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«k¬B©®^¯�° ��±.�F� _Lho_[¨²P*N��J\^hF_Lcfmj_¡�uh��*Z��@l�hFMOqL��N
�0�u`LcftLZG�4qrho��XYMON�b��uh��(�@M�`u�³\^c�Z^l�mF��N�M9h[t[NG����c�_L�u�
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 � §�NntLhYl�`LMON�_B\�NGZs\�`L_LNkc�_B\db^h[t[`ul�\^c�ho_�� �fm0MOhYtLa���c�Z^m�\^c�ho_ N�\���m+Zdc�M�`L�fm�\dc�hF_ M�`u�³\^c³¨
a;l,ILN�����NGZ�t[N;Z9�u`Lcft[NGZ�l�hFMOqL��N
�[NGZG��t�� `L_�qxhFc�_B\�t[N"�B`uNkMOmj\dILaGM�m�\dcfeB`LNF��N�_�b^NGZs\^mj_B\�� `L_�_Lc��FNGmF`
aG��aGMON�_B\^mFc�b^NF�JP*ho`uZ*_Lho`uZ*l�hF_ul�N�_B\db^hF_uZ*qLbdc�_ul�c�qumF��NGMON�_B\RZs`ubR��NGZ*a;l
ho`L��NGMON�_B\^Z�c�_ul�hFMOqLb^NGZ^Zsc��L��NGZ*t[N
ZdhF��`[\^c�ho_uZRt[c���`La�N;Z�tLN�qxhF��XBMOKGbdN;Z*�uN��[c��L��NGZG�©N
\-_LhF`rZRMON�_B\^c�ho_L_LhF_rZRqL��`uZT�Lb^c�KG�FN�MONG_o\-t[NGZTMOh[t[K���NGZ
M�`L��\dc�¨Da;l,ILN�����N;Z-qrho`Lb�t�� mj`[\^bdN;Z��u`Lcft[NGZ(l�hFMOqL��N
�[NGZG��P*ho`uZ�t[a;l
b^c��ohF_uZ���NGZ(t[c�¹xaGbdNG_B\dNGZ-a�\^mFqrN;Z�t[NO��m
MOh[t[aG��cfZdmj\dc�hF_¢�;N�_�l�hFMOqumFb^mF_o\¢��� mjqLqLb^h[l,ILN@M�`u�³\^c³¨ aGl,ILNG����NGZ¢N
\���� mFqLqLb^h[l,ILN@qL`Lb^N�MON�_B\�M�mol
b^hoZ^l
hFquc�eB`LNo�
qu��`uZ£\db,mFtLc³\^c�ho_L_LN�����NF���¢NGZ�hF`L\dc���Z�M�m�\dIua�M�m�\^c�eB`LN;Z£N�\�_Y`LMOa�b^c�eB`LN;Z4_La;l
N;ZdZ^mjc�bdN;Z4ZdhF_B\�c�_B\db^hYtL`Lc³\,Z��zQ*_
NG_uZdN�M��u��N�tLN�l
h[t[N;Z�Snmj\d�fmj�¡qxhF`ub��fmnZsc�M�`u��mj\dc�hF_¡_Y`LMOa�b^cfeo`uN�t�� `L_¡aGl�hF`L��N�MONG_o\9t[N"§�ho`LN
\d\dN�N;Z]\
�¥ho`Lb^_Lc=�7§�N;Z�l
h[t[N;Z�c�����`uZs\db^N�_B\���NGZ�Z]\^b^mj\da��oc�N;Z(_Y`LMOa�b^c�eB`LN;Z�t[a;l
b^c³\^NGZ�tumj_uZ�`L_ l�mot[b^N�qL��`rZ��FaG_La�b,mj�
mF`+l
hF`ub^Z(t[`0\^N
�Y\dNo��QR_LN�ZdNGl�\^c�ho_0NGZs\�t[aGt[c�a�N�mj`[�0mFZdqrN;l�\^Z���N;Z(qL��`uZ(b^aGl
NG_B\^Z�t[N��fm"b^NGl,ILNGb^l,ILNONG_
M�mj\dILaGMOmj\dcfeB`LNGZ-mjquqL��cfeB`La�N;Z-Zs`Lb-��N9\dILKGM9N�t[N;Z��u`Lcft[NGZ-l�hFMOqL��N
�[NGZ�N�_ �FaG_La�b,mj�D�©N
\(N�_ qumFbs\^c�l�`L��c�N�b
Zd`Lb���NGZJMOh[t[K���NGZJM�`L��\dc�¨Da;l,ILN�����N;ZJqrho`Lb*��NGZ��u`uc�t[N;Z*l
hoMOqL��N��[NGZG�
� ° �;� ® ��� 
 �-� �.��`Lcft[N;Z�_uhF_[¨ _LN��J\^hF_Lc�N�_rZ��{�u`uc�t[N;Z�l�hFMOqL��N
�[NGZG�{�u`Lcft[N;Z�qxhF��XYM9aGbdcfeB`LNGZG��MOh[t[a���c�Z^m�\^c�ho_
M�`L��\dc�¨Da;l,ILN�����N;Z��.aGl�hF`L��N�MONG_o\9t[N�§�hF`uN
\s\^NF�zMOh[t[K���NGZ�t[NGZ������! � #"%$&$('(ILhYhFµFaGN�_uZ�N
\��.¶£PR¶*�zM9h[t[KG��N
·T�ft[b^h�X[tY¨ ¸��BaGeB`umj\dc�hF_"t[N��LhoµBµoN�bd¨Dg£��mF_ul,µ©�oa;eo`rm�\dc�hF_"t[c�¹xaGbdNG_B\dc�N�����N�Zs\dh[l,IumoZ]\^c�eB`LN
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����� �G� ° ± �.�j��� ° � �

��� ¬B¯ � ° � �=� � � � ± � ° � ® � ¬B¯ � ° � �=� ��� ���¿±.� �
~L��� ¸JmoZscfl�Z �-�(���(�-�(�(�-�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� �
~L� ~�PRhF_[¨²P*NG�J\dho_Lc�mF_��r`Lc�tuZ �-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� �

~L� ~L��� WYhFMON-N
�[qxN�b^c�MON�_B\,mj�¦hF�rZsNGbd��m�\^c�ho_uZ �(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� �
~L� ~L� ~ Skh[t[N�����c�_L�Ohj�z_Lho_[¨ PRN��J\^hF_Lcfmj_��u`LcftLZ¤�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� �;�

~L�  W[hFMON(M�mFl
b^hoZ^l
hoqLcfl*MOh[t[N��fZ��¥hFb��YcfZdl�hBNG��moZ]\^c�lT�u`uc�tLZ��-�(���(�-�(�(�-�(�-�(�-�(�(���(� �{~
~L�  ��� SkhFb^NTho_kt[c³¹©N�b^N�_B\^c�mF�¦M9h[t[NG��Z �-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� �{~
~L�  � ~ SkhFb^NTho_"c�_B\dNG�Fb,mj�©MOh[t[N��fZ ���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� �"!

# � ���¥���¿�;�F� � ¬  ° ± ¬ � �$� �&% °('�)£° �   ¬ �*�=� � �&�=±�� �,+
 ��� WY\^m�\^c�Zs\dcfl�mF�¢MONGl,IumF_Lcfl�Z�hj�.\dILN-�¥b^N�N(l,IumFc�_ �-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� ~F�
 ���o��� -�N�_LNGb^mF��c�\dc�NGZ0�-�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� ~F�
 ���o� ~ HJILN(´*hYhFµoNGmj_�MOh[t[N�� �(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� ~o~

 � ~�HJIuN(M�`L��\dcfZdlGmj��N-M9h[t[NG�¢�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� ~ 
�/.10 ¬ �G� ° � 0 �L�G�2�¿�"� )�) � ° �L� 0 �43
5 ���76²_uc³\^c�mj\dc�hF_�\dh�WB\^hYl,IrmFZs\dcfl98Tc�¹xNGbdNG_o\^c�mF�¢¶£eB`umj\dc�hF_uZ �(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� ~;:
5 ���o��� HJILN(SkhF_B\dN�§�mFbd��h9M9N�\dILh[t��(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� ~;:
5 ���o� ~ ¸�b^h���_Lcfmj_�M9hF\dc�hF_"mj_ut�Zdc�MOqL��N�Z]\^h[l,IumFZs\dcfl-t[c³¹©N�b^N�_B\^c�mF�¦NGeB`um�\^c�ho_uZ �(�(���(� ~F�
5 ���o�  WB\dh[l,IumoZ]\^c�l�c�_o\^N��ob^mj\dc�hF_ �(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(�  �
5 ���o� 5 6 \=<�l�mF��l�`L��`rZ�mj_ut"�LhoµYµFN�bJg4�fmj_rl,µ�NGeB`umj\dc�hF_ �-�(���(�-�(�(�-�(�-�(�-�(�(���(�  ~
5 ���o� ! 8RcfZdl�bdN�\dc?>Gmj\dc�hF_�hj�zW@8R¶£Zn�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(�  !

5 � ~�¸Jmol,µ�\dh9\dIuN(M9h[t[NG����c�_L� �-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(�  �
5 � ~L��� HJILN-M9cfl
b^hoZ^l
hoqLcflRN;eo`rm�\dc�hF_�hj�zMOhj\^c�ho_ �-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(�  �
5 � ~L� ~ HJILN(Z]\^bdN;ZdZ�\^N�_uZdhFb �(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 5 �
5 � ~L�  HJILN��¥hFb,l
N��(�-�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 5 �

5 �  HJIuN(M�`L��\dcfZdlGmj��N-M9h[t[NG�¢�(�-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 5A5
5 � 5 WLl,ILN�M�m�\^c�l�h��oN�b^�Bc�N���hj��\^ILN�Zdc�M�`L��mj\dc�hF_Ö�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 5 �
5 � 5 ��� P*`LMON�b^cfl�mj�¦MON�\dILh[tLZT�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 5 �
5 � 5 � ~ Snmjc�_�tLcCB�l
`u�³\^c�N;Z �(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 5 �

5 � !�QRquZdc�t[N;Z*mj_rt�t[h���_rZscft[NGZJhF��M�`L�³\^c�Z^l�mF��N-MOh[t[N�����c�_L�O�¥hob*l
hoM9qu��N����u`LcftLZ �(�-�(�(���(� 5 :
5 � !L��� Skc�l�bdhF¨DM�mol
b^hED�'�M�mFl�bdhF¨DM�mFl�bdh�M9h[t[NG����c�_L� �-�(���(�-�(�(�-�(�-�(�-�(�(���(� 5 :
5 � !L� ~ �LhFµYµoN�bd¨Dg4�fmj_rl,µFD�'JW@8R¶��¥hobdM�`L��mj\dc�hF_ �(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(� 5 �

G�� �� ¬ �*�¿�F� �£���  � �=�[�2� ° � °H' � � ¬ �G���F�L� ¬ GI�
!L��� W[N
\s\^c�_u��hj�.\dILN(qLb^hF�u��NGM �-�(�-�(�(���(�-�(�-�(�(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(�J!@�
!L� ~K8TcfZdl�bdN�\dc?>Gm�\^c�ho_�hF��\^ILN-M�mFl
b^hoZ^l
hoqLcflRN;eo`rm�\dc�hF_ �(�-�(�-�(���(�-�(�(�-�(�-�(�-�(�(���(�J! 
!L�  Snc�l�bdhBZdl�hFqLcflRqubdho�L��NGMML�\^ILN�t[N�\dN�b^MOc�_uc�Zs\dcfl(mjqLqubdhBmFl,I �(���(�-�(�(�-�(�-�(�-�(�(���(�J!A!
!L� 5 Snc�l�bdhBZdl�hFqLcflRqubdho�L��NGMML�\^ILN�Zs\dh[l,IumFZs\dcfl-mjqLqubdhBmFl,I �(�-�(���(�-�(�(�-�(�-�(�-�(�(���(�J!;�
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T
\dILN�Zs\db^NGZ^Z�\dNG_uZdhFb;�
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∂ρ

∂t
+
t[c��

(ρu) = 0.
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T = ρf
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T = −p Id + τ ,
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p
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τ = τ (u, ρ, ...).
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u) Id + 2η d
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d =
1

2
(∇u + ∇uT ).
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�=~L� �'�²¨ �D~[�Ù�#��mF����h��*ZO\^ILN�_Ö\^h t[N;Zdl�bdc��xNk\dILN
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p
�
ρ
mj_rt
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u = 0.
�D~[� : �

HJIuN�_¢�¦N;eo`rm�\dc�hF_rZ �D~[�?� � ¨
�=~L� ~'� ¨
�=~[�  �²¨ �D~[� !#� ¨
�=~L� � � ¨
�=~[�Ù���²¨ �D~[� : �RqLbdh��Ycft[N�\^ILN�l
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ρ = ρ0.

W[`ul,Ikm9�u`Lcft"c�Z�hF�à\dNG_"lGmj����N;t � $�� $�� "  " $�� 'o��HJILN(N;eB`um�\^c�ho_�hF�zl�hF_uZdN�b^��m�\^c�ho_�hF�.MOhFMONG_o\^`LM \^ILN�_
b^N���b^c�\dNGZ

ρ

(
∂u

∂t
+ (u · ∇) u

)
− η∆u + ∇p = ρf .
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u = 0.
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∇u + ∇uT
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�¥hobdM�mj\dc�hF_���L�\^ILcfZ�c�Z "�$ ��'
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��IYXOmj_utOIuh�� �r`Lc�tuZ4�uh�� �
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Zdqumol
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\dcfl�mj�
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y=L

velocity profile
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(u(t, y), 0, 0)
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u
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u(t,x) = (γ̇(t)y, 0, 0),

��IuN�b^N
x = (x, y, z)

mj_rt
γ̇
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η
L

η(t) =
τ x,y(t)

γ̇(t)
,
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mF_ut�\dILN
	 �#' ! �� � '%" 	&$# ����	 � " � "  	#" '%$ 1� $#� � � $�'
!"� "�'#' L

N1(t) = τ x,x(t) − τ y,y(t),
N2(t) = τ y,y(t) − τ z,z(t),

�D~[�?�;~ �

¾¥È.¼¢¾àä



� � ��� ����� ��� � � � � �
�����$� ��� ����� ��� ���
	 � � � � �

�.c��F`Lb^N�~,LJW[l,ILNGMOmj\dcfl(b^N�qLb^NGZdN�_B\^mj\dc�hF_�hj�z\]��h�`L_LN
�[qxNGl
\dNGt¢�xl�hF`L_B\dNGbdc�_B\d`Lc�\dc��FN(�xN�Irm{�Bc�hFb,Z��¥hFb�ZshoMON
qxhF��XYMON�b^c�lT�u`LcftLZ2Lz\dILN �&$�� � 	�$ 	&�! 	  � " � " 	 !��¥��N
�à\
��mj_rt�\^ILN $�/ "  ' +�/ � $# " � " 	 ! �¥b^c��oIB\ ���

M�m{X9�rN�MONGmoZs`Lb^NGtON��[qrNGbdc�MON�_B\^mF����XF�@�Lhob�PRN��J\dho_Lcfmj_��u`uc�tLZG�B\dILN-ZdILNGmFb£�Yc�Z^l
hBZsc�\]X9c�Z�l
ho_uZ]\,mj_B\G�Ymj_rt
�xhj\^I

N1
mF_ut

N2
��mj_uc�ZdI¢�@HJILcfZJc�Z�_Lhj\J\^ILN�lGmFZdNRc�_��oN�_LNGb^mF�u�¥hob��YcfZdl�hYN��fmFZs\dcflJ�u`LcftLZG��6²_�qumFbs\^c�l�`L��mFbG�

�¥hob4M�mj_YX�_uhF_[¨²P*NG�J\dhF_uc�mF_��u`uc�tLZG�
η
cfZ4m(t[N;l
b^NGmFZdc�_L���¥`L_ul�\^c�ho_�hj�

γ̇
�à\^ILcfZ4qLb^hFqxN�bd\]X�cfZ4l�mF����NGt�'�� " �����

! � 	 � 	  � �
���ohBN;Z�\dhnmkl�hF_uZs\^mF_o\
η∞

��ILNG_
γ̇
�FhYNGZ(\dhkc�_[�u_Lc�\]XF�zmj_ut �ohBN;Z�\dhnZdhFMON���mj��`LN

η0
�¥\dILN

� " � $ � '�� "&�#� � ��! " D 	 ' 	 $ '
	 !,+ �J��ILN�_
γ̇
�FhYN;Z�\dh >�NGbdhr�

6²_ qLb^mol�\^c�l�NF�¦Zs`rl,Ik�uh��*Z�mjb^N�Zs\d`ut[c�NGt7c�_ bdIuN�hFMON�\dN�b,ZG�u\^ILN��r`Lc�t7�rNGc�_u��l�hF_[�u_uNGtk�xN
\]��N�NG_n\]��h
l�XY��c�_ut[NGb^ZG� HJIuNnhF`[\^N�b�l�XY��c�_ut[NGb�c�Z��L�[NGt¦�J\^ILNnc�_L_LNGb�hF_uNkc�Z�bdhF\^m�\^c�_u� �¿ZdN�N7�.c��F`Lb^N � ��� ·T_ÖmF_
c�_[�u_uc³\^NGZdc�M�mj��qrhobs\^c�ho_¢�L\^ILN(�uh�� l�mF_k�rN�mjqLqLb^h{�[c�M�mj\dNGt��YX�m�Zdc�M9qu��N�ZdILN;mjb��uh��(� � N���c�����b^N
\^`Lb^_
\^h9\dILcfZ�c�_kW[NGl�\^c�ho_M!L�

HJILN�Zsc�MOqL��N�ZdILN;mjb(�uh�� M�m{X mj�fZdhk�rN�`uZdN
�¥`u�4\dh Z]\^`ut[Xn\^ILN�t[XY_umFMOc�lGZ(hj��\dILN��u`Lcft0`uZsc�_L�nmF_
hBZdl�c����fm�\dc�_L� N
�Ll
c�\^mj\dc�hF_ L

γ̇(t) = γ0 cos(ωt)
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�xN
\d\dNGbRmj�obdNGN�MON�_B\J�rN�\]��NGN�_"Zsc�M�`L�fm�\^c�ho_�mF_ut�N
�[qxN�b^c�NG_ul
No��6²_��¥`L���¢�oN�_LNGb^mF��c�\]XF�[Zd`ul,I�MOh[t[NG��Z�b^NGmotIL

λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ T (τ p, γ̇) = ηpγ̇,

�D~[�Ç~ 5 �
��IuN�b^N

T (τ p, γ̇)
\]XYqLcfl�mF����X�t[NGqrNG_utLZR_LhF_L��c�_LNGmFbd��X�hF_

τ p
��HJIuN(M9hBZ]\Rl�hFMOMOhF_L��X�`rZsN;t"M9h[t[NG��ZRmjb^N

\^ILN-�¥hF����h���c�_L��\dIubdNGNF�4HJILN � 	 " '%" ��� ' � $ ��"%$ �¿ZdN�N�´��(-�c�N;ZsNGµB`rZ � !@� � ��c�_Y�Fho���oNGZ�m�eo`rmFt[b,m�\^c�lR\dNGbdMML

λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ τ p + α

λ

ηp
τ pτ p = ηpγ̇.
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��IuN�b^N
α
c�Z�m9�L�[N;t�Z^l�mF��mFbG�

HJILN � � �# � � � 	 "  ����� " � � $�� "�$ �¿g£H�H ��c�Z�t[N�b^c��oNGt��¥b^hFM m*�fm�\d\dcfl
N4MOh[t[N�� �¿ZdN�N�P��;g4IumF_[¨ HJIuc�NG_
mF_ut�p(� 6��rH�mF_L_LN�b � �G� ! � �
� 6 \*��b^c³\^NGZ2L

λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ Z(tr(τ p))τ p +

ξ

2
λ (γ̇τ p + τ pγ̇) = ηpγ̇,

�D~[�Ç~ ���

��c�\dI�\]��h�l,ILhFcfl
N;Z£�¥hobJ\dILN-�¥`u_ul�\^c�ho_
Z
L

Z(tr(τ p)) =

∣∣∣∣∣∣∣∣

1 + φλ
tr(τ p)

ηp

exp

(
φλ

tr(τ p)

ηp

) ,
�D~[�Ç~o�'�

��IuN�b^N
ξ
mj_rt

φ
mjb^NT�u�YN;t�Z^l�mF��mFb^ZG�

HJILN �&% � % � � � $ ��"%$²�z��ILcfl,I¡��N���c�����b^N
\^`Lbd_0\^hnc�_ WYNGl
\dc�hF_ 5 �Ç~Y�@cfZ�t[NGbdc��FN;t �¥bdhoM mkµYc�_LN
\^c�l
MOh[t[NG���¿ZdN�N�|��;gzN
\dNGbd��c�_ � �;� 5 � mj_ut(p�� ¸��{¸�c�b,t¦�{g.� �r��8Thj\,Zsho_�mj_ut(P�� �£���ohFIL_rZsho_ � � �� mF_ut�WYN;l�\dc�hF_ 5 ���
6 \*b^NGmotLZ2L





λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ Z(tr(τ p))τ p

−λ
(
τ p +

ηp

λ

6]t )(( ∂

∂t
+ u · ∇

)
ln (Z(tr(τ p)))

)
= ηpγ̇,

�D~[�Ç~ :��

��c�\dI
Z(tr(τ p)) = 1 +

d

b

(
1 + λ

tr(τ p)

d ηp

)
,

�D~[�Ç~j���

��IuN�b^N
d
c�Z�\^ILN�tLc�MON�_rZsc�hF_�hj�¦\dIuN-mFM��Lc�N�_B\JZsqumol
N�mj_ut

b
c�ZJm�Z^l�mF��mFb4\^Ium�\�cfZ4\^ILhF`L�oIB\�hF��mFZ�bdNG��mj\dN;t

\^h�\^ILN9MOmj�[c�M�mj�zN��B\^N�_uZdc��Lc���c�\]Xkhj�4\^ILNOqrho��XYMON�b-l,Iumjc�_uZ�N�M��rN;tLt[N;tnc�_7\^ILN��r`Lc�tuZ �¿ZdN�N�\dILNO�.¶£P*¶
�¥hob^l�N-�rNG��h��(�[¶£eB`umj\dc�hF_ � 5 �  �'� �
�

|R����\dIuNGZdN�_Lho_L��c�_LN;mjb9MOhYtLN��fZ�XYc�N��ft¡M�`rl,I �xN
\s\^N�bOb^NGZd`L�³\,Z�\^Iumj_¡\dILN7·T�ft[bdh�X[t+¸ MOh[t[N��D�£mj_rt
Z^m�\^c�Zs�¿mFl
\dhobdc���X mj�Fb^N�Nk��c�\dI�N
�[qrNGbdc�MON�_B\^Z�hF_ÖZdc�MOqL��Nn�uh��*ZG�ªHJILN�X�l�mF_Ö�rNn�¥`Lbs\^ILN�b��FNG_LN�b,mj��c�>GNGt¦�
l�hF_uZdcft[N�b^c�_u��ZsNG�FN�b,mj��bdNG��mj�Lm�\dc�hF_�\^c�MONGZ

λi
mF_utnZdN��FNGb^mF���YcfZdl�hoZdc³\^c�N;Z

ηp,i
�©�L`L\���N���c����z_LhF\TqLb^h[l
N�N;t

�¥`ubs\^ILN�b�c�_�\dILcfZ*t[c�bdN;l�\^c�ho_�c�_�\dILcfZ�c�_o\^bdh[t[`rl�\dhobdX�Zd`Lb^�FNGXF�

�('?# ' � �v° � ¬n° � � � � ¬ % ��� �  ° ± ¬ �¿�
��N
\�`uZRb^N
\^`Lb^_"\dh�\^ILN�ho_LN
¨²t[c�MON�_uZdc�ho_umj��Snm��[��N�����MOh[t[N�� �=~L� ~@� ��� 6 \^Z�Zsho��`[\^c�ho_kM�m{X��xN�N��[qL��cfl
c�\d��X
��b^c�\s\dNG_"c�_�\dNGbdM�Z�hF��\dIuN(c�_B\dNG�Fb,mj� L

τ(t) = τ(t0) exp

(
− t− t0

λ

)
+

∫ t

t0

η

λ
exp

(
− t− s

λ

)
γ̇(s) ds.

�=~L�  � �

��N
\d\dc�_L�
t0
�Fh9\dh −∞ �rmj_ut�mFZ^Zs`uM9c�_L�

τ
�rho`L_ut[N;t���IuN�_

γ̇
c�ZJ�xhF`L_rt[NGt¦�u��N(ho�[\^mFc�_ L

τ(t) =

∫ t

−∞

η

λ
exp

(
− t− s

λ

)
γ̇(s) ds.

�=~L�  ���
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d

dt
γ(t0, t) = γ̇(t)

γ(t0, t0) = 0

,
�D~[�  ~ �

mF_ut�c�_B\dNG�Fb,m�\^c�_L�9�YX�qumFbs\,Z��Y��N(hF�[\,mjc�_�m��¥hobdM N;eB`Lc���mF��NG_o\�\^h �=~[�  ���9L

τ(t) =

∫ t

−∞

η

λ2
exp

(
− t− s

λ

)
γ(t, s) ds.

�=~L� A �

HJIuc�Z��¥hFb^M N
�[qL��c�l�c³\^��X(ZdILh��*Z¦\^Ium�\;�jmFZ.mj_L_Lho`L_ul�NGt(N;mjb^��c�N�b;��\^ILNJl
hF_rZ]\^b^mFc�_B\�mj\�\dc�MON
t
tLN�qxN�_utLZ.ho_(\dILN

Iuc�Zs\dhobdX�hF��\^ILN�t[N
�¥hobdM�mj\dc�hF_¢�@HJILN��¥`L_ul
\dc�hF_ η
λ2 exp

(
− t−s

λ

) c�Z�hF�à\dNG_"lGmj����N;t�m��!"�� $�� +01#�  	 ! 	�$�.�
HJILN-ho_LN
¨²t[c�M9NG_uZdc�ho_umj�©l
hoM9qu`[\^mj\dc�hF_�qxN�bd�¥hFb^MONGt�mF�rh��oNTlGmj_��xN-�FNG_LN�b,mj��c�>GNGtO\^h�Iuc��oILN�b�t[c�MON�_[¨

Zdc�hF_uZ�mF_ut�XYc�N��ftLZ2L

τ p(t,x) = −
∫ t

−∞
M(t− s)f

(
C−1

t (s,x)
)
(
6]t − C−1

t (s,x)) ds.
�=~L�  5 �

��IuN�b^N
M

cfZ�m"MON�MOhFb^Xn�¥`u_ul�\^c�ho_¢�
f
cfZ�m"�Fc��FNG_ b^NGmF�4��mj��`LNGt �¥`L_rl�\dc�hF_��zmF_ut

C−1
t (s,x)

t[NG_Lhj\^NGZ
\^ILN Zdhj¨²l�mF����NGt � 	  � " � ! "  ' $#� �=m�\�\^c�MON

t
��� HJILN7��mj\s\dNGb�cfZ�\^ILN7c�_Y�FNGb^ZdN"\dNG_uZshob�hj�(\^ILN � � � 	 ��+

� " 1 $#� � �#!"	�$#�! "  ' $�� L
Ct(s,x) = F t(s,x)T F t(s,x)

�D~[�  !'�
��IuN�b^N

F t(s,x) = ∇(χt(s))(x)
�=~L�  � �

cfZ�\dILN�t[N
�¥hobdM�m�\^c�ho_-\dNG_uZshob�mF_ut
χt(s)

cfZ¢\^ILN��uh��+l,Iumjbd\ �¥M�mFqLqLc�_L�RqxhoZdc³\^c�ho_uZ�mj\�\^c�MON
t
\dh*qxhoZdc³\^c�ho_uZ

mj\J\dc�M9N
s
�
�

6 \�c�Z£NGmFZdc���X9ZsNGN�_O\dIrm�\4\^ILN*`LqLqxN�bd¨²l
hF_Y�oNGl�\^NGtOt[NGbdc���m�\dc��FN�hF�©\dILN���c�_L�oN�b@\^N�_uZdhFb4��mF_Lc�ZdILN;Z�� � ILN�_
M(t− s) =

ηp

λ2
exp

(
− t− s

λ

) mj_ut
f = 1

�G\^ILcfZ�ZdILh��*Z©\dIrm�\
τ p
t[N��u_LNGt��BX �=~L�  5 �¦Z^m�\^c�Zs�uNGZ �=~L� ~o~#���

HJIuN qumFb^mFMON
\dNGb
λ
MOh[t[NG��Z�\dIuN \^c�MON0_LNGNGt[N;t��YX�\dIuN0ZdX[Z]\^N�M�\^h��]�¥hFb^�FN�\��n\dIuN Iuc�Zs\dhobdX�hj��\dILN

tLN
�¥hFb^M�m�\^c�ho_¢�
	�¬ ¡�[��� �('�� 
 '�	  ! � "�	&��'%"�$�1 �#	 � " � " �!"	�� $ � $ ��"%$(' � ! � " � " "�� 	 '
! � �� + � "  " � � $ 	 � ��! 	�$� ' �� � D �#�
	 �
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	 '
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λi
�� � D�	 ' 	 $�' 	 ! 	 "�'

ηp,i
	 �#  #" "�� / $ $ +�"#� � �"#" � � � � � 	 � ���
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HJIuN�b^N�N��[c�Zs\^Z4mF_�c�_ul�bdN;t[c��u��X���mFbd�oN���mjb^c�N
\]X�hF�x_Lho_[¨²P*N��J\^hF_Lcfmj_��u`LcftLZG� � N�Ium{�oNJ�Lbdc�N
�rX�h��FNGbd�Yc�N���NGt
c�_¡\^ILN"qLb^N��Yc�ho`uZ9ZsN;l�\dc�hF_ \dILN�MOh[t[N�����c�_L� hj�R�YcfZdl�hYN��fmFZs\dcfl��u`LcftLZG� HJILcfZ9c�Z9hF_uN�lGm�\dNG�FhobdX hj�R_uhF_[¨
PRN��J\^hF_Lcfmj_"�u`uc�tLZG��·T_LN�c�MOqxhFbd\^mj_B\Tl���moZdZRhj�@_Lho_[¨ PRN��J\^hF_Lcfmj_"�u`uc�tLZRc�ZR\dIuN��¿mjMOc���X�hj�  � 	 ��' � 	 ! �
� 	 	 � $ '
! � � 	 !�� � "�',���LhobTZd`ul,Ik�u`LcftLZG�x\dILN9_LhF_L¨ PRN��J\dho_Lcfmj_nl,IumFb^mol�\dNGb*h���NGZ�\^h�\^ILN�qLb^NGZdN�_rl
N�hF�4MOc³¨
l�bdhBZ]\^bd`rl�\d`ubdN;Z��Ghj�à\dNG_�MOhFb^N£mj\.m�MONGZdhoZ^l
hoqLcfl4ZdlGmj��N@\dIrmj_�mj\.m�\^bd`u��X-MOc�l�bdhBZdl�hFqLcflzhF_uNF�.W[_Lh��(�{�L��hYh[t¦�
��cfeo`uc�tkl�hF_ul�bdN�\dNF�uN
\^lF�xmFbdN(N��LmjMOqL��NGZ�hF���u`uc�tLZT��c�\dIkMOc�l�bdhBZ]\^bd`rl�\d`ubdN;Z���g.ho��XYMON�b^cfl��u`LcftLZ��¥hobdM \dILN
lGm�\^N��FhobdX���N���c������¥h[l�`uZRho_nc�_k\dILN9ZsN;eB`LN��D�T|R_umj��hF�ohF`uZ*Z^l
c�N�_B\^c³�rl�N�_ut[N;m{�Fhob^Z*lGmj_k�xN��¥ho����h���NGt��¥hFb
hF\dILNGb��r`Lc�tuZ���c�\dI�MOc�l�bdhBZ]\^bd`ul
\d`Lb^NGZG��HJILN��xhj\s\^hFMª��c�_uN£�¥hob�\^ILN�MOh[t[NG����c�_u�Rb^N�M�mjc�_uZ2L¢��bdc�\dN�mj_�NGeB`um�¨
\^c�ho_9mj\z\dILNJMOc�l�bdhBZdl�hFqLcfl4��N��oN��Y\^Ium�\4t[N;Zdl�bdc��rN;Z�\dILN�NG�FhF��`[\^c�ho_�hj�r\dILNJMOcfl
b^hoZs\db^`ul�\^`LbdN;Z��;\^ILN�_�t[N;t[`ul
N
\^ILN�_Lho_[¨ PRN��J\^hF_Lcfmj_�l
ho_B\db^c��L`L\dc�hF_

τ p
\dh-\^ILN*Zs\db^NGZ^Z��zHJIY`uZ4m-�xN
\s\^N�b£eB`umF_B\dc�\^m�\^c��oN�`L_ut[NGb^Zs\^mF_ut[c�_L�u�

W[NGl�\^c�ho_k����c������Fc��FN(ZshoMON�c�_uZdc��oIB\Jho_�hF\dILNGbJ\]XYqrN;Z�hj���u`LcftLZ���c�\dI"MOc�l�bdhBZ]\^bd`ul
\d`Lb^NGZG�
HJILN�qLb^NGZdN�_B\9ZdNGl
\dc�hF_¡cfZ�hF_L��X+mn�Lb^c�N��*c�_B\^bdh[t[`ul
\dc�hF_+\^h7\^ILN"Zs`L�Li]NGl�\;� H�h7b^NGmot+MOhFb^N�hF_ \dILN

M�`L��\dcfZdlGmj��N�MOh[t[N�����c�_L��hj�£l
hoMOqL��N����r`Lc�tuZ��¦��N�b^N
�¥N�bT\dh�\dILN9MOhF_Lho�Fb,mjqLIrZ LJp(�©¸�c�b,t¦��§�I¢�-§�`Lbd\dcfZ^Z��
§T�Y|*b^M�Z]\^bdho_L��mF_ut�·��B´TmFZ^ZdmF�FNGb � �A�j�(�;~ � �[´�§T�L·R\s\dc�_L�oN�b � �;�@� � �Yp��[·T��N�_uZ�mj_ut�H-�og4Iuc�����c�quZ � �G� �� �
·R\^ILN�bJb^N���N���mj_B\JbdN��¥N�b^N�_ul�NGZ£�¥bdhoM \dILN-qLIYX[Zdc�lGZ�qxN�b,ZdqrN;l�\dc��FN-mjb^N-���,8TN��Yb^N�`[� �  5 � �@S+�@8ThFc �  ! � �LS+�
8ThFc¢mF_utkW©� ���u¶£t[�Jmjb,tLZ �  � � �LS+� gz�x|*����NG_"mF_utF8�� �u�rHJc��ft[NGZd��N�X � � � �48��u�Lb^N�_LµoN��¢mF_ut�¸��rW[M9c�\ � 5 � � �

¸�N
�¥hobdN7��N �FN
\�\dh \dILN ILNGmFbs\�hj�(\dIuN7M�m�\d\dN�b;�*��N
\�`uZ��ubdc�N
�uX�c�_B\db^hYtL`ul
N7\dILN bdN;mFt[NGb�\dh \dILN
ZdqxNGl
c��rl�c³\^c�N;ZJhj�zqrho��XYMON�b^c�lT�u`uc�tLZG�

| / $ $ +��!" �(cfZ��Y�YX�t[N
�r_Lc³\^c�ho_¢�[m(MOhF��NGl�`L��mFb�ZdX[Z]\^N�M �¥hFb^MONGt��YX9\dILNTbdNGqrN�\dc�\dc�hF_�hj��m(�fmjb^�FN*_Y`LM9¨
�xN�b�hj�¦MOhF��NGl�`L�fmjb�Zd`L�uZdX[Z]\^N�M�ZG�F\^ILN � $� $��!" �#'F�[mF���x�rho`L_utO\^hF�oN
\dIuN�b£�YXOc�_o\^b^mFMOhF��NGl
`u��mFb@�¥hFb,l
N;Z���6 �
\^ILN�Zd`L�uZdXYZs\dNGM�Z*mjb^N-_Lhj\RmF���¢hF�z\dILN�Z^mjMON�l,ILNGM9cfl�mF�©\]XYqrNo�uhF_uN�ZsqxNGmFµYZJhF� 	 $ / $ $ +�� " �#'��Jg.ho��XYMON�b^cfl
M�mj\dN�b^cfmj�fZ�mjb^N�`u�Lc�eB`Lc�\dho`uZ2Ln\dIuN�X M�m{X �rNnhF��_rm�\d`ub^mF��hFb^c��oc�_¢�JZd`ul,IÖmFZ�_umj\d`Lb,mj�Rbd`L�u�rNGbG����hYh[t¦�
��NGmj\dILNGbG�xhFb-mjbd\dc��rl�c�mF����X�ZdXY_B\dILN;Zsc?>�N;t¦�xZd`ul,I7moZR�Y`L�fl�mF_Lc?>�NGtnbd`L�u�rNGbThobRqL�fmFZs\dcflj�-HJILN�XklGmj_n�xN9l���moZ]¨
Zdc��uNGt"mFlGl
hob^t[c�_L��\dhO\^ILN�c�b*qxhF��XBMONGbdc?>Gmj\dc�hF_"t[N��obdNGNF�Y\dIrm�\RcfZJ\dIuN(_B`uM��xN�b

N
hj�zMOhF_LhoMON�b,ZJqLbdN;ZsNG_B\

c�_n\^ILN�l,Iumjc�_ L
N = 1

\dh 5 �¥hobT�BmFZdNGZG�
N = 5

�¥hFb�hFc���ZG�
N = 25

�¥hobT�Lb^c�\s\d��NOM�m�\dNGbdcfmj�fZ�Zs`ul,I mFZ�m
lGmj_utL��No�

N > 2000
�¥hFb�t[`ul�\^c���N*M�m�\^N�b^c�mF��Z@Zd`ul,I�moZ@qL�fmFZs\dcfl��u��M�ZG�@|RZ

N
�obdh��*ZG�{\dIuN��¥`uZdc�ho_O\dN�MOqxN�bd¨

mj\d`Lb^NO�Fb^h��*Z-mj_ut \dIuN�qrho��XYMON�b^c�l9qLb^hFqxN�bd\dc�NGZ-�xNGl�hFMON�qLb^hFMOc�_LN�_B\2L-\^ILN�X mjb^N�mj��bdN;mFt[X7Zdc��F_Lc��rl�mF_B\
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�[NGt��YX

t
mj_ut

x
���utLN
�u_LN;t�h��FN�b�\^ILN�ZsqrmFl
N
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(θ1+dθ1, ϕ1+dϕ1)

�xN
\]��N�NG_
\^ILN-�ub,Z]\J\]��hO�rN;mFtLZJ�fmj�xN���NGt �(mj_ut"~[�uN
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\�M�mjc�_L��X

l�hF_ul�N�_B\db,m�\^NTho_�c�\*c�_�\^ILN�ZdNGeB`LN��D�
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N −→ +∞ c�_nhFb,t[NGbJ\dh�ho�[\^mFc�_LN;tkmObdN;t[`ul�NGt"MOh[t[N����¥hFb�\^ILN�\]��h�N
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≈
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3
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)3/2
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A(r) = A0 − kT ln P (r)
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ρ

(
∂u

∂t
+ (u · ∇) u

)
− η∆u + ∇p− t[c��

τ p = ρf ,

t[c��
u = 0,

τ p(t,x) = np

∫
(r ⊗ F (r))ψ(t,x, r) dr − npkT

6]t
,

∂ψ(t,x, r)

∂t
+ u(t,x) · ∇xψ(t,x, r)

= − t[c�� r

((
∇x u(t,x) r − 2

ζ
F (r)

)
ψ(t,x, r)

)
+

2kT

ζ
∆rψ(t,x, r).
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Re

(
∂u

∂t
+ (u · ∇) u

)
− (1 − ε)∆u + ∇p− tLc��

τ p = f ,

t[c��
u = 0,

τ p(t,x) =
ε

We

(∫
(r ⊗ F (r))ψ(t,x, r) dr − 6]t

)
,

∂ψ(t,x, r)

∂t
+ u(t,x) · ∇xψ(t,x, r)

= − t[c�� r

((
∇x u(t,x) r − 1

2We
F (r)

)
ψ(t,x, r)

)
+

1

2We
∆rψ(t,x, r).
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Du

Dt
= F(τ p,u),

Dτ p

Dt
= G(τ p,u).
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Du

Dt
= F(τ p,u),

τ p =
m{�oN�b,mj�FNRh��FN�b

Σ,

DΣ

Dt
= Gµ(Σ,u).
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(Ω,A,P)
�o��ILNGbdN

Ω
c�Zz\^ILNRZdqumFl�NF� A cfZ4m

σ
¨²mj���FN��ub^mu�jmj_ut

P
cfZ(\^ILN�qLb^hF�umF�Lc���c�\]XnMONGmoZs`Lb^NO\dIrm�\�NGeB`Lc�quZ�\dILN�Zdqumol
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�
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Var(X) = E
(
(X − E(X))2

)
= E(X2) − (E(X))2 <∞.
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c�qL��N-hj�¢\^ILN�SkhF_B\^N(§�mFbd��h�MON�\dILh[t�c�Z�\^hOmFqLqLb^h{�[c�M�m�\^N*\^ILN(N
�[qxNGl�\,m�\^c�ho_���mj��`LN
E(X)

�YX
\^ILN�"%�0/ 	 �
	 	&� $ �!" ��

IK =
1

K

K∑

k=1

Xk

��IuN�b^N
(Xk)k≥0

mjb^N�c�_utLN�qxN�_ut[NG_B\�cft[N�_B\dcfl�mF����X tLc�Zs\db^c��u`[\dN;t �¥cD� cD� t¢� � b,mj_ut[hoMV��mjb^cfmj�L��NGZ-��c�\dI¡�fm{�
\^ILN(�fm{��hj�

X
�

HJILN��¥hF`L_rtLm�\^c�ho_�hF�@\dILN�SkhF_B\dNO§�mjb^��h�MON
\^ILh[t"c�ZR�umFZdNGt"ho_"\]��h�M�mj\dILNGMOmj\dcfl�mF��b^NGZd`L�³\,Z���HJILN
$ � � $�1 $ ���-� "� ���! " �#'�Zs\^mj\dNGZ�\^Ium�\��¿c³�

E|X | <∞ �

mj��M9hBZ]\�Zd`LbdNG��X
, lim
K→∞

IK = E(X).

HJIuN�	#"  ! � ��$ $ 	&�%	 ! ! � " $�� "%�v�oc��oNGZ�\dILN(b,m�\^N-hj�@l
hF_Y�oN�b^�FN�_rl
N%�¿c³�
E((X)2) <∞ � L ∀a > 0

�

lim
K→∞

P

(
|IK − E(X)| ≤ a

√
Var(X)

K

)
=

1√
2π

∫ a

−a

exp(−x2/2) dx.

HJIuc�Z(N;Z]\^c�M�mj\dN�N�_rmj�L��NGZ�\^hk�L`Lc���t � / $�' ! " �
	�$��
	@N�b^b^hFb-NGZs\dc�M�m�\dN;Z �¿Zdhj¨²l�mF����NGt l
ho_[�rt[NG_ul
N�c�_B\dNGbd��mj�fZ �
�YX7l,IuhBhBZsc�_L��\]XBquc�lGmj����X

a = 1.96
Zsh�\^Ium�\ 1√

2π

∫ a

−a exp(−x2/2) dx = 95%
��mj_ut NGZs\dc�M�m�\^c�_L��\^ILN

��mFbdcfmj_ul�N
Var(X)

�YX�\^ILN�"%�0/ 	 �
	 	&� $&D����
	��# 	#"

VK =
1

K

K∑

k=1

(Xk)2 − (IK)2.

HJIuc�Z�NGZs\dc�MOmj\dN ZsILh��*Z�\dIumj\�\dIuN b,m�\^Nnhj��l
ho_Y�FN�b^�FNG_ul
N"hF��m¡SkhF_B\^N0§�mjb^��h+M9N�\dILh[tÖcfZ�hj�(hFb,t[N�b
√

Var(X)
K

L¡\dh bdN;t[`ul�Nn\dIuN NGbdb^hFb;�*hF_uN7_LNGNGtLZ�\dh�mFtLt�MOhFb^NnbdNGqL��c�lGmFZ �¥c�_ul
b^NGmoZsN
K

���ThFb�bdN;t[`ul
N
\^ILN���mFbdcfmj_ul�N�hj�@\^ILN�b,mj_rt[hFM ��mjb^c�mF�L��N �¥��ILcfl,I7cfZ�\^ILN��rmFZdc�ZRhj� D����
	��� 	#" � "#��� 	 !"	�$#�MON
\^ILh[tLZG�©ZdN�N
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� '$� ' � � � °Y¯ � �=� �  ° �2� ° � � � ±Ö�2�  ) � ¬ �G� ° � 0 �L�G�2�=��±�� � ¬ � ¬ � �2�=� � ¬�� �.�[��� ° � �
��N
\*`uZJ_uh���c�_o\^bdh[t[`rl
N�\dILN(_uhj\dc�hF_"hF�.m �¿l�hF_B\dc�_Y`LhF`uZs¨ c�_[¨D\dc�MON�� '
! $ 	 � � '
! 	 	0/ � $ 	#" '#'F�umoZ�m��¿mjMOc���X�hF�
b,mj_rt[hFM �{mFbdcfmj�u��N;Z

(Xt)t≥0
c�_ut[N
�[N;t"�BX�\dc�MON

t ∈ R+
� -�c��oN�_nm�Zs\dh[l,IumoZ]\^c�l-qLb^h[l
N;ZdZ

Xt
�x��N�M�m{X

l�hF_uZdcft[N�b�\dILN  �#! � � � $ 	 $ !"�&��! 	�$� �FN�_uN�b,m�\dN;t0�YX
Xt
�@\^Ium�\9c�Z�\dILN��u��\db,m�\^c�ho_ Ft

�¥hFb^M9N;t¦�z�¥hFb9NGmol,I
t
���YXn\dIuN�ZsM�mj����NGZs\

σ
¨²mj���FNG�Lb,m��¥hob(��ILc�l,I \^ILN�M�mjquZ

ω −→ Xs(ω)
�
0 ≤ s ≤ t

�.mFbdN9MONGmFZd`Lb,mj�L��N
�¥`u_ul�\^c�ho_uZ��

§�ho_B�oN�b,ZsNG��Xo�u�xN�c�_L���oc��oN�_7m��u��\db,m�\dc�hF_ Ft
�¦m�Zs\dh[l,IumoZ]\^c�l�qLbdh[l�NGZ^ZRZd`ul,Ik\dIrm�\G�x�¥hob�mF���

t
�
Xt

cfZTm
MON;mFZd`Lb^mF�L��NR�¥`L_rl�\dc�hF_"��c�\dI"b^NGZdqrN;l�\J\dh Ft

�[cfZ*l�mF����NGt�m Ft
¨ ��� ��/ ! "#�"Zs\dh[l,IumFZs\dcflTqLbdh[l�NGZ^Z��

| b^N�M�mjb^µ�mj�L��N�b^mF_ut[hFM qLbdh[l�NGZ^Z�cfZJ\^ILN�¸�bdh���_Lcfmj_�M9hF\dc�hF_¢�u��ILc�l,I���N�_uh����Lb^c�N��uX�c�_B\db^h[t[`ul
No�
HJILN �¥hFb^M�mj�-MOhj\^c���m�\^c�ho_ �¥hob�\^ILN0c�_B\db^h[t[`ul
\dc�hF_ hF��\dILN+¸�b^h���_Lc�mF_ÖMOhj\dc�hF_ c�Z�\^ILN _uN�NGt �¥hFb

MOh[t[NG����c�_u��b,mj_rt[hFM \^b^mji]NGl
\dhFb^c�NGZG�O�uhFb�Zd`ul,I \db,m�i]N;l�\dhobdc�NGZG�©\dIuN�b^mF_ut[hFMVqrNGbs\^`Lbd�rm�\dc�hF_rZ(m�\(\dc�MON
t
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ZdILho`L��tn�rN9c�_rt[N�qxN�_utLN�_B\(hj�@\dIuhoZdN9mj\R\dc�MON
t′ < t

�¢mj_rtnNGZ^ZdN�_B\dcfmj����X�\dIuN9Z^mjMONF�(¸�X�\dILcfZ���N�MONGmj_
\^Ium�\�\^ILN(\]��h�ZsIuhF`L�ft"ZsIumFbdN�\^ILN�Z^mjMON-��m{�(��HJILN(M�m�\dIuN�M�m�\^c�lGmj�¢M�mj_u_LN�b�\^hO�¥hFb^M�mj��c�>GN-\dILN�mF�rh��oN
ZdhFMONG��Ium�\@��mj�o`LNJhF�[i]N;l�\4cfZ.\dILN*_uhj\dc�hF_9hj�¦¸�bdh���_uc�mF_�MOhj\^c�ho_¢�.HJIuN�b^NJmFbdN�ZdN��oN�b,mj�Y��m{X[Z.\^h-tLN
�u_LN*m
¸�b^h���_Lcfmj_-MOhj\dc�hF_��z·T_LN���m{X�c�Z�\^h*\^mFµFN@\^ILN���c�MOc³\zhj�Lb,mj_utLhFM ��mF��µ[Z¢ho_��fm�\s\^c�l�NGZG����c³\^I�mF_�mFt[N;eB`um�\^N
Z^l�mF��c�_L�O�fm{� ho_�\^ILN�Zdc�>GN�hj�.\dIuN���mj\s\^c�l�N�mj_ut�\^c�MONF�JHJILN�tLN
�u_Lc�\dc�hF_k��N�l,ILhYhoZdN�\dh��oc��oN-ILN�b^N(c�Z*\dILN
mj�[c�hoMOmj\dcfl4t[N��u_Lc�\dc�hF_¢� � NJt[N��u_LN�m � � $ � �	����� $�! 	�$��mFZ.m*b^NGmF�³¨ ��mj��`LNGt-b,mj_rt[hFM qLb^h[l
NGZ^Z¢NG_�i]h�XYc�_u�
\^ILN��¥hF����h���c�_L�n\^ILb^N�N�qubdhoqrNGbs\^c�N;Z��+�.c�b,Zs\G�4c�\^Z�\db,m�i]N;l�\^hFb^c�N;Z��.\dIrm�\Oc�ZG�@\dIuN�M�mFquZ

s −→ Xs(ω)
mFbdN

l�hF_B\dc�_Y`LhF`rZ��B�¥hFbTmj��M9hBZ]\*mF���
ω ∈ Ω

�£W[NGl
ho_ut¦�Lc�\*IumoZ ' ! ��! 	�$� ��� + 	  	 � "��!" �! '��Y\^Ium�\*cfZ��u��ILN�_
s ≤ t

�
\^ILN*b,mj_utLhFM ��mFbdcfmj�L��N

Xt −Xs
c�Z£c�_rt[N�qxN�_utLN�_B\£�¥b^hFM \dILN

σ
¨ mF���oN��Lb,m Fs

L�hF\dILNGbd��cfZdN*Z]\,m�\dN;t¦�o�¥hFb£mF���
A ∈ Fs

�xmF_utnmF���.�rho`L_ut[N;tkMONGmoZs`Lb,mj�u��N-�¥`L_rl�\dc�hF_
f
�
E(1Af(Xt −Xs)) = E(f(Xt −Xs))P(A)

�
HJIuc�b,t¦�£c�\�IumFZ�'
! ��! 	�$� �#� + 	  	 � "��!"  ! ',�4\dIumj\OcfZO��ILNG_

s ≤ t
�
Xt − Xs

mF_ut
Xt−s − X0

ZsIrmjb^N
\^ILN�Z^mjMON��fm{�(�E6²_0�¿mFl
\G��\dILN�l
hF_ji]`L_ul�\^c�ho_+hj�J\dIuNGZdNO\dILb^N�N�qubdhoqrNGbs\^c�N;Z-c�MOqL��c�N;Z(\^Ium�\;�._uNGl
N;ZdZ^mjb^c���Xo�
Xt −X0

cfZ�m --mj`rZdZdc�mF_k��mjb^c�mF�L��No�©��c³\^InMONGmj_
rt

�à�¥hFb-ZdhFMON
r
�Tmj_ut7�{mFbdcfmj_rl
N

σ2t
�à�¥hob�ZdhFMON

σ
���

� IuN�_
r = 0

mF_ut
σ = 1

�Y\^ILN�¸�bdh���_Lcfmj_�MOhj\dc�hF_�cfZ*l�mF����NGt�m�' ! �� �'�#� ��¸�b^h���_Lcfmj_�M9hF\dc�hF_¢�
� NR_Lh�� ��cfZsIO\^h�t[N��u_LNRt[c�¹©N�b^N�_B\dcfmj�rNGeB`um�\^c�ho_uZG�j\]XYqLcfl�mj����X�MOh[t[N�����c�_L�(\^ILNRMOhF\dc�hF_�hj�¦qumFbs\^c�l���N;Z��

��Iuc�l,I�mjb^N�Zd`L�[i]N;l�\O\dh0b,mj_ut[hoM qrNGbs\^`Lb^�um�\^c�ho_uZ�� HJILNkmFt[N;eB`um�\^N�M�m�\^ILN�M�mj\dcfl�mj�J_LhF\dc�hF_ �¥hFbO\dIuc�Z
qu`LbdqxhoZdN(cfZ�\dIrm�\RhF� '
! $ 	 � ��'
!"	 	 ��	 � " � "  ! 	���$ " �%� ��! 	�$� '�� �¢N�\R`uZ��u�"m�qubdho�umj�Lc���c³\]X�Zdqumol
N

(Ω,A,P)
�

��IuN�b^N�c�\�c�Z(ZdhFMON�\dc�M9N;Z-`uZdN
�¥`L�z\^h�\^ILc�_Lµ7hF�
Ω
moZ�\dILN�qubdh[t[`ul
\

Ω = Ω1 × Ω2
��ILN�b^N

Ω1
MOh[t[NG��Z

\^ILN�b,mj_ut[hoMO_LNGZ^Z(t[`LNO\^h"\dILN�c�_Lc�\dcfmj�£l�hF_ut[c�\dc�hF_+Zd`LqLqL��c�NGt �¥hFb(\^ILN�t[c�¹xNGbdNG_B\dcfmj�4N;eo`rm�\dc�hF_���mj_rt
Ω2MOh[t[NG��Z�\^ILN(b^mF_ut[hoM9_uNGZ^Z�moZdZdh[l
cfm�\^NGt���c�\dI�\^ILN(qrNGbs\^`Lb^�um�\^c�ho_uZJh[l�l
`ubdb^c�_u�9mj\Rmj���¦qrhBZsc�\dc��FN�\dc�MONGZG�

��N
\*`uZ*mF��ZdhOl
hF_rZscft[N�b*m
σ
¨D�uN��ft A �um9�u��\db,m�\^c�ho_ Ft

�umF_ut�m Ft
¨²mFtLmFq[\dN;t�¸�b^h���_Lcfmj_�MOhF\dc�hF_

Bt
�

��N
\
σ > 0

t[NG_Lhj\^N�m��L�[NGt qumFb^mFM9N�\dNGbG�.l�mj����NGt ��	 � � '
	�$#u�zmj_ut
b(t, x)

m��u�YN;t0bdNG�F`L�fmjb��¥`L_rl�\dc�hF_��
lGmj����N;t!���
	 1 !
�z|RZ�bdNG�omjb,tLZ©b^N��o`L��mFbdc�\]X*cfZdZd`LN;Z��G\dILN£M9hBZ]\.mjqLqLb^hFqubdcfm�\^NzZdN
\d\dc�_L�*cfZ¦\^hRl
ho_uZscft[NGb¦�¥`L_ul
\dc�hF_uZ
b
MONGmoZs`ub^mF�L��NJ��c�\dI�b^NGZdqrN;l�\4\^h-\dc�MON

t
� ��c�quZ^l,ILc�\=>*��c�\dI�b^NGZdqxNGl�\@\^h(\dIuNRZsqrmFl
NJ��mjb^cfmj�L��N

x
�Ymj_ut9��c�\dI

mO�obdh��J\^Ikm�\RMOhoZs\*��c�_LN;mjb�m�\*c�_[�u_Lc�\]XF�r\dIumj\RcfZ |f(t, x)| ≤ C(1 + |x|) �¥hFb�mj��� t � x �J�uhFb�Zsc�MOqL��cfl
c�\]XF�\^ILN �¢c�quZdl,Iuc³\ >�l�hF_uZs\^mF_o\Jmj_ut�\dILN��Fb^h��J\dI�l�hF_uZs\^mF_B\�mjb^NTmoZdZd`LMONGt�`L_Lc��¥hFb^M ho_
t ∈ [0, T ]

� � NR\^ILN�_
tLN
�u_LN-\^ILN '
! $ 	 � � '
! 	 	 �#	 � " � " �!"	�� $�" �%� ��! 	�$��L

dXt = b(t,Xt) dt + σ dBt,
� 5 �?���

��c�\dI�c�_Lc�\dcfmj�(l�hF_ut[c�\dc�hF_
X0(ω1)

� ¶£eB`umj\dc�hF_ � 5 �?����cfZ��¥hFb^MOmF�=� 6 \�cfZ�\dh �xN7`u_ut[N�b,Zs\dhYh[tÖc�_�\dILN
�¥ho����h���c�_L�9ZdN�_rZsNAL

Xt
c�Z*Z^mjcft�m9ZdhF��`[\^c�ho_�\^h � 5 �?������ILNG_

Xt(ω1, ω2) = X0(ω1) +

∫ t

0

b(s,Xs(ω1, ω2)) ds+ σ Bt(ω2),
� 5 �Ç~'�

mF��MOhBZ]\�Zd`LbdNG��Xo��·T`Lb�ZdN
\s\^c�_u�kc�_ � 5 ������� � 5 �Ç~#��cfZ(hF_LN�t[c�MON�_uZdc�hF_umF�=���L`[\(\dIuN�_Lhj\^c�ho_ cfZ(b^NGmot[c���XkN
�Y¨
\^N�_utLNGt�\dh9\dIuN(ILc��oILN�b*tLc�MON�_rZsc�hF_umF�¢l
ho_o\^N
�Y\ �¿ZdN�N � 5 �?�;~����xN���h�� ���

PRhj\dN�\^Ium�\���N�tLh _uhj\�eB`LNGZs\dc�hF_ ILN�b^N�\dILN"N
�[cfZ]\^N�_ul�Nkmj_ut \dILN"`L_uc�eB`LNG_LNGZ^Z9hj�R\^ILNnZdhF��`[\dc�hF_uZ
\^h"\dILN�mj�xh��FN�Zs\dh[l,IumFZs\dcfl�t[c�¹xNGbdNG_B\dcfmj�4N;eo`rm�\dc�hF_rZ��"HJILcfZ�cfZ��xN�XFho_ut \dILN�Zdl�hFqxN�hj��\dILcfZ9Zsc�MOqL��c��uN;t
qubdN;ZsNG_o\,m�\^c�ho_¢� �¢N�\�`uZ�hF_u��X0Zdm{X \dIrm�\���N�moZdZd`LMON��¥hob�\dIuN�b^NGZs\�hj��\^ILcfZ�N��YqxhoZdc�\dhFb^X0Zs`Lb^�FNGX7\^Ium�\
\]XYqLcfl�mF����X9\dILN �¢c�quZ^l,ILc³\ >Tb^N��o`L�fmjb^c³\]X�M9NG_B\dc�hF_LN;t�mj�xh��FN*cfZJZs`@B�l�c�NG_B\£\dhOt[N��u_LNRc�_�m�`L_LcfeB`LNTM�mF_L_LN�b
\^ILN�ZdhF��`[\dc�hF_ \dh � 5 ���������Lhob(��N;ZdZ-b^N��o`L�fmjb(t[b^c³�à\,Z(mj_ut b^N��fm�\dN;t eB`LN;Z]\^c�ho_uZG�¢��NOb^N
�¥NGb-\dILNOc�_o\^N�b^NGZs\dN;t
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�¦\dIuN � !�� 	 �! "��'� ��$�M�m{Xk�rN�l
ho_uZs\db^`ul�\^NGt¦��HJIuNOl�hF_[¨

Zs\db^`ul
\dc�hF_9hj�x\dILcfZ@_LhF\dc�hF_Ohj�©c�_B\^N��Fb,mj�[cfZ@Zdc�MOc���mFbz\dh-\dIrm�\£hF�u\dIuNRp�c�N�M�mj_L_Oc�_B\dN��ob^mF�=��qubdh[l
NGNGt[c�_L���ub,Z]\
�¥hob£qLc�NGl�N���cfZsN�l
ho_uZ]\,mj_B\4�¥`L_rl�\dc�hF_rZ��[mj_rtO\dILNG_��oN�_LNGb^mF��c?>�c�_L�-\dIuNR_LhF\dc�hF_�\^h�MOhFb^N*�FNG_LN�b,mj�u�¥`L_ul
\dc�hF_uZ
�YX mjqLqLb^h{�[c�M�mj\dc�hF_¢��§�ho_uZscft[NGb�mkt[NGl�hFMOqrhBZsc�\dc�hF_ {s0 = 0, ..., sj , ..., sn = t} hF�J\dILN�b,mj_L�oN [0, t]mF_ut�m�quc�N;l
N���cfZdN-l�hF_uZs\^mF_B\Jqubdh[l
N;ZdZ

Ys(ω) =

n∑

j=1

Ỹj−1(ω)1]sj−1,sj ](s)

l�hF_uZs\db^`ul
\dNGt��¥b^hFM b,mj_utLhFM ��mjb^cfmj�L��NGZ
Ỹj

�=Zs`ul,I�\dIrm�\
E(|Ỹj |) < +∞ �
�4HJILN�_���N�tLN
�u_LN

∫ t

0

Ys dBs =

n∑

j=1

Ỹj−1 (Bsj
−Bsj−1

).
� 5 �  �

PRN
�Y\G�L�¥hFb*mj_YX�mFbd�uc³\^b^mFbdX�Zs\dh[l,IumFZs\dcfl�qLb^hYl�NGZ^Z
Yt(ω)

Zd`ul,I�\dIumj\G�LmF��MOhoZs\*Zs`ubdNG��Xo�
∫ T

0

Yt(ω)2 dt < +∞ �B\^ILc�Z�mF����h��*ZG�F�YX�mjqLqubdh{�[c�MOmj\dc�hF_¢�F�¥hFb�\dIuN�t[N��u_Lc�\dc�hF_�hj�¢\^ILN�Zs\dh[l,IumoZ]\^c�lRqLb^hj¨
l�NGZ^Z

∫ t

0

Ys dBs.

6²_�\dILN�Zsc�MOqL��NTl�mFZdN*��ILNG_
Yt ≡ 1

�F\^ILcfZ�l�hFc�_ul
cft[NGZ£��c³\^I�\dIuNTmj��b^NGmFtLX�µY_Lh���_�_LhF\dc�hF_ ∫ t

0

dBs = Bt
�

PRhj\^c�l�NT\^Ium�\*�YX�\,mjµYc�_L�9\dILN(N��YqxNGl
\^mj\dc�hF_"hj� � 5 �  ���L��N-Ium{�FNo�Y�¥hFb*mj���
t ∈ [0, T ]

E

(∫ t

0

Ys dBs

)
= 0,

� 5 � 5 �

��Iuc�l,I7mol�\^`umj����X"ILho��tuZ �¿�YX"mF_ mFqLqLb^h{�Yc�M�m�\^c�ho_"mFbd�o`LMON�_B\ ���¥hFb-mj_YXkmjb^�Lc�\db,mjb^X�Zs\dh[l,IumFZs\dcfl�qubdh[l
N;ZdZ

Yt
Zd`ul,I�\dIumj\

E

(∫ T

0

Yt(ω)2 dt

)
< +∞ �



 ~ ����� "����
	 '��� ��� ��� "�$�	���D�� "

´Tm{�Bc�_L��tLN
�u_LN;t"\dIuN 6 \=<�c�_B\dNG�Fb,mj�D�u��N�mFbdN(c�_nqxhoZdc³\^c�ho_¢�u�¥hobTmF_BX�b^N��F`u��mFbRt[b^c³�à\
b
mj_utntLc³¹©`uZdc�ho_

σ
�L\dh�t[N
�r_LN-\dILN '
! $ 	 � ��'
!"	 	 ��	 � " � "  ! 	���$�" ��� �#!"	�$#&L

dXt = b(t,Xt) dt + σ(t,Xt) dBt,
� 5 � !'�

Zd`LqLqu��c�NGt���c�\dI�\dILN(c�_Lc�\dcfmj�¢l�hF_ut[c�\dc�hF_
X0
�4S7m�\dIuN�M�m�\^c�lGmj����X L

Xt(ω1, ω2) = X0(ω1) +

∫ t

0

b(s,Xs(ω1, ω2)) ds+

(∫ t

0

σ(s,Xs) dBs

)
(ω1, ω2),

� 5 � � �

mF��MOhBZ]\RZd`Lb^N���XF�	6²_�\^ILN�b^c��oIo\d¨DIrmj_ut"Zdc�t[No�[\dIuN(�ub,Z]\Rc�_B\dNG�Fb,mj�¦cfZJ\dILN �¢N��xNGZd�F`uN(c�_B\dNG�Fb,mj�D�[\dIuN�ZsN;l
ho_ut
ho_LN-c�Z�m 6 \ <Oc�_B\dNG�Fb,mj�D�

� '$� '�� � ���+�o� �¿� � � ����� � ±�� ° � � ¬ ��� �¿� � � � ¬ � �.�[�2� ° �
� N�_Lh�� ��cfZsI�\dh�bdNG��mj\dN-\dIuN�mj�xh��FN(Zs\dh[l,IumFZs\dcfl(t[c�¹xNGbdNG_B\dcfmj�¢N;eo`rm�\dc�hF_ � 5 � !#�J��c�\dInmOqumFbs\^c�mF��t[c�¹xNGbs¨
NG_B\dcfmj�¦NGeB`umj\dc�hF_¢�@HJILN(�fm�\d\dNGb�c�ZJc�_ut[NGNGt�\dILN��uhFµYµFNGbs¨ g4�fmj_ul,µ�N;eB`um�\^c�ho_

∂p

∂t
(t, x) +

∂

∂x
(b(t, x) p(t, x)) − ∂2

∂x2

(
σ2(t, x)

2
p(t, x)

)
= 0.

� 5 �Ù�#�

6²_�\dILNJl
ho_B\dN
�Y\zhj�rtLN
\dNGbdMOc�_LcfZ]\^c�l�NGeB`umj\dc�hF_uZG�{\dIuN�b^NGmot[N�b.c�Z.qxN�b^IumjqrZ��¿mFMOc���c�mFb���c�\dI�\dIuN�c�_B\dc�M�m�\dN
��c�_Lµ��rN�\]��NGN�_ $#� ��	  ��� +Öt[c�¹xNGbdNG_o\^c�mF�TN;eB`um�\^c�ho_uZ�mF_ut $ 	  "&�#��! � �� ',/ $#�
!!" �%� ��! 	�$� ',� HJILcfZ�cfZ�\dILN
�¿mFMOhF`uZzMON
\^ILh[tOhj�¦l,Iumjb,mFl
\dNGbdcfZ]\^c�lGZ�����Iuc�l,IO��N��ubdc�N
�uX�bdN;l�mF���[ILNGbdNo�@§�ho_uZdc�t[NGbz\dILNR��c�_LNGmFbz\db,mj_uZdqxhFbd\
N;eB`um�\^c�ho_

∂u

∂t
(t, x) − b(x)

∂u

∂x
(t, x) = 0

� 5 � : �
Zd`LqLqu��c�NGt���c�\dI�\dILN(c�_Lc�\dcfmj�¢l�hF_ut[c�\dc�hF_

u0
m�\*c�_Lc³\^c�mF�©\dc�MONF� 6 \,Z�Zsho��`[\^c�ho_�b^NGmotLZ

u(t, x) = u0(X(t; 0, x))
� 5 � � �

��IuN�b^N
X(t; 0, x)

cfZJ\dIuN-ZdhF��`[\^c�ho_�mj\�\dc�M9N
t
hj��\dILN(hob^tLc�_umFbdX�tLc³¹©N�b^N�_B\dcfmj�¦N;eB`um�\^c�ho_

dX(t)

dt
= b(X(t))

� 5 ���;� �

Zs\^mFbs\^c�_u�7�¥b^hFM \^ILN"c�_uc³\^c�mF�*l
hF_rt[c³\^c�ho_
X(0) = x

��HJILNkqLb^hYhj�RhF�R\^ILc�Z9�¿mol�\�cfZON���N�MON�_B\^mFbdXo� �uhFb
s ∈ [0, t]

�[��N(Ium{�FN �¥��IuN�b^N
X(s) = X(s; 0, x)

�

∂

∂s
(u(t− s,X(s))) = −∂u

∂t
(t− s,X(s)) +

dX

dt
(s)

∂u

∂x
(t− s,X(s)),

= −∂u
∂t

(t− s,X(s)) + b(X(s))
∂u

∂x
(t− s,X(s)) = 0.

¸�X�c�_B\dNG�Fb,m�\dc�_L��\dILcfZ�b^N��fm�\^c�ho_��¥b^hFM
s = 0

\dh
s = t

�[��N-\dIY`uZJhF�L\^mjc�_ � 5 � �����
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� ��� � � ��� ��� � � � � � � � � � � � ��� A

|¡Zdc�M9c��fmjb¦\]XYqxN4hj�[mjb^�F`LMONG_o\;�G�rmFZdNGt�hF_�\dIuN£ZshF¨ lGmj����N;t � " +� � �� � � � 	 � $�� � ��$ �R��ho`L�ft�ZdILh�� \dILN
b^N��fm�\^c�ho_"ILhF�ft[c�_L���xN
\]��N�N�_n\dILN9Z]\^hYl,IrmFZs\dcfl�t[c�¹xNGbdNG_o\^c�mF��N;eo`rm�\dc�hF_ � 5 � !#�*mF_utkm�qrmjbd\dcfmj��t[c�¹©N�b^N�_B\dcfmj�
N;eB`um�\^c�ho_¢�@l�mj����NGt \dIuN��umol,µB�Jmjb,t �Rho��MOho�FhFb^h��"NGeB`umj\dc�hF_¢�7| t[`umF���Yc�N���qxhFc�_o\�\dhn\^ILN�mF�rh��oN�hF_LN
c�����`uZs\db,m�\^NGZ�\dIuN�b^N��fm�\^c�ho_ �xN
\]��N�NG_¡\dIuN"Zs\dh[l,IumoZ]\^c�l�t[c�¹xNGbdNG_B\dcfmj��NGeB`umj\dc�hF_ � 5 � !#�9mj_rt¡\^ILNk�LhFµYµoN�bd¨
g£��mF_ul,µ�NGeB`umj\dc�hF_ � 5 �Ç���
� � N(_uh���qLb^NGZdN�_B\�c³\;�

�.c�b^Zs\G����NO_LNGNGt \dh"NGZs\^mF�L��c�ZdI mkl,Irmjc�_ b^`L��N��¥hobdM�`L�fm�c�_ \dILN�l�hF_B\dN��B\(hF�JZs\dh[l,IumoZ]\^c�l�qLb^hYl�NGZ^ZsN;Z��
HJIuc�ZTc�Z*\dILN9qL`Lb^qxhoZdN�hj�@\^ILN�l�N���N��Lb,m�\^NGt � ! ��1 $�� � ��$ � �¿Zs\^mj\dNGtnILN�b^N�c�_7m�Zdc�MOqL��N�ho_LN
¨²t[c�MON�_uZdc�ho_umj�
ZdN
\d\dc�_L���
�
��¬  ¡� � � ��� � ° �� � �=� � " !

Xt
' $�$ D�"

dXt = b(t,Xt) dt + σ(t,Xt) dBt,
	 �! � " '%"  '%"%$ 1 ��� � " � � � � "  � 1 $��%� $&$

C2 � ",����$ �#� 1#�  	 !"	�$#
ϕ
�

dϕ(Xt) =

(
ϕ′(Xt)b(t,Xt) +

1

2
ϕ′′(Xt)σ(t,Xt)

2

)
dt + ϕ′(Xt)σ(t,Xt) dBt

	 �! � " '%"  '%"

ϕ(Xt) = ϕ(X0) +

∫ t

0

(
ϕ′(Xs)b(s,Xs) +

1

2
ϕ′′(Xs)σ(s,Xs)

2

)
ds

+

∫ t

0

ϕ′(Xs)σ(s,Xs) dBs.
� 5 �?�;� �

HJILN�qxhFc�_B\£cfZ@hj�¦l
ho`Lb^ZdN�\dh�l
hoMOqumjb^NJ��c³\^IO\dILN*t[N�\dNGbdMOc�_Lc�Zs\dcfl�ZdN
\s\^c�_u�u�ol�hFb^bdN;ZsqxhF_rt[c�_u�R\^h
σ = 0

�
mF_ut��¥hFb���ILcfl,I"_Lh�ZsN;l
hF_rt�t[NGbdc���m�\^c��oNGZ�hj�

ϕ
mFqLqrN;mjb,ZJZsc�_ul
N

d

dt
ϕ(Xt) = ϕ′(Xt)

dXt

dt
.

� NTmFbdNJ_Lh���c�_�qrhBZsc�\dc�hF_O\^h(bdNG��mj\dN � 5 � ! �@mj_rt � 5 �Ù���
�z|TZdZd`LMON�\^Ium�\�mF���xl
ho_ut[c�\dc�hF_uZ@hF�¦bdNG�F`L�fmjb^c³\]X
mFbdNTZdmj\dcfZ]�uN;t¦�Y��ILcfl,I��Fc��FN;Z£ZdN�_uZdN*\^h�\dIuNR�¥hobdM�mj�xM�mj_Lc�qL`L�fm�\^c�ho_uZ4��NR_uh��ÖqrNGbs�¥hobdM"� �¢N�\�`uZJmFZ^Zd`LMON
\^Ium�\

X0
�.\dILN�c�_Lc�\dcfmj��l
hF_rt[c³\^c�ho_0�¥hFb � 5 � !#�(IrmFZ(�fm{�

p0
�z��ILNGbdN

p0
c�Z�\dILN�c�_Lc�\dcfmj��l
ho_ut[c�\dc�hF_+�Fc��FNG_

\^h � 5 �Ù���
� ��N
\�`uZ�tLN�_LhF\dN"�YX
p(t, x)

\^ILN"qLbdho�umj�uc���c³\]X¡tLN�_uZdc³\]X �¥��c�\dI�bdN;ZsqxNGl
\O\dh \dILN ��N��xNGZd�F`LN
MON;mFZd`LbdN ��hj��\^ILN(b,mj_ut[hoM ��mjb^c�mF�L��N

Xt
�

�uhFb*mj_YX�mFbd�uc³\^b^mFbdX
C2 �¥`L_rl�\dc�hF_ ϕ �L��N-��bdc�\dN

∫
ϕ(x)

∂p

∂t
(t, x) dx =

d

dt

∫
ϕ(x)p(t, x) dx =

d

dt
E (ϕ(Xt)) .

PRh��(�Y\^mFµBc�_L�9\dIuN(N
�[qrN;l�\,m�\dc�hF_�hj��� 5 ���A� ���L��N(hF�L\^mjc�_

E (ϕ(Xt)) = E (ϕ(X0)) + E

(∫ t

0

(
ϕ′(Xs)b(s,Xs) +

1

2
ϕ′′(Xs)σ(s,Xs)

2

)
ds

)

+ E

(∫ t

0

ϕ′(Xs)σ(s,Xs) dBs

)
.



 5 ����� "����
	 '��� ��� ��� "�$�	���D�� "

QR_ut[NGb�Zd`Lc�\^mj�u��N�bdNG�F`L�fmjb^c³\]X�mFZ^Zs`uM9qL\dc�hF_uZG�u\^ILN9��moZ]\*\^N�b^M ��mj_LcfZsIuNGZ��¥hob�mF����\dc�MONGZ �¿ZdN�N � 5 � 5 �&��� � N
\^IY`uZJIum{�FN

∫
ϕ(x)

∂p

∂t
(t, x) dx = E

(
ϕ′(Xt)b(t,Xt) +

1

2
ϕ′′(Xt)σ(t,Xt)

2

)
,

=

∫ (
ϕ′(x)b(t, x) +

1

2
ϕ′′(x)σ2(t, x)

)
p(t, x) dx,

=

∫
ϕ(x)

(
− ∂

∂x
(pb)(t, x) +

1

2

∂2

∂x2
(σ2p)

)
dx.

HJIuc�ZJqLb^NGl�c�ZdN���X�ZdILh��*Z�\dIumj\
p
c�Z�\^ILN�ZdhF��`[\dc�hF_�\dh � 5 �Ç�'���L��Iuc�l,I"Z]\,mjbd\^Z��¥b^hFM

p0
m�\�c�_Lc³\^c�mF�¦\dc�MONF�

|vZdc�M9c��fmjb*mjb^�F`uM9NG_B\G�L�umoZsN;t�ho_�\dILN�M�`L��\dc�¨ t[c�MON�_uZdc�hF_umF� 6 \=<��uhFb^M�`L�fm �¿m�Zs\db,mjc��FIB\s�¥hobd�Jmjb,t�N
�Y¨
\^N�_uZdc�hF_�hF� ��N�MOM�m
�����omF����h��*Z�\dh-NGZs\^mF�L��cfZdI�\dIuNJZ^mjMONJl
hobdb^NGZdqrho_ut[NG_ul
N��rN�\]��NGN�_¢�jho_�\^ILNJhF_LN�¨DIrmj_ut¦�
\^ILN D�" 	 ! $��
	���$zZs\dh[l,IumFZs\dcfl-t[c�¹xNGbdNG_o\^c�mF�¦NGeB`umj\dc�hF_

dXt = b(t,Xt) dt + σ(t,Xt) dBt,
� 5 �?�;~ �

��IuN�b^N
Xt

cfZ�m-b^mF_ut[hFM qLb^h[l
NGZ^Z@��c�\dI���mF��`LN;Z4c�_
R

N � b(t, ·) cfZ£m��FNGl
\dhob@�uN��ftOhF_ R
N �¥hob�mj���L\^c�MON;Z��

σ
cfZ
N ×K

M�m�\^bdc�����mF��`LN;t"�¥`L_ul
\dc�hF_¢�©mj_rt
Bt

c�ZTm
K
¨²t[c�M9NG_uZdc�ho_umj��¸�b^h���_Lcfmj_�M9hF\dc�hF_¢�©mj_rt¦�uho_

\^ILN(hj\^ILN�b�Irmj_ut¦�Y\^ILN��LhoµYµFN�bd¨ g4��mF_ul,µ�NGeB`umj\dc�hF_¢�

∂p

∂t
(t,x) +

tLc��
((b(t,x) p(t,x)) − 1

2
∇2 :

(
σσT p

)
(t,x) = 0,

� 5 ���  �

��IuN�b^N ∇2 :
(
σσT p

)
=

N∑

i,j=1

∂2

∂xi∂xj

(
K∑

k=1

σi,kσj,k p

)
�

QR_ut[N�bnmFqLqLb^hFqLb^cfm�\dN l
ho_ut[c�\dc�hF_uZ"hF��bdNG�F`L�fmjb^c�\]X �¿��ILcfl,I ��N0Ium{�FN hFMOc�\s\dN;t \^h�MOmFµFN qLb^NGl
cfZdN
mF�rh��oN��
�.��N�M�m{X \dIuN�b^N
�¥hFb^N�l���mFc�M \dIrm�\9\dILN���m{�¤hF�Rmj_YX0qLbdh[l�NGZ^Z�ZdhF���Bc�_L�k\^ILN"Z]\^hYl,IrmFZs\dcfl�t[c�¹xNGbs¨
NG_B\dcfmj�zNGeB`umj\dc�hF_ ZdhF���FN;Z*\^ILN��LhoµBµoN�b�g4�fmj_ul,µkN;eo`rm�\dc�hF_���HJILNOl
hF_Y�oN�b,ZsN9mFZ^ZsNGbs\^c�ho_nc�ZT�¿mF��ZdNF� ��N
\(`uZ
�oc��oNR\^ILN-�¥hF����h���c�_L��Zdc�MOqL��N-c�����`uZ]\^b^mj\dc�hF_¢��§�ho_uZdc�t[NGb�\dILN�Zs\dh[l,IumoZ]\^c�l-t[c�¹xNGbdNG_B\dcfmj�¦NGeB`umj\dc�hF_

dXt = −1

2
Xt dt+ dBt,

� 5 �?� 5 �
��c�\dIkc�_Lc�\dcfmj��l�hF_utLc³\^c�ho_

X0
_LhobdM�mF����X�t[cfZ]\^bdc��L`[\^NGt"��c�\dI >GN�b^h9MON;mj_kmj_ut���mjb^cfmj_ul�N�ho_LN �¿mF_ut�c�_rt[N
¨

qxN�_rt[N�_B\*hj�
Bt

�
�umj_rt�\^ILN�mFZ^Zsh[l�c�mj\dNGt��LhoµBµoN�bd¨Dg£��mF_ul,µ�NGeB`umj\dc�hF_

∂p(t, x)

∂t
− 1

2

∂

∂x
(x p(t, x)) − 1

2

∂2

∂x2
p(t, x) = 0.

� 5 ���"!'�

§���NGmFbd��XF�B\^ILN�Zsho��`L\dc�hF_�\dh � 5 ��� 5 ��b^NGmFtuZ

Xt = e−t/2X0 +

∫ t

0

e(s−t)/2dBs.
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� ��� � � ��� ��� � � � � � � � � � � � ���  !

HJIuN�b^N
�¥hFb^NF�o�¥hFb�mF���
t ≥ 0

�
Xt

cfZ�m --mj`uZ^Zscfmj_�b^mF_ut[hFM¤��mFbdcfmj�L��NR��c�\dIF>�NGbdh�MONGmj_"mj_rt���mjb^c�mF_ul
NThF_LN
mF_ut�hj�@l
ho`Lb^ZdNF�[moZJ\dILN(qubdNG�Bc�hF`rZ�mjb^�F`LMON�_B\*ZdILh��*Z��

p(t, x) = 1√
2π

exp(−x2/2)
c�_utLN�NGt"ZdhF���FN;Z�\dILN

�uhFµYµFNGbs¨ g4�fmj_ul,µ NGeB`umj\dc�hF_ � 5 �?��!#�
�0´Rh���NG�FNGbG�zmj_YX0b^mF_ut[hoM qLb^h[l
N;ZdZ
Yt
Zd`ul,I+\^Ium�\Oc³\,Z9MOmFbd�oc�_rmj�fZ

c�_¡\^c�MON �¥_umFMON���X0\dILN"�fm{�¤hj�
Yt
�@�¥hFb9�L�[NGt

t
��mFbdN�_LhFb^M�mj����X+t[cfZs\db^c��L`L\dNGt ��c³\^I >GN�b^hnMONGmF_ mj_rt

��mFbdcfmj_ul�N�ho_LNF�£Zd`ul,I mFZ�\dILN 	 $� ' ! ���!�qLb^h[l
N;ZdZ
Yt = X0

��t[hYNGZ  $#!*Zsho���oN�� 5 ��� 5 ��� HJILN�qubdh[l
N;ZdZ
NG_ul
h[t[N;Z@MOhFb^N*c�_[�¥hFb^M�m�\dc�hF_9\^Iumj_�\^ILN*�fm{��hj�©\dILN*\dc�M9NTM�mjb^�Fc�_umj�fZ��omj_utOc�\�cfZ@\^IB`rZ4c�_o\^`Lc�\dc��FN���XOl
��NGmjb
\^Ium�\�\^ILN�µY_Lh�����NGt[�oN-hj�.\dILN��fm{��hF��\^ILN(\^c�MON�M�mjb^�Fc�_umF��Z�cfZ*_LhF\RZs`,B�l�c�NG_o\�\^h�µY_Lh�� ! � "�! � ���%" 	 ! $#� +
hF��\^ILN(qLb^hYl�NGZ^Z��£·R\^ILN�b^��c�ZdN-Z]\,m�\dN;t¦�LµY_Lh���c�_L��\dILN(�fm{��hF��\^ILN-\dc�MON(MOmFbd�oc�_rmj�fZ�mF����h��*Z�\dh�l
hoMOqL`[\dN
mF���¦N��[qrN;l�\^mj\dc�hF_���mj��`LNGZ�hF��\^ILN-\]XYqrN

E(ϕ(Xt))
�u�L`[\G��" � � � �u_LhF\ReB`umj_B\dc�\dc�NGZ�Zd`ul,I"mFZ

E(ψ(Xt, Xs))
�

PRN��FNGbs\^ILN���NGZ^ZG�L�¥hFbRM9hBZ]\�Zsc�\d`umj\dc�hF_uZRhj�@c�_o\^N�b^NGZs\G�xmj_ut"c�_kqumjbd\dcfl
`u��mFb��¥hFb*M�mF_BX�qLIYX[Zscfl�mF����X�b^N���N
¨
��mF_o\RZdc�\d`umj\dc�hF_uZG�LhF_u��X�\dILN�µY_Lh�����NGtL�FN�hj�@N
�[qxNGl�\,m�\^c�ho_���mF��`LN;Z*Zd`ul,IkmFZ

E(ϕ(Xt))
cfZRZd`,B�l
c�N�_B\G� 6²_

Zd`ul,I"Zsc�\d`rm�\dc�hF_rZ��[ZdhF���Bc�_L��\dILN��uhFµYµFNGbs¨ g4�fmj_ul,µON;eo`rm�\dc�hF_�� � � " �	 ! 	 ' / �&� 	 !"	 	 ��$&$ + 1�" � '
	  �$ "
�rqLbdh��Ycft[NGZ
mF���r\dIuNTc�_[�¥hFb^M�m�\^c�ho_�_LN�N;t[NGt¢��6²_�hF`ub�l�hF_B\dN��B\�hj�¢\^ILN�M9h[t[NG����c�_L��hF��l
hoM9qu��N��9�r`Lc�tuZ��[��NTlGmj_�\^ILN�b^N
¨
�¥hobdN�NGeB`Lc��{mF��NG_B\d��X�`rZsN�\dILN9Z]\^h[l,IumFZs\dcfl�t[c�¹©N�b^N�_B\dcfmj�.�Yc�NG��qrhoc�_B\G�©hob*\dIuN9�uhFµYµFNGbs¨ g4�fmj_ul,µ��Bc�N���qxhFc�_B\G�
¶ B�l�c�NG_ul
X�l�hF_uZdcft[N�b,m�\^c�ho_uZ4c�_ut[cfl�mj\dN���ILc�l,I�c�Z�\^ILNT�xNGZs\�Z]\^b^mj\dN��oXF�Yt[N�qxN�_rt[c�_u��ho_�\dIuN�t[c�MON�_uZdc�hF_�hF�
\^ILN(qLb^hF�L��N�M m�\�Iumj_rt¦�umj_rt�hF\dILNGb�qumjb,mjMON
\^N�b,Z�� � N(��c����¢b^N
\d`ubd_�\dh9\dIuc�Z��xN���h��(�

� '$� ' G � �=�G�F� ¬ �����F�L�2� ° � °(' )���� �
� N�_Lh�� �Lb^c�N��uX��oc��oN�IuN�b^N*ZshoM9NJ�umoZscflJN���N�MONG_o\,Z@hj�©_Y`LMON�b^c�lGmj�LmF_umj��X[ZscfZ.�¥hFb£Zs\dh[l,IumoZ]\^c�lJt[c�¹©N�b^N�_B\dcfmj�
N;eB`um�\^c�ho_uZ����LhFb-\^ILcfZ-qL`Lb^qrhBZsNo�¦��NOmFZ^Zs`uM9N�\dIrm�\-\dILN�b^NGmot[N�b�cfZR�¿mFMOc���c�mFb(��c³\^I7\^ILN�t[cfZdl�bdN�\dc?>Gm�\^c�ho_
\^NGl,IL_uc�eB`LN;Z9�¥hFb�$�� ��	  �#� + t[c�¹xNGbdNG_B\dcfmj��NGeB`umj\dc�hF_uZ�mF_ut \dILNnmoZdZdh[l
cfm�\dN;t mF_umj��X[ZscfZ �¿ZdN�N"¶*�£´Tmjc�bdNGbG�
W¦� gz�uPRhFb,ZsN�\s\*mj_ut -9� � mj_u_LN�b � !;!Y�(! � � ���

�uhFb*Zdc�MOqL��c�l�c³\]Xo�L��N-mFbd�o`LN�hF_�\dILN(ho_LN
¨²t[c�MON�_uZdc�ho_umj�¦Zdc�MOqL��N(l�moZsN � 5 �������[\^Ium�\*cfZ

dXt = b(t,Xt) dt+ σ dBt,

��c�\dIkc�_nmFtut[c³\^c�ho_¢�rm�l
hF_rZ]\,mj_B\
σ
� � N���N;m{�FN(mFZdc�tLN�eB`LNGZs\dc�hF_uZ*bdNG��mj\dNGt�\^h�\dILN��FN�_uN�b,mj��lGmFZdN

dXt =
b(t,Xt) dt+ σ(t,Xt) dBt

�L��Iuc�l,I¢�[h���c�_L��\dh9\dILN(t[NGqrNG_ut[NG_ul
N-hj�
σ
`LqxhF_�\dIuN�Zsho��`[\^c�ho_

Xt
�[MOc��oIo\

�xN*Zdc��o_Lc³�xl�mj_B\^��X�M9hobdN�\^NGl,IL_Lcfl�mF�[\dIrmj_9\dILNTZsc�MOqL��N*lGmFZdN�l
hF_rZscft[N�b^NGt9ILNGbdN �=ZsNGN*p�N�M�mjb^µ 5 ���J�xN���h�� ���
��c�µoN���cfZsNo����N�moZdZd`LMON�\dIumj\

b
cfZ@bdNG�F`L�fmjbzmj_rt�\^Ium�\£mF���LeB`LN;Z]\^c�ho_uZzhj�xN
�[c�Zs\dNG_ul
N�mF_ut�`u_Lc�eB`LNG_LNGZ^ZzIum{�oN

�xN�NG_kZsN�\s\d��NGt¢�
HJILN�l�bd`rl
cfmj�¦qxhFc�_o\�\^hO�rN;mjb*c�_"M9c�_ut�cfZ�\dIumj\G�uc�_kl
ho_o\^b^moZ]\�\dh9\^ILN�t[N�\dN�b^MOc�_uc�Zs\dcfl-ZsN�\s\dc�_L�r�[\dILNGbdN

mFbdN ! � $9_Lhj\^c�ho_uZJhj�@l
ho_B�oN�b^�FNG_ul
NR�¥hFb*mOZdl,IuN�MON(t[c�Z^l
b^N
\^c�>Gc�_u�OmOZs\dh[l,IumoZ]\^c�l-t[c�¹xNGbdNG_B\dcfmj�¦NGeB`umj\dc�hF_¢�
HJILN(_uhj\dc�hF_�hj�@l
ho_Y�FN�b^�FNG_ul
N�mj_umF��ho�Fho`uZ4\^h9\dILN�t[N�\dNGbdMOc�_Lc�Zs\dcfl-_LhF\dc�hF_�c�Z2L

� ¬	� � �¥��� ° � � � � "� ���!" �
	 	 � $ ' 	 � "%� " 	 ' ' ��	 �"Zs\db^hF_L�o��X9l
hF_Y�oN�b^�FN�_B\ �� � 	 ' ' ��	 � ! $ � �*D�"�Zs\db^hF_u�
hob^tLN�b�hF�ul
ho_B�oN�b^�FNG_ul
N

α > 0
� � "  ! � " � " "�� 	 '
! '�� 	 $� '
! ���!

C
� / $�' '
	  %$ + ��" / "  ��	  � $� ! � "�	  ! " � D���$

$ 1�	  ! "��#� �#!"	�$#
[0, T ]

��' � 	 � ! � ��! � 1 $���� $&$�! 	&� "�'
! " / '
∆t

�� �01 $�� ��$&$ 	 �! "�� " �
n ∈ [0, T/∆t]

�

E
(∣∣Xn −Xtn

∣∣) ≤ C (∆t)α,
� 5 �?�2���

� � " � "
Xtn

� "  $�! " ' ! � " " � � 	 ! ' $�$ � ! 	�$� ��! !"	&�!"
tn = n∆t

� �� �
Xn

� "  $�! " ' 	 ! '  ���!" �
	 	 � $
� /./ � $ � 	&� ��! 	�$� �



 � ����� "����
	 '��� ��� ��� "�$�	���D�� "

| ��N;mjµoN�b*_LhF\dc�hF_¢�x��ILcfl,IncfZRm��xN
\d\dNGbTMON
\^bdcfl(\^h�moZdZdNGZ^Z*l
ho_Y�FN�b^�FNG_ul
N-c�_7qLb,mFl
\dcfl�mF��Zsc�\d`rm�\dc�hF_rZ��
cfZ2L
� ¬	� � �¥��� ° � � 	  � " � ! � " ' � � " 	 $� ��	 ! 	�$� ' � ' ! � " �  $*D�" ��" 	� 	 ! 	�$� � ! � " ' 	 � "%� " 	 ' ' �#	 ����NGmFµY��X
l�hF_Y�FNGbd�oN�_B\ �� � 	 ' ' �#	 � ! $ � � D "���NGmFµkhFb,t[N�b-hj�Jl
ho_B�oN�b^�FNG_ul
N

β > 0
� � "  1 $�� ��$&$ 	  ! ",� " �

n ∈
[0, T/∆t]

�
∣∣∣∣E
(
ϕ(Xn)

)
− E (ϕ(Xtn

))

∣∣∣∣ ≤ C (∆t)β ,
� 5 �?�{�'�

1 $#� � $&$
C∞ 1#�  	 ! 	�$�

ϕ
��� 	 ! � / $ $ +� $ �%	�� $ �'� $ � ! � ��!�	  	  	 !,+����# ��' � 	 � ! � �#! ��$&$ 	 ! ' ��" �
	 D �#!"	 D�"�'

� $(' $ � �*D�"�/ $�$ +� $�� 	���$��'� $ � ! � �#! 	  	� 	 !,+ �
HJILNk�fm�\d\dNGb�t[N
�u_uc³\^c�ho_¢��ZdqxNGl
c��rl�\^h \^ILNnZs\dh[l,IumFZs\dcfl"ZsN�\s\^c�_L�r��cfZOMOhj\^c���m�\^NGt �YX+\dIuN"�¿mFl�\�\^Ium�\

c�_ MOmF_YX¡mjqLqL��cfl�m�\^c�ho_uZG�£mFZOmj��b^NGmFtLX+M9NG_B\dc�hF_LN;t mj�xh��FNo�@\dIuN"Zs\dh[l,IumoZ]\^c�l�t[c�¹xNGbdNG_B\dcfmj��NGeB`umj\dc�hF_ c�Z
Zdc�M�`L�fm�\^NGt¡ho_L��X0\dh N���mj��`um�\^N�ZdhFMON�N
�[qxNGl�\,m�\^c�ho_ ��mj��`LNGZ

E (ϕ(Xt))
� HJILc�Z9��c������xN�\dILNkl�moZsN��¥hFb

l�hFMOqL��N
�n�r`Lc�t �uh��*Z(Zdc�M�`L�fm�\^c�ho_ �=ZsNGNO\dILN�N��YqubdN;ZdZdc�ho_ � 5 �  �'��hF�£\dIuN�Z]\^bdN;ZdZ�\^N�_uZdhFb(�xN���h�� ����HJILN
_uhj\dc�hF_(hF�[��N;mjµTl�hF_Y�FNGbd�oN�_ul�Nzc�Z¢\^mjc���hFb^NGtT�¥hFb�\dILcfZ¢qL`ubdqxhoZdNF�&6²_�l
hF_B\^b^moZ]\¦\^h�\dILN�Z]\^bdho_L�*l
ho_B�oN�b^�FNG_ul
No�
c�\£t[hYNGZz_uhj\@MONGmFZd`Lb^N�\dILN*mol�l
`ub^mol
X-hj�x\dILN*mFqLqLb^h{�[c�M�m�\^c�ho_�hj�©NGmol,I�b^NGmF��c?>Gmj\dc�hF_ �¿NGmol,I �]\db,m�i]N;l�\dhobdX � �
�¿_Lhj\^NJc�_utLN�NGt�\dIrm�\

P(|Xn−Xtn
| ≥ a) ≤ 1

a
E(|Xn−Xtn

|) ���o�L`[\4hF_u��X-\^ILN�mFl�l�`Lb,mFl
X-hF�u\dIuN�MON;mj_¢�·R�zl
ho`Lb^ZdNF�LZs\db^hF_u�9l�hF_Y�FNGbd�oN�_ul�NTl
��NGmFbd��X�c�M9qu��c�NGZ���NGmFµ�l
ho_Y�FN�b^�FNG_ul
No�
��N
\R`uZ*_Lh�� MONG_o\^c�ho_�\dILN�Zdc�M9qu��N;Z]\*qxhoZ^Zsc��L��N�Zdl,IuN�MON-�¥hFb�\^ILN�_Y`LMON�b^cfl�mj�¦c�_B\dNG�Fb,m�\dc�hF_�hj��� 5 � ! ���

6 \*cfZ�\dIuN01 $���� ��� � �¥hFb "�� / $ 	 	 	 ! � % ��$ " � ' 	 � "%� "AL

Xn+1 = Xn + b(tn, Xn) ∆t+ σ (Btn+1
−Btn

).
� 5 �?�2:��

W[c�_ul�Nn\^ILN7c�_ul
b^N�MONG_o\
Btn+1

− Btn

c�Z�m l�N�_B\dNGbdN;t --mj`uZ^Zdc�mF_ b^mF_ut[hoM ��mjb^cfmj�L��Nn��c�\dI ��mjb^cfmj_ul�N
tn+1 − tn = ∆t

�[\^ILN�Z^l,ILN�MON(mj�fZshO��b^c³\^NGZ

Xn+1 = Xn + b(tn, Xn) ∆t+ σ
√

∆tGn,
� 5 �?�G���

��IuN�b^N
(Gn)n≥0

t[NG_Lhj\^N�cD� c=� t¦�4Zs\^mj_rtLmjb,t�_uhFb^MOmF�©b^mF_ut[hFM �{mFbdcfmj�u��N;Z��
6 \*cfZ�NGmoZsXO\^h�ZsNGN�\dIumj\�\dILN�Z^l,ILN�MON � 5 ����:'�Jmjb^cfZsN;Z£�¥b^hFM \dILN�mFqLqLb^h{�Yc�M�m�\^c�ho_

Xtn+1
−Xtn

=

∫ tn+1

tn

b(t,Xt) dt+ σ

∫ tn+1

tn

dBt,

≈ b(tn, Xtn
) ∆t+ σ (Btn+1

−Btn
).

HJIuN*ZsN;l
hF_rt�c�_B\dN��ob^mj\dc�hF_9c�_9\^ILN*b^c��oIo\d¨DIrmj_ut9Zscft[N��xN�c�_L�(N
�Lmol�\G�j\dILN*qubdN;l
cfZsc�hF_9hFb,t[N�bzcfZ@N
�Lmol�\d��X�\^Ium�\
hF�£\^ILN�mjqLqubdh{�[c�MOmj\dc�hF_nhF�£\^ILN��¢NG�rN;Zs�o`LNOc�_B\dNG�Fb,mj�D�¢mj_ut cfZ�\dILNGbdN��¥hFb^N

α = 1
��HJILcfZ-cfZ-\dILN�Zs\db^hF_L�

hob^tLN�b@hj�¦l
ho_Y�FN�b^�FNG_ul
No�jmj_utO��N���NGm{�FN�\^h-\dILN*b^NGmot[N�bz\^ILN�\,mFZdµ�\dh�l,ILNGl,µ(\^ILcfZ4cfZ£mj�fZdhT\^ILN*��NGmFµ�hFb,t[N�b
hF�.l�hF_Y�FNGbd�oN�_ul�NF�
	�¬ ¡�[��� � '$� 
 	 ! � � $&$ +�� ! � " �� $ D "����,� ���!" �!�	 ' ' $ 	 � � !�$ + � 	 ' $ " ����	  � � � !�	 ' ',/ " 	 	 	 	 ! $ ! � " 	 ��'�"�$ 1
��	 $# '
! �# ! �#	 � � '
	�$�

σ
� ' 	  � � � � � $�� � � $�� " � /./ � $�/ �
	���! "�$ +�' ! ��! "#��� ! $ �!� " ! " � �%	 �	 ' ! 	 	 �#	 � � '
	�$�

¾¥È.¼¢¾àä



� ��� � � ��� ��� � � � � � � � � � � � ���  �

σ
! � ��! � � + ��" / "  � $� ! 	&� "��  �� ! ! � ��! �'$ " '  $�! � "�/ "  � $� ! � " ' $ $ � !"	�$#

Xt
� ��� "  ! � " $ ��! ! " �

� "�/ "  � '�$#�! � " ' $ $ � ! 	�$� � ! � ��! 	 '

dXt = b(t,Xt) dt + σ(Xt) dBt.

! � "  ! � " % ��$ " � ' 	 � "��!"

Xn+1 = Xn + b(tn, Xn) ∆t+ σ(Xn) (Btn+1
−Btn

)
� 5 �Ç~j���

� � 	 !�� ��$&$ + ��$(' $ 	 � $&$ "#��! � "�¶4`u��NGbs¨²Snmjb^`LXBmjM�m�Z^l,ILNGM9N � 	 ' $# $ +�$ 1 '
!"� $# ��$�� � " �
α = 1/2

�  �� ! 	 !
� "�� ��	  ' $�1 � " � � $�� � " �

β = 1
� � � " � " ��' $# $ 	 "�' 	  ! � " �#	 � " � "  	#"  #" ! � "#"  ! � " � ! � 	&� $ 	%��$ � '

�# � ! � " � ' � ��$ ��" ! " � � 	  	 '
! 	 	 	 ��$ 	���$ � ' � �  1 � 	 ! � ! $ $� ! �#	  '
!"�&$� � 	&$#4D�" �,� "  	#" � 	 ! � $#� ��" �
1
� ! � "

� ��" �%� ��! "�' 	 � "��!" ! $ "�� / $ $ + � �#! $ " � '
! 1 $#� $# " � ��	&�!"  '
	�$� � $ / � $ 	#" '#'%"�' � 	 ' ! � "n¶4`L��N�bd¨ Skc��fZ]\^N�c�_
Z^l,ILNGM9N �

Xn+1 −Xn = b(tn, Xn) ∆t+ σ(Xn) (Btn+1
−Btn

)

+
1

2
σ(Xn)σ′(Xn)

(
(Btn+1

−Btn
)2 − ∆t

)
.

� 5 �Ç~,� �

� !�	 ' $ 1 '
! � $� � $�� � " � $ 1 	 $�HD " �-� "  	#"
α = 1

� �� � $�1 	&$ � �#'%" � �'� "#" ' � 	 ! � ! � " % ��$ " ��� ����� ��+'��� �
' 	 � "%� " � � " 

σ
	 ' 	  ��" / "  � " �! $ 1

Xt
�

�!
�	 ������� ��� ���0� � ��%0��� ��&���
-�c��FNG_�\^ILNJ_Lhj\^c�ho_uZ.hj�L\^ILNJqLbdNG�Yc�ho`uZzZsN;l�\dc�hF_�����NJmjb^N�_uh��¡c�_9qxhoZdc³\^c�ho_�\dh�b^N
\d`ubd_�\dh(ZshoMON�µoN�X(cfZdZd`LNGZ
c�_�\dILN-MOh[t[N�����c�_L��Zs\dNGq¢�L�Lb^c�N
�uX�motLt[b^NGZ^ZsN;t�N;mjb^��c�N�bJc�_kW[NGl�\^c�ho_  ��·T`LbJqL`Lb^qrhBZsN�\^ILN�b^N-��moZJhF_L��X�\dh
l�hF_ul�N�_B\db,m�\^NOhF_ \dILN�M�`L��\dcfZdlGmj��N�qLbdho�L��N�M"��mF_ut bdN;mFl,I0mFZ�ZdhYhF_0mFZ(qxhoZ^Zsc��L��N�m"qLb^hj\dhF\]XYqLc�lGmj�.�¥hFb^M
hF�4Zs`ul,Ikm�ZdX[Z]\^N�M"�JHJILc�ZRIumFZ*�rNGN�_kqxN�bd�¥hFb^M9N;t"��c³\^I �  ��� 5 ��m�\R\dILN�qubdcfl
N(hF�@ZdhFMON�Zdc�MOqL��c��rl�mj\dc�hF_uZ
mF_ut�ZsILhobs\,l
`[\,Z�� ��N
\*`uZJ_Lh���\^mFµFN(m9M9hobdN-qxNGt[N;Z]\^bdcfmj_"mjquqLbdhBmFl,I�\^hO\dILN(qubdho�L��NGM"�Lmj_ut�t[��N����¦c�_B\dh
ZdhFMON-cfZdZd`LNGZG�[�umoZsN;t�ho_�ho`Lb�qLb^NGZdN�_B\�MOmj\dILNGM�m�\dcfl�mF�¦µY_Lh�����N;t[�FN�hj��\dILN�Zs\dh[l,IumoZ]\^c�lT�¥hobdM�mj��cfZsM"�

� ' �('$� .10 ¬  �¿�F� ° �;� °H) �=� ¬ � �.�[�2� ° � °('  ° �2� ° �
��N
\J`uZ��ub,Z]\�l
ho_ul
NG_B\db,m�\dNThF_�\dILNT\]��h��¥hFb,l
N;Z£N��[N�bd\dNGt��YXO\dILN(ZdhF���FN�_B\�hF_B\dh�\dILN-l,IumFc�_¢�[_rmjMON���XO\dILN
�¥b^cfl�\dc�hF_��¥hFb,l
N-NG��ho_L�omj\dc�_L��\^ILN�l,IumFc�_"mj_ut�\^ILN�¸�bdh���_Lcfmj_��¥hFb,l
N-MOhYtLN���c�_L��l�hF����cfZdc�ho_uZ��

�uhFb�\^ILc�ZRqL`Lb^qrhBZsNo�L��N(c�ZdhF�fm�\^N(hF_LN�Zdc�_u�F��N(�rN;mFt¦�xt[N�_LhF\dN(�YX
m
c³\,Z*M�mFZ^ZG�

V t
c³\,Z*�oN���hYl�c³\]Xo�umj_rt

��b^c�\dN�\dILN-�¥ho����h���c�_L�ONGeB`um�\^c�ho_�hF�.MOhj\^c�ho_¢�Ll�mF����NGt�\dIuN � �# � "�D�	  " �%� ��! 	�$��L

mdV t = −ζV t dt+DdBt,
� 5 �Ç~F~ �

��IuN�b^N
Bt

t[N�_LhF\dN;Z(m�Zs\^mF_utLmjb,t¦�
d
¨ tLc�MON�_rZsc�hF_umF�=�¢¸�b^h���_Lcfmj_7MOhF\dc�hF_ mF_ut

D
m�ZdlGmj�fmjb-qumjb,mjMON�\dN�b

\^hO�rN�t[N�\dNGbdMOc�_LNGt¦�4HJIuN�Zsho��`[\^c�ho_�hF� � 5 �Ç~F~#��cfZ*mOZshF¨ lGmj����N;t � �
 '
! " 	  ��	 ��$ "   #" 	 � / � $ 	 "�'#';L

V t = V 0 exp

(
− ζ

m
t

)
+
D

m

∫ t

0

exp

(
− ζ

m
(t− s)

)
dBs,
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��IuN�b^N
V 0

c�Z.\^ILNJc�_Lc�\dcfmj�[�oN���h[l
c�\]XF�jmFZ^Zd`LMONGt�c�_ut[NGqrNG_ut[NG_o\4hF�
Bt
�4§�hF_uZdNGeB`LNG_B\d��XF�

V t
c�Z@m --mj`rZdZdc�mF_

qubdh[l
N;ZdZ���c�\dI"MONGmF_
E(V t) = E(V 0) exp

(
− ζ

m
t

)
,

mF_ut�l
h���mjb^c�mF_ul
N�M�m�\^bdc��

E ((V t − E(V t)) ⊗ (V t − E(V t)))

= E ((V 0 − E(V 0)) ⊗ (V 0 − E(V 0))) exp

(
−2ζ

m
t

)

+
D2

2ζm

(
1 − exp

(
−2ζ

m
t

))
6]t
.
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�uhFbJ\^ILN(mj�xh��FN-t[N�b^c���mj\dc�hF_¢�[��N-Ium{�FN-mFZ^Zs`uM9N;t�\^Ium�\�\^ILN��u`Lcft�c�Z�mj\*bdN;Z]\;�zHJIuN�qubdh[l
N;ZdZ
V t

cfZ�\dIY`uZ
N��[qrN;l�\dN;t�\dhO�rN�Zs\^mj\dc�hF_umFbdXo�Y��ILc�l,I"c�MOqrhBZsN;Z L





E(V t) = E(V 0) = 0,

E (V t ⊗ V t) = E (V 0 ⊗ V 0) =
D2

2ζm

6]t
.

� 5 �Ç~ 5 �

QTZsc�_L��\dILN�qLb^c�_ul�c�qu��NThj�¢NGeB`Lc�qumFbs\^c³\^c�ho_�hj�¢NG_LN�b^�FXo�F\^ILNRMONGmF_�µYc�_LN
\^c�lRN�_LNGbd�oX 1
2mE(‖V t‖2)

ZsILho`L�ft
�xN(NGeB`umF�©\dh d

2kT
\^IY`uZJ\dIuN � " �
 '
! � % 	  '
! " 	  � "%$ ��! 	�$��L

D =
√

2kTζ.
� 5 � ~A!'�

��N
\�`uZ-_LN��Y\�l
hF_rZscft[N�b�\]��h"�rN;mFtLZG�¦�¥hFb^MOc�_u�"m"t[`uM��L�xN����=� � N�t[NG_Lhj\^N��BX
Xi

t

\dIuN �¿b^mF_ut[hoM �
qxhoZdc�\dc�hF_�hF�u�xNGmFt

i
�
i = 1, 2

�jmF_ut
Xt = X2

t −X1
t

\^ILNJN�_ut[¨=\^hj¨ N�_ut��FNGl
\dhob �=ZsNGN��.c��F`Lb^N�� ��� � N�mj�fZdh
tLN�_LhF\dN

R = 1
2

(
X1 + X2

) \^ILN�qxhoZdc³\^c�ho_"hj�z\dILN�l
N�_B\^N�bRhF�.M�moZdZG��6²_nmFtLt[c�\dc�hF_�\^h�\dILN�mj�xh��FN-\]��h
�¥hob^l�NGZ@N��[qrNGbdc�N�_ul�NGt9�YX�N;mFl,IOhj�©\dIuN*�rN;mFtLZG�Ym��¥hFb,l
N

F (Xt)
hj�¦N�_B\db^hFquc�lJ_umj\d`Lb^N�cfZ@\dh��rNRmol�l�hF`L_B\dN;t

�¥hobG� � N(_Lh���µY_Lh���\dILcfZ���N������¿ZdN�N�WYN;l�\dc�hF_  ���o� ~��
�
HJILN ��mj_L�oN��Yc�_�NGeB`umj\dc�hF_uZ��¥hobJ\dILcfZ*Zdc�MOqL��N-\]��h�qumFbs\^c�l���N(ZdX[Z]\^N�M b^NGmotLZ2L




md

(
dX1

t

dt

)
= −ζ

(
dX1

t

dt
− u(t,X1

t )

)
dt+ F (Xt) dt+

√
2kTζ dB1

t ,

m d

(
dX2

t

dt

)
= −ζ

(
dX2

t

dt
− u(t,X2

t )

)
dt− F (Xt) dt+

√
2kTζ dB2

t ,
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��IuN�b^N
B1

t

mj_ut
B2

t

mFbdN�\]��h9c�_ut[NGqrNG_ut[NG_o\;�
d
¨ tLc�MON�_rZsc�hF_umF�¢¸�bdh���_Lcfmj_�MOhj\dc�hF_rZ�� 6²_�\^ILN(��c�MOc³\RhF�.m

��mF_Lc�ZdILc�_L� m
ζ

� �¥\dIumj\Rc�ZR��ILN�_"\^ILN�l,IumFb^mol�\^N�b^c�Zs\dcflT\dc�M9N;ZdlGmj��N(hj�@b^N��fm��Lm�\^c�ho_�\^h�NGeB`Lc���c��Lb^c�`uM �¥hFbR\dILN
NG_utY¨D\dhF¨DNG_ut9�FNGl
\dhob@c�Z4�¿mjb4�fmjb^�FNGb�\^Ium�\£\dILcfZ4��mj��`LN ���B��N�ho�[\^mFc�_O�YX���c�_uNGmjb�l
hFM��Lc�_um�\^c�ho_9hF�r\^ILNRmF�rh��oN
\]��h!��mF_L�FNG�Bc�_�N;eB`um�\^c�ho_uZ L





dXt =
(
u(t,X2

t ) − u(t,X1
t )
)
dt− 2

ζ
F (Xt) dt+ 2

√
kT

ζ
dW 1

t ,

dRt =
1

2

(
u(t,X1

t ) + u(t,X2
t )
)
dt+

√
kT

ζ
dW 2

t ,
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2

1

X

X

X
R

�.c��F`Lb^N��4L*HJILNOt[`LM��u�rNG���zMOh[t[N�� L�\dIuN�NG_utY¨D\dhj¨ N�_rtk�FN;l�\dhob
X

cfZT\dILN9�FN;l�\dhobTl�hF_L_LN;l�\^c�_L��\dILN�\]��h
�xNGmotLZG�[��ILc���N

R
�Fc��FN;Z�\dILN(qxhoZdc�\dc�hF_�hj��\^ILN�l
NG_B\dN�b�hF�.M�moZdZG�

��IuN�b^N
W 1

t = 1√
2

(
B2

t − B1
t

) mj_ut
W 2

t = 1√
2

(
B1

t + B2
t

) mFbdN4mF��Zdh�\]��hJc�_ut[N�qxN�_rt[N�_B\G�
d
¨ tLc�MON�_rZsc�hF_umF�

¸�b^h���_Lcfmj_�MOhF\dc�hF_uZG� � N�moZdZd`LMON�\dILNGX�t[h�_LhF\�tLN�qxN�_ut"ho_�ZdqumFl�NF�
|�\�\^ILc�ZRZ]\,mj�FNo�Y\dILN-�¥ho����h���c�_L�9moZdZd`LMOq[\^c�ho_uZ�mjb^NTc�_"hFb,t[N�b�L
� mFZT\dIuN9��N�_u�j\dI hj��\dILNOqxhF��XBMONGbTcfZ-c�_ mj_YXnl�moZsN��¿mjb-ZdMOmF����N�b�\^Iumj_7\dILN�Zdqum�\^c�mF�.��mFbdcfm�\^c�ho_uZRhF�\dILN(�oN���h[l
c�\]X�hj��\dILN�ZdhF���FNG_o\;�[��N-M�m{X�qxN�bd�¥hFb^M¤\dIuN�H�m{XY��hFbJN
�[qumF_uZsc�hF_

u(t,Xi
t) ' u(t,Rt) + ∇u(t,Rt)(X

i
t − Rt)

�¥hFb
i = 1, 2

�
� mFZ 1

2

(
u(t,X1

t ) + u(t,X2
t )
)
dt
cfZ£hF�¢MOmol
b^hoZ^l
hoqLc�lRZsc?>�No�oc�_�l�hFMOqumjb^cfZsho_�\^h�\^ILN�M9cfl
b^hoZ^l
hoqLcfl

��mjb^c�mj\dc�hF_ √kT
ζ dW

2
t

�[\^ILN(_LhFcfZdN
W 2

t = 0
cfZJ_LNG�F��NGl�\^NGt¦�

8TN�_LhF\dc�_L���YX
W t = W 1 �L��N-hF�[\,mjc�_ L




dXt = ∇u(t,Rt)Xt dt−
2

ζ
F (Xt) dt+ 2

√
kT

ζ
dW t,

dRt = u(t,Rt) dt.
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HJIuN*mj�xh��FN�ZsX[Zs\dNGM cfZ4Zd`LqLqL��c�N;tO��c³\^I�c�_uc³\^c�mF�ul
ho_ut[c�\dc�hF_uZ
X0

mj_ut
R0

�@HJILN*qLb^h[l
N;ZdZdNGZ
Xt

mj_ut
W tmFbdN(_rm�\d`ub^mF����X�c�_ut[N��YN;tk�YX�\^ILN(\^b^mji]NGl�\^hFb^c�N;Z�hj�z�u`uc�tkqrmjbd\dcfl
��NGZG�JHJIuN�¶4`L��N�b^c�mF_nt[NGZ^l
b^c�q[\dc�hF_nl�hFb^bdN�¨
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ZdqxhF_ut[c�_L��\^h�\^ILN�mF�rh��oN ��mj�ob^mF_L�Fcfmj_"t[N;Zdl�bdc�q[\dc�hF_kb^NGmotLZG�L�¥hFb
Xt(x)

tLN�_LhF\dc�_L��\dIuN�l
ho_[�¥hFb^M�m�\^c�ho_
mj\

x
mj\�\^c�MON

t
L

dXt(x) + u(t,x).∇Xt(x) dt = ∇u(t,x)X t(x) dt− 2

ζ
F (Xt(x)) dt+ 2

√
kT

ζ
dW t.

� 5 �Ç~j���

¶£eB`umj\dc�hF_ � 5 � ~F�'��c�Z�Zdc�MOqL��X�\^ILN(Z]\^hYl,IrmFZs\dcflR�oN�b,Zsc�hF_�hF�¢\dIuN(M9h[t[NG�¢mj��bdN;mFt[XOc�_B\db^hYtL`ul
N;t�c�_"WYN;l�¨
\^c�ho_  `L_utLN�b�\dILN��¥hobdM hF��NGeB`umj\dc�hF_ �  �?�;������6²_ut[NGNGt¦�Y\^ILN-��mj\s\^N�bJc�Z�\^ILN(�LhoµBµoN�b�g4�fmj_ul,µ�moZdZdh[l
cfm�\dN;t
\^h-\dILNTZ]\^hYl,IrmFZs\dcfl�t[c³¹©N�b^N�_B\^c�mF� � 5 � ~F�#���@HJILN��¥`u_ul�\^c�ho_

ψ
Zsho��`L\dc�hF_9\dh �  �?�;� �@c�Zz\^ILN*qLb^hF�rmj�Lc���c�\]X�tLN�_[¨

Zdc�\]X�hF�
Xt(x)

ZdhF��`[\dc�hF_9\dh � 5 � ~F�'��� � NRb^N
�¥NGb@\dILNTbdN;mFt[NGb@\dh�\dILNRqLbdNG�Yc�ho`uZ£ZdNGl
\dc�hF_O�¥hFb�MOhFb^N*t[N
\,mjc���Z
ho_�\^ILN(c�_L�Fb^NGt[c�N�_B\�hj�zZ]\^h[l,IumFZs\dcfl-mj_umF��X[Zdc�Z�_LNGNGt[N;t��¥hobJ\dILN(qubdhYhj�.hj��\dILcfZJ�¿mFl
\��¿ZdN�N�WYN;l�\dc�hF_ 5 ���o� 5 �
�

� ' �(' � .10 ¬ ���G� ¬ �;�9� ¬ � � ° �
QTZsc�_L��\dILN9t[N
�u_uc³\^c�ho_7hj�@\^ILNOZ]\^bdN;ZdZ*\dN�_rZshobRb^NGl�mF����NGtnc�_ W[NGl�\^c�ho_  �x\^ILN �-b,mjMON�b,Z��¥hobdM�`L�fm�l�mF_n�rN
ZdILh���_¢� 6²_�\dIuN�Z]\^hYl,IrmFZs\dcflR�fmj_L�o`umj�oNT��N(mFt[hoq[\�ILN�b^NF�uc³\*b^NGmotLZ

τ p(t) = np

(
E(Xt ⊗ F (Xt)) − kT

6]t )
,

� 5 �  ���

��IuN�b^N ⊗ t[NG_Lhj\^NGZ�\dIuN�\^N�_uZdhFb^cfmj�BqLbdh[t[`rl�\@mj_ut
np
c�Z�\dIuNJl�hF_ul�N�_B\db,m�\^c�ho_(hj�xqrho��XYMON�b,Z��.WYN�N�´��Ù§T���R\s¨

\^c�_u�FN�b � �G�4�j��qLq ��! : �(�"!j� � �©S+� 8ThFc4mj_rt W©� ���¢¶£t[�Jmjb,tLZ �  �[�.ZsN;l�\dc�hF_  �Ù�Y� 5 � �¢p(� ¸��¢¸�c�b,t7N�\�mj� � �;~Y�
ZdNGl
\dc�hF_ �  �  � �R·R�4l
ho`Lb,ZsNo�[\dILcfZTN
�[qLb^NGZ^Zsc�hF_�c�ZTZsc�MOc��fmjb;�uc�_k\^N�b^MOZ*hj�

Xt
�rhF�z\dILN�N��[qLbdN;ZdZdc�hF_"qLb^N��Yc³¨

ho`uZd��X��¥ho`L_ut�hF_�\dIuN(��m{�
ψ
hF�

Xt
�L_rmjMON���X��  ���{~#��c�_kW[NGl�\^c�ho_  �

QTZsc�_L� 6 \ <TlGmj�fl
`L��`uZG�;mF_�c�_B\^N�b^NGZs\dc�_L�Rmj��\dNGbd_rm�\dc��FN@N��[qLbdN;ZdZdc�hF_�l�mF_(�rN£�¥hF`L_rt-�¥hFb�\dILN�Z]\^bdN;ZdZ¢\dNG_uZshobG�
6²_rt[N�N;t¦�Lc�_o\^bdh[t[`rl
c�_L��\^ILN�Zdhj¨²l�mj����NGt ' ! � � 	 ! � � " ! "  ' $��

Xt(x) ⊗ Xt(x)
�L��N(Ium{�FNAL

d(Xt(x) ⊗ Xt(x)) = (dXt(x)) ⊗ Xt(x) + Xt(x) ⊗ (dXt(x)) +
4kT

ζ

6]t
dt

=
(
− u(t,x).∇ (Xt(x) ⊗ Xt(x))

+∇u(t,x)(Xt(x) ⊗ Xt(x)) + (Xt(x) ⊗ Xt(x))(∇u(t,x))T

−2

ζ
F (Xt) ⊗ Xt −

2

ζ
Xt ⊗ F (Xt) +

4kT

ζ

6]t )
dt

+2

√
kT

ζ
((Xt(x) ⊗ dW t) + (dW t ⊗ Xt(x))) .

� 5 �  ���

HJIuN�MON;mj_"hj��\dILN�Zs\db^`ul�\^`Lb^NT\^N�_uZdhFb

A(t,x) = E(Xt(x) ⊗ Xt(x))
� 5 �  ~'�
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\^ILN�b^N
�¥hobdN-ZdhF���FNGZG�[`L_utLN�b*ZdhFMON-MOmj\dILNGM�m�\dcfl�mF�¢mFZ^Zs`uM9qL\dc�hF_uZJho_
Xt

�
∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T

= −4

ζ
E(Xt ⊗ F (Xt)) +

4kT

ζ

6]t
.

� 5 � ; �
QTZsc�_L� � 5 �  �'����\dILNO�¥ho����h���c�_L�"N
�[qLb^NGZ^Zsc�hF_ hj��\dILN�Zs\db^NGZ^Z�\dNG_uZshobG��l�mj����NGt7\dILN � 	 "�'�" � � '�1 $#� � ��$ ���.c�Z
ho�[\^mFc�_uNGt¦�[��ILcfl,I"hF_L��X�N��Yqu��cfl
c�\d��X�t[NGqrNG_utLZ�ho_"ZdNGl�hF_ut�MOhFMON�_B\^Z*hj�

Xt
L

τ p(t,x) =

−ζ
4
np

(
∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T

)
.

HJIuN-Zs\db^NGZ^Z
τ p

cfZJ\dIY`uZJqLb^hFqxhFbd\dc�hF_rmj�x\dhO\^ILN(`LqLqxN�bd¨ l�hF_Y�FN;l�\^NGt�tLN�b^c���m�\^c��oNThF�
A
�

� ' �('?# .10 ¬ 'D° ��� ¬
� NO_Lh�� Irm{�FN�\dh"M�mjµFN9\^ILN9�¥hFb,l
N

F
ZdqrN;l
c��rlj� 6²_ �¥`L���4�FNG_LN�b,mj��c�\]XF�¦c�\-cfZ�moZdZd`LMONGtn\dIumj\

F
c�Z(\dILN

�ob^mot[c�N�_B\�hF�zm 	 $�HD "�� ��� ���#	���$&$ +�' +�� �!" ! �
	 	��xqxhj\^N�_B\dcfmj�
Π(X) = π(‖X‖) �4HJIY`uZG�

F (X) = π′(‖X‖) X

‖X‖ .
� 5 �  5 �

HJIuN�l�hF_Y�FN��Yc�\]X9hj�
Π(X)

��c�\dI�b^NGZdqrN;l�\£\^h
X
hj��l�hF`Lb,ZsNTmjMOhF`L_B\,Z4\^h�\^Ium�\Jhj�

π(l)
��c³\^I�b^NGZdqrN;l�\�\dh

l
�Y\dho�FN
\^ILN�b���c�\dI

π′(0) ≥ 0
�

HJILN-Zdc�MOqL��NGZs\�N��[mFMOqL��NThj�¢qxhj\^N�_B\dcfmj�
π
cfZ4\^ILNTeB`umot[b^mj\dcfl*qxhj\^N�_B\dcfmj�

πHook(l) = H
l2

2

�B��Iuc�l,I�hF�
l�hF`Lb,ZdN�l�hFb^bdN;ZsqxhF_utuZ£\^h9\dILN�´RhYhFµFN;mj_��¥hFb,l
N-c�_B\^bdh[t[`ul�NGt�c�_ �  �?�G�'�
�£HJILN�b^N(mjb^NR\]��hOM�m�i]hFb�quc³\d�¿mj����Z
��c�\dI�\^ILN�´*hYhoµFNGmF_�tL`LM��L�xN�����MOh[t[NG� L@�rb^Zs\*c³\Tc�Z  $�!JmOM�`L��\dcfZ^l�mj��N(MOh[t[N��¢c�_k_umj\d`Lb^NF�umF_ut"ZsN;l
ho_ut
�=mj_ut�qxN�b^IumjquZJMOhobdN-c�M9qxhFbd\^mF_B\d��X �
�Lc�\*IumFZ�m9ILc��FIL��X�_Lho_�quIBX[Zdc�lGmj�©�¥N;m�\d`ubdNo�

��N
\�`uZ(�xN��oc�_ �YXn�FNGbdc��¥XYc�_u��\^Ium�\(\^ILN�´*hYhoµFNGmF_7MOh[t[N��@cfZ�mol�\d`rmj����XnN;eB`Lc���mF��NG_o\-\^h�\^ILN�qL`Lb^N���X
M�mol
b^hoZ^l
hFquc�l-·T��t[b^h�X[t�¸�M9h[t[NG�¦c�_B\^bdh[t[`ul�NGt�c�_ �D~[�Ç~F~#�
�

� ° � ¬ª° � � 0 ¬ �k°¢° � ¬ � �  ° ± ¬ � �uhFb"´*hYhFµoNGmF_�t[`LM��L�rNG���D����N Ium{�FNAL
E(X ⊗ F (X)) =

HE(X⊗X)
��\dIY`uZ.\^ILN��¥hF����h���c�_L�RN;eB`um�\^c�ho_�cfZzhF�[\,mjc�_LNGt�hF_�\^ILN�Z]\^bd`rl�\d`ubdN�\dNG_uZshob

A = E(X⊗X)
L

∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T

= −4H

ζ
A(t,x) +

4kT

ζ

6]t
,

� 5 �  ! �
\^Ium�\*cfZG�[c�_�\dNGbdM�ZJhF�

τ p
L

ζ

4H

(
∂τ p

∂t
(t,x) + u(t,x).∇τ p(t,x) −∇u(t,x)τ p(t,x) − τ p(t,x)(∇u(t,x))T

)

= −τ p(t,x) + npkT
ζ

4H

(
∇u(t,x) + (∇u(t,x))T

)
.
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6²_B\^bdh[t[`ul�c�_u��\^ILN(b^N��fm��Lm�\^c�ho_�\dc�MON
λ =

ζ

4H
,

� 5 �  �'�

mF_ut�\dILN(�YcfZdl�hoZdc³\]X
ηp = npkTλ,

� 5 �  : �
��N-bdN;l
ho�F_Lc?>�NT\dILN(M�mol
b^hoZ^l
hFquc�lTSnm��[��N������¥hFbT·T�ft[b^h�X[t�¸���MOhYtLN����=~L� ~o~#���L\dIumj\*c�ZG�

λ

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ τ p = ηpγ̇.
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M�mol
b^hoZ^l
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`L�fmjb
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�Y_Lh�M�mol
b^hoZ^l
hFquc�lJN;eo`uc���mj��N�_B\��¥hFb^M�`[¨
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�[cfZ]\,Z�� 6²_0\dILcfZ��fm�\d\dNGb�ZdN�_uZdNF�
M�`L��\dcfZdlGmj��N�MOh[t[NG��Z �#� " � $�� " / $ � " � 1#��$.\dIumF_�qL`ubdNG��X�MOmol
b^hoZ^l
hoqLc�lRMOhYtLN��fZ��
6²_¡motLt[c�\dc�hF_ \dh"\dIuN�mj�xh��FNo��m"M�m�i]hFb�\^ILN�hobdN�\dcfl�mj�z�xm{� hF��\^ILN�t[`LM��L�rNG����MOhYtLN��D��N��YNGMOqL��c��uN;t

c�_ �  ���;�'����c�Z-\^Ium�\(_LhF\dILc�_L�kqLb^N��oN�_B\^ZT\^ILN�N�_ut[¨=\^hj¨ N�_ut �FN;l�\^hFb;�¦c�_ \dIuN�´*hYhFµoNGmj_ MOh[t[N��D�¢\^h�b^NGmol,I
mFbd�uc³\^b^mFbdc���Xk�fmjb^�FNO��N�_L�F\dIuZ |r| ��HJIuc�Z(cfZ(hF�Jl�hF`Lb,ZsNO_LhF\�l
ho_uZscfZs\dN�_B\���c�\dI0\^ILN�mFl
\d`umF�@�u_Lc�\dN���N�_u�j\dIhF��\^ILN�l,IumFc�_���HJILcfZ�c�_ut[NGNGt0l
hoM9N;Z-�¥b^hFM \^ILN�MON
\^ILh[t0hj�*t[NGbdc���m�\dc�hF_ ��ILNGbdN���N�Ium{�FNO\,mjµoN�_ \dILN
��c�M9c�\�hF����mFbd�oN

N
�@NGmol,I hF��\dILN���c�_Lµ0�rNGc�_u�7hj����N�_L�F\dI

a
� 6²_+\^ILN���c�MOc�\G�z\^ILN�\dhF\^mF����N�_L�F\dI+hF��\dILN

l,Irmjc�_n\dIuN�b^N
�¥hFb^N9N
�[qL��hYtLNGZG�©\dIY`uZ�\dIuN��¥hobdM�`L�fm��  ���;�'���O�Lhob(mj����\^ILN�mj�xh��FN�bdN;mFZdhF_uZG�x\dILN�´*hYhoµFNGmF_
tL`LM��L�xN����YMOhYtLN��D�jmj��\dILho`L�FI�mRqrNGbs�¥N;l�\.\dN;Z]\@l�moZsN£�¥hFb.qLbdNG��c�MOc�_rmjb^X�M�mj\dILNGMOmj\dcfl�mF�BmFbd�o`LMON�_B\^ZG�GcfZ._Lhj\
m��¥`L����XnmFqLqLb^hFqLb^c�mj\dN(�xN�_ul,IuMOmFbdµ©�©qLIYX[Zscfl�mF����XF�xM�m�\^ILN�M�m�\^c�lGmj����X"mj_rtn_Y`LMON�b^c�lGmj����X�b^N�qLb^NGZdN�_B\^mj\dc��FNo�
�¥hob�M�`L��\dcfZ^l�mj��N-MOhYtLN��fZ��

|�lGl
hF`u_o\^c�_u�O�¥hFbJ\dIuN(�u_Lc�\dN�N��Y\dN�_rZsc��Lc���c�\]X�hF��\^ILN�l,IumFc�_"cfZ*mj_"c�M9qxhFbd\^mF_B\*c�Z^Zs`uNF�[�¥hob*��ILcfl,I"mot[N
¨
eB`umj\dN-MOh[t[N��fZJN
�[cfZ]\;� � N(_Lh���\d`Lb^_�\dh9\]��h9hF��\^ILN�M"�

� � 0 ¬ � ' ° ��� ¬ � HJIuN � % � % � $�� "�$²�u��ILN�b^N��.¶£P*¶ÖcfZ�\dILN�mFl
b^hF_YXYM �¥hFb � 	 �	 ! " % � ! "  '
	  %$ " ��$� �
$�	  " ��� % $ ��'
!"	 	��FcfZ.qrNGbdIumFquZ�\dILN�MOhoZs\��¿mFM9ho`uZ��¥hFb,l
N£�uN��ft�NGM9qu��h�XoNGt(c�_�\^ILNJZsc�M�`L�fm�\^c�ho_�hF�uqrho��XYMON�b^cfl
�r`Lc�tuZ���6 \Rl�hFb^bdN;ZsqxhF_utuZ4\^hO\dILN(qxhj\^N�_B\dcfmj���=ZsNGN���c��F`ubdN �G� � L

πFENE(l) = −bkT
2

ln

(
1 − l2

bkT/H

)
.
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HJILNnZd`ulGl
NGZ^ZOhj�T\dILcfZ�qxhj\^N�_B\dcfmj�*cfZO��N����*bdN;l
ho�F_Lc?>�N;t¦� 6²_ \^ILc�Z�MOmj\dILNGM�m�\dcfl�mF�J\dN��B\;��c�\�cfZ�_Lhj\
ho`Lb9qL`Lb^qrhBZsN�\dh mFbd�o`LN�ho_+\dIuN�qLIYX[Zdc�lGmj���{mF��cft[c�\]X+mj_ut bdNG��NG�{mF_ul
N�hj��\^ILN�MOh[t[NG��ZG�+´*h���N��FNGbG�@mF_
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� \dILNJt[N;Zdl�bdc�q[\dc�hF_�hj�[\dIuN�MOcfl
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HJILNO�.¶£P*¶ MOh[t[N��@l�mF_L_LhF\T�xN9b^N�quILb^moZsN;t"`L_ut[NGbR\^ILN��¥hFb^M hj��m�qL`Lb^N���X�M�mol
b^hoZ^l
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P
Z]\,mj_utuZ£�¥hob � " ! " � $ 	 u�4�uhF����h���c�_L��|��[gzN
\dNGbd��c�_ � �G� 5 � mj_ut�p(� ¸��L¸�c�b^t¦�Ygz� �u�@8Thj\,Zsho_

mF_utOP�� �4� �ohFIu_uZsho_ � � �� �oc³\£IrmFZzc�_ut[N�N;t9�rNGN�_�qLb^hFqxhoZdNGt�\dh(b^N�qL�fmFl�N�\dILN*t[NG_LhFMOc�_um�\^hFb@hF�r\^ILN*�.¶£P*¶
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F FENE−P(Xt) =
HXt

1 − E(‖Xt‖2)
bkT/H

.
� 5 � 5 ���

|�lGl
hFb,t[c�_L�F��XF�B\^ILN(MOc�l�bdhBZdl�hFqLcflTtLNGZ^l
b^c�q[\^c�ho_�hF��\^ILN-�u`LcftLZ�_uh���b^NGmFtuZ L




τ p = np

(
HE (Xt ⊗ Xt)

1 − E (‖Xt‖2) /(bkT/H)
− kT
6]t )

,

dXt + u · ∇Xt dt =

(
∇uXt −

2H

ζ

Xt

1 − E (‖Xt‖2) /(bkT/H)

)
dt+ 2

√
kT

ζ
dW t.

� 5 � 5 � �
QTZsc�_L�9\dIuN(N
�[qLb^NGZ^Zsc�hF_�hj�

τ p
��� 5 �  �'�JmF_ut�� 5 �  5 �
�L��N�ho�[\^mFc�_ L

∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T

= −4H

ζ

A(t)

1− tr(A(t))/(bkt/H)
+

4kT

ζ

6]t
.

� 5 � 5 ~ �
6²_rZsNGbs\^c�_L�9\^ILc�ZJc�_B\dhHL

A =
1

HZ(tr(τ p))

(
τ p

np
+ kT
6]t )

,

��IuN�b^N
Z
cfZ*t[N��u_LN;t��YX��D~[�Ç~j�'�
�[\dIuNT�¥ho����h���c�_L�ONGeB`um�\^c�ho_�cfZJhF�L\^mjc�_LN;t�ho_

τ p
L

ζ

4H

(
∂τ p

∂t
(t,x) + u(t,x).∇τ p(t,x) −∇u(t,x)τ p(t,x) − τ p(t,x)(∇u(t,x))T

)

+Z(tr(τ p))τ p − ζ

4H
(τ p + npkT

6]t
)

(
∂

∂t
+ u.∇

)
ln(Z(tr(τ p)))

= npkT
ζ

4H

(
∇u(t,x) + (∇u(t,x))T

)
,
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π′(l)

l

q

bkT

H
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M�mol
b^hoZ^l
hFquc�l*�¥hFb^M�`L�fm�\^c�ho_¢�£·R\dILNGb��{mFbdcfmj_B\,Z�hF��\^ILN��.¶£P*¶ÖMOh[t[NG�¢N
�[cfZ]\�c�_�\^ILN(��c³\^N�b,m�\d`ubdNo�
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� N�_uh�� Irm{�FN�mj���¢\^ILN��ubdcfl,µ[Z��¥hFbR\dILN9Z]\^h[l,IumFZs\dcfl-��mjb^c�mF_o\Thj�@hF`LbTM�`L��\dcfZ^l�mj��N�ZdX[Z]\^N�M �  ���  ���-§�ho�³¨
��NGl
\dc�_L�9\dILN(M�mj\dN�b^cfmj�¦hj��\dILN(qubdNG�Bc�hF`rZ�ZsN;l�\dc�hF_��[��N-hF�L\^mjc�_ L





ρ

(
∂u

∂t
(t,x) + u(t,x) · ∇u(t,x)

)
− η∆u(t,x) + ∇p(t,x)

= div (τ p(t,x)) + ρf(t,x),

div (u(t,x)) = 0,

τ p(t,x) = np

(
E(Xt(x) ⊗ F (Xt(x))) − kT

6]t )
,

dXt(x) + u(t,x).∇Xt(x) dt

= ∇u(t,x)Xt(x) dt− 2

ζ
F (Xt(x)) dt+ 2

√
kT

ζ
dW t.

� 5 � 5;5 �

¾¥È.¼¢¾àä



� ��� � � ��� ��� � � � � � � � � � � � ��� 5 !

|TZ��JmFZ£\dIuN-lGmFZdN*�¥hob£\^ILN��uhFµYµFNGbs¨ g4�fmj_ul,µ9NGeB`umj\dc�hF_¢�B\^ILN�Zs\dh[l,IumoZ]\^c�lTt[c�¹xNGbdNG_o\^c�mF�©NGeB`um�\^c�ho_uZ�mjb^N
\^h �xN"Zsho���oNGt¡mj\9N;mFl,I¡qxhFc�_B\9hF�*\dILN"M�mFl�bdhBZdl�hFqLcfl9�uh��(�¡HJILN�qLb^h[l
NGZ^Z

Xt
\dILNGbdN��¥hFb^N�c�M9qu��cfl
c�\d��X

tLN�qxN�_utLZ*hF_
x
�

6 \9c�Z���NG����¨ µB_uh���_ \^Ium�\�\dILN��¥hFb^M hF��NGeB`um�\^c�ho_uZ�mol�\^`umj����X `uZdNGt0c�_+\dIuN�_Y`LMON�b^c�lGmj�4qub^mol�\dcfl
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L
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ζ
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Re =
ρUL

η
, ε =

ηp

η
,

We =
λU

L
, µ =

L2H

kT
.
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Re ≤ 10
�
�
ε
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We
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0.1 ≤ We ≤ 10
���[mF_ut

µ
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|�t[c�MON�_uZdc�hF_umF��c?>�c�_L��mF��Zdh�\^ILN��¥hob^l�N��YX
F (Xt) =

F (LXt)

HL
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hoM�¨
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µ = 1
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Re

(
∂u

∂t
+ u · ∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

τ p =
ε

We

(
E(Xt ⊗ F (Xt)) −

6]t )
,

dXt + u.∇Xt dt = ∇uXt dt−
1

2We
F (Xt) dt+

1√
We

dW t.
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\^c�lGmj� �Ot[c�B�l�`L��\dc�NGZ�mFbdNnmoZdZdh[l
cfm�\dN;t¡��c�\dI�\^ILN7Zdhj¨²l�mj����NGt � 	 � � � " 	 '#'%"   " �-�
 ���  #" � / � $  �$ "%� � �sILc��oI ��MON;mj_Lc�_L�ON
�Ll
NGNGt[c�_L�r�LZdm{Xo�(�;� �
�



5 � ����� "����
	 '��� ��� ��� "�$�	���D�� "

�!
 � ����� ��� � � � � ��� � � � ����� �	 ��� � ��� � # � � � ��� �
·T`ub¢�¥h[l
`uZzZdh��¿mjb.IumoZ��xN�NG_�\dIuN£MOh[t[N�����c�_L�-t[c�B�l�`L��\dc�NGZ��¥hFb.�BcfZ^l
hYN��fmFZs\dcflz�u`LcftLZG�.|R_Lhj\^ILN�bzeB`LNGZs\dc�hF_�c�Z
\^ILN-t[c�Z^l
b^N
\^c�>;m�\^c�ho_�hj�¢\^ILN�M9h[t[NG��ZG�Lmj_rtO\dILNGc�bJ_Y`LMON�b^cfl�mj�©Zdc�M�`L��mj\dc�hF_uZG�@HJILcfZ�IrmFZ£\dh9�rN-qxN�bd�¥hFb^M9N;t
�oN�b^X�l�mFbdN��¥`L����X�Zdc�_rl
N�m�M9h[t[NG�[c�Z.\]XYqLcfl�mF����X���mj��cftLm�\^NGt��BX�ZshoM9N�l�hFMOqumjb^cfZsho_uZ��xN
\]��N�NG_�N��[qrNGbdc�MON�_B\^Z
mF_ut�_B`uM9NGbdcfl�mF�¢Zsc�M�`u��mj\dc�hF_uZJho_�Zdc�MOqL��N-hFb*l�hFMOqL��N
���uh��*ZG�

HJILN�qLbdN;ZsNG_B\�ZsN;l�\dc�hF_+Zd`LMOM�mjb^c�>GNGZ�\dIuN�c�Z^Zd`LNGZ(mF_ut \dN;l,IL_Lcfeo`uNGZG��c�_¡m"��mF_L�F`umF�FN�mFlGl
N;ZdZdc��u��N9\dh
b^NGmot[N�b,Zz�¿mFM9c���c�mFb£��c�\dI�Z^l
c�N�_B\dc��rlTl
hFMOqL`L\dc�_L��mF_ut�_Y`LMON�b^c�lGmj�xmj_umF��X[Zdc�ZG��|�M�`ul,I�MOhobdN*NG��NGMON�_B\^mFbdX
qubdN;ZsNG_o\,m�\^c�ho_���c����¢�xN(�Fc��FNG_�c�_kWYNGl
\dc�hF_ !Y�

� '�� '$� � �  ¬ �*�¿�o� �  ¬ � 0 ° ±��
SnhoZs\*hj�.\dILN�_Y`LMONGbdcfl�mF�¢MON
\dIuhYtuZ*mjb^N(�umFZdNGt�`LqxhF_nm9�u_uc³\^N�N���N�MON�_B\Rt[cfZ^l
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x
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(Xk,K
t )1≤k≤K

hj�r\dILN*Zs\dh[l,IumoZ]\^c�l�qLb^h[l
NGZ^Z
Xt

mjb^NJZsc�M�`L�fm�\^NGt¦�ot[bdc��FNG_��YX
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τ K
p =

ε
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1

K

K∑

k=1

X
k,K
t ⊗ F (Xk,K

t ) − 6]t
)
.
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�F�*WYhFMON 	  1 � ' ��/ 	 $� �#	 !"	�$#TM�`uZs\��rNJZ^m�\dcfZs�uNGt-�YX�\dILN�ZsqrmFl
N;Z¦b^NGZdqrN;l�\dc��FNG��X�`uZdNGt-�¥hob¢\^ILN�t[cfZ^l
b^N
\dN
�FNG��h[l
c�\]XF�zqLb^NGZ^Zd`LbdN�mF_ut+Zs\db^NGZ^Z �¥c��RhF_uN���mF_B\^Z-\^ILN�t[cfZ^l
b^N
\dc?>Gmj\dc�hF_ \dh �rN�Z]\,mj�L��N��¥hob

ε
l
��hoZdN

\dh � ���
~[��HJILN ��� D " 	 !"	�$# ! " � � '¢_LNGNGt�\dh-�rN�t[cfZ^l
b^N
\dc?>�N;t�l�hFb^bdN;l�\d��XF��c�_�\dILN�l
ho_uZdN�b^�{mj\dc�hF_�hF�rMOhFMONG_o\^`LM
NGeB`umj\dc�hF_uZG�¦c�_7\dILNON;eo`rm�\dc�hF_7hF_

τ p
c�_ �D~[�Ç~  �
�¦c�_ \dIuN�N;eo`rm�\dc�hF_ hF_

ψ
c�_ �  �?� 5 �
�¦hF_ c�_ \dILN

W,8T¶Öc�_ � 5 � 5 �'���
 ��HJILN  $� $ 	  " �#�%! " � � '*b^NGeB`Lc�bdNo�©moZTmF���Jm{X[Z��©m�ZdqxNGl
cfmj�@lGmjb^NF��·T_n\dIuN�ho_LN�Irmj_ut¦�¦ZdhFMON�_uhF_[¨
��c�_LN;mjb9\dNGbdM�Z9Z]\^N�M �¥b^hFM \dIuN"l�hF`Lqu��c�_L�4L ∇uτ p + τ p(∇u)T c�_ �D~[�Ç~  ��� ∇uXt

c�_ � 5 � 5 �'�
hFb

div X(∇uXψ(t,x,X))
c�_ �  �?� 5 �
�(·T_"\^ILN�hF\dILNGbRIumF_ut¦�x�¥hFbTbdIuN�hF��hF�oc�lGmj�¢MOh[t[NG��ZTMOhFb^N

l
hoM9qu��cfl�mj\dNGt�\^Iumj_0·T��t[b^h�X[tY¨²¸ hFbT´*hYhFµoNGmj_ntL`LM��L�xN����D�xZdhFMON�_Lho_L��c�_LN;mjbR\dN�b^M�ZRl�hFMON(�¥b^hFM
\dILNTMOhYtLN��uc�\^ZdN���� �¿ZdN�N*\dILNTN�_B\db^hFqLcfl��¥hFb,l
N

F (Xt)
c�_�� 5 � 5 �'�.�¥hob��.¶£P*¶ MOhYtLN��L�¥hob£N��[mFMOqL��N ���

¸�N;Zscft[NGZG�o�¥hFb��rhF\dI�MOcfl
b^hj¨ MOmol
b^h(MOhYtLN��fZ�mF_ut�qL`Lb^N���XOM�mFl
b^hoZ^l
hoqLcflJM9h[t[NG��ZG�YhF_LNTl
N�_B\^b^mF�xt[c�B�l
`L��\]X
hF�J\dILN"Zsc�M�`u��mj\dc�hF_+hj���YcfZdl�hBNG��moZ]\^c�l��u`LcftLZ�cfZ�\dILN�ZshF¨ lGmj����N;t � 	 � � � " 	 '#'%"   #" �-� � ���  #" � � � $  �$ "%�
�=´ � PRg ��� 6 \�cfZ9c�_rt[N�N;t ho�uZsNGbd�oNGt0\^Ium�\�_Y`LMON�b^cfl�mj��Zdc�M�`L�fm�\dc�hF_rZ9tLh _LhF\�l
hF_Y�oN�b^�FN���ILNG_

We
cfZ

\^hYh��fmjb^�FNo��HJILNOM�m��[c�M�`LM ��mj��`LNO��ILcfl,I lGmj_ �rN�mFl
\d`umF����Xnl
hobdb^NGl
\d��XkZsc�M�`L�fm�\^NGt t[N�qxN�_rtLZ-hF_ \dILN
�oN�hoM9N�\db^X�hj�©\^ILNRqLb^hF�u��NGM � 5 L��*l�hF_B\db,mFl
\dc�hF_¢�j�uh���qumFZs\£m�l
XY��c�_rt[N�b;������� �
�oho_�\^ILNRMOh[t[NG� �D·T�ft[b^h�X[tY¨ ¸
MOh[t[NG�=���.¶£PR¶ M9h[t[NG�=�£����� � mj_ut mj�fZdh�ho_n\dIuN�t[c�Z^l
b^N
\^c�>;m�\^c�ho_nMON
\dIuhYt¢�OH�XYqLcfl�mj����XF�¦c�\-cfZ-hF�rZsNGbd�oNGt
\^Ium�\�\^ILcfZJMOmj�[c�M�`LM ��mj��`LN(t[N;l
b^NGmFZdNGZ���c�\dI"MONGZdI"bdN��u_LN�MONG_o\;�

� N(��c����¢b^N
\^`Lbd_�\dhO\^ILNGZdN(eB`LNGZs\dc�hF_uZJc�_nWYNGl
\dc�hF_M�L�
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Methods
of the integral
using the decreasing

 

Phenomenological modelling

Stochastic models

Microscopic models (kinetic theory)

Macroscopic simulations

Integral models Differential models

Finite Element
Discretization

memory function

FEM (fluid)

Monte Carlo (polymers)

Micro−macro simulations

using principles of fluid mechanics 

�.c��o`Lb^N��A�;L@Snmol
b^hj¨ MOmol
b^h�mj_rt�MOcfl
b^hj¨ M�mFl
b^h�MOh[t[NG��Z��¥hob*l
hFMOqL��N
���u`LcftLZ��

�!
�� �
� ��� % � � � � % %0� � �!��� % � � �	 � # � � ���� � ����� ��%0��� �� � �� �	� � ��� � � ����!$# �
�&%!�

� ' G('$� � �¿�F� °u®  �L�j� °���� ¡�L�F� °L® ¡�L�j� °  ° ± ¬ � � � ��%
� N£mFbdN4_uh�� c�_�qxhoZdc³\^c�ho_-\dhRl�hFMOqumjb^Nz\dIuN£MOc�l�bdhF¨DM�mol
b^hJmFqLqLb^homol,I�mF_ut�\dILN�M�mFl
b^hj¨ M�mFl�bdhJmjqLqubdhBmFl,I
\^h�Zdc�M�`L��mj\dNTqrho��XYMON�b^c�l��u`LcftLZ �=mj_ut�M9hobdNR�FN�_uN�b,mj����X9l
hFMOqL��N
�9�u`LcftLZ ���4�.c��F`Lb^N1�;�TZs`LMOM�mjb^c?>�NGZ4\dILN
M�mFc�_��¥NGmj\d`Lb^NGZ*hj�.\dILN;ZsN�mFqLqLb^homol,ILNGZG� �¢N�\*`uZRt[cfZ^l
`uZ^Z�\dILcfZ��¥b^hFM \]��h��Yc�N���qxhFc�_B\^Z2L4MOhYtLN�����c�_L��mj_rt
_Y`LMONGbdcfl�ZG�

�ubdhoM \dILN�MOhYtLN�����c�_L���Yc�N���qxhFc�_B\G�B\dILN�c�_o\^N�b^NGZs\�hF�¦\dILN-MOcfl
b^hj¨ MOmol
b^h�mjqLqubdhBmFl,I�Zs\dN�M�Z£�¥bdhoM \dILN
�¿mol�\@c�\4c�Zz�umoZsN;t�ho_9m-l
��NGmFbz`L_ut[NGb^Zs\^mF_ut[c�_L�-hj�u\^ILNJqLIYX[Zscfl�Z@mj\zqu��m{Xo��HJILNJµYc�_uN
\dcflJNGeB`umj\dc�hF_uZ.`uZdNGt�\dh
MOh[t[NG�Y\dILN�NG�FhF��`[\^c�ho_�hj�x\dIuN�qxhF��XYMON�b,Z@mjb^N���N����[NGZs\^mF�L��cfZdILNGt9mj_ut�\dIuN���c�MOc³\4hF�u\dIuN��{mF��cft[c�\]X�hj�r\dILN;ZsN
N;eB`um�\^c�ho_uZ(cfZ(µY_Lh���_¢�"HJILN�l
ho_uZs\^mj_B\,Z(c�_Y�ohF���FNGt c�_+M9cfl
b^hj¨ M�mFl�bdh�MOhYtLN��fZ�Ium{�oN�mkl
��NGmjb�qLIYXYZdcfl�mj�
Zdc��F_Lc��rl�mj\dc�hF_¢�Bmj_ut�l�mj_��xNRN;Z]\^c�M�mj\dNGt��¥bdhoM ZdhFMONRMOcfl
b^hoZ^l
hoqLc�lJqubdhoqrNGbs\^c�N;Z4hj�©\^ILNRqxhF��XYM9NGb�l,Irmjc�_uZ��
�ubdhoM \^ILcfZRqxhFc�_B\Thj�4�Yc�N��(�r\dILN9MOc�l�bdhF¨DM�mol
b^hOmFqLqLb^homol,I"ZdN�NGM�Z*MOhFb^N�qLb^NGt[cfl�\^c��oNF�©mj_utnN�_umF�L��N;ZRmF_
N��[qL��hob^mj\dc�hF_khF�4\dILN9��c�_Lµk�xN
\]��N�NG_k\dIuN9MOcfl
b^hoZ^l
hoqLc�l�qLbdhoqrNGbs\^c�N;ZRhF�@\dILN9qxhF��XBMONGb-l,Irmjc�_uZ%�¿hFb�MOhFb^N
�oN�_LNGb^mF����X \dILNkMOcfl
b^hoZs\db^`ul�\^`Lb^NGZ�c�_ \dILN"�r`Lc�t���mF_ut \dILNkM�mFl�bdhBZdl�hFqLcfl��xN�Ium{�Yc�hFbOhj�T\dILNkl�hFMOqL��N
�
�r`Lc�t¢�

g4b,mFl
\dcfl
N7l�hF_[�rbdM�ZO\^ILc�ZG� 6 \�c�_rt[N�N;tÖmjqLqxNGmFb^ZO\^Ium�\�Zsc�M�`L�fm�\^c�ho_uZ���c�\dIÖMOcfl
b^hj¨ MOmol
b^h MOh[t[NG��Z
�oN�_LNGb^mF����X�l�hFMOqumFbdN(�xN
\d\dN�bT\dh�N
�[qxN�b^c�MON�_B\,Z��¿ZdN�N�p(� �-NG`L_Lc�_L�oZ � �,�j�¢�j~ � ���R´Rh���NG�FNGbG�[�¥hobTl�hFMOqL��N
�
�rh��*ZTmF_utk�FNG_LN�b,mj�._Lho_[¨ PRN��J\^hF_Lcfmj_"�u`uc�tLZG�¦c�\�cfZ-Z]\^c����@t[cCB�l�`L�³\-\^h�mj�obdNGN�eB`umF_o\^c³\,m�\^c��oN���X���c�\dI \dILN
N��[qrNGbdc�MON�_B\^ZG� 6²_9ZsILhobs\;��c³\zb^N�M�mjc�_uZ.mR��hj\�\dh-t[hR�¥b^hFM \^ILNJM9h[t[NG����c�_L�T�Yc�N���qxhFc�_B\G���L`[\zc�\zcfZ.�FNG_LN�b,mj����X
mot[MOc³\d\dN;t�\dIrm�\�\dILN�MOc�l�bdhF¨DM�mFl�bdh�mFqLqLb^homol,I�c�Z£\dILN�MOhoZs\�qubdhoM9cfZdc�_L����m{X�\dh9c�MOqLb^h��FN*\dILN�MOhYtLN��fZ��
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�ubdhoM \^ILN�_Y`LMON�b^c�lGmj��qrhoc�_B\RhF�z�Yc�N��(�u\dILN�� � � $���t[b,m{���umFl,µ�hF�z\dILN�MOcfl
b^hj¨ M�mFl
b^h�mjqLqubdhBmFl,I�c�Z
c�\^Z�l
hoMOqL`[\^mj\dc�hF_umF�rl�hoZs\G�@HJILNRc�_B\db^h[t[`ul�\^c�ho_�hj��mF_�mFtLtLc³\^c�ho_umj�u�uN��ft�\^h�t[N;Zdl�bdc��rN*\dILN-l
ho_[�u�F`ub^mj\dc�hF_
hF�4\dIuN9MOcfl
b^hoZs\db^`ul�\^`Lb^N�c�_n\^ILN9�u`Lcft c�MOqL��c�N;Z�motLt[c�\dc�hF_umF�@l
hFMOqL`L\^m�\^c�ho_uZ-mj_ut mFtut[c³\^c�ho_umj�zMON�MOhobdX
Zs\dhob^mF�FNo�

�uhFb¢N��[mFMOqL��No���¥hob¢\^ILN4MOc�l�bdhF¨DM�mol
b^h�MOh[t[N��fZ¦c�_B\db^hYtL`ul
N;t(mj�xh��FNzc�_-\^ILN�c�b�Zs\dh[l,IumoZ]\^c�l��¥hobdM � 5 � 5 �'���
\^ILNOt[c�Z^l
b^N
\^c�>;m�\^c�ho_n�YXnm"§�·�PTPR�z�.¶�WLW 6]H mjqLqLb^homol,IkbdN;eB`Lc�b^NGZR\dIuN9Zs\dhob^mF�FN�mj\�N;mFl,In_Lh[t[NOhF�4\dILN
MON;ZsI hj�Jmj_ N�_uZdN�M��L��NOhF�Jl�hF_[�u�o`Lb,m�\dc�hF_rZ

(Xi,M
t )1≤i≤M

hj��\dILN�qxhF��XYM9NGb�l,Iumjc�_uZG��¶£�FN�_ \dIuhF`L�oI
\^ILN�W,8R¶�Z�moZdZdh[l
cfm�\^NGt�\dh�NGmol,I7l
ho_[�u�F`ub^mj\dc�hF_¢�xmj_ut m�\T��mFbdc�hF`uZR_Lh[t[N9hj�@\dIuN�MONGZdI7lGmj_n�xN9ZdhF���FN;t
c�_nqumFb^mF����N���hF_kNGmol,I"\dc�MON�Zs\dN�q��u\^ILN�l�hFMOqL`[\,m�\dc�hF_rmj��l�hoZs\Rb^N�M�mjc�_uZ*�oN�b^X�ILc��FI��RHJILN�MOcfl
b^hj¨ M�mFl
b^h
mFqLqLb^homol,I�cfZ�l
`Lb^bdNG_B\d��X�_Lhj\RZd`,B�l
c�N�_B\^��X�N�B�l
c�N�_B\�\dh��xN(`uZdNGt�c�_"l�hFMOMON�b,l
cfmj�¢l�hYtLNGZ��¥hFb�c�_ut[`rZ]\^bdcfmj�
qu`LbdqxhoZdNGZG�
6²_ �Yc�N�� hj�-\dIuN mjb^�F`uM9NG_B\^Z�mj�xh��FNo�Jc³\"ZsNGN�M�Z�_umj\d`Lb,mj��\^h+\db^X�mj_utÖt[N;Zsc��F_ÖZdhFMONn_Y`LMON�b^cfl�mj�

MON�\dILh[tLZJ\^Ium�\�l
hF`uqL��N�\^ILN�M�mFl�bdhF¨DM�mFl�bdh9mj_ut�\^ILN�MOc�l�bdhF¨DM�mol
b^h�mjquqLbdhBmFl,ILN;Z��4HJIuN(MOmol
b^hj¨ M�mFl
b^h
MOh[t[NG�ocfZ¢`uZdNGt���ILN�b^N@\dIuN4�uh��0cfZ�Zdc�MOqL��NF��mF_ut-\dIuN�t[N�\^mjc���NGt(MOcfl
b^hj¨ MOmol
b^hJM9h[t[NG�ocfZ¢`rZsN;t(N��fZsNG��ILN�b^NF�
HJIuN�cft[N;mThF�xmotLmjq[\^c��oNJM9h[t[NG����c�_L�-�umFZdNGt�hF_9MOhYtLN�����c�_L�-N�b^bdhob ��/ $ '
! " �
	�$��
	[mF_umj��X[ZscfZ �¿ZdN�N �u� H-�o·�t[NG_
mF_ut �O�ÇW©� �@NGMOmF�omF_o\^c � �F� � � �u� H-�{·�tLN�_�mj_rt�W©�Gg£bd`utLILhFMOMON � �;: � hFb�S¡�;¸�b,mFmFl,µTmj_ut(|���¶4b^_ � �G� � IumFZ
�xN�NG_�b^NGl�N�_B\d��X�mFtLmFq[\dN;t�c�_�\^ILcfZ�l
hF_B\^N
�Y\�c�_"m�qLb^N���c�M9c�_umFbdXO��hFb^µ9�YX�|��Y¶4bd_"mj_rt�H-���¢NG��c�K��Yb^N � 5 � � �

� N£MON�_B\^c�ho_LNGt�mF�rh��oNz\dILN�qLb^hF�L��N�M�Z¢b,mjcfZdNGt-�YXR\^ILNJt[c�Z^l
b^N
\^c�>;m�\^c�ho_�hF�LM�mFl
b^hj¨ M�mFl�bdh�mj_rt-M9cfl
b^hj¨
M�mol
b^hRMOh[t[N��fZ���6 \£ZdN�N�M�Z�\dIrm�\4c�_9l�hFMOqL��N
�(�uh��*ZG�j_Y`LMON�b^c�lGmj�YMON
\^ILh[tLZz�umFZdNGt�hF_�\dILN�MOcfl
b^hj¨ M�mFl
b^h
mFqLqLb^homol,I�mjb^N-MOhFb^N�b^hF�u`uZ]\J\^Iumj_�\dIuhoZdN(�umFZdNGt�hF_�\dIuN(MOmol
b^hj¨ M�mFl
b^h�mFqLqLb^homol,I��¿ZdN�N�|�� gz� -9� �4mF_
´RN�NG� � �;��:Y�[q¢�  : � � �u�Ù§T�[¸�ho_Y�Bc�_ � �2:[�[q����A��! � hFb*§T�u§�Iumj`u�Bc�K�b^N � ~ 5 � �
�z´Rh���NG�FNGbG�o\dILcfZ�c�Z�_LhF\�XoN
\���NG���
`u_ut[N�b,Zs\dhYh[t7M�m�\^ILN�M�mj\dcfl�mj����XF� 6²_ motLt[c�\dc�hF_¢��\dILN�´ � P*gvZs\dc����@��c�M9c�\^Z(\dILN�b,mj_L�oN�hF�JmFqLqL��c�lGmj�Lc���c³\]X
hF�T\^ILNnl
hoMOqL`[\^mj\dc�hF_uZG��N��FNG_ ��c�\dI�MOcfl
b^hj¨ MOmol
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b^hj¨ M�mFl
b^h
mFqLqLb^homol,ILNGZ9mFZ�l�hFMOqumjb^NGt¡\dh+M�mFl�bdhF¨DM�mol
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¨
M�mF_ut[c�_L�O_um�\^`LbdNo�
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tLN
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HJILN�l
ho_ul
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(
∂u

∂t
+ (u · ∇) u

)
− (1 − ε)∆u + ∇p− t[c��

τ p = f ,
t[c��

u = 0.
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∂u

∂t
(t, y) = (1 − ε)

∂2u

∂y2
(t, y),

u(0, y) = 0,
u(t, 0) = V,
u(t, L) = 0.
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(
∂u

∂t
+ (u · ∇) u

)
− (1 − ε)∆u + ∇p− t[c��

τ p = 0,

t[c��
u = 0,

τ p(t, x, y) =
ε

We

(∫
(r ⊗ r)ψ(t, x, y, r) dr − 6]t

)
,

∂ψ

∂t
(t, x, y, r) + u(t, x, y) · ∇x,yψ(t, x, y, r)

= − t[c�� r

((
∇x,y u(t, x, y) r − 1

2We
r

)
ψ(t, x, y, r)

)
+

1

2We
∆rψ(t, x, y, r).
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u(0, x, y) = 0,
u(t, x, y = 0) = V ex, ∀t > 0,

u(t, x, y = L) = ~0, ∀t > 0.
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∂y2
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ε
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∂u
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2We
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∂
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2We
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+
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∂2

∂P 2
+
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lGmj_��rN-N���c�M9c�_umj\dNGt��¥b^hFM¤\^ILN(ZsX[Zs\dN�M"� 6²_"mFtLt[c�\dc�hF_��Y\dILN�\db,mj_rZsqxhFbd\�\^N�b^M�Z

(u · ∇)u
mj_rt

(u · ∇)ψlGmj_ul�N��xhF`[\;�[mj�omFc�_��rN;l�mj`rZsNThj�¢�FNGhFMON
\^bdcfl�mF�xl�hF_uZdcft[N�b,m�\^c�ho_uZ��.HJILcfZ�N��[qL��mFc�_rZ4\^ILNTN��Y\db^N�MON���X�Zsc�MOqL��N
�¥hobdM¤hF�¢\dIuN�N;eB`um�\^c�ho_�hj�.l
hF_rZsNGbd��m�\^c�ho_�hj�.MOhFMON�_B\d`uM¤c�_�\dILcfZ�l
ho_B\dN
�Y\;�B��Iuc�l,I�c�_rt[N�N;t�b^NGt[`ul�NGZ�\dh
m(Zdc�M9qu��N*ho_LN
¨²t[c�MON�_uZdc�ho_umj�[IuNGm�\�NGeB`um�\^c�ho_¢�zHJILc�Z�ZsN�\£hj�¦Zdc�MOqL��c³�xl�m�\^c�ho_uZ4cfZ4ZdqrN;l
c��rlJ\^h(\dILN-§�hF`LN�\s\dN
�rh��(�@W[`L�uZs\^mj_B\^c�mF�¢t[cCB�l�`L�³\^c�N;Z*mjb^cfZsN-hj\^ILN�b^��cfZsNo�

� N�_uh��0tLNGZ^l
b^c��xN@\dIuN�_Y`LMON�b^cfl�mj�BmjqLqubdhBmFl,IT�¥hFb � ![� �'�
�.H�h*�xN��Fc�_���c�\dI¢����N£qubdN;ZsNG_o\�\dILN �¿Zdc�MOqL��N��
�r_Lc³\^N�N���N�MON�_B\4t[cfZdl�bdN�\dc?>Gmj\dc�hF_9hj�u\^ILN�M�mFl�bdhBZdl�hFqLcfl4N;eo`rm�\dc�hF_��.HJILNG_���N�\d`Lb^_9\dh�\dIuN�_B`uM9NGbdcfl�mF�Lmjq[¨
qubdhBmFl,ION�MOqL��h�XFN;tO�¥hFb£\dILN-�LhoµBµoN�bd¨Dg£��mF_ul,µ�N;eo`rm�\dc�hF_��.HJILNT��mjb^c�mF_o\�`uZsc�_L�9m�Zs\dh[l,IumFZs\dcfl*t[c�¹©N�b^N�_B\dcfmj�
N;eB`um�\^c�ho_�\^ILN�_��¥hF����h��*Z��

��
�	 � ������ ��� ����� � ��� � �	 ��� ��� ����� � ��� �	� �� �  #!� � � ���
��N
\-`uZ-l
ho_uZscft[NGbR\^ILN�Z]\^bdN;ZdZ

τ(t, y)
cfZTµY_Lh���_��¢mj_ut7qrNGbs�¥hobdM \dIuN9��mFbdcfm�\^c�ho_umj���¥hFb^M�`L�fm�\^c�ho_nhj��\dILN

N;eB`um�\^c�ho_�c�_ � ![� �'�Jt[N�\dNGbdMOc�_Lc�_u��\^ILN(�FNG��h[l�c³\]X

Re
∂u

∂t
(t, y) = (1 − ε)

∂2u

∂y2
(t, y) +

∂τ

∂y
(t, y)

��c�\dIkm9�Yc�NG�(�[_LN
�Y\;�[\dh�t[cfZ^l
b^N
\dc?>�N-c�\*`uZdc�_L�9�u_uc³\^N(N���N�MON�_B\^ZG��·T`Lb��¥hFb^M�`u��mj\dc�hF_�c�Z




WYNGmFb^l,I��¥hFb
u : [0, T ] −→ H1

1 (0, L)
Zs`ul,I�\dIrm�\

∀v ∈ H1
0 (0, L), Re

d

dt
(u(t), v)L2 = −(1− ε)

(
∂u

∂y
(t),

∂v

∂y

)

L2

−
(
τ(t),

∂v

∂y

)

L2

,

u(0, y) = 0, � ![�Ù�#�
��IuN�b^N���N-Ium{�FN-t[NG_Lhj\^NGt

H1
0 (0, L) =

{
v ∈ H1(0, L), v(0) = 0, v(L) = 0

}

mF_ut
H1

1 (0, L) =
{
v ∈ H1(0, L), v(0) = 1, v(L) = 0

}
.

|TZ�b^N��Bmjb,tLZ-\dIuN�t[cfZdl�bdN�\dc?>Gmj\dc�hF_¢�.��N�c�_B\^bdh[t[`ul�N�\dIuN�ZdIumjqxN��¥`L_rl�\dc�hF_rZ��¥hob�g ���u_Lc�\dN�NG��NGMON�_B\^Z
�¥�¥hFbJ\^ILN(�FNG��h[l
c�\]X �

ϕi(y) =





1
��IuN�_

y = i
N ,

m BO_uN ho_ [ i− 1

N
,
i

N

] mF_ut [ i
N
,
i+ 1

N

]
,

0
��IuN�_

y ∈
[
0,
i− 1

N

]
∪
[
i+ 1

N
, 1

]
,

� ![� : �
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�¥�¥hFb
0 ≤ i ≤ N

�
����c�\dI \dIuN�ho�Y�Bc�hF`rZ9motLmjqL\^m�\^c�ho_uZ9��ILN�_
i = 0

mj_rt
i = N

��mF_ut \dILNkZdIumjqxN
�¥`u_ul�\^c�ho_uZJ�¥hFb�g����r_Lc³\^N(N���N�MON�_B\,Z �à�¥hobJ\dILN�Zs\db^NGZ^Z&�

χi(y) =





1
��IuN�_

y ∈
[
i− 1

N
,
i

N

)
,

0
hF\dILNGbd��cfZdN

,

� ![� � �

�¥�¥hFb
1 ≤ i ≤ N

�����rhF\dI�hF_ m bdNG�F`L�fmjb9MONGZdI h��oN�b
[0, L]

�4��c�\dI�MONGZdIuZdc�>GN
h = ∆y =

1

N

�ÖHJILN
mFqLqLb^h{�[c�M�m�\^c�ho_uZ£�¥hFb

τ
mj_ut

u
\dIuN�_"bdN;mFt

τh(t, y) =

N∑

i=1

(τh)i(t)χi(y),
� ![�?�G� �

uh(t, y) =
N−1∑

i=1

(uh)i(t)ϕi(y) + V ϕN (y),

b^NGZdqxNGl�\^c��oN���XF��PRhj\dNOc�_ut[NGNGt¦�©\^Ium�\;�¢�rN;l�mF`uZsN9hj�£\dILNO�xhF`L_utumjb^Xnl
hF_rt[c³\^c�ho_¢�¦��N�Ium{�oN��¥hob-mF���
t > 0

�
(uh)0(t) = 0

mF_ut
(uh)N (t) = V

�
6 \ObdNGM�mjc�_uZ�\^h tLc�Z^l
b^N
\^c�>GN�c�_¡\dc�MONF����ILc�l,I ��N�t[h7`rZsc�_L�0mn�umol,µB�Jmjb,t0¶4`L��N�b�Z^l,ILN�MON��¥hFb9\dILN

�YcfZdl�hF`uZ�\^N�b^M��4HJIuN-�¥`L����X�tLc�Z^l
b^N
\^NT�¥hobdM�`L�fm�\dc�hF_�c�Z�\dIY`uZ




WYho���oNT�¥hob
(uh)n

j

�¥hob
j = 1, ...N − 1

mj_ut��¥hFb
n ≥ 0Zd`ul,I�\^Ium�\

(uh)0j ≡ 0
mj_ut ∀i = 1, ...N − 1,

Re




N−1∑

j=1

(uh)n+1
j ϕj −

N−1∑

j=1

(uh)n
j ϕj

∆t
, ϕi




L2

= (1 − ε)


 ∂

∂y




N−1∑

j=1

(uh)n+1
j ϕj + V ϕN


 ,

∂

∂y
ϕi




L2

−
(

(τh)n,
∂

∂y
ϕi

)

L2

� ![�?�;� �

��IuN�b^N
(τh)n t[N�_LhF\dN;Z�\dILN�mFqLqLb^h{�Yc�M�m�\^c�ho_�hj� τh mj\�\^c�MON tn �

6²_kmj���FNG�Lb,mjcfl*\^N�b^MOZG�Y\dIuc�Z���b^c�\dNGZ

ReM
Un+1 − Un

∆t
= −(1 − ε)AUn+1 −GSn +B,

� ![�?�;~'�

��IuN�b^N
Un =

[
(uh)n

1 , . . . , (u
h)n

N−1

]T
cfZ�\dIuN(`L_LµY_Lh���_¢�

Sn =
[
(τh)n

1 , . . . , (τ
h)n

N

]T
,

¾¥È.¼¢¾àä
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mF_ut
G
cfZ*m9M�m�\db^c�����c³\^I

(i, j)
¨ N�_B\db^X

Gi,j =

∫ L

0

∂ϕi

∂y
χj dy.

� ![�?�  �

HJIuN��oNGl
\dhFb
B = −(1 − ε)V

[
0, . . . , 0,

∫ L

0
∂ϕN

∂y
∂ϕN−1

∂y dy
]T c�Z�moZdZdh[l
cfm�\^NGt¡��c�\dI \^ILN 8Rc�b^c�l,IL��N
\

�xhF`u_utLmjb^X"l
hF_rt[c³\^c�ho_¢�THJIuN�M�m�\^bdcfl
N;Z
M

mj_rt
A
b^NGZdqrN;l�\dc��FNG��X"t[NG_Lhj\^N�\dIuN�M�m�\^bdcfl
N;Z*hF�4MOmoZdZTmj_ut

b^c��Fcft[c³\]X�hj��\^ILN(g �-�u_uc³\^N(N���N�MON�_B\^Z2L

Mi,j =

∫ L

0

ϕi ϕj dy,
� ![�?� 5 �

Ai,j =

∫ L

0

∂ϕi

∂y

∂ϕj

∂y
dy.

� ![�?��!'�

��
�� � ���� � ��� �	� �� � � ��� ������� ���0��%0����� � � �&�!� �.� � � � � � � � �����
� N(_Lh���\d`Lb^_�\^hO\dILN�tLc�Z^l
b^N
\^c�>;m�\dc�hF_�hj�.\dILN��uhFµYµFNGbs¨ g4�fmj_ul,µON;eo`rm�\dc�hF_�c�_ � ![� �'���L\dIumj\*c�Z

∂ψ

∂t
(t, y, P,Q) = − ∂

∂P

((
∂u

∂y
(t, y)Q− 1

2We
P

)
ψ(t, y, P,Q)

) � ![�?�2���

+
∂

∂Q

(
1

2We
Qψ(t, y, P,Q)

)
+

1

2We

(
∂2

∂P 2
+

∂2

∂Q2

)
ψ(t, y, P,Q).

W[c�_ul�N
y
cfZ�ho_L��X+mkqrmjb,mjMON
\^N�b;�.��N�hoM9c�\9\dh7MONG_o\^c�ho_+\dIuN�N
�[qL��cfl
c�\Ot[NGqrNG_ut[NG_ul
N�hj�

ψ
`LqxhF_ \dILcfZ

qrmjb,mjMON
\^N�b�\dILb^hF`u�FILho`[\�\^ILcfZ�qumjb,mj�ob^mFqLI¢�
� N�c�_B\db^hYtL`ul
N(\^ILN�N;eB`Lc���c��Lbdc�`LM Zsho��`L\dc�hF_khj� � ![�?�2�'��� 	 � " � \^ILN�Zs\dN;mFt[X�Z]\,m�\^N�ZdhF��`[\dc�hF_"hj� � ![�?�2�'�

�¥hob
u = 0

���L_umFMON���X

ψ∞(P,Q) =
1

2π
exp

(
−P

2 +Q2

2

)
.

� ![�?�{�'�

� N(_LN��B\*l,IumF_L�FN�\^ILN(`L_LµY_Lh���_��¥`L_ul
\dc�hF_"c�_ � ![�?�2�'�JZdN
\d\dc�_L�

ϕ =
ψ

ψ∞

� ![�?�2:��

mF_ut�bdNG��bdc�\dN � !L�����'�JmFZ

ψ∞
∂ϕ

∂t
(t, P,Q) = − ∂

∂P

(
∂u

∂y
Qψ∞ ϕ

)

+
1

2We

∂

∂P

(
ψ∞

∂

∂P
ϕ

)
+

1

2We

∂

∂Q

(
ψ∞

∂

∂Q
ϕ

) � ![�?�G���
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��Iuc�l,I�c�Z*bdN;mFt[c���X�ZdN�MOc�¨ tLc�Z^l
b^N
\^c�>GNGt�c�_�\dc�MON�mFZ

ψ∞
ϕn+1 − ϕn

∆t
= − ∂

∂P

(
∂u

∂y
Qψ∞ ϕn

)

+
1

2We

∂

∂P

(
ψ∞

∂

∂P
ϕn+1

)
+

1

2We

∂

∂Q

(
ψ∞

∂

∂Q
ϕn+1

)
.

� ![�Ç~j���

|���mjb^cfm�\dc�hF_rmj�B�¥hFb^M�`L�fm�\^c�ho_�hF� � !L� ~F�'�.hF_Omj_OmjquqLbdhoqLb^c�mj\dN4�¥`u_ul�\^c�ho_umj�uZdqumol
N V �¿ZdN�NJ�¥hFbzN��[mFMOqL��N
¸�� �ohF`Lb,tLmFc�_¢�r§T� ��N�¸�bdcfZ��[H-� ��N���c�KG�YbdN(mj_rt����x·R\d\dh � � !Y�u|RqLqrNG_ut[c��"¸ � ��c�ZJ\^ILN�_ L





WYho���oNT�¥hob
ϕn ∈ V �¥hFb

n ≥ 0
Zd`ul,I�\dIumj\ ∀θ ∈ V ,

∫
ϕn+1 − ϕn

∆t
θ ψ∞ =

∫
∂u

∂y
Q
∂θ

∂P
ϕnψ∞

− 1

2We

∫
∂θ

∂P

∂ϕn+1

∂P
ψ∞ − 1

2We

∫
∂θ

∂Q

∂ϕn+1

∂Q
ψ∞,

ϕ0 = 1.

� ![�Ç~,� �

HJILN9MOhoZs\-mFqLqLb^hFqLb^cfm�\dN��umFZdc�ZR\dh�`uZdN��¥hobR\^ILN --mj��N�b^µBc�_n�umoZscfZTc�_ � ![�Ç~,���RcfZ�m��umoZscfZ�l
hF_rZscfZ]\^c�_u�
hF� �¥\dN�_rZshob�qLbdh[t[`rl�\^Z*hj�&�J´RN�b^M9c�\dN-qxhF��XY_LhFMOcfmj�fZ

Hi
L

χi,j(P,Q) = Hi(P )Hj(Q),
� ![�Ç~F~'�

��IuN�b^N
H0(P ) = 1, H1(P ) = P, H2(P ) =

1√
2

(P 2 − 1).
� ![�Ç~  �

6²_rt[N�N;t¦�uZdc�_ul�N
1√
2π

∫

R

Hi(P )Hj(P ) exp (−P 2/2) dP = δij ,
� ![�Ç~ 5 �

mF_ut7Zdc�_ul
N�\dILN --mF`uZdZdcfmj_n�¥`u_ul�\^c�ho_ cfZ�qLbdN;l
cfZsNG��X"\^ILN�Z]\,m�\^c�ho_umjb^XkZsho��`[\^c�ho_n\^h�\^ILNONGeB`um�\^c�ho_7`L_rt[N�b
l�hF_uZdcft[N�b,m�\^c�ho_¢�[\dIuN��umoZscfZ*hF�£´*N�b^MOc³\^N�qxhF��XY_LhFMOcfmj�fZ�c�ZT��N�����mFtumjq[\^NGt"\^h�\dILN�qLb^hF�L��N�M `L_ut[NGb�l�hF_[¨
Zdcft[N�b,m�\^c�ho_¢�
6²_ qumFbs\^c�l�`L��mFbG�©\^ILN�M�mFZ^Z�MOmj\db^c³� bdNG��mj\dNGt7\dh�\^ILN�t[c�Z^l
b^N
\^c�>;m�\^c�ho_ hF� ∫ ϕn+1−ϕn

∆t θ ψ∞c�_ � !L� ~@� �-cfZ(\dIuN�c�tLN�_B\dc�\]X7M�m�\^bdc��¦��HJILN�MOmj\db^c³�0mFZ^Zsh[l�c�mj\dNGt ��c�\dI0\dIuN�t[cfZdl�bdN�\dc?>Gm�\^c�ho_ hF�J\dILN�tLc³�à¨
�¥`rZsc�hF_ \dNGbdM�Z ∫ ∂θ

∂P
∂ϕn+1

∂P ψ∞ +
∫

∂θ
∂Q

∂ϕn+1

∂Q ψ∞
c�_ � ![�Ç~,� ��cfZ�t[cfmj�ohF_umF�=� 6²_0mFtLt[c�\dc�hF_��¢\dIuN�`uZsN�hF�

Zd`ul,I�m�ZdqxNGl�\^b^mF�L�umoZscfZ£mF����h��*Zz\dh�l
c�b^l�`LM��oN�_B\@\dILNTqLb,mFl�\^c�lGmj�utLcCB�l
`u�³\]XOb^N��fm�\dN;t9\dh(\^ILN*�¿mol�\4\^Ium�\�\dILN
N;eB`um�\^c�ho_�cfZJqrhBZsN;t�ho_�\dILN(��ILho��N(ZdqumFl�NF�

��
 � � ���� � ��� �	� �� � � ��� ������� ���0� � � ��� � ��� � � � � � � � � �����
6²_rZ]\^NGmFt�hj�z`uZdc�_u�O\dILN��uhFµYµFNGbs¨ g4�fmj_ul,µ�N;eo`rm�\dc�hF_��Yc�NG��qrhoc�_B\;�L��N-M�m{X�mF�³\^N�b^_um�\^c��oN���X�c�_B\^bdh[t[`ul�N-\dILN
l�hF`Lqu��N-hj�@Zs\dh[l,IumFZs\dcfl�t[c³¹©N�b^N�_B\^c�mF�¦NGeB`um�\^c�ho_uZ





dP (t, y) =

(
∂u

∂y
(t, y)Q(t) − 1

2We
P (t, y)

)
dt+

1√
We

dVt,

dQ(t) = − 1

2We
Q(t)dt+

1√
We

dWt,

� ![�Ç~;! �
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��IuN�b^N
Vt
mF_ut

Wt
mFbdN�\]��h�c�_ut[N�qxN�_rt[N�_B\4hF_uN
¨²t[c�MONG_uZsc�hF_rmj�Y¸�b^h���_Lcfmj_�MOhF\dc�hF_uZG�Fmj_rt�_LN��B\@NG�{mF��`rm�\dN

\^ILN�Zs\db^NGZ^Z���c�\dI

τ(t, y) =
ε

We

∫

R2

P Qψ(t, y, P,Q) dP dQ =
ε

We
E(P (t, y)Q(t)).

� !L� ~;� �

PRhj\^NT\^Ium�\*c�_�\dILcfZ*Zdc�MOqL��N(�FNGhFMON
\^bdX�mF_ut��¥hFb*´*hYhoµFNGmF_�t[`uM��L�xN�����ZG�
Q(t)

t[hYNGZ�_LhF\*t[N�qxN�_ut�ho_
y
�

6²_khob^t[NGb�\dh�Zsho���oN � ![�Ç~;!��
�r��N�Zd`LqLqL��X�c³\R��c�\dIkc�_Lc�\dcfmj�zl
ho_ut[c�\dc�hF_uZ�IuhFMOhF�oN�_LNGhF`uZJc�_
y
�rmj_rt"`uZsN

m��¥hobd�Jmjb,t�¶4`u��NGb*Zdl,ILNGMON;L




Pn+1
i = ∆t

Un+1
i − Un+1

i−1

∆y
Qn +

(
1 − ∆t

2We

)
Pn

i +

√
∆t

We
∆V n

i ,

Qn+1 =

(
1 − ∆t

2We

)
Qn +

√
∆t

We
∆Wn,

� ![�Ç~o�'�

�¥hob
1 ≤ i ≤ N

�L��IuN�b^N
∆V n

i

mj_rt
∆Wn mjb^N(Z]\,mj_utumjb,t�_uhFb^MOmF�¦b^mF_ut[hoM ��mjb^c�mF�L��N;Z���HJILN�Zs\db^NGZ^ZJc�Z

\^ILN�_"�oc��oN�_��BX
(τh)n+1

i =
ε

We
E(Pn+1

i Qn+1).
� ![�Ç~ :��

�uhF����h���c�_L��\dILN-Z]\,mj_utumjb,t�SkhF_B\^N(§�mFbd��h�MON
\^ILh[t¦� � !L� ~;:#��c�ZJmjquqLbdh{�[c�M�m�\dN;tObdNGqL�fmFl
c�_L��\dILN-N
�[qxNGl
\^m�¨
\^c�ho_���mF��`LN��YX�mF_�NGMOqLc�b^cfl�mj�[MON;mj_¢�z|ÖZs`uqLqrhBZsN;t[��X���mFbd�oN�_Y`LM��rNGb

J
hF�xb^NGmF��c?>Gmj\dc�hF_uZ.hj�r\dILN�b,mj_rt[hFM

��mFbdcfmj�L��NGZ
Pn

i

mj_ut
Qn c�ZJ�oN�_LNGb^mj\dN;tIL��à�¥hFb

1 ≤ i ≤ N
�

Pn+1
i,k = ∆t

Un+1
i − Un+1

i−1

∆y
Qk

n +

(
1 − ∆t

2We

)
Pn

i,k +

√
∆t

We
V n

i,k ,
� ![�Ç~j���

Qn+1
k =

(
1 − ∆t

2We

)
Qn

k +

√
∆t

We
Wn

k ,
� ![�  ���

�¥hob
1 ≤ k ≤ K

�Lmj_ut

(τh)n+1
i =

ε

We

1

K

K∑

k=1

Pn+1
i,k Qn+1

k

� ![�  � �

cfZ£l�hFMOqL`[\^NGt¦�@�uhFb4\^ILNRNG�Fho��`[\^c�ho_ � !L� ~F�'��� � ![�  �#�
�B\dILNTc�_Lc�\dcfmj�©l
ho_ut[c�\dc�hF_uZ
P 0

i

mj_rt
Q0 mFbdNRl,IuhoZdN�_�mFZZs\^mF_utLmFb^t�_LhFb^M�mj�¦b,mj_ut[hoM¤��mjb^c�mF�L��N;Z��LZdc�_ul
N�\dIuN-�u`Lcft�cfZ�mFZ^Zd`LMONGt�m�\*b^NGZs\�mj\�c�_Lc�\dcfmj�¢\dc�M9No�

HJILcfZJt[cfZdl�bdN�\dc?>Gm�\^c�ho_�cfZ4\^ILN(§�·�PTPR�z�.¶�WLW 6]H mjqLqubdhBmFl,I�MON�_B\dc�hF_uNGt�mF�rh��oNF�Bc�MOqL��N�MON�_B\^NGt�c�_�m
Zdc�M9qu��N(l�moZsNo�

|vl�bd`rl
cfmj�¢b^N�M�mjb^µ�cfZJ\^ILN(�¥hF����h���c�_L�r�JW[c�_ul�N(\dIuN�Z]\^bdN;ZdZ
(τh)n+1

i

c�ZTmj_"N�MOqLc�b^c�lGmj�¢MONGmF_ � !L�  � ���
c�\�cfZ�\^IB`rZ���$ ' $ � �&�� � $�� D����
	��� %$ "�� 6 \��¥ho����h��*ZO\dIrm�\�\^ILNnM�mFl�bdhBZdl�hFqLcfl��FN���h[l
c�\]X c�\^ZdN����]����ILcfl,I
ZdhF���FN;Z*\^ILN9�¥`L����X7tLc�Z^l
b^N
\^c�>GNGtn�oN�b,Zsc�hF_7hj� � ![�?�;� �TcfZ(m�b,mj_utLhFM ��mjb^c�mF�L��No�9·T_n\^ILN�l
ho_o\^b^mFbdXo�©c�_ \dILN
��c�M9c�\

K → ∞ �B\dILN�Z]\^bdN;ZdZ�mj_ut�\dILNT�FN���h[l
c�\]X9mFbdNTt[N
\^N�b^M9c�_LcfZ]\^c�lTeB`umj_B\dc�\dc�NGZ �¿Zdc�_ul
NR\dILNTN
�[qrN;l�\,m�\dc�hF_
��mF��`LN � ![�Ç~ :'��cfZ�m�t[N
\^N�b^MOc�_LcfZs\dcfl�eB`umF_B\dc�\]X �
�

§�ho_uZsN;eB`LN�_B\d��XF�F��ILN�_OhF_uN*ZsqxNGmFµYZzhF�©l�hFMOqL`[\^c�_u�-\dILN��oN���hYl�c³\]X�hFbz\dIuNRZ]\^bdN;ZdZz`rZsc�_L��\dILN*Zs\dh[l,IumoZ]¨
\^c�l�mjquqLbdhBmFl,I¢�;c�\zc�MOqL��c�N;Z�qxN�bd�¥hFb^MOc�_u�Tm 	 $ $&$ " 	 ! 	�$�-hj�xZsc�M�`L�fm�\^c�ho_uZG�jmj_ut�m{�oN�b,mj�oc�_L��h��oN�b�\dILN�bdN;Zs`u�³\,Z��
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6²MOMONGt[cfm�\^N���XF��\dILcfZ(�Lb^c�_L�oZ-c�_B\dh"\dIuN�qLc�l
\d`Lb^N���mjb^c�mF_ul
N9cfZdZd`LNGZG����N
\�`uZ-�Lb^c�N
�uX N
�[qL�fmjc�_ c�_0\dILN
qubdN;ZsNG_o\�l
ho_B\dN
�Y\�ILh��Ö\^ILN(_Lhoc�ZdNTc�_LILNGbdNG_B\d��X�qLb^NGZdN�_B\�c�_�\dILN(_Y`LMON�b^cfl�mj�¦Zdc�M�`L�fm�\dc�hF_�M�m{X��rN�ZdhFMON
¨
��Irm�\�bdN;t[`ul�NGt¦�4HJILcfZJcfZJ\dILN-�¿mFMOhF`uZ D����
	��# 	#"%� "#��� 	 !"	�$#nqLb^hF�L��N�M"�

|ª�rmFZdc�l(mFqLqLb^homFl,I"l
ho_uZdc�Zs\^Z�c�_kl
hobdb^N��fm�\^c�_L�9\^ILN(\db,m�i]N;l�\^hFb^c�N;Z
Pi
�¥b^hFM hF_LN�c�_utLN
�

i
\dh�mF_Lhj\^ILN�b

ho_LNF� �Lhob�\^ILc�Z�qL`Lb^qxhoZdNF�@��N��ub,Z]\�\^mFµFN�moZ�c�_Lc�\dcfmj�Jl
hF_rt[c³\^c�ho_uZ��¥hFb
Pi

Z]\,mj_utumjb,t0_LhFb^M�mj�£b,mj_rt[hFM
��mFbdcfmj�L��NGZ

P 0
i,k = P 0

k

\^Ium�\�t[h�_LhF\�t[N�qxN�_rtOhF_
i
�omF_ut�ZsN;l
ho_utO`uZdN*¸�b^h���_Lcfmj_OMOhj\^c�ho_uZ

V n
k

�B`L_Lc��¥hFb^M
c�_
i
L
V n

i,k = V n
k

�@¶�eo`rm�\dc�hF_ � ![�Ç~j�'��cfZ�\dIY`uZ�b^N�qu��mol
NGt���c³\^I

Pn+1
i,k = ∆t

Un+1
i − Un+1

i−1

∆y
Qk

n +

(
1 − ∆t

2We

)
Pn

i,k +

√
∆t

We
V n

k .
� ![�  ~ �

6 \9c�Z�hF�rZsNGbd�oNGt \dIrm�\�\^ILcfZ�\^NGl,IL_uc�eB`LN�bdN;t[`ul
N;Z(\^ILN���mFbdcfmj_ul�N�hF_0\^ILN��FN���h[l
c�\]X
u
� 6²_ mFtLtLc³\^c�ho_¢�@c³\

qubdh��Ycft[NGZ9mj_ N�MOqLc�bdcfl�mF��MON;mj_¡\^Ium�\�cfZ9��N;ZdZ9hoZ^l
c�����mj\dhFb^X �(� b;� \;�¡\^ILNkZsqumol
N��{mFbdcfmj�u��N
y
\dIumF_ \^Ium�\

ho�[\^mFc�_uNGt��¥bdhoM¤\dILN(hobdc��Fc�_umF�©mFqLqLb^homol,I��¿ZdN�N�WYN;l�\^c�ho_M�u�  �  �xN���h�� �¥hFb�MOhobdN(t[N�\^mjc��fZ&�
�
|R_Lhj\^ILN�b�MON
\dIuhYt¢�x��c�\dI m��fmjb^�FN�ZdqrN;l�\^bd`LM hF�£mjqLqL��cfl�m�\^c�ho_uZG�rcfZ*\^Ium�\�hj� 	 $��!"�&$�$�D �#�
	���! "F�(HJILN

�xhj\d\dhoM¤��c�_LNRcfZ�\dh9m{�FhFcft�l
hoMOqL`[\dc�_L�
E(PQ)

t[c�bdN;l�\d��XF�Ymj_rt�\dh�b^mj\dILNGb�l�hFMOqL`[\^NRN;mFl,I�hF�¦\dILNT\dNGbdM�Z
hF��\^ILN�Zs`uM

E(PQ) = E(P̃ Q̃) + E(PQ− P̃ Q̃)
��IuN�b^N

P̃
N
\
Q̃
mjb^N�\]��hOqLb^h[l
NGZ^ZdNGZJZs`rl,I�\^Ium�\

�
E(P̃ Q̃)

cfZ�NGmoZsXO\^h�l
hoM9qu`[\dN(hobJmFqLqLb^h{�[c�M�m�\^NF�[mj_rmj��Xo\^c�lGmj����X�hob�_Y`LMON�b^c�lGmj����Xo�
� P̃ Q̃

cfZ*l���hBZsN-N�_uhF`L�oI�\^h
PQ

Zsh9\^Ium�\
Var(PQ− P̃ Q̃) � Var(PQ)

�
HJILN-\]��hON
�Y\db^N�MON(Zdc³\^`um�\^c�ho_uZ�mjb^N
� P̃ = Q̃ = 0

�4\^Ium�\�cfZ��
E(P̃ Q̃)

cfZO�FN�b^X+NGmoZsX0\^h l�hFMOqL`[\^N"�L`[\�_Lh ��mjb^c�mF_ul
N�bdN;t[`ul
\dc�hF_ cfZ
m�\d\^mjc�_LN;t¦�

� P̃ = P
mj_rt

Q̃ = Q
�FZshT\dIrm�\

Var(PQ−P̃ Q̃) = 0
�L`[\z\dIuN�_

E(P̃ Q̃)
cfZz_Lh�NGmFZdc�N�b�\dh(l
hoM9qu`[\dN

\dIumF_
E(PQ) �

WYhoMON���Iumj\-c�_ \dILN�Zs\]XY��NOhF��qLb^NGl�hF_utLc³\^c�ho_LN�b,ZT�¥hFb-\dIuN�bdN;Zsho��`[\^c�ho_7hF�JmF���oN��Lb,mjcfl�ZdX[Z]\^N�M�Z��.ZshoMON
l�hFMOqLb^hFMOcfZsN�IumoZ(\^hn�rN��¥hF`L_rt¦� 6²_+\dIuN�ZdqrN;l
c��rl�l�moZsN�`L_ut[NGb�l
ho_uZdc�t[NGb^mj\dc�hF_¢�.mj_+N B�l�c�NG_B\9l,ILhoc�l�N
l�hF_uZdcfZ]\,Z(c�_ t[N
�u_uc�_L�

(P̃ , Q̃)(t)
mFZ-\^ILN�ZdhF��`[\^c�ho_0\dhk\^ILN�Z^mjMON�Zs\dh[l,IumoZ]\^c�l�tLc³¹©N�b^N�_B\dcfmj��NGeB`umj\dc�hF_uZ

� ![�Ç~;!#���¥hob�>�NGbdh9�FNG��h[l
c�\]X�mF_ut
(P̃ , Q̃)(0) = (P,Q)(0)

�
(P̃ , Q̃)(t)

bdNGMOmFc�_"m�\�N;eo`uc���c��ubdc�`LM � L

dP̃ (t) = − 1

2We
P̃ (t)dt+

1√
We

dVt,

dQ̃(t) = − 1

2We
Q̃(t)dt+

1√
We

dWt.

§���NGmFbd��XF�F�rhF\dI
Q̃
mF_ut

Q
Z^m�\^c�Zs�¥X(\^ILN*ZdmFMON�NGeB`um�\^c�ho_¢�FmF_ut

P̃
t[hYN;Z@_Lhj\£tLN�qxN�_ut9hF_

y
�@·T_�\dIuN*hj\^ILN�b

Irmj_ut¦�
E(P̃ Q̃) = 0

Zsc�_ul�N
P̃
mj_ut

Q̃
mjb^N(c�_utLN�qxN�_ut[NG_B\%�¿Zdc�_rl
N-\dIuN�X�mFbdN(m�\*c�_Lc�\dcfmj��\dc�M9N ���xmj_ut��xhj\dI

¾¥È.¼¢¾àä
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hF��>�N�b^h�MONGmF_ �¿mFbd�o`Lc�_u��hF_k\^ILN�mF�rh��oN�Z]\^hYl,IrmFZs\dcfl(t[c³¹©N�b^N�_B\^c�mF��N;eo`rm�\dc�hF_rZ&�
��6²_nhFb,t[N�b*\dh�Zdc�M�`L�fm�\dN
E(PQ− P̃ Q̃)

�[\dILN-�¥hobd�Jmjb,t�¶£`L��NGb*Zdl,IuN�MON-c�Z�NGMOqL��h�XoNGtIL.�¥hob�NGmFl,I
n
�L��N-ZdN
\

Q̃n
k = Qn

k

mj_ut

P̃n+1
i,k =

(
1 − ∆t

2We

)
P̃n

i,k +

√
∆t

We
V n

i,k.
� ![� ; �

·R��l
hF`ub^ZdNF�@c�_ hob^t[NGb��¥hobOmF_¡N
¹©NGl
\dc��FN���mjb^c�mF_ul
N�bdN;t[`ul�\^c�ho_+\dh �xN�b^NGmol,ILNGt¢��\^ILNkZdmFMONF--mj`rZdZdc�mF_
��mFbdcfmj�L��NGZ

V n
i,k

mjb^NR\^h��xNT`rZsN;t��¥hFb�Zdc�M�`L�fm�\dc�_L�9�rhF\dI
P̃
mj_ut

P
��6 ��c�_ut[N�qxN�_rt[N�_B\�b^mF_ut[hoM ��mFbdcfmj�L��NGZ

��N�b^N£`rZsN;t(�¥hFbzZdc�M�`L��mj\dc�_L�
P̃
mj_ut

P
�
P̃
mF_ut

P
��ho`L��t��rNJc�_ut[N�qxN�_rt[N�_B\@��mjb^c�mF�L��N;Z�mF_ut(\^IB`rZ

Var(P−
P̃ ) = Var(P ) + Var(P̃ ) > Var(P )

�
HJILN�Zdc�M�`L�fm�\^c�ho_�hF�

(τh)n+1
i

l�hF_uZdc�Zs\^Z�c�_kZsho���Yc�_L�

(τh)n+1
i =

ε

We
E(PQ),

=
ε

We
(E(P̃ Q̃) + E(PQ− P̃ Q̃)),

=
ε

We
(0 + E(PQ− P̃ Q̃)),

≈ ε

We

1

K

K∑

k=1

(Pn+1
i,k Qn+1

k − P̃n+1
i,k Q̃n+1

k ),

≈ ε

We

1

K

K∑

k=1

((Pn+1
i,k − P̃n+1

i,k )Qn+1
k ),

� ![�  5 �

c�_uZs\dN;mFt�hj��� ![�  � �
�
WY`uM9M�mFbdc?>�c�_L��\dILN-mj�xh��FNo�o\^ILN-l
hFMOqL`L\^m�\^c�ho_�qxN�bd�¥hFb^MONGt�mj\�\^c�MON

tn
�YµY_Lh���c�_u�

((uh)n, (τh)n)
�

c�_"hFb,t[N�b�\^hOmot[��mj_ul�N��¥hFb^��mFb^t�c�_�\dc�MON
∆t
�Lc�Z2L

� ��� �-_Lh���c�_L�*mj���
(τh)n

i

�¥hob�mj���jc�_B\dN�b^��mj�fZ¦c�_ut[N
�[N;t-�BX
i
��\^ILNGZdN4��mj��`LNGZ�mjb^N@`uZsN;t�c�_-\^ILN4M�mFl�bdhBZdl�hFqLcfl

NGeB`umj\dc�hF_ � ![�?�;~'��\dhOhF�[\,mjc�_�\dILN(�oN���hYl�c³\]X���mF��`LN;Z
Un+1

i

�
1 ≤ i ≤ N − 1

���
�D~'�"·T_"NGmFl,I�ZsqrmFl
N-c�_B\dN�b^��mj�¦��c�\dI"��N�_L�F\dI

∆y
�

�=~L��� ��|R_+N�_uZdN�M��L��N�hj�
K
bdN;mj��c�>;m�\^c�ho_uZ-hj��\dILN�b^mF_ut[hFM ��mjb^c�mF�L��N;Z

V n
i,k

mj_rt
Wn

k (1 ≤ k ≤
K)

mFbdNOZdc�M�`L��mj\dN;t � 6 ���{mFbdcfmj_rl
N�b^NGtL`ul�\^c�ho_7�YXnl
ho_o\^bdho����mFbdcfm�\^N�cfZ�`uZsN;t¦�©\dIuN9b,mj_rt[hFM
��mFbdcfmj�L��NGZ

P̃i,k
mFbdN-`Lq©tLm�\^NGt��¥hF����h���c�_L� � !L� A � �

�=~L� ~ ��QTZsc�_L�O\^ILN(��mj��`LNGZ
Un+1

i

�
1 ≤ i ≤ N − 1

��c�_�\^ILN�Z^l,ILN�MONGZ � !L� ~F�'��� � ![�  �#�*t[c�Z^l
b^N
\^c�>Gc�_u�
\^ILN�W,8T¶£Z � ![�Ç~;!#�
�[\dILN(��mF��`LN;Z

Pn+1
i,k

mF_ut
Qn+1

k

mjb^N-hF�[\,mjc�_LNGt �
�=~L�  ��¸�X l
hFMOqL`L\dc�_L�Ö\dIuN¡N�MOqLc�bdcfl�mF��MONGmF_ � ![�  ���"h��FNGb"\dILN

K
bdN;mj��c�>;m�\dc�hF_rZ���\dIuN Z]\^bdN;ZdZ

(τh)n+1
i

cfZ�ho�[\^mFc�_LN;t�mj\J\dILN(_LN��Y\�\dc�M9N;Z]\^N�q¢�



�o� ����� "����
	 '��� ��� ��� "�$�	���D�� "

��
�� � � ��� �!��� ��� � � ���0��� � ��� � ��%0���

6²_�\^ILN(��¶�P*¶ MOh[t[N��D�Y\dIuN�W,8R¶�\^Ium�\*IrmFZ�\dhO�xN�t[cfZdl�bdN�\dc?>�NGt�cfZ

dXt + u.∇Xt dt = ∇uXt dt−
1

2We

Xt

1 − ‖Xt‖2/b
dt+

1√
We

dW t.
� ![�  ! �

6²_7\dILN9ZsqxNGl�c³�rl��FNGhFMON
\^bdcfl(ZdN
\s\^c�_u��hF�@\dILcfZTZdNGl
\dc�hF_¢�¦t[NG_Lhj\^c�_u�
Xt = (P (t), Q(t))

mF_ut
W t =

(Vt,Wt)
��� !L�  !#����bdc�\dN;Z L




dP (t, y) =

(
∂u

∂y
(t, y)Q(t, y) − 1

2We

P (t, y)

1 − (P (t, y)2 +Q(t, y)2)/b

)
dt

+
1√
We

dVt,

dQ(t, y) = − 1

2We

Q(t, y)

1 − (P (t, y)2 +Q(t, y)2)/b
dt+

1√
We

dWt.

� ![�  ���

6²_ l
hF_B\^b^moZ]\�\^h�\dIuN9´RhBhoµFN;mj_nt[`LM��L�xN����zlGmFZdNF�x_Lhj\^c�l�N(\dIrm�\
Q
c�ZT_Lh��ªmj�fZsh�t[N�qxN�_utLc�_L��hF_n\dILN

Zdqumol
N-��mjb^c�mF�L��N
y
�

��N
\@`uZ._Lh�� t[cfZ^l
`uZ^Z.ILh��+\dh-t[cfZdl�bdN�\dc?>�N�\dILcfZ4W,8T¶*�FmF_ut���Iumj\�\]XYqxNJhj�rl�hF_B\db^hF�Y��mjb^c�mj\dN£\dNGl,Iu_Lc�eB`LN
M�m{X��xN(N�MOqL��h�XFN;t�\^h�bdN;t[`ul
N�\^ILN(��mjb^c�mF_ul
No�

§�hoM9qrmjb^NGt7\dh�\dILN�´RhYhFµFN;mj_0t[`LM��L�rNG����l�mFZdNF��mj_0mFtLt[c�\dc�hF_rmj�4t[c�B�l
`L��\]X7hF��\^ILN�t[cfZdl�bdN�\dc?>Gm�\^c�ho_
hF� � ![�  !#�¦c�Z¢\dILN£Zdc�_L�F`L�fmjb^c�\]X*hj�B\dILN4�¥hFb,l
N@��ILNG_ ‖Xt‖2 �ohBN;Z©\dh b � 6 \�lGmj_-�rN�ZsILh���_ �=ZsNGN£¸�� �Fho`Lb,tLmjc�_
mF_ut7H-����N���c�KG�YbdN � �A� � �*\^Ium�\;��m�\-\^ILN�l
hF_B\^c�_Y`Lho`uZ���NG�FN��D�©\dIuNOZs\dh[l,IumoZ]\^c�l�qLb^h[l
NGZ^Z

Xt
t[hYNGZ-_LhF\�Iuc³\

\^ILN(�xhF`L_utumjb^X�hj� B(0,
√
b)
c�_"�u_Lc�\dN�\dc�M9No�uqLb^h��Yc�tLNGt

b > 2
�£P*hF\dcfl
N(\^Ium�\*��c�\dILho`[\*\^ILN�¸�bdh���_uc�mF_

\^N�b^M"��c�\���ho`L�ft �xNnl
��NGmFb�\^Ium�\
Xt

bdNGM�mjc�_uZ9c�_uZdcft[N B(0,
√
b)
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clear all;

% Physical parameters
Re=0.1;Eps=0.9;We=0.5;
v=1.;
T=1.; % Maximal time

% Discretization
% Space
I=100;
dx=1/I;mesh=[0:dx:1];
% Time
N=100;
dt=T/N;

% Matrices
D1=diag(ones(1,I−1),−1);D1=D1(2:I,:);D1=[D1,zeros(I−1,1)];
D2=diag(ones(1,I−1));D2=[zeros(I−1,1),D2,zeros(I−1,1)];
D3=diag(ones(1,I−1),+1);D3=D3(1:(I−1),:);D3=[zeros(I−1,1),D3];
% Mass matrix
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M=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M=M.*dx;M=sparse(M);
MM=M(:,2:I);
% Stiffness matrix
A=(−1)*D1+2*D2+(−1)*D3;
A=A./dx;A=sparse(A);
AA=A(:,2:I);
BB=Re*MM./dt+(1−Eps)*AA;

% Vectors
u=zeros(I+1,1); % Initial velocity
tau=zeros(I,1); % Initial stress: \E(PQ)=0 at t=0
gradtau=zeros(I−1,1);
CLL=zeros(I+1,1);

% Time iterations
for t=dt:dt:T,
uold=u;
gradtau=tau(2:I)−tau(1:(I−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else

CLL(1)=v ;
end;
CL=(Re*M./dt+(1−Eps)*A)*CLL;
F=(Re*M./dt)*u−CL+(Eps/We)*gradtau;
u(2:I)=BB\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
else

u(1)=v;
end;
for l=1:I

tau(l)=(1−dt/We).*tau(l)+(dt/dx)*(u(l+1)−u(l));
% tau(l)=(1−dt/We).*tau(l)+dt/dx*(uold(l+1)−uold(l));

end;
% Drawings
plot(mesh',u,mesh',[(Eps/We)*tau;(Eps/We)*tau(I)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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clear all;

% Physical parameters
Re=0.1;Eps=0.9;We=0.5;
v=1.;
T=1; % Maximal time

% Numerical parameters
% Space
I=100;
dx=1/I;mesh=[0:dx:1];
% Time
N=100;
dt=T/N;
% Number of polymers per cell (Monte Carlo)
J=1000;

% Matrices
D1=diag(ones(1,I−1),−1);D1=D1(2:I,:);D1=[D1,zeros(I−1,1)];
D2=diag(ones(1,I−1));D2=[zeros(I−1,1),D2,zeros(I−1,1)];
D3=diag(ones(1,I−1),+1);D3=D3(1:(I−1),:);D3=[zeros(I−1,1),D3];
% Mass matrix
M=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M=M.*dx;M=sparse(M);
MM=M(:,2:I);
% Stiffness matrix
A=(−1)*D1+2*D2+(−1)*D3;
A=A./dx;A=sparse(A);
AA=A(:,2:I);
BB=Re*MM./dt+(1−Eps)*AA;

% Vectors
u=zeros(I+1,1); % Initial velocity
Y=zeros(J,1);X=zeros(J,I);
X_var_controle=zeros(J,1); % Control variate
Y=randn(size(Y));
% Initial condition not depending on the space variable
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X=randn(J,1)*ones(1,I);
X_var_controle=X(:,1);
tau=zeros(I,1);
gradtau=zeros(I−1,1);
CLL=zeros(I+1,1);

% Time iterations
for t=dt:dt:T,
for l=1:I,

tau(l)=sum(Y.*(X(:,l)−X_var_controle))/J;
end;
tau=(Eps/We)*tau;
gradtau=tau(2:I)−tau(1:(I−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else

CLL(1)=v ;
end;
CL=(Re*M./dt+(1−Eps)*A)*CLL;
F=(Re*M./dt)*u−CL+gradtau;
u(2:I)=BB\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
else

u(1)=v;
end;
% Y, X and X_var_controle
r=randn(J,1);
for l=1:I,

X(:,l)=(1−dt/(2*We))*X(:,l)+(dt/dx)*(u(l+1)−u(l))*Y+sqrt(dt/We)*r;
end;
X_var_controle=(1−dt/(2*We))*X_var_controle+sqrt(dt/We)*r;
Y=(1−dt/(2*We))*Y+sqrt(dt/We)*randn(J,1);
% Drawings
plot(mesh',u,mesh',[tau;tau(I)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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clear all;

%%%% This file contains some integrals of Hermite polynomials
run Ortho_HD_normalise_20

%%%% Physical parameters
d=2; % dimension of the ambiant space
n=1; % number of springs
% Warning: Only d=2 and n=1 are implemented here
T=1; % Maximal time
Re=0.1;Eps=0.9;We=0.5;v=1.;

%%%% Discretization
% Space
I_esp=100; % number of spacesteps
dx=1/I_esp;mesh=0:dx:1;
% Time
N=100; % number of timesteps
dt=T/N; % timstep

l_max=2; % Maximal degree of Hermite polynomials
% Discretisation for q: FULL TENSOR PRODUCT
dim=(l_max+1)*(l_max+1);
disp('Dimension of the Galerkin basis for Fokker Planck:');disp(dim);

% To get the tensorial index as a function of the absolute index
% 0 \leq nu(1) \leq l_max
get_nu=@(i) [ floor((i−1)/(l_max+1)), i−1−floor((i−1)/(l_max+1))*(l_max+1)];

% To get the absolute index as a function of the tensorial index
% 1 \leq i \leq dim
get_i=@(nu) 1+nu(1)*(l_max+1)+nu(2);

% Matrix S
D1=diag(ones(1,n*d),−d);D1=D1((d+1):(n+1)*d,:);
D2=diag(ones(1,n*d),d);D2=D2(1:n*d,:);
S=−D1+D2;
% Matrix D
D=S*S';
% Here, D=2 Id

%%%% Operators
disp('Computing matrices...');
%%%% Operators for Fokker−Planck
M=zeros(dim,dim);
G_de_base=zeros(dim,dim);
A=zeros(dim,dim);
% \int_X (1/dt q^{n+1}) r \omega
% since int_P_P= Id, this is only Id
M=eye(dim,dim);
% G = Nabla_u : \int_X ( \nabla_X r \otimes X ) q \omega
% G depends on the timestep
% G=nabla_u*G_de_base where nabla_u is the off−diagonal component
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% of the matrix \nabla u
for i=1:dim % r_i
for j=1:dim % q_j

% +1 : to get the indices of Ortho_HD_normalise.m
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
G_de_base(i,j)=int_DP_P(nu_i(1),nu_j(1))*int_P_X_P(nu_i(2),nu_j(2));

end
end
% A = D : \int_X ( \nabla_X q \otimes \nabla_X r) \omega
% Here, D=2 Id
% D(1,1) * \int \partial_{X_1}P_{i}(x) \partial_{X_1}P_{j}(x) \omega
for i=1:dim % r_i

for j=1:dim % q_j
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
A(i,j)=A(i,j)+D(1,1)*int_DP_DP(nu_i(1),nu_j(1))...

*int_P_P(nu_i(2),nu_j(2));
end

end
% D(2,2) * \int \partial_{X_2}P_{i}(x) \partial_{X_2}P_{j}(x) \omega
for i=1:dim % r_i

for j=1:dim % q_j
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
A(i,j)=A(i,j)+D(2,2)*int_P_P(nu_i(1),nu_j(1))...

*int_DP_DP(nu_i(2),nu_j(2));
end

end
% Computation of \int X_1 X_2 P_{i}(x) \omega
% This vector is useful to compute tau
int_X_X_q_1_2=zeros(dim,1);
for i=1:dim
nu_i=get_nu(i)+1;
int_X_X_q_1_2(i)=int_X_P(nu_i(1))*int_X_P(nu_i(2));

end;
%%%% Operators for the velocity
D1=diag(ones(1,I_esp−1),−1);D1=D1(2:I_esp,:);D1=[D1,zeros(I_esp−1,1)];
D2=diag(ones(1,I_esp−1));D2=[zeros(I_esp−1,1),D2,zeros(I_esp−1,1)];
D3=diag(ones(1,I_esp−1),+1);D3=D3(1:(I_esp−1),:);D3=[zeros(I_esp−1,1),D3];
% Mass matrix
M_esp=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M_esp=M_esp.*dx;
M_esp=sparse(M_esp);
MM_esp=M_esp(:,2:I_esp);
% Stiffness matrix
A_esp=(−1)*D1+2*D2+(−1)*D3;
A_esp=A_esp./dx;
A_esp=sparse(A_esp);
AA_esp=A_esp(:,2:I_esp);
BB_esp=Re*MM_esp./dt+(1−Eps)*AA_esp;
%%%% Vectors
% initial conditions
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u=zeros(I_esp+1,1); % velocity is zero
q=zeros(dim,I_esp);
q(1,:)=ones(1,I_esp); % equilibrium at each point
tau=zeros(I_esp,1);
gradtau=zeros(I_esp−1,1);
nabla_u=0;
CLL=zeros(I_esp+1,1);

%%%% Time iterations
disp('Time iterations');
for t=dt:dt:T,
q_old=q;
u_old=u;
% Computation of u
gradtau=tau(2:I_esp)−tau(1:(I_esp−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else

CLL(1)=v ;
end;
CL=(Re*M_esp./dt+(1−Eps)*A_esp)*CLL;
F=(Re*M_esp./dt)*u−CL+gradtau;
u(2:I_esp)=BB_esp\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
else

u(1)=v;
end;
% computation of tau
for l=1:I_esp % iteration on the cells

nabla_u=(u(l+1)−u(l))/dx;
nabla_u_old=(u_old(l+1)−u_old(l))/dx;
% computation of q(:,l)
G=nabla_u*G_de_base;
G_old=nabla_u_old*G_de_base;
% Crank Nicholson
M_n_p_1=(1/dt)*M − 0.5*(G−A/(4*We));
M_n=(1/dt)*M + 0.5*(G_old−A/(4*We));
q(:,l)=M_n_p_1\(M_n*q_old(:,l));
% Computation of tau(l)
% tau = \int_X ( X \otimes X ) q \omega
tau(l)=(Eps/We)*(q(:,l)'*int_X_X_q_1_2);

end;
% Drawings
plot(mesh',u,mesh',[tau;tau(I_esp)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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(
∂u

∂t
+ u · ∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

We

(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ τ p = ε(∇u + ∇uT ).
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ρ

(
∂u

∂t
+ u.∇u

)
= div τ p −∇p+ f ,

div u = 0,(
∂

∂t
+ u.∇

)
(τ p)i,j = Ai,j,k,l(τ p)

∂uk

∂xl
+ gi,j(τ p),
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u ∈
4⋂

k=0

Ck([0, T ′], H4−k(D), τ p ∈
3⋂

k=0

Ck([0, T ′], H3−k(D).
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−η∆u + ∇p− div τ p = f ,
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τ p − ηpγ̇ = g.
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\^ILN"l
hF_B\^N
�Y\�hF�R�Yc�Z^l
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¨
`u_Lc�_u�oZ � � � � �
�u��ILcfl,Inl
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ho_B\dc�_B`uhF`uZ*ZdhF��`[\^c�ho_kc³\,ZsNG�³� �¿ZdN�N
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\^ILN�hobdN�\dcfl�mF�©Zs\d`rt[X�hF��\^ILN(��c�MOc³\

We → ∞ �u��N-b^N
�¥N�bJ\^hOS¡�up�N�_rmjb,t[X � �;�A���x§�IumFq[\dNGb � � �
� N���hF`L�ftk��c�µoN(\dh�MON�_B\dc�hF_"\^ILN�b^NGl�N�_B\R��hFb^µYZ � 5 ~Y� 5  � �F� � ��ILN�b^N�p(�©�umj\s\,mj�D�©p�� �-`LqL�¥N�b^MOmF_
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(u, p, τ p)
moZ£`L_uµB_uh���_uZ��o\dIuN�X�ZdN
\£\^ILN�qLbdho�L��N�M c�_�\dN�b^M�Z�hj�

(u, p,φ)
�

��IuN�b^N
φ = ln A

mF_ut
A
c�Z�\^ILN�l
ho_[�¥hFb^M�m�\dc�hF_�\dNG_uZdhFb�t[N
�r_LNGt��YX L

A =
We

ε
τ p +
6]t
.
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\d\dc�_L�oZG��mj_ut���mjb^c�hF`uZO_Y`LMON�b^cfl�mj�
MON�\dILh[tLZG�&6²_O\^ILcfZ£mj��\dNGbd_rm�\dN��¥hobdM�`L��mj\dc�hF_¢�j\dILN*_Y`LMONGbdcfl�mF�Lc�_rZ]\,mj�Lc���c�\]X�mFbdcfZdNGZzhF_u��X��¥hFb4M�`ul,IOILc��oILN�b
m � NGc�Z^ZdN�_Y�rNGbd��_Y`LM��xN�b;�16 \�\dIY`uZ-ZsNGN�M�ZT\dh��rNOm�qLbdhoMOc�Zdc�_u��MON
\^ILh[tk\dh��xN
\s\^N�b(`L_rt[N�b,Z]\,mj_utn\dILN
qubdho�L��NGM"�
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�� � # � � � � � � � � � � % ����
��N
\�`uZ�b^NGlGmj���©\dILN(MOcfl
b^hj¨ M�mFl
b^h�MOh[t[NG�¦��N(mjb^N-c�_B\^N�b^NGZs\dNGt�c�_ L





Re

(
∂u

∂t
+ u · ∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

τ p =
ε

We
(E(Xt ⊗ F (Xt)) −

6]t
),

dXt + u.∇Xt dt = ∇uXt dt−
1

2We
F (Xt) dt+

1√
We

dW t.

�$�L�Ù�#�

��c�\dI
F (Xt) = Xt

�¥hob�´*hYhFµoNGmF_ t[`uM��L�xN�����ZG�
F (Xt) = Xt

1−‖Xt‖2/b

�¥hob��.¶£P*¶ tL`LM��L�xN����fZ��zhFb
F (Xt) = Xt

1−E(‖Xt‖2)/b

�¥hob���¶�P*¶@¨ gªt[`LM��u�rNG���fZ���HJILN�ZdqumFl�N���mFbdcfmj�L��N
x
��mjb^c�N;Z�c�_0m��rho`L_ut[N;t

tLhFM�mjc�_ D ⊂ R
d �7HJILcfZ�ZdX[Z]\^N�M c�Z9Zd`LqLqL��c�N;t+��c�\dI¡�xhF`L_rtLmjb^X l�hF_utLc³\^c�ho_uZ�ho_0\dILN��FN���h[l
c�\]XF�@mj_rt
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c�_Lc�\dcfmj�¢l�hF_ut[c�\dc�hF_rZJhF_�\dILN(�oN���h[l
c�\]X�mj_ut�\dILN�Zs\dh[l,IumoZ]\^c�l�qLb^h[l
N;ZdZdNGZG�&6²_�\^ILN-�¥hF����h���c�_L�r�B��N(Zs`uqLqrhBZsN
ε ∈ (0, 1)

�
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Re

(
∂u

∂t
(t,x) + u(t,x) · ∇u(t,x)

)
− (1 − ε)∆u(t,x) + ∇p(t,x)

= div (τ p(t,x)),
div (u(t,x)) = 0,

τ p(t,x) =
ε

We

(∫

X

(X ⊗ F (X))ψ(t,x,X) dX − 6]t
)
,

∂ψ

∂t
(t,x,X) + u.∇xψ(t,x,X)

= −div X

((
∇u(t,x)X − 1

2We
F (X)

)
ψ(t,x,X)

)
+

1

2We
∆Xψ(t,x,X).
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u · ∇u
�
u · ∇Xt
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u.∇ψ ���
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τ p

� ∇uXt
hob

div X (∇uXψ)
�
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F

�
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b^hoZ^l
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t[hYNGZJ_LhF\Jt[NGqrNG_ut�hF_�\dILN-ZsqrmFl
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Xt

�¿mj_rt
\^IY`uZ

τ p
�JtLhBN;ZJ_Lhj\RtLN�qxN�_ut�hF_�\dIuN�Zsqumol
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u(t, x) = κ(t)x
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τ p =
ε

We
(E(Xt ⊗ F (Xt)) −

6]t
),

dXt = κ(t)Xt dt−
1

2We
F (Xt) dt+

1√
We

dW t.
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Re
∂u

∂t
(t, y) − (1 − ε)

∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y) + f(t, y),

τ(t, y) =
ε

We
E(Xt(y)FY (Xt(y))),

dXt(y) =
∂u

∂y
(t, y)Yt(y) dt−

1

2We
FX (Xt(y)) dt+

1√
We

dVt,

dYt(y) = − 1

2We
FY (Xt(y)) dt+

1√
We

dWt,
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(Xt(y), Yt(y))
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Re

2

∫

D
|u|2(t,x) + (1 − ε)
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0

∫

D
|∇u|2(s,x)
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=
Re

2

∫

D
|u|2(0,x) − ε

We

∫ t

0

∫

D
E(Xs(x) ⊗ F (Xs(x))) : ∇u(s,x),
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D
E(Π(X t(x))) +

1

2We

∫ t

0

∫

D
E(‖F (Xs(x))‖2)
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=

∫

D
E(Π(X0(x))) +

∫ t

0

∫

D
E(F (Xs(x)) · ∇u(s,x)Xs(x))

+
1

2We

∫ t

0

∫

D
∆Π(Xs(x)).
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E(Xs(x) ⊗ F (Xs(x))) : ∇u(s,x) = E(F (Xs(x)) · ∇u(s,x)Xs(x)),
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2

d

dt

∫

D
|u|2(t,x) + (1 − ε)

∫

D
|∇u|2(t,x) +

ε

We

d

dt

∫

D
E(Π(Xt(x)))

+
ε

2We 2

∫

D
E(‖F (Xt(x))‖2) =

ε

2We 2

∫

D
∆Π(Xt(x)).
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y

�# �
fext ∈ L1

t (L
2
y)
� ! � " ' + '
! "%� �/" � ��� � 1 $#� �%$ $���" �#������! � #"%$&$('
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(u,X)
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(0, T )

� ∀T > 0
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‖u‖2
L∞

t (L2
y) + ‖u‖2

L2
t (H

1
0,y) + ‖Xt‖2

L∞

t (L2
y(L2

ω)) + ‖Xt‖2
L2

t (L2
y(L2

ω))

≤ C
(
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y(L2

ω) + ‖u0‖2
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y
+ T + ‖fext‖2
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t (L

2
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∫
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∣∣∣∣
L1

y(L1
ω)

≤ C

(
h+ δt+

1√
K

)
.

	�¬ ¡�[��� � '?# � ! 	 �#� #" '�� $ �  ! � �#! ! � " 	 $�HD " �-� "  	 " 	 �',/ � 	#" 	 ' $�/ ! 	&� ��$ ��'%"#"%� � � "�$�	���D�� " � ����� ���
∣∣∣∣
∣∣∣∣u(tn) − un

h

∣∣∣∣
∣∣∣∣
L2

y(L2
ω)

≤ C

(
h2 + δt+

1√
K

)
.
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τ

U0 = 1

u

u : P1

τ : P0

yI = 1

y0 = 0

UI = 0

h
τh,n = ε

We
1
K

∑K
k=1(X

k
h,nFY (Xk

h,n, Y
k
h,n))

�.c��o`LbdN �  L@HJILN�§�·�PRPT�.�.¶�WuW 6]H M9N�\dILh[t�c�_"mOZdILNGmFb��uh��(�

HJILN(M�mFc�_"t[c�B�l�`L��\dc�NGZ�c�_�\dILN(qLb^hYhj�.hj�@HJILN�hobdNGM 5 hFb^c��oc�_umj\dNT�¥bdhoM¤\dIuN-�¥hF����h���c�_L���¿mFl�\,Z L
� HJILN��FN���h[l
c�\]X un

h

cfZ9m � �� �'$ � D �#�
	��� %$ "
�¡HJIuN�NG_LN�b^�FX NGZs\dc�M�m�\dN�m�\�\dILN"l
ho_o\^c�_Y`Lho`uZ���N��oN��
l�mF_L_Lhj\"�xN t[c�b^NGl�\^��X \^b^mF_uZs�fm�\^NGtÖc�_B\dh mj_�NG_LN�b^�FX NGZs\dc�M�m�\^N mj\�\dIuN t[cfZ^l
b^N
\dN ��N��FNG� �¿��ILcfl,I
��ho`L�ft�XYc�N��ft�\^ILN�Zs\^mj�uc���c³\]X�hj�.\dILN�Z^l,ILN�MON ���

� HJILN9N�_utY¨D\dhF¨DNG_ut"�FN;l�\^hFb,Z (X
k

h,n, Y
k

n)1≤k≤K
mjb^N�	 $���/ $ "#��b,mj_rt[hFM ��mjb^c�mF�L��N;Z��¿N��FNG_k\dIuhF`L�oI

\dILN�tLbdc��Yc�_L��¸�b^h���_Lc�mF_�MOhj\^c�ho_uZ
(V k

h,t,W
k
h,t)1≤k≤K

mjb^N-c�_utLN�qxN�_ut[NG_B\ ���
� HJILN�Zs\^mj�uc���c³\]X�hj�.\dILN(_Y`LMON�b^cfl�mj�¦Z^l,ILN�MON-b^NGeB`Lc�bdN;Z�mj_"mj��M9hBZ]\*Zd`Lb^N��xhF`u_ut�hF_�\dILN Y k

n

L

δt
1

K

K∑

k=1

(Y k
n )2 < 1.

H�h�qLb^h��FNTl�hF_Y�FNGbd�oN�_ul�NF�Ym�l
`[\d¨DhF¹nqLb^hYl�NGt[`ubdN-hF_
Y k

n

cfZ�N�MOqL��h�XFN;tIL

Y
k

n+1 = max(−A,min(A, Y k
n+1))

� �L�Ç~,� �

��c�\dI
0 < A <

√
3

5δt

��6²_7HJILNGhFb^N�M 5 �
un

h

�
X

k

n Y
k

n

t[N�_uhj\dN;Z*b,mj_utLhFM ��mFbdcfmj�L��NGZ*hF�[\,mjc�_LNGt"�YX�\dILN
§�·�PTPR�z�.¶�WLW 6]H Z^l,ILN�MON �$�u� ~F�'����c³\^I�\dILN�l�`[\dhF¹nqLbdh[l�NGt[`Lb^N �$�u� ~@� ����6 \RlGmj_��rN�l,ILN;l,µFN;t�\dIrm�\J�¥hFb
Zd`,B�l
c�N�_B\^��X�ZdM�mj���

δt
hob*Zs`,B�l�c�NG_o\^��X���mFbd�oN

K
�[\dILcfZ�l
`L\s¨ hj¹7qLb^h[l
N;t[`Lb^NTcfZ�_LhF\J`rZsN;t¦�
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�uhFb m b^NGZd`L�³\ ��c³\^ILhF`[\ l
`L\s¨ hj¹z� ��N bdN��¥N�b \dh ¸�� �ohF`Lb,tLmjc�_¢� §T� �¢N ¸�b^cfZ mj_rt
H-� �¢N���c�K��YbdN � �B� � �@�Lhob4mj_ON
�Y\dNG_uZdc�ho_�hF�r\^ILNGZdN�bdN;Zs`u�³\,Zz\dh(m-MOhFb^NJ�FN�_uN�b,mj�[�FNGhFMON
\^bdX�mF_utOt[cfZdl�bdN�\dc?>Gm�¨
\^c�ho_��YX�m(�u_uc³\^N-tLc³¹©N�b^N�_ul�NTZ^l,ILN�MONo�B��NRb^N
�¥NGb£\^h9H-����cxmF_ut�gz� � � �xIumj_u� � : 5 � �@�LhFbJm�l�hF_Y�FNGbd�oN�_ul�N
b^NGZd`L��\^ZJc�_kZsqumol
N-mj_ut�\^c�MONF�u��N-b^N
�¥N�bJ\^h�|��u¸�hF_uc³\^hu�[g4I¢�¦§���aGMON�_B\*mj_ut"S+�Lg£c�lGmFZ^Zsh � � 5 � �

� �[�*�=� � � ¬n°(' � 0 ¬ � ¬ � � �¿�G�9� � ± ± ¬ )£¬ � ± ¬ � �  °(' � 0 ¬ � � °Y¯ � �=� �  ° �2� ° � �1� � � ) �L� ¬ ·T_LN
c�MOqrhobs\,mj_B\�qub^mol�\dcfl�mF�reB`umF_o\^c³\]XO��ILNG_�`uZdc�_L��Skho_B\dN-§�mFbd��h�MON
\^ILh[tLZ�c�Z£\dIuNT��mjb^cfmj_ul�N*hj�¦\^ILNTb^NGZd`L��\G�
6 �x\dIuN*��mjb^c�mF_ul
N�c�Z@\dhYh(��mFbd�oNF�{\^ILN*_Y`LMON�b^c�lGmj�[MON
\^ILh[t9c�Z@�rmFZdc�lGmj����X�`rZsNG��N;ZdZG� � NRmj��b^NGmFtLX(M9NG_B\dc�hF_LN;t
mF�rh��oN��¿ZdN�N(WYN;l�\dc�hF_M![� !#�£�{mFbdcfmj_rl
NRb^NGtL`ul�\^c�ho_�MON
\dIuhYtuZ���6 \Jc�ZJmF��Zdh�c�_o\^N�b^NGZs\dc�_L��\^h�c�_Y�FN;Z]\^c��Bm�\dNTILh��
\^ILN���mjb^cfmj_ul�N�hj�J\dILN�bdN;Zs`u�³\,Z�t[N�qxN�_rtLZ�`uqrho_0\dILN�_B`uM9NGbdcfl�mF�4qumFb^mFM9N�\dNGb^ZG� 6²_0\^ILN��¥b,mjMONG��hobdµnhF�
\^ILN�§�·�PTPR�z�.¶�WLW 6]H�MON
\^ILh[t¦�o\dILcfZ4��mjb^cfmj_ul�N�c�Z@qrmjbd\dcfl
`L�fmjb^��X9ZsNG_uZdc³\^c��oNJ\dh-\dIuNTt[NGqrNG_ut[N�_rl
X9hj�©\dILN
¸�b^h���_Lcfmj_�MOhF\dc�hF_�hF_�\dILN�ZdqumFl�N-�{mFbdcfmj�u��No�

·T_LN l�mF_ l,ILNGl,µ �¿m�\���N;mFZs\��¥hFb�bdNG�F`L�fmjb�Zsho��`[\^c�ho_uZ �9\dIumj\�\^ILN t[NGqrNG_ut[NG_ul
X�hj�(\^ILN ¸�b^h���_Lcfmj_
MOhF\dc�hF_�ho_�\^ILN(Zsqumol
N���mjb^c�mF�L��N-t[hYNGZ�_LhF\�c�_[�u`uN�_ul�NT\^ILN-M�mFl
b^hoZ^l
hoqLcflReB`umj_B\^c³\^c�N;Z

(u, p, τ p)
m�\J\dILN

l�hF_B\dc�_Y`LhF`rZ���N��oN��D��HJILcfZ@l�mF_��xN�b^c��ohFb^hF`uZd��XTqLb^h��FN;t-�¥hFb@´RhBhoµFN;mj_�� ���   #"�$&$('�c�_9mTZdILNGmFb.�uh��(� 6 \@l�mF_
mF��Zdh(�xNRl,ILNGl,µoNGt�\dIrm�\4\^ILNTl�hF_Y�FNGbd�oN�_ul�N�b^NGZd`L��\£hj�¢HJILNGhFb^N�M 5 c�Z£c�_uZdN�_rZsc�\dc��FNJ\^h(\dILN�t[N�qxN�_rt[N�_ul�X�hF�
\^ILN-¸�b^h���_Lcfmj_�MOhj\^c�ho_�ho_�\dILN-ZdqumFl�NR��mjb^c�mF�L��NF�@´*h���N��oN�b;�om�\�\dILN(t[cfZ^l
b^N
\dNT��NG�FNG�=�B\dIuc�ZJt[NGqrNG_ut[N�_rl
X
Zs\db^hF_u�F��X�c�_[�u`LNG_ul
N;Z*\^ILN���mjb^cfmj_ul�N(hj�@\dIuN�b^NGZd`L�³\,Z�� 6 \TcfZ*hF�rZsNGbd�oNGt�\dIumj\T`uZdc�_L��¸�bdh���_uc�mF_kM9hF\dc�hF_uZ
c�_ut[NGqrNG_ut[NG_o\z�¥b^hFMªho_LN�l
N����Yhj�r\dILNJMONGZdI�\^h�mF_Lhj\^ILN�bzb,m�\^ILN�b�\dIumF_9¸�b^h���_Lcfmj_�MOhj\^c�ho_uZ._Lhj\4t[NGqrNG_utY¨
c�_L�"hF_+ZdqumFl�NOc�_ul�bdN;mFZdNGZ�\^ILN���mjb^c�mF_ul
NOhj��\dIuN��FN���h[l
c�\]XF�¢�u`[\�b^NGt[`ul�NGZ�\^ILN���mjb^c�mF_ul
NOhF_ \^ILN�Z]\^bdN;ZdZ
�=ZsNGN(gz�x´Tmj��c�_¢� -9� ��c�NG��NG_uZ��xp(� �-NG`L_Lc�_L�oZG�umF_ut ��� �¢N��Bm�\ � !o� � � �r�Ù§T�r¸�hF_Y�Yc�_"mj_rtkS+�ug4cfl�moZdZdh � �2� �
mF_ut�¸T� �Fho`Lb^tumjc�_¢�u§T� �¢N(¸�bdcfZ�mj_rt�H-� ��N���c�KG�YbdN � �  � ���

HJILcfZ�l�mj_��rN�qLb^NGl
cfZdN���X9mF_umj��X >�NGt9�¥hob£\^ILNTlGmFZdNRhF��´*hYhFµoNGmj_�tL`LM��L�xN����fZ£c�_�m�ZdILN;mjb4�rh��(��6 \Jl�mF_
�xN�ZdILh���_�\^Ium�\ �=ZsNGN�¸T� �ohF`ub^tLmFc�_��r§T� �¢N�¸�bdcfZJmj_ut"H-� ��N���c�KG�YbdN � �  � � L
m ��HJILN���mFbdcfmj_ul�N�hF_¡\dILN��FNG��h[l
c�\]X c�Z�MOc�_Lc�M�`uM �¥hob9m ¸�bdh���_Lcfmj_0MOhj\^c�ho_¡_LhF\9t[NGqrNG_ut[c�_L�7ho_
ZsqrmFl
No�

����QRZdc�_u�9¸�b^h���_Lc�mF_�MOhj\dc�hF_rZ�c�_ut[NGqrNG_ut[NG_o\��¥b^hFM¤hF_uNTl
NG���x\^h9mF_Lhj\^ILN�b�c�Z�_LhF\�\^ILN��rN;Z]\JMON
\dIuhYt
\dh�b^NGt[`rl
N�\dILN(��mFbdcfmj_ul�NTho_

τ
�

l �E6 \�cfZTqrhBZdZdc��u��N�\dh�b^NGtL`ul
N�\dILN9��mjb^c�mF_ul
N�ho_
τ
��c�\dI7\dILNOZdmFMON�l
hoMOqL`[\^mj\dc�hF_umF��l�hoZs\�mFZT��ILNG_

`uZdc�_L� m7¸�b^h���_Lc�mF_+MOhj\dc�hF_ _Lhj\Ot[N�qxN�_utLc�_L� hF_ Zdqumol
NF� 6 \Ol�hF_uZdcfZ]\,Z�c�_ `uZdc�_u� m7¸�b^h���_Lcfmj_
MOhj\dc�hF_kmF�³\^N�b^_um�\^c��oN���X�M�`L��\dc�qL��c�N;t��YX

+1
hFb −1

hF_"_LN;mjb^NGZs\s¨ _LN�c��FIY�xhF`LbJl
NG���fZ��

� � ��)�� � � 
O ��	 ���������! "�
��# $����
��	

� 
� � �  #!�&% ����� �.� � ��
W[h��¿mjb;�u��N�Ium{�oN(hF_L��X�l�hF_uZdc�tLN�b^NGtkt[c���`L\dN�ZdhF��`[\dc�hF_rZ*hj�z�uN��[c��L��N�qxhF��XYM9NGb^ZG�*WYhFMON�hF\dILNGbRqxhF��XYM9NGb^Z
�xN�Irm{�FN�MOhFb^N���c�µFN��
	 �#	 ��� $ � '��nHJILcfZ�c�_B\db^hYtL`ul
N;Z�mj_LcfZdhj\db^hFqYXnc�_0\dIuN�ZdXYZs\dNGM"�kW[hF��`[\dc�hF_uZ�hj�*Zs`rl,I
b^c��Fcft�qxhF��XYMON�b,Z�mjb^N�l�mj����NGt�qrho��XYMON�b^cfl $ 	 ��� 	 � 	 � + '
! � $('F�*·T_LN(hj�z\dIuN�M�m�i]hFb*moZsqxNGl
\�\dh�mol�l�hF`L_B\J�¥hFb
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c�_+\^ILN�MOh[t[N�����c�_L� hj�RZdhF��`[\dc�hF_rZ�hj�*b^h[tY¨ ��c�µFN�qxhF��XYMON�b,Z�cfZ�\^Ium�\�\dILN�c�_B\^N�b,mFl�\^c�ho_0hj��\dIuN�qxhF��XYM9NGb^Z
�xNGl�hFMONGZJc�MOqrhobs\,mj_B\*m�\*M�`ul,I�m9��h���NGb�l
hF_rl
N�_B\^b^mj\dc�hF_�\^Iumj_"��c�\dI��uN��Yc��L��N-qrho��XYMON�b,Z��

Skh[t[NG����c�_L�nhj�*��cfeo`uc�t¡l�bdX[Zs\^mF��ZG��mF��ho_L�n��c�\dI+M�m�\^ILN�M�m�\^c�lGmj��mj_ut+_Y`LMONGbdcfl�mF�£Z]\^`ut[c�NGZG�zc�Z�\dh[tLm{X
m �FNGbdX+��c��FN���X¡mj_rt mol�\dc��FN��uNG��t hj��bdN;ZsN;mjb,l,I¢� HJILN"qLb^NGZdN�_B\�ZsILhobs\�ZdNGl�\^c�ho_ tLhBN;Z9_Lhj\�b^N
�uN;l�\O\dILN
��mFbdc�N
\]X�hj��Z^l
c�N�_B\dc��rl�NG_o\^N�b^qLb^c�ZdNGZ4tLNGmj��c�_L����c�\dI���c�eB`Lcft�l�bdX[Zs\^mj�fZG� 6 \�cfZ¦i]`rZ]\�m(�Lb^c�N��¦c�_ul�`Lb,Zsc�hF_�c�_�\dIuc�Z
��hFb^�ft9\dh�ZdN�No�oho_ul
No�F\^ILNT�rmFZdc�l�MOh[t[NG��ZG�£·T_LNRmFtLNGeB`um�\^N*MOh[t[N��xc�Z£\dIuN ( $�	�� $ ��"%$��¿ZdN�N�S+� 8ThFc©mj_rt
W¦� ���¦¶£t[�Jmjb,tLZ �  � � mF_ut7´��Ç§T� �R\d\dc�_L�FNGb � �G�4� � �
�
6 \�t[N;Zdl�bdc��xNGZT\dILNONG�FhF��`[\^c�ho_k�¥hFb(m"l
ho_[�u�F`ub^mj\dc�hF_
�oNGl
\dhFb

Rt
�YX�mOZs\dh[l,IumFZs\dcfl-t[c�¹xNGbdNG_o\^c�mF�¦NGeB`umj\dc�hF_ L

dRt + u · ∇Rt dt

=

(
6]t − Rt ⊗ Rt

‖Rt‖2

)((
∇u Rt −

1

2
B2∇V (Rt)

)
dt+BdW t

)

−d− 1

2
B2 Rt

‖Rt‖2
dt,

� �Y�?���

��IuN�b^N
B
cfZ�m�qxhoZdc³\^c��oNRl
ho_uZ]\,mj_B\�mF_ut

d = 2
hFb

3
cfZ4\^ILNTtLc�MON�_rZsc�hF_�hF�¦\dILN-mjM��Lc�N�_B\�ZdqumFl�NF�zP*hF\dcfl
N

\^Ium�\
B
MOm{X(mF��Zdh*�xN�mR�¥`L_ul
\dc�hF_

B(Rt)
c�_�ZdhFMON£MOh[t[NG��Z �¥��c�\dI�\dILNG_�mF_�mFtut[c³\^c�ho_umj�o\dNGbdM c�_Y�FhF���Yc�_u�

∇(B2)
c�_n\dILN9t[bdc��à\R\^N�b^M ���*P*hF\dcfl
N9mj�fZshO\^Ium�\���N�moZdZd`LMON-\dIrm�\�mF����\dILN�c�_uc³\^c�mF�.l�hF_ut[c�\dc�hF_rZ

R0(x)Irm{�FN£m*�L�[NGt���N�_u�j\dI
L
Zdh*\^Ium�\ ∀(t,x)

� ||Rt(x)|| = ||R0(x)|| = L
��HJILN�qxhj\dNG_B\dcfmj�

V
mFlGl
ho`L_B\^Z¦�¥hob

\^ILNOMONGmj_L¨=�uNG��t7c�_B\^N�b,mFl�\^c�ho_n�xN
\]��N�N�_7\dILNOqxhF��XYM9NGb^ZG���Lhob-N
�LmjMOqL��NF�©\^ILN�Snmjc�N�bd¨²WLmj`LqxN�qxhj\^N�_B\dcfmj�
cfZ2L

V (R) = − 1

L4
E(Rt ⊗ Rt) : R ⊗ R.

� �Y�Ç~'�

HJIuN-Zs\db^NGZ^Z�\dNG_uZdhFb�cfZ�\dILNG_��oc��oN�_��YX(L

τ p(t) = E(ut ⊗ ut) + E

(
ut ⊗

(
(
6]t − ut ⊗ ut)∇V (ut)

))
− 6]t �D�Y�  �

��IuN�b^N
ut =

Rt

L

c�Z�\^ILN(bdh[t�hFb^c�N�_B\^mj\dc�hF_¢� � N(Irm{�FN-_LN��o��N;l�\^NGt�\dILN(�YcfZdl�hF`uZJl
ho_B\db^c��L`L\dc�hF_�c�_ �D�[�  ���
HJIuN-�¥`L����X�l�hF`Lqu��N;t�ZdX[Z]\^N�M¤\^ILN�_nl�hF_uZdcfZ]\,ZJc�_�\dIuN-�ub^Zs\�\]��h9N;eB`um�\^c�ho_uZJhj���  ���  �J��c³\^I �D�Y�?� � � �D�[�  ���
PRhj\^c�l�N�\dIumj\£\^ILNRM�mjc�_�t[c�¹xNGbdNG_ul
N;Z£��c�\dI�\dILNTNGeB`um�\^c�ho_uZ4ZdN�NG_�Zsh(�¿mFb£c�_�\dIuc�Z�mjbd\dcfl
��NRmjb^NJ\dIuNR_Lho_L��c�_[¨
N;mjb^c³\]X9c�_�\dILN�ZsNG_uZdN*hj��Snmol �-N;mj_�t[`LNR\dh�\dILNTqLbdN;ZsNG_ul
NRhj�¦\dIuNRN
�[qxNGl
\^m�\^c�ho_���mj��`LNRc�_�\^ILNRqxhj\^N�_B\dcfmj�
V
mF_ut�\dILN-�¿mol�\J\dIumj\�\dILN�tLc³¹©`uZdc�ho_�\^N�b^M t[NGqrNG_utLZ�ho_�\^ILN(qLb^h[l
NGZ^Z

Rt
�

�uhFb�mj_ mj_umF��X[Zdc�Z�hF�£\dIuNOl�hF`Lqu��N;t ZdX[Z]\^N�M ��c�\dI \dILN��uhFµYµFNGbs¨ g4�fmj_ul,µ"�FNGb^Zdc�hF_nhF� �D�[������� � �Y�  ��c�_
\^ILN�ZdqrN;l
cfmj�4l�moZsN9hj��ZdILNGmFbT�rh��(�¢��NOb^N
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∂p

∂t
(t, y, σ) = −∂u

∂y
(t, y)

∂p

∂σ
(t, y, σ) +D(p)

∂2p

∂σ2
(t, y, σ)

−H(|σ| − 1)p(t, y, σ) +D(p)δ0,

D(p) =

∫

|σ|≥1

p(t, y, σ) dσ.
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dσt =
∂u

∂y
dt +

√
2P(|σt| ≥ 1) dWt − 1{|σ

t−
|≥1}σt− dNt,
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∂u

∂t
(t, u) − ∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y)

∀y,





τ(t, y) = E(σt(y))

dσt(y) =
∂u

∂y
dt +

√
2P(|σt(y)| ≥ 1) dWt − 1{|σ

t−
(y)|≥1}σt−(y) dNt,
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