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ö����
�çù�
�þ��|ü��Zÿ���üçû/ü�ÿ&�Zÿsù�6 �
�Jûdö��|ù � õ|ù
û�7Zù+�Jù�õ|ù��dý��'6�ö���� öL6bÿkûdö��47ZýWÿ\ûsü,�+�|ü 8pù��dù�õFûsü}ý��pù 5��¶ý1ûsü�öWõ¶ÿ�9 O 7|ü}ÿáü}ÿáû�7|ù��	�
���PöJÿsù
öL6Uû�7Zü�ÿ
ÿ�7|ö��sû�ÿ\ù ��ûsü�öWõ 9

W õ�ý��	�müçûsü�öWõ6�Pû�7Zù���öWõZÿsü��|ù��hý1ûsü�öWõ�öL6/û�7|ü}ÿ��Wù�õ|ù��hý�� 6�ö�� � öL6áÿ\ûsö��47ZýWÿ\ûsü,�!�mü�8pù��dù�õFûsü}ý��
ù�51�Zý�ûsü�öWõÏú�ü����zý����çö1ú �Zÿ�ûdö�ü�õJû �sö������
ù�ý&ûdù��47|õZü���ý�� ��ù����æý�ú 7|ü,�47ëú�ü���� )¶ù �������
ü}ý������
�Zÿsù�6 �	�0�|ù 3Wù�õ6ü�õ6ö��	��ÿ\ü����	��ù2ÿ\ù�û\ûsü�õ	��9

d ÿsüçõ
�=ýØÿkûhý�õ
�|ý�� � . �dö1ú�õ|ü}ý�õ �Üö�ûdüçöJõ
Bt

�Fû 7|ù � ��� ����� 2�� +.�526�æý ��)Pù���öWõZÿ\û�� �
��ûdù�� 9
O 7|ù �
öJõZÿkû ������ûsü�öWõØö76¶û�7|ü}ÿ,õ|ö�ûdüçöJõØöL6ZüçõFûdù����hý���ü}ÿ�ÿ\ü��Üü��}ý��,ûsö
û�7¶ý1û/ö76¶û�7|ù ��ü�ù��æý�õZõ�ü�õJûdù
÷
���hý��0���	�dö��
ù�ù��mü�õ	� � �hÿkû�6�ö�� �|ü�ù��
ù�ú�ü�ÿsù'�
öJõZÿ\ûdý�õFû�6 �|õ���ûsü�öWõ¶ÿ���ý�õ
�Øû 7|ù�õ �Jù�õ|ù��dý��çü ^�ü�õ	��û�7|ù
õ|öWûsü�öWõ6ûsö �Üö��sù!�Jù�õ|ù��dý���6 �|õ
�
ûsü�öWõZÿ+)��6ý��	�	�dö 
�ü��æý1ûdüçöJõ69 �áöJõZÿ\ü,�mù��(ý �mù �
ö����PöJÿsüÊûdüçöJõ
{s0 = 0, ..., sj , ..., sn = t} öL6bû 7|ù��hý�õ	�Jù [0, t]

ýWõ
�&ý��|üçù �
ù�ú�ü�ÿsù��
öWõ¶ÿkûhý�õFû �	�sö���ù�ÿdÿ

Ys(ω) =
n∑

j=1

Ỹj−1(ω)1]sj−1,sj ](s)

�
öJõZÿ\û�� �
��ûdù�� 6 �sö�� �hý�õ
�mö�� 31ý��dü�ý�)	��ù�ÿ
Ỹj

�Aÿ �
�470û 7Zý1û
E(|Ỹj |) < +∞ ��9 O 7|ù�õ0úzù

�mù � õ|ù
∫ t

0

Ys dBs =

n∑

j=1

Ỹj−1 (Bsj
−Bsj−1

).
� R 9 : �

ø�ù�
�û��K6�ö���ý�õ���ý�� )|üçû��hý�� �æÿkûdö��47¶ýWÿ\ûsü,�+�
�sö��
ù?ÿsÿ
Yt(ω)

ÿ ���47âû 7Zý1û �|ý����ÜöJÿ\û�ÿ��	�dù������
∫ T

0

Yt(ω)2 dt < +∞ �áû�7|ü}ÿ�ý�����ö1ú�ÿ�� )1�0ý��	�
�sö 
mü��Üý�ûsü�öWõ6� 6�ö��Üû�7Zù �mù � õZüÊûdüçöJõ0öL6
û 7|ù
ÿ\ûsö��47ZýWÿ\ûsü,�+�	�sö���ù�ÿdÿ

∫ t

0

Ys dBs.

W õ�û 7|ùÜÿ\ü����	�çù ��ýWÿsù�ú 7|ù�õ
Yt ≡ 1

�pû 7|ü�ÿ���öWü�õ
�
ü,�mù�ÿ
ú�üçû�7�û�7|ùæý����dù�ý��	� "�õ|ö1ú�õ�õZö�ûsü�öWõ
∫ t

0

dBs = Bt
9
ø�öWûsü,�
ù�û�7Zý�û+)��6ûdý�"�ü�õ	�æû 7|ùØù�
��¶ù ��ûdý�ûsü�öWõ�öL6 � R 9 : � �púzù!7Zý=3Wù��'6�ö��
ý����

t ∈ [0, T ]

E

(∫ t

0

Ys dBs

)
= 0,

� R 9 R �

ú 7|ü,�47=ý���û �Zý�������7Zö��,�|ÿ � )���ýWõ=ý��	�	�dö 
�ü��æý1ûdüçöJõ�ý�� ���	�Üù�õJû9�o6�ö��/ý�õ���ý�� )|üçû��hý�� ��ÿkûdö��47¶ýWÿ\÷
ûsü,���	�dö��
ù�ÿdÿ

Yt
ÿ ���47�û 7Zý1û

E

(∫ T

0

Yt(ω)2 dt

)
< +∞ 9
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bý�õ�� �mü�8 �Zÿ\ü�öWõ

σ
�mûdö �mù � õZù�û�7|ùeh9� ! )/- �ah/� ��) 65� � 2 +.2 �4� ���52�2�� 04�5� ��!5��p

dXt = b(t,Xt) dt + σ(t,Xt) dBt,
� R 9 < �

ÿ��	�	�	��üçù �6ú�üÊû 7âû 7|ù�ü�õ|üÊûdü�ý��6�
öJõ
�müçûsü�öWõ
X0

9 5 ý�û�7|ù��Üý�ûsü,��ý�������p

Xt(ω1, ω2) = X0(ω1) +

∫ t

0

b(s,Xs(ω1, ω2)) ds+

(∫ t

0

σ(s,Xs) dBs

)
(ω1, ω2),

� R 9 0 �
ý����ÜöJÿ\ûzÿ��	�dù�����9 W õ�û 7|ù��sü���7Fû\÷/7ZýWõ
��ÿsü��mù��Fû�7|ù � �hÿkûzüçõFûdù����hý��Pü}ÿ#û 7|ù � ù�)¶ù?ÿ ���|ù(ü�õFûsù����dý�� �
û�7Zù2ÿ\ù �
öWõ���öJõ|ù�ü�ÿ�ý W ûb]æü�õFûsù����hý��09
! �&� �_! � ��� � % AE�L��A&�,ó %,� ò��Kð � �¶íFñ�� A %,� ��� í��o� %K�9� ð �
"wù�õ|ö1ú ú�ü�ÿ�7ëûdö �sù���ý�ûsùÜû 7|ùâý�)¶öa3Jù�ÿkûdö��47¶ýWÿ\ûsü,� �mü�8Pù��sù�õJûdü�ý��#ù 5��¶ý1ûsü�öWõ � R 9 < ��ú�üçû�7 ý
�Zý��\ûdü�ý�� �|ü 8pù��dù�õFûsü}ý��Kù�51�Zý1ûdüçöJõ69 O 7|ù���ý�û\ûdù���ü}ÿ-üçõ��mù�ù ��û 7|ù!#|ö�"�"Wù��s÷/2 ��ýWõ
�4"Üù�51�Zý�ûsü�öWõ

∂p

∂t
(t, x) +

∂

∂x
(b(t, x) p(t, x)) − ∂2

∂x2

(
σ2(t, x)

2
p(t, x)

)
= 0.

� R 9 1 �

W õ=û�7|ù ��öWõFûsù�
�û�öL6 �|ù
ûsù����Üü�õ|ü}ÿkûdü��-ù 5��¶ý1ûsü�öWõ¶ÿ��1û 7|ù �dù�ý��|ù���ü�ÿ �¶ù���7Zý��Zÿ�6Sý��Üü��çü}ý��#ú�üÊû 7
û�7Zù�üçõFûdü��æý1ûdù ��üçõ
" )Pù
ûkúzù�ù�õ !5+.6 �����5+ & �mü�8pù��dù�õFûsü}ý��8ù 51�Zý1ûdüçöJõZÿ�ýWõ
� 2 ����2/� + ��+%�5�,h'+4!5+9�
2��,04� ����! �,h 9 O 7|ü}ÿ-ü�ÿzû 7|ùM6Sý��Üö��Zÿ �=ù�û�7|ö��6ö76 �47Zý��hý��
ûsù��sü}ÿkûdü���ÿ��Fú 7|ü,�47âúzù�)	�düçù�þ
� �dù���ý����
7|ù��sù�9 �áöJõZÿsü��mù��-û�7|ù���ü�õ|ù�ý��áû �dýWõZÿ��¶ö��\û�ù�51�Zý�ûsü�öWõ

∂u

∂t
(t, x) − b(x)

∂u

∂x
(t, x) = 0

� R 9 Z �

ÿ��	�	�	��üçù �6ú�üÊû 7âû 7|ù�ü�õ|üÊûdü�ý��6�
öJõ
�müçûsü�öWõ
u0
ý�û�üçõ|üçûsü}ý��pûdü��Üù�9 W ûdÿ�ÿsö����mûsü�öWõ �dù�ý��Zÿ

u(t, x) = u0(X(t; 0, x))
� R 9 [ �

ú 7|ù��sù
X(t; 0, x)

ü�ÿzû 7|ù2ÿsö����mûsü�öWõ&ý1û�ûdü��Üù
t
ö76Kû 7|ù�ö��4�mü�õZý�� � �mü�8Pù��sù�õFûsü}ý��Nù�51�Zý�ûsü�öWõ

dX(t)

dt
= b(X(t))

� R 9 :98 �

ÿ\ûdý��sûsü�õ	��6 �dö���û�7|ùáüçõZüÊûdü�ý��1��öWõ
�müçûsü�öWõ
X(0) = x

9 O 7|ù �	�dö�ö76mö76�û�7Zü�ÿ 6Sý��
ûbü�ÿKù���ù��Üù�õFûhý�� ��9
#|ö��

s ∈ [0, t]
�múáù�7Zý=3Jù �Sú 7|ù��dù

X(s) = X(s; 0, x)
�

∂

∂s
(u(t− s,X(s))) = −∂u

∂t
(t− s,X(s)) +

dX

dt
(s)

∂u

∂x
(t− s,X(s)),

= −∂u
∂t

(t− s,X(s)) + b(X(s))
∂u

∂x
(t− s,X(s)) = 0.

. ��ü�õJûdù����dý�ûsü�õ	��û 7|ü}ÿ �sù���ý�ûsü�öWõg6 �sö��
s = 0

ûsö
s = t

�múáù�û 71�¶ÿ-ö�)mûhý�ü�õ � R 9 [ � 9
� ÿsü��=ü��}ý���û ���¶ù=ö76#ý������	�Üù�õFû�� )ZýJÿ\ù ��öWõ;û�7|ùÜÿ\öW÷/��ý����çù � 	 2 &5� � � �48 � � ) 	 !5+ �&0 2 �

úzö��	�,� ÿ 7|ö1ú û�7Zù �sù���ý�ûsü�öWõ 7|ö����mü�õ	� )Pù
ûkúzù�ù�õÞû 7|ù�ÿ\ûsö��47ZýJÿkûdü�� �mü�8pù��dù�õFûsü}ý��
ù�51�Zý1ûdüçöJõ
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� R 9 < �8ýWõ
��ý �Zý��sûsü}ý�� �mü�8Pù��sù�õJûdü�ý��¶ù 51�Zý1ûdüçöJõ6�1��ý����çù �æû 7|ù+)¶ý��4"�úzý�� � �
ö����Üö��Wö��söa3�ù�51�Zý1÷
ûsü�öWõ 9 � ���Zý��;3�üçù�ú �¶öJüçõFû=ûsö;û�7|ù6ý�)Pöa3Wù�öJõ|ù�ü������Zÿ\û��hý1ûdù�ÿ�û�7|ù �sù���ý�ûsü�öWõ )Pù
ûkúzù�ù�õëû�7|ù
ÿ\ûsö��47ZýWÿ\ûsü,���mü 8pù��dù�õFûdü�ý��Pù 51�Zý1ûdüçöJõ � R 9 < �áý�õ
��û�7|ù�#Zö�"�"Wù��\÷/2 �}ý�õ
�4"Üù�51�Zý�ûsü�öWõ � R 9 1 ��9'"�ù
õ|ö1ú �	�sù?ÿ\ù�õFû-üçû�9

#,ü��hÿkû �Zúzù�õ|ù�ù �âûsöæù�ÿ\ûdý�)	��ü�ÿ�7�ý �47Zý�ü�õ ���	��ùM6�ö�� � �
��ý=ü�õ&û�7|ù ��öWõFûsù�
�û�ö76/ÿkûdö��47¶ýWÿ\ûsü,�
�	�dö��
ù�ÿdÿsù�ÿ�9 O 7|ü}ÿ�ü�ÿ�û 7|ù��	�	� �¶öFÿ\ùÜö76áû�7|ù ��ù���ù�)	�hý1ûdù�� � ��� -,!5+ �&0 2 � �Aÿkûhý1ûsù � 7Zù��dùØü�õwý
ÿsü����	��ù�öWõ|ù�÷/�mü��Üù�õZÿsü�öWõZý��Uÿ\ù�û\ûsü�õ	� � 9
�#íDB B % �k��� � �Kð¶ñaBn��A % 7 2 �

Xt
h,! 2 f52

dXt = b(t,Xt) dt + σ(t,Xt) dBt,

��� � - 2 h 2,�'h,2&! -�� � � # � � � - 2 � 	#-,! + �52 2
C2 +.2�� 0 2 �5+ -/01�7),� ��!5�

ϕ
	

dϕ(Xt) =

(
ϕ′(Xt)b(t,Xt) +

1

2
ϕ′′(Xt)σ(t,Xt)

2

)
dt + ϕ′(Xt)σ(t,Xt) dBt

��� � - 2 h 2,�'h,2

ϕ(Xt) = ϕ(X0) +

∫ t

0

(
ϕ′(Xs)b(s,Xs) +

1

2
ϕ′′(Xs)σ(s,Xs)

2

)
ds

+

∫ t

0

ϕ′(Xs)σ(s,Xs) dBs.
� R 9 :�: �

O 7|ù �¶öJüçõFû/ü}ÿ�ö76���ö��	�hÿ\ùáûsö���ö����Zý��dù#ú�üçû�7Øû�7Zù �|ù
ûsù����Üü�õ|ü}ÿkûdü��-ÿsù
û\ûdüçõ
�
����ö�� �sù?ÿ �PöWõ
�m÷
ü�õ	�=ûsö

σ = 0
�|ýWõ
� 6�ö���ú 7|ü,�47&õ|öæÿ\ù �
öWõ�� �mù��sü 31ý1ûdü_3Jù�ÿzö76

ϕ
ý��	�¶ù?ý��hÿ-ÿ\ü�õ
�
ù

d

dt
ϕ(Xt) = ϕ′(Xt)

dXt

dt
.

"�ù�ý��dù(õZö1úéüçõ �¶öFÿ\üçûsü�öWõ�ûsö �dù��}ý1ûdù � R 9 < �áý�õ
�(� R 9 1 ��9 �
ÿsÿ��	�Üù
û�7Zý�û-ý���� �
öJõ
�müçûsü�öWõZÿ
ö76��dù����
��ý��süçû � ý��dù�ÿsý�ûsü}ÿ � ù � �zú 7|ü��47 �Jü_3Jù�ÿÜÿ\ù�õZÿsù&ûsöÏû�7Zùj6�ö�� �Üý�� �æý�õ|ü��	�	�}ý1ûdüçöJõZÿÜúáù
õ|ö1ú �Pù��b6�ö�� � 9 � ù
û��ZÿÜýWÿdÿ �	�Üù�û�7Zý�û

X0
�8û�7|ù6üçõZüÊûdü�ý�� ��öWõ
�|üÊûdüçöJõ 6�ö�� � R 9 < �!7ZýJÿ �}ýgú

p0
�#ú 7|ù��sù

p0
ü}ÿ=û�7|ù&ü�õ|üçûsü}ý��'�
öJõ
�müçûsü�öWõ �Wü 3Wù�õ ûsö � R 9 1 � 9 � ù
û �Zÿ �|ù�õ|öWûsù )��

p(t, x)û�7Zù��	�dö�)¶ý�)|ü��çüçû � �mù�õZÿsüçû � �Sú�üÊû 7 �dù�ÿ��¶ù ��û
ûsöâû�7|ù � ù�)Pù�ÿ����Zù �Üù�ýJÿ �	�dù ��ö76/û 7|ù��hý�õ��mö��
31ý��dü�ý�)	��ù

Xt
9

#|ö���ý�õ���ý�� )|üçû��hý�� �
C2 6 �|õ
�
ûsü�öWõ

ϕ
�|úáù�ú �düÊûdù

∫
ϕ(x)

∂p

∂t
(t, x) dx =

d

dt

∫
ϕ(x)p(t, x) dx =

d

dt
E (ϕ(Xt)) .

ø�ö1ú���ûhý�"�ü�õ	�=û�7|ù�ù�
��Pù��
ûdý�ûsü�öWõ6ö76 � R 9 :�: � ��úzù�ö�)mûhý�ü�õ

E (ϕ(Xt)) = E (ϕ(X0)) + E

(∫ t

0

(
ϕ′(Xs)b(s,Xs) +

1

2
ϕ′′(Xs)σ(s,Xs)

2

)
ds

)

+ E

(∫ t

0

ϕ′(Xs)σ(s,Xs) dBs

)
.
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d õ��mù��wÿ �|üçûdý�)	��ù �sù����	�}ý��düçû �ÛýWÿdÿ �
���|ûsü�öWõZÿ���û�7|ù ��ýJÿkû�ûdù�� � 31ýWõ|ü�ÿ�7|ù?ÿC6�ö���ý����2ûsü��Üù�ÿ
�Sÿsù�ù�� R 9 R �:��9'"�ù�û 7��Zÿ 7Zý=3Jù

∫
ϕ(x)

∂p

∂t
(t, x) dx = E

(
ϕ′(Xt)b(t,Xt) +

1

2
ϕ′′(Xt)σ(t,Xt)

2

)
,

=

∫ (
ϕ′(x)b(t, x) +

1

2
ϕ′′(x)σ2(t, x)

)
p(t, x) dx,

=

∫
ϕ(x)

(
− ∂

∂x
(pb)(t, x) +

1

2

∂2

∂x2
(σ2p)

)
dx.

O 7|ü}ÿ��	�dù��
ü}ÿsù���� ÿ 7|ö1ú�ÿØû 7Zý1û
p
ü}ÿ=û�7|ù�ÿsö����mûsü�öWõÞûsö � R 9 1 � �áú 7|ü,�470ÿ\ûdý��\ûhÿ 6 �sö��

p0
ý1û

ü�õ|üÊûdü�ý��Nûsü��Üù�9
�éÿ\ü��Üü��}ý��8ý������	�Üù�õFû��-)¶ýWÿsù��ØöWõ=û�7|ù ���	�ÊûdüÊ÷ �mü��Üù�õZÿsüçöJõZý�� W û4]!#|ö������	��ý&�Sý�ÿ\û��hý�ü���7Fûs÷

6�ö��dú-ý��4�Ïù�
�ûsù�õZÿ\ü�öWõ ö76 � ù����æý : ���#ý�����ö1ú�ÿ�ûsöwù�ÿ\ûdý�)	��ü�ÿ�7ëû�7Zù6ÿdý��Üù ��ö�� �sù?ÿ �PöWõ��mù�õ
��ù
)Pù
ûkúzù�ù�õ �möWõ6û�7|ù�öJõ|ù
÷/7Zý�õ�� ��û�7|ù f52/),� !5+9��� 2/ÿkûdö��47¶ýWÿ\ûsü,�+�mü�8pù��dù�õFûsü}ý��Uù 51�Zý1ûdüçöJõ

dXt = b(t,Xt) dt + σ(t,Xt) dBt,
� R 9 : � �

ú 7|ù��sù
Xt

ü}ÿzý��hý�õ
�mö�� �	�dö���ù�ÿdÿ#ú�üçû�7 31ý����|ù�ÿzü�õ
R

N �
b(t, ·) ü�ÿ�ý�3Wù ��ûsö�� � ù��,��öJõ

R
N

6�ö��2ý�����ûdü��Üù?ÿ��
σ
ü}ÿ
N ×K

�æý�û��dü 
 31ý����|ù �n6 �|õ
��ûdüçöJõ6�býWõ
�
Bt

ü�ÿ�ý
K
÷/�mü��Üù�õZÿsü�öWõZý��

. �sö1ú�õZü�ýWõ �Üö�ûdüçöJõ6�|ý�õ
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d(Xt(x) ⊗ Xt(x)) = (dXt(x)) ⊗ Xt(x) + Xt(x) ⊗ (dXt(x)) +
4kT

ζ

W �
dt

=
(
− u(t,x).∇ (Xt(x) ⊗ Xt(x))

+∇u(t,x)(Xt(x) ⊗ Xt(x)) + (Xt(x) ⊗ Xt(x))(∇u(t,x))T

−2

ζ
F (Xt) ⊗ Xt −

2

ζ
Xt ⊗ F (Xt) +

4kT

ζ

W � )
dt

+2

√
kT

ζ
((Xt(x) ⊗ dW t) + (dW t ⊗ Xt(x))) .
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∂t
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= −4

ζ
E(Xt ⊗ F (Xt)) +

4kT

ζ

W �
.

� R 9 :L: �

d ÿsü�õ	� � R 9 : 8 � �Pû�7|ù 6�ö�����ö1ú�üçõ
��ù�
��	�dù�ÿdÿsüçöJõ�ö768û 7|ùÜÿkû �sù?ÿsÿ
ûsù�õZÿsö�� � ��ý����çù ��û 7|ù ����2�h 2�� 0Dh
-,!5+ �&0 2 ���|ü�ÿ�ö�)mûhý�ü�õ|ù�� �mú 7Zü��47&öWõ
����ù�
��	�çü,�
üçû���� �mù��¶ù�õ
�|ÿ�öJõ�ÿ\ù �
öWõ�� �Üö��Üù�õJûhÿ-ö76

Xt
p
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∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T

)
.
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A = E(X ⊗ X)

p

∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T

= −4H

ζ
A(t,x) +

4kT

ζ
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,
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τ p

p

ζ

4H

(
∂τ p

∂t
(t,x) + u(t,x).∇τ p(t,x) −∇u(t,x)τ p(t,x) − τ p(t,x)(∇u(t,x))T

)

= −τ p(t,x) + npkT
ζ

4H

(
∇u(t,x) + (∇u(t,x))T

)
.
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(
∂τ p

∂t
+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
+ τ p = ηpγ̇.
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F FENE−P(Xt) =
HXt

1 − E(‖Xt‖2)
bkT/H

.
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



τ p = np

(
HE (Xt ⊗ Xt)

1 − E (‖Xt‖2) /(bkT/H)
− kT

W �
)
,

dXt + u · ∇Xt dt =

(
∇uXt −

2H

ζ

Xt

1 − E (‖Xt‖2) /(bkT/H)

)
dt+ 2

√
kT

ζ
dW t.
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∂A

∂t
(t,x) + u(t,x).∇A(t,x) −∇u(t,x)A(t,x) − A(t,x)(∇u(t,x))T

= −4H

ζ

A(t)

1 − tr(A(t))/(bkt/H)
+

4kT

ζ

W �
.
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A =
1

HZ(tr(τ p))

(
τ p

np
+ kT

W �
)
,
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τ p
p

ζ

4H

(
∂τ p

∂t
(t,x) + u(t,x).∇τ p(t,x) −∇u(t,x)τ p(t,x) − τ p(t,x)(∇u(t,x))T

)

+Z(tr(τ p))τ p −
ζ

4H
(τ p + npkT

W �
)

(
∂

∂t
+ u.∇

)
ln(Z(tr(τ p)))

= npkT
ζ

4H

(
∇u(t,x) + (∇u(t,x))T

)
,
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



ρ

(
∂u

∂t
(t,x) + u(t,x) · ∇u(t,x)

)
− η∆u(t,x) + ∇p(t,x)

= div (τ p(t,x)) + ρf(t,x),

div (u(t,x)) = 0,

τ p(t,x) = np

(
E(Xt(x) ⊗ F (Xt(x))) − kT

W � )
,

dXt(x) + u(t,x).∇Xt(x) dt

= ∇u(t,x)Xt(x) dt− 2

ζ
F (Xt(x)) dt+ 2

√
kT

ζ
dW t.
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Re =
ρUL

η
, ε =

ηp

η
,

We =
λU

L
, µ =

L2H

kT
.
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
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Re

(
∂u

∂t
+ u · ∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

τ p =
ε

We

(
E(Xt ⊗ F (Xt)) −

W � )
,

dXt + u.∇Xt dt = ∇uXt dt−
1

2We
F (Xt) dt+

1√
We

dW t.
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Phenomenological modelling

Stochastic models

Microscopic models (kinetic theory)

Macroscopic simulations
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FEM (fluid)
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Micro−macro simulations
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ù�51�Zý�ûsü�öWõæöL6 �
öJõZÿ\ù��b31ý�ûsü�öWõÜö76 �Üö��=ù�õFû��	� ü�õ�û�7Zü�ÿ �
öJõJûdù�
�û���ú 7|ü,�47�ü�õ
�mù�ù�� �dù��	�
�
ù?ÿ/ûsö
ý2ÿsü����	��ù�öJõ|ù
÷ �mü��=ù�õZÿsüçöJõZý��	7Zù�ý1ûáù�51�Zý1ûdüçöJõ69 O 7|ü}ÿ#ÿsù
û#öL6Kÿ\ü����	�çü � ��ý1ûsü�öWõ¶ÿ/ü�ÿzÿ��¶ù �
ü � �-ûsö
û�7Zù��áö��|ù�û\ûsù�þZö1ú�9 2 �
)Zÿkûhý�õFûsü}ý�� �mü c ���	�Êûdüçù?ÿ�ý��dü}ÿ\ù�ö�û 7|ù��dú�ü�ÿsù�9

"�ùzõ|ö1ú �mù?ÿ����sü�)Pù8û�7Zùáõ��	�Üù��dü,��ý���ý��
�	�söFý��47M6�ö�� � < 9 0 � 9 O ö+)¶ù��Wü�õ�ú�üçû�76�Wúáù �	�sù?ÿ\ù�õFû
û�7Zù&�Aÿ\ü����	�çù � � õ|üÊûdù
ù��çù��Üù�õFû �mü}ÿ ���dù
ûsü ^�ý�ûsü�öWõ�öL6Nû�7|ù��æý����söFÿ���ö��|ü,�-ù�51�Zý�ûsü�öWõ69 O 7|ù�õ�úáù
û��
�sõ6ûsö=û 7|ù�õ��	�Üù��dü���ý��Uý��
�	�söFý��47âù����	��ö-�Wù�� 6�ö��-û 7|ù!#|ö�"�"Wù��s÷/2 ��ýWõ
�4"Üù�51�Zý�ûsü�öWõ69 O 7|ù
31ý��dü�ýWõFû �Zÿsü�õ	�æýæÿkûdö��47¶ýWÿ\ûsü,�+�mü�8pù��dù�õFûsü}ý��Nù 5��¶ý1ûsü�öWõâû�7Zù�õ 6�ö����çö1ú�ÿ�9
��&<% 
 . , 0
	 ��� .��1* � . 	�� 	 � ��� ��� *�0
	 	 ,/0 	���. 0 � ��� * � . 	��
� ù�û+�Zÿ+�
öJõZÿ\ü,�mù���û�7ZùØÿ\û��dù�ÿdÿ

τ(t, y)
ü�ÿ+"�õ|ö1ú�õ6�Pý�õ
� �Pù��b6�ö�� � û�7|ù�3gý��sü}ý1ûdüçöJõZý��*6�ö�� � �m÷

�}ý1ûsü�öWõ6ö76bû�7|ù�ù 51�Zý1ûdüçöJõâü�õ � < 9 0 � �mù�ûsù����Üü�õ|üçõ
�Üû�7|ù 3Jù���ö���üÊû �

Re
∂u

∂t
(t, y) = (1 − ε)

∂2u

∂y2
(t, y) +

∂τ

∂y
(t, y)

ú�üçû�7�ý 3Fü�ù�ú��mõZù�
�û��mûdö �mü}ÿ����sù�ûsü ^�ù�üÊû'�¶ÿ\ü�õ	� � õ|üçûsù�ù��çù��=ù�õFûdÿ�9 *+�	�;6�ö�� � �	�}ý1ûdüçöJõâü}ÿ




2 ù?ý��4�47 6�ö��
u : [0, T ] −→ H1

1 (0, L)
ÿ ���47âû 7Zý1û

∀v ∈ H1
0 (0, L), Re

d

dt
(u(t), v)L2 = −(1 − ε)

(
∂u

∂y
(t),

∂v

∂y

)

L2

−
(
τ(t),

∂v

∂y

)

L2

,

u(0, y) = 0, � < 9 1 �
ú 7|ù��sù�úzù�7¶ý=3Wù��mù�õ|öWûsù �

H1
0 (0, L) =

{
v ∈ H1(0, L), v(0) = 0, v(L) = 0

}

ý�õ��
H1

1 (0, L) =
{
v ∈ H1(0, L), v(0) = 1, v(L) = 0

}
.

�(ÿ �dù��Jý�� �Zÿ/û�7Zù��|ü�ÿ ���dù
ûdü_^?ý1ûsü�öWõ �Júzù
ü�õFû��dö����
�
ù
û�7Zù�ÿ�7Zý��Pù 6 �|õ
��ûdüçöJõZÿ;6�ö�� 2 : � õ|üçûsù
ù���ù��Üù�õJûhÿ � 6�ö��-û�7|ù 3Jù���ö���üÊû � �

ϕi(y) =





1
ú 7|ù�õ

y = i
N ,

ýacæõ|ù öWõ [ i− 1

N
,
i

N

] ý�õ
� [ i
N
,
i+ 1

N

]
,

0
ú 7|ù�õ

y ∈
[
0,
i− 1

N

]
∪
[
i+ 1

N
, 1

]
,

� < 9 Z �
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D� < R

� 6�ö��
0 ≤ i ≤ N

���¶ú�üçû�7�û�7|ù2ö�)D3Fü�ö��¶ÿ�ý��|ý��mûdý�ûsü�öWõZÿ�ú 7|ù�õ
i = 0

ýWõ
�
i = N

�pý�õ
�6û 7|ù
ÿ�7Zý��Pù`6 �|õ
��ûdüçöJõZÿ�6�ö�� 2 8 � õ|üçûsù�ù��çù��=ù�õFûdÿ � 6�ö��-û�7|ù2ÿ\û��dù�ÿdÿ/�

χi(y) =





1
ú 7|ù�õ

y ∈
[
i− 1

N
,
i

N

)
,

0
ö�û�7Zù��dú�ü�ÿsù

,

� < 9 [ �

� 6�ö��
1 ≤ i ≤ N

� ��)Pö�û 7ØöJõØý��dù����
��ý�� �Üù�ÿ�7=öa3Wù��
[0, L]

��ú�üçû�7��Üù�ÿ�7Zÿsü_^�ù
h = ∆y =

1

N

9
O 7|ù�ý��
�	�sö 
mü��æý1ûsü�öWõ¶ÿ 6�ö��

τ
ýWõ
�

u
û�7|ù�õ �sù?ý��

τh(t, y) =
N∑

i=1

(τh)i(t)χi(y),
� < 9 : 8 �

uh(t, y) =

N−1∑

i=1

(uh)i(t)ϕi(y) + V ϕN (y),

�dù�ÿ��¶ù ��ûsü 3Wù�����9,ø(ö�ûdù(ü�õ
�mù�ù � �Fû�7Zý�û���)Pù���ý��Zÿsù�ö76Kû�7|ù+)¶ö��|õ
�|ý���� �
öJõ
�müçûsü�öWõ6��úzù'7Zý=3Jù 6�ö��
ý����

t > 0
�
(uh)0(t) = 0

ý�õ
�
(uh)N (t) = V

9
W û �dù��æý�ü�õZÿ,ûdö �mü}ÿ����sù�ûsü ^�ù�ü�õÜûsü��Üù��Fú 7|ü��47æúzù'�mö!�¶ÿ\ü�õ	�2ý�)Zý��4"�úzý�� ��% �	��ù��zÿ��47|ù��Üù

6�ö��-û 7|ù 3�ü�ÿ �
ö��Zÿáûsù���� 9 O 7|ùM6 �	����� �mü}ÿ����sù�ûsù`6�ö�� � �
��ý�ûsü�öWõ�ü}ÿ-û 71�¶ÿ




2 ö��_3Jù 6�ö��
(uh)n

j

6�ö��
j = 1, ...N − 1

ý�õ
� 6�ö��
n ≥ 0ÿ��
�47�û 7Zý1û

(uh)0j ≡ 0
ý�õ
� ∀i = 1, ...N − 1,

Re




N−1∑

j=1

(uh)n+1
j ϕj −

N−1∑

j=1

(uh)n
j ϕj

∆t
, ϕi




L2

= (1 − ε)


 ∂

∂y




N−1∑

j=1

(uh)n+1
j ϕj + V ϕN


 ,

∂

∂y
ϕi




L2

−
(

(τh)n,
∂

∂y
ϕi

)

L2

� < 9 :�: �
ú 7|ù��sù

(τh)n �mù�õ|ö�ûdù�ÿzû 7|ù2ý��	�
�sö 
mü��Üý�ûsü�öWõâö76
τh ý1û-ûsü��Üù tn 9

W õ�ý����Wù�)
�dýWü��(ûsù����æÿ���û�7|ü}ÿ�ú �düÊûdù�ÿ

ReM
Un+1 − Un

∆t
= −(1 − ε)AUn+1 −GSn +B,

� < 9 : � �

ú 7|ù��sù
Un =

[
(uh)n

1 , . . . , (u
h)n

N−1

]T
ü}ÿzû�7|ù��|õ
"FõZö1ú�õ6�

Sn =
[
(τh)n

1 , . . . , (τ
h)n

N

]T
,
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D� <P<

ý�õ��
G
ü�ÿ(ý��æý�û��dü 
�ú�üçû�7

(i, j)
÷Hù�õFû�� �

Gi,j =

∫ L

0

∂ϕi

∂y
χj dy.

� < 9 : : �

O 7|ù�3Jù��
ûsö��
B = −(1 − ε)V

[
0, . . . , 0,

∫ L

0
∂ϕN

∂y
∂ϕN−1

∂y dy
]T ü}ÿ(ýJÿsÿsö��
ü}ý1ûdù��âú�üÊû 7�û�7|ù

Y
ü��dü��47
�çù�û�)Pö��|õ��|ý�� � �
öWõ��müÊûdüçöJõ69 O 7|ù��æý1û �sü,�
ù?ÿ
M

ý�õ
�
A
�dù�ÿ��¶ù ��ûsü 3Wù���� �|ù�õ|öWûsùØû�7|ù

�æý1û �sü,�
ù?ÿáöL6&�æýJÿsÿ�ýWõ
� �dü��Wü,�müÊû ��ö76Kû 7|ù�2 : � õZüÊûdù�ù���ù��Üù�õFûdÿ p

Mi,j =

∫ L

0

ϕi ϕj dy,
� < 9 : R �

Ai,j =

∫ L

0

∂ϕi

∂y

∂ϕj

∂y
dy.

� < 9 :9< �

��&�� � . 0
	 	 ,/0 	���. 0 ��	 	 � ������� ���,� �,��� � 	 � .���.(, � .(0 * ����	 	 *-0 �
"wù2õ|ö1ú�û��	�dõ&ûsöæû 7|ù �mü}ÿ ���dù
ûsü ^�ý�ûsü�öWõ&ö76�û 7|ù #|ö�"�"Wù��s÷/2 ��ýWõ
�4"�ù 5��¶ý1ûsü�öWõ&ü�õ � < 9 0 � �|û 7Zý1û
ü}ÿ
∂ψ

∂t
(t, y, P,Q) = − ∂

∂P

((
∂u

∂y
(t, y)Q− 1

2We
P

)
ψ(t, y, P,Q)

) � < 9 : 0 �

+
∂

∂Q

(
1

2We
Qψ(t, y, P,Q)

)
+

1

2We

(
∂2

∂P 2
+

∂2

∂Q2

)
ψ(t, y, P,Q).

2 ü�õ
�
ù
y
ü}ÿ
öJõ	����ý �Zý��dý��Üù
ûsù����PúzùØö��=üçû�ûsö �=ù�õFûsü�öWõ�û 7|ùÜù�
��	��ü���üÊû��mù��¶ù�õ
�mù�õ��
ùÜö76

ψ�	�PöWõ6û�7Zü�ÿ �Zý��dý��Üù
ûsù��zû�7	�dö��	��7|ö��|ûzû 7|ü}ÿ �Zý��hý����dý��	769
"�ùáüçõFû �sö����
��ù8û 7|ù#ù 5��Zü���ü�)
�sü��	� ÿ\ö����mûdüçöJõ�ö76�� < 9 : 0 � � � ��2 �,û�7|ùzÿkûdù�ý�����ÿ\ûdý�ûsùzÿ\ö����mûdüçöJõ

ö76�� < 9 : 0 � 6�ö��
u = 0

� �ZõZý��Üù����

ψ∞(P,Q) =
1

2π
exp

(
−P

2 +Q2

2

)
.

� < 9 : 1 �

"wù�õ|ù�
�û'�47Zý�õ
�Wù�û�7|ù��Zõ	"�õ|ö1ú�õ 6 �Zõ
��ûdüçöJõ6ü�õ � < 9 : 0 �zÿ\ù�û\ûdüçõ	�

ϕ =
ψ

ψ∞

� < 9 : Z �

ý�õ�� �dù�ú �düÊûdù�� < 9 : 0 �zýWÿ

ψ∞
∂ϕ

∂t
(t, P,Q) = − ∂

∂P

(
∂u

∂y
Qψ∞ ϕ

)

+
1

2We

∂

∂P

(
ψ∞

∂

∂P
ϕ

)
+

1

2We

∂

∂Q

(
ψ∞

∂

∂Q
ϕ

) � < 9 : [ �
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ú 7|ü,�47âü}ÿ �dù�ý��mü�����ÿsù��ÜüÊ÷ �mü}ÿ����sù�ûsü ^�ù ��ü�õ6ûsü��=ù2ýJÿ

ψ∞
ϕn+1 − ϕn

∆t
= − ∂

∂P

(
∂u

∂y
Qψ∞ ϕn

)

+
1

2We

∂

∂P

(
ψ∞

∂

∂P
ϕn+1

)
+

1

2We

∂

∂Q

(
ψ∞

∂

∂Q
ϕn+1

)
.

� < 9 � 8 �
�k31ý��dü�ý�ûsü�öWõZý��L6�ö������	��ý�ûsü�öWõ=ö76�� < 9 � 8 �UöJõ=ýWõ=ý��	�	�dö��	�dü}ý1ûsù 6 �|õ
�
ûsü�öWõZý��Zÿ �¶ý��
ù V �Sÿsù�ù

6�ö��áù�
|ý����	��ù+.�9 �Wö��	�4�|ý�ü�õ6�	�+9 � ù+. �sü}ÿ�� O 9 � ù��çü � 3��dù(ý�õ
� # 9
*(ûsûsö�� 0 < � � �	�Pù�õ
�mü�
 . ���
ü}ÿzû�7|ù�õ*p




2 ö�� 3Wù`6�ö��
ϕn ∈ V 6�ö��

n ≥ 0
ÿ ���47�û 7Zý1û ∀θ ∈ V ,

∫
ϕn+1 − ϕn

∆t
θ ψ∞ =

∫
∂u

∂y
Q
∂θ

∂P
ϕnψ∞

− 1

2We

∫
∂θ

∂P

∂ϕn+1

∂P
ψ∞ − 1

2We

∫
∂θ

∂Q

∂ϕn+1

∂Q
ψ∞,

ϕ0 = 1. � < 9 � : �
O 7|ù��ÜöJÿ\û�ý��	�	�dö��	�dü}ý1ûsù+)ZýWÿsü}ÿ#ûdö��Zÿ\ù`6�ö��áû 7|ù N ý���ù�� "�üçõ )ZýWÿsü�ÿzü�õ � < 9 � : �#ü}ÿ-ý�)ZýWÿsü�ÿ

�
öJõZÿsü�ÿ\ûsü�õ	�=ö76 ��ûsù�õZÿsö�� �	�dö����
��ûhÿ-ö76%�  (ù�� �ÜüÊûdù��¶ö�����õ|ö��=ü}ý��}ÿ
Hi

p

χi,j(P,Q) = Hi(P )Hj(Q),
� < 9 �L� �

ú 7|ù��sù
H0(P ) = 1, H1(P ) = P, H2(P ) =

1√
2

(P 2 − 1).
� < 9 � : �

W õ
�mù�ù�� �¶ÿ\ü�õ
�
ù
1√
2π

∫

R

Hi(P )Hj(P ) exp (−P 2/2) dP = δij ,
� < 9 �aR �

ý�õ��æÿ\ü�õ
�
ù�û�7|ù N ý��Zÿdÿ\ü}ý�õe6 �|õ���ûsü�öWõæü}ÿ �
�sù �
ü}ÿ\ù����Øû�7|ù
ÿkûhý1ûsü�öWõ¶ý�� �Øÿsö����mûsü�öWõ=ûsö2û�7|ù
ù�51�Zý1÷
ûsü�öWõ �|õ
�mù�� ��öWõZÿsü,�mù��hý1ûdüçöJõ6��û 7|ù )ZýWÿsü�ÿbö76
 (ù�� �ÜüÊûdù �Pö�����õ|ö��Üü}ý��}ÿUü}ÿbúzù�����ý��|ý��mûsù ��ûsö
û�7|ù
�	�dö�)	��ù�� �Zõ
�mù�� ��öWõZÿsü��|ù��hý1ûsü�öWõ 9 W õ �Zý��sûsü,���	�}ý�� �Jû�7|ù��æýWÿdÿ �Üý�û��dü 
 �dù��}ý1ûdù��Üûdö=û�7|ù��mü}ÿk÷
���dù
ûdü_^?ý1ûdüçöJõ
öL6 ∫ ϕn+1−ϕn

∆t θ ψ∞
üçõ � < 9 � : �Pü�ÿpû 7|ù8ü,�mù�õFûdüÊû ���æý1û��dü�
 9 O 7|ù �æý1û �sü�
�ýJÿsÿsö��
üç÷

ý1ûdù���ú�üçû�7�û�7Zù3�mü}ÿ����sù�ûsü ^�ý1ûdüçöJõ�ö76�û�7|ù �mü 8 �ZÿsüçöJõ�ûsù����æÿ ∫ ∂θ
∂P

∂ϕn+1

∂P ψ∞+
∫

∂θ
∂Q

∂ϕn+1

∂Q ψ∞ü�õ � < 9 � : �#ü}ÿ'�mü}ý��JöWõZý�� 9 W õ�ý��	�|üÊûdüçöJõ6�mû�7Zù��Zÿ\ù�öL6�ÿ��
�47&ýæÿ �Pù��
û��hý�� )ZýJÿ\ü}ÿ�ý�����ö1ú�ÿ#ûdö �
ü��\÷
���
� 3Wù�õFû�û 7|ù �	�hý��
ûsü,��ý�� �mü c ���	�Êû � �sù���ý�ûsù ��ûdö&û�7|ù 6Sý���û�û 7Zý1û�û 7|ù�ù�51�Zý�ûsü�öWõwü�ÿ!�¶öFÿ\ù �
öWõâû�7Zù�ú 7|ö���ù�ÿ �Zý��
ù�9
��& � � . 0
	 	 ,/0 	���. 0 ��	 	 � ������� ���,��, � 	 0 � *�, � .(0 * � ��	 	 *�0��
W õZÿ\ûsù?ý��ëöL6'�Zÿ\ü�õ	�;û�7|ù #|ö�"1"Jù��s÷023��ýWõ
�4"�ù 51�Zý1ûdüçöJõ 3Fü�ù�ú �PöWü�õFû��8úzù �æý �ëý��çûsù��sõ¶ý1ûsü 3Wù����
ü�õJû �sö������
ù�û�7|ù!��ö��	�
�çù�ö76/ÿ\ûsö��47ZýWÿ\ûsü,���mü 8pù��dù�õFûdü�ý��Nù�51�Zý1ûdüçöJõZÿ





dP (t, y) =

(
∂u

∂y
(t, y)Q(t) − 1

2We
P (t, y)

)
dt+

1√
We

dVt,

dQ(t) = − 1

2We
Q(t)dt+

1√
We

dWt,

� < 9 � < �
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ú 7|ù��sù
Vt
ý�õ��

Wt
ý��sù�ûkúzöÜüçõ
�|ù��Pù�õ
�mù�õFû(öWõ|ù�÷/�|ü��Üù�õ¶ÿ\ü�öWõZý�� . �dö1ú�õ|ü}ý�õ �=öWûsü�öWõZÿ��|ý�õ��

õ|ù�
Fû�ù 3gý����¶ý1ûsù�û 7|ù2ÿ\û��dù�ÿdÿáú�üçû�7

τ(t, y) =
ε

We

∫

R2
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dXt + u.∇Xt dt = ∇uXt dt−
1

2We

Xt

1 − ‖Xt‖2/b
dt+

1√
We

dW t.
� < 9 : < �

W õ&û�7|ù2ÿ��Pù��
ü � ���Jù�ö��=ù�û��dü���ÿsù
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Xt = (P (t), Q(t))ý�õ��

W t = (Vt,Wt)
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



dP (t, y) =

(
∂u

∂y
(t, y)Q(t, y) − 1

2We

P (t, y)

1 − (P (t, y)2 +Q(t, y)2)/b

)
dt

+
1√
We

dVt,

dQ(t, y) = − 1

2We

Q(t, y)

1 − (P (t, y)2 +Q(t, y)2)/b
dt+

1√
We

dWt.
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Xt
�|öFù?ÿ�õ|öWû 7ZüÊû�û 7|ù�)Pö��|õ
�Zý�� ��ö76 B(0,

√
b)
ü�õ � õ|üçûsù

ûsü��Üù�� �	�döa3Fü,�mù �
b > 2
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Xt
�dù��æý�ü�õZÿ
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Xn ú�üÊû 7
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û��Zý��o31ý����|ù�ÿ�ü�õ B(0,

√
b)
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u.∇Xt dt

p




Xn+1 = Xn + ∇unXn∆t− 1

2We

Xn

1 − ‖Xn‖2/b
∆t+

√
∆t

We
Gn,

(
1 +

1

4We

∆t

1 − ‖Xn+1‖2/b

)
Xn+1 = Xn

+
1

2

(
∇unXn + ∇un+1Xn+1 − 1

2We

Xn

1 − ‖Xn‖2/b

)
∆t+

√
∆t

We
Gn,
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τ p =
ε

We

(
E

(
Xt ⊗ Xt

1 − ‖Xt‖2/b
− X̃t ⊗ F̃ (X̃t)

)
+ E

(
X̃t ⊗ F̃ (X̃t)

))
,
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� O 7Zù��Üý����dö�÷/�æý����dö 6�ö������	��ý�ûsü�öWõ*p




Re
∂u

∂t
(t, y) − (1 − ε)

∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y),

∂τ
∂t + 1

We τ = ε
We

∂u
∂y .
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



Re
∂u

∂t
(t, y) − (1 − ε)

∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y),

τ(t, y) =
ε

We
E(Xt(y)Yt),

dXt(y) =
∂u

∂y
(t, y)Yt dt−

1

2We
Xt(y) dt+

1√
We

dVt,

dYt = − 1

2We
Yt dt+

1√
We

dWt.
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



Re
∂u

∂t
(t, y) − (1 − ε)

∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y),

τ(t, y) =
ε

We

∫
XY p(t, y,X, Y )dXdY ,

∂p

∂t
= −div (X,Y )

((
(
∂u

∂y
Y, 0) − (X,Y )

1

2We

)
p

)
+

1

2We
∆(X,Y )p.
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clear all;

% Physical parameters
Re=0.1;Eps=0.9;We=0.5;
v=1.;
T=1.; % Maximal time

% Discretization
% Space
I=100;
dx=1/I;mesh=[0:dx:1];
% Time
N=100;
dt=T/N;

% Matrices
D1=diag(ones(1,I−1),−1);D1=D1(2:I,:);D1=[D1,zeros(I−1,1)];
D2=diag(ones(1,I−1));D2=[zeros(I−1,1),D2,zeros(I−1,1)];
D3=diag(ones(1,I−1),+1);D3=D3(1:(I−1),:);D3=[zeros(I−1,1),D3];
% Mass matrix
M=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M=M.*dx;M=sparse(M);
MM=M(:,2:I);
% Stiffness matrix
A=(−1)*D1+2*D2+(−1)*D3;
A=A./dx;A=sparse(A);
AA=A(:,2:I);
BB=Re*MM./dt+(1−Eps)*AA;
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% Vectors
u=zeros(I+1,1); % Initial velocity
tau=zeros(I,1); % Initial stress: \E(PQ)=0 at t=0
gradtau=zeros(I−1,1);
CLL=zeros(I+1,1);

% Time iterations
for t=dt:dt:T,
uold=u;
gradtau=tau(2:I)−tau(1:(I−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else

CLL(1)=v ;
end;
CL=(Re*M./dt+(1−Eps)*A)*CLL;
F=(Re*M./dt)*u−CL+(Eps/We)*gradtau;
u(2:I)=BB\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
else

u(1)=v;
end;
for l=1:I

tau(l)=(1−dt/We).*tau(l)+(dt/dx)*(u(l+1)−u(l));
% tau(l)=(1−dt/We).*tau(l)+dt/dx*(uold(l+1)−uold(l));

end;
% Drawings
plot(mesh',u,mesh',[(Eps/We)*tau;(Eps/We)*tau(I)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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clear all;

% Physical parameters
Re=0.1;Eps=0.9;We=0.5;
v=1.;
T=1; % Maximal time

% Numerical parameters
% Space
I=100;
dx=1/I;mesh=[0:dx:1];
% Time
N=100;
dt=T/N;
% Number of polymers per cell (Monte Carlo)
J=1000;

% Matrices
D1=diag(ones(1,I−1),−1);D1=D1(2:I,:);D1=[D1,zeros(I−1,1)];
D2=diag(ones(1,I−1));D2=[zeros(I−1,1),D2,zeros(I−1,1)];
D3=diag(ones(1,I−1),+1);D3=D3(1:(I−1),:);D3=[zeros(I−1,1),D3];
% Mass matrix
M=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M=M.*dx;M=sparse(M);
MM=M(:,2:I);
% Stiffness matrix
A=(−1)*D1+2*D2+(−1)*D3;
A=A./dx;A=sparse(A);
AA=A(:,2:I);
BB=Re*MM./dt+(1−Eps)*AA;

% Vectors
u=zeros(I+1,1); % Initial velocity
Y=zeros(J,1);X=zeros(J,I);
X_var_controle=zeros(J,1); % Control variate
Y=randn(size(Y));
% Initial condition not depending on the space variable
X=randn(J,1)*ones(1,I);
X_var_controle=X(:,1);
tau=zeros(I,1);
gradtau=zeros(I−1,1);
CLL=zeros(I+1,1);

% Time iterations
for t=dt:dt:T,
for l=1:I,

tau(l)=sum(Y.*(X(:,l)−X_var_controle))/J;
end;
tau=(Eps/We)*tau;
gradtau=tau(2:I)−tau(1:(I−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else
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CLL(1)=v ;
end;
CL=(Re*M./dt+(1−Eps)*A)*CLL;
F=(Re*M./dt)*u−CL+gradtau;
u(2:I)=BB\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
else

u(1)=v;
end;
% Y, X and X_var_controle
r=randn(J,1);
for l=1:I,

X(:,l)=(1−dt/(2*We))*X(:,l)+(dt/dx)*(u(l+1)−u(l))*Y+sqrt(dt/We)*r;
end;
X_var_controle=(1−dt/(2*We))*X_var_controle+sqrt(dt/We)*r;
Y=(1−dt/(2*We))*Y+sqrt(dt/We)*randn(J,1);
% Drawings
plot(mesh',u,mesh',[tau;tau(I)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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clear all;

%%%% This file contains some integrals of Hermite polynomials
run Ortho_HD_normalise_20

%%%% Physical parameters
d=2; % dimension of the ambiant space
n=1; % number of springs
% Warning: Only d=2 and n=1 are implemented here
T=1; % Maximal time
Re=0.1;Eps=0.9;We=0.5;v=1.;

%%%% Discretization
% Space
I_esp=100; % number of spacesteps
dx=1/I_esp;mesh=0:dx:1;
% Time
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N=100; % number of timesteps
dt=T/N; % timstep

l_max=2; % Maximal degree of Hermite polynomials
% Discretisation for q: FULL TENSOR PRODUCT
dim=(l_max+1)*(l_max+1);
disp('Dimension of the Galerkin basis for Fokker Planck:');disp(dim);

% To get the tensorial index as a function of the absolute index
% 0 \leq nu(1) \leq l_max
get_nu=@(i) [ floor((i−1)/(l_max+1)), i−1−floor((i−1)/(l_max+1))*(l_max+1)];

% To get the absolute index as a function of the tensorial index
% 1 \leq i \leq dim
get_i=@(nu) 1+nu(1)*(l_max+1)+nu(2);

% Matrix S
D1=diag(ones(1,n*d),−d);D1=D1((d+1):(n+1)*d,:);
D2=diag(ones(1,n*d),d);D2=D2(1:n*d,:);
S=−D1+D2;
% Matrix D
D=S*S';
% Here, D=2 Id

%%%% Operators
disp('Computing matrices...');
%%%% Operators for Fokker−Planck
M=zeros(dim,dim);
G_de_base=zeros(dim,dim);
A=zeros(dim,dim);
% \int_X (1/dt q^{n+1}) r \omega
% since int_P_P= Id, this is only Id
M=eye(dim,dim);
% G = Nabla_u : \int_X ( \nabla_X r \otimes X ) q \omega
% G depends on the timestep
% G=nabla_u*G_de_base where nabla_u is the off−diagonal component
% of the matrix \nabla u
for i=1:dim % r_i
for j=1:dim % q_j

% +1 : to get the indices of Ortho_HD_normalise.m
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
G_de_base(i,j)=int_DP_P(nu_i(1),nu_j(1))*int_P_X_P(nu_i(2),nu_j(2));

end
end
% A = D : \int_X ( \nabla_X q \otimes \nabla_X r) \omega
% Here, D=2 Id
% D(1,1) * \int \partial_{X_1}P_{i}(x) \partial_{X_1}P_{j}(x) \omega
for i=1:dim % r_i

for j=1:dim % q_j
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
A(i,j)=A(i,j)+D(1,1)*int_DP_DP(nu_i(1),nu_j(1))...

*int_P_P(nu_i(2),nu_j(2));
end

end
% D(2,2) * \int \partial_{X_2}P_{i}(x) \partial_{X_2}P_{j}(x) \omega
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for i=1:dim % r_i
for j=1:dim % q_j

nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
A(i,j)=A(i,j)+D(2,2)*int_P_P(nu_i(1),nu_j(1))...

*int_DP_DP(nu_i(2),nu_j(2));
end

end
% Computation of \int X_1 X_2 P_{i}(x) \omega
% This vector is useful to compute tau
int_X_X_q_1_2=zeros(dim,1);
for i=1:dim
nu_i=get_nu(i)+1;
int_X_X_q_1_2(i)=int_X_P(nu_i(1))*int_X_P(nu_i(2));

end;
%%%% Operators for the velocity
D1=diag(ones(1,I_esp−1),−1);D1=D1(2:I_esp,:);D1=[D1,zeros(I_esp−1,1)];
D2=diag(ones(1,I_esp−1));D2=[zeros(I_esp−1,1),D2,zeros(I_esp−1,1)];
D3=diag(ones(1,I_esp−1),+1);D3=D3(1:(I_esp−1),:);D3=[zeros(I_esp−1,1),D3];
% Mass matrix
M_esp=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M_esp=M_esp.*dx;
M_esp=sparse(M_esp);
MM_esp=M_esp(:,2:I_esp);
% Stiffness matrix
A_esp=(−1)*D1+2*D2+(−1)*D3;
A_esp=A_esp./dx;
A_esp=sparse(A_esp);
AA_esp=A_esp(:,2:I_esp);
BB_esp=Re*MM_esp./dt+(1−Eps)*AA_esp;
%%%% Vectors
% initial conditions
u=zeros(I_esp+1,1); % velocity is zero
q=zeros(dim,I_esp);
q(1,:)=ones(1,I_esp); % equilibrium at each point
tau=zeros(I_esp,1);
gradtau=zeros(I_esp−1,1);
nabla_u=0;
CLL=zeros(I_esp+1,1);

%%%% Time iterations
disp('Time iterations');
for t=dt:dt:T,
q_old=q;
u_old=u;
% Computation of u
gradtau=tau(2:I_esp)−tau(1:(I_esp−1));
if ((t/T)<0.1)

CLL(1)=v*10*(t/T);
else

CLL(1)=v ;
end;
CL=(Re*M_esp./dt+(1−Eps)*A_esp)*CLL;
F=(Re*M_esp./dt)*u−CL+gradtau;
u(2:I_esp)=BB_esp\F;
if ((t/T)<0.1)

u(1)=v*10*(t/T);
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else
u(1)=v;

end;
% computation of tau
for l=1:I_esp % iteration on the cells

nabla_u=(u(l+1)−u(l))/dx;
nabla_u_old=(u_old(l+1)−u_old(l))/dx;
% computation of q(:,l)
G=nabla_u*G_de_base;
G_old=nabla_u_old*G_de_base;
% Crank Nicholson
M_n_p_1=(1/dt)*M − 0.5*(G−A/(4*We));
M_n=(1/dt)*M + 0.5*(G_old−A/(4*We));
q(:,l)=M_n_p_1\(M_n*q_old(:,l));
% Computation of tau(l)
% tau = \int_X ( X \otimes X ) q \omega
tau(l)=(Eps/We)*(q(:,l)'*int_X_X_q_1_2);

end;
% Drawings
plot(mesh',u,mesh',[tau;tau(I_esp)]);
axis([0 1 −1 1.2]);
drawnow;

end;
legend('velocity','stress');
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+ u · ∇τ p −∇uτ p − τ p(∇u)T

)
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û�7Zù���ÿsù
û�û 7|ù��	�dö�)	��ù�� ü�õ6ûsù����æÿ-ö76
(u, p,φ)

�|ú 7|ù��dù

φ = ln A

ý�õ��
A
ü}ÿzû�7|ù!��öWõK6�ö����æý�ûsü�öWõâûsù�õ¶ÿ\ö�� �|ù � õ|ù � )1��p

A =
We

ε
τ p +

W �
.
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�çù��=ù�õFûsù���ü�õ ��9�#¶ý1ûsûdý��0� ��9 ���	�,6�ù�� �ÜýWõ�ý�õ
� 5 9 �!9  '�	�}ÿ\ù�õ � R :��
0 8 ��ýWõ
����9 �
úáöJõ � 1 R ��6�ö��`3gý��sü�ö��¶ÿ'�Üö��mù��}ÿ���31ý��dü�ö��Zÿ �Wù�ö��Üù
û��dü,�2ÿ\ù�û\ûdüçõ	�Fÿ��NýWõ
�C31ý��düÊ÷
ö��¶ÿáõ��	�Üù��sü,��ý�� �Üù�û�7|ö��|ÿ�9 W õ�û 7|ü�ÿ(ý��çûsù��dõZý�ûsù 6�ö������	�}ý1ûsü�öWõ �Jû 7|ù�õ��	�Üù��dü���ý��püçõ¶ÿkûhý�)|ü��çüçû �
ý��dü}ÿ\ù?ÿUöWõ
���M6�ö�� ���
�47 7|ü���7Zù���ý "wù�ü}ÿsÿsù�õ�)Pù�� �(õ��	��)¶ù���9 W û,û 7��Zÿ�ÿ\ù�ù��æÿUûdö+)Pù�ý'�	�dö��Üü}ÿk÷
ü�õ	���=ù�û�7|ö��âûsö )Pù
ûsûsù�� �|õ
�mù��dÿ\ûdýWõ
�âû�7|ù��	�dö�)
�çù�� 9
��&�� � � � � .(,/0 * � � � 	 � � �(,
� ù�û �Zÿ �dù���ý����pû 7|ù��Üü����söW÷0�æý����sö��Üö��mù��Núzù�ý��dù�ü�õFûsù��sù?ÿkûdù��âüçõ*p





Re

(
∂u

∂t
+ u · ∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

τ p =
ε

We
(E(Xt ⊗ F (Xt)) −

W �
),

dXt + u.∇Xt dt = ∇uXt dt−
1

2We
F (Xt) dt+

1√
We

dW t.

�&0	9 1 �

ú�üçû�7
F (Xt) = Xt

6�ö��  �ö�ö�"Jù�ýWõ ���	� )
)¶ù����}ÿ��
F (Xt) = Xt

1−‖Xt‖2/b

6�ö�� #&%#ø'%
���	��)	)Pù�����ÿ��Nö��

F (Xt) = Xt

1−E(‖Xt‖2)/b

6�ö���#&%#ø %/÷02 ���
� )	)Pù�����ÿ�9 O 7|ùÜÿ��Zý���ù 31ý��düÊ÷
ý�)
�çù

x
31ý��düçù?ÿæü�õÛý )Pö��|õ
�|ù�� �mö��ÜýWüçõ D ⊂ R

d 9 O 7|ü}ÿ�ÿ��mÿkûdù��Dü�ÿâÿ �	�
�	�çü�ù�� ú�üÊû 7
)Pö��|õ
�Zý�� � �
öJõ
�müçûsü�öWõZÿ�öWõ&û�7Zù�3Wù��çö��
üçû ���Pý�õ
�&ü�õ|üçûsü}ý��&�
öWõ��müÊûdüçöJõZÿ�öJõ&û�7|ù�3Jù���ö��
üçû �âý�õ��
û�7Zù2ÿkûdö��47¶ýWÿ\ûsü,� �	�dö��
ù?ÿsÿsù�ÿ�9 W õ�û 7|ùM6�ö����çö1ú�ü�õ	���múáù�ÿ��	�	�PöJÿsù

ε ∈ (0, 1)
9

"�ù��dù���ý����pû�7|ù!#Zö�"�"Wù��\÷/2 �}ý�õ
�4"e3Jù��hÿ\ü�öWõâö76 �&0	9 1 ��p




Re

(
∂u

∂t
(t,x) + u(t,x) · ∇u(t,x)

)
− (1 − ε)∆u(t,x) + ∇p(t,x)

= div (τ p(t,x)),
div (u(t,x)) = 0,

τ p(t,x) =
ε

We

(∫

X

(X ⊗ F (X))ψ(t,x,X) dX − W �
)
,

∂ψ

∂t
(t,x,X) + u.∇xψ(t,x,X)

= −div X

((
∇u(t,x)X − 1

2We
F (X)

)
ψ(t,x,X)

)
+

1

2We
∆Xψ(t,x,X).
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O 7|ù��dùwü�ÿ6ý ���sö1ú�ü�õ	� ��üçûsù��hý1û �	�dù;öWõÛû�7|ùÏý�õ¶ý�����ÿsü}ÿ�öL6!�=ü,���dö�÷/�æý����sö �Üö��mù���ÿg6�ö��

�Pö����1�Üù��sü,�-þ
�|ü,�|ÿ�9 O 7|ù � �dÿ\ûáúzö�� "Øúzù(ý��sù�ýgúzý��sù�öL6Uü�ÿ 5 9 ��ù�õZý�� �	� � :�:98 �0��ú 7|ù��sù(û�7|ù
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�4"n6�ö�� � �	�}ý1ûdüçöJõ �&:
9 : R ��ü�ÿÜÿ\û��
�mü�ù��69 2 ü�õ
�
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�mü�ù��âû�7Zù�ÿsù��=ö��mù���ÿ��	�Pù�� 7Zý��¶ÿ )¶ù ��ý��¶ÿ\ù�û�7Zù��
ý��dù �	�dö�ûsöWû ���|ü���ý��D6�ö��#ý����}ýWÿdÿ�ö76 � �
�Êûdü�ÿ ��ý��çù �Üö��mù��}ÿ��Wú 7|ù��sù�ÿsö��Üù �Zý��hý��Üù�ûsù��hÿ�õ|ù�ù��mù �
ü�õëû�7|ù �æý����söFÿ���ö��|ü,�Üù�51�Zý�ûsü�öWõZÿØý��dù �
ö����
�mûsù � )��Ïÿsö��Üù �=ü,���döJÿ �
ö��|ü,���=ö��mù���ÿ��Sÿsù�ù
û�7Zù��Wù�õZù��hý��H6�ö�� � �	�}ý1ûdüçöJõ��E:	9 : 0 �:� 9
� ù�û'�Zÿ �sù ��ý����pû 7|ù�ûkúáö��æý�ü�õ �mü c ���	�Êûdüçù?ÿ�úzù2ý����sù?ý���� �Üù�õFûdüçöJõ|ù��âüçõ 2 ù ��ûdüçöJõ 0
9 : �

� � +.� �,h'+ ! +9�$� 2 + � h#�
u · ∇u

�
u · ∇Xt

ý�õ��
u.∇ψ ���

� �7!5� 2 ����2/�5+3� 2 + � h��
ö��Üüçõ	��ù�üÊû 7|ù�� 6 �sö�� û 7|ù ��ö��	�	��ü�õ	� )¶ù�ûkúáù�ù�õÏû 7|ù�ù�51�Zý�ûsü�öWõZÿ
ýWõ
�

(u, p)
ý�õ
�

τ p
� ∇uXt

ö��
div X (∇uXψ)

� �Pö���ü�õ	7|ù��sù�õFû���� ��öWõFûdýWüçõ|ù �&üçõ
û 7|ù�ù�51�Zý�ûsü�öWõZÿ �|ù � õ|ü�õ	�

τ p
� ���|ù�ûsö=û 7|ù�õ|öWõ|÷0��üçõZù�ý���ù�õFû��dö��|ü,� 6�ö�� ��ù

F
� 9

W õ�û�7|ùëõ|ù�
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ûsü�öWõZÿ���úáùÏù�
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�	�6ýJÿ�ÿ ���4769 O úzö�ÿ\ü����	�çü � ��ý1ûsü�öWõ¶ÿ�ö76�û�7Zü�ÿ
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þZö1ú�ÿ-ý�õ��6ÿ�7|ù?ý��zþZö1ú�ÿ�9

O ö�ÿ �Pù���ü � ��ý������wÿkû �
����û�7|ù �=ü,���döJÿ �
ö��|ü,�Üù�51�Zý1ûdüçöJõZÿ��KöWõZù ��ýWõ ��öWõZÿsü,�mù��&-4! ��!)� 2 8
��2/! 0Dh > ! 4 h49 "wù �dù���ý����/û�7¶ý1û�ü�õ ÿ��
�47ÏþZö1ú�ÿ�� ∇u

�mö�ù?ÿ�õ|ö�û��mù��Pù�õ��ÏöWõÏû�7Zùâÿ��Zý���ù
31ý��dü�ý�)	��ù��JýWõ
�=û�7Zù��dù�6�ö��dù

Xt
�SýWõ
�Üû 71�¶ÿ

τ p
� �mö�ù�ÿ#õ|ö�û �mù��Pù�õ��æöWõÜû 7|ù
ÿ��Zý���ù 31ý��dü�ý�)	��ù

ù�üçû�7Zù�� 9 � ÿsö����mûsü�öWõ ûsö �E0	9 1 ��ü�ÿ�û�7Zù�õ0ö�)mûhý�ü�õ|ù�� )�� ÿsö�� 3�üçõ	��û�7|ù 2 Y+% ú�üçû�7Zö��mû=û�7|ù
ý��,3Wù��
ûsü 3Wù
ûsù���� 9 #|ö���ý 3Wù���ö��
üçû � � ù����

u(t, x) = κ(t)x
� �&0	9 1 � )Pù���ö��Üù�ÿ p





τ p =
ε

We
(E(Xt ⊗ F (Xt)) −

W �
),

dXt = κ(t)Xt dt−
1

2We
F (Xt) dt+

1√
We

dW t.

�&0	9 [ �

O ö "Wù�ù��=û�7|ù��mü c ���	�Êû ���dù��}ý1ûsù �Øûsö�û 7|ù+��ö��	�	��ü�õ	��)¶ù�ûkúáù�ù�õÜû 7|ù'�æý����söFÿ���ö��|ü,�zù�51�Zý1÷
ûsü�öWõëýWõ
�wû�7|ù �=ü,���döJÿ �
ö��|ü,�Øù 51�Zý1ûdüçöJõZÿ�)	�mû2ûdö�ù���ü��=ü�õZý�ûsùÜû�7Zù �mü_c ���	�çûsü�ù�ÿ!�dù��}ý1ûdù���ûsö
û��hý�õ¶ÿ �Pö��sûáûdù�� �æÿ��	�æýWõ1�âý��mû 7|ö��hÿ �Sÿsù�ù 5 9 � ýWÿsöÜý�õ
�  !9 �+9 �(ûsûsü�õ	�Wù�� � 1 < �0� �
9 �+9
.zöWõm÷
3�üçõ�ýWõ
� 5 9128ü,��ýWÿdÿsö�� : 0 �0�	�+9 N �Zü����çö�����ý�õ
� ��9 �+9 2 ý��mû � < R �/��.+9 �Wö��	�4�|ý�ü�õ6�1�+9 � ù . �dü�ÿ
ý�õ�� O 9 � ù���ü � 31�dù � 0 Z ��ö��#" 9�% � O 9 � ü�ý�õ
� 2&9 " 9 � 7ZýWõ	� � : Z � �'��öWõZÿsü��|ù��(ÿ�7|ù�ý���þZö1ú�ÿ
�Sÿsù�ù�#,ü��
9 : � 9 W õ6û�7|ü}ÿ �Wù�ö��Üù
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



Re
∂u

∂t
(t, y) − (1 − ε)

∂2u

∂y2
(t, y) =

∂τ

∂y
(t, y) + f(t, y),

τ(t, y) =
ε

We
E(Xt(y)FY (Xt(y))),

dXt(y) =
∂u

∂y
(t, y)Yt(y) dt−

1

2We
FX(Xt(y)) dt+

1√
We

dVt,

dYt(y) = − 1

2We
FY (Xt(y)) dt+

1√
We

dWt,

�E0	9 : 8 �

ú 7|ù��sù
(Xt(y), Yt(y))

ý��dù=û�7|ùÜûkúzö �
ö����PöWõZù�õFûdÿ�öL6áû 7|ù�ÿkûdö��47ZýWÿ\ûsü,���	�sö���ù�ÿdÿ
Xt(y)

�

(Vt,Wt)
ý��dù-ûkúzö�üçõ
�|ù��Pù�õ
�mù�õFû . �sö1ú�õZü�ýWõ��Üö�ûdüçöJõZÿ8ýWõ
�

(FX (Xt), FY (Xt))
ý��dù-û�7|ù
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F (Xt)

9 W õÞû 7|ü}ÿ ��ýJÿ\ù��
y ∈ (0, 1)

��ý�õ��(Y
ü��sü,�47	��ù
û
)Pö��|õ
�Zý�� � ��öWõ
�|üÊûdüçöJõZÿÜý��dùâýWÿdÿ��	�Üù�� öJõ û 7|ùj3Wù���ö��
üçû �ëý1û

y = 0
ý�õ
�

y = 1
9 O 7|ù

ü�õ|üÊûdü�ý�����öWõ
�müçûsü�öWõ¶ÿ
(X0, Y0)

ý��sù
ýWÿdÿ �	�Üù ��ûdö!)Pù(ü�õ
�mù��Pù�õ��mù�õFû 6 �dö�� öWõZù(ý�õ|öWû�7|ù��#ý�õ��
ü�õ
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��� �çöJõ	��ûdü��Üù��	�dö��Pù��sûsü�ù�ÿzö76,û�7Zù2ÿ\ö����mûdüçöJõZÿ�9

5 �	�çûsü��	���Fü�õ	�
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�
Re

2

∫

D
|u|2(t,x) + (1 − ε)

∫ t

0

∫

D
|∇u|2(s,x)

�E0	9 :�: �

=
Re

2

∫

D
|u|2(0,x) − ε

We

∫ t

0

∫

D
E(Xs(x) ⊗ F (Xs(x))) : ∇u(s,x),

ýWÿdÿ��	�Üüçõ	��7|ö��=ö��Wù�õ|ù�ö��Zÿ�Y(ü��sü,�47	��ù
û')Pö��|õ��|ý�� � �
öJõ
�müçûsü�öWõZÿ-öJõ
u
9

*
õæû�7Zù�ö�û 7|ù�� 7Zý�õ
�6�1�¶ÿ\ü�õ	� W û4] ��ý������	���¶ÿ8öWõ
Π(Xt)

��ú 7|ù��sù
Π
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û�7Zù�6�ö��4�
ù
F
ö76Pû�7|ù
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31ý����|ù��müçû�ü}ÿ�ÿ\ù�ù�õâû�7Zý�û
∫

D
E(Π(Xt(x))) +

1

2We

∫ t

0

∫

D
E(‖F (Xs(x))‖2)

�E0	9 : � �

=

∫

D
E(Π(X0(x))) +

∫ t

0

∫

D
E(F (Xs(x)) · ∇u(s,x)Xs(x))

+
1

2We

∫ t

0

∫

D
∆Π(Xs(x)).
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9 : � �4�ZýWõ
� �Zÿ\ü�õ	�

E(Xs(x) ⊗ F (Xs(x))) : ∇u(s,x) = E(F (Xs(x)) · ∇u(s,x)Xs(x)),
�E0	9 : : �

û�7ZùM6�ö����çö1ú�ü�õ	�=ù�õ|ù�������ù�ÿ\ûsü��æý1ûsù�ü}ÿ-ö�)mûhý�ü�õ|ù��*p
Re

2

d

dt

∫

D
|u|2(t,x) + (1 − ε)

∫

D
|∇u|2(t,x) +

ε

We

d

dt

∫

D
E(Π(Xt(x)))

+
ε

2We 2

∫

D
E(‖F (Xt(x))‖2) =

ε

2We 2

∫

D
∆Π(Xt(x)).

�E0	9 : R �
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ù&ý�õ
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S�U í�ðZñ1íDB " �`h+h90 � �����

u0 ∈ L2
y

� ��6
fext ∈ L1

t (L
2
y)
	 � - 2 h &=h9� 2 � � # � ��� � -,! +

� ! !�� 2/�5� 6 0 ��� �/2�2 2 h � 6�� ���Eh � 01��� �,042nh !52 01����! �
(u,X)

!5�
(0, T )

	 ∀T > 0
� � �

� 6 65��� ��!5� 	$� - 2�-,!52 2 ! 4'��� � 2�h/� � ���5� 2 -4!52 6ah !

‖u‖2
L∞

t (L2
y) + ‖u‖2

L2
t(H

1
0,y) + ‖Xt‖2

L∞

t (L2
y(L2

ω)) + ‖Xt‖2
L2

t (L
2
y(L2
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≤ C
(
‖X0‖2

L2
y(L2

ω) + ‖u0‖2
L2

y
+ T + ‖fext‖2
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t (L2
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9 [ ��-,!5+ 	*)-=') -,! +.)/2 !

F (X) =
X

1−‖X‖2/b

�

�
	 !5+

κ ∈ L1
loc (R+)

�5�76
b > 0

	 � - � h � ,�) � 6�� ���Eh � h9��+%!5� � h !52 01� ��!5� 4'��� -
f5�52 042 h ���

B = B(0,
√
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	34 -1��)%- � h�01��� �,042(��� � - 2 )�2 �=h+h ! - h !52 01� ��!5�'h�4'��� -

f5�52 042 h ���
B = B(0,

√
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