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Abstract: We introduce a systematic way to construct symplectic schemes for the numerical
integration of a large class of highly oscillatory Hamiltonian systems. The bottom line of our
construction is to consider the Hamilton-Jacobi form of the Newton equations of motion,
and to perform a two-scale expansion of the solution, for small times and high frequencies.
The approximation obtained for the solution is then used as a generating function, from
which the numerical scheme is derived. Several options for the derivation are presented,
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their efficiency.
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Schémas numériques pour systémes hamiltoniens
hautement oscillants: une approche par
I’homogénéisation

Résumé : Nous introduisons une méthode systématique permettant de construire des sché-
mas symplectiques pour intégrer numériquement une grande classe de systémes hamiltoniens
hautement oscillants. L’idée principale est de considérer la formulation Hamilton-Jacobi des
équations du mouvement, et de faire un développement & deux échelles de la solution, pour
des temps petits et des fréquences élevées. On obtient ainsi une approximation de la so-
lution de I’équation d’Hamilton-Jacobi, qui est ensuite utilisée comme fonction génératrice
pour construire le schéma numérique. Plusieurs variantes sont présentées. Les différents
schémas ainsi obtenus sont testés et comparés & plusieurs schémas existants. Les résultats
numériques montrent leur efficacité.

Mots-clés : Schémas numériques, systémes hamiltoniens hautement oscillants, fonction
génératrice, développement & deux échelles, algorithmes symplectiques.
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1 Introduction

This article presents a possible systematic methodology to design symplectic algorithms
for a large class of highly oscillatory Hamiltonian dynamics. In short, our methodology
consists in considering the Hamilton-Jacobi form of the Newton equations of motion, and
performing a two-scale expansion of the solution, for small times and high frequencies. Some
non-symplectic algorithms will also be introduced as variants of the symplectic ones.

The specific form of Hamiltonian systems we consider in this work writes

T T T
P1P1 | P2P2 43 42
Hc(q1,q2,p1,p2) = 12 + 22 + Volqr, q2) + (Qqr))? 2252 ; (1)

where ¢ = (q1,q2) € R* x R and p = (p1,p2) € R® x R’ (the superscripts s and f
respectively stand for the slow and the fast variables), and where Vj is a potential energy
that does not depend on e. The important assumption in (1), which limits the applicability
of our work, lies in the specific form of the Hamiltonian (1) as regards the fast degrees of
freedom. It is assumed to be an harmonic oscillator

T T
P P2 qs q2
22 4 () 2

) 502 in those fast degrees of freedom.
€

In addition, but this time this is not such a strong, structural assumption, we assume
throughout this article that the fast frequency Q(q1) is a scalar quantity, and that there

2 QgQZ
2e2

exists ¢ > 0 such that Q(q1) > ¢ > 0 for all ¢;. The case where (2(q1))

43 P (q1)q2 . e .
5, Where Q(q1) is a f x f matrix, is, in principle, tractable with our approach,

but leads to several technical difficulties that we have not been able to satisfactorily solve
yet.

Our last assumption is that, for consistency, the initial conditions of the hamiltonian
dynamics derived from (1) are assumed to only depend on ¢ in such a way that the system
energy is bounded with respect to . In particular, this implies that ¢, is of order ¢ at initial
time, a property that is propagated forward in time. We shall comment upon the above
three assumptions below.

is replaced

As is well-known, the numerical integration of the Newton equations derived from (1),

namely
dqg OH. dp  OH.
7 (@p), — = 94 (¢,p), (2)

using a standard symplectic scheme (such as velocity Verlet) is expensive. This originates
from the smallness of ¢, which dramatically reduces the size of admissible timesteps.

Our purpose is thus to design numerical integrators that are much more efficient. There
already exist many works in this direction. Indeed, Hamiltonian systems of the type (1) have
already been studied in the literature, see for instance [3, 4, 21]. In [21, Chap. XIIT and XIV],
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4 C. Le Bris and F. Legoll

E. Hairer, Ch. Lubich and G. Wanner present in a unified way and analyze several algorithms
designed for the integration of (2). A new algorithm, which also belongs to the class that is
analyzed in [21], has been proposed in [15]. Another idea, following a WKB-type expansion
of the solution of (2), is under study in [5]. We also mention the studies [10, 34], based
on the Heterogeneous Multiscale Method paradigm, the Equilibrium method [24], and the
methods proposed in [27, 29]. In contrast to the above works, and as announced above, our
idea, in order to derive efficient algorithms for Hamiltonian systems which are symplectic by
construction, is to work on the Hamilton-Jacobi form of the equations of motion. Otherwise
stated, we adapt to the case of highly oscillatory systems the idea originally used by Feng
in [12] to construct symplectic integrators. In fact, we will superimpose to the latter the
idea of the two-scale expansion, natural in such a multiscale context.

Some important comments are already in order, both on our purpose and on the as-
sumptions we make.

First, let us discuss in its own the purpose of constructing symplectic integrators for such
multiscale Hamiltonian systems.

Certainly, symplectic schemes are natural for the integration of Hamiltonian systems
since they reproduce at the discrete level an important geometric property of the exact
flow. More than natural, symplectic schemes are also proved to be efficient as regards the
conservation of the energy and of the possible invariants of the system over extremely long
times (see [21, Chap. IX and X] and [1, 18, 31]; see also [17] where, on a numerical example,
symplectic methods are shown to be superior to some non-symplectic methods that exactly
preserve the energy). The proof of this property, as is well-known, relies on backward error
analysis (along, for the conservation of the invariants, with some elements of KAM theory).
In any case, the properties of conservation are obtained in the limit of small time steps.
This is where our context of highly oscillatory equations somehow collides with the above
line of thought. For backward error analysis to hold true, the timestep has to be small
compared to ¢ (the shortest period present in the system), but, for efficiency, the timestep
used in practice needs to be much larger than . So, we will not be able to invoque backward
error analysis to justify the long time conservation properties of the scheme. The notion of
symplecticity in its own may even be considered of poor interest in this particular context
(see the introduction of Chapter XIII of [21]). Ideally, what we would need is a notion
of partial symplecticity with respect to the slow degrees of freedom in the system. In the
absence of such a notion, and of the corresponding construction, the best we can do is
construct a “globally” symplectic scheme, and observe its actual conservation properties.

Another property that could be of interest, alternatively to symplecticity, is symmetry.
One of the schemes we construct below is symmetric, the others are not. At present time,
it is not clear, to us at least, how symmetry is related to long time conservation properties.
The literature does not seem to provide a definite understanding of this issue: examples [19]
and counterexamples [11] exist, showing the complexity of the situation. Despite such a
growing literature, the understanding of symmetric methods is not at the level of that of
symplectic methods. In addition, symmetric schemes are often implicit, and we will try to
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Integrators for highly oscillatory Hamiltonian systems 5

avoid as much as possible implicitness. We will nevertheless come back to symmetry, when
we address numerical analysis later in this introduction.

A last general point we would like to emphasize, before getting to some other types of
comments, is that we are after the computations of trajectories. Our purpose here is not
to construct a reduced system, involving only the slow degrees of freedom in the presence
of some effective potential created by the (eliminated) fast degrees of freedom. We do not
want either to directly compute averages based on the trajectories. For both above issues,
there are a lot of relevant, excellent, studies and approaches in the literature. The only
question we examine here is: are we able, while keeping all the degrees of freedom explicit,
to approximate as accurately as possible the trajectories over long times?

Second, let us briefly comment upon our assumptions. There are three of them: the form
of the Hamiltonian, the form of the fast frequency €2(q1), the size of the initial conditions.

Our approach applies to Hamiltonians that are harmonic in the fast variables. Although
this specific form is quite general, and already used in the literature, we conceed that this is a
strict, structural, limitation of our work. This is related to our technique of derivation. The
harmonicity of the Hamiltonian with respect to the fast degrees of freedom translates into
the (partial) periodicity of the generating function S, a property that is subsequently used
to close the hierarchy of equations produced by the two-scale expansion (see Section 2.1).
Somehow, this harmonicity hypothesis assumes that some preliminary work has been per-
formed on the original Hamiltonian in order to approximate its fast degrees of freedom. It is
not a priori impossible that some analogous derivation could be performed for slightly more
general Hamiltonian. In homogenization theory, it is indeed well-known that periodicity is
an assumption that may be relaxed in various directions (think of stochastic homogeniza-
tion, etc.). However, it is unlikely that all Hamiltonians will be tractable with such an
approach. This has the following consequence: in order to compare the integrators we de-
rive with other, more generic integrators (such as the Impulse method [16, 35] or the Mollify
method [13, 33]) in a fair manner, we will bear in mind the specificity of our setting.

A case more general than (1) would be to consider the Hamiltonian

" ~p'p 1
E(Qap) - T + VO(q) + ;‘/fast (q)v (3)

where V) and Vi,s¢ do not depend on e, and where there exists a global change of variable
1
q — Q = x(q) such that Vi (x 1 (Q)) = B TA(Q1)Q, for some (say positive definite)

matrix A(Q1). In other words, the fast energy is indeed harmonic, but not in the original
cartesian coordinates. We recover the case (1) when the map x is simply the identity map.
This form of Hamiltonian (with a fast energy that is harmonic up to a change of variable)
is very frequent e.g. in molecular dynamics. Because we keep the harmonicity assumption,
there is some hope we can handle such cases within our approach. However, in practice, the
map Yy is difficult to manipulate, so an approach based on rewriting the problem in the @
variable seems poorly interesting.

RR n° 6252



6 C. Le Bris and F. Legoll

Our second assumption concerns the fast frequency (g1). The expression (1) shows a
scalar Q(q1). This is the only case we shall consider in this article. In other words, this
corresponds to a spherical matrix of frequencies, and to fixed eigenmodes that all share the
same eigenvalue. There are several extensions of this simple case. First, the fast frequency
can be a constant, non spherical matrix. The exponential algorithms described in [21,
Chap. XIII] can handle this case. Second, the fast frequency €2(g;) can be a non-constant
diagonal matrix. This corresponds to the case when the eigenvalues depend on g1, but the
eigenmodes are fixed. A third case corresponds to a matrix-valued fast frequency (q1)
for which both eigenvalues and eigenmodes vary as ¢; changes. This case is much more
complicated than the previous ones. Some algorithms are proposed in [21, Chap. XVI] (see
also [25, 26, 30], and [23] for a different approach). They require the diagonalization of the
matrix 2(q1) at each macroscopic time step, which is of course expensive. However, no other
solution seems possible to date. In particular, the idea to use an algorithm that has been
designed in the case of a constant frequency matrix €2, with the current value Q(q;) of the
frequency (considered fixed over a macroscopic time-step) does not seem to lead to efficient
algorithms. A fourth case is when, in addition to varying eigenvalues and eigenmodes, some
fast eigenvalues cross each other. This leads to the apparition of a third time scale (in
addition to the slow and the fast ones), which is the characteristic time of level crossing. An
illustrative and simple example can be seen in [21, p 535]. The state-of-the-art approach on
this case consists in adapting the time step, so as to decrease it when eigenvalue crossings
are about to occur. The interested reader will find a short review on these different cases
in [8]. Clearly, the scalar case that we consider here is rather simple in comparison to the
ones we have mentioned. However, it is rich enough to allow for several interesting variants
of our construction.

As regards initial conditions, we have chosen to work with initial conditions whose energy
is bounded, uniformly in e. We have mentioned that this implies that the position of the
fast variable, ¢, is indeed also bounded from above by . Therefore, the nonlinear feedback
it might have on the slow degrees of freedom, via the potential V5(q¢1, g2), is all the smaller.
When testing the integrators, we will thus take care of testing them over an extremely long
time frame, so as to let the possible instabilities develop.

Finally, and in addition to this list of comments, let us emphasize one, extremely impor-
tant mathematical point, not to say weakness, in our derivation. We are unable to perform
any numerical analysis of our algorithms. This would clearly provide a rigourous under-
standing. We are only in position to test the integrators numerically, and observe their
remarkable efficiency. Actually, to the best of our knowledge, it seems that the only numeri-
cal analysis tool that is available in the context of highly oscillatory Hamiltonian systems is
the Modulated Fourier Expansion (MFE) (see [21, Sec. XIIL5], [6, 7, 20]), which currently
works well to analyze certain symmetric schemes. So, although symmetric schemes are often
implicit (such as Algorithm 2.6 that we propose in Section 2.3), they are interesting because
they may allow for a numerical analysis.

INRIA



Integrators for highly oscillatory Hamiltonian systems 7

The plan of our work is as follows. We will first consider the case when the fast frequency
is constant. Section 2 describes the derivation of several algorithms and Section 3 shows the
numerical results on some commonly used test case. Next, in Section 4, we address the case
when the fast frequency actually depends on the slow position ¢;. We hope to be able to
return in future publications to the other, more complicated cases, of fast frequencies. Note
that the methodology described here in details has been introduced in [28]. We also outlined
there the derivation of some (but not all) algorithms presented below. Even in the present
extended and updated version, it is not possible to give all the details of the calculations,
which might be rather tedious, although not difficult. We have thus chosen to postpone to
two appendices some calculations. Some other details are simply omitted, for brevity.

We conclude this introduction by some preliminary calculations, which will in particular
make the above strategy somewhat more precise.

Let Sc(t,q, P) be the solution of

8t§E:HE (q+ap§€;P)7 ?E((),q,P):O (4)
For all (¢,p,t), we know that (Q(¢), P(t)), implicitly defined by

o5.
dq

o5.

p=P(t)+ 5P

(t,q, P(t), Q) =q+ o5(tq, P(t), ()

solve (2) with the initial conditions (g, p).

It is well-known that several sets of variables may be employed to write the Hamilton-
Jacobi equation. Let us briefly motivate our choice, namely (g, P). First, the choice (¢, Q)
is not convenient because the generating function in these variables is singular in the limit
t — 0. This is of course prohibitive for our purpose, where we intend to use a Taylor
expansion of S. for small times t. Another possible choice is (Q,p). This actually leads
to algorithms with the same properties as those derived here with (¢, P). In addition, it is
also possible to choose the variables in such a way that the resulting algorithm is symmetric
(and often implicit). In the present article, we work with the variables (¢, P), and derive
several explicit non-symmetric algorithms (see Algorithms 2.1, 2.2, 2.3 and 2.4 in Sections 2.1
and 2.2 below, and Algorithm 4.1 in Section 4.1) and one implicit symmetric algorithm (see
Algorithm 2.6 in Section 2.3).

At this stage, we are in position to more explicitly describe our approach. Using a two-
scale type Ansatz, we derive an approximation of the solution S (h, ¢, P) of (4) at time t = h,
for a small parameter € and for a time step h which is small yet much larger than ¢ (hence
the computational efficiency). Once obtained, this approximation is inserted in the change
of variables (5) and a symplectic integrator for (1)-(2) follows. Slightly modifying the above
lines, we are also able to derive schemes, which although not necessarily symplectic, will
outperform all existing integrators when used on the particular context of Hamiltonians (1).

Before we proceed, we need to make a slight preparation. As we have already noticed,
the variable g2 is of order €, because the energy is bounded. It is thus appropriate to proceed

RR n° 6252



8 C. Le Bris and F. Legoll

with a change of variable and of unknown function in (4). We set

0 — ErT
ro = (QI)(D and Sa(f,QI77°27P1,P2):Se (taqlqui)v‘Pl’PQ)'

It follows that, in this new set of variables, S, satisfies

PTP1 PTP2 ET9
81585 = 12 + 22 + V() <Q1 + 8[—71 SE, qu) + 8]32 SE)
1 (g + 0P, Se) 2 ery 2
— op, S, 6
i 2( e Qlq) O ©)
with the initial condition
VQI, VT27 vpla VPQ, 56(07q17T27P17P2):O' (7)

This is the form we will use in the sequel.

2 The case of a constant fast frequency

In this section, we consider the case when Q(q1) = Q2 does not depend on ¢;. We make the
Ansatz

Se(t,qi,re, P, P) = So(t,7,q1,72, P, P2) +eS1(t,7,q1,72, P1, P2)
+ higher order terms in ¥, k > 2, (8)
where the fast time 7 is
Q) ©)
T=—
€

and where the functions (Sk)x>0 are supposed to be 27 periodic in 7.
In order to motivate this Ansatz, let us consider the case when V; does not depend on ¢s.
Fast and slow variables are then decoupled and the solution to (6)-(7) reads

SE - Sslow(ta q1, Pl) + ES’(T, T2, PQ)a
where 7 is defined by (9), Ssiow(t, g1, P1) solves the Hamilton-Jacobi equation
atSslow = Hl(ql + 6P1 Ssl()W7 Pl), Sslow(ou q1, Pl) =0 (10)

T
associated to the Hamiltonian H; = p12p1 + Vo(q1), and

- 1 [/PLP T 1
S(t,re, Py) = = [(72 2+ 7 T2) tanT + Py 7o (cosr — 1)]

Q 2

INRIA



Integrators for highly oscillatory Hamiltonian systems 9

is indeed 27 periodic in 7. So, in this simple case, the exact solution to (6)-(7) is consistent
with our Ansatz (8).

In the case under consideration of a constant fast frequency, we will present three variants
of our strategy. A natural idea consists in applying our approach directly on Eq. (6), that is
in the original coordinates (q1, g2, p1, p2). We follow this idea in Section 2.1. In view of the
schemes obtained there, it is tempting to introduce a modified scheme, still in the variables
(g1, g2, p1, p2), which is not symplectic (because not derived from a generating function), but
happens to be very efficient (see Section 2.2). A third idea is to first perform a change of
variables, so as to analytically integrate the fast motion, and to only apply our approach
in a second stage (see Section 2.3). In the three cases, we obtain efficient algorithms.
The present section is dedicated to the design of all these algorithms. We report on their
numerical performances in Section 3.

2.1 Derivation of symplectic schemes

We now insert our Ansatz (8) in (6)-(7) and expand in powers of . From the initial
condition (7), we obtain

VkZO, Sk(tZO,TZO,ql,T‘Q,Pl,Pg):0. (11)

The equations of order e =2 and £~ ! respectively read

850 8SO
il — =0. 12
9P, 0 and 5, 0 (12)
The equation of order £° reads
P1TP1 P2TP2 1 2
Sy + 0.1 = 5t Vo(q1 + 9p, So,0) + 3 (rg +Q0p,51)7, (13)

whereas the equation of order ¢ reads
1
0 S1+Q0, S0 = Qra+Q0p,51) 0p,S2 + (V1Vo)T 0p, S1 + §(V2V0)T (r2 +Q0p,S1), (14)

where all derivatives of 1} are evaluated at (¢; + 9p, So, 0).

Our aim is now to use (13) and the periodicity of S} in 7 in order to get a closed equation
on Sy. Without a further approximation, it is however impossible at this stage, for a reason
that is made clear in Remark 1. Following Feng [12], we thus perform an expansion with
respect to the variable ¢, for ¢ > 0 small. More precisely, we further expand (13) and (14)
in powers of ¢, and obtain an equation for each power of ¢ and ¢.

The equation of order £°tY reads

PLP, P]P. 1
= 5 =5+ Vola1,0) + 5 (r2 + Q0p,51(t = 0)*. (1)

9150 (t = 0) + Q0.5 (t = 0)
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10 C. Le Bris and F. Legoll

Let us introduce

A(T,q1,m2, P, ) = QSi1(t=0,7,q1,72, P1, P»)

PrP
72

The function Sy, does not depend on 7 and P, (see (12)). So, the function A satisfies
A(t =0,q1,72, P1, P;) = 0 and
P} P, n 1 N 9A\?
— _ r _ .
2 2\"? " op,

For any given ¢; and P;, we recognize the Hamilton-Jacobi equation in variables (7, ra, Ps)
associated to the harmonic oscillator of energy (rdry + pd'py)/2. The analytical expression
of such a generating function is known, and reads

- 1) |

PIP. T
A= (72 2;r2 r2> tanT + Py o (
Equation (18) shows that A is 27 periodic in 7. Inserting this in (16), and recalling that S
is also 27 periodic in 7, we obtain

+V0((J1,0)—3t50(t—0,(J1,7“2,P1)) . (16)

0-A

(17)

1
COST (18)

PrpP
DSo(t=0) = —H—+Vo(a,0), (19)
1 P2TP2 + ’I”g’l”g PQT’I”Q 1
t= = ———= |t -1 2
S1(t=0) ) < ) anT + a0 \zosr , (20)

where ;5 and S; are both evaluated at (¢t = 0,7, g1, 72, P1, P»). Note that, in view of (11)
and (12), we have that So(t = 0) = 0.

There is no major difficulty in the sequel of the identification procedure. We thus refer
the reader to Appendix 5 for the details. The equations obtained are the following:

028, 7
W(tzo) = Py ViVo(q1,0), (21)
(9350 T T
o (t=0) = (ViVo(q1,0))" ViVo(q1,0) + Py V11Vo(q1,0) P, (22)
0:S1(t=0) = 0uSi1(t=0)=0, (23)
P
Sat=0) = g5 (V2Volar,0)" <CO§T — P, + (tan T)rz) , (24)
-1 1
9Sa(t=0) = ==>(VaVo(q1,0)"VaVo(q1,0) — =3P/ V1i2Vo(q1,0) P
202 02
1 .
+ m (P2Tv22VQP2 + T‘gVQngTg + 2SlnTTgV22VQP2) . (25)

INRIA



Integrators for highly oscillatory Hamiltonian systems 11

All the functions Sy and their derivatives are evaluated at (¢t = 0,7, q1,r2, P1, P2), while 1}
and its derivatives are evaluated at (¢1,0). The equation (22) is derived in Appendix 5.3. In
1S,

0
ot4

Remark 1 With Sy and S1 solutions of (13), we can introduce

a similar way, we obtain the expression for (t = 0), which only depends on ¢; and P;.

A(t,7,q1,72, P1, P2) = QSi(t,7,q1,72, P1, P»)

Prp
- 7 5 + Vo(q1 + 0p,S0,0) — So(t,q1,72, P1) | ,

which satisfies (17). So, for each t, ¢1 and Py, we recognize the Hamilton-Jacobi equation
in the variables (1,72, P2) associated to the harmonic oscillator (rdro + plps)/2. However,
we only know the initial condition for A (at T = 0) for the very specific value t = 0, and
not for the other values t # 0. Ezpanding (13) in powers of t, as we did above, is a way to
circumvent this difficulty.

Considering (21)-(25), we decide to approximate Sc(h) by

— h2
Ss(h) = SO + hatS() + 78&50 + €S1 + 5282 + EzhatSQ, (26)

where all the functions Sj and their derivatives are evaluated at (¢t = 0,7,q1,72, P1, P2).
We now motivate the choice (26) and the truncations that we decide to make in the series
in powers of ¢ and h. First, numerical tests we performed show that we need to take into
account the high-order term 0;5; in the approximation. This will be further explained in
Remark 6 below. Let us here study the error between S:(h) and its approximation (26) and
how this error propagates to the scheme. We have

Sa(h7Q177°27P27P1) = So(haQIﬂ”%Pl)+551(h77'7Q177°27P27P1)
+e2Sy(h, 7, q1, 72, P2, P1) + €%es(e, h, qu, 72, P, Pa),

h? h29%S,  h*o%S,
So(h,q1,m2,P1) = So+ hopSo+ ?attso + 5 o8 + 21 o
+h5€0(h7Q1a7°27P1)7
h2
Si(h,7,q1,72, Py, P1) = Si+hopSi + 76161551 + hPei(h, 7, q1,72, P1, Py),
52(h77'7Q177°2aP27P1) = Sg+hat52+h2€2(h,T,Q1,7'2,P1,P2),

with 7 = Qh/e, for some error functions ey, e1, es and es which are smooth functions of
their arguments. Hence, we obtain

Sa(h) = :g\;(h) + Ea(h7Q177°27P17P2)

RR n° 6252



12 C. Le Bris and F. Legoll

with

h3 838 h4 845
F at?’o (ql,Pl) + ﬂ at40 (q17P1) + h5€0(h,Q1,T2,P1)

+ Ehgel(thv Q15T27P17P2) + €2h’262(h77-7 Q15T25P17P2)
+ 5363(E,h,ql,T2,P1,P2).

E°(h,q1,72, P1, P»)

3 4
There is no remainder of order eh and ch? in view of (23), and recall that aago and a@tio
do not depend on ry and P». In view of (5), we have
B 8S.(h) 9S.(h)  OR®
Q2= q2 + oP, =q2 oP, P,
9S-(h) OR®

We see that

is a sum of three terms of respective order ¢, €2 and £2h, whereas
8P2 8P’Q

is a sum of four terms of respective order h°, eh3, £2h? and 3. We now work in the regime
£ < h < ye. (27)

€

Notice that other choices of regime are possible. Then, the four terms of 9P
~ 2

95.(h)
0P,

defines P». For the slow position, we have

are negligible

compared to any of the three terms of

. The same holds true for the equation that

95.(h) L5
or, ' op,

Qi=q +

€

OR
The quantity 2P
1

includes a term of order h3, which is not negligible compared to the term

95:(h)
B opP,
S (h) for the fast variables, we also need to keep all of them for the slow variables, in order
for the scheme to be symplectic. To conclude on this point, we have thus checked that the
choice (26) is consistent with the regime (27).

of order e2h which appears in

. However, since we keep all the terms that come from

When inserted in (5), the approximation (26) provides a symplectic scheme. In view of

(),

0S:(h)
oP

9S-(h)

=P
p h + 9

(qvph)v Qh:q_'—

(¢, Pn) (28)

defines a symplectic map Ty, : (q,p) — (Qp, Pn). The corresponding scheme reads (¢, 41, Pn+1) =
U1, (¢n,Pn)- The scheme is unfortunately ill-defined for some values of 7. Indeed, in view of

INRIA
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(28), the equation for P (the fast component of P},) reads

95-(h Q95 (h
by 05 0050
dqo e Org

: (29)

which yields

chtant
(Idf + 50) VQQV()(ql, O)> Py, =

ch
———— Va2 Vo(q1,0)ro,
ST

. € .
(cosT)ps — (sinT)ry — g sin TVaVo(q1,0) — 200

with 7 = Qh/e and ro = Qqo/e, and where Id; is the identity matrix of size f x f. If
ht
Id; + c anTVggVo(ql, 0) =0, then P, is not defined. Note that this difficulty may arise

even if V) does not depend on ¢; (in that case, the slow and fast variables are not coupled).

In order to circumvent this difficulty, we are going to slightly modify the expansion (26).
For this purpose, let us momentarily keep (26), insert it in (5), obtain (29) which more
explicitly reads

0
pa = P + W [QSl(t = O) + EQSQ(t = 0) + shQath(t = O)] .
2

Using (20), (24) and (25), we next obtain

QS1(t=0) + eQSs(t=0)+ chQd,S2(t = 0)

PIP, 4T 1
(w) tant + PTrs ( _ 1>
2 COST

€ T P2
+ ﬁ (VQVO(ql, O)) (COST — P+ (tanr)m)
ch ch
- E(Vﬂ/o(fh,o))z - §P1TV12V0(Q1,0)P2
eh .
+ T0coi - (P2TV22V0P2 + 1T Ve Vors + 2 81n7'7’2TV22V0P2) )

1
The right-hand side may now be rearranged. The term quadratic in P, reads §P2T MP,,

where

M = tan(7Idy) +

ch ch
—— VWV = t 1d — Va2V, O(e2h?
S0coz s V220 an (7’ F+ 50 ¥ 22 0> + O(e*h?)

Q eh
= tan (hgldf + Ev22‘/0> + O(€2h2).
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14 C. Le Bris and F. Legoll

It is thus natural to introduce the matrix

Q €
Qs(Ql) = ; Idf + mVQQVO(ql, 0), (30)
the new variables
g2 — g2
Gy =q2+ mvzvo((h,o), Py =P - @VmVo(QhO)Pz, (31)
and replace (26) by
2
sympl € T 11—
Ss (h) = h Vo(ql,())— W(Vng(ql,O)) VQVo(ql,O)-FEPl P1

—i—h; (ViVo(q1,0)" Py (32)

15 1 _
+ 5P O (@) tan(hQe(q1)) Po + 5 Qe (1) tan(hQe (1)) Ty
+P (cos™ (e (q1)) — 1dy) Gy

The difference between (32) and (26) is of order O(e3) + O(g2h?), so the order of the
approximation has not been modified. The motivation for introducing g, is that the last
three terms of (32) now correspond to the generating function of an harmonic oscillator
of pulsation Q.(q1), in the variables (g,, P»). When V{ does not depend on ¢; (decoupled
case), we obtain a scheme on the fast variables which is always well defined, in contrast to
(26). This property survives in the coupled situation. Indeed, inserting (32) in (5) yields
an unconditionally well-defined symplectic scheme (see Algorithm 2.1). We denote it by
\I/Zympl(ql, q2,p1,p2). We note that this scheme is explicit, up to the inversion of the matrix

Q
Qc(q1) (which is a perturbation of the invertible matrix —Ids), and the inversion of the
5

matrix in the left-hand side of (36). This latter matrix is always a perturbation of the
identity, and thus invertible for h and e sufficiently small.

Remark 2 The generating function (32) is singular if cos(hde(q1)) = 0. This is remi-
niscent of the singularity of the generating function of an harmonic oscillator. Indeed, for

1
Hyuo(g,p) = 5(192 + ¢%), the generating function writes

Pz g 1
Suo(t,q, P) = <— + %) tant 4 Pq (— - 1) .

2 cost

It is singular when cost = 0. Hence, it solves the Hamilton-Jacobi equation with initial
condition at t = 0 formally only on t € } —g, g [ For any q, p and any t ¢ (g + FZ), let
us define Q(t;q,p) and P(t;q,p) by

0Suo

(t,q, P(t;q,p)), Qt;q,p) =q+ 0510 (t,q, P(t; q,p)). (33)

p= P(t;q,p) + 9P

INRIA
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One can check that the map t — (Q(¢t;q,p), P(t;q,p)) can be extended to a continuous map
U(t) defined on the whole set R, and that V(t) solves the Newton equations obtained from
Hyo with initial condition (q,p) on the whole set R, and not only on } —g, g { Hence, even
if Suo is singular for some times t, we can still use it to define the flow (Q(t), P(t)) by (33)
on the whole time line.

In the case of (1), the fast variables dynamics is given by a perturbed fast harmonic
oscillator. We observe that, even if (32) may be singular, the scheme obtained from (32)
can be extended to a continuous scheme. We will observe in Section 3.3 that this numerical
flow is an accurate approximation of the exact flow, even if h > €.
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. . ympl
Algorithm 2.1 (Symplectic Scheme V""" (g1, g2, p1,p2))
Set (a1, 2, p1,p2) = (a7 a8, 5} p&) and perform the following steps:

62

1. Set Gy = a2 + Gz VaVo(a, 0).

Q
2. Set Qc(q1) = - Id; + %VggVo(ql, 0) and compute
Q2 = cos(hQe(q1)) Ty + Q- (q1) sin(hQx(q1)) pa (34)

PQ = _Qs(q1) sin(hQE(ql)) 62 + COS(hQE(ql)) p2. (35)

3. Solve for P, € R® the equation

62

Q2

e2h

0z Vi2Vop2

h? _
<Ids + 7V11V0 - P2TV112V0> Py =p —

h2e?

TV PIV115VoViVo — K, (36)

2
—h <V1Vo — €—2V12V0V2V0> +
Q
with x defined by

h
. £ IVa2 Vo
Vi<j< = HT —== Q. t) dt,
7S Kj 20) o .’I]g( ) 8(]1] (ql) (EQ( ) (37)
where x2(t) = cos(tQe(q1)) Go + Q- (q1) sin(tQ:(q1)) p2- In (36) and (37), all the
derivatives of Vo are evaluated at (q1,0).

2 2

_ € — h
4. Set P, =P+ ﬁvlz‘/o(ql,())PQ and Q1 =q + hPi + 7V1V0(L]1,0).

2 2

~ £ 13
5 Set Qo=0Q2— @VZVO(%O) =y

— h?
QQV12V0(Q1, 0) (hpl + 7V1V0(Q17 0)) :

Set (Q?+17QS+17P111+17P121+1) = (Q17Q27P15P2)'

Remark 3 High-order derivatives of Vi appear in Algorithm 2.1. This originates from the
strategy of approximating the generating function in order to derive a numerical scheme.
This was already observed by Feng [12] for nonstiff hamiltonian functions of the form

T
% + V(q). Replacing such high-order derivatives by their finite difference approzimation

is a possible option, which however breaks the symplecticity of the scheme if it is done on
the scheme itself. Another option is to make this finite difference approximation directly in
the generating function, and from there derive a symplectic scheme following (5). We will
not pursue in this direction in the present work.
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Integrators for highly oscillatory Hamiltonian systems 17

Remark 4 When Vi does not depend on g2, the fast variables are decoupled from the slow
ones. For the fast variables (q2,p2), the scheme U3” mPl s an ezact integration.

The scheme \I/Zympl(ql, g2, P1,p2) requires the computation of the matrices sin(h€.(q1))
and cos(h€(g1)). When the dimension f associated to the fast degrees of freedom is small,
such a computation is easy. On the other hand, if the dimension f is high, then such a
computation can be expensive. For the rest of Section 2.1, we assume that f is indeed large
and show a possible manner to approximate these matrices, so that their exact computation
is not necessary.

Suppose that we have two approximations s¢ and s’ of sin(h{(q1)), and an approxima-
tion c. of cos(hQ:(q1)). Assume that s¢, s® and c. are symmetric matrices, that s2, s, c.
and Q.(q;) commute, and that c2 + s%s? = Id;. Replacing (32) by the following modified
approximation:

2

g
~ o (
h _
5 (ViVo(g1,0))" P, (38)
f B W 1. L - B
§P2TQE 1((11)55 Ce ! P + 5Q2TQa(Q1)Sg Ce ! q> + PQT(Cs ' Idf)Q27

[ -
S;ymp2(h) = hJ:V()(ql, O) VQVo(ql, O))TVQVO(Ql, O) + §P1 P1

next inserting (38) in (5), we obtain
Py, = cepy— Sg Q:(q1)%; (39)

- g2 g2 _ h2
Q2 =5 VaVo(q1,0) — =5 V12Vo(q1,0) (hpl + 7V1V0((J1,0)) ) (40)

Q2~ &3 o2

with _

Q2 = 0y + 52 Q- H(a1)p. (41)
We recognize in formulae (39) and (41) an approximation of the solution, at time h, of the
equation

dx dy _
d—t2 = Y2, d_tQ =—Q2(q)z2, (22,92) € RF xR, (29, 49) = @y, p2). (42)

Note that we have used the exact solution of this system in Algorithm 2.1, see (34) and (35).
This suggests the following numerical strategy:

e we first integrate the auxiliary problem (42) by the velocity Verlet scheme with the time
step h, = h/k (k € N*). At the time step k, the exact solution (x2(h = khy),y2(h =
kh,)) is thus approximated by (z%, %), with

()= o) () @

where uy, vx and wy are three matrices of size f x f.
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18 C. Le Bris and F. Legoll

e We next set s¢ = Q-(q1) vk, sg = Q- Yq1)wr and c. = ug (note that these three

matrices satisfy the above assumptions), and we proceed with the calculation of P
and Q using the S™P? obtained.

Following these lines, we obtain from the generating function S™P? a symplectic scheme,
called U3"™% in the sequel (see Algorithm 2.2).

Algorithm 2.2 (Symplectic Scheme \Ilzymﬂ(ql, q2,D1,D2))
Set (q1,q2,p1,p2) = (47, 4%, pT, p3) and perform the following steps:

1. Proceed with Step 1 of Algorithm 2.1.
Q
2. Set Q.(q1) = = Id; + %VggVo(ql, 0) and numerically integrate

dzxa dy2

E = Y2, E = _Qg(ql):b?u (:Eguyg) = (627]92)7 (44)

with the velocity Verlet scheme, with a time step h, = h/k (k € N*) for k steps. Set
(Q2, P2) = (25, p5).
3. Solve for Py the equation (36), where now r is defined by

r OV lg

k-1
e h w1 OV22Vo n n
3 <(x )T —=—— Q(q1) o5 + (a5™) 9q14
j

M= ﬁ 7 2 aqu

n=0

() a3*1) (49
for all 1 < j < s, where (z})o<n<k s the numerical solution of (44) and where all the
derivatives of Vi are evaluated at (¢1,0).

4. Proceed with Step 4 of Algorithm 2.1.

5. Proceed with Step 5 of Algorithm 2.1.

Set (Q?+17QS+17P111+17P121+1) = (Q17Q27P15P2)'

It is interesting to note that making use of (38) instead of (32) (for instance because
the dimension f is too large for sin(h€.(q1)) and cos(hQ:(q1)) to be computed explicitly)
amounts to numerically integrating system (42) (as opposed to exactly integrating it for (32),
see (34) and (35)). Then the definition (37) of x (in which the exact solution z5(t) of (42)
enters) is to be replaced by (45), which requires the numerical solution of (42). In addition,
we can see that (45) is an approximation by a trapezoidal rule of (37). The fact that (37)
is approximated by a trapezoidal rule is consistent with the fact that (42) is integrated by
the velocity Verlet algorithm.

Remark 5 Our approach to compute P> and Qs is thus somewhat similar to the Impulse
algorithm [16, 35], and to algorithms that have been proposed in the same spirit [10, 13, 27,
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Integrators for highly oscillatory Hamiltonian systems 19

29, 33, 84]: we numerically integrate a fast equation on the time interval [0, h], and we use
this numerical solution in the slow scheme of step h > . Note however that the pulsation
of the fast equation (42) is Q-(q1), whereas the pulsation of the original fast problem is Q/e.
So the fast problem (42) that we consider here is different from the fast problem considered
by the Impulse algorithm.

2.2 Non-symplectic variants

The expressions for Q2 and Q; in both schemes W™ (see Algorithm 2.1) and U532 (see
Algorithm 2.2) read

_ h?
Q1 = q+hP+ gvl‘/o(qlvo)a
- g2 g2 _ h?
Q2 = Q2— WVQVO(QI;O) - @VuVo(ih,O) (hpl + 7V1VO(Q1,0)) , (46)

where the actual expression for Q2 depends on whether \Ifzympl or \Ifzymp2 is considered. On
these formulae, we observe that

. 2
Qs = Oy — %Vng(Ql, 0) + O(2h2). (47)

Note that, in (47), VoV; is evaluated at @)1 in contrast to (46) where it is evaluated at
q1- We interpret (47) as the change of variable dual to (31). We thus introduce two new
schemes, W)™ P! and W)*™™P? (see Algorithms 2.3 and 2.4), replacing (46) by

Q2 = Q2 — WV2V0(Q1,0)

in respectively the schemes ¥5"™P' and W5"™P?. Since these schemes are not obtained from
a generating function, it is very likely that they are not symplectic. The main motivation
for their introduction is their very good numerical performances, which will be reported on
in Section 3.

Algorithm 2.3 (Non-symplectic Scheme \Illfjsympl(ql,qg,pl,pg))
Set (q1,q2,p1,p2) = (47, 4%, pt,p3) and perform the following steps:
1. Proceed with Steps 1 to 4 of Algorithm 2.1.

- 2
2. Set Qy=Qo— %V2VO(Q170)'

Set (Q?+17QS+17P111+17P121+1) = (Q17Q27P15P2)'
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20 C. Le Bris and F. Legoll

Algorithm 2.4 (Non-symplectic Scheme \Illfjsymw(ql,qg,pl,pg))

Set (q1,q2,p1,p2) = (47, 4%, pt,p3) and perform the following steps:
1. Proceed with Steps 1 to 4 of Algorithm 2.2.

- 2
2. Set Qo=Qo— %V2VO(Q170)'

Set (Q?+17QS+17P111+17P121+1) = (Q17Q27P15P2)'

2.3 Preconditioning by the fast motion: new symplectic schemes

In Sections 2.1 and 2.2, we have manipulated the original variables (q1, g2, p1,p2) of the
dynamics. We now describe a similar approach developed after a preliminary change of
variables. The latter approach is again suggested by the consideration of the uncoupled
case. Indeed, assume momentarily that V) does not depend on ¢». Then the fast and the
slow variables are decoupled, and we can analytically integrate the fast motion. Such an
observation is also used in the exponential integrators analyzed in [21, Chap. XIII], in the
integrator described in [15], and in the adiabatic integrators [25, 26] addressing the case of
a frequency matrix that varies with g;. The first step of these algorithms is indeed a change
of variables, so that the new variables are solutions of an EDO simpler than the original
one.

Consider the time-dependent change of variables (g2, p2) — (22, y2) = x(¢, g2, p2) defined

by
<Qt> e . <Qt>
cos| — | x2+ =sm| — |y,
€ Q) €

Q (Qt) (Qt)
P2 ——sm | — | xg+cos| — | yo.
5 € 5

Then (x2(t), y2(t)) = x(t, g2(t), p2(t)) are constant functions when 9,V = 0. More generally,
the dynamics on (z2,y2) reads

Ot Ot Ot

C’CQ %Sin <?> 82‘/0 |:q1,COS <?) IQ(t) + %Sin <?) y2(t):| y
Ot Ot 1917

Yo = —COS <?> 92 Vy {ql,cos <?> xa(t) + %sin <?) yg(t)} )

The dynamics on (g1, z2,p1,y2) is a hamiltonian dynamics with the time-dependent
hamiltonian

q2

T
P1P1 Qt
Hé)rc(taqlaIQaplva) = 12 + Ws <?7Q1,I27y2> y

with -
WE(T7 q1,T2, y?) = ‘/0 |:ql7 (COS T).’L'g + E(SinT)y2j| .
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Let us now take this Hamiltonian, as a function of (g1, x2,p1,Y2), as a starting point for
our manipulations of Section 2.1. Let S.(¢t, q1, 22, P1, Y2) solve
PP

oS = 5

Qt — — _
+ We <?,(J1 + 0p, Se, x2 + 3P255,Yz> ;o 9:(0,q1, 22, P1,Y2) = 0.
The variable x5 is of order ¢, so we again change the variables and the unknown function:
Q — ETg
TQ:;IQ and Sﬁ(taqla’r?vPl?}/Q):SE (tvqlaﬁaplan)v
so that S, satisfies

PTp, Ot er
ath: 12 ! +Wa (?7(]1"’6131537624_6132587}/2) ) 58(07q177a27P17}/2):O' (48)
We make the Ansatz
Se(t,q1,m2, P1,Y2) = So(t,7,q1,72, P1,Y2) +€S1(t,7,q1,7r2, P1,Y2)

+ higher order terms in *, k > 2, (49)

tQ
where the fast time 7 is again 7 = —, and where the functions (Sx)x>0 are supposed to be

€
27 periodic in 7. We now insert (49) in (48), identify the first variable of W, with the fast
time 7, and expand in powers of ¢.

The fast position is of order ¢, so Sy does not depend on Y5. From the equation of order

e~ !, we infer that Sy does not depend on 7. The equation of order £° reads

P1TP1
0¢So + Q0,51 = 5 + Vo(q1 + 9p, S0, 0). (50)

Since Sy does not depend on 7 and S is 27 periodic in 7, we infer from (50) that

Prp
0:So = 171 + Vo(q1 + 8]31 So, 0) (51)
and
0.5 = 0. (52)

Equation (51) is supplied with the initial condition Sy(t = 0, g1, 72, P1) = 0. For each r3, we
thus recognize the Hamilton-Jacobi equation for the hamiltonian function

T
Hy = p12p1 + Vo(q1,0). (53)

So Sy does not depend on r2. In the sequel, we will approximate Sy (t, g1, P1) by

So(tuthl) ~ S(?E(t7qlupl)u
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with

PP,
S§E(t, q1, P1) = So(0,q1, P1) +t0:50(0,q1, P1) =t ( 12 - Vo(fhao)) ; (54)

which amounts to integrating the hamiltonian dynamics generated by (53) with the sym-
plectic Euler algorithm. We have: Sy(t) = SSE(t) + O(t?).

The sequel of the identification is carried out in details in Appendix 6 (see in particular
(95) and (102)). We find that

and that So(t) = SSE(¢) + O(t?), with
1 t
SSE(t, T, q1,m2, P1,Y2) = @(Vzvo)TYz - W(VQVO)TVQVO
t
+ @ (T‘gVQQVQT‘Q + }/2Tv22V0}/2)

+ %(VgVo(ql +tPy, O))T ((sinT)rg — (cosT)Ya), (56)

where the derivatives of V| are evaluated at (gi1,0) unless otherwise mentioned.
From then on, the procedure is similar to that followed in Section 2.1, up to some details
that we now highlight. Consider the approximation

Sa(h) = So(h) + &5y (h) + 5252(h) L~ Sgrel(h)

with

SPrel(h) := S§F(h) 4+ eS1(h) + 255" (h), (57)

where S5F, S; and S5T are respectively defined by (54), (55) and (56). We insert this
approximation in (5) and obtain the following implicit equations for (Py,Y>) (as opposed to
the explicit equations that we obtained in Section 2.1):

he € .
Ya = }/2 + EVQQVO(Ql, O)TQ + ﬁ SIDTVQVO(ql + hPl, O),
e? he?
p1 = P+ hViVo(q1,0) + @VHVO((A, 0)Y, — WVHVO(QM 0)V2Vo(q1,0)
he? | T
+ @(Tg Vi22Vo(q1,0)r2 + Y5 ViaVo(q1,0)Y3)
2

€

+Q2

V12Vo(q1 + hP1,0) ((sin7)ry — (cos7)Y3) .

This implicit system reads z = Z + hf(z,2) + eg(z, Z) with z = (p1,y2), and thus a fixed
point method works well to compute Z = (Py,Y2). Next, we compute (Q1, X2) by explicit
formulae. Returning to the original variables (¢1, g2, p1,p2), we write the obtained scheme,
which is symplectic, as (Q1, Q2, P1, P2) = \Ilzml(ql, q2,p1,p2) (see Algorithm 2.5).
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Algorithm 2.5 (Preconditioned Symplectic Scheme \Ilgrel (g1, 92,p1,D2))
Set (q1,4q2,p1,02) = (47,45, P}, DY), T = Qh/e and perform the following steps:

1. Change of variables: set 2 =qo, Y2 =p2, 7r2=0x9/c.

2. Solve for (P1,Y>) the equations

he €
Ya = }/24'EVQQV()(CH,O)TQ‘F581HTV2V0((]1+hP1,O),
2
€
p1o= P1+hV1Vo(Q1,0)+§V12V0(Q170)Yz
he 2
- QQ 5 V12Vo(q1,0)V2Vo (g1, 0)

+ 492 (r3 Vi22Vo(q1,0)r2 + Yy Va2 Vo(q1,0)Y2)

+ Vlg%(ql + hPp,0) ((sinT)re — (cosT)Ya).

h. 2
3. Set Q1 = qu + hP, + Q—E2V12V0(q1 + 1Py, 0) ((sinT)ry — (cosT)Ya).
4. Set
g2 g2 g2
XQ = X9 + §V2V0(q1, O) + WVQQVO(Ql, 0)3/2 — Q COS TVQV()((h + hPl, O)

5. Return to the original variables:

Q2 = (cosT)X2+ %(sinr)Yg,

Q
P, = —E(SinT)XQ + (cosT)Ya.

Set ( n+17q3+17p711+17p721+1) = (Q17Q27P15P2)'

Neglecting all terms of order 3, the scheme \Ilflrel(ql,qg,pl,pg) is of order 1in h. A
simple, well-known, manner to get a scheme of higher order is to consider the symmetric
form

(Q1,Q2, P1, Po) = WP *(q1, g2, p1,p2) = (‘1/2721) ‘I’Zr/; (q1, g2, 1, P2)-

This scheme is symplectic and, neglecting all terms of order €3, it is of order 2 in h (see
Algorithm 2.6). Note that, if V;; does not depend on g2, then the slow and the fast variables
are decoupled, and we recover the velocity Verlet algorithm in the slow variables and the
exact flow in the fast variables.
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Algorithm 2.6 (Preconditioned Symplectic Scheme \Ilzrez(ql, q2,P1,P2))
Set (q1,q2,p1,02) = (¢, 4%, pY,pY) and perform the following steps:

1. Set (Glu@%ﬁluF?) = \Ijz;e;(qlaq%plupZ)‘

2. Set (Qla Q27P17P2) = (\I/Z;C;) (@15@27ﬁ1;ﬁ2)'

Set (Q?+17QQ+17P?+17PS+1) = (Q17Q27P15P2)'

The major superiority of the scheme \I/flr&(ql, 2, p1, p2) on the scheme \Ilzympl (q1,92,p1,P2)
is that there is no need to diagonalize the full matrix Q.(¢1). In addition, the generating
function SP*°!(h) is never singular, in contrast to S2¥™P1(h) (see Remark 2).

Let us conclude this section by the following remark, which concerns all the algorithms
introduced. It is standard to show [3, 4] that the dynamics on the slow variables obtained

T
in the limit ¢ — 0 is a dynamics of hamiltonian H; = P11

+ Vo(¢1,0). We show here that,
in the limit € — 0, the algorithms introduced are consistent with this theoretical result. Let
Sslow (£, g1, P1) be the solution of the Hamilton-Jacobi equation (10) associated to Hi. We
observe that, in the limit ¢ — 0, Algorithms 2.1 and 2.3 reduce for the slow variables to the
symplectic algorithm that is derived from the generating function

h2
Sslow(oa q1, Pl) + hatsslow(ov q1, Pl) + ?8ttsslow(07 q1, P1)7

which is indeed a converging approximation of Sgow (h, g1, P1). In the limit ¢ — 0, Algorithm
2.5 reduces to the Symplectic Euler algorithm on H; (and Algorithm 2.6 reduces to the
velocity Verlet algorithm). So, in the limit ¢ — 0, all the algorithms introduced reduce to a
symplectic scheme which integrates the limit dynamics.

Additionally, the time step h being fixed, we check that

im P2TP2 =+ QQ QgQQ/(EQ)
=0 pips+ Q2 ¢ qa/(e?)

T T
for Algorithms 2.1, 2.3, 2.5 and 2.6, which is consistent with the fact that ]% + Q2 q22 q22

€
is an adiabatic invariant of the dynamics (see [3, 4]).

3 Numerical results
This section presents some numerical tests on the algorithms introduced in the previous

section for the integration of (1)-(2) in the case of a constant fast frequency. We consider
here Algorithms 2.1 and 2.3 (and their variants, Algorithms 2.2 and 2.4, when the fast
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problem is numerically integrated), and Algorithm 2.6. All algorithms except Algorithms
2.3 and 2.4 are symplectic. We have also mentioned in the Introduction that symmetry may
be an interesting property and wish to recall that only Algorithm 2.6 is symmetric.

The test-bed chosen for our comparison is the commonly used Fermi-Pasta-Ulam spring
chain [21, Sec. XIII.2.1]. This chain is a collection of six one-dimensional springs: the even
numbered springs are stiff and harmonic, whereas the odd numbered springs are nonhar-
monic and nonstiff. In this case, ¢1 = (q1.1,q1.2,q1.3) € R3, 2 € R?, Q(¢q1) = 1, and the
potential energy Vj in (1) reads

2

1

Vo= 1 <(Q1,1 - Q2,1)4 + E (qu,iv1 — G2,it1 — Qi — Q2,i)4 +(q1,3 + (J2,3)4> .
i=1

stiff soft
harmonic nonlinear

Figure 1: Fermi-Pasta-Ulam spring chain.

The energy is the fast spring j (1 < j < 3) reads I;(¢,p) = =% + “2J and
: 5

I(q,p) = I1i(q,p) + I2(q,p) + I3(q,p) (58)

is an adiabatic invariant in the sense of [21, Chap. XIII, Theorem 6.3].

In the following sections, we first study the performances of our algorithms as regards
the computation of the exact trajectory. Following the practice of [21, Sec. XIIL.2], we then
compare our algorithms to the exponential integrators proposed in the literature. We name
these various algorithms as in [21, Sec. XIII.2] and [15] (see Table 1).

Algorithm Reference Quality
A Gautschi [14] Non symplectic
B Deuflhard [9] and Impulse algorithm [16, 35] Symplectic
C Garcia-Archilla et al, Mollify algorithm [13] Symplectic
D Hochbruck and Lubich [22] Non symplectic
E Hairer and Lubich [20] Non symplectic
G Grimm and Hochbruck [15] Non symplectic

Table 1: Some exponential integrators proposed in the literature. All these integrators are sym-
metric.
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3.1 Long time energy preservation

As mentioned in the Introduction, we cannot invoque backward error analysis to justify
long time energy preservation for the symplectic algorithms proposed above. Indeed, these
algorithms are useful in the regime where the time step is large compared to the shortest
period present in the system. In the present state of our understanding, all we can do is
therefore test them, that is numerically check that energy is well-preserved. This a fortiori
applies to the non-symplectic variants we developed.

We work with € = 0.02 and h = 0.17, and monitor the energy up to time 7" = 10°, which
is a rather large value compared to final times usually considered with this stiffness. The
results obtained with Algorithms 2.1, 2.3 and 2.6 are shown on Figure 2. No energy drift
can be seen.

T T
Algorithm 2.1 ——
0.35 - Algorithm 2.3 —— -
Algorithm 2.6 ------

0.345 | _
|
034 | L _
| | ‘ ! |
' \HE | |“ I ‘:‘ nI::-, 1

0.335 ‘;r“ \;‘" ‘ o\l W rl i EL ‘i y“

“\‘ ”\\ r l )r‘ ‘n " rv I‘ ‘\ Wl \“\ﬁ‘\‘l&";
0.33 [ \‘r‘ ‘w g i ! 'w‘ﬂ‘;‘* i
0.325 '

0 250000 500000 750000 le+06

t

Figure 2: Energy per particle along the trajectory (¢ = 0.02 and h = 0.17).

3.2 Exchange of fast energies

The sum 1(q,p) of the energies in the fast springs, given by (58), is an adiabatic invariant
of the exact trajectory. Exchanges of energy between the fast springs occur on a time scale
of order e71 (see [21, Sec. XIIL.2.1]). We study how Algorithms 2.1, 2.3 and 2.6 reproduce
this exchange.

Following [21, Fig. XIII.2.4], we set ¢ = 0.02 and h = 0.03. Results are shown on Figure
3. The exact trajectory and the numerically computed trajectories satisfactorily agree. We
do not include the results for e = 1073. They are similar, although the exchange (for both
the exact and the approximated trajectories) is much slower.

Remark 6 In the approximation (26), the term 0,52 is of paramount importance for the
reproduction of the exchange of fast energies. If we remove this term from (26), we have
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Figure 3: Preservation of the energy (for convenience, we plot H. — 0.8), of the adiabatic invariant
I and exchange between the {I;},_;_; for ¢ = 0.02 (all trajectories are computed with i = 0.03).
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another generating function, from which we can derive an algorithm. We have checked that
this latter algorithm poorly reproduces the exchanges of energy.

3.3 Comparison on a test case with a fixed stiffness

We now set ¢ = 1072, and study the performances of our algorithms when the time step h
varies. We compare Algorithms 2.1, 2.3 and 2.6 with the exponential integrators described
in [21, Chap. XIII| and in [15] (we omit in our comparison the Impulse algorithm (B),
since it is usually outperformed by the Mollify algorithm (C); we have checked this in the
particular situation considered here).

We first study the preservation of the energy and of the adiabatic invariant. On Figure
4, we plot, as a function of the time step h, the relative error

|H€(t) — Ha(o)l

_ HelU)l 59
T dpion T HA(0) o9

on the energy conservation over the time interval [0, 10*]. Note that the time frame 7" = 10*
satisfies T > ¢~1. The motivation for such a choice will be explained in Remark 7.
On Figure 5, we plot
L) - L)
t€[0,104] I.(0) ’
which is the maximum variation to the initial value of the adiabatic invariant. On the exact
trajectory with ¢ = 1073, we observe that this quantity is close to 0.0037.

As is well-known [21, Fig. XIII.2.5], for several exponential integrators, resonances ap-
pear when h is a (odd or even or both) multiple of emr, which is half the period of the fast
motion. We also observe resonances with Algorithm 2.1. There are almost no resonances
with Algorithms 2.3 and 2.6. However, for all the algorithms considered here, these reso-
nances are very peaked: it is easy to find a time step h for which the algorithms are not
resonant. We note that Algorithm 2.6 preserves the energy with an equal or better accuracy
than all the other algorithms. Algorithms G, 2.3 and 2.6 have no resonances, and the latter
two preserve the energy with a better accuracy than Algorithm G. We also observe that the
adiabatic invariant variation (60) is very well reproduced by Algorithms 2.1, 2.3 and 2.6.

(60)

Remark 7 We work with ¢ small. Indeed, when we compute an approrimation of the gen-
erating function, we have made a truncation in the series in powers of € (see (26), (32) and
(38)). If  is too large, this truncation does not make sense. Since ¢ is small, g2 is also
small, which implies that Vo(q1, q2) could be well-approzimated by a harmonic function of g2,
a test case that seems less challenging than the one with a Vi function truly nonharmonic
in qo. However, despite its apparent simplicity, we observe that the test case at hand here
is not so easy to deal with, since resonances appear with some of the algorithms. As already
mentioned in the Introduction, we simulate the system over extremely long time frames (in
practice, over [0, T) with T > 1), so that possible numerical instabilities could develop, if
they had to.
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Figure 4: Maximum relative variation (59) of the energy on the time interval [0,10%], for several
time steps h (¢ = 107%). See Table 1 for exponential algorithms terminology.
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Figure 5: Maximum variation (60) of the adiabatic invariant on the time interval [0, 10*], for several
time steps h (¢ = 107%). We compare the numerical results with the exact result, which is here
0.0037 (see the body of the text). See Table 1 for exponential algorithms terminology.



Integrators for highly oscillatory Hamiltonian systems 31

We next study the global errors at time 7', which we define by
€rr = Hxnum (T) — Texact (T)||2 (61)

for a variable z € R?, where | - ]2 is the Euclidean norm in R3, Zexact (T') is the value of
the variable x on the exact trajectory at time T and Znum (7)) is its approximation on the
numerically computed trajectory. Following [15, Fig. 2|, we study these errors at time T' = 1,
for the variable © = ¢1, = g2/¢ (which is of order O(1) in ¢), = p; and = = p,. Results
are shown on Figure 6. For the slow variables ¢; and p;, we have gathered exponential
algorithms for which the error was almost the same. For the fast variables g2 /¢ and p2, we
have kept the two exponential algorithms that provide the smallest errors (see [15, Fig. 2]
and [21, Fig. XIII.2.2] for more comprehensive numerical results).

We first see that, with Algorithms 2.1, 2.3 and 2.6, the error does not converge to 0 when
h — 0. This is due to the truncation in the series in powers of ¢ performed to approximate
the generating function. Even if h — 0, an error remains. Note however that we are not
interested in the regime h — 0, for numerical efficiency reasons.

As soon as h > em, we observe that the error on the slow variables ¢; and p; is similar
for Algorithm 2.6 and for the exponential integrators A, C, D, E and G, provided we use a
non-resonant time step for the latter algorithms. The error on ¢; and p; for Algorithms 2.1
and 2.3 is larger, but note that there is no resonance. We now turn to the fast variables.
In the regime h > e of practical interest, the error with Algorithms 2.1, 2.3 and 2.6 is
much smaller that the error with the exponential integrators. There is no resonance with
Algorithms 2.3 and 2.6. Apart from resonances, the accuracy of Algorithm 2.1 is similar to
the accuracy of Algorithm 2.3. In summary, we observe a good accuracy on the solution
at time 7' = 1 > ¢ computed with the algorithms proposed here. Note that the time T is
much longer than the time scale ¢ of the fast variables. Such a good accuracy on the slow
variables is expected, but this is rather a surprise for the fast variables.

It is interesting to note that the accuracy observed in energy preservation with Algorithm
2.6 (better than that of exponential integrators) comes from a better accuracy on the fast
variables. Algorithms 2.1 and 2.3 are also more accurate on the fast variables, but less on
the slow variables. In addition, we observe that the resonances of Algorithm 2.1 come from
the fast variables.

Let us emphasize that the conclusions drawn from the comparison between the algorithms
developed in the present work and the algorithms A, C, D and E originate, and are limited
to, the specific context considered. The algorithms A, C, D and E can be employed for any
hamiltonian system with a slow/fast potential energy separation, whereas the algorithms
introduced here apply to hamiltonians of the form (1). On the other hand, and this is then
a fair comparison, Algorithms 2.1 to 2.6 outperform the G integrator, specifically developped
for (1).

3.4 Robustness of the algorithms

Let us now compare the algorithms using a fixed time step h = 0.02, and a varying stiffness.
Our aim is to check that the errors in the energy and adiabatic invariant preservations do
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Figure 6: Global errors (61) at time 7' = 1, for several time steps h (¢ = 107%).
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For the fast

variables, only the results for the exponential integrators that best perform are shown. See Table 1
for exponential algorithms terminology.
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not depend on ¢, and thus that we can use a time step h which is not bounded by ¢, as
would be the case for the velocity-Verlet algorithm.

We use again the estimators (59) and (60). Results are shown on Figures 7 and 8. We
again see that ¢ has to be sufficiently small for the energy to be well-preserved by Algorithms
2.1, 2.3 and 2.6. When ¢ is sufficiently small, we observe that the accuracy in the energy
preservation does not depend on ¢, so the algorithms are unsensitive to the stiffness, up to
the occurence of resonances. The variations of the adiabatic invariant, that become larger
when ¢ increases, are very well reproduced by Algorithms 2.1, 2.3 and 2.6.

3.5 Numerical integration of the fast problem

The results presented so far have been obtained with Algorithms 2.1 and 2.3, which require
the computation of the matrices sin(h€2.(q1)) and cos(hf2.(q1)). If this computation is too
expensive, an alternative is to use Algorithms 2.2 and 2.4. This amounts to numerically (as
opposed to exactly) integrating the fast problem (42). We study here the specific impact of
such a numerical approximation.

As in Section 3.3, we set ¢ = 1073 and monitor the preservation of the energy and of the
adiabatic invariant (see estimators (59) and (60)) as a function of h, for different values of
the time step h,, used in the innerloop.

On Figure 9, we compare Algorithms 2.1 and 2.2. As h,, increases, the accuracy in energy
preservation decreases. For a given h,, there is a threshold for i below which the accuracy
remains constant. We have checked that, when the time step h is in the regime h > em,
Algorithm 2.2 with the small value h, = ¢/(100Q) gives the same results as Algorithm 2.1.

On Figure 10, we compare Algorithms 2.3 and 2.4. The same conclusions hold as for
Algorithms 2.1 and 2.2. On the same figure, we also plot results obtained with Algorithm
2.6. They are very close to those obtained with Algorithm 2.3.

4 Non constant fast frequency

We now consider the case when the fast frequency Q(¢1) actually depends on ¢;. In Section
4.1, we derive an efficient symplectic algorithm. For brevity, we focus on the differences
between the present case and the case of a constant frequency. We report on numerical tests
in Section 4.2.

At the beginning of Section 2, we have underlined that several variants are possible in the
case of a constant frequency. We have followed some of them in Section 2. In this section,
we only follow one of such strategies, namely that of Section 2.1 (that is, we work with the
original variables). It is not yet clear to us whether the other strategies of Section 2 can be
adapted to the present setting.
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4.1 Derivation of a symplectic algorithm
We consider the following Ansatz

Se(t:q1,7m2, Pr, Po) = So(t,q1, P1) + > e¥Sh
k>1

T(t P;
(tu%uthéapluP?) (62)

for the solution to (6)-(7), where (S)r>1 are 2m periodic functions in the fast time 7 =
T(t,q1,P1)/e. The fast time is chosen such that 9;T = Q(q1(¢)), hence

T:/O Q(q1(s)) ds.

We need to approximate this equation so that 7" only depends on ¢, g; and P;. A trapezoidal
approximation reads

() = 519 (0)+2Aa(0)] +OF)
- % [Q(ql (0)) + € (q1 (0) + g—i?ﬂ + O(t?) + O(et)
= % [Q(ql) +Q (q1 + t[fPi;t (t= 0))} + O(t*) + O(et).
W set T(t,q1, P t 9%S
7:7("1;’ ) :_%{Q(ql)—i-Q<q1+tapl(§t(t—0))], (63)

which is an approximation of order O(t?/¢) + O(t) of the exact phase. Thus, if t < /3,
then 7 is a good approximation of the exact phase.

We now insert (62) in (6)-(7), and compare like-powers of e. The equation of order £°
reads

oT pPrp Prp.
04Sy+ 08,8, = L1 7272

1 T 2
It 5 5 +Vo(¢]1 +8PISO,O)+ 59((]1 +3p150)2 (—2 + 313231) .

Qq1)
(64)
We now expand this equation in powers of t. The equation of order £°t° reads

T PP,
9,80 + %—t(t =0)0,8; = L1

L PP

1 2
St 0,0+ 50 (s ons ) - (69

Qq1)

oT
Since E(t =0) = Q(q1), the previous equation can be recast as (15), with Q replaced by

Q(q1). Following the same strategy as in the constant frequency case, we obtain (compare
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with (19), (20), (21) and (23))

So(t=0) = 0, (66)
Prp
8:So(t =0) = 12 L 4+ Vo(qu,0), (67)
_ _ 1 Py Py +rjry Pr, 1
Si(t=0) = 20 ( 5 tanT + g \cos7 -1, (68)
928, ’
W(f = O) = Pl V1VO(QIaO)7 (69)
_ _ PIVQ(q1) [ rIP PIPytant
(S(t=0) = —— @) \2cosr 5 : (70)

where all the functions Sy and their derivatives are evaluated at (¢ = 0,7, q1,72, P1, P2).

We first consider the approximation S, (h) ~ E;(h), with

S_(h) := Sy + hdySo + €Sy + chd, Sy (71)

The scheme on the fast variables is obtained from (5), and reads

(cosT)pa — (sinT)rq

P = 2
€ 1 16}
Q: = 5tanT(1_ﬁ)P2+COST (1—5) q2, (73)
with "
= ——PI'VQ(q1).
6 Q(ql) 1 ((h)
When cosT — 0 and sinT — 1, we can approximate (73) by
1 2
Q2 ~ b

(cosT)(1—p/2) 4 &

So the scheme is singular in the limit cos7 — 0. To remove this singularity, we proceed as
in Section 2.1, and now slightly modify the generating function. We have

—~ 1
S.(h) = h<§P1TP1+VO(q1,O)>
T T T
& T2T2 P2 P2 T 7’2P2 6
—_— t 1-0)t —r5 P 1——
+ Q(ql)[ g mTH (1= f)tanr —ry 2t ost 2/

that we replace by

NC 1 4 € rgrg
SE (h) = h —P1 P1+V0(q1,0) + — tan T
P2TP Q(Ql) T123 (74)
+2222 exp(—f) tanT — rl Py + 7;20572‘ exp(—ﬁ/?)] .
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The difference between (74) and (71) is of order O(h?¢), so the order of the approximation
has not been modified.
In view of (63) and (67), the fast time 7 reads

r = o [0a) + e +hP)]. (75)
We now insert SNC(h) into (5), and obtain the scheme WNC (see Algorithm 4.1), which is
well defined even in the limit cosT — 0 (see in particular Steps 4 and 5 of the algorithm,
that replace (72) and (73)). This scheme is symplectic. The new momentum P, is implicitly
defined (see Step 2 of the algorithm; note in particular that the fast time 7 depends on
Py, see (75)). Once P is determined, the other variables @1, Q2 and P, can be computed
in an explicit fashion. Computing P; amounts to solving a nonlinear equation of the form
F(P;) = 0. To this end, we use a Newton algorithm, and compute the derivative of F
with a finite difference scheme. On the test case reported below, only three iterations were
sufficient to converge.

RR n° 6252



40 C. Le Bris and F. Legoll

Algorithm 4.1 (Symplectic Scheme V(g1 g2, p1,p2))
Set (q1, 92, p1,p2) = (q7, ¢, pt,p3) and perform the following steps:

1. Setry = Q(gl)qg.

2. Solve for Py the following implicit equation:

p = Pir+hViVo(q1,0)
T, _ T
- —92211) (pQTrg sin? 7% 4 2 2_Pab2 5 PaP2 gin 7% cos T*) VQ(q1)
h T T
— Q Q hP,
+ 00q) (r3 2 +p3p2) (VQ(a1) + Va1 + hP1))
he pgpQ—TgTQ . * * T 1 2 %
200 ( 5 sin 7% cos 7" + p3 ro 5 ST T d(q1, Pr),
. h PTVQ(ql)
th* = —[Q Q hP, dd(q, Py) = L=,
with 1 = 31 [0a) + Oar + 1P1)] and dlas, ) =V, (1L
3. Set L [Qq1) + Qg +hP)]  and B h PIVQ(q1)
. T=— = .
% 0 Uil 1 Q(q1) 1 a1
4. Set P> =exp(B/2) ((cosT)ps — (sinT)rs).
esinT
5. Set Q2 =exp(—0/2) ((cos T)g2 + —pg).
Qq1)
6. Set
h? T T
Q1 = q+hP+ (7‘2 o + p3 pz) VQ(ql + hPy)
40(q1)
he Too —rLry 1 .
E) <p2p2 5 22 SinTcosT + phrs <§ — sin® 7')) VQ(q).

Set (qzl-‘rl’q;l-i-l’p?-‘rl’p;l-‘rl) = (Q17Q27P15P2)'

Remark 8 It is shown in [3, 4] in the case of scalar fast variables (q2 € R, p2 € R) that
the dynamics on the slow variables obtained in the limit ¢ — 0 is a dynamics of hamiltonian

PTpl
Hi\IC = 1T + Vo(q1,0) + CQ(q1), where

o B0)+2%(a(0) B0)/()
= 2001 (0))
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is a constant which depends on the initial conditions. We show in this remark that, in the
limit ¢ — 0, Algorithm 4.1 is consistent with this theoretical result.

We first check that, for the slow wvariables, in the limit ¢ — 0, Algorithm 4.1 is the
symplectic algorithm which is derived from the generating function

NC P1TP1 C
Spum (P, a1, Pr) = h | Vo(q1,0) + 5 + 5 Qq1) + Qg1 + hPr)] ),

o= Pap2+9%(q1) 4342/ (%)
2Q(q1)

St (a1, Pr) = SNC(h, qu, P1) + O(h?),

num

where is supposed to be a constant. We observe that

where SNC(t,q1, Py) is the solution of the Hamilton-Jacobi equation associated to H}C.
Additionally, the time step h being fized, we check on Algorithm 4.1 that

PP+ 0%(Q1) Q7Q2/(e?) Qq)

im = O(h?).
=0 pIpo+ 0% (q1) ¢ g2/ (?)  Q(Q1) 1+0()

o e . . L (pEpa | 2 B2 .
Up to the term O(h?), this is consistent with the fact that + Q% (q1) 18
Q(q1) 2 2¢e2

an adiabatic invariant of the dynamics (see [3, 4]).

4.2 Numerical results

We have implemented Algorithm 4.1 in the scalar case (¢ € R, ¢z € R), with

Qq) =4/1+4¢ and Vo(q1,92) = (F +q5 — 1)~

In addition to the preservation of energy, we will monitor the variation of

—=—+Q
_ 2 2e?

g 7
along the trajectory. Recall that I is an adiabatic invariant (see [3, 4]), and that, for a given
time frame, its variation decreases as ¢ decreases.

We first choose ¢ = 1073 and h = 0.02, and monitor the evolution of the energy and
adiabatic invariant up to time 7" = 10°. Results are shown on Figure 11. No drift can be
seen.

We now study the robustness of the algorithm. We set the time step to h = 0.02, and
consider the variation of the energy (see estimator (59)) and the variation of the adiabatic
invariant (76) (see estimator (60)), over the time frame ¢ € [0,105], for stiffness ¢ vary-
ing between 1073 to 1. Results are shown on Figure 12. We do not observe decreasing
performances of the algorithm as € decreases.

On Figure 13, we plot the global errors (61) at time 7' = 1 of ¢1, g2/¢, p1 and pa. We
observe a very good accuracy, even if h > ¢.

2 2
o’ E
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14 T T T T T | T
1.35 H(t - 2 Af(t) computed ——
I(t As(t) exact
1.3 | - 18 -
1.25 AR \ ,
1.9 | 1.6 /| \ \ [
\ \ '\ ‘i
115 - 7] 1.4H | \ |
1.1 - \ \ ‘\ \
1.05 |- — L2 \ \ \ 7
1 = 1B ' ' \,Z
0.95 1 1 1 1 1 1 1
0 25000 50000 75000 100000 90 92 94 96 98 100
t t

Figure 11: Left: Energy and adiabatic invariant along the trajectory (¢ = 107% and h = 0.02).
2

2
Right: as expected, Ay = % + (Qqr))? % varies.

0.1
T 1T 1T T 11 012 L N D N B D B B
0.08 |- - 0.1k -
0.06 0.08 - —
0.06 - -
0.04
0.04 |- -
0.02 0.02
0 [ I N I A I | 0
0246 8101214161820 0 246 8101214161820
h/e h/e

Figure 12: Maximum variation (59) of the energy (left) and maximum variation (60) of the adiabatic
invariant (right) on the time interval [0, 10°], for several € (h = 0.02), for Algorithm 4.1.
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_I-I'I'I'I'I'III_I-I'I'I'I'I'III_I-I'I'I'I'I'III_I-I'I'I'I'I'III
1
1 |— —
0.01 I ' /
le-04 - / .
le-04 |- -
le-06 | ]
108 |- - 1e-06 1= 7
Error on ¢; i L Error on p; i
Error on ¢o/¢ Error on p,
le-10 Lol il v vpud 4l 1e-08
0.1 1 10 100 1000 0.1 1 10 100 1000
h/e h/e

Figure 13: Global errors (61) at time T = 1, for several time steps h (¢ = 1072).
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5 Appendix: the direct approach in the case of a con-
stant fast frequency

In this Appendix, we compute the expansion with respect to € and ¢ that comes from the
insertion of (8) in (6)-(7), and we identify like-powers in € and ¢. We recall that the equations
of order €° and ¢ are respectively (13) and (14). The final outcome of this identification
procedure is system (21)-(25).

5.1 The equation of order %
We consider the equation of order £°t that comes from (13). Making use of (19) and (20),
it reads
T
Bt So(t = 0) 498,81 (t = 0) = PV, Vo(q1,0)+ (C;% + (tanr)Pg) Q9,8 (t = 0). (77)
We recognize here a transport equation on Q0;S1(t = 0), in the variables (7, P»). Let us
solve this equation by the method of characteristics. We thus consider the ODE

e __
dr

— (tan7)®, P(1=0) =P, (78)

COST

whose solution is parametrized by re and P, and reads ®(7, 72, P2) = (cos )Py — (sin7)ra.
We thus introduce the function

B(T, ql,TQ,Pl,PQ) = Q@tSl(t = O,T, ql,TQ,Pl,(I)(T,TQ,PQ)). (79)
In view of (77), this function satisfies
6-,—B = P1TV1VQ((]1,O) - BttSo(t = O)

We observe that the right hand side of the above equation does not depend on 7. On the
other hand, ® and 9;5; (¢t = 0) are 27 periodic in 7, hence B is also 27 periodic in 7, by its
definition (79). We thus obtain that d.B = 0, and hence

815,580@ = O) = P1TV1V0(L]1, O), (80)
0S1(t =0,7,q1,72, P1, (7,72, P2)) does not depend on 7. (81)

5.2 The equation of order ct°

We now consider the equation of order £t° that comes from (14). It reads

8,51 + Q0.5 = O (C”

OST

T 1 r
+(tan7)P;) Op, S + & (Vao)” (é—i—(tanT)Pg).

INRIA



Integrators for highly oscillatory Hamiltonian systems 47

We again recognize a transport equation, on the function 2S5;(t = 0), in the variables (7, P5).
We thus introduce the function

C(1,q1,72, P1, Py) = QS5(t = 0,7,q1,72, P, ®(7, 72, P2)), (82)

with ® the solution to (78). The function C' satisfies
1
6TC = ﬁ(v2VQ)T ((COST)TQ + (SinT)Pg) — 6t51(t = 0, T,41,72, Pl, (I)(T, T2, Pg)) (83)

In view of its definition, the function C' is 27 periodic in 7. We integrate the above equation
from 0 to 27 and obtain
2m
0:S1(t = 0,7,q1,72, P1, ®(7,72, P2)) dT = 0.
0
We know with (81) that 9;51(t = 0,7, g1, 72, P1, (7,72, P»)) actually does not depend on 7.
We thus obtain
8t81(t2077'7Q177"27P1aP2):O (84)

for all (7,q1,72, P1, P2). Thus (83) actually reads
1
9,C = ﬁ(vg%)T ((cosT)ra + (sinT)Pa).

We now integrate this equation with respect to 7. With the initial condition C(r = 0) = 0,
which comes from S3(t = 7 = 0) = 0, we obtain the expression of C(7) for all 7, and thus,
in view of (82), the following expression for Ss:

1

So(t =0,7,q1,72, P, P») = 02

(Vali(a1, )" (e = Pot (nrhra ). (89

OS T

5.3 The equation of order %2

We now look for the expression of 9;52. We note that, to get the expression of S, we have
made use of the equations of order £t° and £%¢. In order to get the expression for 9;Ss, we
will need the equation of order £%t°, et and £%¢2.

The equation of order £°t? reads

8ttt50(t = O) + Q@tthl (t = 0)

(V1Vo(q1,0))"V1Vo(q1,0) + P V11 Vo(q1,0) Py
T

( 24 (tan T)PQ) Qyup, 51 (t = 0).

COST

As we have done it previously, we introduce the intermediate function

D(T, ql,T‘Q,Pl,Pg) = Q@ttSl(t = O,T, ql,T‘Q,Pl,(I)(T, Tg,Pg)),
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which satisfies the equation
At So(t = 0) + 8, D = (V1Vo(q1,0))" V1Vo(q1,0) + P V11Vo(g1,0) Pr.
The function D is periodic in 7 and Sy does not depend on 7, so 9,D = 0, hence

OutSo(t = 0) = (ViVo(qr,0))" V1V (q1,0) + P! Vi1V (q1,0) P, (86)
0uS1(t =0,7,q1,72, P1,®(7,72, P3)) does not depend on 7. (87)

5.4 The equation of order <t

We now write the equation of order t. This is again a transport equation, so we introduce
E(1,q1,72,P1, P2) = Q0:S2(t =0,7,q1,72, P1, (7,72, P2)),

which satisfies

1
8tt51(t = O,T, ql,’l”Q,Pl, ‘I)(T, TQ,PQ))+8TE = ﬁplTvlg‘/o(ql,O)((SiHT)P2+(COST)T2). (88)

The function E is 27 periodic in 7, so
2T
attsl(t = 07 T,q1,72, P17 (I)(Tv T2, P2)) dr = 0.
0
In view of (87), we obtain
8tt51(t:0,7-,q1,7'2,P1,P2):0. (89)

We can thus integrate the equation (88) and we obtain the expression of E(7) for all 7. This
gives the following expression for 0;55:

8t52(t:OaTathQvPlaq)(TaTQ;PQ)) = 8t82(t:OvT:anlaTQanPQ) (90)

1 .
+ @PlTVuVO(ql, 0)(Py — (cosT) P2 + (sin7)rs).

5.5 The equation of order £’

We now write the equation of order £2¢°. It reads

8,582@ = O) + Q&,-Sg(t = O)

1 1 2 , 1 1 ,
= 202 \cosr o5 -1
2002 (COST 1) (V2Vo(a1,0)" + 53 <COST >(V2V0((J1,0))

T2 T -
+ (COST + (tanT)Pg) Qap253(t e O)

T (’“2 + (tan )P)TV Vo( o)( 2 (tan )P)
— —_— T )
202 \cosT b2 22Vo\d1 CcoST 2
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This is a transport equation on 2.S3(t = 0). We thus introduce
F(r,q1,72, P1, P2) = QS3(t = 0,7, q1,72, P1, (7,72, %)),

which satisfies

2
1 1 )
OpSa(t = 0,7,q1,72, P1, @) + 0, F = 202 <@ - 1> (V2Vo(q1,0))
R (V2Vo(q1,0))?
02 \cosT 2rold
1

+ 207 ((cosT)re + (sin T)PQ)T Va2 Vo(q1,0) ((cosT)ra + (sint)Py).

We integrate the above equation between 0 and 27 and we use the fact that F' is 27 periodic:
1 27 _1 9
o ), 01Sa(t = 0,7,q1,72, P, @) dT = W(Vﬂfo((ho))
1

+ (PY'V22Vo(q1, 0) P2 + 73 Va2 Vo(qr, 0)rs) -

402

We now insert equation (90) in the above equation, and obtain the expression of 9;55(t =
0,7 =0,q1,72, P1, P2). In turn, using again (90), we obtain

—1 1
01 Sa(t = 0,7,q1,72, P1, Py) = W(VQVO(QhO))Q - @PEVIQVO(QMO)PQ
1 .
+ m (PEVQQ‘/OPQ + TgVQQVOTQ + 2 SlnTTgVQQVOPQ) . (91)

6 Appendix: preconditionning the dynamics in the case
of a constant fast frequency

In this Appendix, we carry out the identification process that results from the insertion of
(49) in (48). The final outcome of this procedure are the equations (55) and (56).

We have already worked on the equation of order € in Section 2.3. We now consider the
equation of order ¢, which reads

1
0S1 + Q0,59 = (Vlvo*)T(?PlSl + E(VQVO*)T [COST (7’2 + QaY2S1) + (SiIlT)}/Q] s (92)

with the notation
V1V0* = V1V0(q1 + 8]3180, O)

We now average this equation in 7 € [0, 27| and make use of (52) and the periodicity of Ss.
We obtain

oSt = (ViVy)"0p 51, (93)
1
00,8, = E(VQ%*)T [cos T (re 4+ Q0y, S1) + (sinT)Y5]. (94)
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The equation (93) is a transport equation on S7, in the variables ¢t and P;. With the initial
condition S1(t = 0) = 0, we obtain

Sl(t7q17T2;Pla}/2):O' (95)
We insert S; = 0 in (85) and integrate the equation with respect to 7. We obtain:
1
o2
where S5(7) is a notation for Sa(t,7,q1,72, P1,Y2). In order to compute an approximation
of S5, we now make the approximation

Sa(1) — Sa(T =0) (VQVO*)T ((sinT)re + (1 — cos7)Y2), (96)

oS,
VoV = Valj (lh + —O(ta(h,Pl),O) ~ Vo V",

oP
with
SE 055"
Vol ™ =VaVo (@1 + P, (t7q17P1)70> = VoV (1 +tP1,0).
We thus approximate Sy by S5¥ which solves (compare with (96))
1 .
SSE(T) — S3E(r =0) = ﬁ(VQVOSE)T ((sinT)rg + (1 — cos7)Ya). (97)

We now consider the equation of order 2 that comes from the expansion of (48). It
reads

0; S + Q0,53 = (Vlvo*)Tapng + (VQ‘/O*)T8Y2SQ COST (98)

cosT)ry + (sin7)Y2)" Voo Vg ((cosT)ry + (sinT)Ya).

1
+ ﬁ((

Asin (96), we approximate Sy by S5F, and S3 by S5F, such that S5F and S5 solve (compare
with (98))
9S5E +Q0.95F = (ViVPE)Top, S5F + (Vo V5™) 0y, S5 cosT (99)

+ ((cosT)rg + (sin7)Ya)" Voo VIF ((cos T)ra + (sin7)Y3) .

1
202
With (97) and (99), we now compute an approximation of S$¥. We first average (99) in
7 € [0,27]. Let us introduce

1 27
O(taqlvTIQvPlv}/Q):%/ SQSE(taT;q17T27P1;}/2)dT-
0

In view of (99), C satisfies the equation

0C = (V VSE)Ta C+ (Vv VsE)Ti/ZwCOS 6S2SE( va
o 1% Py Vo) or | T oy, (M7
1
+ 102 (TgV22VOSET2 + YQTVQQVOSEYQ) . (100)
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We infer from (97) that

8S§E 8SSE 1 SE
_ = _—(1—
S0 ) .
1 " 0S5
. dr = — —— SE
o7 ), COST Y, (r)dr 2Q2V2V ,
and (100) thus reads
1
0,.C = (ViVg®)Top,C — 292 (VoVFB) VoV + S os (12 Vaa VgPra + Y5 Voo ViEYa)

(101)
The equation (101) is a transport equation on C, which we integrate with the method of
characteristics. For any p1, let us introduce
®(t,q1,p1) = p1 — tV1Vo(q1,0).
We set
D(t7Q17T25p1;}/2) = C(t7Q1;T25 (I)(t7Q1ap1)a}/2)7
which solves

8tD (VQVO )TVQVO 5 VQ?VO 9 +}/2 V22‘/0 }/2)

2(22 492 (

with VoV® = VaVi(q1 + t®(¢, q1,p1),0). The function D(t) is approximated by
D) =~ D({t=0)+toD(t= O)

= C(qu177a2ap17}/2)

(VaVo)TVaVo + — (13 Vo Vors + Yy Vaa Vo Ya)

2(22 4(22 (

where the derivatives of V| are evaluated at (q1,0). Hence

C(t,qi,m2,P1,Y2) = C(0,q1,7m2, L +1tV1Vp, Y2) — (VaVo) ' Va Vo

2(22

+ ) V22‘/07”2 + }/2 VQQ‘/OYQ)

t
e (2

We now average out (97) in 7 and obtain
1
Clt,qu,m2, P, Ya) = S35(6 7 = 0,q1,72, 1, Ya) = o5 (VaV5H) Y2
Collecting the above two equations yields

SSE(t, T =0,q1,72, P1,Y2) = O(O,(J1,T2,P1+tV1Vo,Y2) VYADRAL

2(22 (

492 (r3 VaaVors + Yy Voo Vo Y5)

- @(V2VO(Q1 +tP1,0)"Ys,
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where the derivatives of Vj are evaluated at (g1,0) unless otherwise mentioned. We insert
this expression in (97) and thus obtain

t
SQSE(t7T7q17T27P17}/2) = C(O,q1,’f'2,P1 +tV1V0,Y2)— W(VQ‘/O)TV2‘/O
t
t I (r3 VaaVora + Yy Vs VpYa)
1
= g (VaVolar + P, 0)7Y2

1

e (VaVol(qr + tPy,0)T ((sinT)rg 4+ (1 — cosT)Y3).

+

We now use the initial condition S$¥(t = 7 = 0) = 0 to compute C(t = 0). We finally obtain

1 t
SSE(t, T, q1,7m2, P1,Y2) = @(Vzvo)TYz - W(V2V0)TV2V0
t
+ @ (T;VQQVOTQ + }/QTVQQVO}/Q)

+ %(VQVQ((A +tP,0)7 ((sinT)ry — (cos7)Ya), (102)

with 7 = tQ /e, where the derivatives of V, are evaluated at (q1,0) unless otherwise men-
tioned. By construction, we have that Sa(t) = SSE(t) + O(t?).
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