p��Xwys%c[pr_ac0s%c%w@prc<�
tX|

K
«8´cP_Q�\�vc+prt ³ywy�d¦��a�rc%|¼c%���X�a £lSx¡w¢s% ¡t@nqc;�S|¼tv�{b ¦�pr_ac#c�©m�a�{c<n{nqx£tvwynEtX|�pr_ac

argmin
��p+n�p{c%�yn

3
�Xwy�

5
«

� � Ã � Ã � � � �}Ã�� � ���� D ����� ���N��" � ��E�� �����J�����K�G �� ��� 3
�M� �D� �^�
 � �

yk = ΠK(xk − ηk

L )
"�	 � K� ���

5�^� �D� ���K � �
zk = ΠK(x0 − Gk

L ) � ΠK
K� "�	 � ��
��� �O��� � � ��F � � ��"�	 � �^�������
� ��� ��	

K �
� � Ã»Ã �{� 2»c�pS¨yn0nrtv £�vc¢pr_ac*�a�rt:�a £c%b

argminy∈K (f(y))
�
xzp{_

f(y) =< η, y >X +L
2 |y − x|22

«
·y�rt:b ³y��n�p�tv���mc%�[tv�aprx£bd�v ¡x¡p�lFs�t:wy�mx¡prx£tvwyn<µ,�4cSuvc%p#p{_y��p�p{_acSnrtv £¨mp{x¡t:w

ȳ
tX|Ep{_ax�n��a�rt:�a £c%b n{��prx�nq³yc<n

< (−∇f(ȳ)), w − ȳ >≤ 0
|¼tv���vwol

w ∈ K
«¶^+_ax�n+x�n+c<º@¨ax£�\�v ¡c<w@p�p{t

< (x− η
L) − ȳ, w − ȳ >X≥ 0|¼t:���Xwol

w ∈ K
�vwy��³ywy�X £ £lvµmp{_y�Xw�Cmn�p{tS�y�rtv��c<s p{x¡t:w�p{_ac%t:�rc<b�prt

ȳ = ΠK(x− η
L )
«

�

�FÃoÂ � Ã � � Ã � ¿
µ
� � Ä ��� ¿ � � �¬� ¿ � Ã � � � ¿ ���m� �}Ã�� � 	

e4t:w@�:c%�{uvc<wys�cS�{�Xprc + �a« ��° . �vwy�´�Qt:¨awy� + �a« �v� . p{c% £ K¨yn pr_y�Xp0��| p{c%� k x¡prc<�{�Xprx£tvwyn�tv|+�F�Pc<nqprc<�rt��n{s�_ac<bSc:µmpr_yc �4t:�{nqpPs%�:nqc��a�{c<s%x£nrx£tvw¥x£n 2||div||22d(ū)
µk2 + nµ

2

«�
Pnrx¡wyu3pr_ax�nPº@¨y�vw@prx¡p�lvµax¡pPx�n�c<�:nqx£ £l*nr_at��
w
p{_y��p
p{_ac�|}�vnqprc;n�p
�+�\ldprt3u:c�p��Xw

ε
¦§nrtv £¨mprx£tvw�x�n�prt¢s�_at@nqc

µ = ε
n

�Xwy��pr_yc�w@¨yb0�Uc%�
tX|$x¡prc%����p{x¡t:wyn (

N = b2||div||2
ε

√

nD(K)c + �a« �v� .
�
_ac<�rc

D(K) = maxu∈K (d(u))
«*^+_yx£n nr_at���n�p{_y��p0�v ¡u:tv�{xzp{_ab + �a« �X� . _y�vn �Fs%tvbd�a £c�©mx¡p�lMx£w

O( 1
ε )
«


Pwm|¼tv�rpr¨awQ��prc< ¡l:µ-x£wªbSt@n�p��a�{tv�y ¡c<bdn<µ Cowat��
x£wau*pr_y�Xp |J(yk) − J(ū)| ≤ ε
�at@c;n�watXp��a�{x£wauF�Xwol

º@¨y�vw@prx¡p{��p{x¡�:c�x£wm|¼t:�rb3��p{x¡t:w>tvw´bdtv�{c�x£bd�Qt:�qp��Xw@p[|¼c<��p{¨a�{c<n[ ¡xQCvc |yk − ū|∞
«�^+_o¨yn<µ»��cSs<�XwawytXp�¨ynqc

�ax¡�{c<s�pr £l3pr_ac��Utv¨ywy� + �a« ��° . prt3�mc�³Qwac�pr_ac�wo¨ab��Qc<�
tX|$xzp{c%����p{x¡t:wyn%«
�¶©m�Uc%�{x¡bdc<w:p��X £ ¡l:µE|¼t:��x£b3�Xuvc;n0�{c<n{s%�v ¡c;�¯x£w

[0, 1]
µE��c*s<�Xw s�_ac<s�C´pr_Q��pdpr_ac¥nrtv £¨mprx£tvw¸tX| + �a« �:� .t:�mp{�vx¡wyc<���ol*s�_atot:nrx£wau

µ = 0.02
x�n��:c%�{l�s� £t:nrc��Uc%��s�c%�apr¨y�v ¡ £l¢p{t3pr_ac�nqt: ¡¨mp{x¡t:w¥tX| +-, « ,1. «�e4_atot:nrx¡wyu

µ = 0.001
 £c<�:�an�prt¢nrtv £¨mp{x¡t:wyn4pr_y�XpP�X�{c[�Uc%��s�c<�mpr¨Q�X £ ¡l¢x��mc<w:p{x£s<�X �p{tdpr_ac nrtv £¨mprx£tvw�tX| +4, « ,#. «

^`_ X3^ba
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·y�rt:b�pr_ax�n
�{c%b3�X�^C��vwy� + �a« �v� . p{_ac �X�y�a�rt@�vs�_*�4c�nr¨auvu:c<nqp�x�n+pr_o¨yn
prt3s�_atot:nrc µ ∈ [0.001, 0.01]�vwy�¸pr_ac<�rcFx�n¢wyt¯�rc;�vnrtvw¸prt"s�_at@nqc
N > 2||div||2

nµ

√

nD(K)
« ' w �v ¡ #s%�vnrc<n¢�4c>nqpr¨y�ax¡c;� + c�©as%c%�mp�ac<s�t:wo�vtv £¨mp{x¡t:w . D(K) ∼ θn

µ,�
x¡pr_
θ ∈]0, 1[

«�^+_@¨Qn%µUpr_yc�b3��©mx£b0¨ab x¡prc<�{�Xprx£tvwyn#wac%c;�mc<�Fprt�uvc�p��
u:toto���X�y�a�rt\©mx£b3��prc[nqt: ¡¨aprx£tvw�x£n (

N =
2||div||2

√
θ

µ
+ �a« �X° .

^+_ax�nSº:¨Q�Xw@prx¡p�l¯�mtoc<n�watXpSc�©as�c<c<�
5000

x¡prc%����p{x¡t:wyn�|¼t:�0p{_ac���tv��nqp�s%�:nqc¢�y�rt:�a ¡c<b¥µE�Xwy�¯ £x£c<n�x¡w
[30, 400]

|¼tv�
bdt:nqp
�a�{�:s p{x£s<�X »�X�y�a ¡x�s%�Xprx£tvwyn<«
�;�N�L�O�������^�
�$����"�F �^"�� ���4�L�^�J	NE��
� �>��	 ��� F!��" � L� �9FQ� � ��� �
�M"J�H���J	� 	 � � � �
�L"J	 � ���J��� � �H��	 �I�$�����
 �2-c�p�¨yn�nr_at�� _yt�� prt¢�v�a�a £l3pr_yc�x£�mc;�vn+�a�{c<nrc%w@p{c<��|¼tv��nrtvbdc��X�a�a £x�s%��p{x¡t:wyn<«

�*¿ �<� Ã ���m� �BÃ�� ��� � Ã � � ����� � ����¿ �m� ��� � ¿ �\� � � � ¿ �%��� � � � Ã � �"�>�
F (u) = |λ(Au − f)|p

Â � ���
p ∈ {1, 2,∞}
f#wacdtv|4p{_ac3bdt:nqp�x£w@prc<�rc;n�p{x¡wauF�a�Xp{��prc<�rb x£n

F (u) = |λ(Au − f)|p
�
_ac%�{c

p ∈ {1, 2,∞} µ Ax�n��* ¡x£wac<�v����	NE��
�K�$� � FQ�3p{�{�vwyn�|¼t:�rb¥µ
λ ∈ [0,∞]n

x�n�nqt:bScS�y�v�{�vbSc%prc<�<µ»�vwy�
f
x£n�nrtvbdcSuvx£�vc%w´�a��p��a«

^�td�X�a�a £l��v ¡u:tv�{xzp{_ab + �y« �v� . prtd�a�{tv�a £c%b + �a« �:� . µm�4c�wac<c<��prtd�Uc �X�a £cPp{t3s�tvbd�a¨aprc��a�{tX��c;s prx£tvwQnKt:w
{u, |λ(Au− f)|p ≤ α} «¶�Pn4pr_ax�n�bdx¡u:_:p+�Uc[s%¨ab0�Uc%��nqt:bdcvµ@�4c#¨ynqc��Ss�_y�Xwau:c�tX|��\�v�rx��X�y ¡c[�Xwy�¢nrtv £�vcp{_ac�c<º@¨ax£���X £c%w@p
�a�{tv�a £c%b)(

inf
z,|λz|p≤α

(Eµ(z)) + �a« �>= .
�
x¡pr_

Eµ(z) = Jµ(A−1(z+f))
«�^+_ac
nrtv £¨mprx£tvw

ū
tX| + �y« �@� . s%�vw0�Uc
�rc%pr�{x¡c<�vc;��|¼�rt:b�pr_yc�nqt: ¡¨mp{x¡t:w

z̄
tv| + �a« �>= . �ol<(

ū = A−1(z̄ + f) + �y« �:� .'§p�x�n
c<�:nqldp{t¢nq_yt���pr_y�Xp
Eµ

x£n
L
¦ 2-x¡�yn{s�_ax¡pr¤��mx!7Uc<�rc<w@prx��X�a £c��
xzp{_

L =
||div||22||A−1||22

µ

«
·ytv���X £ »x£wo�vc%�rprx£�a £cPp{�{�vwynq|¼tv�{bdn4p{_ac�³ywy�v -�X £uvt:�rx¡pr_ab p{t¢nqt: ¡�:c + �a« �>= . �
�{x¡prc<n (

, e4_yt:nrc N �XwQ�
µ
�mc%�Uc%wQ�mx¡wyu3tvw*pr_ac��a�{c<s%x£nrx£tvw��rc;º:¨yx¡�{c<�

joc�p
k = 0

µ
G−1 = 0

µ
L =

||div||22||A−1||22
µ

µ
xk = 0��e4t:bd�a¨mprc

ηk = A−∗∇Jµ(A−1(xk + f))��jmc�p
yk = ΠK(xk − ηk

L )°¹jmc�p
Gk = Gk−1 + k+1

2 ηk=�jmc�p
zk = ΠK(−Gk

L )��jmc�p
xk+1 = 2

k+3z
k + k+1

k+2y
k

� jmc�p
k = k + 1

µmuvtd�y�:s�Cdprt
2
¨aw@prx£ 

k = N
«R�jmc�p

ū = A−1(yk−1 + f)

+ �y« �[� .

��p#nqprc<�yn
3
�vwy�

5
µ
K = {u ∈ X, |λu|p ≤ α} « 8¬c �{c�|¼c<�+pr_ac0�rc;�v�mc<�+prtdpr_yc0�X�a�Uc%wQ�mxz©�|¼tv��pr_acc%©m�a�rc;nrnrx£tvwyn�tX|�pr_ac��y�rtv��c<s p{x¡t:wyn�tvw¥��c%x£uv_@prc;�

lp
¦§�y�X £ £n<«

XYX[Z�\�]M]^]^]



, ° D ��� ^�G ����� ���K��G�� F!"�	;�	��
���M" ���

·�x£uv¨a�{c , nr_at���n�pr_ycF�rc;nq¨a ¡p3tX|��ªs�tvbd�a�{c<n{nrx¡t:w"watvx�nrc��{c<nqprt:�{�Xprx£tvw"¨Qnqx£wau´pr_ax�ndp{c<s�_awax�º@¨ac�|¼tv�
µ = 0.01 + 60

x¡prc<�{�Xprx£tvwyn�¨aw@p{x¡ -s%tvwo�vc<�ru:c%wys%c . �vwy� µ = 0.001 + 120
x¡prc%����p{x¡t:wyn+¨aw@prx£ »s�t:wo�vc%�{uvc<wys�c . «^+_ycS�y�rx�s�cd�Uc%��x¡prc%����p{x¡t:wMx�n��X�Utv¨mp

2
�+�\�vc% £c�p[pr���XwQn�|¼t:�rb3n<« 8´c¢�mt¥watXp�uvx£�vcStv¨y� s�tvbd�a¨ap{��p{x¡t:wy�X 

p{x¡bdc;n[�:n���c�¨Qnqc;�>��nr ¡t�� 
M��pr ��X�Mx¡bd�a £c%bdc%w@p���prx£tvw¬tX|K²[�X¨a�Uc<s�_yx¡c;n A ¦(�d���\�:c% £c�p�p{�{�vwyn�|¼t:�rb¥« 8¬c�{c�|¼c<�Pp{_acd�rc;�v�mc<�Pp{t�nrc<s�prx£tvw + ° . |¼t:��s%tvbd�y�v�rx�nqt:wyn��
x¡pr_´tXp{_ac%���v ¡u:tv�{xzp{_ab3n%« 2»c%p�¨yn[watXp{c0p{_y��p�prtt:¨a��Cowat��
 £c<�auvcvµy|¼c%��t:�Pwat*�a�rc;s�x�nqc�nrs�_ac<bdc<n�c%©mx£nqp#x£wFpr_yc0 £xzp{c%����pr¨y�rc0prt�nrtv £�vc�p{_ax�nP�a�{tv�y ¡c<b�«38¬c
wytXprc[p{_y��p� ��X�{uvc[t:n{s�x£ ¡ ���p{x¡t:wyn+�X�{c#�{c%bdt��:c<�,µo�
_ax£ ¡c[p{_ax¡wF�mc%p{�vx¡ �n
�X�{c��a�rc;nqc<�r�:c<�,«$^+_ac�b3�Xx£wF�mc�|}�v¨a zp
tv|-p{_ax£n�bStm�mc< »x�n�pr_y�Xp
pr_ac s%tvw@pr���vnqp�tv|�p{_ac �mc%p{�Xx£ �n
�mc<s%�rc;�vnrcv«

��¿ � Ã�� � Ã � ��� �}Ã�� �
F (u) = |h ? u− f |2' w¥p{_ax£nP�y�X���Xu:�{�v�a_���c �a�{c<nrc%w@pP�d�+�\l3prt*�mt¢�mc<s%tvwo�vt: ¡¨aprx£tvw�¨ynqx£wau��3�Pc<nqprc<�rt���n{s�_ac<bSc:«�^+_yx£n

�y�rt:�a ¡c<b2x�n �y�v�qp{x£s%¨a ��X�{ ¡l´�mxTS¢s%¨a zpd�Xwy�¯s<�XwawytXp0�Uc�nrtv £�vc<�´�ol¬pr_ac*�a�rc<�ox¡t:¨yn �X £uvt:�rx¡pr_yb�µ��Qc;s%�v¨ynqc
p{_ac#s%tvwo�vt: ¡¨aprx£tvw3b3��p{�rx�s�c;nK�X�{c�u:c%wac<�{�v ¡ £l0wat:wm¦§x¡wo�vc<�qp{x¡�y ¡c�t:�Kx£ ¡ ¡¦ s�tvwQ�mxzp{x¡t:wac<�»«Y' w�pr_acP|¼tv £ ¡t��
x£wauyµ:�4c
nr_at�� �d�+�\ldprtd_y�vwy�m £c�pr_ax�n
�a�{tv�y ¡c<b�«8´c��
x£nr_�prt3nrtv £�vc[pr_ac�|¼t: ¡ £t��
x£wau��y�rt:�a ¡c<b)(

inf
u∈X,|h?u−f |2≤α

(Jµ(u)) + �a« �VR .
2-c�p

A
�mc<watXp{c#p{_ac ·at:¨a�{x¡c<��^-���Xwynq|¼tv�{b¥«��#n
x¡p�x£n��vw*x�nrtvbdc�p{�rld|¼�{tvb

X
p{t
X
µop{_ax�n
�a�{tv�a £c%b x�n

c;º@¨ax¡���v ¡c<w:p+p{t�(

inf
u∈X,|A(h?u−f)|2≤α

(Jµ(u)) + �a« � A>.
⇔ inf

u∈X,|AhAu−Af)|2≤α
(Jµ(u)) + �a« °:� .

⇔ inf
z∈ � n,|Ahz−Af)|2≤α

(

Jµ(A−1z)
) + �a« ° ,1.

' wFp{_ax�n�|¼t:�rb�¨a £�Xprx£tvwFx�n
z → Jµ(A−1z)

x£n 2,¦ 2»x£�yn{s�_axzp{¤�¦ �mx!7Uc<�rc<w:p{x£�v�a £c��
xzp{_
L =

||div||22
µ

«#^+_ac
x£w@prc<�rc;n�p¥tX| p{_ax�n�|¼tv�{b0¨a ���p{x¡t:w x£n*p{_y��pF��c¬_y�\�:c¬�¸�vc<�rl |}�vnqp>�X £uvt:�rx¡pr_ab p{t �mt �a�{tX��c;s prx£tvwQn�t:w
K = {u ∈ X, |Ahz − Af)|2 ≤ α} + nrc%cdpr_ycd�v�a�Uc%wy�mx¡©´nrc<s�prx£tvw + �a« � .M. µ��Xwy�Mpr_y�Xp�pr_ac92-x¡�yn{s�_ax¡pr¤s%tvwynqp{�vw@p#tX|¶p{_acSuv���v�mx£c%w@p#tv|

z → Jµ(A−1z)
�mtoc<n[watvp#�a £t���¨a�»« �PtXp{c0p{_y��p[pr_acdnrc�p

K = {u ∈
X, |Ahz − Af)|2 ≤ α} bdx£uv_@p��Uc�¨awo�Utv¨awQ�mc<�Åxz|
p{_ac�·ytv¨a�{x£c%� p{�{�vwynq|¼tv�{b tv|

h
s%tvw@p{�vx¡wyn0¤%c<�rt@n%«

^+_o¨yn+��c[ ¡t@nqc[pr_yc�s%tvwo�vc<�ru:c%wys%cP����p{c#¨awy ¡c;nrn+��c#c;n�p{x¡b3�Xprc��Xw�¨a�a�Uc%�
�Utv¨awQ�*t:w
d(ū)

«¶~E���vs�prx�s%�v ¡ £lvµ
p{_ac ��c;n�p{c%�{t��¢nrs�_yc%bdc��rc<bd�vx¡wQn+c
S¢s�x£c%w@p<«
^+_ac#s�t:nqp¶�Qc<�Ex¡prc%����p{x¡t:wdx£nE�v�rt:¨awy�

2
|}�vnqpK·at:¨a�rx£c%�$p{�{�vwynq|¼tv�{bdn¶�vwy�

2
�a�rtv��c<s�prx£tvwyn$t:w�c< ¡ £x¡�Qnqt:x£�an<«

·ytv���
256 × 256

x¡b3�vuvcvµUp{_acSs%t:nqp#�Uc%��x¡prc%����p{x¡t:w>x�n
0.2

nqc;s�tvwQ�an + �4c�¨ynrc<�Fp{_ac fft2 |¼¨awys p{x¡t:wMtv|
M��pr ��X�¥�XwQ��x£bd�a ¡c<bdc%w@prc;���
C
s�tm�mc��
x¡pr_ 
>�Xpr ��X��bSc%©�s%tvbd�ax£ ¡c<�+|¼tv�+pr_yc��a�rtv��c<s�prx£tvwyn . «

� �Å� �Q¿ � ¿�� ����� ¿�� �v�m�\� Ã»Ã�� Ä ¿ � Ã ��� Ã � � � �BÃ�� �
F (u) = λ|u− f |G

^+_ac¬³y��n�p¥�X�a�y ¡x�s%�Xprx£tvw tv|�prtXp��X ����X�{x£�Xprx£tvw�x£w x£b3�Xuvc¬�a�{tos%c<n{nqx£wau"�+�vn��a�{tv�Ut:nrc<� �ol �
¨y�mx£wm¦
f[nr_ac<�q¦ ·y�Xprc%bdx�x¡w ® ° , ±§« '§p�s�t:wynqx�nqprc<�Mx¡wªs�_atot:nrx£wau F (u) = |u − f |2

« ' w¸® �:��±§µ��« 
Fc<lvc%��nqpr¨y�ax¡c;�

^`_ X3^ba
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µ = 0.01
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µ = 0.001
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p{_ac%t:�rc%prx�s%�v ¡ £l¥pr_ax�n�bdtm�mc% 8µ-�XwQ�>³yu:¨a�{c<�>t:¨mp�xzp�n� £x¡bdx¡p{��p{x¡t:wMp{tF�mx£n{s��{x£bSx£wy�XprcS�4c< ¡ E��s%�v�qp{t@t:wMx£w´�
wytvx�nqcEt:����prc�©op{¨a�rc:«�6PcKtv�Qnqc<�r�:c<�#pr_y�Xp�p{_ax�n- £x¡bdx¡p{�Xprx£tvw0s%tv¨a ����UcKt��vc<�r�Q�vn{nqc;�P¨ynrx£wau#���axT7�c%�{c%w@p��y��p{�
p{c%�{b¹pr_y�vw¥pr_acS�{�Xpr_ac<��¨awax£wm|¼t:�rb3��p{x¡�:c

L2 ¦§�ax£nqp{�vwys�c�p{t¢p{_ac��a�Xp{�y«P^-t�nqx£bd�a £xz|¼l�pr_yc0�a�{c<nrc%w@p{�Xprx£tvw»µ��c¢�a�{c<nrc%w@p�p{_ac�bdtm�mc% 4x¡w"pr_ac��mx£n{s��{c�p{c¢nqc%pqp{x¡wau´�Xwy�ª�{c�|¼c<��pr_yc�x£w:p{c%�{c<nqprc;�ª�rc;�v�mc<��prt"® �v�aµ =;±4|¼tv�
bdt:�rc��mc%p{�Xx£ �n%«
S« 
Fc%l:c%���mc%³ywac;���Swat:�rb (

||v||G = inf
g∈Y

{||g||∞, div(g) = v} + �y« °o� .
�vwy� �a�{tv�Ut:nrc<�¸prt"�mc;s�t:bS�Ut:nrc>�Xw�x£b3�Xu:c

f
x£w@prt"�"s<�X�rprtotvw

u
�XwQ� �¯prc�©op{¨a�rc

v
¨ynrx¡wau"pr_ac

|¼t: ¡ £t��
x£wau�bdtm�mc< �(
inf

(u,v)∈X2,f=u+v
{J(u) + λ||v||G} + �a« °:� .

^+_ac
G
¦§watv�{b½tX|4�vw>t:n{s�x£ £ £�Xprx£wau¢|¼¨awQs prx£tvw´�{c%b3�Xx£wyn[nqb3�X £ ¶�Xwy�Mxzp��a £t���nP¨y�M|¼tv��s�_y�v�{�:s prc<�rx�nqprx�s

|¼¨ywys p{x¡t:w»«E^+_y��p+x�nK�
_oldpr_yx£n�bdtm�mc% »nr_atv¨y £�3�Uc%�{bdxzp+p{t��Uc�prprc%�+c%©@p{�{�:s p�t:n{s�x£ ¡ ���p{x¡wau��y��prprc<�rwyn�tv|»pr_ac
x£b3�Xu:c<n<«
S« 
Fc%l:c%�#�ax£�¬watXp��a�{tv�Ut:nrc0�Xwol¥wo¨abdc%�{x£s<�X �bdc�pr_yto�>prt¥nqt: ¡�:c0_ax�n[bdto�ac% 8« ^+_ac0³Q�{nqp[�v¨mpr_at:�{n

�
_yt¥pr�{x¡c;�Mp{tMs�t:bd�a¨mprc¢�Fnrtv £¨mp{x¡t:w´��c%�{cI2E«��¶c<nrc��Xwy�¯j�«¶f[nq_yc%��x£w�® �>R\±8« 2-�Xprc<�<µ�tXpr_yc%�0�v¨mpr_at:�{n
p��vs�Co £c<��pr_yx£n[�a�{tv�a £c%b¥« 2»c�p�¨yn[s�x¡prc�pr_ac��4t:�MCmnPtX|��Q« ·�«���¨���t: �c%p<«��X 8«#x£w"® °X±¶�Xwy�>tX|4²�«»g[tv ��o|}�X�{�
c%p<«>�v B«¥x£w ® � , ±§«>^+_ac3|¼tv�{bdc%� x�n��y�vnrc<�´tvw"�F³y�{nqp0t:�{�mc<�0n{s�_ac%bdc¢�
_ax�s�_"nrtv £�vc<n��M�mxT7�c%�{c%w@p{x£�v�a ¡c�v�a�a�{t\©mx¡b3��p{x¡t:w>tX| 
Fc%l:c%� � n[bdtm�mc% 8µ»�
_ax£ ¡cSp{_acd £�Xpqprc<��nqt: ¡�:c<n#xzp c%©m�:s p{ ¡lF�
x¡pr_ªnqc;s�t:wy�>t:�{�mc<�[s%tvwac
�y�rt:uv���Xbdbdx¡wau�bdc�pr_yto�yn%« ' w�pr_yc�|¼tv £ ¡t��
x£wauyµo��c��a�{tv�Ut:nrc[�Swac<� c�S3s%x¡c<w@p
n{s�_ac<bSc:«
S« 
Fc%l:c%� � n
�ax£n{s��{c�p{x¡¤<c<�*�a�rt:�a £c%b �
�{xzp{c<n (

inf
u∈X

{J(u) + λ inf
g∈Y,div(g)=f−u

{||g||∞)}} + �a« °v° .
8´c�_y�\�vc[p{_ac�|¼tv £ ¡t��
x£wauS�rc;nq¨y zp (

� � Ã � Ã � � � �}Ã�� � ��	��
� �^� � F!�
��� � � � ��� ��"�	 � �L�M�H�
���K� � F!"J� � � "���
��F�F!���  	

inf
g∈Y,||g||∞≤α

{J(f − div(g))} + �a« °@= .
� � Ã»Ã �{� ^+_ac�b3�Xx£w*x��mc<�Sx�n+pr_Q��p���c�s<�Xw�¨ynrc�pr_ac�s�_y�vwauvc�tX|����X�{x£�v�a ¡c�(

u = f − div(g) + �y« °@� .
p{t�u:c�p��vw�t:�mprx£bdx¡¤;��prx£tvw��a�rt:�a £c%b pr_y�Xp+�ac%�Uc%wy�an�t:wa ¡ldtv|-tvwac#���X�{x£�v�a ¡c

g
«¶^+_ac#tv�Uc%����p{tv�

div
x�n

nr¨a�B��c<s�prx£�vc[|¼�rt:b
Y
prt
X̃ = X − {(γ, γ, ..., γ), γ ∈ 5 } µanqtSpr_Q��pL(

^`_ X3^ba
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inf
u∈X

{J(u) + λ inf
g∈Y,div(g)=f−u

{||g||∞}} = inf
g∈Y

{J(f − div(g)) + λ||g||∞} + �a« °[� .
^�¨a�{wax¡wyu¢pr_yc�2-�vuv���Xwau:c�b0¨a ¡prx£�a £x¡c<�

λ
x¡w@p{t��¢s�t:wynqpr���Xx£w:p;µQ��c u:c�p�p{_ac |¼t: ¡ £t��
x¡wyu¢bdx¡wax£bdx¡¤;��p{x¡t:w

�y�rt:�a ¡c<b)(
inf

g∈Y,||g||∞≤α
{J(f − div(g))} + �a« °>R .

�

' wynqprc;�v��tX|$nqt: ¡�ox£waud�a�{tv�a £c%b + �a« °@= . µa�4c nrtv £�vc (

inf
g∈Y,||g||∞≤α

{Jµ(f − div(g))} + �a« ° A@.
�vwy�Åu:c�p¢�Xw

O( 1
ε )
�X £uvt:�rx¡pr_ab¥« ��tXp{c�pr_y�XpSp{_acFnqt: ¡¨aprx£tvwÅtv| + �a« ° AV. x�nd¨awax�º:¨yc��
_yx¡ £c�pr_y�Xpdtv|
>c%lvc<��� n�bdto�ac% »x�n+watXp;«

�P £nrtFwatXp{cdpr_y�Xp0x¡|+��cd�rc<�a ��vs�cdp{_ac
l∞
¦§wat:�rb �ol´�

l2
¦§wat:�rb x£w + �y« ° = . µ��4c3u:c�p�p{_ac¢bdtm�mc% Etv|f[nr_ac<�q¦�jotv  ��¦ �¶c<nrc�® � �<±§« ' wS·�x£uv¨a�{c + ° . µX�4c+�X �nrt[nr_at��¯p{_ac+�rc;nq¨a ¡p$tX| + �a« °@= . �
x¡pr_d�Xw l1 ¦§watv�{b�x£wyn�p{c<�:�tv|Epr_yc

l∞
¦8wat:�rb¥« 8´cd�at�watvp[�a�{t��ox£�ac��Xwol�pr_yc%tv�{c�p{x£s<�X U��¨ynqprx¡³Qs%�Xprx£tvwMprt*pr_ax�n[bStm�mc< Bµ,��cS�a�rc;nqc<w@p

x¡p3prt"�v ¡ £c%�ox���p{c¥pr_ac>s%¨a�rx£t:nrx¡p�l"tX|[pr_acM�rc;�v�mc<�<« ·ytv�{b0¨a �� + �a« °@= . �X £ ¡t���nSp{t¯c<�vnrx£ ¡l s�tvwQn�p{�{�vx¡w¸pr_ac�y�rt:�Qc<�qp{x¡c;n4tv|�p{_ac
g
³yc< £�,«E^+_yx£n
bdx£uv_@p��X �nqtd�Uc�x¡w@p{c%�{c<nqprx£wau0|¼t:��nq�Q��prx��X £ £l¢���X�{l@x£waud�a�{tms�c<n{nrx¡wauQ«
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�������
���
 �!����"���#�
 �

$%$'&)(+*�*�*�*



, R D ��� ^�G ����� ���K��G�� F!"�	;�	��
���M" ���

' w��v ¡ Qc�©m�Uc%�{x¡bdc%w@p�nE��c
prtotVC
µ = 0.001

p{t0nrbStotvpr_dpr_yc�prtvp{�v y���X�{x£�Xprx£tvw»«��
| p{c%�
200

x¡prc%����p{x¡t:wyn<µ
�:c%�{l* £x¡pqpr £cS�Qc<�{s%c%�mp{¨y�X �bdto�axz³Qs<��p{x¡t:wynP�v�rc�tv�ynrc%�{�vc;�*x£w¬�v ¡ �c�©m�Uc%�{x¡bdc<w:p�n%µU�
_ax£ ¡cS�¢�a�{tX��c;s p{c<�Fu:�{�X¦
�ax¡c<w:p��mc<n{s�c<w@p#�{c<º@¨ax£�rc;nP�X�{tv¨ywy�

1000
xzp{c%����prx£tvwQn
prt*uvc%pPpr_ycSn{�Xbdc �{c<nr¨a ¡p<« 2»c�p[¨ynP³ywy�X £ £l��y�rc;s�x�nqc

p{_y��pP�v ¡ �p{_ac�prc%©opr¨a�{c�s�tvbd�Utvwac<w@p{n+_y�\�:c#p{_ac n{�Xbdc
l2
¦§watv�{b¥«

' wÅ·�x£uv¨a�{c + � . µ$��c¢tv�Qnqc<�r�:cdpr_y�Xp 
Fc<lvc%� � n�bdto�ac% 4�at@c;n0wytXp��v ¡ £t�� p{tM�{c�p{�rx£c%�:c¢s�tv�{�{c<s p{ ¡lMpr_ac
t@nrs%x¡ £ ���prx£wau¥�y�Xpqprc<�rwQn�tX|�pr_ac¢s% ¡tvpr_ac;n�tX| ? �X�{�y�X���a« '§p�s%�vw¬�Uc�nr_at��
w¬pr_y�Xp�pr_ac¢�vbS�y ¡x¡pr¨y�ac¢tX|�pr_acp{c�©opr¨y�rc + v s�t:bd�Qt:wac%w@p . x�n��Utv¨ywy�mc<���ol¥�d�y�X���Xbdc�p{c%�
�mc<�Qc<wy�mx£wau¢ £x¡wac;�X�{ ¡l*tvw α x£w + �y« ° = . «+^+_y��pbdx£uv_@p0c%©o�y £�vx¡w´pr_yc��mc<s%c%x£�ox¡wauM�rc;nq¨a ¡p<«>f#wªpr_yc¢uvx£�vc<w´c%©a�Xbd�a £cvµEf[nq_ac<�q¦�jot:  �%¦ �¶c;nqc � n[bdtm�mc% 4uvx£�vc<n
bdt:�rc�n{��prx�nq|¼l@x£wauS�rc;nq¨y zp�n%«E^+_ax�n+�+�vn
�X £�{c<�v�al3tv�ynrc%�{�vc;�¢x£w¬® °:�X±8«
^+_ac

BV − l1
bdtm�mc< �s%tv�{�rc;s pr £l¥nqc<�y�X����p{c<n+p{_ac0t@nrs%x¡ £ £�Xprx£wau¢�y�Xpqp{c%�{wyn#�vwy�¥p{_ac0u:c%tvbdc%pr�{lv«P^+_ac

n{�Xbdc4tv�ynrc%�{����prx£tvw0_atv ��an��
_ac%w�bdx¡wax£bdx¡¤<x¡wyu#p{_ac
l1
¦§wat:�rbitX|ypr_ac

g
³yc% �� x£w + �a« °@= . «Y8´c+�rc<b3�X�^C#p{_y��p�UtXp{_¯�mc<s%tvbd�Qt@nqx¡prx£tvwQn[�v�rcd�:c%�{l>nqx£bdx¡ ��X�;µ-c%©ms%c%�mp�p{_y��p�p{_ac¢s%�v�qp{t@t:w¬s%tvbd�Qt:wac%w@p�tX|�pr_yc

BV − l1bdtm�mc< Ex£n�nr £x¡u:_:p{ ¡lM ¡c;nrn��y ¡¨a�{�{c<�Mpr_y�vwMp{_y��p tv|4p{_ac3wac%� bdtm�mc% 8«98¬cdp{_ax£w�C>p{_y��p t:wac3�y�X�rp�tX|�pr_ac
c%©m�a £�vwy��p{x¡t:wFx£n�pr_y�Xp#p{_ac0wo¨abdc<�rx�s%�v �n{s�_ac%bdc�|¼t:��pr_yc�wac<�ibStm�mc< �x�n[nq £x¡u:_@pr £l*bdtv�{c0�mx!7�¨ynqx£�vcS�vn#xzp
x�n+�y�:nqc;��t:w¥nrc<s%tvwy��tv���mc%�+³Qwaxzp{c �mx!7Uc<�rc<wys�c;n%«

����� � ��
��1& )�� � �"�H� ���Q���
l2
2 .10 
 &:! � !$0 � �

6#�\�ox¡wau0pr_ac[�a�{c%�ox£tv¨yn�nqc;s p{x¡t:w¢x¡w*bdx¡wy�»µa�0nqpr���Xx£uv_@pq|¼t:�r�+�X���d�X�a�a�{t:�:s�_dprtdnqt: ¡�:c +-, « � . x�n4prtSnqbdtotXp{_p{_ac3p{tXp{�v K���X�{x���prx£tvw-µ-x¡|
F
x�n wat:wm¦ nqbdtotXp{_»µ�x¡p�s<�Xw¯�Uc�nqbdtotXp{_ac<�´p{totyµ$�Xwy�´p{_ac%w¯t:wac���¨ynqp0wac<c<�an

p{t¯¨ynrc¥�´|}�:n�p�n{s�_ac<bScF £xQCvc + �y« �v� . �v�a�v�mprc;�¸prtªpr_ycF¨awys�t:wynqpr���Xx£wac<�¸bdx¡wax£bdx¡¤;��p{x¡t:w tv| 2-x¡�Qnrs�_ax¡pr¤�axT7�c%�{c%w@prx��X�y ¡c�|¼¨ywys p{x¡t:wyn ® �v�\±§«�^+_ax�nPbdc%pr_atm�Fnr_atv¨a ��¥�Uc |¼¨awys�prx£tvwy�v BµU�a¨mp[x¡w¥p{_ac�s<�vnrc�tX|Enqpr�{tvwau: ¡l
s%tvwo�vc%©

F
¦��
_yx£s�_3watvp{�v�a ¡lSs�t:�r�{c<nr�Qt:wy�an�p{t

l2
�y��p{��³Q�mc% £x¡p�l0p{c%�{b ¦�tvwacPs<�Xw¢�mt0b0¨ys�_3�Uc�prprc%�;« 8¬c

�y�rc;nqc<w:p �vw
O( 1√

ε
)
�X £uvtv�{x¡pr_ab ����p{_ac%��p{_y�Xw´p{_ac¢�a�{c%�ox£tv¨yn

O( 1
ε )
�X £uvtv�{x¡pr_ab¥«¢^+_o¨yn���c3u:�vx¡w´p���t

t:�{�ac%��n4tv|�s%tvwo�vc<�ru:c%wys%c#s�t:bd�y�X�{c<��prt3s� ��vn{nrx£s<�X ,�X�a�y�rt@�vs�_ac;n��
' wynqprc;�v�*tX|��ax¡�{c<s�pr £l¢��pqp��vs�Cox£wau +4, « � . �4c�s%�vw*nrtv £�vc#xzp�n � � "�F��;�M� � F!��� |¼t:���
_yx£s�_*wat3nqbdtotXp{_ax¡wyu

x�n+wac<c<�mc;�,«E^+_ac Cvc<l¢x��mc<�Sx�n�pr_y�Xp
|¼tv��nqpr�{tvwau: ¡l¢s%tvwo�vc%©
F
µ
F ∗ x�n 2»x£�ynrs�_yxzp{¤ �mxT7�c%�{c%w@p{x£�v�a ¡c:«

8´c�³y��n�p��{c<s<�X £ �nrtvbdc[|}�vs�p{n
tv|�s%tvwo�vc%©��Xwy�v ¡lmnrx£n + nrc%c3® , R�±8µm|¼t:���ds�tvbd�a £c�p{c��rc%|¼c%�{c%wys%c . «2-c�p
F : X → 5¯�XwQ�

G : Y → 5¯�Qc�p���t*s�t:wo�vc�©¥�a�{tv�Uc%�#|¼¨awys�prx£tvwyn<« 2»c�p P µ��Qc�pr_yc��a�{x£bd�v �y�rt:�a ¡c<b)(
inf

u∈X
G(∇u) + F (u) + �y« =v� .

^+_ac �a¨y�X ,�a�{tv�y ¡c<b P∗ x�n�pr_ac<w¥�ac�³ywac;���@l (

inf
q∈Y

G∗(−q) + F ∗(−div(q)) + �y« = ,#.
2-c�p

ū
�vwy�

q̄
�QcFp{_ac¬nrtv £¨mp{x¡t:wyn3tX| P �Xwy� P∗ �rc;nq�Uc<s�prx£�vc< ¡l:« ^+_at@nqc>nrtv £¨mp{x¡t:wyn¢�X�{cF�{c% ���prc;�p{_a�{tv¨au:_�p{_ac�c�©opr�{c%b3�v ¡x¡p�l3�rc< £�Xprx£tvwyn (

F (ū) + F ∗(−div(q̄)) =< −div(q̄), ū >X + �a« =v� .

^`_ X3^ba
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��� ���	��
�� � � � ����� �
� � ��
	� ���	��
 ��
 �!����"+� # ����� �
�+#��  ��" �
BV − l1

������
���� � ��� ����� � ��
 #�� � �����
��� �	� � ���!� �	��� �	


l1
� �	����� ��� � �	


g � 
�� � ����� � � �
	��

���$���



���������
	�������������
��
������������	������! #"��$����	 � ,

G(∇ū) +G∗(−q̄) =< −q̄,∇ū >Y + �a« =X� .
� ��� �� � ����� � �v�a� �}Ã�� � ÃªÃ �-� ��� Ã ��� ¿ �
^�t3�X�a�y ¡l3p{_ac��a�{c%�ox£tv¨yn�p{_ac%t:�rldp{t3tv¨a�
�a�{tv�y ¡c<b�µm��c[p{�VCvc�(

G(q) = ||q||1 + �a« =�° .8´c��
x£nr_�prt3nrtv £�vc�(
inf

u∈X
(G(∇u) + F (u)) + �y« =>= .

�vwy��nq¨a�y�Qt@nqc[pr_Q��p
F
x£n
�mx!7�c%�{c%w@prx��X�a £cvµQn�p{�rt:wauv £l¢s�t:w@�:c�©,µo�
xzp{_Fs�tvwo�:c�©mxzp�l3�Q�X���Xbdc�p{c%�

σ
«

� � ¿oÃ � ¿ � � ��	�� � �N� � � "�F � �M� � F!���)�-� � � � � � � �  � ����	 � � � � 	

inf
q∈K

F ∗(−div(q)) + �y« =v� .
� ���O�

K = {q ∈ Y, ||q||∞ ≤ 1} �
�;����"�� � FT���^"J�H���J	

H : q → F ∗(−div(q)) G��   �  � ������ ���O � � �����M��	N�$��" � F!�KG � ����� L =
||div||22

σ �� �^� � F!�
��� � � ��� � ��"�	 ��� �  � �L���F E�� � � ���O�<"�� �
�� ���M��E���^�N�
�9� � 	;��K���#���O� ��	 �I� L	;��� � � ��� � �
ū
�^"J	 � �L�^�
�$�K���
E�� � ���M�J� ���N� ���F � �H���J	

q̄
�-� � � � � � � � ���	 � 	

ū = ∇F ∗(−div(q̄)) + �y« = � .�9���M���JE1��� 	
∇ū = q̄|∇ū| + �y« =VR .�;� �  �����O��� � ��O� � �"J��� � 	N�HL� � ��E1�JF E#��	�� �O���9�J�K���
	�� "J�H���J	 �4� �O��� FQ�
E��
F F ��	;�K��-�

u
��	NK� ��" � �4�

u
�������F � �

� � Ã»Ã ���

, « 2»c%p�¨yn�s�t:bd�a¨mprc G∗ (

G∗(q) := sup
r∈Y

< q, r >Y −||r||1 + �a« = A@.
= sup

t>0
sup

||r||1=t

< q, r >Y −t + �a« �v� .
= sup

t>0
t||q||∞ − t + �a« � ,#.

= χK(q) + �a« �:� .

XYX[Z�\�]M]^]^]
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�
xzp{_
K = {q ∈ Y, ||q||∞ ≤ 1} «

�m« 2»c%p�¨yn�nr_at��
F ∗ x�n 1

σ

¦ 2»x£�ynrs�_yxzp{¤��axT7�c%�{c%w@prx��X�y ¡c:«

F ∗(u) = sup
v∈X

< u, v >X −F (v) + �a« �v� .
·�x¡��n�p;µEwatvprc¢p{_y��p

F ∗ x£nSs�t:wo�vc�© + nrc%c�nqc;s p{x¡t:w¸� . «ª�#n F x£nSn�p{�rx�s p{ ¡l"s%tvwo�vc%©,µ�p{_ac¥nqt: ¡¨mp{x¡t:w
tX|E�a�{tv�y ¡c<b + �a« �v� . c�©mx�n�p�n#�vwy�Fx�nP¨awyx£º@¨ac:« 2-c�p v(u) �ac%watvprc p{_ac argmax x£w + �y« �:� . «�·a�{tvb¨awax�º@¨ac%wac;nrn+tv|-p{_ac�nqt: ¡¨mp{x¡t:w�tv| + �y« �:� . µm��c[uvc�p+p{_y��p F ∗ x�n
�mxT7�c%�{c%w@p{x£�v�a ¡c��XwQ��x¡p{n
�mc<�rx£����p{x¡�:cx£n
v(u)

«�·y�rt:b pr_yc tv�mp{x¡b3�v ¡x¡p�l*s%tvwy�mx¡prx£tvwQn
�4c�u:c�p
p{_y��p
u−∇F (v(u)) = 0

«�^+_o¨yn
|¼tv�P�vw@l
(u1, u2) ∈ X2 (

∇F (v(u1)) −∇F (v(u2)) = u1 − u2 + �a« �X° .
�Xwy� (

|u1 − u2|2 = |∇F (v(u1)) −∇F (v(u2))|2 + �a« �>= .
≥ σ|v(u1) − v(u2)|2 + �a« �v� .
≥ σ|∇F ∗(u1) −∇F ∗(u2)|2 + �a« � � .

^+_ax�n�nq_yt���nKp{_y��p
F ∗ x£n 1

σ

¦ 2»x£�yn{s�_ax¡pr¤��mx!7Uc<�rc<w:p{x£�v�a £cv«
�a« 2»c%p�¨yn�nr_at�� + �y« = � . «�^+_ac>³Q�{nqp*c%©@p{�rc<b3�X £xzp�l �{c% ���prx£tvw�u:x¡�:c<n F (ū) =< −div(q̄), ū >X

−F ∗(−div(q̄)) « 8´c#�v £nrt��rc;s%�v ¡ op{_y��p F ∗∗(u) = F (u)
«Ejot�p{_y��p

F (ū) = supv∈X < ū, v >X

−F ∗(v)
«

^+_at:nrc>p���t"c;º:¨Q��prx£tvwQn¢x£bS�y ¡l pr_Q��p −div(q̄) s%�vwys�c< £n¢pr_ac´�mc%�{x¡���Xprx£�vc>tv| v →< ū, v >X

−F ∗(v)
«K^+_ax�n+c%wy�an
pr_ac��a�{totX|�«

°y«
·�x¡wy�v ¡ £l� £c�p�¨Qn
nq_at�� c<º@¨y�Xprx£tvw + �a« =JR . « '§p�x�n
�mtvwac�¨ynrx£waudpr_ac nrc<s%tvwy�*c�©op{�rc<bd�v ¡x¡p�l3�{c% ���prx£tvw (

G(∇ū) = G∗∗(∇ū) + �a« �VR .
= sup

q∈Y
< ∇ū, q >Y −G∗(q) + �a« � A>.

= < −q̄,∇ū >Y −G∗(−q̄) + �y«5�X� .
^+_o¨yn −q̄ nrtv £�vc;n4�y�rt:�a ¡c<b + �a« � AV. «E^+_ax£n�l@x£c% ��an�p{_ac�c�©mx�n�p{c%wys%c[tv|�b�¨a ¡prx£�a ¡x£c%��n µi

nr¨ys�_�pr_y�Xp (

(∇ū)i − µiq̄i = 0 + �a« � ,#.
�
xzp{_

µi = 0
x¡| |q̄i|2 < 1

µmt:�
µi > 0

x¡| |q̄i|2 = 1
« ' w*�UtXp{_¥s<�vnrc<n+��c�uvc�p

µi = |(∇ū)i|2
«

^`_ X3^ba
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� ��� � � �v�m� �}Ã���¿ � ������� ¿ �
F (u) = |λ(Au− f)|22�Pw´x£bd�Qt:�qp��Xw@p0s� ��vn{n[tX|
n�p{�rt:wauv £l>s�t:wo�vc�©M|¼¨awys p{x¡t:wyn��
�{xzp{c<n9(

F (u) = |λ(Au − f)|22
�
x¡pr_

A�¬�ax ��c<s�prx£�vcF £x¡wac;�X�3�X�y�a ¡x�s%�Xprx£tvw»µ��Xwy�
λ ∈]0,∞]n

« 2»c%p
λ− = mini λi

�vwy�
λ−(A)

�mc<watXp{c�pr_ac
nrb3�X £ ¡c;n�p
c<x¡u:c%wo���X £¨ac#tv|

A
«

� � Ã � Ã � � � �}Ã�� � � � ���O�
A
�  "�	���	NE��
�K�$� � FQ���H�M"J	�O�
���K��G "�	 �

λ
� �
FQ��	��J0� �

]0,∞]n
G ���N�
	

F ∗ � 
L
�  � � 
��� ���O � � �����M��	N�$��" � F!�
G � ���O� L ≤ 1

2λ2
−

λ−(A)2
��� ���M���JE1��� 	

F ∗(v) =< A−1f,
v

λ
> +

1

4
||A

−∗v

λ
||22 + �a« �X� .

� � Ã»Ã ���
F
x£n+t:�@�ox£tv¨ynr £l¢�mxT7�c%�{c%w@p{x£�v�a ¡c:µm�
xzp{_F�mc%�{x¡���Xprx£�vc ∇F (u) = 2A∗λ2(Au− f)

«E^+_o¨yn (

|∇F (u) −∇F (v)|2 = 2|A∗λ2A(u− v)|2 ≥ 2λ2
−λ

2
−(A)

F
x£n�p{_o¨yn�nqpr�{tvwau: ¡l¢s%tvwo�vc%©¢�
xzp{_¥s%tvwo�vc%©mxzp�l3�y�v�{�vbdc�prc<�

2λ2
−λ−(A)2

«E^+_ac%w (

F ∗(v) = sup
u∈X

(

< u, v >X −|λ(Au− f)|22
) + �a« ��� .

= sup
w∈X

(

<
A−1(w + λf)

λ
, v > −|w|22

)

+ �a« �\° .
= < A−1f, v > + sup

r≥0

(

r|A
−∗v

λ
|2 − r2

)

+ �a« �J= .
+ �a« ��� .

�Pwy���4c�u:c�p+pr_ac��{c<nr¨a ¡p
�@l*s%�XwQs�c% £x£wauSpr_ac �mc<�rx£����p{x¡�:c[tv|
r → r|A−∗v

λ |2 − r2
«

�

^�t¢nqt: ¡�:c#�y�rt:�a ¡c<b)(
inf

u∈X
J(u) + |λ(Au− f)|22 + �a« � � .

8´c nqc%p
K = {q ∈ X, ||q||∞ ≤ 1} �XwQ�¢p{_ac �X £uvt:�rx¡pr_ab���c��a�{tv�Ut:nrc[�
�{x¡prc<n (

XYX[Z�\�]M]^]^]
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�¹e4_yt:nrc
N
«

, jmc�p k = 0
µ
G−1 = 0

µ
L =

||div||22
2λ2

−
λ−(A)2

µ
xk = 0

��e4t:bd�a¨mprc
ηk = ∇(A−1f

λ ) − 1
2∇(A−1(A−∗(div(xk))

λ2 ))��jmc�p
yk = ΠK(xk − ηk

L )°¹jmc�p
Gk = Gk−1 + k+1

2 ηk=�jmc�p
zk = ΠK( η

L )��jmc�p
xk+1 = 2

k+3z
k + k+1

k+2y
k

� jmc�p
k = k + 1

µmuvtd�y�:s�Cdprt
2
¨aw@prx£ 

k = N
«

R�jmc�p
ū = A−1f

λ − 1
2A

−1(A−∗div(yk)
λ2 )

+ �y«5�JR .


#nqx£wau + �y« �X° . µa��c�c<�:nqx£ £l3uvc�p
p{_y��pP�Xp
xzp{c%����prx£tvw N �4c�_y�\�:c (

0 ≤ J(uN ) − J(ū) ≤ n22||div||22
λ2
−λ−(A)2

1

N2 + �a« � A@.
nrtSpr_y�Xp
prtduvc%pP�Xw

ε
¦ nrtv £¨mprx£tvw»µm��c��mtdwatXp�wyc%c<�*bdtv�{c[pr_y�vw ||div||2n

λ−λ−(A)
1
ε

x¡prc<�{�Xprx£tvwyn<«

� � (¥���+�$���4�0�¯���
�(*� �� � 	�).)���-��(�--�%� 	

8´c�s%�vwawatXp
�mtd�Xw*c�©m_y�X¨Qn�p{x¡�:c[s%tvbd�y�X�{x�nqt:w¢tX|��v ¡ �wo¨abdc%�{x�s%�X �bdc�p{_atm�an�pr_Q��p�nqt: ¡�:c�p{tXp{�v ��\�v�rx���p{x¡t:w
�y�rt:�a ¡c<b3n%«¯^+_ac��ax£�a ¡x£tvu:�{�v�a_ol´�v�Qt:¨mpSpr_ax�nS�a�rt:�a £c%b s�t:w:p��Xx£wyn�bSt:�rc�pr_y�vw

50
xzp{c%b3n<« 
Ft:nqpd�v�rc

p{x¡bdc´s�tvwQnq¨abdx£wau¯p{tÅx£bS�y ¡c<bSc<w@p¥�vwy� pr_yc%x£��c
S¢s%x¡c<wys�l _ac;�\�@x£ £l �mc<�Qc<wy�an�tvw nrtvbdc´s�_atvx�s�c;n3 ¡xQCvc
�y�rc;s�tvwQ�mxzp{x¡t:wawac<�{n<« 8¬c�p{_@¨Qnd�rc;n�p{�rx�s pdtv¨a�dc%©o�Uc%�{x£bSc<w@p{�X +wo¨abdc%�{x�s%�X 
s%tvbd�y�X�{x�nqt:wyn�p{t¬p���t´c<�vnrlvµ
�
x��mc< ¡l¢¨Qnqc;��³Q�{nqp
tv���mc%�+bdc�p{_atm�an%«E�#�Xbdc% £l (
� pr_ac3® �a�{tX��c;s prc;�o±£¦§nr¨a�au:�{�:�mx¡c<w@p��mc;nrs%c%w@p��
xzp{_¥tv�mp{x¡b3�X »nqprc<�»«

� pr_ac3® �a�{tX��c;s prc;�o±£¦8u:�{�:�mx¡c<w@p+�mc;nrs%c%w@p���| p{c%��nrbStotvpr_ax£waudtX|�pr_ac�p{tXp{�v »���X�{x£�Xprx£tvw»«

����� � � ��0 ��& � 0@) ![# 
 �'0@+ 	 
(!$+

� �¸� � ¿ � ¿ � � � � ¿ � � �v����Ä ���K¿ � ¿ � � ¿ � ¿ � Â0¿o¿ � ��� ¿ � � Ã»Ã ����� ����� Ã ��� �"�m� �}Ã�� � Ã �F� Ã �<���
�a�a� � �m� �BÃ�� 	

' wFc;º:¨Q��prx£tvw + �a« �JR . µy��c��a�rc;nqc<w@prc<�¥�d�+�\l¢p{t¢�X�a�a�{t\©mx¡b3�Xprc[pr_ac prtXp��X »���v�rx���p{x¡t:w»µy�XwQ��s% £�vx¡bdc;�p{_y��p�xzp$nq_ytv¨a ����Qc��Uc�pqp{c%��pr_y�vw�pr_yc4s� ��vn{nrx£s<�X v�v�a�a�{t\©ox£b3��p{x¡t:w + �a« � ,B. « ' w0�v ¡ @wo¨abdc%�{x£s<�X Xc%©m�Qc<�rx£bdc%w@p{n��c �Uc%�r|¼tv�{b¥µQp{_ac0bdx£wax£bSx£¤<�Xprx£tvw>tv| + �y« �VR .  £c<�:�an�p{t*nrtv £¨mprx£tvwQn
pr_Q��p#_Q�\�vc0�� ¡t���c%�
p{tXp��X ��\�v�rx���p{x¡t:wp{_y�Xw + �a« � ,B. µ
�a¨mp*pr_ac¬�@x�nr¨y�X P�:nq�Uc<s�p�tX|�p{_acMnrtv £¨mprx£tvwQn��X�{c¥pr_ycMnr�vbdcv«��Pn¢pr_ac¬s�tvbd�a £c�©mx¡p�l¸tv|s%tvbd�a¨mp{x¡wyu ∇Jµ
tv� ∇J̃µ

x�nPp{_ac�n{�Xbdc:µU��c p{_ax£w�C¥pr_y�Xp[¨Qnqx£wau
Jµ
�mc�³ywyxzp{c% £lFx£n[�¢�Uc�prprc%��s�_at:x£s%c x¡|

t:wac��Xx£b3n
��pP�X�y�a�rt\©mx£b3��prx£wau0pr_ac�p{tXp{�v ,���X�{x£�Xprx£tvw»«
� Ã � ¿ � Ã �����a� � � Ã�� � � Ã ����� ¿ � Ã�� �<�%��� � ��¿ Ä � ��Ä ���-Á�� ��� ¿ � Á � �m� ¿ � � ��� Ã � � ¿ � �
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^+_ac��a�{tv�a £c%b ��c�s�_at@nqc�|¼t:�#wo¨abdc%�{x�s%�X �s�t:bS�Q�X�{x£nrtvwyn�x£nPpr_acS�
¨y�mx£wm¦qf[nq_yc%�r¦§·Q��prc<bdx-bdtm�mc% 8«3'§p
s%tvwynrx�n�p�n4x£wFnqt: ¡�ox£wau (

inf
u∈X,|u−f |2≤α

(J(u)) + °y« Rv� .
8´cFwatXp{c

J̄
pr_ycFbSx£wax£b0¨ab x£w + °y« Rv� . « 2»c%pd¨Qn¢�mc<n{s��{x£�Qc;�"p{_acFbdc�pr_yto�yn3�4c¥x£bd�a ¡c<bdc%w@p3|¼tv�

s%tvbd�y�v�rx�nqt:wyn<«

� ^+_ac�³y��n�p
x�n�� � �M� �����
� � � �V�M" � ���
	�� � �K�����	N� � ����� �$� �$���9"�F ���J	�K� "J	N���� ��� (
{

u0 = f
uk+1 = ΠK(uk − t∇Jµ(uk)) + °y« R ,1.

^+_ac�tv�aprx£bd�v -nqprc%�Fs<�Xw��Qc0nr_at��
w*prtd�Uc
t = 2µ

||div||22
® � A ±8«�8¬c nrc�p K = {u ∈ X, |u− f |22 ≤

α2} «

� ^+_ac nrc<s�t:wy�*x£n
� � �^�������
� � �  ��� �V�M" � ���
	�� � �K����
	�� � ���O�<��� �$����"JF K� � � (
{

u0 = f

uk+1 = ΠK(uk − tk
ηk

||ηk||2 ) + °y« R:� .
ηk b�¨ynqp��Qc< ¡t:wauSprt ∂J(uk)

|¼tv��s�t:wo�vc%�{uvc<wys�c:« 8´c s�_at:nrc (

ηk = div(Ψ)
�
xzp{_

Ψi =

{

(∇uk)i

|(∇uk)i|2
x¡| |(∇uk)i|2 > 0

0
tvpr_ac<�r�
x�nrc + °y« Rv� .

�Xwy�
tk = J(uk)−J̄

|ηk |2
«�^+_yx£n$nqprc%�Sx�n�t:�mprx£b3�X ox£w pr_yc+nrc%wQnqcKpr_y�Xp$x¡p$ ¡c;�v�an�prt��Xw

O( 1
ε2 )
�X £uvt:�rx¡pr_yb�«

�Pn
J̄
x�n$¨aw�Cowat��
w-µvnqt:bdc��v¨mpr_at:�{n�p{�rl�p{t[c<���X £¨y��p{c4x¡pExzp{c%����p{x¡�:c% £lS® �X�aµv�JR\±§«¶^-t#³ywy��xzp;µv��c-��¨Qn�p

 ¡c%pP�d�a�{tvuv���Xb + ��c<nqprc<�rt�� . �{¨aw¥¨aw@prx£ -s�t:w@�:c%�{uvc<wys�c:µ@�vwy��uvc�p+p{_ac tv�aprx£bd�v ,���X £¨ac J̄ «4e4 ¡c;�X�{ ¡lpr_ax�n
bdc�p{_atm��x£n
wytXp
¨yn{�X�a £c�x¡w¥�a���vs�prx�s�c��a¨mpPnrc%�{�vc;n��:n
�S�rc%|¼c%�{c%wys%cv«

� ^+_ac�pr_yx¡����x£n�p{_ac��a�{c<nrc%w@prc;� ���KK� �
�M�JE�"�� �;�M�B">�^� + �y« �[� . «
8´c*¨Qnqc;�ªpr_ac

256 × 256
2-c%wy�>x¡b3�Xu:c��{c<n{s%�v ¡c;�¬x£w

[0, 1]
«<8¬c¥nrc�p

α = 20
x£w + °y« Rv� . «´^+_yx£ns%tv�{�rc;nq�UtvwQ�an�p{t¥pr_ac3x£b3�Xu:c<n[x¡w´³yu:¨a�{c + = . «¢^+_ac3s�¨a�{�vc;n�x¡w¬³yuv¨y�rc + � . s�t:bS�Q�X�{c0p{_ac¢�mc<s%�rc;�vnrc�tv|p{_ac�prtvp{�v ,�\�v�rx���p{x¡t:w���« �<« p
pr_yc�w@¨yb0�Uc%�
tX|$x¡prc%����p{x¡t:wyn4|¼tv�+p{_ac �mx!7Uc<�rc<w:p�bdc%pr_atm�an<«8´cKwatvprx�s�c$p{_y��p-x£w �X £ :s<�vnrc<n<µ%p{_acK�Pc<nqprc%�{t�� � n,n{s�_ac<bScE�:s�_ax£c%�vc;n,b0¨Qs�_[�Uc�prprc<�-p{_y�Xw[pr_ycK�a�{tX��c;s prc;�

u:�{�:�mx£c%w@p��ac<n{s�c%w@p;«S^+_ac3�mx!7�c%�{c%wys%cSu:c�p�n# ��X�{uvc<�[�:n[pr_ac92-x¡�yn{s�_ax¡pr¤3s�t:wynqp{�Xw@p�tX|4pr_ac¢s%t:nqp#|¼¨awQs prx£tvw
x£wys%�rc;�vnrc<n<«�·at:�����X £¨ac<n�tv|

µ
���Xwyuvx£wau*x£w

[0.005, 0.01]
µyp{_ac¢��c;n�p{c%�{t��F�X�a�a�{t:�:s�_Mx�n�nq £x£uv_@pr £lF|}�vnqprc<�

p{_y�Xw*pr_yc��a�rtv��c<s�prc<��nr¨a�auv���v�ax¡c<w:p
�mc;nrs%c%w@p<«

XYX[Z�\�]M]^]^]
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�^�����7�#	��S�*�	"�JF�����#������&7���0��������	:' 2+����<LF )$#�����SF#����& ���+H��.[ ����TB =<��O��$#��&��
α = 20

�	��
������
�������������������� �"!#��$%�&���'$��(� �*),+�-'���	.0/1�32'�4�3.65'�87��9
�:�'�&�%;�<��4
*=
> & F#<7��$+�.���#F�?SAV	 $#����C�	:F
<�	 �G�������?A+��&��6���
��;���	E� 

inf
u∈X

(J(u) + λ|u− f |2)
H(�7[ �@�OT

-/��� ���L���1� $NF
�W	EC?�����7��F#	 F
<�	 	EPN "��	E&7 EQ ��� F#<�	 ���7��� �����7�#�L�� =< ���#	%$8	!&LF#	!� ��& H�A�[ @���T"[CB 	
 E�����7���#	:� F1A+��F#< 

D F#<�	 $#��;����
���S��	E&LF1�S	!$
 "	!&�F+A+��F#< ����F#������� $ F
	E� [

D F#<�	FE/	!$8F#	E�
�?C �������
���� =< 	EC?�����7��F#	!�W���#	!CO�����7$8��Q A+� F
<
µ = 0.005

[ (B<�� $������7�#�L�� =<W$#����C�	!�
F#<�	R���
�������^ "��&.$ F
�
����&�	%� ���#��;���	E� [GB 	 F
<O�7$1<7�DC�	 F#�IH.&7� �7���=����	EF#	E�=$

α
��&7�

λ
$8�7 =< F
<7�?F

���
��;���	E��$ H(�7[ ����T���&7� H��7[ �@�LT����
	 	!KL����CD����	!&LF![J> & ���
�S	!��F#�W�S�W$#� ?VAV	 ��	EFNF#<�	KE/	!$8F#	!�#�?C
��	"F#<7�O� �����7����	!� F
�NF
<�	R�S�.�������#��;���	E� ���/H(�7[ �@��T1�#��& ��&LF#���� E��&OC�	!�#��	E&7 E	�[+(B<�� $/����C�	!$/�7$��
$8������F#����&

ūλ
[)(B<�	E& AV	  "��������F#	

α = |ūλ − f |2
[

D F#<�	����
�@L 	% F
	!� ���
���S��	E&LF:�S	%$# E	E&LF ����������	!� F
� F#<�	��S�7�������#��;���	E� H(A7[ ��M�T [6(B<���$ �������
���� =< ��$
$8������<LF#��Q�� ��$8F#	!�BF#<7��&FN [ 45<7����;0������	�O $+���������
� F
<��QP >&R [

(B<�	 �S�7��� ���#��;���	E� $#����C�	!� A+� F
< �SE1	!$8F#	!�#�?C $
 =<�	E��	  "��	!���
��Q ���SF#�0	E�#�G���
��$ ������F#	%$ F
	!� ���S'
�7�#�L�� =<�	%$E[1N+�JF
	E�

500
��F#	!�
��F#����&7$�H�M $8	% "��&.��$
T���F ����C�	%$:� ���
	! E��$#����& F#<7��F  !��& ;0	N�?F8F=����&�	!� ;OQ &��

��F#<�	!�1$# =<7	E��	 ��& ��	!$
$VF#<7��&
2
����&L��F#	!$![

N/&���F
<�	E�)��&LF#	!�#	%$ F
��&�� �
	E�����6T � $�F#<7��F�F#<�	1$#���O��F#<7��&��:F
	! =<�&�� KL��	1 "�����.	EF#	!$�A+��F#<�F
<�	+���
�@L 	% F#	%�
���
���S��	E&LFV�S	%$# E	E&LF+����������	!��F
��F
<�	 �S�7���0�7�#��;���	!� ��&7�NF#<7��F F
<�	EQ <7�DC�	/F#<�	 $
����	1F
<�	E���#	EF#�  E���

O( 1
ε )

U�V�]	UXW
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Primal PSD optimal step
Smoothing (µ=0.01) + Nesterov
Smoothing (µ=0.01) + PGD
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Primal PSD optimal step
Smoothing (µ=0.005 ) + Nesterov
Smoothing (µ=0.005) + PGD
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Primal PSD optimal step
Smoothing (µ=0.001) + Nesterov
Smoothing (µ=0.001) + PGD

·�x£uv¨a�{c���(E^�tXp{�v ,���X�{x£�Xprx£tvw ��j*w@¨yb0�Uc%�
tX|$x¡prc%����p{x¡t:wyn�|¼tv�
µ ∈ {1e− 2, 5e− 3, 1e− 3}

XYX[Z�\�]M]^]^]
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Dual − Nesterov
Dual − Projected Gradient Descent
Primal − Subgradient Descent with optimal step
Primal − Smoothing + Nesterov

·�x£uv¨a�{c � (Ke4tvwo�:c%�{uvc%wQs�cP����p{c�s�tvbd�y�v�rx�nrtvw

����p{cEtX|as%tvwo�vc<�ru:c%wys%cv« 2»c%p�¨yn��a�{c<s%x£nrc¶pr_Q��p-p{_ac4s%tvbd�a¨mp���p{x¡t:wy�X :c
7�tv�rp-�Qc<��x¡prc<�{�Xprx£tvw�tv|@p{_ac4�Pc<nqprc<�rt��
p{c<s�_awyx£º@¨ac�x�n
�Qc%p��4c<c%w�tvwac��vwy�*p��
x£s%c#p{_y��p�tv|�p{_ac��a�{tX��c;s prc;�¢u:�{�:�mx¡c<w@p
�ac<n{s�c%w@p;«

����� � &�+ � 	�+[+[&(�*)

�»�<�a� � � � � À Ã �+� � ¿��F¿ �<� ¿ � Ã �¸�;� � ¿ � ¿
·y�rt:b nqt:bSc��mx�nrs%¨yn{nqx£tvwyn4�
x¡pr_��Uc%t:�a £c#_y�\�ox£wau p{�rx£c<��pr_yc[�Pc<nqprc%�{t��Sprc;s�_awax�º:¨ycvµoxzp
u:c�p{n�t:¨mp4p{_y��p

p{_ax�n��X £uvt:�rx¡pr_ab�x£nP�4c< ¡ »�Uc%_Q�\�vc<��pr_yc%tv�{c�p{x£s<�X £ ¡l:µa�a¨mpP|}�Xx£ £n
c%©m�Qc<�rx£bdc%w@p{�v ¡ £l + nrc%c |¼tv�
x£wyn�p��Xwys%c3® °$�<± . «f#¨y�Ps�t:wys� £¨ynrx¡t:wFx£nPtv�a�Ut:nrxzp{cv« ' wM�v ¡ -prc;n�p{c<�>s<�vnrc<n<µapr_yc0��c;n�p{c%�{t����v ¡u:tv�{xzp{_ab��+�vn+|}�:n�p{c%�Ppr_y�vwFpr_ac
�y�rtv��c<s p{c<�3u:�{�:�mx£c%w@p��mc;nrs%c%w@p<«¶�Pc%�vc<�qp{_ac% £c<n{n<µ:��cPt:�ynqc<�r�:c<�¢nrtvbdc#x¡wynqp{�v�ax£ ¡x¡prx£c<n��
_ac<w�bdx¡wyx¡bdx£¤%x£wauS�
|¼¨ywys p{x¡t:wF¨awy�mc<�P�Xw¥¨awo�Utv¨awy�ac<�¥nqc%p + s<�vnrc λi = 0 . «4·ytv�+p{_y��p#s<�vnrc��4c�|¼t:¨awy�¥x¡p�bSt:�rc�x£w@prc<�rc;n�p{x¡waup{t3�rc<x¡wyxzp{x£�v ¡x£¤%c�p{_ac

G
���X�{x£�v�a ¡c��XpPn�p{c%�

4
tX| + �y« �v� . �vwy�*pr_ac0s%c%w@prc<� x0

tX|$pr_ac0�a�rt\©o¦8|¼¨awys�prx£tvw
d
x£w

+ �a« �V= . �Uc%�{x£to�ax£s<�X £ ¡l:«$^+_yx£n
s�_at:x£s%c�x£n+_ac<¨a�{x£nqprx�sX«
� Ã ���$�m� � � Ã�� � Â � � � Ã � � ¿ � � ¿ � � Ã Ä��
joc;s�t:wy��t:�{�ac%��bSc%pr_atm�an
�v�rc[s�t:bSbdt:wa ¡l3¨Qnqc;�3prt3nrtv £�vc#�a�rt:�a £c%b +-, « � . �vwy�*xzp�nrc%c%b3n4pr_yc%l¢�{c%�m¦�{c<nrc%w@p�p{_ac*s% ¡t@nqc;n�p0�{x£�\�v £n0tX|
tv¨y���X�y�a�rt@�vs�_»« 
>�vwolM�y�v�Qc<�{n�nq¨au:uvc;n�p p{_ac�¨Qnqc¢tv| � _y�v z| ¦ º@¨y�v�a�{�Xprx�s

bdx£wax£bSx£¤<�Xprx£tvw�¶® �X��±K�
_ax�s�_¬�+�vn�nr_at��
w¬�{c<s%c%w@pr £l¥prt¥�Uc3c<º@¨ax£���X £c%w@p�prtFº@¨y�vnrxz¦ ��c<�+prt:w>prc;s�_awax�º@¨ac<n
® �v��±8«�^+_at:nrc¶bdc�pr_yto�yn��v�rc¶�a�{t��vc;��p{tPs�t:wo�vc%�{uvc$ £x¡wyc<�X�{ £l0® , ±§«�jo¨ys�_ ���{�Xprc¶x�n»b0¨Qs�_��Qc%pqprc<���:nqlobd�mp{tXpq¦x�s%�v ¡ £l�pr_y�vw¢tv¨a�4�Qt: ¡lowat:bdx£�v yc%wyc%�{uvld�mc<s<�\lon<«$^+_ax£nK�rc;nq¨y zp�nKx£w�s�t:wo�vc%�{uvc<wys�c
�X| prc%�4|¼c%��c%�4xzp{c%����p{x¡t:wyn%«

^`_ X3^ba
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^+_yc*s�t:¨aw@prc<�r�y�v�qp0s% ¡c;�X�{ ¡l´x�n p{_ac�wac<c<�ªp{t¬nrtv £�vc¢�M_@¨yuvc¢ £x¡wyc<�X�Snqlmnqprc<b �Xp�c;�vs�_¯x¡prc%����p{x¡t:w»«M^+_ac
c�S¢s�x£c%wys%l>tX|�pr_ax�n�bdc�p{_atm�ªn�p{�rt:wauv £lM�mc<�Qc<wy�an�t:wMp{_ac¢s�t:wy�mx¡prx£tvwax£wau¥wo¨ab0�Uc%� tv|4p{_ac¢nrlonqprc<b2�XwQ�
p{_ac�s�_at:x£s%c
tX|��a�rc;s�t:wy�mx¡prx£tvwac<�{n<« '§pEx�n$pr_o¨yn4�mx!S3s%¨a ¡pEprt s%tvbd�y�X�{c+�Qtvpr_3�X�y�a�rt@�vs�_ac;n%« 8¬c
p{_ax£w�C0p{_y��p
t:¨a�$bdc�pr_yto�dnr_atv¨y £���Qc
�:�m���Xw@p{�vuvc%t:¨yn�x¡w�pr_ac�s<�vnrc4tv|Q £t��"�{c<nrtv¨a��s�c;n-�a�{tvu:�{�vbdbSx£wau#c%wo�ox¡�{tvwabdc<w:p�n%«

>tv�{cPs�t:bS�y¨mp{�Xprx£tvwy�v Qs�t:bd�y�X�{x£nrtvwQnEnq_ytv¨a ��d�Qc[ £c<�dp{t uvx£�vcP���mc�³Qwaxzp{x¡�:c#�vwynq��c%�Kx¡w3p{_ac�s%�vnrc�tv|�~+e
�y�rt:uv���Xbdbdx¡wauQ«
joc;s�t:wy�"t:�{�mc<�Ss%tvwac*�a�{tvuv���Xbdbdx£wau>�+�vn��a�rt:�Qt@nqc;�¯�{c<s�c<w@pr £l ® °:��±
�vwy�" £c<�:�an0prt´�vc%�{lª�a�{c<s�x�nrc

nrtv £¨mp{x¡t:wyn%µK�a¨mp3pr_yc¥s%tvbd�a¨mp{x¡wyu¬p{x¡bdc;n3nqc<c%b p{t´�Uc¥_ax£uv_ac<��p{_y�Xw¸pr_yt:nrc�tv|Pp{_acFnqx£bd�a ¡c¥u:�{�:�mx¡c<w@p
�ac<n{s�c%w@p�n%«
�i�a�{tvbdx�nqx£wau3�X�y�a�rt@�vs�_*�y�vnrc<�*tvw�uv���X�a_a¦§s%¨mp{n��+�vn+�a�{tv�Ut:nrc<���rc;s�c%w@p{ ¡l>® , =mµ , �\±§«E^+_ac �v¨mpr_at:�{nnrtv £�vc +-, « � . |¼t:� A = Id

�Xwy�
p ∈ {1, 2,∞} «�^+_ac<lMnr_at��ipr_y�Xp�pr_ac<lFuvc�p�c%©m�:s p�nqt: ¡¨mp{x¡t:wyn + ¨a�¬prt�*º@¨y�Xw@prx£¤<�Xprx£tvwF�y�v�{�vbdc�prc<� . x¡wM�¢³ywax¡prc�w@¨yb0�Uc%�[tX|Ex¡prc%����p{x¡t:wyn<«#^+_acSs�tvbd�a¨aprx£wau¢p{x¡bdc<n#tv�ap{�Xx£wac;�nrc%c<b prt´�QcFnr ¡x£uv_@pr £lª_ax£uv_ac<�0p{_y�XwÅpr_at@nqc�tX|�p{_ac¥�m¨y�X 
�v ¡u:tv�{xzp{_ab�® , �\±+|¼tv�d�
¨y�mx£wm¦qf[nq_ac<�q¦ ·y�Xprc<bSx�y�rt:�a ¡c<b¥«¢^+_ac%l´nq_at:¨a ��¬�Uc3�Uc�pqp{c%��p{_y�Xwªt:¨a�0�X�y�a�rt@�vs�_M|¼tv��pr_yc

BV − L1 �a�rt:�a £c%b¥«98¬cdp{_ax£w�Cp{_y��pdp{_acF�a�{c<nrc%w@prc;�Å�X�y�a�rt@�vs�_Å�v ¡ £t���n�prt¯nrtv £�vc¥�¬ ��X�{uvc<�Ss% £�:nrnStv|#�a�{tv�a £c%b3nd�XwQ�Åx�n3nqx£bd�a £c%�dprt
x£bd�a £c%bdc%w@p<«
·�x£wy�X £ ¡l:µv £c�p¶¨yn$bdc%w@p{x¡t:w0p{_ac
�rc;s�c<w:p¶n{s�_ac%bdc<n��y�:nqc;�0t:w0p{_ac
nqtv¦§s<�X £ ¡c;�

prox−function + nrc%c�|¼tv�x£wynqp{�vwys�c + ® , °X± .M. «¶^+_at:nrc+nrs�_ac<bdc<n��4t:¨a ����v ¡ £t��¯prt�nrtv £�vc4pr_ac 2��Xuv���Xwyuvx��Xw��a�{tv�a £c%b +-, « � . �
x¡pr_Stvwa £l�:nrnr¨abd�mp{x¡t:w¬t:w
F
p{_y��p x¡p0x�nL2»x£�yn{s�_axzp{¤¢�mx!7Uc<�rc<w:p{x£�v�a £c + x£wyn�p{c<�:�¬tv|4p{_ac¢bdtv�{cd�rc;n�p{�rx�s p{x¡wyu¥nqpr�{tvwyus%tvwo�vc%©mxzp�l�x¡w¢t:¨a�+s%�vnrc . «Y'§p
s%�vw3�Qc[�ox¡c<�4c;�3�vn���uvc<wac%���X £x£¤<��p{x¡t:wdtX|,pr_yc[nrx¡bd�a £cP�y�rtv��c<s p{c<�du:�{�:�mx¡c<w@p�ac<n{s�c%w@p;« 8´c[pr_o¨yn�p{_ax¡wNC¢pr_Q��p+pr_ac��v�a�a�{t:�vs�_��4c��a�{c<nrc%w@p+x¡w*pr_ax�n+�y�v�Qc<��nq_at:¨a ��¢�Uc�bSt:�rc[c
S¢s%x¡c<w:p

|¼t:��n�p{�rt:wauv £l¢s�t:wo�vc�©
F
«

� � � 	��4��(�-�%� 	

8´c¥�a�{c<nrc%w@prc;�¯c
S¢s�x£c%w@pd³y��n�pdtv���mc<�S�v ¡u:tv�{xzp{_ab3n p{t¬bdx£wax¡bdx£¤%c�pr_yc*p{tXp��X +���X�{x£�Xprx£tvw"¨awQ�mc%�3b3�Xwol
nrbdtotXpr_dt:�Ewatvwa¦§nrbdt@tvpr_ds�t:w@�:c�©�nrc�p�n%«$^+_at@nqc�n{s�_ac%bdc;nE�X�{c
nqx£bd�a ¡c�prt�x£bS�y ¡c<bSc<w@p��XwQ���y�rc;nqc<w:pE £t��
s%tvbd�a¨mp{x¡wyu�p{x¡bdc<n<«d^+_ac%l>�v�rcS�y�vnrc<�Mtvwª���{c<s%c%w@p��v�m���XwQs�c�® �v°�±Ex¡wªs�t:wo�vc�©Ft:�mprx£bdx¡¤;��prx£tvw-«�^+_ac<x¡�
c�S¢s�x£c%wys%l¢x£nPs�tvbd�y�v�{�v�a £c#t:���Uc�prprc<�
pr_y�vwFn�p���prc�tv|�p{_ac �X�rp
bSc%pr_atm�an<«

' w0pr_ax�n��y�X�Uc%���4cK|¼tms�¨ynrc<�0tvw�p{tXp{�v o�\�v�rx���p{x¡t:w��a�{tv�a £c%b3n<« 
Ft:�rcEwo¨abdc<�rx�s%�v :c%©o�Uc%�{x£bSc<w@p{n�nq_at:¨a ��
�Uc� £c<��|¼tv�
p{_ac�bSx£wax£bdx¡¤;��prx£tvw¥tv|

l1
¦8wytv�{b tX|� ¡x£wac<�v�+pr���Xwynq|¼tv�{b3n%«

�d��� ��ÃoÂ � ¿ Ä �U¿ � ¿ � �v� ^+_ac4³y�{nqp¶�X¨mp{_atv���4t:¨a ��  £x!C:cKp{tPp{_y�Xw�C �P ¡c%©mx£n ? �X¨Q�mtv¨a��|¼tv��¨ynrc�|¼¨a mb3�Xpr_m¦c<b3��prx�s%�v »�mx�nrs%¨ynrnrx£tvwyn<«

XYX[Z�\�]M]^]^]
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� � 1�1¬�
	�)��Q�

� � � � & + � �'0 !'&�� #%!'&(�*) ��� .�&�� 0 �'0@) !'&(# 
 ����0 �'#%!$����+
' w"pr_ax�ndnqc;s prx£tvw-µ�p{t´nrx£bS�y ¡x¡|¼l´pr_ac�watXp���p{x¡t:wyn%µ$��c*�mc<watXp{c

u(i, j)
p{_ac��\�v ¡¨yc�tX|

u
tvwÅ�axz©mc< 

(i, j)
«

nx
�Xwy�

ny
�
x¡ £ ��rc<�a�{c<nrc%w@p¢pr_yc¬wo¨ab��Qc<��tv| �ax¡©oc< £n�x£w p{_ac¬_ytv�{x¡¤<tvw@p{�v #�XwQ���vc<�qp{x£s<�X ��mx¡�{c<s�prx£tvwyn

�{c<nr�Uc<s p{x¡�:c% £lv«
^�t>�mx�nrs%�rc%prx£¤%cSpr_ac3u:�{�:�mx£c%w@p[��cd¨ynrc<�´x¡w¯�v ¡ ¶c%©o�Uc%�{x£bSc<w@p{n[pr_ycd|¼tv £ ¡t��
x£wauFs� ��vn{nqx�s%�v �³y�{nqp�tv���mc%�

n{s�_ac<bSc��Utv�{�rt���c<�3|¼�rt:b ® A ±8«E·ytv� u ∈ X
(

(∇u)(i, j) = ((∂1u)(i, j), (∂2u)(i, j)) +4, « R>= .
∇u x�n
�Xw�c% £c%bdc%w@p�tv| Y «

(∂1u)(i, j) =

{

u(i+ 1, j) − u(i, j)
x¡|
i < nx

0
xz|
i = nx

+4, « Rv� .

(∂2u)(i, j) =

{

u(i, j + 1) − u(i, j)
x¡|
j < ny

0
xz|
j = ny

+4, « R � .
^+_ax�n��mc%³ywax¡prx£tvwF�X £ £t���nKp{t3�mc�³ywyc�pr_ac �mx£�vc<�ru:c%wys%c#�y�rt:�Qc<�r £l¢�ol��m¨y�v ¡x¡p�lvµmx£bd�Qt@nqx£wau (

< ∇u, p >Y = − < u, div(p) >X +4, « RVR .
jox£bd�a £c s�tvbd�a¨ap{��p{x¡t:w¥uvx£�vc<n (

(div(p))(i, j) =







p1(i, j) − p1(i− 1, j)
xz|

1 < i < nx

p1(i, j)
x¡|
i = 1

−p1(i− 1, j)
xz|
i = nx

+







p2(i, j) − p2(i, j − 1)
x¡|

1 < j < ny

p2(i, j)
x¡|
j = 1

−p2(i, j − 1)
x¡|
j = ny

+4, « R A@.

�PtXprc�p{_y��p
p{_ac�tv�Uc%����p{tv�
div

x�n�nr¨a�}��c;s p{x¡�:c#|¼�{tvb
Y
p{t
X − {(γ, γ, ..., γ), γ ∈ 5 } «


Ft:�rc<t��vc<�4x¡pPs%�vw*�Uc nq_yt��
w¬® A ±,p{_y��p ||div||2 ≤ 2
√

2
«

� �H� ���'��� 0 � !'&(� )�+,�*)��,0@& � � !$0@.
lp �
	
# 
�
 + �

p ∈ {1, 2,∞} �

Pw@prx£ ,wat���µm�4c�nr¨a�a�Ut:nrc<�¢pr_y�Xp��4c�s�t:¨a £���mt �E¨ys% ¡x��mc;�Xw��a�rtv��c<s�prx£tvwyn�tvw*�4c<x¡uvpr_ac;�

lp
�y�X £ �n%«Ejot:bSc

�y�rtv��c<s p{x¡t:w3tv�Uc%����p{tv��nE�X�{cPwatvp�nqpr���Xx£uv_@pq|¼t:�r�+�X���0prtSx¡bd�a £c%bdc%w@p
�Xwy�¢�4c#�a�rt:�Qt@nqc#nqt: ¡¨mp{x¡t:wyn¶p{t0p{_y��p
�y�rt:�a ¡c<b¥«�2»c%p

K = {y ∈ X, |λ(y − f)|p ≤ α} µ��
x¡pr_ λ ∈ [0,∞]n
«#^+_acS�a�{tv�a £c%b¹tX|E�y�rtv��c<s p{x¡t:w

t:w
K
s<�Xw��Qc��
�{xzprprc<w¥�vwy�X £l@prx�s%�v ¡ £l (

ΠK(x) = arg min
{y∈K}

(

|y − x|22
) +4, « A � .

^`_ X3^ba



���������
	�������������
��
������������	������! #"��$����	 � ,

2-c�p
ȳ
�mc<watXp{c3pr_ac�nqt: ¡¨aprx£tvw¯tX| +4, « A � . «M� ³y�{nqp�x£bd�Qt:�qp��Xw@p0�{c%b3�X�^C>p{_y��pS_atv ��an |¼tv�d�Xwol p x£np{_y��p#xz|

λi = 0
µap{_ac%w

ȳi = xi
«6'§|

λi = ∞ pr_ac<w
ȳi = fi

«�^+_@¨Qn�x£w>�X £ -�a�{tX��c;s prx£tvwF�v ¡u:tv�{xzp{_ab3n+pr_ac
³Q�{nqp[nqprc<�>x£nPprt�nqc%p[�v ¡ �pr_at@nqc�Cowat��
wF���X £¨ac<n<«#^+_ax�n[�X £ ¡t���n�prt��{c<nqpr�{x�s pPt:¨a�#�Xpqprc<w@prx£tvwFp{t¢pr_ycSs<�vnrc
λ ∈]0,∞[n

«
� � Ã��<¿ �v� �}Ã�� � Ã�� Â0¿ � � ��� ¿ Ä

l∞
Á �$��� �B�

^+_ac nrx£bS�y ¡c;n�p��a�{tX��c;s p{tv��x£n+p{_ac�tvwyc[t:w*��c%x£uv_@p{c<�
l∞
¦§�y�X £ £n<« '§p��
�rx¡prc;n+x¡wFs% ¡t@nqc;�¢|¼t:�rb)(

ȳi =

{

xi
x¡| |λi(fi − xi)| ≤ α

fi + xi−fi

|xi−fi|
α
λi

tXp{_ac%�{�
x�nqc +4, « A�,1.
� � Ã��<¿ �v� �}Ã�� � Ã�� Â0¿ � � ��� ¿ Ä

l1
Á �$��� �}�


P�*p{t¢�ds�_y�Xwau:c#tv|����v�rx��X�a £cvµ@p{_ac��a�{tX��c<s�prx£tvw�tvw¥�S�4c<x¡u:_:p{c<�
l1
¦8�y�v ¡ ,�
�{x¡prc<n (

ΠK(x) = argmin
{u,|λu|1≤α}

|u− x|22 +4, « A � .
�
x¡pr_

λ ∈]0,∞[n
�Xwy�

α > 0
«

� ·�x¡��n�p�wytXprx�s�c[p{_y��p�x¡| |λx|1 ≤ α
µmpr_yc%w

ū = x
«

� ' w�pr_yc4tvpr_ac<��s%�:nqc;n%µ;c�©mx�n�p{c%wys%c4�vwy��¨awax�º@¨ac%wac;nrn�tX|y��bSx£wax£bdx¡¤<c%���rc;nq¨a ¡p{n»|¼�rt:b�n�p{�rx�s p$s�tvwo�:c�©mxzp�l
tX| |u − x|22

�Xwy�¬s�t:w@�:c�©mx¡p�l�tv|
K
«�^+_ac%�{c0c%©ox�nqp{n

σ ∈ [0,∞[
n<« p<«�p{_acSnrtv £¨mp{x¡t:wMtX| +-, « A � . x£nuvx£�vc<w*�ol3p{_ac nqt: ¡¨aprx£tvw�tX|�pr_acL2��Xuv���Xwyuvx��Xw¢�a�{tv�y ¡c<b)(

ΠK(x) = argmin
u∈ * n

|u− x|22 + σ|λu|1 +4, « A � .
^+_ac nrtv £¨mprx£tvw�tX|�pr_ax�n
�a�{tv�a £c%b�x£n
x£wFs� £t:nrc<��|¼tv�{b)(

u(σ)i =

{

xi − sgn(xi)
σλi

2

x¡| |xi| ≥ σλi

2
0

tvpr_ac<�r�
x�nrc +4, « A ° .
2»c%p

Ψ(σ) = |λu(σ)|1
«Ef#¨a�$�a�{tv�a £c%bix�n�prt#³ywy�

σ̄
nq¨ys�_0pr_y�Xp

Ψ(σ̄) = α
«
Ψ
x£n$�[s�tvwo�:c�©�|¼¨awys�¦

prx£tvw + pr_o¨ynKs%tvw@prx£wo¨atv¨Qn . �vwy�d�mc<s%�rc;�vnrx¡wauQ« 
Ft:�rc<t��vc<� Ψ(0) = |λx|1
µ:�XwQ�

limσ→∞ Ψ(σ) = 0
«

·a�{tvb x£w:p{c%�{bdc<�mx��X�{l0���X £¨ac;n¶pr_yc%tv�{c%b¥µ:|¼tv���Xwol
α ∈ [0, |λx|1]

µ:pr_ac<�rc#c�©mx�n�p�n
σ̄
n%« p<«

Ψ(σ̄) = α
«

Ψ(σ) =

n
∑

i=1

|λiūi| +4, « A = .
=

∑

i,|xi|≥σλi/2

λi(|xi| − σλi/2) +4, « A � .
=

∑

i,yi≥σ

λi|xi| − σλ2
i /2 +4, « A � .

XYX[Z�\�]M]^]^]
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�
xzp{_
yi = 2|xi|

λi

«E�Pt���µ:x¡p4x�n�x¡bd�Utv�rp{�Xw@pEp{t��{c%b3�v�MC0pr_y�Xp
Ψ
x�n4� �ax¡c;s�c<�
x£nrcP £x¡wyc<�X�+�mc<s%�rc;�vnrx¡wyu

|¼¨awys�prx£tvw»«¶^+_ac
s�_y�vwauvc;n�tv|Unr ¡t:�Qc;n$bdx¡u:_:p¶t:wa ¡l0tos<s�¨a�¶�Xp$���v ¡¨ac;n
σ = yj

«$^+_o¨yn%µ:�Xwd�X £uvtv�{x¡pr_ab
prtd³ywQ�

σ̄
x£n�p{_ac�|¼tv £ £t��
x¡wau (

, «+·ytv� i ∈ [1..n]
µas�t:bS�y¨mprc

yi = 2|xi|
λi

«
® f + w . tv�Uc%����prx£tvwQn�±�a«�
#nqx£wau � ����K��|¼¨awys�prx£tvw»µ�n�p{tv�{c>p{_ac¬�Uc%�{b0¨ap{��p{x¡t:w
j
n<« p;«

k → yj(k)

x£n*x£wys��{c<�:nqx£wauy«
® f + w .  £tvu + w . tv�Uc%����p{x¡t:wynq±

�y«�e4t:bd�a¨mprc[p{_ac��y�X�rprx��X ,nr¨ab3n (
Ψ(yj(k)) = E(k) =

∑n
i=k λj(i)|xj(i)| −

yj(k)λ
2
j(i)

2

«
E
x£n

�ac<s��{c<�:nqx£wauQ«4® f + w . t:�Qc<�{�Xprx£tvwynq±°Q«�� '§|
E(1) < α

µynrc�p
a1 = 0

µ
b1 = |λx|1

µ
a2 = yj(1)

µ
b2 = E(1)

«
® f +4,#. tv�Uc%����p{x¡t:wynq±
�?fPp{_ac%�{�
x�nqc:µ-³ywQ�

k̄
n%« p<«

E(k̄) ≥ α
�Xwy�

E(k̄ + 1) < α
«Mjoc�p

a1 = yj(k̄)

µ
b1 =

|E(k̄)|1
µ
a2 = yj(k̄+1)

µ
b2 = E(k̄ + 1)

«
® f + w . tv�Uc%����p{x¡t:wynq±=a«
jmc�p
σ̄ = (a2−a1)α+b2a1−b1a2

b2−b1

«
® f +4,#. tv�Uc%����p{x¡t:wyn�±�y«
jmc�p
ū = u(σ̄)

¨ynrx£wau +4, « A ° . «P® f + w . tv�Uc%����p{x¡t:wyn�±
� � Ã��<¿ �v� �}Ã�� � Ã�� Â0¿ � � ��� ¿ Ä

l2
Á �$��� �}�

^+_ac��y�rtv��c<s p{x¡t:w�t:w¥�S��c%x£uv_@prc;�
l2
¦§�y�X £  + �vw�c< ¡ £x£�ynqt:x£� . �
�{x¡prc<nL(

ΠK(x) = arg min
{y,|λy|22≤α2}

|y − x|22 +4, « A R .
e4t:w:p{�{�v�rx£ £ldprtdpr_yc

l∞
�Xwy�

l1
s<�vnrc<n<µm�4c �mt3wytXp
�a�{tv�Ut:nrc��vw¥c�©a�vs�p
nrtv £¨mp{x¡t:w�p{tdpr_ax�n
�a�{tv�a £c%b¥«8´c+uvx£�vc
�Xwd�X £uvt:�rx¡pr_ybipr_y�Xp$ £c<�:�an�prt�nrtv £¨mprx£tvwQn�pr_y�Xp$_Q�\�vc � p{_ac
 ¡c<�vc< mtX|Q�y�rc;s�x�nqx£tvw�tX|Upr_ac+b3�vs�_ax£wac �¡«

� ·�x¡��n�p�wytXprx�s�c[p{_y��p ȳ = x
xz| |λx|2 ≤ α

«
� fPpr_ac<�r�
x�nrc>xzp�s%�Xw��UcMnr_at��
w�¨ynrx¡wyu 2-�vuv���Xwau:c*b�¨a zp{x¡�y ¡x£c%��n3p{_y��p*pr_acMnrtv £¨mp{x¡t:wyn¢tv| +4, « A R .�
�rx¡prc;n (

ȳ =
x

σ̄|λ|2 + 1
+4, « AVA@.

|¼tv�Knrtvbdc+�y�v�{�vbSc%prc<�
σ̄ > 0

« 
>tv�{c%t��vc<�<µ\��c Cowat��"p{_y��p |λȳ|22 = α2 « 2-c�p Ψ(σ) = | λx
σ|λ|2+1 |22

«
8¬cd�X�{c  £totVCox¡wyu3|¼tv���¢�y�v�{�vbdc�prc<�

σ̄
n<« p;«

Ψ(σ̄) = α2 « '§p[s<�Xw>�UcSnr_at��
w¥p{_y��p Ψ
x£n[s�t:w@�:c�©

�mc<s%�rc;�vnrx¡wyuy«$^-td³ywQ�
σ̄
�4c�¨ynrc<���3��c<�+prt:w*bdc�p{_atm�,«�'§p��
�{xzp{c<n (

, «
jmc�p k = 0
µ
σk = 0

«
�a«�e4t:bd�a¨mprc

αk = Ψ(σk)
«

�y«�e4t:bd�a¨mprc
βk = Ψ′(σk) = −2

∑n
i=1

λ4
i x2

i

(σkλ2
i
+1)3

«
°Q«
jmc�p

σk+1 = σk + (α2−αk)
βk

«
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=a«
jmc�p
k = k + 1

µmuvtd�y�:s�Cdprt
2
¨aw@prx£ 

αk − α2 ≤ ε
«

�y«
jmc�p
ȳ = x

σk |λ|2+1

«

^+_ac%t:�rc%prx�s%�v ¡ £lvµ\p{_ax£n$n{s�_ac%bdc+s�t:w@�:c%�{uvc;n»nq¨y�Qc<�r £x¡wyc<�X�{ £lv« ' wS�X £ otv¨a��wo¨abdc%�{x£s<�X oc�©m�Uc%�{x¡bdc%w@p�n-t:w
�mc<s%tvwo�vt: ¡¨aprx£tvw»µ@�4c[wac<�vc%��wac<c<�mc;�¢bdtv�{cPp{_y�Xw

15
x¡prc<�{�Xprx£tvwynKprtSuvc%p+�

10−15 �a�rc;s�x�nqx£tvw-«�^+_ac�\�vc<�{�vuvc+wo¨ab0�Uc%��tX|»x¡prc<�{�Xprx£tvwynKx£n
6
«¶^+_o¨yn<µ:��c�p{_ax¡wNCdpr_y�XpKpr_ycP�a�{tX��c;s prx£tvw3t:w�� ��c%x£uv_@p{c<�

l2�y�X £ -s<�Xw��Qc�p{_atv¨au:_@p+tv|$�:n
�Xw
O(n)

�v ¡u:tv�{xzp{_ab¥«
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® , ± 
"«@�P ¡ ��Xx£w»µ �y«>'��mx¡c<�<µ@�Xwy�SS«@g[t:¨ynrn{�X���,«»f#w3uv £tv�y�v a�Xwy�d £tms%�v Qs�t:wo�vc%�{uvc<wys�c�tX|,_y�v z| ¦ º@¨y�v�a�{�Xprx�s
�v ¡u:tv�{xzp{_ab3n%« �^����� ���M"�	N � ��	 �
��" �>� � �M�#���K�K��	��vµ , = + = . ( ,V, �v��� ,V, °@�aµv�X�v�:�a«

® ��± j,«��P ¡ £x£wac%l:« �?~K�rt:�Qc<�qp�l¥tX|¶p{_ac 
Fx£wax¡b�¨ab �¶c<s�prt:�{n#tX|4�*�
c%u:¨a ��X�{x¡¤<x¡wau�·a¨awQs prx£tvwQ�X $²Pc%³ywac<�
�ol 
Fc<�vwyn+tX|�pr_ac �P�ynqt: ¡¨aprc ��t:�rb¥« �M����� � � � � �V	 "JF � �M�#���K � µQ°@= ( A�, ��� A�, �mµ ,BA>A �m«

® �X±�·�«��� ¡prc%�;µ�j,«-²P¨y�{�vwy�,µ��vwy� �y«�·a�{tvbdc%w@p<«¢�
�y�X�mp{c<�ª^-tvp{�v  �E�X�{x£�Xprx£tvw¬|¼tv� ���rprx¡|}�vs�p0·a�{c%c¢²#c�¦
s%tvbd�a�{c<n{nqx£tvw*tX| �v�Uc%u�' b3�Xu:c<n<«�� � ���-µy�X�N( ,#AVA �m� ,>, µ:�v�v�@=m«

® °v± �@·�«,��¨���t: B«�e4t:w:p{�rx£�a¨mp{x¡t:w �*  � �Xwy�v ¡lmnrc0�mc�prc%©@p{¨a�{c<n#c%w>p{�{�vxzp{c%bdc%w@p���� x¡b3�Xu:c<n#�y�X�[b���p{_atm�mc<n
���v�rx���p{x¡t:wawac% £ £c<n,c%p�<º@¨y��p{x¡t:wyn»�v¨m©[� �<�rx£�
�<c<n��y�v�qp{x¡c< ¡ £c<n<«Y�;���
�� � � F	� � 	���E1����K��� � � � � �����	� � �$�N� ��" �
� 	��H� �N��FT� �µ��X�:�X°y«

® =�± �Q« ·4«\��¨X��tv 8µvgS«;�P¨a�Qc<�qp;µJ2E« ?  ��XwQs ¦ · �<�{�v¨y�,µ\�Xwy�0� «Xe4_y�Xb��Qt: ¡ £cv«J' b3�vuvcK²#c<s%tvbd�Qt@nqx¡prx£tvw�x£w@prtP�? t:¨awy�mc;� �E�X�{x£�Xprx£tvw e4tvbd�Qt:wac%w@p-�vwy���Xw0f[n{s�x£ ¡ ���p{x¡wau#e4t:bd�Qt:wac%w@p<«
� � � �K	;"�F �-� � "J���N�
�9"��$����"�F�
��" �J��	 � "�	 � � � K����	QµQ�v��(5� , � RVRaµm�X�:�>=a«
® �X± 
"« ? c%�rp{�v ¡bdx£tyµ ��«�e��vnrc% £ ¡c;n%µ ? «-�
tv¨yu
�vµ��Xwy�ª� «$jotv  �v«¢^�tXp��X E���v�rx���p{x¡t:w¬x£b3�Xuvcd�{c<nqprt:�{�Xprx£tvw�
x¡pr_¥ £tms%�X »s%tvwynqpr���Xx£w@p{n<«�� � � �K	 "JF �-� ������
	��H� � ������� � � �$��	��vµ ,#A µa�X�:�v�a«
®5�\±�~$c%prc%� ?  £tvbdu:�rc<w��XwQ��^�tvwol0·�«@e4_y�vw»«Ue4t: ¡t:�$^ ��(v^�tXp{�v  �E�X�{x£�Xprx£tvw 
Fc�p{_atm�an�|¼tv�E��c<nqprtv����p{x¡t:w
tv| �¶c;s p{tv� �E�X £¨ac;� ' b3�vuvc<n<« �M����� � �^"�	��">�
�$����	NL�J	 �
��" �>� � �M�#���K�K��	��vµ � + � . µ ,BA>A Ra«

® RX± �P«�e��Xwy�ac<n��XwQ�´·�«-g[¨atQ«3��c%� b0¨y zp{x£n{s%�v ¡cSpr���XwQn�|¼t:�rb3n<µ,bSx£wax£b0¨ab2prtvp{�X ¶���v�rx���p{x¡t:w´nrlow:p{_ac�¦
nrx�n�( �X�a�y ¡x�s%�Xprx£tvw�p{t#c;�muvc%¦8�a�{c<nrc%�{�ox¡wyu
x¡b3�Xu:cK�{c<s%tvwynqpr�{¨ys p{x¡t:w»« � � �V	 "�F��6�M�B���
����	 �Xµ>R:� +4,V,1. ( , = ,#A �, =�°@�aµa�X�:�:�m«

® A ±��0«\e4_y�vb0�Utv £ ¡c:«���w �� £uvt:�rx¡pr_yb |¼tv��^+tXp{�v  �#�v�rx���p{x¡t:w 
>x¡wax£bdx¡¤;��p{x¡t:w��vwy�����y�a ¡x�s%�Xprx£tvwyn<«
� � ���-µ�v��( R A � A �mµo�v�v�v°y«
® , �X±��0«�e4_Q�Xb0�Utv £ £cv«v^�tXp��X v���v�rx���p{x¡t:w�bSx£wax£bdx¡¤;��prx£tvw �vwy����s% £�:nrn-tX|m�ax£wy�X�{l 
M��·�bStm�mc< £n<« �6�M� �;�K��	N�

�
�
� �+µ =��JRaµa�X�:�>=a«

® ,V, ±�^�«-e4_y�vwM�XwQ�Mj�« �Knrc<�mt:uv £¨»«[�#nq�Uc<s�p{n#tX|Ep{tXp��X ��\�v�rx���p{x¡t:wF�rc<uv¨a ��X�{x£¤%c<� L1 |¼¨awQs prx£tvw´�X�a�y�rt\©mx¡¦b3�Xprx£tvw»« � � � � � � � � � F � � "J��� � µy�y�vuvc<n , R , ��� , Rv� �mµ@�v�v�>=a«
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® , ��±�^�tvwolM·�«�e4_Q�Xw»µ�g[c<wac 6 «�g[tv £¨a�»µ-�vwy�´~�c<� 
>¨a ¡c%p<«¢� wat:wa £x¡wac;�X���a�{x¡b3�v z¦ �m¨y�v ¶bSc%pr_atm�M|¼tv�
p{tXp��X U�\�v�rx���p{x¡t:wm¦§�y�vnrc<�Sx£bd�vuvc��{c<nqprt:�{�Xprx£tvw»« � � � � � � � �K	 "JF��J	 � �����
	��H� � � � �J��� � �H��	 �Xµy�v� + � . µ,#AVA>A «

® , �X±�� «$� «Ee4t:xz|¼b3�vwÅ�Xwy�Å� «Ejot��+�a«´e4t:b0�ax£wax£wau>p{_ac�s<�X �s�¨a £¨yn0tX|P���X�{x���prx£tvwQn0�XwQ�¯���\�:c% £c�p�n�|¼tv�x£b3�Xu:c[c<wa_y�vwys�c<bSc<w@p<« � � � F ��� � "�	 � ����� � � � "��$����	;"�F;�N"��K�9��	���� "J	 "JF �1K� �µ AN+4,#. ( , � , Ryµo�v�v�v�y«
® , °v±[~$«N2K«Qe4tvb��Qc%pqprc;n+�Xwy� �0«a��« 8ª���qn<«¶jox¡u:wy�X ,�{c<s%t��vc<�rlS�ol3�a�rt\©mx£b3�X U|¼tv�{���v�{�m¦8�y�:s�Co���v�{�Snq�y ¡x¡pq¦p{x¡wyuy« � � � � � � � �K	;"�F ��	

�
� F �H� ���"�FQ�

�
� � ��F ��	�� "J	 � � ��� � FQ"��$����	yµy° + ° . ( ,V, �VR�� , �v�v�aµ@�X�v�@=m«

® , =�± �Q«X²[�X�{�Qt:wS�vwy� 
¯«vjmx¡u:c% £ ¡c:« ' bd�vuvc+�
c<nqprt:�{�Xprx£tvw��
xzp{_S²#x£n{s��{c�p{cPe4tvwynqpr���Xx£wac<��^-tvp{�v  �E�v�rx���p{x¡t:w
~¶�v�qp 'K(»·y�:n�p �vwy� �E©m�:s p�f#�mp{x¡bdx£¤<��p{x¡t:wÅ« � � � �K	 "JF��-�

�
"��O�����9"��$���^"JF �K�9" �V��	�� "�	 � � � K���J	yµ

�v� + � . µy�v�v�:�a«
® , �X±�j,«o²#¨a���Xwy���Xwy� 
"«o�Px!C:tv £t����a«»²#c%wat:x£nrx¡wyu tX|»|¼���Xbdc[s�toc
S¢s�x£c%w@p�nK¨ynrx£wau�2 , �a��p���¦8³Q�mc< ¡x¡p�lSprc%�{b�vwy��c<�mu:c�¦§�a�{c<nrc%�{�@x£wau��rc<uv¨a ��X�{x¡¤;��p{x¡t:w»« � � � � � � � �K	;"�F

� � � µy^�t3�X�a�Uc<�v�<«
® , �\±�jml@ £���Xx£wS²#¨a���Xwy�S�XwQ� �@�vs%º@¨ac;n$·a�{tvbdc%w@p<«a��c<s�t:wynqpr�{¨ys p{x¡t:w tX|U���\�:c% £c�p¶s�toc
S¢s�x£c%w@p�n�¨Qnqx£wau#prtXp��X ���v�rx���p{x¡t:wSbdx£wax£bSx£¤<�Xprx£tvw»« � � � � � � � �K	 "JF �-� � �����
	��H� � � � ��� � � �$��	��vµo�X° + = . ( , �V=�°�� , �X� �oµ��X�:�v�y«
® , RX± ' «���Cvc% ��XwQ� �XwQ� ��«
^�c%b3�Xb¥«¹e4t:w@�:c�©��Xwy�v ¡lmnrx£n��XwQ� ���X�{x£�Xprx£tvwy�v #�y�rt:�a ¡c<b3n%« � � ��� ���K ��	
� "J���N�
�9"��$���K�"�	 � ���� � � � F ����"J�H���J	��G � �9�
�K����"J	 � F ���EB����� � ��� F � M� ��	 � � �J���N"�	 ��µ ,#A ���y«

® ,BA ± 6#�\lvt:x¡wauª·a¨-µ 
Fx�s�_y�Xc< ��d«¶�#gSµ 
¯«E�Px!C:tv £t����aµE�XwQ� �Q« 2K« ? �X�{ ¡t���« � S¢s%x¡c<w:p 
>x¡wax£bdx¡¤;��p{x¡t:w
tv| 
Fxz©mc;�

L2 − L1 �Xwy� L1 − L1 �Ptv�{bdn�|¼tv�L' b3�Xu:c¢�
c<nqprt:�{�Xprx£tvw»« � � � � � � �-� � �
����	N�$� � �� �J��� � �H��	 �XµU�aµy�X�:�>=a«
® �X�X±�²�«»g[c%b3�Xw>�vwy�¬e#«QK�XwauQ«���t:wa ¡x£wac;�X�Px£b3�Xu:c �rc;s�t��:c%�{l¢�
xzp{_>_y�v z| ¦ º@¨y�v�m����p{x£s��{c%u:¨a ��X�{x¡¤;��prx£tvw-«
�^����� � �M"J	��"V���$����	 �J	 �
��" �>� � �M�#���K�K��	��vµ � ( A �:��� A °@�aµ ,#AVA =a«

® � , ±�²#tvwQ�X ���g[tv ��o|}�X�{�3�Xwy�I8¬tvp{�Xt�[x¡w-«-joc<s%tvwy�o¦qf#���mc%��e4t:wac�~E�{tvu:�{�vbdbSx£wau 
Fc%pr_atm�anK|¼tv�K^�tXp��X 
�E�v�rx���p{x¡t:w ? �:nqc;�0' b3�Xu:c[��c<nqprtv����p{x¡t:w»« � � � � � � � �
����	N�$� � � � ��� � � �$��	��vµQ��� ( �@�v���o�X° =mµ:�v�v�@=m«

® �v��± 
"«[6Px¡w@p{c%�{b��y ¡ £c%���Xwy��gS«aj@p��v�m £c%�;«»��w�x¡wm|¼c;�vnrx¡�y ¡c#�a�rx£b3�X ¡¦§�a¨y�X U�X £uvtv�{x¡pr_ab?|¼tv��^ ��¦§�y�vnrc<�3x£wm| ¦
s%tvwo�vt: ¡¨aprx£tvwm¦8p�lo�Qc[x¡b3�vuvc��rc;n�p{tv����p{x¡t:w»« � � � � � � � �K	;"�FY�4� � �����
	��H� � � � �J��� � �H��	 �XµQ�VRaµy�v�v�v�y«

® �X�X±��d« e#«���x¡�
x£c% 8«,^+_ac�c
S¢s%x¡c<wys�ldtX|»nr¨a�au:�{�:�mx¡c<w@pE�a�rtv��c<s�prx£tvw3bdc�p{_atm�an¶|¼t:�4s�t:wo�vc�©Stv�mp{x¡bdx£¤<�Xprx£tvw»«
~¶�v�qp 'K(�g[c<wac%���X � ¡c<�vc% �bdc�pr_yto�yn#�vwy�F~¶�X�rp3'M'K(�' bd�a £c%bdc%w@p���prx£tvwQn#�vwy�¥c�©oprc<wynrx¡t:wyn%« � � � � � �� �J	N�$�M��F�� �;�H��� � µy�v°N( �v�v���o� A �oµ ,BAVA �a«

® ��°v±�²�«	���rx�nr_awy�Xw-µ�~$« 2»x£w»µE�vwy��
0« e#«¶^��vxB«´��w"c�S¢s�x£c%w@pSt:�Qc<�{�Xprt:�0nq�y ¡x¡pqp{x¡wau¬bdc�pr_yto�"|¼tv�Swatvx�nrc
�{c%bdt����X ,x£w�x¡b3�Xu:c<n<« � �J��� � 	 � � �J��� � ��� �1 � µ ,>+ = . ( RX°$� � R@=JRyµ@�X�:�v�y«

® �V=�±#S«�2»x��vwy�¸·�«Ejm�vw:p{t:n{�a«Å� s%tvbd�a¨mp���prx£tvwQ�X 
�X £uvt:�rx¡pr_ab |¼t:�Sbdx£wax£bSx£¤%x£wau´prtvp{�v ����v�rx���p{x¡t:wÅx£w
x£b3�Xu:c[�{c<nqprt:�{�Xprx£tvw»« �M����� ���M"�	N�"V���H���J	� ��	 �
��" �>� � �^�B���
^K��	 �Xµ�=aµ ,BA>A �a«

® �X�X±�j,«�2»x£w:p{wac%�3�vwy�Å·�« 
>�X £uvt:¨alo�rc;n%«¯jot: ¡�ox£wau´�¬���X�{x£�Xprx£tvwy�v Kx£b3�Xuvc��{c<nqprtv����p{x¡t:w¯bdto�ac% +�
_ax�s�_
x£wo�vt: ¡�:c<n

L∞ s�t:wyn�p{�{�vx¡w@p�n%« �K	�E1������ � �^� � F!�
�� µQ�X�N( R , =�� Rv� , µo�X�v�v°y«
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® ���\± �:x��Xw 2-¨at �XwQ�i~$�Xpr�{x£s�C�e4tvb��Qc%pqp{c<n<« � jo¨y�auv���v�mx£c%w@pM~K�rtv��c<s p{x¡t:w��� £uvt:�rx¡pr_ab ·at:�¬�Ptvwm¦
²#x!7Uc<�rc<w:p{x£�v�a £c0jox¡u:wy�X »��c<s�t��:c%�{lv« � � � ��µm�y�vuvc;n4° =v���@°@=v�aµ ,BA>AVA «

® �JRX± �:x��Xw 2»¨at>�vwy�M~¶�Xpr�{x£s�C´e4t:b0�Uc�prprc<n<«3��w¯�v�y�X�mp{x¡�:cS £c%�:c% Enrc�p�bdc�p{_atm�´|¼tv��wat:wy�mx!7Uc<�rc<w:p{x£�v�a £c
s%tvwynqpr���Xx£wac;�ªx¡b3�Xu:c¢�{c<s�t��:c%�{l�« �M����� ���M"�	N
">�
�$����	N���	 �
��" �>� � �^�B���
^K��	 �Xµ ,>, ( , � A =�� , �v�v°yµ�v�v�@�m«

® � A ±�·�« 
M�X £uvtv¨yl@�{c<n[�XwQ�¬·�«-g[¨ax�s�_y�X���,« �K�mu:cd�ax¡�{c<s�prx£tvw´�a�rc;nqc<�r�ox£wau�x£b3�Xu:cS¤<totvbdx¡wyuN(��?b3�Xpr_m¦c<b3��prx�s%�v 
�Xwy�Åw@¨ybSc<�rx�s%�v ��vwy�X £lmnqx�n<« � � � � � � � �K	;"�F ��	 � � �9���K���^"JF � 	 "�F �1��  µ�� AN+4,#. ( , �o� �mµ�v�v�@�m«
® �v�X±#E�:c<n 
Fc%l:c%�;«+f[n{s�x£ ¡ ���p{x¡wau3�Q��pqp{c%�{wyn
x£wFx¡b3�vuvc��a�{tms�c<n{nrx¡wau3�vwy�¥x¡w>nrtvbdc�wat:wa £x¡wac;�X��c<�vt: ¡¨mp{x¡t:w

c;º@¨y��p{x¡t:wyn%« �;����
�� ��� �^��	N�O��� ��"�	 � "�� � ��F ��	 ��� �  � � �  � �
�9���K��"JF  ���
� � �M�
�µy�v�v� , «
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