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Unifying evolutionary dynamics: from individual stochastic processes to macroscopic models

✜❡•❞ ❝❛s❡ ♦❢ r❛♥❞♦♠ ❛♥❞ ✉♥✐❢♦r♠ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣ ♣❤❡♥♦t②♣❡s✱ t♦ ✜♥❞ s✐♠♣•❡ ♠♦♠❡♥t ❝•♦s✉r❡s t❤❛t ✇♦✉•❞ ❞❡❝♦rr❡•❛t❡ t❤❡ s②st❡♠✳ ❚❤❡ ❛•t❡r♥❛t❡ ❛♣♣r♦❛❝❤ ✐♥✈♦•✈❡s r❡♥♦r♠❛•✐③✐♥❣ t❤❡ ✐♥❞✐✈✐❞✉❛•✲•❡✈❡• ♣r♦❝❡ss ❜② ♠❡❛♥s ♦❢ ❛ •❛r❣❡ ♣♦♣✉•❛t✐♦♥ •✐♠✐t✳ ❆♣♣•✐❡❞ ❜② ✐ts❡•❢✱ t❤❡ •✐♠✐t ②✐❡•❞s ❛ ❞❡t❡r♠✐♥✐st✐❝✱ ♥♦♥•✐♥✲ ❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✶✮✳ ❋♦r ❞✐✛❡r❡♥t s❝❛•✐♥❣s ♦❢ ❜✐rt❤✱ ❞❡❛t❤ ❛♥❞ ♠✉t❛t✐♦♥ r❛t❡s✱ ✇❡ ♦❜t❛✐♥ q✉❛•✐t❛t✐✈❡•② ❞✐✛❡r❡♥t •✐♠✐t✐♥❣ P❉❊s✱ ✐♥ ✇❤✐❝❤ s♦♠❡ ❢♦r♠ ♦❢ ❞❡♠♦❣r❛♣❤✐❝ r❛♥❞♦♠♥❡ss ♠❛② ♦r ♠❛② ♥♦t ❜❡ r❡t❛✐♥❡❞ ❛s ❛ st♦❝❤❛st✐❝ t❡r♠ ✭❙❡❝t✐♦♥ ✹✮✳ ▼♦r❡ s♣❡❝✐✜❝❛••②✱ ✇❤❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛❝❝❡•❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ✭❤❡♥❝❡ t❤❡ ❛❝❝❡•❡r❛t✐♦♥ ♦❢ ♠✉t❛t✐♦♥✮ ❛♥❞ ❞❡❛t❤ ❛♥❞ ❛♥ ❛s②♠♣t♦t✐❝ ♦❢ s♠❛•• ♠✉t❛t✐♦♥ st❡♣s✱ t❤❡ •❛r❣❡ ♣♦♣✉•❛✲ t✐♦♥ •✐♠✐t ②✐❡•❞s ❡✐t❤❡r ❛ ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥•✐♥❡❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡•✱ ♦r ❛ st♦❝❤❛st✐❝ ♠❡❛s✉r❡✲✈❛•✉❡❞ ♣r♦❝❡ss✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛❝❝❡•❡r❛t✐♦♥ r❛t❡ ♦❢ t❤❡ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦✲ ❝❡ss ✭❙❡❝t✐♦♥ ✹✳✷✳✶✮✳ ❲❤❡♥ t❤✐s ❛❝❝❡•❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ r❛r❡ ♠✉t❛t✐♦♥ •✐♠✐t✱ t❤❡ •❛r❣❡ ♣♦♣✉•❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ②✐❡•❞s ❛ ♥♦♥•✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥✱ ❡✐t❤❡r ❞❡t❡r♠✐♥✐st✐❝ ♦r st♦❝❤❛st✐❝✱ ❞❡♣❡♥❞✐♥❣ ❛❣❛✐♥ ✉♣♦♥ t❤❡ ❛❝❝❡•❡r❛t✐♦♥ r❛t❡ ♦❢ t❤❡ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ✭❙❡❝t✐♦♥ ✹✳✷✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛♥❝❡str❛• ♣♦♣✉•❛t✐♦♥ ✐s ♠♦♥♦♠♦r♣❤✐❝ ❛♥❞ t❤❛t t❤❡ t✐♠❡s❝❛•❡ ♦❢ ❡❝♦•♦❣✐❝❛• ✐♥t❡r❛❝t✐♦♥s ❛♥❞ ❡✈♦•✉t✐♦♥✲ ❛r② ❝❤❛♥❣❡ ❛r❡ s❡♣❛r❛t❡❞✿ t❤❡ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ✐s ❢❛st ✇❤✐•❡ ♠✉t❛t✐♦♥s ❛r❡ r❛r❡✳ ■♥ ❛ •❛r❣❡ ♣♦♣✉•❛t✐♦♥ •✐♠✐t✱ t❤❡ ♣r♦❝❡ss ❝♦♥✈❡r❣❡s ♦♥ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛•❡ t♦ ❛ •✉♠♣ ♣r♦✲ ❝❡ss ♦✈❡r t❤❡ tr❛✐t s♣❛❝❡✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡ ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ♠♦❞❡••✐♥❣ ✭❙❡❝t✐♦♥ ✺✳✶✮✳ ❇② r❡s❝❛•✐♥❣ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ✭♠❛❦✐♥❣ ✐t ✐♥✜♥✐t❡s✐♠❛•✮ ✇❡ ✜♥❛••② r❡❝♦✈❡r ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss ❞r✐✈❡♥ ❜② t❤❡ s♦✲❝❛••❡❞ ✏❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s✑ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇ ✭✶✾✾✻✮ ✭❙❡❝t✐♦♥ ✺✳✷✮✳
♠❛t❤❡♠❛t✐❝❛••②✱ t❤❡ ♣♦♣✉•❛t✐♦♥ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ st♦❝❤❛st✐❝ ✐♥t❡r❛❝t✐♥❣ ✐♥❞✐✈✐❞✉❛• s②st❡♠ ✭❝❢✳ ❉✉rr❡tt ❛♥❞ ▲❡✈✐♥ ✶✾✾✹✮✳ ❚❤❡ ♣❤❡♥♦t②♣❡ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛• ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ✈❡❝t♦r ♦❢ tr❛✐t ✈❛•✉❡s✳ ❚❤❡ tr❛✐t s♣❛❝❡ X ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ s✉❜s❡t ♦❢ l✲❞✐♠❡♥s✐♦♥❛• r❡❛• ✈❡❝t♦rs ❛♥❞ t❤✉s ❞❡s❝r✐❜❡s l r❡❛•✲✈❛•✉❡❞ tr❛✐ts✳ ■♥ t❤❡ tr❛✐t s♣❛❝❡ X ✱ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ❡♥t✐r❡•② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡✱ t❤❛t ✐s✱ ❛ ♠❛t❤❡♠❛t✐❝❛• ❝♦✉♥t✐♥❣ ❞❡✈✐❝❡ ✇❤✐❝❤ ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛•s ❡①♣r❡ss✐♥❣ ❞✐✛❡r❡♥t ♣❤❡♥♦t②♣❡s✳ ❚❤❡ ♣♦♣✉•❛t✐♦♥ ❡✈♦•✈❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ t❤❡ s❡t ♦❢ s✉❝❤ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡s ♦♥ X ❀ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛ss✉♠❡s t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ❛❢t❡r t✐♠❡ t ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛st ✐♥❢♦r♠❛t✐♦♥ ♦♥•② t❤r♦✉❣❤ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ✭✐✳❡✳ ❛t t✐♠❡ t✮✳ ❚❤❡ ✐♥✜♥✐t❡s✲ ✐♠❛• ❣❡♥❡r❛t♦
♦♥❣s t♦ X ✱ ✇❡ ❛ss✉♠❡ M (x, z) = 0 ✐❢ x + z ❞♦❡s ♥♦t ❜❡•♦♥❣ t♦ X ✳ ❚❤✉s✱ t❤❡ ✐♥❞✐✈✐❞✉❛• ♣r♦❝❡ss❡s ❞r✐✈✐♥❣ t❤❡ ♣♦♣✉•❛t✐♦♥ ❛❞❛♣t✐✈❡ ❡✈♦•✉t✐♦♥ ❞❡✈❡•♦♣ t❤r♦✉❣❤ t✐♠❡ ❛s ❢♦••♦✇s✿ • ❆t t = 0 t❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✭♣♦ss✐❜•② r❛♥❞♦♠✮ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ν 0 ✳ ❚❤✐s ♠❡❛s✉r❡ ❣✐✈❡s t❤❡ ❛♥❝❡str❛• st❛t❡ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥✳ ❲❤❡t❤❡r t❤❡ ❛♥❝❡str❛• st❛t❡ ✐s ♠♦♥♦♠♦r♣❤✐❝ ♦r ♣♦•②♠♦r♣❤✐❝ ✇✐•• ♣r♦✈❡ ♠❛t❤❡♠❛t✐❝❛••② ✐♠♣♦rt❛♥t •❛t❡r ♦♥✳ • ❊❛❝❤ ✐♥❞✐✈✐❞✉❛• ❤❛s t✇♦ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ❡①♣♦♥❡♥t✐❛••② ❞✐str✐❜✉t❡❞ ✏❝•♦❝❦s✑✿ ❛ ❜✐rt❤ ❝•♦❝❦ ✇✐t❤ ♣❛r❛♠❡t❡r b(x, V * ν t (x))✱ ❛♥❞ ❛ ❞❡❛t❤ ❝•♦❝❦ ✇✐t❤ ♣❛r❛♠❡t❡r d(x, U * ν t (x))✳ ❆ss✉♠✐♥❣ ❡①♣♦♥❡♥t✐❛• ❞✐str✐❜✉t✐♦♥s ❛••♦✇s t♦ r❡s❡t ❜♦t❤ ❝•♦❝❦s t♦ ✵ ❡✈❡r② t✐♠❡ ♦♥❡ ♦❢ t❤❡♠ r✐♥❣s✳ ❆t ❛♥② t✐♠❡ t✿ • ■❢ t❤❡ ❞❡❛t❤ ❝•♦❝❦ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛• r✐♥❣s✱ t❤✐s ✐♥❞✐✈✐❞✉❛• ❞✐❡s ❛♥❞ ❞✐s❛♣♣❡❛rs✳ ✺
• ■❢ t❤❡ ❜✐rt❤ ❝•♦❝❦ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛• ✇✐t❤ tr❛✐t x r✐♥❣s✱ t❤✐s ✐♥❞✐✈✐❞✉❛• ♣r♦❞✉❝❡s ❛♥ ♦✛s♣r✐♥❣✳ ❲✐t❤ ♣r♦❜❛❜✐•✐t② 1 -µ(x) t❤❡ ♦✛s♣r✐♥❣ ❝❛rr✐❡s t❤❡ s❛♠❡ tr❛✐t x❀ ✇✐t❤ ♣r♦❜❛❜✐•✐t② µ(x) t❤❡ tr❛✐t ✐s ♠✉t❛t❡❞✳

• ■❢ ❛ ♠✉t❛t✐♦♥ ♦❝❝✉rs✱ t❤❡ ♠✉t❛t❡❞ ♦✛s♣r✐♥❣ ✐♥st❛♥t•② ❛❝q✉✐r❡s ❛ ♥❡✇ tr❛✐t x + z✱ ♣✐❝❦❡❞ r❛♥❞♦♠•② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ♠❡❛s✉r❡ M (x, z)dz✳

■❢ ν = I i=1 δ x i r❡♣r❡s❡♥ts t❤❡ ♣♦♣✉•❛t✐♦♥ st❛t❡ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛• ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ❛❢t❡r t ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ ♦♣❡r❛t♦r ♦♥ t❤❡ s❡t ♦❢ r❡❛• ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s φ ✭s♦✲❝❛••❡❞ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r✮✿ Lφ(ν) = I i=1 [1 -µ(x i )]b(x i , V * ν(x i ))[φ(ν + δ x i ) -φ(ν)] + I i=1 µ(x i )b(x i , V * ν(x i )) R l [φ(ν + δ x i +z ) -φ(ν)]M (x i , z)dz + I i=1 d(x i , U * ν(x i ))[φ(ν -δ x i ) -φ(ν)]. ✭✷✳✷✮ ❚❤❡ ✜rst t❡r♠ ♦❢ ✭✷✳✷✮ ❝❛♣t✉r❡s t❤❡ ❡✛❡❝t ♦♥ t❤❡ ♣♦♣✉•❛t✐♦♥ ♦❢ ❜✐rt❤ ✇✐t❤♦✉t ♠✉t❛t✐♦♥❀ t❤❡ s❡❝♦♥❞ t❡r♠✱ t❤❛t ♦❢ ❜✐rt❤ ✇✐t❤ ♠✉t❛t✐♦♥❀ ❛♥❞ t❤❡ •❛st t❡r♠✱ t❤❛t ♦❢ ❞❡❛t❤✳ ❚❤❡ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦❢ ✈✐t❛• r❛t❡s ♠❛❦❡s ❛•• t❡r♠s ♥♦♥•✐♥❡❛r✳ ❆t t❤✐s st❛❣❡✱ ❛ ✜rst ♠❛t❤❡♠❛t✐❝❛• st❡♣ ♥❡❡❞s ❜❡ t❛❦❡♥✿ t❤❡ ❢♦r♠❛• ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✐s r❡q✉✐r❡❞ t♦ •✉st✐❢② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ❛❞♠✐tt✐♥❣ L ❛s ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r✳ ❚❤❡r❡ ✐s ❛ t❤r❡❡❢♦•❞ ❜✐♦•♦❣✐❝❛• ♣❛②♦✛ t♦ s✉❝❤ ❛ ♠❛t❤❡♠❛t✐❝❛• ❡♥❞❡❛✈♦r✿ ✭✶✮ ♣r♦✈✐❞✐♥❣ ❛ r✐❣♦r♦✉s ❛♥❞ ❡✣❝✐❡♥t ❛•❣♦r✐t❤♠ ❢♦r ♥✉♠❡r✐❝❛• s✐♠✉•❛t✐♦♥s ✭❣✐✈❡♥ ❤❡r❡❛❢t❡r✮❀ ✭✷✮ •❛②✐♥❣ t❤❡ ♠❛t❤❡♠❛t✐❝❛• ❜❛s✐s t♦ ❞❡r✐✈❡ t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss ✭❙❡❝t✐♦♥ ✸✮❀ ❛♥❞ ✭✸✮ ❡st❛❜•✐s❤✐♥❣ ❛ ❣❡♥❡r❛• ♠❡t❤♦❞ t❤❛t ✇✐•• ❜❡ ✉s❡❞ t♦ ❞❡r✐✈❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ✭❙❡❝t✐♦♥s ✹ ❛♥❞ ✺✮✳ ❲❡ ♠❛❦❡ t❤❡ ❜✐♦•♦❣✐❝❛••② ♥❛t✉r❛• ❛ss✉♠♣t✐♦♥ t❤❛t ❛•• ♣❛r❛♠❡t❡rs✱ ❛s ❢✉♥❝t✐♦♥s ♦❢ tr❛✐ts✱ r❡♠❛✐♥ ❜♦✉♥❞❡❞✱ ❡①❝❡♣t ❢♦r t❤❡ ❞❡❛t❤ r❛t❡✳ ❙♣❡❝✐✜❝❛••②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛♥② ♣♦♣✉•❛t✐♦♥ st❛t❡ ν = I i=1 δ x i ✱ t❤❡ ❜✐rt❤ r❛t❡ b(x, V * ν(x)) ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t b✱ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡•s U ❛♥❞ V ❛r❡ ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② ❝♦♥st❛♥ts Ū ❛♥❞ V ✱ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t d s✉❝❤ t❤❛t d(x, U * ν(x)) ≤ (1 + I) d✳ ❚❤❡ •❛tt❡r ❛ss✉♠♣t✐♦♥ ♠❡❛♥s t❤❛t t❤❡ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♠♦rt❛•✐t② ✐s ✏•✐♥❡❛r ♦r •❡ss t❤❛♥ •✐♥❡❛r✑✳ ▲❛st•②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t C ❛♥❞ ❛ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t② M s✉❝❤ t❤❛t ❢♦r ❛♥② tr❛✐t x✱ M (x, z) ≤ C M (z)✳ ❚❤✐s ✐s ✐♠♣•✐❡❞ ✐♥ ♣❛rt✐❝✉•❛r ✐❢ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❞✐str✐❜✉t✐♦♥ ✈❛r✐❡s s♠♦♦t❤•② ♦✈❡r ❛ ❜♦✉♥❞❡❞ tr❛✐t s♣❛❝❡✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❡♥s✉r❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ❢♦r ❛♥② ♣♦♣✉•❛t✐♦♥ st❛t❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ν = I i=1 δ x i ✱ t❤❡ t♦t❛• ❡✈❡♥t r❛t❡✱ ✐✳❡✳ t❤❡ s✉♠ ♦❢ ❛•• ❡✈❡♥t r❛t❡s✱ ✐s ❜♦✉♥❞❡❞ ❜② CI(I + 1)✳ ■♥❞❡❡❞✱ ✇✐t❤♦✉t ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡✱ t❤❡ ♣❡r ❝❛♣✐t❛ ❡✈❡♥t r❛t❡ s❤♦✉•❞ ❜❡ ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② C✱ ♠❛❦✐♥❣ t❤❡ t♦t❛• ❡✈❡♥t r❛t❡ ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② CI ✭s✐♥❝❡ I ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥✮❀ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ❛♣♣❡❛rs t❤r♦✉❣❤ t❤❡ ♠✉•t✐♣•✐❝❛t✐✈❡ t❡r♠ I + 1✳ ▲❡t ✉s ♥♦✇ ❣✐✈❡ ❛♥ ❛•❣♦r✐t❤♠✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ♣r♦❝❡ss (ν t ) t≥0 ✳ ❆t ❛♥② t✐♠❡ t✱ ✇❡ ♠✉st ❞❡s❝r✐❜❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥✱ ❛♥❞ t❤❡ tr❛✐t ✈❡❝t♦r ♦❢ ❛•• ✐♥❞✐✈✐❞✉❛•s ❛•✐✈❡ ❛t t❤❛t t✐♠❡✳ ❆t t✐♠❡ t = 0✱ t❤❡ ✐♥✐t✐❛• ♣♦♣✉•❛t✐♦♥ st❛t❡ ν 0 ❝♦♥t❛✐♥s I(0) ✐♥❞✐✈✐❞✉❛•s✳ ✻ ❚❤❡ ✈❡❝t♦r ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡s X 0 = (X i 0 ) 1≤i≤I(0) ❞❡♥♦t❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛✐t ✈❛•✉❡s✳ ▼♦r❡ ❣❡♥❡r❛••② t❤❡ ✈❡❝t♦r ♦❢ tr❛✐ts ♦❢ ❛•• ✐♥❞✐✈✐❞✉❛•s ❛•✐✈❡ ❛t t✐♠❡ t ✐s ❞❡♥♦t❡❞ ❜② X t ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ s❡q✉❡♥❝❡s ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜•❡s✱ ✇❤✐❝❤ ✇✐•• ❞r✐✈❡ t❤❡ ❛•❣♦r✐t❤♠✳ ❋✐rst✱ t❤❡ ✈❛•✉❡s ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡s (W k ) k∈N * ✇✐t❤ ✉♥✐❢♦r♠ •❛✇ ♦♥ [0, 1] ✇✐•• ❜❡ ✉s❡❞ t♦ s❡•❡❝t t❤❡ t②♣❡ ♦❢ ❜✐rt❤ ♦r ❞❡❛t❤ ❡✈❡♥ts✳ ❙❡❝♦♥❞✱ t❤❡ t✐♠❡s ❛t ✇❤✐❝❤ ❡✈❡♥ts ♠❛② ❜❡ r❡❛•✐③❡❞ ✇✐•• ❜❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡s (τ k ) k∈N ✇✐t❤ ❡①♣♦♥❡♥t✐❛• •❛✇ ✇✐t❤ ♣❛r❛♠❡t❡r C ✭❤❡♥❝❡ E(τ k ) = 1/ C✮✳ ❚❤✐r❞✱ t❤❡ ♠✉t❛t✐♦♥ st❡♣s ✇✐•• ❜❡ ❞r✐✈❡♥ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡s (Z k ) k∈N ✇✐t❤ •❛✇ M (z)dz✳ ❲❡ s❡t T 0 = 0 ❛♥❞ ❝♦♥str✉❝t t❤❡ ♣r♦❝❡ss ✐♥❞✉❝t✐✈❡•② ♦✈❡r s✉❝❝❡ss✐✈❡ ❡✈❡♥t st❡♣s k ≥ 1 ❛s ❢♦••♦✇s✳ ❆t st❡♣ k -1✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛•s ✐s I k-1 ✱ ❛♥❞ t❤❡ tr❛✐t ✈❡❝t♦r ♦❢ t❤❡s❡ ✐♥❞✐✈✐❞✉❛•s ✐s X T k-1 ✳ ❲❡ ❞❡✜♥❡ T k = T k-1 + τ k I k-1 (I k-1 + 1) ✳ ❚❤❡ t❡r♠ τ k I k-1 (I k-1 + 1) r❡♣r❡s❡♥ts t❤❡ ♠✐♥✐♠❛• ❛♠♦✉♥t ♦❢ t✐♠❡ ❜❡t✇❡❡♥ t✇♦ ❡✈❡♥ts ✭❜✐rt❤ ♦r ❞❡❛t❤✮ ✐♥ ❛ ♣♦♣✉•❛t✐♦♥ ♦❢ s✐③❡ I k-1 ✭t❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ t♦t❛• ❡✈❡♥t r❛t❡ ✐s ❜♦✉♥❞❡❞ ❜② CI k-1 (I k-1 + 1)✮✳ ❆t t✐♠❡ T k ✱ ♦♥❡ ❝❤♦♦s❡s ❛♥ ✐♥❞✐✈✐❞✉❛• i k = i ✉♥✐❢♦r♠•② ❛t r❛♥❞♦♠ ❛♠♦♥❣ t❤❡ I k-1 ❛•✐✈❡ ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛• [T k-1 , T k )❀ t❤✐s ✐♥❞✐✈✐❞✉❛•✬s tr❛✐t ✐s X i T k-1 ✳ ✭■❢ I k-1 = 0 t❤❡♥ ν t = 0 ❢♦r ❛•• t ≥ T k-1 ✳✮ ❇❡❝❛✉s❡ C(I k-1 + 1) ❣✐✈❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ t♦t❛• ❡✈❡♥t r❛t❡ ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛•✱ ♦♥❡ ❝❛♥ ❞❡❝✐❞❡ ♦❢ t❤❡ ❢❛t❡ ♦❢ t❤❛t ✐♥❞✐✈✐❞✉❛• ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ r✉•❡s✿ • ■❢ 0 ≤ W k ≤ d(X i T k-1 , I k-1 j=1 U (X i T k-1 -X j T k-1 )) C(I k-1 + 1) = W i 1 (X T k-1 )✱ t❤❡♥ t❤❡ ❝❤♦s❡♥ ✐♥✲ ❞✐✈✐❞✉❛• ❞✐❡s✱ ❛♥❞ I k = I k-1 -1✳ • ■❢ W i 1 (X T k-1 ) < W k ≤ W i 2 (X T k-1 )✱ ✇❤❡r❡ W i 2 (X T k-1 ) = W i 1 (X T k-1 ) + [1 -µ(X i T k-1 )]b(X i T k-1 , I k-1 j=1 V (X i T k-1 -X j T k-1 )) C(I k-1 + 1) , t❤❡♥ t❤❡ ❝❤♦s❡♥ ✐♥❞✐✈✐❞✉❛• ❣✐✈❡s ❜✐rt❤ t♦ ❛♥ ♦✛s♣r✐♥❣ ✇✐t❤ t❤❡ s❛♠❡ tr❛✐t✱ ❛♥❞ I k = I k-1 + 1✳ • ■❢ W i 2 (X T k-1 ) < W k ≤ W i 3 (X T k-1 , Z k )✱ ✇❤❡r❡ W i 3 (X T k-1 , Z k ) = W i 2 (X T k-1 )+ µ(X i T k-1 )b(X i T k-1 , I k-1 j=1 V (X i T k-1 -X j T k-1 ))M (X i T k-1 , Z k ) C M (Z k )(I k-1 + 1) , t❤❡♥ t❤❡ ❝❤♦s❡♥ ✐♥❞✐✈✐❞✉❛• ❣✐✈❡s ❜✐rt❤ t♦ ❛ ♠✉t❛♥t ♦✛s♣r✐♥❣ ✇✐t❤ tr❛✐t X i T k-1 + Z k ✱ ❛♥❞ I k = I k-1 + 1✳ • ■❢ W k > W i 3 (X T k-1 , Z k )✱ ♥♦t❤✐♥❣ ❤❛♣♣❡♥s✱ ❛♥❞ I k = I k-1 ✳ ▼❛t❤❡♠❛t✐❝❛••②✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ •✉st✐❢② t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛•✲❜❛s❡❞ ♣r♦❝❡ss (ν t ) t≥0 ✐s ✇❡•• ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦•❡ t✐♠❡ ✐♥t❡r✈❛• [0, ∞)❀ ♦t❤❡r✇✐s❡✱ t❤❡ s❡q✉❡♥❝❡ T k ♠✐❣❤t ❝♦♥✈❡r❣❡ t♦ ❛ ✜♥✐t❡ ❛❝❝✉♠✉•❛t✐♦♥ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ♣♦♣✉•❛t✐♦♥ ♣r♦❝❡ss ✇♦✉•❞ ❡①♣•♦❞❡ ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚♦ t❤✐s ❡♥❞✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ❜✐rt❤ r❛t❡ r❡♠❛✐♥s ❜♦✉♥❞❡❞✳ ❚❤✐s ❛••♦✇s ♦♥❡ t♦ ❝♦♠♣❛r❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ •✉♠♣ t✐♠❡s ♦❢ t❤❡ ♣r♦❝❡ss ν t ✇✐t❤ t❤❛t ♦❢ ❛ ❝•❛ss✐❝❛• •❛•t♦♥✲ ❲❛ts♦♥ ♣r♦❝❡ss✳ ❙✐♥❝❡ t❤❡ •❛tt❡r ❝♦♥✈❡r❣❡s t♦ ✐♥✜♥✐t②✱ t❤❡ s❛♠❡ ❤♦•❞s ❢♦r t❤❡ ♣r♦❝❡ss ν t ✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ♥❡❝❡ss❛r② •✉st✐✜❝❛t✐♦♥✳ ✼ ❚❤❡ ♣r♦❝❡ss (ν t ) t≥0 ✐s ▼❛r❦♦✈✐❛♥ ✇✐t❤ ❣❡♥❡r❛t♦r L ❞❡✜♥❡❞ ❜② ✭✷✳✷✮✳ ❋r♦♠ t❤✐s ❢♦••♦✇s t❤❡ ❝•❛ss✐❝❛• ♣r♦❜❛❜✐•✐st✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ν t ❛s ❛ s♦•✉t✐♦♥ ♦❢ ❛♥ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛✲ t✐♦♥ ❣♦✈❡r♥❡❞ ❜② L ❛♥❞ ♣❡rt✉r❜❡❞ ❜② ❛ ♠❛rt✐♥❣❛•❡ ♣r♦❝❡ss ✭❊t❤✐❡r ❛♥❞ ❑✉rt③ ✶✾✽✻✮✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✭✷✳✷✮ ❡♥t❛✐•s t❤❛t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ✱ ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜•❡ ♦♥ X X ϕ(x)ν t (dx) = m t (ϕ) + X ϕ(x)ν 0 (dx) + t 0 X (1 -µ(x))b(x, V * ν s (x)) -d(x, U * ν s (x)) ϕ(x)ν s (dx)ds + t 0 X µ(x)b(x, V * ν s (x)) R l ϕ(x + z)M (x, z)dz ν s (dx)ds, ✭✷✳✸✮ ✇❤❡r❡ t❤❡ t✐♠❡ ♣r♦❝❡ss m t (ϕ) ✐s ❛ ♠❛rt✐♥❣❛•❡ ✭s❡❡ ❛♣♣❡♥❞✐①✮ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ν✳ ❋♦r ❡❛❝❤ t✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ m t (ϕ) ❤❛s ♠❡❛♥ ③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡ ❡q✉❛• t♦✿ t 0 X ϕ 2 (x)((1 -µ(x))b(x, V * ν s (x)) + d(x, U * ν s (x))) + µ(x)b(x, V * ν s (x)) R l ϕ 2 (x + z)M (x, z)dz ν s (dx)ds. ✭✷✳✹✮ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❞❡✈❡•♦♣❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✇✐•• ❜❡ t❤❡ ❦❡② t♦ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞✳ ❊q✉❛t✐♦♥ ✭✷✳✸✮ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ♣r♦✈✐❞✐♥❣ ❛ ❣❡♥❡r❛• ♠♦❞❡• ❢♦r t❤❡ ❵♣❤❡♥♦t②♣✐❝ ♠❛ss✬ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥② ❣✐✈❡♥ ❵s❝❛•❡✬ ϕ✱ ϕ(x) ❜❡✐♥❣ t❤❡ ❵✇❡✐❣❤t✬ ♦❢ tr❛✐t x ✐♥ t❤❡ ♣❤❡♥♦t②♣✐❝ s♣❛❝❡ X ✳ ✷✳✷ ❊①❛♠♣•❡s ❛♥❞ s✐♠✉•❛t✐♦♥s ❆ s✐♠♣•❡ ❡①❛♠♣•❡ ❛ss✉♠❡s •♦❣✐st✐❝ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♠❡❞✐❛t❡❞ ❜② t❤❡ ❞❡❛t❤ r❛t❡ ♦♥•②✿ b(x, ζ) = b(x), d(x, ζ) = d(x) + α(x)ζ, ✭✷✳✺✮ ✇❤❡r❡ b✱ d ❛♥❞ α ❛r❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥ d(x, U * ν(x)) = d(x) + α(x) X U (x -y)ν(dy). ✭✷✳✻✮ ◆♦t✐❝❡ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ µ ≡ 1✱ t❤❡ ✐♥❞✐✈✐❞✉❛•✲❜❛s❡❞ ♠♦❞❡• ❝❛♥ ❛•s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠♦❞❡• ♦❢ ✏s♣❛t✐❛••② str✉❝t✉r❡❞ ♣♦♣✉•❛t✐♦♥✑✱ ✇❤❡r❡ t❤❡ tr❛✐t ✐s ✈✐❡✇❡❞ ❛s ❛ s♣❛t✐❛• •♦❝❛t✐♦♥ ❛♥❞ ♠✉t❛t✐♦♥ ✐s ❛♥❛•♦❣♦✉s t♦ ❞✐s♣❡rs❛•✳ ❚❤✐s ✐s t❤❡ t②♣❡ ♦❢ ♠♦❞❡•s st✉❞✐❡❞ ❜② ❇♦•❦❡r ❛♥❞ P❛❝❛•❛ ✭✶✾✾✼✱ ✶✾✾✾✮✱ ▲❛✇ ❡t ❛•✳ ✭✷✵✵✸✮ ❛♥❞ ❋♦✉r♥✐❡r ❛♥❞ ▼é•é❛r❞ ✭✷✵✵✹✮✳ ❚❤❡ ✇❡••✲❦♥♦✇♥ ❝❛s❡ U ≡ 1 ❝♦rr❡s♣♦♥❞s t♦ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ✐♥✈♦•✈✐♥❣ t❤❡ t♦t❛• ♣♦♣✉•❛t✐♦♥ s✐③❡✱ ❛♥❞ ✇✐•• ❜❡ t❡r♠❡❞ ✏♠❡❛♥ ✜❡•❞✑✳ ❑✐s❞✐ ✭✶✾✾✾✮ ❤❛s ❝♦♥s✐❞❡r❡❞ ❛ ✈❡rs✐♦♥ ♦❢ ✭✷✳✺✮✕✭✷✳✻✮ ❢♦r ✇❤✐❝❤ X = [0, 4], d(x) = 0, α(x) = 1, µ(x) = µ, b(x) = 4 -x, U (x -y) = 2 K 1 - 1 1 + 1.2 exp(-4(x -y)) ✸ ▼♦♠❡♥t ❡q✉❛t✐♦♥s ▼♦♠❡♥t ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡♦r❡t✐❝❛• ♣♦♣✉•❛t✐♦♥ ❜✐♦•♦❣② ❜② ❇♦•❦❡r ❛♥❞ P❛❝❛•❛ ✭✶✾✾✼✱ ✶✾✾✾✮ ❛♥❞ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇ ✭✷✵✵✵✮ ✭r❡❢❡rr❡❞ ❤❡r❡❛❢t❡r ❛s ❇P❉▲✮✱ ❢♦••♦✇✐♥❣ ♦♥ ❢r♦♠ t❤❡ s❡♠✐♥❛• ✇♦r❦ ♦❢ ▼❛ts✉❞❛ ❡t ❛•✳ ✭✶✾✾✷✮✱ ❛s ❤❛♥❞② ❛♥❛•②t✐❝❛• ♠♦❞❡•s ❢♦r s♣❛t✐❛••② ❡①t❡♥❞❡❞ ♣♦♣✉•❛t✐♦♥s✳ ❆ s✐♠✐•❛r ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥❞❡♣❡♥❞❡♥t•② ❜② ▼❝❑❛♥❡ ❛♥❞ ◆❡✇♠❛♥ ✭✷✵✵✹✮ t♦ ♠♦❞❡• ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s ✇❤❡♥ ✐♥❞✐✈✐❞✉❛• st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ♦♣❡r❛t❡ ✐♥ s♣❛t✐❛••② str✉❝t✉r❡❞ ❤❛❜✐t❛ts✳ ❍❡r❡❛❢t❡r✱ ✇❡ ✉s❡ t❤❡ ❛♥❛•♦❣② ❜❡t✇❡❡♥ ♣♦♣✉•❛t✐♦♥ ♣r♦❝❡ss❡s ❞❡✜♥❡❞ ♦♥ tr❛✐t s♣❛❝❡ ✈❡rs✉s ♣❤②s✐❝❛• s♣❛❝❡ t♦ ❝♦♥str✉❝t t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s✳ ❚❤❡ ✏♣❤✐•♦s♦♣❤②✑ ♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✐s ❣❡r♠❛♥❡ t♦ t❤❡ ♣r✐♥❝✐♣•❡ ♦❢ ▼♦♥t❡✲❈❛r•♦ ♠❡t❤♦❞s✿ ❝♦♠♣✉t✐♥❣ t❤❡ ♠❡❛♥ ♣❛t❤ ♦❢ t❤❡ ♣♦✐♥t ♣r♦❝❡ss ❢r♦♠ ❛ •❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❡❛•✐③❛t✐♦♥s✳ ✭❚❤❡ ♦rt❤♦❣♦♥❛• st❛♥❝❡✱ ❛s ✇❡ s❤❛•• s❡❡ ✐♥ ❙❡❝t✐♦♥ ✹✱ ✐s t♦ ♠♦❞❡• t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ s✐♥❣•❡ tr❛•❡❝t♦r② ✇❤✐•❡ ♠❛❦✐♥❣ t❤❡ ✐♥✐t✐❛• ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛•s ❜❡❝♦♠❡ •❛r❣❡✮✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ E(ν) ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ r❛♥❞♦♠ ♠❡❛s✉r❡ ν ❜② X ϕ(x)E(ν)(dx) = E( X ϕ(x)ν(dx))✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥ ✐♥ ✭✷✳✸✮ ❛♥❞ ✉s✐♥❣ E(m t (ϕ)) = 0✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉❛t✐♦♥ ❢♦r X ϕ(x)E(ν)(dx) ✐♥✈♦•✈✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦❢ ✐♥t❡❣r❛•s ✇✐t❤ r❡s♣❡❝t t♦ ν(dx) ♦r ν(dx)ν(dy)✳ ❚❤✐s ✐s ❛ ❝♦♠♣•✐❝❛t❡❞ ❡q✉❛t✐♦♥ ✐♥✈♦•✈✐♥❣ ❛♥ ✉♥r❡s♦•✈❡❞ ❤✐❡r❛r❝❤② ♦❢ ♥♦♥•✐♥❡❛r t❡r♠s✳ ❲r✐t✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ❢♦r E(ν(dx)ν(dy)) ✐s ❢❡❛s✐❜•❡ ❜✉t ②✐❡•❞s ✐♥t❡❣r❛•s ✇✐t❤ r❡s♣❡❝t t♦ ν(dx)ν(dy)ν(dz)✱ ❛♥❞ s♦ ♦♥✳ ❲❤❡t❤❡r t❤✐s ❛♣♣r♦❛❝❤ ✐♥ ❣❡♥❡r❛• ♠❛② ❡✈❡♥t✉❛••② ❤❡•♣ ❞❡s❝r✐❜❡ t❤❡ ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥ t❤❡ tr❛✐t s♣❛❝❡ ✐s st✐•• ✉♥❝•❡❛r✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ •♦❣✐st✐❝ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✮ ✇❤❡r❡ d(x, ζ) = d(x) + α(x)ζ✱ b(x, ζ) = b(x) ❛♥❞ µ(x) = 1✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s ✐♥ ✭✷✳✸✮ ✇✐t❤ ϕ ≡ 1 ②✐❡•❞s✿ N (t) = N (0) + t 0 E X [b(x) -d(x)]ν s (dx) -E X ×X α(x)U (x -y)ν s (dx)ν s (dy) ds, ✭✸✳✶✮ ✇❤❡r❡ N (t) = E(I(t)) ✐s t❤❡ ✏♠❡❛♥✑ ♣♦♣✉•❛t✐♦♥ s✐③❡ ❛t t✐♠❡ t✳ ❚❤❡ s♣❡❝✐✜❝ ❝❛s❡ ✇❤❡r❡ b✱ d ❛♥❞ α ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ x✱ ❛♥❞ U ✐s s②♠♠❡tr✐❝❛• ✭❝❢✳ ▲❛✇ ❡t ❛•✳✱ ✷✵✵✸✮✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❇P❉▲ ♠♦❞❡• ♦❢ s♣❛t✐❛• ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s✳ ❊q✉❛t✐♦♥ ✭✸✳✶✮ t❤❡♥ r❡❝❛sts ✐♥t♦ Ṅ = (b -d)N -α R l U (r)C t (dr) ✭✸✳✷✮ ✇❤❡r❡ C t ✐s ❞❡✜♥❡❞ ❛t ❛♥② t✐♠❡ t ❛s ❛ ✏s♣❛t✐❛• ❝♦✈❛r✐❛♥❝❡ ♠❡❛s✉r❡✑ ✭s❡♥s✉ ❇P❉▲✮ ♦♥ R l ✱ ❣✐✈❡♥ ❜② R l U (r)C t (dr) = E X ×X U (x -y)ν t (dx)ν t (dy) . ✭✸✳✸✮ ❆ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥ ❢♦r t❤✐s ❝♦✈❛r✐❛♥❝❡ ♠❡❛s✉r❡ t❤❡♥ ♦❜t❛✐♥s ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ q✉❛♥t✐t✐❡s R l U (r)C t (dr) ❛s ❢✉♥❝t✐♦♥s φ(ν) ✐♥ ✭✷✳✷✮✱ ❜✉t t❤❡ ❡q✉❛t✐♦♥ ✐♥✈♦•✈❡s ♠♦♠❡♥ts ♦❢ ♦r❞❡r ✸✱ ✇❤✐❝❤ ♣r❡✈❡♥ts ✏❝•♦s✐♥❣✑ t❤❡ ♠♦❞❡• ♦♥ •♦✇❡r✲♦r❞❡r ✈❛r✐❛❜•❡s✳ ❊✈❡♥ ✐♥ t❤❡ s✐♠♣•❡st ♠❡❛♥✲ ✜❡•❞ ❝❛s❡ U = 1 ✱ ✇❡ ❣❡t Ṅ (t) = (b -d)N (t) -αE X ×X ν t (dx)ν t (dy) . ✭✸✳✹✮ ✶✷ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ t❡r♠ ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst✲♦r❞❡r ♠♦♠❡♥t N (t)✱ ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❊q✳ ✭✸✳✹✮ ❞♦❡s ♥♦t s✐♠♣•✐❢②✳ ❊✈❡♥ ✐❢ t❤❡r❡ ✐s ♥♦ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❝•♦s❡❞ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② E(ν)✱ ✇❡ ❛r❡ ❛❜•❡ t♦ s❤♦✇✱ ✐♥ t❤❡ ❣❡♥❡r❛• ❝❛s❡✱ t❤❡ ❢♦••♦✇✐♥❣ ✐♠♣♦rt❛♥t q✉❛•✐t❛t✐✈❡ ♣r♦♣❡rt②✿ ✐❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ E(ν 0 ) ♦❢ t❤❡ ✐♥✐t✐❛• ♣♦♣✉•❛t✐♦♥ ❛❞♠✐ts ❛ ❞❡♥s✐t② p 0 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❡♥ ❢♦r ❛•• t ≥ 0✱ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ E(ν t ) ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ❤❛s ❛ ♣r♦❜✲ ❛❜✐•✐t② ❞❡♥s✐t② p t ✳ ❚♦ s❡❡ t❤✐s✱ ❛♣♣•② ✭✷✳✸✮ t♦ ϕ = 1 A ✇❤❡r❡ A ❤❛s ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s t❤❡♥ ②✐❡•❞s E( X ϕ(x)ν t (dx)) = A E(ν t )(dx) = 0✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ r❡q✉✐r❡❞ r❡s✉•t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ t♦t❛• s✐③❡ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ❛t t✐♠❡ t ✐s N (t) = E( X ν t (dx)) = X p t (x)dx✱ ❛♥❞ p t (x)dx/N (t) ❣✐✈❡s t❤❡ ♣r♦❜❛❜✐•✐t② ♦❢ ♦❜s❡r✈✐♥❣ ♦♥❡ ✐♥❞✐✈✐❞✉❛• ❛t t✐♠❡ t ✐♥ ❛ s♠❛•• ❜❛•• ❝❡♥t❡r❡❞ ✐♥ x ✇✐t❤ r❛❞✐✉s dx✳ ■♥ ♣❛rt✐❝✲ ✉•❛r✱ t❤✐s r❡s✉•t ✐♠♣•✐❡s t❤❛t✱ ✇❤❡♥ t❤❡ ✐♥✐t✐❛• tr❛✐t ❞✐str✐❜✉t✐♦♥ E(ν 0 ) ❤❛s ♥♦ s✐♥❣✉•❛r✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❡s❡ s✐♥❣✉•❛r✐t✐❡s✱ s✉❝❤ ❛s ❉✐r❛❝ ♠❛ss❡s✱ ❝❛♥ ♦♥•② ❛♣♣❡❛r ✐♥ t❤❡ •✐♠✐t ♦❢ ✐♥✜♥✐t❡ t✐♠❡✳ ❚❤✐s ❤❛s ❜✐♦•♦❣✐❝❛• ✐♠♣•✐❝❛t✐♦♥s ♦♥ ❤♦✇ ♦♥❡ ✇♦✉•❞ ❛♥❛•②③❡ t❤❡ ♣r♦❝❡ss ♦❢ ♣♦♣✉•❛t✐♦♥ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ♣❤❡♥♦t②♣✐❝ ✏♣❛❝❦✐♥❣✑ ✭❇❡r♥st❡✐♥ ❡t ❛•✳✱ ✶✾✽✺✮✳ ❙✉❝❤ ❛ ♣♦♣✉•❛t✐♦♥ ♠♦❞❡• s❤♦✉•❞ ♥♦t ❜❡ ❡①♣❡❝t❡❞ t♦ ❝♦♥✈❡r❣❡ ✐♥ ✜♥✐t❡ t✐♠❡ t♦✇❛r❞s ♥❡❛t•② s❡♣❛r❛t❡❞ ♣❤❡♥♦t②♣✐❝ ♣❡❛❦s ✐❢ t❤❡ ❛♥❝❡str❛• ♣❤❡♥♦t②♣✐❝ ❞✐str✐❜✉t✐♦♥ ✐s ❡✈❡♥ s•✐❣❤t•② s♣r❡❛❞ ♦✉t ❛s ♦♣♣♦s❡❞ t♦ ❜❡✐♥❣ ❡♥t✐r❡•② ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ❛ s❡t ♦❢ ❞✐st✐♥❝t ♣❤❡♥♦t②♣❡s✳ ❚❤✉s✱ t❤❡ ❜✐♦•♦❣✐❝❛••② r❡•❡✈❛♥t q✉❡st✐♦♥ t❤❛t t❤❡♦r② ♠❛② ❛❞❞r❡ss ✐s ♥♦t ✇❤❡t❤❡r ♣❛❝❦✐♥❣ ❝❛♥ ❛r✐s❡ ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s ♣❤❡♥♦t②♣✐❝ ❞✐str✐❜✉t✐♦♥✱ ❜✉t r❛t❤❡r ✇❤❡t❤❡r ✐♥✐t✐❛• ❞✐✛❡r❡♥t✐❛t✐♦♥ ✭❛♥❝❡str❛• ♣❤❡♥♦t②♣✐❝ ♣❡❛❦s✮ ✐s ❛♠♣•✐✜❡❞ ♦r ❜✉✛❡r❡❞ ❜② t❤❡ ❡❝♦✲❡✈♦•✉t✐♦♥❛r② ♣r♦❝❡ss✳ ✹ ▲❛r❣❡✲♣♦♣✉•❛t✐♦♥ r❡♥♦r♠❛•✐③❛t✐♦♥s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛•✲❜❛s❡❞ ♣r♦❝❡ss ❚❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥ ❛♣♣r♦❛❝❤ ♦✉t•✐♥❡❞ ❛❜♦✈❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ ❛✈❡r❛❣✐♥❣ ❛ •❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❡❛•✐③❛t✐♦♥s ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ♣r♦❝❡ss ✐♥✐t✐❛t❡❞ ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛•s✳ ■❢ K ❞❡♥♦t❡s t❤❡ ✐♥✐t✐❛• ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛•s✱ t❛❦❡♥ ❛s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ✏s②st❡♠ s✐③❡✑ s❡♥s✉ ▼❡t③ ❡t ❛•✳ ✭✶✾✾✻✮✱ ❛♥ ❛•t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ t♦ ❞❡r✐✈✐♥❣ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ✐s t♦ st✉❞② t❤❡ ❡①❛❝t ♣r♦❝❡ss ❜② •❡tt✐♥❣ t❤❛t s②st❡♠ s✐③❡ ❜❡❝♦♠❡ ✈❡r② •❛r❣❡ ❛♥❞ ♠❛❦✐♥❣ s♦♠❡ ❛♣♣r♦♣r✐❛t❡ r❡♥♦r♠❛•✐③❛t✐♦♥✳ ❙❡✈❡r❛• t②♣❡s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s ❝❛♥ t❤❡♥ ❜❡ ❞❡r✐✈❡❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡♥♦r♠❛•✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✳ ❋♦r ❛♥② ❣✐✈❡♥ s②st❡♠ s✐③❡ K✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs U K ✱ V K ✱ b K ✱ d K ✱ M K ✱ µ K s❛t✐s❢②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❤②♣♦t❤❡s❡s ❛♥❞ ❜❡✐♥❣ ❛•• ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡✐r ❛r❣✉♠❡♥ts✳ ▲❡t ν K t ❜❡ t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ❛t t✐♠❡ t✳ ❲❡ ❞❡✜♥❡ ❛ r❡♥♦r♠❛•✐③❡❞ ♣♦♣✉•❛t✐♦♥ ♣r♦❝❡ss (X K t ) t≥0 ❜② X K t = 1 K ν K t . (X K t ) t≥0 ✐s ❛ ♠❡❛s✉r❡✲✈❛•✉❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ❆s t❤❡ s②st❡♠ s✐③❡ K ❣♦❡s t♦ ✐♥✜♥✐t②✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡•s ♥❡❡❞ ❜❡ r❡♥♦r♠❛•✐③❡❞ ❛s U K (x) = U (x)/K ❛♥❞ V K (x) = V (x)/K✳ ❆ ❜✐♦•♦❣✐❝❛• ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s r❡♥♦r♠❛•✐③❛t✐♦♥ ✐s t❤❛t •❛r❣❡r s②st❡♠s ❛r❡ ♠❛❞❡ ✉♣ ♦❢ s♠❛••❡r ✐♥❞✐✈✐❞✉❛•s✱ ✇❤✐❝❤ ♠❛② ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ✜①❡❞ ❛♠♦✉♥t ♦❢ ❛✈❛✐•❛❜•❡ r❡s♦✉r❝❡s t♦ ❜❡ ♣❛rt✐t✐♦♥❡❞ ❛♠♦♥❣ ✐♥❞✐✈✐❞✉❛•s✳ ❚❤✉s✱ t❤❡ ❜✐♦♠❛ss ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛• s❝❛•❡s ❛s 1/K✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡•s ❛r❡ r❡♥♦r♠❛•✐③❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ s♦ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠s ✶✸ U K * ν ❛♥❞ V K * ν t❤❛t ❛✛❡❝t ❛♥② ❢♦❝❛• ✐♥❞✐✈✐❞✉❛• st❛② ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ t♦t❛• ❜✐♦♠❛ss ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥✳ ▼❛rt✐♥❣❛•❡ t❤❡♦r② ❛••♦✇s ♦♥❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ X K ❛s t❤❡ s✉♠ ♦❢ ❛ ❞❡t❡r♠✐♥✲ ✐st✐❝ tr❛•❡❝t♦r② ❛♥❞ ❛ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥ ♦❢ ③❡r♦ ❡①♣❡❝t❛t✐♦♥✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❜t❛✐♥s ❜② ❡q✉❛t✐♦♥s s✐♠✐•❛r t♦ ✭✷✳✸✮ ❛♥❞ ✭✷✳✹✮✱ ✐♥ ✇❤✐❝❤ ❛•• ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞ ♦♥ K✱ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ✭✷✳✹✮ ♦❢ t❤❡ ♠❛rt✐♥❣❛•❡ ♣❛rt ✐s ❛•s♦ ❞✐✈✐❞❡❞ ❜② K✳ ❉❡r✐✈✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ •✐♠✐ts ❢♦r t❤❡s❡ t✇♦ t❡r♠s •❡❛❞s t♦ t❤❡ ❛•t❡r♥❛t✐✈❡ ❝❤♦✐❝❡s ♦❢ t✐♠❡s❝❛•❡s t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ♥❛t✉r❡ ✭❞❡t❡r♠✐♥✐st✐❝ ♦r st♦❝❤❛st✐❝✮ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② st✉❞②✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥ t❡r♠✳ ✹✳✶ ▲❛r❣❡✲♣♦♣✉•❛t✐♦♥ •✐♠✐t ▲❡t ✉s ❛ss✉♠❡ t❤❛t✱ ❛s K ✐♥❝r❡❛s❡s✱ t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ X K 0 = 1 K ν K 0 ❝♦♥✈❡r❣❡s t♦ ❛ ✜♥✐t❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ ✇❤✐❝❤ ❤❛s ❛ ❞❡♥s✐t② ξ 0 ✭✇❤❡♥ t❤✐s ❞♦❡s ♥♦t ❤♦•❞✱ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•ts r❡♠❛✐♥ ✈❛•✐❞✱ ❜✉t ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛• ✈✐❡✇♣♦✐♥t t❤❡ •✐♠✐t ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s ❛♥❞ st♦❝❤❛st✐❝ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s ❤❛✈❡ t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ ❛ ✇❡❛❦ ♠❡❛s✉r❡✲✈❛•✉❡❞ s❡♥s❡✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t b K = b✱ d K = d✱ µ K = µ✱ M K = M ✳ ❚❤✉s✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥ ♦❢ X K t ✐s ♦❢ ♦r❞❡r 1/K✱ ❛♥❞ ✇❤❡♥ t❤❡ s②st❡♠ s✐③❡ K ❜❡❝♦♠❡s •❛r❣❡✱ t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥s ✈❛♥✐s❤ ❛♥❞ t❤❡ ♣r♦❝❡ss (X K t ) t≥0 ❝♦♥✈❡r❣❡s ✐♥ •❛✇ t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② ξ t s❛t✐s❢②✐♥❣ t❤❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✇✐t❤ tr❛✐t ✈❛r✐❛❜•❡ x ❛♥❞ t✐♠❡ ✈❛r✐❛❜•❡ t✿ ∂ t ξ t (x) = [(1 -µ(x))b(x, V * ξ t (x)) -d(x, U * ξ t (x))] ξ t (x) + R l M (y, x -y)µ(y)b(y, V * ξ t (y))ξ t (y)dy. ✭✹✳✶✮ ❚❤✐s r❡s✉•t r❡✲❡st❛❜•✐s❤❡s ❑✐♠✉r❛✬s ✭✶✾✻✺✮ ❡q✉❛t✐♦♥ ✭s❡❡ ❛•s♦ ❇ür❣❡r ✷✵✵✵✱ ♣✳ ✶✶✾✱ ❊q✳ ✭✶✳✸✮✮ ❢r♦♠ ♠✐❝r♦s❝♦♣✐❝ ✐♥❞✐✈✐❞✉❛• ♣r♦❝❡ss❡s✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ♦♥•② ❜✐♦•♦❣✐❝❛• ❛ss✉♠♣t✐♦♥ ♥❡❡❞❡❞ t♦ s❝❛•❡ ✉♣ t♦ ♠❛❝r♦s❝♦♣✐❝ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ✐s t❤❛t ♦❢ ❛ •❛r❣❡ ♣♦♣✉•❛t✐♦♥✳ ■♠♣♦rt❛♥t•②✱ ❊q✳ ✭✹✳✶✮ ❡①t❡♥❞s ❑✐♠✉r❛✬s ♦r✐❣✐♥❛• ♠♦❞❡• t♦ t❤❡ ❝❛s❡ ♦❢ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t s❡•❡❝t✐♦♥✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ X K t♦ t❤❡ s♦•✉t✐♦♥ ♦❢ ✭✹✳✶✮ ✐s ✐••✉str❛t❡❞ ❜② t❤❡ s✐♠✉•❛t✐♦♥s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶ ✭❛✮✕✭❝✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉•t ✭❛❞❛♣t❡❞ ❢r♦♠ ❋♦✉r♥✐❡r ❛♥❞ ▼é•é❛r❞✱ ✷✵✵✹✮ str♦♥❣•② r❡•✐❡s ♦♥ ❛r❣✉♠❡♥ts ♦❢ t✐❣❤t♥❡ss ✐♥ ✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡s ✭|♦❡••②✱ ✶✾✽✻✮✳ ❉❡s✈✐••❡tt❡s ❡t ❛•✳ ✭✷✵✵✹✮ s✉❣❣❡st t♦ r❡❢❡r t♦ ξ t ❛s t❤❡ ♣♦♣✉•❛t✐♦♥ ✏♥✉♠❜❡r ❞❡♥s✐t②✑❀ t❤❡♥ t❤❡ q✉❛♥t✐t② n(t) = X ξ t (x)dx ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ✏t♦t❛• ♣♦♣✉•❛t✐♦♥ ❞❡♥s✐t②✑ ♦✈❡r t❤❡ ✇❤♦•❡ tr❛✐t s♣❛❝❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ✐♥✐t✐❛••② s❡❡❞❡❞ ✇✐t❤ K ✐♥❞✐✈✐❞✉❛•s✱ Kn(t) ❛♣♣r♦①✐♠❛t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛•s ❛•✐✈❡ ❛t t✐♠❡ t✱ ❛•• t❤❡ ♠♦r❡ ❝•♦s❡•② ❛s K ✐s •❛r❣❡r✳ ❚❤❡ ❝❛s❡ ♦❢ •♦❣✐st✐❝ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ ❝♦♥st❛♥t r❛t❡s b✱ d✱ α •❡❛❞s t♦ ❛♥ ✐♥t❡r❡st✐♥❣ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✭❝❢✳ ❙❡❝t✐♦♥ ✸✮✳ ❚❤❡♥ ✭✹✳✶✮ ②✐❡•❞s t❤❡ ❢♦••♦✇✐♥❣ ❡q✉❛t✐♦♥ ♦♥ n(t)✿ ṅ = (b -d)n -α X ×X U (x -y)ξ t (x)dxξ t (y)dy. ✭✹✳✷✮ ■♥ t❤❡ ♠❡❛♥✲✜❡•❞ ❝❛s❡ U ≡ 1✱ t❤❡ tr❛✐t x ❜❡❝♦♠❡s ❝♦♠♣•❡t❡•② ♥❡✉tr❛•✱ ❛♥❞ t❤❡ ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s ❛r❡ ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ♠✉t❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ❛♥②♠♦r❡ ✖ t❤❡② ❛r❡ ❞r✐✈❡♥ s✐♠♣•② ❜② t❤❡ ❝•❛ss✐❝❛• •♦❣✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ ♣♦♣✉•❛t✐♦♥ ❣r♦✇t❤✿ ṅ = (b -d)n -αn 2 . ✭✹✳✸✮ ✶✹ ❈♦♠♣❛r✐♥❣ ✭✹✳✸✮ ✇✐t❤ t❤❡ ✜rst✲♠♦♠❡♥t ❡q✉❛t✐♦♥ ✭✸✳✹✮ ❡♠♣❤❛s✐③❡s t❤❡ ✏❞❡❝♦rr❡•❛t✐✈❡✑ ❡✛❡❝t ♦❢ t❤❡ •❛r❣❡ s②st❡♠ s✐③❡ r❡♥♦r♠❛•✐③❛t✐♦♥✿ ✐♥ t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥ ♠♦❞❡• ✭✸✳✹✮ t❤❛t ❛ss✉♠❡s ✜♥✐t❡ ♣♦♣✉•❛t✐♦♥ s✐③❡✱ t❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠ ❝❛♣t✉r✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❝♦rr❡•❛t✐♦♥s ♦❢ ♣♦♣✉•❛t✐♦♥ s✐③❡ ❛❝r♦ss t❤❡ tr❛✐t s♣❛❝❡ r❡♠❛✐♥s✱ ❡✈❡♥ ✐❢ ♦♥❡ ❛ss✉♠❡s U ≡ 1✳ ✹✳✷ ▲❛r❣❡✲♣♦♣✉•❛t✐♦♥ •✐♠✐t ✇✐t❤ ❛❝❝❡•❡r❛t❡❞ ❜✐rt❤s ❛♥❞ ❞❡❛t❤s ❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛♥ ❛•t❡r♥❛t✐✈❡ •✐♠✐t ♦❜t❛✐♥❡❞ ✇❤❡♥ •❛r❣❡ s②st❡♠ s✐③❡ ✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛❝❝❡•❡r❛t❡❞ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✳ ❚❤✐s ♠❛② ❜❡ ✉s❡❢✉• t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ q✉❛•✐t❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ♦❢ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛❝r♦ss ♣♦♣✉•❛t✐♦♥s ✇✐t❤ ❛••♦♠❡tr✐❝ ❞❡♠♦❣r❛♣❤✐❡s✿ •❛r❣❡r ♣♦♣✉✲ •❛t✐♦♥s ♠❛❞❡ ✉♣ ♦❢ s♠❛••❡r ✐♥❞✐✈✐❞✉❛•s✳ ❚❤✐s •❡❛❞s ✐♥ t❤❡ •✐♠✐t t♦ s②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ♦r❣❛♥✐s♠s ❤❛✈❡ s❤♦rt •✐✈❡s ❛♥❞ r❡♣r♦❞✉❝❡ ❢❛st ✇❤✐•❡ t❤❡✐r ❝♦•♦♥✐❡s ♦r ♣♦♣✉•❛t✐♦♥s ❣r♦✇t❤ ♦r ❞❡❝•✐♥❡ ♦♥ ❛ s•♦✇ t✐♠❡s❝❛•❡✳ ❚❤✐s ❛♣♣•✐❡s t②♣✐❝❛••② t♦ ♠✐❝r♦♦r❣❛♥✐s♠s✱ ❡✳❣✳ ❜❛❝t❡r✐❛ ❛♥❞ ♣•❛♥❦t♦♥✱ ✐♥❝•✉❞✐♥❣ ♠❛♥② ♣❛t❤♦❣❡♥s ✇✐t❤✐♥ t❤❡✐r ❤♦sts✳ (♦s❤✐❞❛ ❡t ❛•✳ ✭✷✵✵✸✮ ❤❛✈❡ ♣r♦✈✐❞❡❞ str✐❦✐♥❣ ❡①♣❡r✐♠❡♥t❛• ❡✈✐❞❡♥❝❡ ❢♦r r❛♣✐❞ ❡✈♦•✉t✐♦♥❛r② ❝❤❛♥❣❡s t❛❦✐♥❣ ♣•❛❝❡ ❞✉r✐♥❣ •♦♥❣ ❡❝♦•♦❣✐❝❛• ❝②❝•❡s✱ ❛♥❞ ❚❤♦♠♣s♦♥ ✭✶✾✾✽✮ ❛♥❞ ❍❛✐rst♦♥ ❡t ❛•✳ ✭✷✵✵✺✮ ❤❛✈❡ ❡♠♣❤❛s✐③❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❝♦♥✈❡r❣❡♥t ❡❝♦•♦❣✐❝❛• ❛♥❞ ❡✈♦•✉t✐♦♥❛r② t✐♠❡ t♦ ✉♥❞❡rst❛♥❞ t❡♠♣♦r❛• ❞②♥❛♠✐❝s ✐♥ ❡❝♦•♦❣✐❝❛• s②st❡♠s✳ ❋♦r ♠❛t❤❡♠❛t✐❝❛• s✐♠♣•✐❝✐t②✱ t❤❡ tr❛✐t s♣❛❝❡ X ✐s ❛ss✉♠❡❞ ❤❡r❡ t♦ ❜❡ t❤❡ ✇❤♦•❡ R l ✳ ❚❤❡ ❜♦✉♥❞❡❞♥❡ss ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❛t❡s d✱ b✱ ❛♥❞ ♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡• U ✭s❡❡ ❙❡❝t✐♦♥ ✷✮ ❛r❡ ♠❛✐♥t❛✐♥❡❞✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛❝❝❡•❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s ❛t ❛ r❛t❡ ♣r♦♣♦rt✐♦♥❛• t♦ K η ✇❤✐•❡ ♣r❡s❡r✈✐♥❣ t❤❡ ❞❡♠♦❣r❛♣❤✐❝ ❜❛•❛♥❝❡❀ t❤❛t ✐s✱ t❤❡ ❞❡♥s✐t②✲ ❞❡♣❡♥❞❡♥t ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s s❝❛•❡ ✇✐t❤ s②st❡♠ s✐③❡ ❛❝❝♦r❞✐♥❣ t♦ b K (x, ζ) = K η r(x) + b(x, ζ) ❛♥❞ d K (x, ζ) = K η r(x) + d(x, ζ)❀ ❤❡♥❝❡ b K (x, ζ) -d K (x, ζ) ✐s ✉♥❝❤❛♥❣❡❞✱ ❡q✉❛• t♦ b(x, ζ) -d(x, ζ)✳ ❚❤❡ ❛••♦♠❡tr✐❝ ❡✛❡❝t ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ r(x) ❛♥❞ t❤❡ ❝♦♥st❛♥t η❀ r(x) ♠❡❛s✉r❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❜✐rt❤ ♣r♦❝❡ss t♦ t❤❡ ♣❤❡♥♦t②♣✐❝ ✈❛r✐❛❜✐•✐t② ♦♥ t❤❡ ♥❡✇ t✐♠❡s❝❛•❡ K η ✳ ❆s ❜❡❢♦r❡ ✭❝❢✳ ❙❡❝t✐♦♥ ✹✳✶✮✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡•s U ❛♥❞ V ❛r❡ r❡♥♦r♠❛•✐③❡❞ ❜② K✳ ❚✇♦ ✐♥t❡r❡st✐♥❣ ❝❛s❡s ✇✐•• ❜❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡❛❢t❡r✱ ✐♥ ✇❤✐❝❤ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♠✉t❛t✐♦♥ ❡✛❡❝t µ K M K ✐s ♦❢ ♦r❞❡r 1/K η ✳ ❚❤❛t ✇✐•• ❡♥s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt ✐♥ ✭✷✳✸✮✳ ■♥ t❤❡ •❛r❣❡✲♣♦♣✉•❛t✐♦♥ r❡♥♦r♠❛•✐③❛t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✶✮✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ tr❛•❡❝t♦r② ✇❛s ♦❢ ♦r❞❡r 1/K✳ ❍❡r❡✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✢✉❝t✉❛t✐♦♥s ✐s ♦❢ ♦r❞❡r K η × 1/K✱ ❛♥❞ ❤❡♥❝❡ st❛②s ✜♥✐t❡ ♣r♦✈✐❞❡❞ t❤❛t η ∈ (0, 1]✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ tr❛❝t❛❜•❡ •✐♠✐ts ✇✐•• ❡♥s✉❡✳ ■❢ η < 1✱ t❤❡ ✈❛r✐❛♥❝❡ ✐s ③❡r♦ ❛♥❞ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡• ♦❜t❛✐♥s✳ ■❢ η = 1✱ t❤❡ ✈❛r✐❛♥❝❡ ❞♦❡s ♥♦t ✈❛♥✐s❤ ❛♥❞ t❤❡ •✐♠✐t ♠♦❞❡• ✐s st♦❝❤❛st✐❝✳ ❚❤❡s❡ t✇♦ ❝❛s❡s ❛r❡ ✐••✉str❛t❡❞ ❜② t❤❡ s✐♠✉•❛t✐♦♥s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷ ✭❛✮✕✭❞✮✳ ✹✳✷✳✶ ❆❝❝❡•❡r❛t❡❞ ♠✉t❛t✐♦♥s ❛♥❞ s♠❛•• ♠✉t❛t✐♦♥ st❡♣s ❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❛t t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐•✐t② ✐s ✜①❡❞ ✭µ K = µ✮✱ s♦ t❤❛t ♠✉t❛t✐♦♥s ❛r❡ ❛❝❝❡•❡r❛t❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛❝❝❡•❡r❛t✐♥❣ ❜✐rt❤✱ ✇❤✐•❡ ❛ss✉♠✐♥❣ ✐♥✜♥✐t❡s✐♠❛• st❡♣s✿ t❤❡ ♠✉t❛t✐♦♥ ❦❡r♥❡• M K (x, z) ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡✲ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ(x)/K η ✭✇❤❡r❡ Σ(x) = (Σ ij (x)) 1≤i,j≤l ✮ ✭s❡❡ t❤❡ ❛♣♣❡♥❞✐① ❢♦r t❡❝❤♥✐❝❛• ❛ss✉♠♣t✐♦♥s ♦♥ Σ✮✳ ❋♦r ❡①❛♠♣•❡✱ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❞❡♥s✐t② M K (x, z) ✐s t❛❦❡♥ ❛s t❤❡ ❞❡♥s✐t② ♦❢ ❛ ❝❡♥t❡r❡❞ ✈❡❝t♦r ✭❞✐♠❡♥s✐♦♥ l✮ ♦❢ ✐♥❞❡♣❡♥❞❡♥t •❛✉ss✐❛♥ ✈❛r✐❛❜•❡s ✇✐t❤ ♠❡❛♥ 0 ✶✺ ❛♥❞ ✈❛r✐❛♥❝❡ σ 2 K (x) = σ 2 (x)/K η ✿ M K (x, z) = K η 2πσ 2 (x) l/2 exp[-K η |z| 2 /2σ 2 (x)], ✭✹✳✹✮ ✇❤❡r❡ σ 2 (x) ✐s ♣♦s✐t✐✈❡ ❛♥❞ σ √ rµ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ❜♦✉♥❞❡❞ ♦✈❡r R l ❛♥❞ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ✵✳ ❚❤✉s✱ ✐♥ •❛r❣❡r s②st❡♠s ✭•❛r❣❡r K✮✱ t❤❡ ♣❤❡♥♦t②♣✐❝ ❝❤❛♥❣❡s ❛✛❡❝t✐♥❣ ♠✉t❛♥ts✱ ❛s ♠❡❛s✉r❡❞ ✐♥ t❤❡ ✉♥❝❤❛♥❣❡❞ tr❛✐t s♣❛❝❡✱ ❛r❡ s♠❛••❡r✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ X K 0 = 1 K ν K 0 ❝♦♥✈❡r❣❡s t♦ ❛ ✜♥✐t❡ ♠❡❛s✉r❡ ξ 0 ✳ ❲❤❡♥ η < 1✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (X K ) K∈N * ❝♦♥✈❡r❣❡s ❛s K ✐♥❝r❡❛s❡s t♦ ❛ ✇❡❛❦ ♠❡❛s✉r❡✲✈❛•✉❡❞ s♦•✉t✐♦♥ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ∂ t ξ t (x) = [b(x, V * ξ t (x)) -d(x, U * ξ t (x))]ξ t (x) + 1 2 ∆(σ 2 rµξ t )(x). ✭✹✳✺✮ ❚❤✐s ♣r♦✈✐❞❡s ❛ ♥❡✇ ❡①t❡♥s✐♦♥ t♦ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t s❡•❡❝t✐♦♥ ♦❢ t❤❡ ❋✐s❤❡r r❡❛❝t✐♦♥✲ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✇❛s ❦♥♦✇♥ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❑✐♠✉r❛✬s ❡q✉❛t✐♦♥ ❢♦r s♠❛•• ♠✉t❛t✐♦♥ ❡✛❡❝ts ✭❑✐♠✉r❛✱ ✶✾✻✺✮✳ ❚❤❡ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛r❡ ♠♦♥✐t♦r❡❞ ♦✈❡r t❤❡ ❞❡✲ ♠♦❣r❛♣❤✐❝ t✐♠❡s❝❛•❡ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s t❤❡ t✐♠❡s❝❛•❡ ♦✈❡r ✇❤✐❝❤ ❵t②♣✐❝❛•✬ ❡♣✐s♦❞❡s ♦❢ ♣♦♣✉•❛t✐♦♥ ❣r♦✇t❤ ♦r ❞❡❝•✐♥❡✱ ❛s ♠❡❛s✉r❡❞ ❜② b(x, ζ) -d(x, ζ)✱ t❛❦❡ ♣•❛❝❡✳ ❚❤❡ ❵t②♣✐❝❛•✬ ❛♠♦✉♥t ♦❢ ♣♦♣✉•❛t✐♦♥ ♣❤❡♥♦t②♣✐❝ ❝❤❛♥❣❡ ❣❡♥❡r❛t❡❞ ❜② ♠✉t❛t✐♦♥ ♣❡r ✉♥✐t t✐♠❡ ✐s b K µ K σ 2 K ξ t = µ(K η r + b)(σ 2 /K η )ξ t ≈ µrσ 2 ξ t ✳ ❚❤✐s r❛t❡ ✐♥❞❡❡❞ ❛♣♣❡❛rs ✐♥ t❤❡ ▲❛♣•❛❝✐❛♥ ❞✐✛✉s✐♦♥ t❡r♠ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❇r♦✇♥✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❝❡ss ✭❊✇❡♥s✱ ✷✵✵✹✮✳ ❲❤❡♥ η = 1✱ t❤❡ r❡s❝❛•✐♥❣ ✐s s✐♠✐•❛r t♦ t❤❡ ♦♥❡ •❡❛❞✐♥❣ ❢r♦♠ ❛ ❜r❛♥❝❤✐♥❣ r❛♥❞♦♠ ✇❛•❦ t♦ ❛ s✉♣❡r♣r♦❝❡ss ✭❉②♥❦✐♥✱ ✶✾✾✶✮ ❛♥❞ ❛♥ ❛♥❛•♦❣♦✉s ❛r❣✉♠❡♥t ❣✐✈❡s r✐s❡ t♦ ❛ ✭r❛♥✲ ❞♦♠✮ ♠❡❛s✉r❡✲✈❛•✉❡❞ ♣r♦❝❡ss ❛s ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•✳ ■♥❞❡❡❞✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (X K ) K∈N * ❝♦♥✈❡r❣❡s ❛s K ✐♥❝r❡❛s❡s t♦ ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss (X t ) t≥0 ✇❤❡r❡ X 0 = ξ 0 ❛♥❞ X t ✐s ❛ ✜♥✐t❡ ♠❡❛s✉r❡ ✇❤✐❝❤ ✐s ❢♦r♠❛••② ❛ ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ∂ t X t (x) = [b(x, V * X t (x)) -d(x, U * X t (x))]X t (x) + 1 2 ∆(σ 2 rµX t )(x) + 2r(x)X t (x) Ẇ . ✭✹✳✻✮ ❍❡r❡ Ẇ ✐s t❤❡ s♦✲❝❛••❡❞ s♣❛❝❡✲t✐♠❡ ✇❤✐t❡ ♥♦✐s❡ ✭❲❛•s❤✱ ✶✾✽✹✮✳ ❚❤✐s t❡r♠ ❝❛♣t✉r❡s t❤❡ ❡❢✲ ❢❡❝t ♦❢ ❞❡♠♦❣r❛♣❤✐❝ st♦❝❤❛st✐❝✐t② ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❵s✉♣❡r ❢❛st✬ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ✭✐✳❡✳ ✇✐t❤ η = 1✮✳ ❚❤❡ ♠❡❛s✉r❡✲✈❛•✉❡❞ ♣r♦❝❡ss X ✐s ❝❛••❡❞ s✉♣❡r♣r♦❝❡ss ❛♥❞ ❛♣♣❡❛rs ❛s ❛ ❣❡♥✲ ❡r❛•✐③❛t✐♦♥ ♦❢ ❊t❤❡r✐❞❣❡✬s ✭✷✵✵✹✮ s✉♣❡r♣r♦❝❡ss ♠♦❞❡• ❢♦r s♣❛t✐❛••② str✉❝t✉r❡❞ ♣♦♣✉•❛t✐♦♥s✳ ❍❡r❡ ❛❣❛✐♥✱ t❤❡ ▲❛♣•❛❝✐❛♥ ❞✐✛✉s✐♦♥ t❡r♠ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❇r♦✇♥✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❝❡ss ✭❊✇❡♥s✱ ✷✵✵✹✮✳ ❚❤✐s s♣❡❝✐✜❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s r❡❝♦✈❡r❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ t✐♠❡ r❡s❝❛•✐♥❣ ✇❤❡♥ ♠❛❦✐♥❣ ♠✉t❛t✐♦♥s s♠❛••❡r ❛♥❞ ♠♦r❡ ❢r❡q✉❡♥t✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ❝♦♥✈❡r❣❡♥❝❡s ♠❛❦❡s ✉s❡ ♦❢ t❡❝❤♥✐q✉❡s ✈❡r② s✐♠✐•❛r t♦ t❤♦s❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛• r❡s✉•ts t❤❛t ❛r❡ s♣❡❝✐✜❝ t♦ s✉♣❡r♣r♦❝❡ss❡s ✭❊✈❛♥s ❛♥❞ P❡r❦✐♥s✱ ✶✾✾✹✮ ✐♥ ♦r❞❡r t♦ ❡st❛❜•✐s❤ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ •✐♠✐t ♣r♦❝❡ss✳ ❇♦t❤ ♣r♦♦❢s ❛r❡ ❡①♣♦✉♥❞❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ ❢♦r t❤❡ ❣❡♥❡r❛• ❝❛s❡ ♦❢ t❤❡ ♠✉t❛t✐♦♥ ❦❡r♥❡• ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ(x) K η ✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♥❡r❛• r❡s✉•ts ❝❛♥ ❜❡ ✶✻ st❛t❡❞ ❛s ❢♦••♦✇s✳ ❲❤❡♥ η < 1✱ t❤❡ ♣r♦❝❡ss X K ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✿ ∂ t ξ t (x) = [b(x, V * ξ t (x)) -d(x, U * ξ t (x))]ξ t (x) + 1 2 1≤i,j≤l ∂ 2 ij (rµΣ ij ξ t )(x), ✭✹✳✼✮ ✇❤❡r❡ ∂ 2 ij f ❞❡♥♦t❡s t❤❡ s❡❝♦♥❞✲♦r❞❡r ♣❛rt✐❛• ❞❡r✐✈❛t✐✈❡ ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ x i ❛♥❞ x j ✭x = (x 1 , . . . , x d )✮✳ ❲❤❡♥ η = 1✱ t❤❡ •✐♠✐t ✐s t❤❡ ❢♦••♦✇✐♥❣ st♦❝❤❛st✐❝ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥✿ ∂ t X t (x) = [b(x, V * X t (x)) -d(x, U * X t (x))]X t (x) + 1 2 1≤i,j≤l ∂ 2 ij (rµΣ ij X t )(x) + 2r(x)X t (x) Ẇ . ✭✹✳✽✮ ❚❤❡ s✐♠✉•❛t✐♦♥s ❞✐s♣•❛②❡❞ ✐♥ ❋✐❣s✳ ✷ ✭❝✮✕✭❞✮✱ ❝♦♠♣❛r❡❞ ✇✐t❤ ❋✐❣✳ ✷ ✭❛✮✱ ❣✐✈❡ ❛ ✢❛✈♦r ♦❢ t❤❡ ❝♦♠♣•❡①✐t② ♦❢ t❤❡ ❞②♥❛♠✐❝s t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛• ♣r♦❝❡ss ❝❛♥ ❣❡♥❡r❛t❡ ✉♥❞❡r t❤❡ ❝♦♥❞✐✲ t✐♦♥s •❡❛❞✐♥❣ t♦ t❤❡ s✉♣❡r♣r♦❝❡ss ♠♦❞❡•s ✭✹✳✻✮ ♦r ✭✹✳✽✮✳ ❚✇♦ ❞✐st✐♥❝t✐✈❡ ❢❡❛t✉r❡s ❛r❡ t❤❡ ✜♥❡ ❜r❛♥❝❤✐♥❣ str✉❝t✉r❡ ♦❢ t❤❡ ❡✈♦•✉t✐♦♥❛r② ♣❛tt❡r♥✱ ❛♥❞ t❤❡ ✇✐❞❡ ✢✉❝t✉❛t✐♦♥s ✐♥ ♣♦♣✲ ✉•❛t✐♦♥ s✐③❡ t❤❛t ♦❝❝✉r ✐♥ ♣❛r❛••❡•✳ ■♥ ❢❛❝t✱ r❡♣•✐❝❛t❡❞ s✐♠✉•❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ s②st❡♠ ♦❢t❡♥ ✉♥❞❡r❣♦ r❛♣✐❞ ❡①t✐♥❝t✐♦♥ ✭❋✐❣✳ ✷ ✭❞✮✮✳ ❚❤❡ r❡s✉•ts ♦❢ ♦✉r s✐♠✉•❛t✐♦♥s s✉❣❣❡st t❤❛t t❤❡ s✉♣❡r ❢❛st t✐♠❡s❝❛•❡ ✐♥✈♦•✈❡❞ ❤❡r❡ ✐s ❛ ❣❡♥❡r❛• ❝❛✉s❡ ❢♦r ❝♦♠♣•❡① ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s ♦♥ t❤❡ ❞❡♠♦❣r❛♣❤✐❝ t✐♠❡s❝❛•❡ ❛♥❞ ❢♦r ❡①t✐♥❝t✐♦♥ ❞r✐✈❡♥ ❜② t❤❡ •♦✐♥t ❡❝♦•♦❣✐❝❛• ❛♥❞ ❡✈♦•✉✲ t✐♦♥❛r② ♣r♦❝❡ss❡s✱ ✇❤✐❝❤ ✐s ❣❡r♠❛♥❡ t♦ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❡✈♦•✉t✐♦♥❛r② s✉✐❝✐❞❡ ❞❡s❝r✐❜❡❞ ✐♥ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s t❤❡♦r② ✭❉❡r❝♦•❡ ❡t ❛•✳✱ ✷✵✵✷❀ ❋❡rr✐èr❡ ❡t ❛•✳✱ ✷✵✵✷❀ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ❋❡rr✐èr❡✱ ✷✵✵✹✮❀ t❤✐s ♠❛② ❜❡ •❛r❣❡•② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡❝♦•♦❣✐❝❛• ❞❡t❛✐•s ♦❢ t❤❡ s②st❡♠✳ ❚❤✐s ❝♦♥•❡❝t✉r❡ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ♠❛t❤❡♠❛t✐❝❛• ♣r♦♦❢ ♦❢ ❛•♠♦st s✉r❡ ❡①t✐♥❝t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❊t❤❡r✐❞❣❡ ✭✷✵✵✹✮ ✐♥ ❤❡r st✉❞② ♦❢ ❛ r❡•❛t❡❞ s✉♣❡r♣r♦❝❡ss ❞❡s❝r✐❜✐♥❣ s♣❛t✐❛• ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s✳ ✹✳✷✳✷ |❛r❡ ♠✉t❛t✐♦♥s ❍❡r❡✱ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❞❡♥s✐t② M ✐s ❦❡♣t ❝♦♥st❛♥t✱ ✇❤✐•❡ t❤❡ ♠✉t❛t✐♦♥ r❛t❡ ✐s ❞❡❝❡•❡r❛t❡❞ ♣r♦♣♦rt✐♦♥❛••② t♦ 1/K η ✿ µ K = µ/K η ✳ ❚❤✉s ♦♥•② ❜✐rt❤s ✇✐t❤♦✉t ♠✉t❛t✐♦♥ ❛r❡ ❛❝❝❡•❡r❛t❡❞✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡• ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ ♣❤❡♥♦t②♣✐❝ ❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ ♣♦♣✉•❛t✐♦♥ ❞❡♠♦❣r❛♣❤✐❝ t✐♠❡s❝❛•❡✱ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ❤❡r❡ ✇✐t❤ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛•❡✳ ❆❣❛✐♥✱ t❤❡ •✐♠✐t ♠♦❞❡• ❝❛♥ ❜❡ ❞❡t❡r♠✐♥✐st✐❝ ♦r st♦❝❤❛st✐❝✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ❛••♦✲ ♠❡tr✐❝ ♣❛r❛♠❡t❡r η ✐s •❡ss t❤❛♥ ✶ ♦r ❡q✉❛• t♦ ✶✱ r❡s♣❡❝t✐✈❡•②✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ X K 0 = 1 K ν K 0 ❝♦♥✈❡r❣❡s t♦ t❤❡ ✜♥✐t❡ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② ξ 0 ✳ ❲❤❡♥ η < 1✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (X K ) K∈N * ❝♦♥✈❡r❣❡s✱ ❛s K ✐♥❝r❡❛s❡s✱ t♦ ❛ ♠❡❛s✉r❡✲✈❛•✉❡❞ ♣r♦❝❡ss ✇✐t❤ ❞❡♥s✐t② ξ t s♦•✉t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥•✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥✿ ∂ t ξ t (x) = [b(x, V * ξ t (x)) -d(x, U * ξ t (x))]ξ t (x) + R l M (y, x -y)µ(y)r(y)ξ t (y)dy. ✭✹✳✾✮ ❚❤✐s ❡q✉❛t✐♦♥ ✐s s✐♠✐•❛r t♦ ✭✹✳✶✮✱ ✇❤❡r❡ t❤❡ ❛••♦♠❡tr✐❝ ❡✛❡❝t r❛t❡ r ❛♣♣❡❛rs ✐♥ •✐❡✉ ♦❢ t❤❡ ❜✐rt❤ r❛t❡ b ✐♥ t❤❡ ♠✉t❛t✐♦♥ t❡r♠❀ t❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ♣❡r ❝❛♣✐t❛ ♠✉t❛t✐♦♥ r❛t❡ ✐s ❡q✉❛• t♦ ✶✼ µ K b K = (µ/K η )(K η r + b) ≈ µr✱ ✇❤✐•❡ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❞❡♥s✐t② ✐s ❦❡♣t ❝♦♥st❛♥t✳ ❙✐♠✉✲ •❛t✐♦♥s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛• ♣r♦❝❡ss ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s •❡❛❞✐♥❣ t♦ t❤✐s ♠♦❞❡• ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✷ ✭❜✮✳ ❲❤❡♥ η = 1✱ ✇❡ ♦❜t❛✐♥✱ ❜② ❛r❣✉♠❡♥ts s✐♠✐•❛r t♦ t❤♦s❡ ✐♥✈♦•✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ t❤❛t t❤❡ •✐♠✐t ♠♦❞❡• ✐s ❛ ♠❡❛s✉r❡✲✈❛•✉❡❞ ✭r❛♥❞♦♠✮ ♣r♦❝❡ss✱ ✇❤✐❝❤ ♦❜t❛✐♥s ❛s ✇❡❛❦ s♦•✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ∂ t X t (x) = [b(x, V * X t (x)) -d(x, U * X t (x))]X t (x) + R l M (y, x -y)µ(y)r(y)X t (dy) + 2r(x)X t (x) Ẇ ✭✹✳✶✵✮ ✇❤❡r❡ Ẇ ✐s ❛ s♣❛❝❡✲t✐♠❡ ✇❤✐t❡ ♥♦✐s❡✳ ❊q✉❛t✐♦♥s ✭✹✳✾✮ ❛♥❞ ✭✹✳✶✵✮ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ •✐♠✐t ♦❢ r❛r❡ ♠✉t❛t✐♦♥s✱ ✇✐t❤ ❛❝❝❡•❡r❛t❡❞ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✱ ♦♥ ❛ t✐♠❡s❝❛•❡ s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛• ♠✉t❛✲ t✐♦♥ r❛t❡ r❡♠❛✐♥s ❝♦♥st❛♥t✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ♣r♦❝❡ss ✐♥ ❛ •✐♠✐t ♦❢ r❛r❡ ♠✉t❛t✐♦♥s ❛♥❞ ❛❝❝❡•❡r❛t❡❞ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✱ ♦♥ ❛♥ ❡✈❡♥ •♦♥❣❡r t✐♠❡s❝❛•❡✱ s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ t♦t❛• ♠✉t❛t✐♦♥ r❛t❡ ✐♥ t❤❡ ♣♦♣✉•❛t✐♦♥ r❡♠❛✐♥s ❝♦♥st❛♥t✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ♦❢ ❡①tr❡♠❡•② r❛r❡ ♠✉t❛t✐♦♥s •❡❛❞s t♦ ❛ ❞✐✛❡r❡♥t ❝•❛ss ♦❢ st♦❝❤❛st✐❝ ♠♦❞❡•s ✇❤✐❝❤ ✇✐•• ♣r♦✈✐❞❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s ♦♥ ❛ s•♦✇ ❡✈♦•✉t✐♦♥❛r② t✐♠❡s❝❛•❡✳ ✺ |❡♥♦r♠❛•✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦♥♦♠♦r♣❤✐❝ ♣r♦❝❡ss ❛♥❞ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ▼❡t③ ❡t ❛•✳ ✭✶✾✾✻✮ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛♥ ❛s②♠♣t♦t✐❝ ♦❢ r❛r❡ ♠✉t❛t✐♦♥s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r♦✲ ❝❡ss ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦•✉t✐♦♥ ✇✐t❤ ❛ ♠♦♥♦♠♦r♣❤✐❝ •✉♠♣ ♣r♦❝❡ss✳ ❚❤❡ •✉♠♣ ♣r♦❝❡ss ❞❡s❝r✐❜❡s ❡✈♦•✉t✐♦♥❛r② tr❛•❡❝t♦r✐❡s ❛s tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡s ❞❡✈❡•♦♣✐♥❣ ♦✈❡r t❤❡ t✐♠❡s❝❛•❡ ♦❢ ♠✉t❛t✐♦♥s✳ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇ ✭✶✾✾✻✮ ❤❛✈❡ ❢✉rt❤❡r ✐♥tr♦❞✉❝❡❞ ✐♥❣❡♥✐♦✉s ❤❡✉r✐st✐❝s t♦ ❛❝❤✐❡✈❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ •✉♠♣ ♣r♦❝❡ss✱ s♦•✉t✐♦♥ t♦ t❤❡ s♦✲❝❛••❡❞ ❝❛♥♦♥✲ ✐❝❛• ❡q✉❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s✳ ▼❡t③ ❡t ❛•✳✬s ♥♦t✐♦♥ ♦❢ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡s ❛♥❞ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✬s ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ❢♦r♠ t❤❡ ❝♦r❡ ♦❢ t❤❡ ❝✉rr❡♥t t❤❡♦r② ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ tr❛✐t s✉❜st✐t✉✲ t✐♦♥ s❡q✉❡♥❝❡ •✉♠♣ ♣r♦❝❡ss ❢r♦♠ t❤❡ ✐♥❞✐✈✐❞✉❛•✲❜❛s❡❞ ♠♦❞❡• ✐♥✐t✐❛t❡❞ ✇✐t❤ ❛ ♠♦♥♦♠♦r♣❤✐❝ ❛♥❝❡str❛• ❝♦♥❞✐t✐♦♥✳ ❖✉r ❞❡r✐✈❛t✐♦♥ ❡♠♣❤❛s✐③❡s ❤♦✇ t❤❡ ♠✉t❛t✐♦♥ s❝❛•✐♥❣ s❤♦✉•❞ ❝♦♠♣❛r❡ t♦ t❤❡ s②st❡♠ s✐③❡ ✭K✮ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❝♦rr❡❝t t✐♠❡s❝❛•❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ♠✉t❛♥t ✐♥✈❛s✐♦♥ ❡✈❡♥ts ✭t❛❦✐♥❣ ♣•❛❝❡ ♦♥ ❛ s❤♦rt t✐♠❡s❝❛•❡✮ ❛♥❞ ♠✉t❛t✐♦♥ ♦❝❝✉rr❡♥❝❡s ✭❞❡✜♥✐♥❣ t❤❡ ❡✈♦•✉t✐♦♥❛r② t✐♠❡s❝❛•❡✮✳ ◆❡①t ✇❡ r❡❝♦✈❡r ❛ ❣❡♥❡r❛•✐③❡❞ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ❛s ❛♥ ❛♣♣r♦①✲ ✐♠❛t✐♦♥ ♦❢ t❤❡ •✉♠♣ ♣r♦❝❡ss ✐♥ ❛♥ ❛s②♠♣t♦t✐❝ ♦❢ s♠❛•• ♠✉t❛t✐♦♥ st❡♣s✳ ❲❡ ❛•s♦ ♣r♦♣♦s❡ ❛ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ •✉♠♣ ♣r♦❝❡ss ✇❤✐❝❤ ❛••♦✇s ♦♥❡ t♦ st✉❞② t❤❡ t✐♠❡s❝❛•❡ ♦♥ ✇❤✐❝❤ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ❢♦r ❛♥ ❡✈♦•✉t✐♦♥❛r② tr❛•❡❝t♦r② ❝❛♥ ♦❝❝✉r✱ ♣r♦✈✐❞✐♥❣ ✐♥s✐❣❤ts ✐♥t♦ ♣❛tt❡r♥s ♦❢ ♠❛❝r♦❡✈♦•✉t✐♦♥❛r② ❝❤❛♥❣❡ ✭❢♦r r❡•❛t❡❞ t❤❡♦r❡t✐❝❛• ❝♦♥s✐❞❡r❛t✐♦♥s✱ s❡❡ |❛♥❞ ❛♥❞ ❲✐•s♦♥✱ ✶✾✾✸✮✳ ✺✳✶ ❏✉♠♣ ♣r♦❝❡ss ❝♦♥str✉❝t✐♦♥ ❢r♦♠ ■❇▼ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛••② r✐❣♦r♦✉s ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ •✉♠♣ ♣r♦❝❡ss ❢r♦♠ t❤❡ ✐♥❞✐✈✐❞✉❛•✲❜❛s❡❞ ♠♦❞❡• r❡q✉✐r❡s t❤❛t ✇❡ ✜rst st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ♠♦♥♦♠♦r♣❤✐❝ ♣♦♣✉•❛t✐♦♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ✶✽ ♦❢ ♠✉t❛t✐♦♥✱ ❛♥❞ ♥❡①t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❞✐♠♦r♣❤✐❝ ♣♦♣✉•❛t✐♦♥✱ ✐♥✈♦•✈✐♥❣ ❝♦♠♣❡t✐t✐♦♥✱ ❛❢t❡r ❛ ♠✉t❛t✐♦♥ ❤❛s ♦❝❝✉rr❡❞✳ ■♥ t❤❡ •✐♠✐t ♦❢ •❛r❣❡ s②st❡♠ s✐③❡ ✭K → ∞✮ ✇✐t❤♦✉t ♠✉t❛t✐♦♥ ✭µ ≡ 0✮✱ ✇✐t❤ ♦♥•② tr❛✐t x ♣r❡s❡♥t ❛t t✐♠❡ t = 0✱ ✇❡ ❤❛✈❡ X K 0 = n K 0 (x)δ x ❛♥❞ X K t = n K t (x)δ x ❢♦r ❛♥② t✐♠❡ t✳ ❯s✐♥❣ t❤❡ s❛♠❡ s❝❛•✐♥❣ ♣❛r❛♠❡t❡rs ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳✶ ✭U K = U/K✱ V K = V /K✱ b K ❛♥❞ d K ✐♥❞❡♣❡♥❞❡♥t ♦❢ K✮✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t st❛t❡❞ t❤❡r❡✐♥ t❡••s ✉s t❤❛t n K t (x) ❛♣♣r♦❛❝❤❡s n t (x) ✇❤❡♥ K ❜❡❝♦♠❡s •❛r❣❡✱ ❛♥❞ ❊q✳ ✭✹✳✶✮ ✭✐♥ ✐ts ✇❡❛❦ ❢♦r♠✮ ❜❡❝♦♠❡s d dt n t (x) = ρ 1 (x, n t (x))n t (x) ✭✺✳✶✮ ✇❤❡r❡ ρ 1 (x, n t (x)) = b(x, V (0)n t (x)) -d(x, U (0)n t (x))✳ ❲❡ ✇✐•• ❛ss✉♠❡ t❤❛t ρ 1 (x, 0) > 0✱ t❤❛t ρ 1 (x, n) → -∞ ✇❤❡♥ n → +∞✱ ❛♥❞ t❤❛t✱ ❢♦r ❛♥② tr❛✐t x✱ t❤✐s ❞✐✛❡r❡♥t✐❛• ❡q✉❛✲ t✐♦♥ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ ❡q✉✐•✐❜r✐✉♠ n(x)✱ ♥❡❝❡ss❛r✐•② s❛t✐s❢②✐♥❣ b(x, V (0)n(x)) = d(x, U (0)n(x))✳ ❚❤❡♥✱ ✐t t❛❦❡s ♦♥•② ❡•❡♠❡♥t❛r② ❝❛•❝✉•✉s t♦ ♣r♦✈❡ t❤❛t ❛♥② s♦•✉t✐♦♥ t♦ ✭✺✳✶✮ ✇✐t❤ ♣♦s✐t✐✈❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ ❝♦♥✈❡r❣❡s t♦ n(x)✳ ■♥ t❤❡ ❝❛s❡ ♦❢ •✐♥❡❛r •♦❣✐st✐❝ ❞❡♥s✐t②✲ ❞❡♣❡♥❞❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✭b(x, ζ) = b(x) ❛♥❞ d(x, ζ) = d(x) + α(x)ζ✮✱ t❤❡ ❡q✉✐•✐❜r✐✉♠ ♠♦♥♦♠♦r♣❤✐❝ ❞❡♥s✐t② n(x) ✐s (b(x) -d(x))/α(x)U (0)✳ ❲❤❡♥ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ❞✐♠♦r♣❤✐❝ ✇✐t❤ tr❛✐ts x ❛♥❞ y✱ ✐✳❡✳ ✇❤❡♥ X K 0 = n K 0 (x)δ x + n K 0 (y)δ y ✱ ✇❡ ❝❛♥ ❞❡✜♥❡ n t (x) ❛♥❞ n t (y) ❢♦r ❛♥② t ❛s ❜❡❢♦r❡✳ ❚❤❡♥ ξ t = n t (x)δ x + n t (y)δ y s❛t✐s✜❡s ❊q✳ ✭✹✳✶✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❝❛st ✐♥t♦ t❤❡ ❢♦••♦✇✐♥❣ s②st❡♠ ♦❢ ❝♦✉♣•❡❞ ♦r❞✐♥❛r② ❞✐❢✲ ❢❡r❡♥t✐❛• ❡q✉❛t✐♦♥s✿ d dt n t (x) = ρ 2 (x, y, n t (x), n t (y))n t (x) d dt n t (y) = ρ 2 (y, x, n t (y), n t (x))n t (y) ✭✺✳✷✮ ✇❤❡r❡ ρ 2 (x, y, n, n ′ ) = b(x, V (0)n + V (x -y)n ′ ) -d(x, U (0)n + U (x -y)n ′ )✳ ◆♦t✐❝❡ t❤❛t ρ 2 (x, y, n, 0) = ρ 1 (x, n)✳ ❚❤❡ s②st❡♠ ✭✺✳✷✮ ♣♦ss❡ss❡s t✇♦ ✭♥♦♥✲tr✐✈✐❛•✮ ❡q✉✐•✐❜r✐❛ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ R + × R + ✱ (n(x), 0) ❛♥❞ (0, n(y))✱ ✇❤✐❝❤ ♠✉st ❜❡ st❛❜•❡ ✐♥ t❤❡ ❤♦r✐③♦♥t❛• ❛♥❞ ✈❡rt✐❝❛• ❞✐r❡❝t✐♦♥✱ r❡s♣❡❝t✐✈❡•②✳ ❲❡ t❤❡♥ st❛t❡ ❛s ❛ r✉•❡ t❤❛t ✏ y ✐♥✈❛❞❡s x✑ ✐❢ t❤❡ ❡q✉✐•✐❜r✐✉♠ (n(x), 0) ♦❢ ✭✺✳✷✮ ✐s ✉♥st❛❜•❡ ✐♥ t❤❡ ✈❡rt✐❝❛• ❞✐r❡❝t✐♦♥❀ t❤✐s ❝❛♥ ❜❡ s❤♦✇♥ t♦ ♦❝❝✉r ✐❢ ρ 2 (y, x, 0, n(x)) > 0 ✭❋❡rr✐èr❡ ❛♥❞ •❛tt♦✱ ✶✾✾✺❀ •❡r✐t③ ❡t ❛•✳✱ ✷✵✵✷❀ |✐♥❛•❞✐ ❛♥❞ ❙❝❤❡✛❡r✱ ✷✵✵✵✮✳ ❲❡ ❢✉rt❤❡r s❛② t❤❛t ✏✐♥✈❛s✐♦♥ ♦❢ x ❜② y ✐♠♣•✐❡s ✜①❛t✐♦♥✑ ✐❢ ρ 2 (y, x, 0, n(x)) > 0 ❡♥t❛✐•s t❤❛t ❛•• ♦r❜✐ts ♦❢ t❤❡ ❞②♥❛♠✐❝❛• s②st❡♠ ✭✺✳✷✮ ✐ss✉❡❞ ❢r♦♠ s✉✣❝✐❡♥t•② s♠❛•• ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❡q✉✐•✐❜r✐✉♠ (n(x), 0) ✐♥ t❤❡ ♣♦s✐t✐✈❡ ♦rt❤❛♥t ❝♦♥✈❡r❣❡ t♦ (0, n(y))✳ ❖✉r ❝♦♥str✉❝t✐♦♥ ♥❡❡❞s t♦ ❛ss✉♠❡ t❤❛t t❤✐s ♣r♦♣❡rt② ❤♦•❞s ❢♦r ❛•♠♦st ❛♥② ♠✉t❛♥t tr❛✐t y ❜♦r♥❡ ♦✉t ❢r♦♠ x✳ •❡r✐t③ ❡t ❛•✳ ✭✷✵✵✷✮ ❛♥❞ •❡r✐t③ ✭✷✵✵✹✮ ❤❛✈❡ ❛❝t✉❛••② ♣r♦✈❡❞ t❤❛t t❤✐s ✐s tr✉❡ ❢♦r ❣❡♥❡r❛• ♠♦❞❡•s ✇❤❡♥ t❤❡ ♠✉t❛♥t tr❛✐t ✐s ❝•♦s❡ t♦ t❤❡ r❡s✐❞❡♥t ❛♥❞ t❤❡ r❡s✐❞❡♥t ✐s s✉✣❝✐❡♥t•② ❢❛r ❢r♦♠ s♣❡❝✐❛• tr❛✐t ✈❛•✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts ♦r ❡①t✐♥❝t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ tr❛✐t s♣❛❝❡ X ✳ ❋r♦♠ ❛ ❜✐♦•♦❣✐❝❛• ✈✐❡✇♣♦✐♥t✱ t❤❡ q✉❛♥t✐t② ρ 2 (y, x, 0, n(x)) ✐s t❤❡ ✜t♥❡ss ♦❢ ♠✉t❛♥t y ✐♥ ❛ r❡s✐❞❡♥t ♣♦♣✉•❛t✐♦♥ ♦❢ tr❛✐t x ❛t ❡q✉✐•✐❜r✐✉♠ ✭▼❡t③ ❡t ❛•✳✱ ✶✾✾✷✮✱ ✇❤✐❝❤ ✇❡ ✇✐•• ❤❡r❡❛❢t❡r ❞❡♥♦t❡ ❜② f (y, x) ❛♥❞ r❡❢❡r t♦ ❛s t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥ f s❛t✐s✜❡s t❤❡ ✉s✉❛• ♣r♦♣❡rt② t❤❛t f (x, x) = 0 ❢♦r ❛♥② tr❛✐t ✈❛•✉❡ x✳ ❚❤❡ ❤❡✉r✐st✐❝s ♦❢ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡ ♠♦❞❡•s ✭▼❡t③ ❡t ❛•✳✱ ✶✾✾✻✮ ❛ss✉♠❡ t❤❛t ❛ ♠♦♥♦♠♦r♣❤✐❝ ♣♦♣✉•❛t✐♦♥ r❡❛❝❤❡s ✐ts ❡❝♦•♦❣✐❝❛• ✭❞❡t❡r♠✐♥✐st✐❝✮ ❡q✉✐•✐❜r✐✉♠ ❜❡❢♦r❡ t❤❡ ✜rst ♠✉t❛t✐♦♥ ♦❝❝✉rs✳ ❆s ❛ ♠✉t❛♥t ❛r✐s❡s✱ ✐t ❝♦♠♣❡t❡s ✇✐t❤ t❤❡ r❡s✐❞❡♥t tr❛✐t✱ ❛♥❞ s✉✣❝✐❡♥t t✐♠❡ ✐s ❣✐✈❡♥ t♦ t❤❡ ❡❝♦•♦❣✐❝❛• ✐♥t❡r❛❝t✐♦♥ ❢♦r s♦rt✐♥❣ ♦✉t t❤❡ ✇✐♥♥❡r ❜❡❢♦r❡ ❛ ♥❡✇ ♠✉t❛♥t ❛♣♣❡❛rs✳ ■♥ t❤❡ s✐♠♣•❡st ❝❛s❡✱ ♦♥•② ♦♥❡ tr❛✐t s✉r✈✐✈❡s✿ ❡✐t❤❡r t❤❡ ♠✉t❛♥t ❞✐❡s ♦✉t ✭❞✉❡ t♦ ✶✾ st♦❝❤❛st✐❝✐t② ♦r s❡•❡❝t✐✈❡ ✐♥❢❡r✐♦r✐t②✮✱ ♦r ✐t r❡♣•❛❝❡s t❤❡ r❡s✐❞❡♥t tr❛✐t ✭❞✉❡ t♦ st♦❝❤❛st✐❝✐t② ♦r s❡•❡❝t✐✈❡ s✉♣❡r✐♦r✐t②✮✳ ❚❤❡r❡❢♦r❡✱ ♦♥ ❛ •♦♥❣ t✐♠❡s❝❛•❡✱ t❤❡ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛ s✉❝❝❡ss✐♦♥ ♦❢ ✏♠✉t❛t✐♦♥✲✐♥✈❛s✐♦♥✑ ❡✈❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ •✉♠♣s ✐♥ t❤❡ tr❛✐t s♣❛❝❡✳ ❚❤❡s❡ ❤❡✉r✐st✐❝s r❛✐s❡ ❝♦♥✢✐❝t✐♥❣ ❞❡♠❛♥❞s ♦♥ t❤❡ ♠✉t❛t✐♦♥ r❛t❡ t❤❛t ♦♥•② ❛ ❢✉•• ♠❛t❤✲ ❡♠❛t✐❝❛• tr❡❛t♠❡♥t ❝❛♥ r❡s♦•✈❡✳ ❋✐rst✱ ♠✉t❛t✐♦♥ ❡✈❡♥ts s❤♦✉•❞ ❜❡ r❛r❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡ ♥❡①t ♠✉t❛♥t ✐s ✉♥•✐❦❡•② t♦ ❛♣♣❡❛r ✉♥t✐• t❤❡ ♣r❡✈✐♦✉s ♠✉t❛♥t✬s ✜①❛t✐♦♥ ♦r ❡①t✐♥❝t✐♦♥ ✐s s❡t✲ t•❡❞✳ ❙❡❝♦♥❞✱ ♠✉t❛t✐♦♥ ❡✈❡♥ts s❤♦✉•❞ ❜❡ ❢r❡q✉❡♥t ❡♥♦✉❣❤✱ s♦ t❤❛t t❤❡ ♥❡①t ♠✉t❛t✐♦♥ ✐s ♥♦t ❞❡•❛②❡❞ ❜❡②♦♥❞ t❤❡ t✐♠❡ ✇❤❡♥ t❤❡ r❡s✐❞❡♥t ♣♦♣✉•❛t✐♦♥ s✐③❡ ✐s •✐❦❡•② t♦ ❤❛✈❡ st♦❝❤❛st✐❝❛••② ❞r✐❢t❡❞ ❛✇❛② ❢r♦♠ ✐ts ❡q✉✐•✐❜r✐✉♠✳ ▲❛r❣❡ ❞❡✈✐❛t✐♦♥ t❤❡♦r② ✭❉❡♠❜♦ ❛♥❞ )❡✐t♦✉♥✐ ✶✾✾✸✮ ❛♥❞ r❡s✉•ts ♦♥ •❛•t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦rr❡❝t ♠✉t❛t✐♦♥ t✐♠❡s❝❛•❡ ❢♦r ✇❤✐❝❤ ❜♦t❤ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛• ✇♦r❦ ✐s r❡♣♦rt❡❞ ✐♥ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✹❛✮✱ ❛♥❞ t❤❡ ❡♥❞ r❡s✉•t ♦❢ ❜✐♦•♦❣✐❝❛• ✐♥t❡r❡st ✐s t❤❛t✱ ✐❢ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜✲ ❛❜✐•✐t② ✐s t❛❦❡♥ ❛s µ K (x) = u K µ(x)✱ ✇❤❡r❡ u K ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✇❤❡♥ K ❣♦❡s t♦ ✐♥✜♥✐t②✱ t❤❡♥ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐•✐t② ❛♥❞ t❤❡ s②st❡♠ s✐③❡ s❤♦✉•❞ s❝❛•❡ ❛❝❝♦r❞✐♥❣ t♦ e -CK ≪ u K ≪ 1 K log K ❢♦r ❛♥② C > 0. ✭✺✳✸✮ ❊q✉❛t✐♦♥ ✭✺✳✸✮ ✐♠♣•✐❡s ✐♥ ♣❛rt✐❝✉•❛r t❤❛t Ku K t❡♥❞s t♦ 0 ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②❀ t❤❡r❡❢♦r❡✱ ❢♦r ❡❛❝❤ t✐♠❡ t✱ t❤❡ t✐♠❡ ❝❤❛♥❣❡ t/Ku K r❡♣r❡s❡♥ts ❛ •♦♥❣ t✐♠❡ s❝❛•✐♥❣✳ ❚❤✐s s•♦✇ t✐♠❡s❝❛•❡ ✐s t❤❛t ♦❢ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❝❡ss✿ t❤❡ ♣♦♣✉•❛t✐♦♥ s✐③❡ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ K✱ ❛♥❞ t❤❡ ♣❡r ❝❛♣✐t❛ ♠✉t❛t✐♦♥ r❛t❡ ✐s ♣r♦♣♦rt✐♦♥❛• t♦ u K ✱ ❤❡♥❝❡ t❤❡ ♣♦♣✉•❛t✐♦♥ ♠✉t❛t✐♦♥ r❛t❡ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ Ku K ✳ ❈♦♥❞✐t✐♦♥s ✭✺✳✸✮ ♠❛② ❜❡ r❡✇r✐tt❡♥ ❛s log K ≪ t Ku K ≪ e CK ❢♦r ❛♥② t, C > 0, ❛♥❞ ♦❜t❛✐♥s ❜❡❝❛✉s❡ log K ✐s t❤❡ t②♣✐❝❛• t✐♠❡ ♦❢ ❣r♦✇t❤ ❛♥❞ st❛❜✐•✐③❛t✐♦♥ ♦❢ ❛ s✉❝❝❡ss❢✉• ♠✉t❛♥t✱ ❛♥❞ exp(CK) ✐s t❤❡ t②♣✐❝❛• t✐♠❡ ♦✈❡r ✇❤✐❝❤ t❤❡ r❡s✐❞❡♥t ♣♦♣✉•❛t✐♦♥ ✐s •✐❦❡•② t♦ ❞r✐❢t st♦❝❤❛st✐❝❛••② ❛✇❛② ❢r♦♠ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐•✐❜r✐✉♠ ✭♣r♦❜•❡♠ ♦❢ ❡①✐t ❢r♦♠ ❛ ❞♦♠❛✐♥✱ ❋r❡✐❞•✐♥ ❛♥❞ ❲❡♥t③❡•✱ ✶✾✽✹✮✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✺✳✸✮✱ t❤❡ ♠❡t❤♦❞ ❞❡✈❡•♦♣❡❞ ✐♥ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✹❛✮ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ♣r♦✈❡ t❤❛t✱ ❛s t❤❡ s②st❡♠ s✐③❡ K ❜❡❝♦♠❡s •❛r❣❡✱ t❤❡ ♣r♦❝❡ss X K t/Ku K = 1 K ν K t/Ku K ❝♦♥✲ ✈❡r❣❡s✱ ✇❤❡♥ t❤❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ✐s ♠♦♥♦♠♦r♣❤✐❝ ✇✐t❤ tr❛✐t x✱ t♦ t❤❡ ♣r♦❝❡ss n(Y t )δ Yt ✐♥ ✇❤✐❝❤ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ❛t ❛♥② t✐♠❡ ♠♦♥♦♠♦r♣❤✐❝✳ ❚❤❡ t✐♠❡ ♣r♦❝❡ss ✐♥✈♦•✈❡❞✱ (Y t ) t≥0 ✱ ✐s ▼❛r❦♦✈✐❛♥ ❛♥❞ s❛t✐s✜❡s Y 0 = x✳ ❚❤✐s ✐s ❛ •✉♠♣ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r L ❣✐✈❡♥✱ ❢♦r ❛•• ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ ϕ : X → R✱ ❜② Lϕ(x) = R l (ϕ(x + z) -ϕ(x))[g(x + z, x)] + M (x, z)dz ✭✺✳✹✮ ✇❤❡r❡ g(y, x) = µ(x)b(x, V (0)n(x))n(x) f (y, x) b(y, V (y -x)n(x)) ✭✺✳✺✮ ✭[z] + ❞❡♥♦t❡s t❤❡ ♣♦s✐t✐✈❡ ♣❛rt✿ [z] + = 0 ✐❢ z ≤ 0❀ [z] + = z ✐❢ z > 0✮✳ ❚❤❡ ❣❡♥❡r❛t♦r✬s ❢♦r♠ ✭✺✳✹✮ ♠❡❛♥s t❤❛t t❤❡ ♣r♦❝❡ss Y t •✉♠♣s ❢r♦♠ st❛t❡ x ✇✐t❤ r❛t❡ R(x) = R l [g(x + z, x)] + M (x, z)dz ✷✵ t♦ t❤❡ ♥❡✇ st❛t❡ x + z✱ ✇❤❡r❡ z ❢♦••♦✇s t❤❡ •❛✇ [g(x + z, x)] + M (x, z)dz/R(x)✳ ❚❤❡ s✐♠✉•❛✲ t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶ ✭❞✮ ✐••✉str❛t❡s t❤✐s ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•t ❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❝❡ss (Y t ) t≥0 ✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r g ❣✐✈❡♥ ❜② ❊q✳ ✭✺✳✺✮ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❢♦••♦✇s✳ ❲❤❡♥ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ♠♦♥♦♠♦r♣❤✐❝ ✇✐t❤ tr❛✐t x✱ ✐ts ❞❡♥s✐t② r❡❛❝❤❡s ❛ ❣✐✈❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐ts ❡q✉✐•✐❜r✐✉♠ n(x) ✐♥ ✜♥✐t❡ t✐♠❡✱ ✐✳❡✳ ✇✐t❤✐♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛• t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡s❝❛•❡ ♦❢ ♠✉t❛t✐♦♥❀ t❤✐s ❝❛♥ ❜❡ s❤♦✇♥ ❜② ✉s✐♥❣ r❡s✉•ts ♦♥ st♦❝❤❛st✐❝ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ (ν K t ) ❛♥❞ •♦❣✐st✐❝ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss❡s✳ ❚❤❡♥✱ t❤❡ ♣♦♣✉•❛t✐♦♥ s✐③❡ ❜❡✐♥❣ ❝•♦s❡ t♦ n(x)✱ t❤❡ ♣♦♣✉•❛t✐♦♥ ♠✉t❛t✐♦♥ r❛t❡ ✐s ❝•♦s❡ t♦ u K µ(x)b(x, V (0)n(x))K n(x)✳ ❚❤❡r❡❢♦r❡✱ ♦♥ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛•❡✱ t❤❡ ♠✉t❛t✐♦♥ r❛t❡ ✐s ❣✐✈❡♥ ❜② µ(x)b(x, V (0)n(x))n(x)✱ ✇❤✐❝❤ ②✐❡•❞s ♦♥❡ ♣❛rt ♦❢ ✭✺✳✺✮✳ ❚❤❡ ♦t❤❡r ♣❛rt ❞❡❛•s ✇✐t❤ t❤❡ ✐♥✈❛s✐♦♥ ♦❢ ❛ ♠✉t❛♥t tr❛✐t y✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ♣❤❛s❡s ✭❋✐❣✳ ✸✮✱ ❛s ✐s ❞♦♥❡ ❝•❛ss✐❝❛••② ❜② ♣♦♣✉•❛t✐♦♥ ❣❡♥❡t✐❝✐sts ❞❡❛•✐♥❣ ✇✐t❤ s❡•❡❝t✐✈❡ s✇❡❡♣s ✭❑❛♣•❛♥ ❡t ❛•✳ ✶✾✽✾✱ ❉✉rr❡tt ❛♥❞ ❙❝❤✇❡✐♥s❜❡r❣ ✷✵✵✹✮✳ ■♥✐t✐❛••②✱ t❤❡r❡ ✐s ♦♥•② ♦♥❡ ♠✉t❛♥t ✐♥❞✐✈✐❞✉❛•❀ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐t s♣❛✇♥s ♠❛② ❣♦ ❡①t✐♥❝t q✉✐❝❦•② ❡✈❡♥ ✐❢ ✐ts ✜t♥❡ss f (y, x) ✐s ♣♦s✐t✐✈❡✱ ❞✉❡ t♦ ❞❡♠♦❣r❛♣❤✐❝ st♦❝❤❛st✐❝✐t②✳ ❚♦ ❡st✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐•✐t② ♦❢ s✉❝❤ ❡❛r•② ❡①t✐♥❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♠✉t❛♥t ✐♥❞✐✈✐❞✉❛•s✱ ❛s •♦♥❣ ❛s ✐t ✐s s♠❛•• ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡s✐❞❡♥t ♣♦♣✉•❛t✐♦♥ s✐③❡✱ ✇✐t❤ •❛•t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss❡s✱ ✇✐t❤ ❝♦♥st❛♥t ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s✳ ❚❤✐s ✜rst ♣❤❛s❡ ❡♥❞s ✇❤❡♥ t❤❡ ♠✉t❛♥t ❞❡♥s✐t② r❡❛❝❤❡s ❛ ✜①❡❞ s♠❛•• •❡✈❡• γ ❛♥❞ ❝♦rr❡s♣♦♥❞s ✐♥ ❋✐❣✳ ✸ t♦ t❤❡ t✐♠❡ ✐♥t❡r✈❛• [0, t 1 ]✳ ❍❡r❡✱ t❤❡ ♠✉t❛♥t ❜✐rt❤ r❛t❡ ✐s ❝•♦s❡ t♦ b(y, V (y -x)n(x))✱ ❛♥❞ t❤❡ ♠✉t❛♥t ❞❡❛t❤ r❛t❡ ✐s ❝•♦s❡ t♦ d(y, U (y -x)n(x))✳ ❚❤❡ ♣r♦❜❛❜✐•✐t② ♦❢ s✉r✈✐✈❛• ♦❢ ❛ •❛•t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss ✇✐t❤ t❤❡s❡ ♣❛r❛♠❡t❡rs ✐s ❣✐✈❡♥ ❝•❛ss✐❝❛••② ❛s [f (y, x)] + /b(y, V (y -x)n(x))✱ ✇❤✐❝❤ ②✐❡•❞s t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ✭✺✳✺✮✳ ■❢ ✐♥✈❛s✐♦♥ ♦❝❝✉rs✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜•❡ ♦♥•② ✐❢ f (y, x) > 0✱ t❤❡ r❡s✐❞❡♥t ❛♥❞ ♠✉t❛♥t ❞❡♥s✐t✐❡s ❣❡t ❝•♦s❡ t♦ t❤❡ s♦•✉t✐♦♥ ♦❢ ❊q✳ ✭✺✳✷✮✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞♦tt❡❞ ❝✉r✈❡s ❜❡t✇❡❡♥ t 1 ❛♥❞ t 2 ✐♥ ❋✐❣✳ ✸❀ t❤✐s ✐s ♣❤❛s❡ ✷✳ ❙✐♥❝❡ ✇❡ ❛ss✉♠❡ t❤❛t ✏✐♥✈❛s✐♦♥ ✐♠♣•✐❡s ✜①❛t✐♦♥✑✱ t❤❡ r❡s✐❞❡♥t ❞❡♥s✐t② ❝♦♥✈❡r❣❡s t♦ ✵ ❛♥❞ r❡❛❝❤❡s •❡✈❡• γ ✐♥ ❜♦✉♥❞❡❞ t✐♠❡✳ ❚❤❡ t❤✐r❞ ♣❤❛s❡ ✭❜❡t✇❡❡♥ t✐♠❡s t 2 ❛♥❞ t 3 ✐♥ ❋✐❣✳ ✸✮ ✐s ❛♥❛•②③❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡s✐❞❡♥t ✐♥❞✐✈✐❞✉❛•s ❛♥❞ ❛ •❛•t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss s✐♠✐•❛r t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ✇❤✐❝❤ ❛••♦✇s ✉s t♦ ♣r♦✈❡ t❤❛t t❤❡ r❡s✐❞❡♥t ♣♦♣✉•❛t✐♦♥ ❣♦❡s ❡①t✐♥❝t ✐♥ ✐♥✜♥✐t❡s✐♠❛• t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛•❡✳ ❚❤❡s❡ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❡①♣♦✉♥❞❡❞ ❢♦r♠❛••② ❜② ❛❞❛♣t✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✹❛✮✳ ❚❤❡ t✐♠❡s t 1 ❛♥❞ t 3 -t 2 ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ log K✱ ✇❤✐•❡ t 2 -t 1 ♦♥•② ❞❡♣❡♥❞s ♦♥ γ✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛• ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ •✉♠♣ ♣r♦❝❡ss ♠♦❞❡• ✭✺✳✹✮ ❛♥❞ ✭✺✳✺✮ ❡♠♣❤❛s✐③❡s t❤❛t t❤❡ r❛r❡✲♠✉t❛t✐♦♥ ❛♥❞ •❛r❣❡✲♣♦♣✉•❛t✐♦♥ •✐♠✐ts ♠✉st ❜❡ t❛❦❡♥ s✐♠✉•t❛♥❡♦✉s•② ✐❢ ♦♥❡ ✐s t♦ ♠♦❞❡• ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛s ❛ st♦❝❤❛st✐❝ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡✳ ❚❤❡ •❛r❣❡ ♣♦♣✉•❛✲ t✐♦♥ •✐♠✐t ❜② ✐ts❡•❢ ❝❛♥ ♦♥•② ②✐❡•❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡• ✭✹✳✶✮ ✭❣❡♥❡r❛•✐③❡❞ ❑✐♠✉r❛✬s ❡q✉❛✲ t✐♦♥✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ✜♥✐t❡ ♣♦♣✉•❛t✐♦♥ ♦♥ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛•❡ ❛r❡ tr✐✈✐❛• ✉♥❞❡r t❤❡ r❛r❡ ♠✉t❛t✐♦♥ s❝❡♥❛r✐♦✿ t❤❡ ♣♦♣✉•❛t✐♦♥ ❣♦❡s ✐♠♠❡❞✐❛t❡•② ❡①t✐♥❝t ❛•♠♦st s✉r❡•② ♦♥ t❤❛t t✐♠❡s❝❛•❡✳ ❚❤✐s ❢♦••♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛•✲❜❛s❡❞ ♣r♦❝❡ss ν ✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✶✮ t❤❛t ❞r✐✈❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ t♦t❛• ✭✜♥✐t❡✮ ♣♦♣✉•❛t✐♦♥ s✐③❡ I(t) ✐s st♦❝❤❛s✲ t✐❝❛••② ❜♦✉♥❞❡❞ ❜② ❛ •♦❣✐st✐❝ ❜✐rt❤✲❞❡❛t❤ ♣r♦❝❡ss ✇✐t❤ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s ♦❢ ♦r❞❡r I(t) ❛♥❞ I(t) 2 ✱ r❡s♣❡❝t✐✈❡•②❀ t❤✐s ♣r♦❝❡ss ❣♦❡s ❛•♠♦st s✉r❡•② ❡①t✐♥❝t ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❛•✇❛②s ♣♦ss✐❜•❡ t♦ ♣✐❝❦ u s♠❛•• ❡♥♦✉❣❤ s♦ t❤❛t ❡①t✐♥❝t✐♦♥ ♦❝❝✉rs ✐♥st❛♥t❛♥❡♦✉s•② ♦♥ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛•❡ s❡t ❜② t/u✳ ■♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤✐s r❡s✉•t t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ s❡✈❡r❛• tr❛✐ts ✐s ♣♦ss✐❜•❡✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ✏✐♥✈❛s✐♦♥✲✐♠♣•✐❡s✲✜①❛t✐♦♥✑ ❛ss✉♠♣t✐♦♥ ✐s r❡•❛①❡❞✱ t❤❡ ♣r♦❜❛❜✐•✐st✐❝ ✷✶ ✵ γ n(y) n(x) P♦♣✉•❛t✐♦♥ s✐③❡ t 1 t 2 t 3 ❚✐♠❡ ✭t✮ n K t (y) n K t (x) ❋✐❣✉r❡ ✸✿ ❚❤❡ t❤r❡❡ ♣❤❛s❡s ♦❢ t❤❡ ✐♥✈❛s✐♦♥ ❛♥❞ ✜①❛t✐♦♥ ♦❢ ❛ ♠✉t❛♥t tr❛✐t y ✐♥ ❛ ♠♦♥♦♠♦r♣❤✐❝ ♣♦♣✉•❛t✐♦♥ ✇✐t❤ tr❛✐t x✳ P•❛✐♥ ❝✉r✈❡s r❡♣r❡s❡♥t t❤❡ r❡s✐❞❡♥t ❛♥❞ ♠✉t❛♥t ❞❡♥s✐t✐❡s n K t (x) ❛♥❞ n K t (y)✱ r❡s♣❡❝t✐✈❡•②✳ ❉♦tt❡❞ ❝✉r✈❡s r❡♣r❡s❡♥t t❤❡ s♦•✉t✐♦♥ ♦❢ ❊q✳ ✭✺✳✷✮ ✇✐t❤ ✐♥✐t✐❛• st❛t❡ n 0 (x) = n(x) ❛♥❞ n 0 (y) = ε✳ ❝♦♠♣♦♥❡♥t ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❝❛♥ ❡❛s✐•② ❜❡ ❣❡♥❡r❛•✐③❡❞✳ ❚❤❡ ♠❛•♦r ❞✐✣❝✉•t② ✐s ❛♥ ❛♥❛•②t✐❝❛• ♦♥❡✿ ✇❡ ✇♦✉•❞ ♥❡❡❞ t♦ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❛♥② k ❛♥❞ ❢♦r ❛♥② s❡t ♦❢ tr❛✐ts {x 1 , . . . , x k }✱ t❤❡ k✲♠♦r♣❤✐❝ s②st❡♠ ♦❢ ❝♦✉♣•❡❞ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s✱ t❤❛t ❣❡♥❡r❛•✐③❡s ✭✺✳✷✮✱ ❛❞♠✐ts ❛ ✉♥✐q✉❡ st❛❜•❡ ❡q✉✐•✐❜r✐✉♠ t♦✇❛r❞s ✇❤✐❝❤ ❛♥② s♦•✉t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ ❝♦♥✈❡r❣❡s✳ ❙✉❝❤ ❛♥ ❛ss✉♠♣t✐♦♥ ✐s ✈❡r② r❡str✐❝t✐✈❡ ❛♥❞ ❡①❝•✉❞❡s t❤❡ ♣♦ss✐❜✐•✐t② ♦❢ ♥♦♥❡q✉✐•✐❜r✐✉♠ ❛t✲ tr❛❝t♦rs✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ ♥♦ s✉❝❤ ❛♥❛•②t✐❝ ❝♦♥❞✐t✐♦♥ ❤❛s ❜❡❡♥ ❡st❛❜•✐s❤❡❞ ❡✈❡♥ ❢♦r r❡str✐❝t❡❞ ❝•❛ss❡s ♦❢ ❡❝♦•♦❣✐❝❛• ♠♦❞❡•s✳ ✺✳✷ ❈❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ❛♥❞ ❡①t❡♥s✐♦♥s ■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ s♠❛•• ♠✉t❛t✐♦♥ r❡♥♦r♠❛•✐③❛t✐♦♥ ♦❢ t❤❡ •✉♠♣ ♣r♦❝❡ss ❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ✭s♠❛••✮ ♣❛r❛♠❡t❡r ε > 0 ❜② ✇❤✐❝❤ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ✐s ♠✉•t✐♣•✐❡❞✱ ❛♥❞ ✇❡ ❞❡✜♥❡ ❛ ❢❛♠✐•② ♦❢ ▼❛r❦♦✈ •✉♠♣ ♣r♦❝❡ss❡s {(x ε t ) t≥0 } ε>0 ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r L ε ϕ(x) = 1 ε 2 R l (ϕ(x + εz) -ϕ(x))[g(x + εz, x)] + M (x, z)dz. ✭✺✳✻✮ ❚❤✐s ♠♦❞❡• ❛ss✉♠❡s t❤❡ ✉♥✉s✉❛• t✐♠❡ s❝❛•✐♥❣ ❜② ε -2 ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ ❛✈♦✐❞ t❤❡ ♣r♦❝❡ss ❜❡❝♦♠✐♥❣ ❝♦♥st❛♥t ✐♥ t❤❡ •✐♠✐t ♦❢ ✐♥✜♥✐t❡s✐♠❛• ♠✉t❛t✐♦♥ st❡♣s ✭ε → 0✮ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ g(x, x) = 0✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✇❡ ✉s❡❞ t♦ st✉❞② t❤❡ r❡♥♦r♠❛•✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛• ♣♦✐♥t ♣r♦❝❡ss ✐♥ ❙❡❝t✐♦♥s ✹✳✶ ❛♥❞ ✹✳✷ ❛♣♣•✐❡s ❤❡r❡ ❛❣❛✐♥ t♦ ♣r♦✈❡ ✭❈❤❛♠♣❛❣♥❛t ❡t ❛•✳✱ ✷✵✵✶❀ ❈❤❛♠♣❛❣♥❛t✱ ✷✵✵✹❜✮ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r❡❝♦✈❡r t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s✿ ✉♥❞❡r ❣❡♥❡r❛• r❡❣✉•❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ g ❛♥❞ M ✱ ✇❤❡♥ ε → 0✱ t❤❡ ❢❛♠✐•② ♦❢ ♣r♦❝❡ss❡s {(x ε t ) t≥0 } ε≥0 ❝♦♥✈❡r❣❡s t♦ t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ (x t ) t≥0 t♦ t❤❡ ✭❞❡t❡r♠✐♥✐st✐❝✮ ✷✷ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ dx dt = R l z[z • ∇ 1 g(x, x)] + M (x, dz), ✭✺✳✼✮ ✇❤❡r❡ ∇ 1 g ❞❡♥♦t❡s t❤❡ ❣r❛❞✐❡♥t ♦❢ g(x, y) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜rst ✈❛r✐❛❜•❡ x✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ M (x, •) ✐s ❛ s②♠♠❡tr✐❝❛• ♠❡❛s✉r❡ ♦♥ R l ❢♦r ❛♥② tr❛✐t x ✐♥ X ✱ ✭✺✳✼✮ ❝❛♥ ❜❡ r❡❝❛st ✐♥t♦ t❤❡ ❝•❛ss✐❝❛• ❢♦r♠ ♦❢ t❤❡ ✏❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥✑ ✭❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✱ ✶✾✾✻✮✿ dx dt = 1 2 Σ(x)∇ 1 g(x, x), ✭✺✳✽✮ ✇❤❡r❡ Σ(x) ❞❡♥♦t❡s t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♠✉t❛t✐♦♥ ❦❡r♥❡• M (x, •)✳ ❈❤❛♠✲ ♣❛❣♥❛t ✭✷✵✵✹❜✮ ♣r♦✈❡❞ ❛ s✐♠✐•❛r r❡s✉•t ❢♦r ♣♦•②♠♦r♣❤✐❝ ♣♦♣✉•❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❛ ❣❡♥❡r❛•✐③❡❞ ✏✐♥✈❛s✐♦♥✲✐♠♣•✐❡s✲✜①❛t✐♦♥✑ ♣r✐♥❝✐♣•❡ ❤♦•❞s✱ ✇❤✐❝❤ ✐s tr✉❡ ❛✇❛② ❢r♦♠ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts ✭♦r ❡①t✐♥❝t✐♦♥ ♣♦✐♥ts✮✳ ❚❤✉s✱ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ❛♣♣❡❛rs t♦ ❜❡ ❛s ❜r♦❛❞ ❛s t❤❡ ✏✐♥✈❛s✐♦♥✲✐♠♣•✐❡s✲✜①❛t✐♦♥✑ ♣r✐♥❝✐♣•❡ ❝❛♥ ❜❡✳ ❚❤❡ ❡q✉✐•✐❜r✐❛ ♦❢ ❊qs✳ ✭✺✳✼✮ ❛♥❞ ✭✺✳✽✮ s❛t✐s❢② ∇ 1 g(x, x) = 0 ❛♥❞ ❛r❡ ❝•❛ss✐❝❛••② ❝❛••❡❞ ✏❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✐t✐❡s✑✳ ✺✳✸ ❍✐❣❤❡r✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❚❤❡ •❛r❣❡ ♣♦♣✉•❛t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t ❣♦❡s ❛•♦♥❣ ✇✐t❤ t❤❡ ✐♥✈❛s✐♦♥✲✐♠♣•✐❡s✲✜①❛t✐♦♥ ♣r✐♥✲ ❝✐♣•❡ ❡♥t❛✐•s t❤❛t ❛❞❛♣t✐✈❡ ❝❤❛♥❣❡ ♠❛② ♦♥•② ❜❡ ❞✐r❡❝t✐♦♥❛• ✖ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ❞❡t❡r♠✐♥❡❞ ❜② ∇ 1 g(x, x)✳ ❍♦✇❡✈❡r✱ ✐♥ •❛r❣❡ ②❡t ✜♥✐t❡ ♣♦♣✉•❛t✐♦♥s✱ st♦❝❤❛st✐❝✐t② ♠❛② ❝❛✉s❡ ❛ ♠✉t❛♥t t♦ ✐♥✈❛❞❡ ❡✈❡♥ ✐❢ ✐ts ✜t♥❡ss ✐s ♥❡❣❛t✐✈❡✱ s♦ t❤❛t ❛❞❛♣t✐✈❡ ❡✈♦•✉t✐♦♥ ♠❛② ♣r♦❝❡❡❞ ✐♥ ❛♥② ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ tr❛✐t s♣❛❝❡✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤✐s ❢❡❛t✉r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♠♦❞❡• ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ❞r✐✈✐♥❣ ❛ ❞✐✛✉s✐♦♥ ♣r♦✲ ❝❡ss✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r ♦❢ t❤✐s ❞✐✛✉s✐♦♥ ✐s ❛ ✜rst✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ε ♦❢ t❤❡ ❣❡♥❡r❛t♦r ✭✺✳✻✮ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥❛• •✉♠♣ ♣r♦❝❡ss✱ ✐♥ t❤❡ •✐♠✐t ♦❢ s♠❛•• ♠✉t❛t✐♦♥ •✉♠♣s✳ ■♥t❡r✲ ❡st✐♥❣•②✱ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❞✐✛❡r❡♥t✐❛• ♦♣❡r❛t♦r ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ✇❛② ♣♦ss❡ss❡s ❞❡❣❡♥❡r❛t❡ ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥ts✱ r❡♥❞❡r✐♥❣ t❤❡ ❝•❛ss✐❝❛• t❤❡♦r② ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✭s❡❡ ❡✳❣✳ ❑❛r❛t③❛s ❛♥❞ ❙❤r❡✈❡✱ ✶✾✽✽✮ ♥♦♥ ❛♣♣•✐❝❛❜•❡✳ ❚❤❡s❡ ❜❛❞ r❡❣✉•❛r✐t② ♣r♦♣❡rt✐❡s ❝♦♠❡ ❢r♦♠ t❤❡ ♥♦♥ s♠♦♦t❤ ❢✉♥❝t✐♦♥ [•] + ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ r❡s❝❛•❡❞ ❣❡♥❡r❛t♦r ✭✺✳✻✮✳ ❚❤❡ ✇❡❛❦ ❡①✐st❡♥❝❡ ♦❢ s♦•✉t✐♦♥s t♦ t❤✐s st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✹❜✮ ✉♥❞❡r ❣❡♥❡r❛• r❡❣✉•❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ g ❛♥❞ M ✳ ■♥ t❤❡ s♣❡❝✐❛• ❝❛s❡ ✇❤❡r❡ t❤❡ tr❛✐t s♣❛❝❡ X ❡q✉❛•s R ❛♥❞ t❤❡ ♠✉t❛t✐♦♥ •❛✇ M (x, •) ✐s s②♠♠❡tr✐❝❛•✱ •❡t σ 2 (x) ❜❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ M (x, •)✱ ❛♥❞ M 3 (x) = ∞ 0 z 3 M (x, z)dz❀ t❤❡♥ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✐s dX ε t = [B 1 (X ε t ) + εB 2 (X ε t )]dt + εA(X ε t )dW t ✭✺✳✾✮ ✇❤❡r❡ B 1 (x) = 1 2 σ 2 (x)∂ 1 g(x, x)✱ B 2 (x) = 1 2 M 3 (x)s✐❣♥[∂ 1 g(x, x)]∂ 2 1 g(x, x)✱ A(x) = M 3 (x)|∂ 1 g(x, x)|✱ ❛♥❞ W ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ t❤❡♦r② t❤❡♥ s✉❣❣❡sts t♦ ♣r♦❜❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ♣r♦❝❡ss ✇❤❡♥ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ♣♦ss❡ss❡s ♠✉•✲ t✐♣•❡ •♦❝❛••② st❛❜•❡ ❡q✉✐•✐❜r✐❛✳ ❚❤❡ r❡s✉•ts ♦❢ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✸✮ ❝❛♥ ❜❡ ❛♣♣•✐❡❞ ❤❡r❡ t♦ s❤♦✇ t❤❛t ✇❤❡♥ ❛♥ ❛♥❝❡str❛• ♣♦♣✉•❛t✐♦♥ ✐s s✉rr♦✉♥❞❡❞ ❜② ❛♥ ❛ttr❛❝t✐♥❣ ❊❙❙ ✭❡✈♦•✉t✐♦♥✲ ❛r✐•② st❛❜•❡ str❛t❡❣②✮ ❛♥❞ ❛♥ ❛ttr❛❝t✐♥❣ ❜r❛♥❝❤✐♥❣ ♣♦✐♥t ✭❝❢✳ ❡✳❣✳ •❡r✐t③ ❡t ❛•✳✱ ✶✾✾✽✮✱ t❤✐s ✷✸ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❡✈♦•✉t✐♦♥❛r② ♣r♦❝❡ss ✇✐•• ❛•♠♦st s✉r❡•② ❤♦♠❡ ✐♥ ❛t t❤❡ ❊❙❙✱ r❛t❤❡r t❤❛♥ ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ❜r❛♥❝❤✐♥❣ ♣♦✐♥t✳ ❚❤✐s ♠❛t❤❡♠❛t✐❝❛• r❡s✉•t s✉❜st❛♥t✐❛t❡s t❤❡ ♥✉♠❡r✐✲ ❝❛• ♦❜s❡r✈❛t✐♦♥ t❤❛t ❜r❛♥❝❤✐♥❣ ✐s ✉s✉❛••② ❛ ✈❡r② s•♦✇ ♣❤❡♥♦♠❡♥♦♥❀ t❤✉s✱ ✇❤❡♥ ♠✉t❛t✐♦♥s st❡♣s ❛r❡ s♠❛••✱ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts ❛r❡ s♦ ❞✐✣❝✉•t t♦ r❡❛❝❤ ❛s t♦ •❡❛✈❡ t✐♠❡ ❢♦r t❤❡ s②st❡♠ t♦ st❛❜✐•✐③❡ ❛t ❛♥ ❊❙❙ ✐❢ t❤❡r❡ ✐s ♦♥❡ ✇✐t❤✐♥ ♠✉t❛t✐♦♥❛• r❡❛❝❤✳ ❚❤❡r❡❢♦r❡✱ t♦ ❡♥s✉r❡ t❤❛t ❛ ♣♦♣✉•❛t✐♦♥ ✇✐t❤ ✉♥❦♥♦✇♥ ♠♦♥♦♠♦r♣❤✐❝ ❛♥❝❡str❛• st❛t❡ ✉♥❞❡r❣♦❡s ❡✈♦•✉t✐♦♥❛r② ❜r❛♥❝❤✐♥❣✱ ❛•• ♦❢ t❤❡ ❛ttr❛❝t✐♥❣ ❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✐t✐❡s s❤♦✉•❞ ❜❡ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts✳ ■♥ ❣❡♥❡r❛•✱ t❤❡ ✐ss✉❡ ♦❢ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❞r✐❢t✐♥❣ ❛✇❛② ❢r♦♠ tr❛•❡❝t♦r✐❡s ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ♦❢ t❤❡ ♣r♦❜✲ ❛❜✐•✐t② ♦❢ ❵r❛r❡ ❡✈❡♥ts✬ ❢♦r t❤❡ s❛♠♣•❡ ♣❛t❤s ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳ ❇② ❵r❛r❡ ❡✈❡♥ts✬ ✇❡ ♠❡❛♥ ❞✐✛✉s✐♦♥ ♣❛t❤s ❞r✐❢t✐♥❣ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥✳ ❚❤❡ ♣r♦❜❛❜✐•✐t② ♦❢ s✉❝❤ r❛r❡ ❡✈❡♥ts ✐s ❣♦✈❡r♥❡❞ ❜② ❛ •❛r❣❡ ❞❡✈✐❛t✐♦♥ ♣r✐♥❝✐♣•❡ ✭❲❡♥t③❡••✱ ✶✾✼✻❛✱ ✶✾✼✻❜❀ ❋r❡✐❞•✐♥ ❛♥❞ ❲❡♥t③❡•✱ ✶✾✽✹✮✿ ✇❤❡♥ ε ❣♦❡s t♦ 0✱ t❤❡ ♣r♦❜❛❜✐•✐t② t❤❛t t❤❡ s❛♠♣•❡ ♣❛t❤ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✐s ❝•♦s❡ t♦ ❛ ❣✐✈❡♥ r❛r❡ ♣❛t❤ ϕ ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛••② t♦ ✵ ✇✐t❤ r❛t❡ I(ϕ)✱ ✇❤❡r❡ t❤❡ ❵r❛t❡ ❢✉♥❝t✐♦♥✬ I ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳ ❚❤❡ ❞✐✣❝✉•t② •✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t A ✐s ♥✉•• ❛t t❤❡ ❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✲ ✐t✐❡s ❛♥❞ t❤❛t t❤❡ ❞r✐❢t t❡r♠ B 2 ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❛t t❤❡ s❛♠❡ ♣♦✐♥ts✱ ❛♥❞ t❤❡ s❛♠❡ ♣r♦❜•❡♠ ❛r✐s❡s ❢♦r ❛♥② ✈❛•✉❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ l ♦❢ t❤❡ tr❛✐t s♣❛❝❡✳ ❚❤❡ •❛r❣❡ ❞❡✈✐❛t✐♦♥ ♣r✐♥❝✐♣•❡ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✸✮ ❢♦r ❛♥② ✈❛•✉❡ ♦❢ t❤❡ tr❛✐t s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ❛♥❞ ✐♠♣•✐❡s ✐♥ ♣❛rt✐❝✉•❛r t❤❛t t❤❡ ♣❛t❤s ♦❢ X ε t ❝♦♥✈❡r❣❡ ✐♥ ♣r♦❜❛❜✐•✐t② t♦ t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ✭✺✳✽✮ ✇❤❡♥ ε ❣♦❡s t♦ 0✳ ❚❤✐s r❡s✉•t ❝❛♥ ❜❡ ✉s❡❞ t♦ st✉❞② t❤❡ •♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇❤❡♥ t❤❡r❡ ❛r❡ ♠✉•t✐♣•❡ ❛ttr❛❝t✐✈❡ ❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✐t✐❡s ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ tr❛✐t s♣❛❝❡ X ✐s ✷ ♦r ❣r❡❛t❡r✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❵q✉❛s✐✲♣♦t❡♥t✐❛•✬ H(x, y) ❛s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ r❛t❡ ❢✉♥❝t✐♦♥ I ♦✈❡r ❛•• t❤❡ tr❛•❡❝t♦r✐❡s •✐♥❦✐♥❣ x t♦ y✳ ❲❤❡♥ ε ✐s s♠❛••✱ t❤❡ ♠♦st •✐❦❡•② ♣❛t❤ ❢♦••♦✇❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥ ✇❤❡♥ ❡①✐t✐♥❣ t❤❡ ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ G ♦❢ s♦♠❡ ❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✐t② x * ✱ ✐s t❤❡ ♦♥❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ r❛t❡ ❢✉♥❝t✐♦♥ I ♦✈❡r ❛•• t❤❡ tr❛•❡❝t♦r✐❡s •✐♥❦✐♥❣ x * t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ G✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❡①✐t G ❝❛♥ ❜❡ s❤♦✇♥ ✭❈❤❛♠♣❛❣♥❛t✱ ✷✵✵✸✮ t♦ ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ♦r ❣r❡❛t❡r t❤❛♥ exp[H/ε] ❢♦r s♠❛•• ε✱ ✇❤❡r❡ H ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ H(x * , y) ♦✈❡r ❛•• t❤❡ y ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ G✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡①✐t ❡✈❡♥t ♦❝❝✉rs ✇✐t❤ ♣r♦❜❛❜✐•✐t② ❝♦♥✈❡r❣✐♥❣ t♦ ✶ ✐♥ ❛♥② ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ s♣❡❝✐❛• ♣♦✐♥ts ♦❢ t❤❡ ❜❛s✐♥✬s ❜♦✉♥❞❛r② ✇❤❡r❡ t❤❡ q✉❛s✐✲♣♦t❡♥t✐❛• H(x * , •) ✐s ♠✐♥✐♠✉♠✱ s♦ t❤❛t ♦♥❡ ❝❛♥ ♣r❡❞✐❝t t❤❡ ♥❡①t ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ✈✐s✐t❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥✳ ❋r♦♠ ❛ ❜✐♦•♦❣✐❝❛• st❛♥❞♣♦✐♥t✱ t❤✐s r❡s✉•t ♣r♦✈✐❞❡s ❛ q✉❛♥t✐t❛t✐✈❡ t♦♦• ❢♦r ❛♥❛•②③✐♥❣ t❤❡ ♠❛❝r♦❡✈♦•✉t✐♦♥❛r② ♥♦t✐♦♥ ♦❢ ♣✉♥❝t✉❛t❡❞ ❡q✉✐•✐❜r✐❛ ✭|❛♥❞ ❛♥❞ ❲✐•s♦♥✱ ✶✾✾✸❀ ❙t❛♥•❡②✱ ✶✾✼✾✮✳ ❚❤❡ ♠♦❞❡• ❣❡♥❡r❛••② ♣r❡❞✐❝ts t❤❛t t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ t✐♠❡ s♣❡♥t ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❡✈♦•✉t✐♦♥❛r② ❡q✉✐•✐❜r✐❛✱ ❜❡t✇❡❡♥ r❛♣✐❞ ❡✈♦•✉t✐♦♥❛r② ♠♦✈❡s✱ ✐s t❤❡ ❡①♣♦♥❡♥t✐❛• ♦❢ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠✉t❛t✐♦♥ st❡♣ st❛♥❞❛r❞ ❞❡✈✐❛✲ t✐♦♥✳ ❚❤✐s t❤❡♦r② ❛•s♦ ♣r❡❞✐❝ts t❤❡ s❡q✉❡♥❝❡ ♦r❞❡r ♦❢ ❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✐t✐❡s ✭❡q✉✐•✐❜r✐❛ ♦r ❣❡♥❡r❛• ❛ttr❛❝t♦rs✮ t❤❛t t❤❡ ❡✈♦•✉t✐♦♥❛r② ♣r♦❝❡ss ✐s ♠♦st •✐❦❡•② t♦ ✈✐s✐t ✭❋r❡✐❞•✐♥ ❛♥❞ ❲❡♥t③❡•✱ ✶✾✽✹✮✳ ✻ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥❝•✉s✐♦♥ ▼❛rt✐♥❣❛•❡ ❛♥❞ •❛r❣❡ ❞❡✈✐❛t✐♦♥ t❤❡♦r✐❡s ♣r♦✈✐❞❡❞ ✉s ✇✐t❤ t❤❡ ♥❡✇ ♣r♦❜❛❜✐•✐st✐❝ t♦♦•s ✇❤✐❝❤ ✇❡r❡ ♥❡❝❡ss❛r② ❢♦r ❞❡r✐✈✐♥❣ ❛♥❞ ✉♥✐❢②✐♥❣ ♠♦❞❡•s ♦❢ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❢r♦♠ st♦❝❤❛st✐❝ ✷✹ ♥♦♥•✐♥❡❛r ♣r♦❝❡ss❡s ♦♣❡r❛t✐♥❣ ❛t t❤❡ ✐♥❞✐✈✐❞✉❛• •❡✈❡•✳ ❉✐✛❡r❡♥t ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ♦❜t❛✐♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡♥♦r♠❛•✐③❛t✐♦♥s ❛♣♣•✐❡❞ t♦ t❤❡ st♦❝❤❛st✐❝ ✐♥❞✐✈✐❞✉❛•✲❜❛s❡❞ ♠♦❞❡•✳ ❍❡r❡✲ ❛❢t❡r ✇❡ r❡✈✐❡✇ t❤❡ ❞✐✛❡r❡♥t ♠♦❞❡•s t❤✉s ♦❜t❛✐♥❡❞ ❛♥❞ ❤✐❣❤•✐❣❤t ❤♦✇ s♦♠❡ ♦❢ t❤❡♠ r❡•❛t❡ t♦ ♠♦❞❡•s ♣r❡✈✐♦✉s•② ❦♥♦✇♥ ✐♥ q✉❛♥t✐t❛t✐✈❡ ❣❡♥❡t✐❝s ❛♥❞ ❡✈♦•✉t✐♦♥❛r② ❡❝♦•♦❣②✳ ❚❤❡♥ ✇❡ r❡✈✐❡✇ t❤❡ ❜✐♦•♦❣✐❝❛• ✐♥s✐❣❤ts t❤❛t ♦♥❡ ❝❛♥ ❣❛✐♥ ❢r♦♠ t❤❡ ✈❡r② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡•s✳ ❋✐♥❛••②✱ ✇❡ ♦✉t•✐♥❡ s♦♠❡ ♣r♦♠✐s✐♥❣ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ❛♥❛•②s✐s ❛♥❞ ❢✉rt❤❡r ❡①t❡♥s✐♦♥s ♦❢ t❤❡s❡ ♠♦❞❡•s✳ ✻✳✶ ❯♥✐❢②✐♥❣ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ♦❢ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❆ ▼♦♥t❡✲❈❛r•♦ ❛♣♣r♦❛❝❤ ②✐❡•❞s ❛ ❤✐❡r❛r❝❤② ♦❢ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠♦♠❡♥ts ♦❢ ♣♦♣✉•❛t✐♦♥ ♥✉♠❜❡r ✐♥ tr❛✐t s♣❛❝❡✳ ❆ s✐♠✐•❛r ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ t❛❦❡♥ ❤❡✉r✐s✲ t✐❝❛••② ❜② ❇♦•❦❡r ❛♥❞ P❛❝❛•❛ ✭✶✾✾✼✱ ✶✾✾✾✮✱ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇ ✭✷✵✵✵✮ ❛♥❞ ▼❝❑❛♥❡ ❛♥❞ ◆❡✇♠❛♥ ✭✷✵✵✹✮ t♦ ❝♦♥str✉❝t ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ♦❢ ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥ ♣❤②s✐❝❛• ✭❣❡✲ ♦❣r❛♣❤✐❝✮ s♣❛❝❡ ✇❤✐•❡ ❛❝❝♦✉♥t✐♥❣ ❢♦r ✐♥❞✐✈✐❞✉❛• ❞✐s♣❡rs❛•✳ ❖✉r ♠❛t❤❡♠❛t✐❝❛• ❞❡r✐✈❛t✐♦♥ s❤❡❞s •✐❣❤t ♦♥ t❤❡ str✉❝t✉r❛• ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦❞❡• ✇❤✐❝❤ ♠❛❦❡s t❤❡ ♣r♦❜•❡♠ ♦❢ ♠♦♠❡♥t ❝•♦s✉r❡ s♦ ❝❤❛••❡♥❣✐♥❣✱ ❡s♣❡❝✐❛••② t❤❡ ❢❛❝t t❤❛t✱ ✐♥ ❣❡♥❡r❛•✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❡❛s✉r❡ ♠❛② ♥♦t ❤❛✈❡ ❛ ❞❡♥s✐t②✳ ❆•t❡r♥❛t✐✈❡•② t♦ t❤❡ ▼♦♥t❡✲❈❛r•♦ ❛♣♣r♦❛❝❤✱ ✈❛r✐♦✉s ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ♦❜t❛✐♥ ❢♦r ❞✐✛❡r❡♥t t✐♠❡s❝❛•❡ s❡♣❛r❛t✐♦♥s✱ ✉♥❞❡r t❤❡ ❝♦♠♠♦♥ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ s②st❡♠ s✐③❡ ❜❡✲ ✐♥❣ •❛r❣❡✳ ❚❤❡ •❛r❣❡✲♣♦♣✉•❛t✐♦♥ •✐♠✐t ❜② ✐ts❡•❢ ②✐❡•❞s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ t♦ ❢r❡q✉❡♥❝②✲ ❛♥❞ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t s❡•❡❝t✐♦♥ s❝❡♥❛r✐♦s ♦❢ ❑✐♠✉r❛✬s ✭✶✾✻✺✮ ❝♦♥t✐♥✉✉♠✲♦❢✲❛••❡•❡s ♠♦❞❡• ✭❛ ♥♦♥•✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥✮✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ s♠❛•• ♠✉t❛t✐♦♥❛• ❡✛❡❝ts✱ ✉♥✲ ❞❡r ✇❤✐❝❤ ❑✐♠✉r❛ ❞❡r✐✈❡❞ ❛ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❤✐s ♠♦❞❡•✱ ❝❛♥ ❜❡ ♠❛❞❡ ✇❤✐•❡ s✐♠✉•t❛♥❡♦✉s•② ❛❝❝❡•❡r❛t✐♥❣ t❤❡ ✐♥❞✐✈✐❞✉❛• ♣r♦❝❡ss ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✳ ❚❤✐s •❡❛❞s t♦ s❡♣❛✲ r❛t✐♥❣ t❤❡ t✐♠❡s❝❛•❡ ♦❢ ✐♥❞✐✈✐❞✉❛• ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ✭❛ss✉♠❡❞ t♦ ❜❡ ❢❛st✮ ❢r♦♠ t❤❡ t✐♠❡s❝❛•❡ ♦❢ ♣♦♣✉•❛t✐♦♥ ❞❡♠♦❣r❛♣❤② ✭♦✈❡r ✇❤✐❝❤ s✐❣♥✐✜❝❛♥t ♣♦♣✉•❛t✐♦♥ ❣r♦✇t❤ ♦r ❞❡❝•✐♥❡ ♦❝❝✉rs✮✳ ❚❤✐s t✐♠❡s❝❛•❡ s❡♣❛r❛t✐♦♥ ♠❛② ❜❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ t♦ st✉❞② t❤❡ ✐♥t❡r♣•❛② ♦❢ ❡❝♦•♦❣✐❝❛• ❛♥❞ ❡✈♦•✉t✐♦♥❛r② ♣r♦❝❡ss❡s ✐♥ ♠✐❝r♦♦r❣❛♥✐s♠s ✭❚✉r❝❤✐♥✱ ✷✵✵✸❀ ▼❛❝▲❡❛♥✱ ✷✵✵✺✮✱ ✐♥❝•✉❞✐♥❣ ♣❛t❤♦❣❡♥s ✐♥ ✇❤✐❝❤ t❤❡ ❝♦♥❝❡r♥ ♦❢ r❛♣✐❞ ❡✈♦•✉t✐♦♥ ✉r❣❡s t❤❡ ♥❡❡❞ ❢♦r ❛♣♣r♦♣r✐❛t❡ ♠♦❞❡•✐♥❣ t♦♦•s✳ ❚❤❡ r❡s✉•t✐♥❣ ♠♦❞❡• ✐s ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ s✐♠✐•❛r t♦ ❑✐♠✉r❛✬s ❛♣♣r♦①✐✲ ♠❛t✐♦♥ ❛♥❞ ❣❡♥❡r❛•✐③❡❞ t♦ ❢r❡q✉❡♥❝②✲ ❛♥❞ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t s❡•❡❝t✐♦♥✳ ■♥t❡r❡st✐♥❣•②✱ t❤❡ s❝❛•✐♥❣ ❡①♣♦♥❡♥t ✭η✱ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✮ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ♣r♦♣❡r ❛❝❝❡•❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❛s t❤❡ ♣♦♣✉•❛t✐♦♥ s✐③❡ ✐s ♠❛❞❡ •❛r❣❡r✱ ❤❛s ♥♦ ❡✛❡❝t ♦♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✱ ❡①❝❡♣t ✇❤❡♥ η = 1 ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ♠❛①✐♠✉♠ ❜✐rt❤✲❞❡❛t❤ ❛❝❝❡•❡r❛t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡• ✐s str✉❝t✉r❛••② ❞✐✛❡r❡♥t✱ ❛s ✐t t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ st♦❝❤❛st✐❝ ♣❛rt✐❛• ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥✳ ❙✐♠✉•❛t✐♦♥s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛• ♣r♦❝❡ss ✐♥ t❤✐s ❝❛s❡ ✭❋✐❣✳ ✷ ✭❝✮✕✭❞✮✮ s❤♦✇ t❤❛t t❤❡ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❤❛s ❛ ✜♥❡•② ❜r❛♥❝❤❡❞✱ ❢r❛❝t❛• str✉❝t✉r❡ ✭✇❡ s✉s♣❡❝t t❤❛t ✐ts ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✐s ❜❡t✇❡❡♥ ✶ ❛♥❞ ✷✮❀ t❤❡ ♣♦♣✉•❛t✐♦♥ ❞✐s♣•❛②s ✇✐•❞ ✢✉❝t✉❛t✐♦♥s ✐♥ t♦t❛• s✐③❡✱ ❛♥❞ ❢❛❝❡s ❛ ❤✐❣❤ r✐s❦ ♦❢ r❛♣✐❞ ❡①t✐♥❝t✐♦♥✖❛ ♣❤❡♥♦♠❡♥♦♥ ❛❦✐♥ t♦ ❡✈♦•✉t✐♦♥❛r② s✉✐❝✐❞❡ ✭❉✐❡❝❦♠❛♥♥ ❛♥❞ ❋❡rr✐èr❡✱ ✷✵✵✹✮✳ ❚❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ✭❢❛st✮ ✐♥❞✐✈✐❞✉❛• ❜✐rt❤ ❛♥❞ ❞❡❛t❤ t✐♠❡s❝❛•❡ ❛♥❞ s•♦✇ ♣♦♣✉•❛t✐♦♥ ❞❡♠♦❣r❛♣❤② ❝❛♥ ❛•s♦ ❜❡ ❛ss✉♠❡❞ ✉♥❞❡r ❛ r❛r❡✲ ✭r❛t❤❡r t❤❛♥ s♠❛••✲✮ ♠✉t❛t✐♦♥ s❝❡♥❛r✐♦✳ ❆ ♠♦❞❡• s✐♠✐•❛r t♦ ❑✐♠✉r❛✬s ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ♦❜t❛✐♥s✱ ❜✉t ✐♥ ✇❤✐❝❤ t❤❡ ❵•♦ss✬ ♦❢ ✐♥❞✐✈✐❞✉❛• ❜✐rt❤s ✇✐t❤ ❛♥② ❣✐✈❡♥ tr❛✐t ❞✉❡ t♦ ♠✉t❛t✐♦♥ ✐s ♥♦t ❛♣♣❛r❡♥t✳ ❚❤✐s r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t ✇❤❡♥ t❤❡ ❜✐rt❤ ♣r♦❝❡ss ✐s ❢❛st ✇❤✐•❡ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐•✐t② ❜❡❝♦♠❡s ✐♥✜♥✐t❡s✐♠❛•✱ ✷✺ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❛♥② ❣✐✈❡♥ tr❛✐t ❞✉❡ t♦ ♠✉t❛t✐♦♥ ✐s ❝❛✉s❡❞ ♣r❡❞♦♠✐♥❛♥t•② ❜② ❵✐♥❝♦♠✐♥❣✬ ♠✉t❛♥ts ❜♦r♥ ❢r♦♠ ♣r♦❣❡♥✐t♦rs ❝❛rr②✐♥❣ ♦t❤❡r tr❛✐t ✈❛•✉❡s✳ ❆s ❜❡❢♦r❡✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡• ❞♦❡s ♥♦t ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ ❜✐rt❤✲❞❡❛t❤ ❛❝❝❡•❡r❛t✐♦♥ ❡①♣♦♥❡♥t η✱ ❡①❝❡♣t ✇❤❡♥ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❛r❡ ♠❛❞❡ ♠❛①✐♠❛••② ❢❛st ✭η = 1✮✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ♠♦❞❡• ✐s ❛ st♦❝❤❛st✐❝ ♥♦♥•✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥✳ ❚❤❡ ♣r❡✈✐♦✉s •✐♠✐ts ♠❛❦❡ t❤❡ t✐♠❡s❝❛•❡s ♦❢ ❵t②♣✐❝❛•✬ ♠✉t❛t✐♦♥ st❡♣s ❛♥❞ ❵t②♣✐❝❛•✬ ✈❛r✐✲ ❛t✐♦♥ ✐♥ ♣♦♣✉•❛t✐♦♥ s✐③❡ ❝♦✐♥❝✐❞❡✳ ❆♥ ❛•t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✐s t♦ ❛ss✉♠❡ t❤❛t ✈❛r✐❛t✐♦♥ ✐♥ ♣♦♣✉•❛t✐♦♥ s✐③❡ ♦❝❝✉rs ♦♥ ❛ ❢❛st t✐♠❡s❝❛•❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ t✐♠❡s❝❛•❡ ♦❢ ♠✉t❛t✐♦♥ st❡♣s✳ ❚❤✐s ✐s t❤❡ ❜❛s✐s ❢♦r ♠♦❞❡•✐♥❣ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛s st♦❝❤❛st✐❝ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡✲ q✉❡♥❝❡s ✭▼❡t③ ❡t ❛•✳✱ ✶✾✾✻✮✱ ✇❤✐❝❤ ✉♥❞❡r•✐❡s t❤❡ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ❛♣♣r♦❛❝❤✳ ❲❡ s❤♦✇ t❤❛t s✉❝❤ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡s ❛r❡ tr❛•❡❝t♦r✐❡s ♦❢ ❛ •✉♠♣ ♣r♦❝❡ss ✇❤✐❝❤ ♦❜t❛✐♥s ✉♥✲ ❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛♥ ❛♥❝❡str❛• ♣♦♣✉•❛t✐♦♥ ❜❡✐♥❣ ♠♦♥♦♠♦r♣❤✐❝✳ ❖✉r ❛♣♣r♦❛❝❤ ❝•❡❛r•② ✐s♦•❛t❡s ❛♥❞ s♦•✈❡s t❤❡ t✇♦ ❦❡② ✐ss✉❡s r❛✐s❡❞ ❜② t❤❡ ❤❡✉r✐st✐❝s ♦❢ t❤❡ ♦r✐❣✐♥❛• ❞❡r✐✈❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ♠♦❞❡•s ✭❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✱ ✶✾✾✻✮✳ ❖♥❡ ✐ss✉❡ ✐s ✉♥❞❡rs❝♦r❡❞ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r ♦❢ t❤❡ •✉♠♣ ♣r♦❝❡ss✳ ■♥ ❉✐❡❝❦♠❛♥♥✲▲❛✇✬s ❤❡✉r✐st✐❝s✱ t❤❡ ♣♦♣✉•❛t✐♦♥ ❣r♦✇t❤ ♦❢ ❛ ♠✉t❛♥t ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ •❛•t♦♥✲❲❛ts♦♥ ❜r❛♥❝❤✐♥❣ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❛♣♣r♦♣r✐❛t❡•② ❛ss✉♠❡s t❤❛t t❤❡ ♠✉t❛♥t ♣♦♣✉•❛t✐♦♥ ✐s ✜♥✐t❡❀ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❤♦✇❡✈❡r✱ t❤❡ ♠✉t❛♥t ❜r❛♥❝❤✐♥❣ ♣r♦❝❡ss ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ r❡s✲ ✐❞❡♥t ♣♦♣✉•❛t✐♦♥ ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥✜♥✐t❡•② •❛r❣❡✳ |❡s♦•✈✐♥❣ t❤❡ t❡♥s✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ ❝♦♥✢✐❝t✐♥❣ ❛ss✉♠♣t✐♦♥s r❡q✉✐r❡s t❤❛t t❤❡ ✇❤♦•❡ s②st❡♠ ❜❡ r❡❣❛r❞❡❞ ❛s ✜♥✐t❡✱ ✇❤✐❝❤ t❤❡♥ r❛✐s❡s t❤❡ ✐ss✉❡ t❤❛t t❤❡ r❡s✐❞❡♥t ♣♦♣✉•❛t✐♦♥✱ ❜❡✐♥❣ •❛r❣❡ ②❡t ✜♥✐t❡✱ ♠❛② st♦❝❤❛st✐❝❛••② ❞r✐❢t ❛✇❛② ❢r♦♠ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐•✐❜r✐✉♠ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ✐♥✜♥✐t❡•② •❛r❣❡ ♣♦♣✉•❛t✐♦♥ •✐♠✐t✳ ❚❤❡ ✐ss✉❡ ✐s t❛❦❡♥ ❝❛r❡ ♦❢ ❜② ✉s✐♥❣ •❛r❣❡ ❞❡✈✐❛t✐♦♥ t❤❡♦r② t♦ s♣❡❝✐❢② t❤❡ ❛♣♣r♦♣r✐❛t❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛•❡ ♦✈❡r ✇❤✐❝❤ t❤✐s ✐s ✉♥•✐❦❡•② t♦ ❤❛♣♣❡♥✳ ❚❤❡ s❡❝♦♥❞ ✐ss✉❡ ✇✐t❤ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ❤❡✉r✐st✐❝s ✭❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✱ ✶✾✾✻✮ ✇❛s t❤❡ ♥♦t✐♦♥ t❤❛t t❤❡ s♦•✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ s❤♦✉•❞ ❞❡s❝r✐❜❡ t❤❡ ♠❡❛♥ tr❛✐t ✈❛•✉❡ ✐♥ t❤❡ ♣♦♣✉•❛t✐♦♥ ❢♦r s♠❛•• ♠✉t❛t✐♦♥ st❡♣s✳ ❖✉r ❞❡r✐✈❛t✐♦♥ s❤♦✇s t❤❛t✱ ✐♥ ❢❛❝t✱ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ❞r✐✈❡s t❤❡ ❡①❛❝t ♣❛t❤ ♦❢ t❤❡ •✉♠♣ ♣r♦❝❡ss ✐♥ t❤❡ •✐♠✐t ♦❢ ✐♥✜♥✐t❡s✐♠❛• ♠✉t❛t✐♦♥ st❡♣s✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ♠❛t❤❡♠❛t✐❝❛• •✉st✐✜❝❛t✐♦♥ ❢♦r ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✬s ✏♠❡❛♥ ♣❛t❤✑ ✐♥t❡r♣r❡t❛t✐♦♥✳ ❖✉r ❞❡r✐✈❛t✐♦♥ ❢✉rt❤❡r ✐♠♣•✐❡s t❤❛t t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ♦r❜✐ts ❞❡s❝r✐❜❡ ♣♦♣✉•❛t✐♦♥ ❝❤❛♥❣❡ ♦♥ ❛ ❵s✉♣❡r •♦♥❣✬ t✐♠❡s❝❛•❡✿ ✜rst•②✱ t✐♠❡ t ✐s s❝❛•❡❞ ❛s t/Ku K ✇❤❡r❡ u K = o(1/K) ✐s t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐•✐t② ✭r❛r❡ ♠✉t❛t✐♦♥ ❛ss✉♠♣t✐♦♥✮ ❛♥❞ s❡❝♦♥❞•②✱ t✐♠❡ ✐s s❝❛•❡❞ ❜② 1/ε 2 ✇❤❡r❡ ε ✐s t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ ♠✉t❛t✐♦♥ st❡♣s✳ ❚❤✐s r❡s❝❛•✐♥❣ ♠❛② ❜❡ t❛❦❡♥ ❛s ❛ ❢♦r♠❛• ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❵♠❛❝r♦❡✈♦•✉t✐♦♥❛r②✬ t✐♠❡s❝❛•❡✳ ✻✳✷ ❇✐♦•♦❣✐❝❛• ✐♥s✐❣❤ts ❢r♦♠ t❤❡ ♣r♦❝❡ss ♦❢ ♠♦❞❡• ❝♦♥str✉❝t✐♦♥ ❣❡♥❡r❛• ❝♦♥❝•✉s✐♦♥ t❤❛t ❡♠❡r❣❡s ❢r♦♠ t❤✐s ✇♦r❦ ✐s t❤❛t ❤♦✇ t✐♠❡s❝❛•❡s ♦❢ ✐♥❞✐✈✐❞✉❛• ♣r♦❝❡ss❡s ❝♦♠♣❛r❡ t♦ ❡❛❝❤ ♦t❤❡r ❝❛♥ ❤❛✈❡ ❛ ♠❛•♦r ✐♠♣❛❝t ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ✭✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥s ✈❡rs✉s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✱ ❞❡t❡r♠✐♥✐st✐❝ ✈❡r✲ s✉s st♦❝❤❛st✐❝✮✱ ❤❡♥❝❡ ♦♥ t❤❡ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ♣r❡❞✐❝t❡❞ ❜② t❤❡s❡ ♠♦❞❡•s✳ ❚❤✐s ✇❛s •✉❝✐❞•② ❛♥t✐❝✐♣❛t❡❞ ❜② ❇❛rt♦♥ ❛♥❞ P♦•❡❝❤♦✈❛ ✭✷✵✵✺✮ ✐♥ ❛ ❝♦♠♠❡♥t❛r② ♦❢ t❤❡ •✐♠✐t❛t✐♦♥s ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ♠♦❞❡•s✱ ❛♥❞ ✐s ❤❡r❡✐♥ ✐••✉str❛t❡❞ ❜② s✐♠✉•❛t✐♦♥s ✭❋✐❣s✳ ✶ ❛♥❞ ✷✮✱ t❤❛t ❤✐♥t ❛t ❛ ✇❤♦•❡ ❛rr❛② ♦❢ str✐❦✐♥❣•② ❞✐✛❡r❡♥t q✉❛•✐t❛t✐✈❡ ❜❡❤❛✈✐♦rs✿ • ■♥ •❛r❣❡ ♣♦♣✉•❛t✐♦♥s✱ t❤❡ ♣r♦❝❡ss ♦❢ ❞✐✈❡rs✐✜❝❛t✐♦♥ ✐s ❢❛st❡r ✭❝♦♠♣❛r❡ ❋✐❣s✳ ✶ ✭❛✮ ✷✻ ❛♥❞ ✭❜✮✮ ❛♥❞ ❝❛♥ t✉r♥ ❢r♦♠ ❣r❛❞✉❛• ✭❋✐❣✳ ✶ ✭❜✮✮ t♦ ❞✐s❝♦♥t✐♥✉♦✉s ❛♥❞ st❡♣✲✇✐s❡ ✭❋✐❣✳ ✶ ✭❝✮✮✳ • ❋♦r ❛ ❣✐✈❡♥ s②st❡♠ s✐③❡✱ ❡①tr❡♠❡ ♠✉t❛t✐♦♥ r❛r✐t② ❝❤❛♥❣❡s t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ ❞✐✈❡rs✐❢②✐♥❣ ❞②♥❛♠✐❝s ✐♥ ✇❤✐❝❤ ❜♦t❤ st❛❜✐•✐③✐♥❣ s❡•❡❝t✐♦♥ ❛♥❞ ❞✐sr✉♣t✐✈❡ s❡•❡❝t✐♦♥ ♣•❛② str♦♥❣ r♦•❡s ✭❋✐❣✳ ✶ ✭❜✮✮✱ t♦ ❛ ♣❛tt❡r♥ ❞♦♠✐♥❛t❡❞ ❜② st❛❜✐•✐③✐♥❣ s❡•❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♣♦♣✉•❛t✐♦♥ r❡♠❛✐♥s ❡ss❡♥t✐❛••② ♠♦♥♦♠♦r♣❤✐❝ ✭❋✐❣✳ ✶ ✭❞✮✮✳ • ❲❤❡♥ r❛r❡ ♠✉t❛t✐♦♥s ♦❝❝✉r ✐♥ ❛ •❛r❣❡ ♣♦♣✉•❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛•s r❡♣r♦❞✉❝✐♥❣ ❛♥❞ ❞②✐♥❣ ❛t ❤✐❣❤ r❛t❡s✱ ♣❤❡♥♦t②♣✐❝ ❞✐✈❡rs✐✜❝❛t✐♦♥ ♦❝❝✉rs✱ ❛•t❤♦✉❣❤ ♠♦r❡ s•♦✇•② ❛♥❞ t♦ ❛ •❡ss❡r ❡①t❡♥t ✭❋✐❣✳ ✷ ✭❜✮✮✳ • ■♥ ❛ •❛r❣❡ ♣♦♣✉•❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛•s r❡♣r♦❞✉❝✐♥❣ ❛♥❞ ❞②✐♥❣ ❢❛st✱ ♠✉t❛t✐♦♥s t❤❛t ❛r❡ s♠❛•• r❛t❤❡r t❤❛♥ r❛r❡ ✇✐•• ❝❛✉s❡ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ♣❛tt❡r♥ ♦❢ ❞✐✈❡rs✐✜❝❛t✐♦♥ s✐♠✐•❛r t♦ ❋✐❣✳ ✶ ✭❝✮✱ s❡❡ ❋✐❣✳ ✷ ✭❛✮✳ ❍♦✇❡✈❡r✱ ❛s ♠✉t❛t✐♦♥ ♣❛r❛♠❡t❡rs µ ❛♥❞ σ ❜❡❝♦♠❡ s♠❛••❡r✱ t❤❡ t❡♥❞❡♥❝② ❢♦r ❞✐✈❡rs✐✜❝❛t✐♦♥ ✐s str♦♥❣•② •✐♠✐t❡❞✱ ✇❤✐❝❤ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ t✐♠❡s❝❛•❡ ♦❢ ❞✐✈❡rs✐✜❝❛t✐♦♥ ✐s ❤✐❣❤•② s❡♥s✐t✐✈❡ t♦ t❤❡ ♠✉t❛t✐♦♥ ♣❛tt❡r♥✳ • ❍♦✇❡✈❡r✱ ♠❛①✐♠❛• ❛❝❝❡•❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠✐♥✐♠❛• ♠✉t❛t✐♦♥ st❡♣s ✐♥ •❛r❣❡ s②st❡♠s ❣❡♥❡r❛t❡s ②❡t ❛♥♦t❤❡r t②♣❡ ♦❢ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s✱ ✐♥✈♦•✈✐♥❣ ❛ ❤✐❣❤ r❛t❡ ♦❢ ❞✐✈❡rs✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐♥t♦ ✜♥❡ ♣❤❡♥♦t②♣✐❝ ❝•✉st❡rs ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❤✐❣❤ r❛t❡ ♦❢ ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡s❡ ❝•✉st❡rs❀ t❤❡ r❡s✉•t✐♥❣ ❡✈♦•✉t✐♦♥❛r② ♣❛tt❡r♥ ❤❛s ❛ r❡♠❛r❦❛❜•❡ ❢r❛❝t❛• str✉❝t✉r❡✱ ❛s s❡❡♥ ✐♥ ❋✐❣✳ ✷ ✭❝✮✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ♣❛tt❡r♥ s❤♦✇♥ ✐♥ t❤❛t ✜❣✉r❡ s✉❣❣❡sts t❤❛t t❤❡r❡ ♠✐❣❤t ❡①✐st ❛ ❣❡♥❡r❛• s❝❛•✐♥❣ r❡•❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✇✐❞t❤ ♦❢ ♣❤❡♥♦t②♣✐❝ ❝•✉st❡rs ❛♥❞ t❤❡✐r r❛t❡ ♦❢ ❡①t✐♥❝t✐♦♥✳ ❆ s✐♠♣•✐st✐❝ ❛s♣❡❝t ♦❢ ♦✉r ♠♦❞❡•s r❡s✐❞❡s ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♣❤②s✐♦•♦❣✐❝❛•✱ s♦❝✐❛• ♦r ❡♥✈✐r♦♥♠❡♥t❛• str✉❝t✉r❡✿ t❤❡ ✐♥❞✐✈✐❞✉❛• •✐❢❡ ❤✐st♦r② ✐s r❡❞✉❝❡❞ t♦ t❤❡ s✐♠♣•❡st ♣♦ss✐❜•❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss✳ ❆•t❤♦✉❣❤ t❤✐s s✐♠♣•✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ ♥❛rr♦✇s ❞♦✇♥ t❤❡ s❝♦♣❡ ♦❢ ♦✉r t❤❡♦r②✱ ✐t ❤❛s t❤❡ ♠❡r✐t ♦❢ ♠❛❦✐♥❣ t❤❡ ♠♦❞❡•s t❤✉s ♦❜t❛✐♥❡❞ ❞✐r❡❝t•② ❝♦♠♣❛r❛❜•❡ t♦ t❤❡ ❝•❛ss✐❝❛• ♠♦❞❡•s ♦❢ ♣♦♣✉•❛t✐♦♥ ❣❡♥❡t✐❝s✱ q✉❛♥t✐t❛t✐✈❡ ❣❡♥❡t✐❝s ❛♥❞ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s✱ ✇❤✐❝❤ ✇❡r❡ ❞❡r✐✈❡❞ ✉♥❞❡r ❛ s✐♠✐•❛r ❛ss✉♠♣t✐♦♥✳ ▼✉❝❤ ❣❡♥❡r❛•✐t②✱ ❤♦✇❡✈❡r✱ ✐s ❦❡♣t ✐♥ ♦✉r tr❡❛t♠❡♥t ♦❢ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ✐♥ t❤❡ ✇❛② ❛❞❛♣t✐✈❡ tr❛✐ts ✐♥✢✉❡♥❝❡ ✐♥❞✐✈✐❞✉❛• ♣r♦❝❡ss❡s✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛❝❝❡•❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✱ t❤❡ ♠♦st ❣❡♥❡r❛• ❝❛s❡ ✇❡ ❝♦✉•❞ ❤❛♥❞•❡ ✐♥✈♦•✈❡❞ r❡s❝❛•✐♥❣ t❤❡ ❜✐rt❤ r❛t❡ ❛s b K = b x, U K * ν + r(x)K η ✭✻✳✶✮ ✭❛♥❞ s✐♠✐•❛r r❡s❝❛•✐♥❣ ❢♦r t❤❡ ❞❡❛t❤ r❛t❡✮✳ ❚❤✐s r❡•❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❜✐rt❤ ❛♥❞ s②st❡♠ s✐③❡ •❡♥❞s ✐ts❡•❢ t♦ ✐♥t❡r♣r❡t❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛••♦♠❡tr✐❡s ❛♥❞ •✐❢❡✲❤✐st♦r② s❝❛•✐♥❣ ✭❈❛•❞❡r✱ ✶✾✽✹❀ ❈❤❛r♥♦✈✱ ✶✾✾✸❀ ❇r♦✇♥ ❡t ❛•✳✱ ✷✵✵✹✮✳ ❊q✉❛t✐♦♥ ✭✻✳✶✮ ♠❡❛♥s t❤❛t ❢♦r •❛r❣❡ s②st❡♠ s✐③❡✱ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ✐s ❡✛❡❝t✐✈❡•② ❵❢❡•t✬ ❜② ❛♥② ✐♥❞✐✈✐❞✉❛• ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ •❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❡t✐t♦rs ✭r❛t❤❡r t❤❛♥ t❤❡ ✐♥❞✐✈✐❞✉❛• ❡✛❡❝t ♦❢ ❡❛❝❤ ❝♦♠♣❡t✐t♦r✮✱ ✇❤✐❝❤ s✉❣❣❡st t❤❛t •❛r❣❡ s②st❡♠ s✐③❡ ✐♠♣•✐❝✐t•② ❝♦♠❡s ❛•♦♥❣ ✇✐t❤ ✐♥❞✐✈✐❞✉❛•s ❜❡✐♥❣ s♠❛••✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❵t❛①♦♥♦♠✐❝ s✐③❡✬ ✭♦r ♠❛ss✮ m t♦ ❡①♣r❡ss s✉❝❤ ❛ r❡•❛t✐♦♥s❤✐♣ ♠♦r❡ ♣r❡❝✐s❡•②✳ ❖♥❡ ❝❛♥ t❤✐♥❦ ♦❢ m ❛s ❛ ♠❛❝r♦s❝♦♣✐❝ ♣❛r❛♠❡t❡r ✭❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❛ s♣❡❝✐❡s ✷✼ ♦r t❛①♦♥♦♠✐❝ ❣r♦✉♣✮ ✇❤✐❝❤ ✐s ✜①❡❞ ♦♥ t❤❡ ♠✐❝r♦❡✈♦•✉t✐♦♥❛r② s❝❛•❡ ♦✈❡r ✇❤✐❝❤ x ❝❛♥ ❝❤❛♥❣❡ ❛❞❛♣t✐✈❡•②✳ ■t ✐s ❦♥♦✇♥ ✭❉❛♠✉t❤✱ ✶✾✽✼❀ ❇❡•❣r❛♥♦ ❡t ❛•✳✱ ✷✵✵✷✮ t❤❛t t❤❡ s②st❡♠ s✐③❡✱ K✱ s❝❛•❡s ✇✐t❤ t❤❡ -3/4 ♣♦✇❡r ♦❢ ✭t❛①♦♥♦♠✐❝✮ ❜♦❞② ♠❛ss✱ m✳ ❚❤✉s✱ ❛❝r♦ss t❤❡ r❛♥❣❡ ♦❢ •❛r❣❡ s②st❡♠ s✐③❡s✱ ✐✳❡✳✱ s♠❛•• ♦r❣❛♥✐s♠s✱ t❤❡ ❜✐rt❤ r❛t❡ ❣✐✈❡♥ ❜② ❊q✳ ✭✻✳✶✮ ✐s ❛♣♣r♦①✐♠❛t❡•② ❡q✉❛• t♦ r(x)m -3η/4 ✳ ❚❤✉s✱ t❤✐s ♠♦❞❡• ♠❛❦❡s ✐t ♣♦ss✐❜•❡ t♦ ❡①♣•♦r❡ t❤❡ ❛❞❛♣t✐✈❡ ❡✈♦•✉t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❝❡♣t✱ r(x)✱ ✭❛t •❡❛st ♦✈❡r ❛ r❛♥❣❡ ♦❢ s✉✣❝✐❡♥t•② s♠❛•• ♠❛ss✮ ♦❢ t❤❡ ♣♦✇❡r •❛✇ t❤❛t s❝❛•❡s ❜✐rt❤ r❛t❡ ✇✐t❤ ❜♦❞② ♠❛ss✖❛♥ ✐ss✉❡ ❝✉rr❡♥t•② ❛ttr❛❝t✐♥❣ ♠✉❝❤ ❛tt❡♥t✐♦♥ ❢r♦♠ •✐❢❡✲❤✐st♦r② ❜✐♦•♦❣✐sts ✭❊❝♦♥♦♠♦ ❡t ❛•✳✱ ✷✵✵✺❀ ▼❝❈❛rt❤② ❛♥❞ ❊♥q✉✐st✱ ✷✵✵✺✮✳ ❚❤❡ ✐❞❡❛ t❤❛t ♠♦st ♠✉t❛t✐♦♥s ❛r❡ ❝❛✉s❡❞ ❜② ♠♦•❡❝✉•❛r ♣r♦❝❡ss❡s t❤❛t ✉•t✐♠❛t❡•② ❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♠❡t❛❜♦•✐s♠ ❤❛✈❡ •❡❞ •✐••♦♦•② ❡t ❛•✳ ✭✷✵✵✺✮ t♦ ♣r❡❞✐❝t t❤❛t ♣♦✐♥t ♠✉t❛t✐♦♥s ♦❝❝✉r ❛t ❛ r❛t❡ ♣r♦♣♦rt✐♦♥❛• t♦ ♠❡t❛❜♦•✐❝ r❛t❡✱ ✐✳❡✳ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❡♥❡r❣② ❛♥❞ ♠❛t❡r✐❛•s ❛r❡ t❛❦❡♥ ✉♣ ❢r♦♠ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ✉s❡❞ ❢♦r ♠❛✐♥t❡♥❛♥❝❡✱ ❣r♦✇t❤ ❛♥❞ r❡♣r♦❞✉❝t✐♦♥✳ ❚❤❡ ♠❡t❛❜♦•✐❝ r❛t❡✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣♦✐♥t ♠✉t❛t✐♦♥ r❛t❡ s❤♦✉•❞ s❝❛•❡ ❛s t❤❡ -1/4 ♣♦✇❡r ♦❢ ❜♦❞② ♠❛ss✱ m✱ ❤❡♥❝❡ ❛s t❤❡ +1/3 ♣♦✇❡r ♦❢ s②st❡♠ s✐③❡✱ K ✭•✐••♦♦•② ❡t ❛•✳✱ ✷✵✵✶✮✳ Pr♦✈✐❞❡❞ t❤❛t t❤❡ ♠✉t❛t✐♦♥ st❡♣ ✈❛r✐❛♥❝❡ s❝❛•❡s ❛s K -η ✱ t❤✐s ♣❛tt❡r♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♠♦❞❡• ✭✻✳✶✮ ✇✐t❤ η = 1/3✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ •❛r❣❡ ♣♦♣✉•❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛•s s✉❜•❡❝t t♦ ❢❛st ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s ❛♥❞ r❛r❡ ♠✉t❛t✐♦♥✱ t❤❡ ♠✉t❛t✐♦♥ r❛t❡✱ b K µ K ✱ ✐s ❛♣♣r♦①✐♠❛t❡•② ❡q✉❛• t♦ rµ ❛♥❞ ❤❡♥❝❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ s②st❡♠ s✐③❡✳ ❙✉❝❤ t❡♥s✐♦♥ ✇✐t❤ •✐••♦♦•② ❡t ❛•✳✬s ✭✷✵✵✺✮ ♣r❡❞✐❝t✐♦♥s ♠❛② st❡♠ ❢r♦♠ t❤❡✐r ❞✐s♣✉t❛❜•② ❝♦♠❜✐♥✐♥❣ t❤❡ ♠❡t❛❜♦•✐❝ ❛♣♣r♦❛❝❤ t♦ s❝❛•✐♥❣ ♠✉t❛t✐♦♥ r❛t❡s ✇✐t❤ ❑✐♠✉r❛✬s ♥❡✉tr❛• t❤❡♦r② ♦❢ ♠♦•❡❝✉•❛r ❡✈♦•✉t✐♦♥ ✭❑✐♠✉r❛✱ ✶✾✻✽✮❀ ✐♥ ❢❛❝t✱ ❜♦❞② ♠❛ss ❛♥❞ ♠❡t❛❜♦•✐❝ r❛t❡s ❞♦ ❝❤❛♥❣❡ ✐♥ ❛ ♣r♦❝❡ss ♦❢ ♥♦♥✲♥❡✉tr❛• ❡✈♦•✉t✐♦♥✱ ✇❤✐❝❤ ✇❛rr❛♥ts s❡❡❦✐♥❣ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ •✐••♦♦•② ❡t ❛•✳✬s ✭✷✵✵✺✮ t❤❡♦r② ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ♣r❡s❡♥t❡❞ ❤❡r❡✳ ❆•• ♠✉t❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♣♦t❡♥t✐❛••② ✐♥✢✉❡♥❝❡❞ ❜② tr❛✐t ✈❛•✉❡s✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ♣♦ss✐❜•❡ t♦ st✉❞② t❤❡ ❡✈♦•✉t✐♦♥ ♦❢ t❤❡ ♠✉t❛❣❡♥❡s✐s ♣r♦❝❡ss ✐ts❡•❢✳ ❆♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ ♦✉r t❤❡♦r② ✐s t❤❛t ✐t ❞♦❡s ♥♦t ❛ss✉♠❡ t❤❛t ♠✉t❛t✐♦♥❛• ❡✛❡❝ts ❛r❡ s②♠♠❡tr✐❝❛• ❛r♦✉♥❞ t❤❡ ♣r♦❣❡♥✐t♦r✬s tr❛✐t ✈❛•✉❡s✳ |❡•❛①✐♥❣ t❤❡ s②♠♠❡tr② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♠✉t❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ •❡❛❞s t♦ ❡①t❡♥❞✐♥❣ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥s t♦ t❤❡ ❝❛s❡ ♦❢ ❜✐❛s❡❞ ♠✉t❛t✐♦♥✳ ❚❤✐s ♠❛② ❜❡ ✐♠♣♦rt❛♥t ❢♦r s❡✈❡r❛• r❡❛s♦♥s ✭P♦♠✐❛♥❦♦✇s❦✐ ❡t ❛•✳✱ ✶✾✾✶✮✱ t✇♦ ♦❢ t❤❡♠ ❜❡✐♥❣ str✉❝t✉r❛•✿ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❛♥② ♠✉t❛t✐♦♥ ❜✐❛s ✭♦r t❤❡ •❛❝❦ t❤❡r❡♦❢✮ ✐s s❝❛•❡ ❞❡♣❡♥❞❡♥t✳ ■❢ ♠✉t❛t✐♦♥ ✐s ✉♥❜✐❛s❡❞ ❣✐✈❡♥ ♦♥❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝❤❛r❛❝t❡r ❛♥❞ ♦♥❡ s❝❛•❡ ♦❢ ♠❡❛s✉r❡♠❡♥t t❤❡♥ ✐t ♠✉st ❜❡ ❜✐❛s❡❞ ❢♦r ♠❛♥② ♦t❤❡r ❞❡✜♥✐t✐♦♥s ❛♥❞ s❝❛•❡s✳ ❆•s♦✱ ♠✉t❛t✐♦♥ ❜✐❛s ♠❛② ❜❡ tr❛✐t✲❞❡♣❡♥❞❡♥t✿ t❤❡r❡ ♠❛② ❜❡ •✐tt•❡ ❜✐❛s ❛✇❛② ❢r♦♠ ❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✐t✐❡s✱ ❜✉t str♦♥❣ ❜✐❛s ❝•♦s❡ t♦ s✐♥❣✉•❛r✐t✐❡s t❤❛t ❛r❡ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ t❤❡ tr❛✐t s❡t✳ ❚❤❡r❡ ❛r❡ ❣❡♥❡t✐❝ r❡❛s♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ♦♣♣♦s✐t❡ ♠❛② ❤❛♣♣❡♥ t♦♦✳ ▼✉❦❛✐ ✭✶✾✻✹✮ ♣r❡❞✐❝t❡❞ t❤❛t ❞✉r✐♥❣ ❡♣✐s♦❞❡s ♦❢ ❞✐r❡❝t✐♦♥❛• s❡•❡❝t✐♦♥✱ ❝❤❛r❛❝t❡rs s❤♦✉•❞ s❤♦✇ ❛ ♥❡❣❛t✐✈❡ ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ ♠✉t❛t✐♦♥ ❜✐❛s ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ s❡•❡❝t✐♦♥❀ t❤❡r❡ ♠❛② ❜❡ ✇❡❛❦ ♠✉t❛t✐♦♥ ❜✐❛s ❝•♦s❡ t♦ t❤❡ ❛❞❛♣t✐✈❡ ♦♣t✐♠✉♠✱ ❜✉t str♦♥❣ ❜✐❛s ❛✇❛② ❢r♦♠ t❤❡ ♦♣t✐♠✉♠✳ ▼✉t❛❣❡♥❡s✐s st✉❞✐❡s ♣r♦✈✐❞❡ ❢✉rt❤❡r ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ♠✉t❛t✐♦♥ ❜✐❛s ✐♥ q✉❛♥t✐t❛t✐✈❡ tr❛✐ts ✭s❡❡ ❡✳❣✳ P♦♠✐❛♥❦♦✇s❦✐ ❡t ❛•✳✱ ✶✾✾✶✱ ❛♥❞ ▲❛✐ ❛♥❞ ▼❛❝❦❛②✱ ✶✾✾✵✮✳ ❲❤♦•❡✲❣❡♥♦♠❡ s❡q✉❡♥❝❡ ❛♥❛•②s✐s ✐♥ ❛ s✐♥❣•❡✲str❛♥❞❡❞ ❉◆❆ ❜❛❝t❡r✐♦♣❤❛❣❡ ❤❛s r❡❝❡♥t•② ♣r♦✈✐❞❡❞ ❞✐r❡❝t ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❡✛❡❝t ♦❢ ♠✉t❛t✐♦♥ ❜✐❛s ♦♥ t❤❡ ❝♦✉rs❡ ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦•✉t✐♦♥ ✭|♦❦②t❛ ❡t ❛•✳✱ ✷✵✵✺✮✳ ❖♥❡ ❛s♣❡❝t t❤❛t ❞❡t❡r♠✐♥✐st✐❝ •✐♠✐ts ♦❢ s❡•❡❝t✐♦♥ ❞②♥❛♠✐❝s ❢❛✐• t♦ ❛❝❝♦✉♥t ❢♦r ✐s r❛♥❞♦♠ ❞r✐❢t✖t❤❡ st♦❝❤❛st✐❝ ✜①❛t✐♦♥ ♦❢ ❛♥ ❛••❡•❡ ✇✐t❤ ♥❡❣❛t✐✈❡ ✜t♥❡ss✱ ♦r ❛s ❛ ❝♦r♦••❛r②✱ t❤❡ st♦❝❤❛s✲ t✐❝ ❡①t✐♥❝t✐♦♥ ♦❢ ❛♥ ❛••❡•❡ ✇✐t❤ ♣♦s✐t✐✈❡ ✜t♥❡ss✳ ❖✉r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥ ❛s ❛ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss r❡♣r❡s❡♥ts ❛ ✜rst st❡♣ t♦✇❛r❞s ❣❡♥❡r❛• ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ t❤✐s ❡✛❡❝t ✐♥ ✷✽ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ❞❡r✐✈❡❞ ❢r♦♠ ✐♥❞✐✈✐❞✉❛• st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛• ♥❛t✉r❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠♦❞❡• s✉❣❣❡sts t♦ ❢♦❝✉s ❛♥❛•②s✐s ♦♥ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♠✉•t✐st❛❜✐•✐t② ✐♥ t❤❡ ❝❛♥♦♥✐❝❛• ❡q✉❛t✐♦♥✱ t❤❛t ✐s✱ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ s❡✈❡r❛• ❛ttr❛❝t✐✈❡ ❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✐t✐❡s✳ ❚❤✐s ❢♦❝✉s ❤✐♥❣❡s ♦♥ t❤❡ ❝❡•❡❜r❛t❡❞ ✐ss✉❡ ♦❢ ❞✐s❡♥t❛♥❣•✐♥❣ t❤❡ ❡❝♦•♦❣✐❝❛• ❛♥❞ ❡✈♦•✉t✐♦♥❛r② ❝❛✉s❡s ❛♥❞ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❡♠♣✐r✐❝❛• r❡❝♦r❞s ♦❢ ♣✉♥❝t✉❛•✐s♠✱ ✐✳❡✳✱ ❵s❛•t❛t♦r②✬ ❞②♥❛♠✐❝s ❝❤❛r❛❝t❡r✐③❡❞ ❜② •♦♥❣ ♣❤❛s❡s ♦❢ ♣❤❡♥♦t②♣✐❝ st❛s✐s ✐♥t❡rs♣❡rs❡❞ ✇✐t❤ r❛♣✐❞ tr❛♥s✐t✐♦♥s ✭❡✳❣✳ ❙t❛♥•❡②✱ ✶✾✼✾✮✳ ❙♣❡❝✐✜❝❛••②✱ ❡✈❡♥ t❤♦✉❣❤ ♦✉r ❞✐✛✉s✐♦♥ ♠♦❞❡• ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ❛ss✉♠❡s t❤❛t t❤❡ ♣♦♣✉•❛t✐♦♥ r❡♠❛✐♥s ♠♦♥♦♠♦r♣❤✐❝✱ t❤❡ ♠♦❞❡•✬s ♣r♦♣❡rt✐❡s ✉♥❞❡rs❝♦r❡ t❤❡ ♣♦ss✐❜✐•✲ ✐t② ♦❢ ❝♦♥tr❛st✐♥❣ ♠❛❝r♦❡✈♦•✉t✐♦♥❛r② ♣❛tt❡r♥s ❞♦♠✐♥❛t❡❞ ❡✐t❤❡r ❜② ♣✉♥❝t✉❛t❡❞ ❡q✉✐•✐❜r✐❛✱ ♦r ❜② r❛❞✐❛t✐♦♥ ❡✈❡♥ts✳ |❛❞✐❛t✐♦♥ ♦❝❝✉rs ✇❤❡♥ t❤❡ ♣♦♣✉•❛t✐♦♥ ❞✐✈❡rs✐✜❡s ✐♥t♦ t✇♦ ♦r ♠♦r❡ ♣❤❡♥♦t②♣✐❝ ❜r❛♥❝❤❡s ✭✇❤✐❝❤ ♠❛② ❝♦rr❡s♣♦♥❞ t♦ s♣❡❝✐❛t✐♦♥ ✐♥ s❡①✉❛••② r❡♣r♦❞✉❝✐♥❣ s♣❡❝✐❡s✮ ✭❡✳❣✳ ❙❝❤•✉t❡r✱ ✷✵✵✵✮✳ ■t ♠✐❣❤t ❜❡ ♣♦ss✐❜•❡ t♦ ❞❡✈❡•♦♣ ❛ ❞✐✛✉s✐♦♥ ♠♦❞❡• ❛••♦✇✐♥❣ ❢♦r ❡✈♦•✉✲ t✐♦♥❛r② ❜r❛♥❝❤✐♥❣✱ ❢♦r ✇❤✐❝❤ ♦✉r ❛♥❛•②s✐s ❝♦✉•❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❢♦r ♣❤❡♥♦t②♣❡s t♦ ❞✐✈❡r❣❡ ❛r♦✉♥❞ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts ✇✐t❤ t❤❡ t✐♠❡ t❛❦❡♥ ❜② t❤❡ ♣♦♣✉•❛t✐♦♥ t♦ •✉♠♣ ❜❡t✇❡❡♥ t❤❡ ❜❛s✐♥s ♦❢ t❤❡s❡ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts✳ ❆•t❤♦✉❣❤ ❜r❛♥❝❤✐♥❣ ♠❛② ❜❡ ❛ ✉❜✐q✲ ✉✐t♦✉s ♣r♦♣❡rt② ♦❢ ❛ttr❛❝t✐✈❡ ❡✈♦•✉t✐♦♥❛r② s✐♥❣✉•❛r✐t✐❡s ✭❉♦❡❜❡•✐ ❛♥❞ ❉✐❡❝❦♠❛♥♥✱ ✷✵✵✵✮✱ t❤❡r❡ ♠✐❣❤t ❜❡ ❡❝♦•♦❣✐❝❛• ❛♥❞ ❣❡♥❡t✐❝ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❡✈♦•✉t✐♦♥ ✇♦✉•❞ ♣r♦❝❡❡❞ t❤r♦✉❣❤ ♣✉♥❝t✉❛t❡❞ ❡q✉✐•✐❜r✐❛ ❛♥❞ •♦♥❣✲t❡r♠ ❡✈♦•✉t✐♦♥❛r② ❝②❝•❡s✱ r❛t❤❡r t❤❛♥ ❜r❛♥❝❤✐♥❣ ❛♥❞ r❛❞✐❛t✐♦♥✱ ✐♥ s♣❡❝✐❡s t❤❛t ②❡t ♣♦ss❡ss ♠✉•t✐♣•❡ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts✳ ✻✳✸ ❈♦♥❝•✉s✐♦♥s |❡❝❡♥t•② P❛❣❡ ❛♥❞ ◆♦✇❛❦ ✭✷✵✵✷✮ s❤♦✇❡❞ t❤❛t ❛♣♣❛r❡♥t•② ❞✐s♣❛r❛t❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡•s ♦❢ ❡✈♦•✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛r❡✱ ✐♥ ❢❛❝t✱ ♣❛rt ♦❢ ❛ s✐♥❣•❡ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦✱ ✇❤✐•❡ ❡♠♣❤❛s✐③✐♥❣ t❤❛t ✏st♦❝❤❛st✐❝✱ s♣❛t✐❛• ♦r ✐♥❞✐✈✐❞✉❛•✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ✭✳ ✳ ✳ ✮ ❛r❡ ♥♦t♦r✐♦✉s•② ♠♦r❡ ❞✐✣❝✉•t t♦ ❞❡✈❡•♦♣ ❛♥❞ ❛♥❛•②③❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ♠✉❝❤ •❡ss ❛♠❡♥❛❜•❡ t♦ ❛♥② ❛tt❡♠♣t ♦❢ ✉♥✐✜❝❛t✐♦♥✑✳ ❇② ♠❛❦✐♥❣ ✉s❡ ♦❢ ❛❞✈❛♥❝❡❞ ♠❛t❤❡♠❛t✐❝❛• t♦♦•s ♦❢ ♣r♦❜❛❜✐•✐t② t❤❡♦r② ✭♠❛rt✐♥❣❛•❡s✱ •❛r❣❡ ❞❡✈✐❛t✐♦♥s✮✱ t❤✐s ✇♦r❦ ❛❝❤✐❡✈❡s ✉♥✐✜❝❛t✐♦♥ ♦❢ q✉❛♥t✐t❛t✐✈❡✲❣❡♥❡t✐❝s ❛♥❞ ❛❞❛♣t✐✈❡✲❞②♥❛♠✐❝s ♠♦❞❡•s✱ t♦❣❡t❤❡r ✇✐t❤ ♦t❤❡r✱ ♣r❡✈✐♦✉s•② ✉♥❦♥♦✇♥✱ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦✲ •✉t✐♦♥✳ ❖✉r ♣r❡s❡♥t❛t✐♦♥ ✉♥❞❡r•✐♥❡s ❜✐♦•♦❣✐❝❛• ✐♥s✐❣❤ts ❣❛✐♥❡❞ ❢r♦♠ t❤❡ ♣r♦❝❡ss ♦❢ ♠♦❞❡• ❝♦♥str✉❝t✐♦♥ ✐ts❡•❢✳ ❚❤❡ ♦❜✈✐♦✉s st❡♣ t♦ ❜❡ t❛❦❡♥ ♥❡①t ✐s ♠♦❞❡• ❛♥❛•②s✐s✱ ❡✳❣✳ ❡st❛❜•✐s❤✲ ✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ st❛t✐♦♥❛r② s♦•✉t✐♦♥s ❛♥❞ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡✐r str✉❝t✉r❡ ✭✐♥ t❤❡ ✇❛❦❡ ♦❢ ❇ür❣❡r ❛♥❞ ❇♦♠③❡✬s ✭✶✾✾✻✮ st✉❞② ♦❢ ❑✐♠✉r❛✬s ❡q✉❛t✐♦♥✮✱ ❜✉t t❤✐s ✐s ♥♦t tr✐✈✲ ✐❛•✳ ❊✈❡♥ t❤❡ ♥✉♠❡r✐❝❛• s✐♠✉•❛t✐♦♥ ♦❢ tr❛•❡❝t♦r✐❡s ♦❢ t❤❡ st♦❝❤❛st✐❝ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡•s ♣r♦✈❡ t♦ r❛✐s❡ ❢♦r♠✐❞❛❜•❡ ❝♦♠♣✉t❛t✐♦♥❛• ❞✐✣❝✉•t✐❡s✳ ❋✉rt❤❡r ❞✐r❡❝t✐♦♥s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤ ❛r❡ ♣r♦♠♣t❡❞ ❜② t❤❡ ❝❤❛••❡♥❣❡ ♦❢ r❡•❛①✐♥❣ t✇♦ ♣✐✈♦t❛• ❛ss✉♠♣t✐♦♥s ♦❢ ♦✉r ❛♣♣r♦❛❝❤✿ t❤❡ •❛r❣❡ s②st❡♠ s✐③❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ t❤❡ s✐♠♣•✐st✐❝ str✉❝t✉r❡ ♦❢ t❤❡ tr❛✐t s♣❛❝❡✳ ❚❤✉s✱ t❤❡ ♥❡①t ❣❡♥❡r❛t✐♦♥ ♦❢ ♠♦❞❡•s s❤♦✉•❞ ✭✐✮ ❛ss✉♠❡ •❛r❣❡ ②❡t ✜♥✐t❡ ♣♦♣✉•❛t✐♦♥s✱ ❛♥❞ t❤❡r❡✲ ❢♦r❡ st✉❞② ❜✐rt❤✲♠✉t❛t✐♦♥✲❞❡❛t❤ ♣r♦❝❡ss❡s ❝♦♥❞✐t✐♦♥❛• ♦♥ ♣♦♣✉•❛t✐♦♥ ♥♦♥✲❡①t✐♥❝t✐♦♥ ✭❡✳❣✳ •♦ss❡•✐♥✱ ✷✵✵✶✮❀ ❛♥❞ ✭✐✐✮ ❛❝❦♥♦✇•❡❞❣❡ t❤❡ ❝♦♠♣•❡① str✉❝t✉r❡ ♦❢ r❡❛• ♣❤❡♥♦t②♣✐❝ s♣❛❝❡ ❛♥❞ ❣❡♥♦t②♣❡✲♣❤❡♥♦t②♣❡ ♠❛♣♣✐♥❣ ✭❡✳❣✳ ❙t❛❞•❡r ❡t ❛•✳✱ ✷✵✵✶✮ t♦ ❛❝❝♦✉♥t ❢♦r ❞❡✈❡•♦♣♠❡♥t❛• ♥♦✐s❡ ❛♥❞ ♣•❛st✐❝✐t② ✐♥ ✈❛r✐❛❜•❡ ❡♥✈✐r♦♥♠❡♥ts ✭❡✳❣✳ P✐❣•✐✉❝❝✐✱ ✷✵✵✸✮✱ ❛♥❞ t❤❡r❡❢♦r❡ ✉s❡ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ♦♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛• ❢✉♥❝t✐♦♥ s♣❛❝❡s t♦ ♠♦❞❡• ✐♥❞✐✈✐❞✉❛• tr❛✐ts✳ ❚❤✐s ❛❣❡♥❞❛ ❞❡•✐♥❡❛t❡s s♦♠❡ ♦❢ t❤❡ ♥❡✇ ❢r♦♥t✐❡rs ❢❛❝✐♥❣ t❤❡ ♠❛t❤❡♠❛t✐❝❛• ❡①♣•♦r❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦✲ •✉t✐♦♥✳ ✷✾ ❆♣♣❡♥❞✐① ❲❡ ❞❡✈❡•♦♣ ❤❡r❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•ts t♦ ✭✹✳✺✮ ❛♥❞ ✭✹✳✻✮ st❛t❡❞ ✐♥ ❙❡❝✲ t✐♦♥ ✹✳✷✳✶✳ ❚❤❡ ♦t❤❡r r❡s✉•ts ♦❢ ❙❡❝t✐♦♥ ✹ ♦❜t❛✐♥ ❜② s✐♠✐•❛r ❛r❣✉♠❡♥ts✳ ❲❡ ❞❡♥♦t❡ ❜② M F = M F (R l ) t❤❡ s❡t ♦❢ ✜♥✐t❡ ♠❡❛s✉r❡s ♦♥ R l = X ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✇❡❛❦ t♦♣♦•♦❣②✱ ❛♥❞ ❜② D([0, T ], M F ) t❤❡ s❡t ♦❢ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛♥❞ •❡❢t✲•✐♠✐t❡❞ ❢✉♥❝t✐♦♥s ❢r♦♠ [0, T ] t♦ M F ✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❙❦♦r♦❤♦❞ t♦♣♦•♦❣②✳ ❲❡ ✇✐•• ❛•s♦ ✉s❡✱ ✇❤❡♥ ✐t ✐s ❝♦♥✈❡♥✐❡♥t✱ t❤❡ ♥♦t❛t✐♦♥ ν, f ❢♦r f (x)ν(dx)✳ ❲❡ r❡•② ♦♥ ❛•• t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✷✳✶✱ ♦❢ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹ ❛♥❞ ♦❢ ❙❡❝✲ t✐♦♥ ✹✳✷✳✶✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ M K (x, z) ✐s ❣✐✈❡♥ ❜② Σ(x)/K η ✱ ❛♥❞ ✇❡ ✇✐•• ❛ss✉♠❡ t❤❛t t❤❡ t❤✐r❞✲♦r❞❡r ♠♦♠❡♥t ♦❢ M K (x, z) ✐s ❜♦✉♥❞❡❞ ❜② C/K η+ε ✉♥✐✲ ❢♦r♠•② ✐♥ x ❢♦r s♦♠❡ ❝♦♥st❛♥ts C ❛♥❞ ε > 0✳ ▲❡t ✉s ❛•s♦ ❛ss✉♠❡ t❤❛t✱ ✐❢ √ Σ ❞❡♥♦t❡s t❤❡ s②♠♠❡tr✐❝❛• sq✉❛r❡ r♦♦t ♠❛tr✐① ♦❢ Σ✱ t❤❡ ❢✉♥❝t✐♦♥ √ Σrµ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ▲✐♣s❝❤✐t③✳ ❲❡ ✇✐•• ❛•s♦ ❛ss✉♠❡ t❤❛t b(x, ζ) ❛♥❞ d(x, ζ) ❛r❡ ❣•♦❜❛••② ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜•❡✱ t❤❛t X K 0 ❝♦♥✈❡r❣❡s ✐♥ •❛✇ t♦ ξ 0 ❢♦r t❤❡ ✇❡❛❦ t♦♣♦•♦❣② ✐♥ M F ❛♥❞ t❤❛t sup K E[ X K 0 , 1 3 ] < +∞. ✭❆✳✷✮ ❙✐♥❝❡ X K = 1 K ν K ✱ ❛♥❞ ✉s✐♥❣ ✭✷✳✷✮✱ t❤❡ ♣r♦❝❡ss X K ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ❣❡♥❡r❛t♦r L K φ(ν) = K R l (K η r(x) + b(x, V * ν(x)))(1 -µ(x))(φ(ν + 1 K δ x ) -φ(ν))ν(dx) + K R l (K η r(x) + b(x, V * ν(x)))µ(x) R l (φ(ν + 1 K δ x+z ) -φ(ν))M K (x, z)dzν(dx) + K R l (K η r(x) + d(x, U * ν(x)))(φ(ν - 1 K δ x ) -φ(ν))ν(dx). ✭❆✳✸✮ ❆ s✐♠♣•❡ ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ b ❛♥❞ t❤❡ •r♦♥✇❛•• ▲❡♠♠❛ ❛••♦✇s ✉s t♦ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✐♥ ❋♦✉r♥✐❡r ❛♥❞ ▼é•é❛r❞✱ ✷✵✵✹✮✿ ▲❡♠♠❛ ❆✳✶ ❋♦r ❛♥② K✱ ✐❢ E[ X K 0 , 1 3 ] < +∞✱ t❤❡♥✱ ❢♦r ❛♥② T > 0✱ E sup t∈[0,T ] X K t , 1 3 < +∞. ❇② st❛♥❞❛r❞ ♣r♦❜❛❜✐•✐st✐❝ ❛r❣✉♠❡♥ts✱ ♦♥❡ ♦❜t❛✐♥s ❛ ♠❛rt✐♥❣❛•❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❢✉♥❝✲ t✐♦♥s ♦❢ X K ✿ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s φ ♦♥ M F s✉❝❤ t❤❛t |φ(ν)| + |L K φ(ν)| ≤ C(1+ < ν, 1 > 3 )✱ t❤❡ ♣r♦❝❡ss φ(X K t ) -φ(X K 0 ) - t 0 L K φ(X K s )ds ✭❆✳✹✮ ✐s ❛ ♠❛rt✐♥❣❛•❡✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❛♣♣•②✐♥❣ t❤✐s ♣r♦♣❡rt② t♦ φ(ν) = ν, f ❛♥❞ φ(ν) = ν, f 2 ✸✵ ❢♦r ❡❛❝❤ ♠❡❛s✉r❛❜•❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ✱ ✇❡ ♦❜t❛✐♥ R l f (x)X K t (dx) = m K,f t + R l f (x)X K 0 (dx) + t 0 R l (b(x, V * X K s (x)) -d(x, U * X K s (x)))f (x)X K s (dx)ds ✭❆✳✺✮ + t 0 R l µ(x)(K η r(x) + b(x, V * X K s (x))) R l f (x + z)M K (x, z)dz -f (x) X K s (dx)ds, ✇❤❡r❡ m K,f t ✐s ❛ ♠❛rt✐♥❣❛•❡ ✇✐t❤ ✈❛r✐❛♥❝❡ ✭q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥✮ m K,f t = 1 K t 0 R l µ(x)(K η r(x)+b(x, V * X K s (x))) R l f 2 (x+z)M K (x, z)dz-f 2 (x) X K s (dx)ds + t 0 R l (2K η r(x) + b(x, V * X K s (x)) + d(x, U * X K s (x)))f 2 (x)X K s (dx)ds ✭❆✳✻✮ ❚❤❡♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•ts ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳✶ ❝❛♥ ❜❡ st❛t❡❞ ❛s ❚❤❡♦r❡♠ ❆✳✷ ✶✮ ❆ss✉♠❡ ❛•• t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡ ❛♥❞ 0 < η < 1✳ ❆ss✉♠❡ ❛•s♦ t❤❛t t❤❡ ♠❡❛s✉r❡ ξ 0 ✐s ❞❡t❡r♠✐♥✐st✐❝✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ T > 0✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (X K ) ❜❡•♦♥❣✐♥❣ t♦ D([0, T ], M F ) ❝♦♥✲ ✈❡r❣❡s ✭✐♥ •❛✇✮ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ (ξ t ) t≥0 ∈ C([0, T ], M F )✱ ✉♥✐q✉❡ s♦•✉t✐♦♥ s❛t✐s❢②✐♥❣ sup t∈[0,T ] ξ t , 1 < ∞✱ ♦❢ t❤❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✇r✐tt❡♥ ✐♥ ✐ts ✇❡❛❦ ❢♦r♠✿ ❢♦r ❡❛❝❤ ❢✉♥❝t✐♦♥ f ∈ C 2 b (R l )✱ ξ t , f = ξ 0 , f + t 0 R l (b(x, V * ξ s (x)) -d(x, U * ξ s (x)))f (x)ξ s (dx)ds + t 0 R l 1 2 µ(x)r(x) 1≤i,j≤l Σ ij (x)∂ 2 ij f (x)ξ s (dx)ds ✭❆✳✼✮ ✷✮ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t r(x)µ(x)s * Σ(x)s ≥ c||s|| 2 ❢♦r ❡❛❝❤ x ❛♥❞ s ∈ R l ✳ ❚❤❡♥ ❢♦r ❡❛❝❤ t > 0✱ t❤❡ ♠❡❛s✉r❡ ξ t ❤❛s ❛ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ |❡♠❛r❦ ❆✳✸ ■♥ ❝❛s❡ ✷✮✱ ❊q✳ ✭❆✳✼✮ ♠❛② t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s ∂ t ξ t (x) = b(x, V * ξ t (x)) -d(x, U * ξ t (x)) ξ t (x) + 1 2 1≤i,j≤l ∂ 2 ij (rµΣ ij ξ t )(x), ✭❆✳✽✮ ✇❤✐❝❤ ②✐❡•❞s t❤❡ ❋✐s❤❡r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✭✹✳✺✮ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Σ(x) = σ 2 (x)■❞✳ ❚❤❡♦r❡♠ ❆✳✹ ❆ss✉♠❡ ❛•• t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡ ❛♥❞ η = 1✳ ❍❡r❡✱ ξ 0 ♠❛② ❜❡ st♦❝❤❛st✐❝✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ T > 0✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (X K ) ❝♦♥✈❡r❣❡s ✐♥ •❛✇ ✐♥ D([0, T ], M F ) t♦ t❤❡ ✉♥✐q✉❡ ✭✐♥ •❛✇✮ ❝♦♥t✐♥✉♦✉s s✉♣❡r♣r♦❝❡ss X ∈ C([0, T ], M F )✱ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ sup t∈[0,T ] E X t , 1 3 < ∞, ✭❆✳✾✮ ✸✶ ❛♥❞ ❢♦r ❛♥② f ∈ C 2 b (R l )✱ mf t = X t , f -X 0 , f - 1 2 t 0 R l µ(x)r(x) 1≤i,j≤l Σ ij (x)∂ 2 ij f (x)X s (dx)ds - t 0 R l f (x) [b(x, V * X s (x)) -d(x, U * X s (x))] X s (dx)ds ✭❆✳✶✵✮ ✐s ❛ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛•❡ ✇✐t❤ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ mf t = 2 t 0 R l r(x)f 2 (x)X s (dx)ds. ✭❆✳✶✶✮ |❡♠❛r❦ ❆✳✺ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ♣r♦❝❡ss X ❛❜♦✈❡ ❝❛♥ ❜❡ ❢♦r♠❛••② r❡✇r✐tt❡♥ ❛s ❊q✳ ✭✹✳✽✮ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ ❜✉t ♥♦t r✐❣♦r♦✉s•② s✐♥❝❡✱ ❛♣❛rt ❢r♦♠ t❤❡ ❝❛s❡ l = 1✱ ✇❡ s✉s♣❡❝t t❤❛t X t ❤❛s ❛✳s✳ ♥♦ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆✳✷ ✶✮ ❲❡ ❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥t♦ s✐① st❡♣s✳ ▲❡t ✉s ✜① T > 0✳ ❙t❡♣ ✶ ▲❡t ✉s ✜rst s❤♦✇ ✉♥✐q✉❡♥❡ss ❢♦r ✭❆✳✼✮✳ ❋✐rst✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ❡✈♦•✉t✐♦♥ ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭❆✳✼✮✳ ■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t ✐❢ ξ ✐s ❛ s♦•✉t✐♦♥ ♦❢ ✭❆✳✼✮ s❛t✐s❢②✐♥❣ sup t∈[0,T ] ξ t , 1 < ∞✱ t❤❡♥ ❢♦r ❡❛❝❤ t❡st ❢✉♥❝t✐♦♥ ψ t (x) = ψ(t, x) ∈ C 1,2 b (R + × R l )✱ ♦♥❡ ❤❛s ξ t , ψ t = ξ 0 , ψ 0 + t 0 R l (b(x, V * ξ s (x)) -d(x, U * ξ s (x)))ψ(s, x)ξ s (dx)ds + t 0 R l (∂ s ψ(s, x) + 1 2 r(x)µ(x) i,j Σ ij (x)∂ 2 ij ψ s (x))ξ s (dx)ds. ✭❆✳✶✷✮ ◆♦✇✱ s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ √ Σrµ ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞✱ ✇❡ ♠❛② ❞❡✜♥❡ t❤❡ tr❛♥s✐t✐♦♥ s❡♠✐❣r♦✉♣ (P t ) ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r f → 1 2 rµ i,j Σ ij ∂ 2 ij f ✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ❢✉♥❝t✐♦♥ f ∈ C 2 b (R l ) ❛♥❞ ✜①❡❞ t > 0✱ ❝❤♦♦s✐♥❣ ψ(s, x) = P t-s f (x) ②✐❡•❞s ξ t , f = ξ 0 , P t f + t 0 R l (b(x, V * ξ s (x)) -d(x, U * ξ s (x)))P t-s f (x)ξ s (dx)ds, ✭❆✳✶✸✮ s✐♥❝❡ ∂ s ψ(s, x) + 1 2 σ 2 (x)r(x)µ(x)∆ x ψ(s, x) = 0 ❢♦r t❤✐s ❝❤♦✐❝❡✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦•✉t✐♦♥ ♦❢ ✭❆✳✶✸✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ s♦•✉t✐♦♥s (ξ t ) t≥0 ❛♥❞ ( ξt ) t≥0 ♦❢ ✭❆✳✶✸✮ s❛t✐s❢②✐♥❣ sup t∈[0,T ] ξ t + ξt , 1 = A T < +∞✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✈❛r✐❛t✐♦♥ ♥♦r♠ ❞❡✜♥❡❞ ❢♦r µ 1 ❛♥❞ µ 2 ✐♥ M F ❜② ||µ 1 -µ 2 || = sup f ∈L ∞ (R l ), ||f ||∞≤1 | µ 1 -µ 2 , f |. ✭❆✳✶✹✮ ❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r s♦♠❡ ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ f ❞❡✜♥❡❞ ♦♥ R l s✉❝❤ t❤❛t ✸✷ ||f || ∞ ≤ 1 ❛♥❞ ♦❜t❛✐♥ | ξ t -ξt , f | ≤ t 0 R l (b(x, V * ξ s (x)) -d(x, U * ξ s (x))) P t-s f (x)[ξ s (dx) -ξs (dx)] ds + t 0 R l (b(x, V * ξ s (x)) -b(x, V * ξs (x)))P t-s f (x) ξs (dx) ds + t 0 R l (d(x, U * ξ s (x)) -d(x, U * ξs (x)))P t-s f (x) ξs (dx) ds. ✭❆✳✶✺✮ ❙✐♥❝❡ ||f || ∞ ≤ 1✱ t❤❡♥ ||P t-s f || ∞ ≤ 1 ❛♥❞ ❢♦r ❛•• x ∈ R l ✱ |(b(x, V * ξ s (x)) -d(x, U * ξ s (x)))P t-s f (x)| ≤ b + d(1 + Ū A T ). ▼♦r❡♦✈❡r✱ b ❛♥❞ d ❛r❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡✐r s❡❝♦♥❞ ✈❛r✐❛❜•❡ ✇✐t❤ r❡s♣❡❝t✐✈❡ ❝♦♥✲ st❛♥ts K b ❛♥❞ K d ✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ ❢r♦♠ ✭❆✳✶✺✮ t❤❛t | ξ t -ξt , f | ≤ b + d(1 + Ū A T ) + K b A T V + K d A T Ū t 0 ||ξ s -ξs ||ds. ✭❆✳✶✻✮ ❚❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r ❛•• ❢✉♥❝t✐♦♥s f s✉❝❤ t❤❛t ||f || ∞ ≤ 1✱ ❛♥❞ ✉s✐♥❣ •r♦♥✇❛••✬s ▲❡♠♠❛✱ ✇❡ ✜♥❛••② ❞❡❞✉❝❡ t❤❛t ❢♦r ❛•• t ≤ T ✱ ||ξ t -ξt || = 0✳ ❯♥✐q✉❡♥❡ss ❤♦•❞s✳ ❙t❡♣ ✷ ◆❡①t✱ ✇❡ ❡st❛❜•✐s❤ s♦♠❡ ♠♦♠❡♥t ❡st✐♠❛t❡s✳ ❋✐rst✱ ✇❡ ❝❤❡❝❦ t❤❛t ❢♦r ❛•• T < ∞✱ sup K sup t∈[0,T ] E[ X K t , 1 3 ] < ∞. ✭❆✳✶✼✮ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✉s❡ ✭❆✳✹✮ ✇✐t❤ φ(ν) = ν, 1 3 ✳ ✭❚♦ ❜❡ ❝♦♠♣•❡t❡•② r✐❣♦r♦✉s✱ ♦♥❡ s❤♦✉•❞ ✜rst ✉s❡ φ(ν) = ν, 1 3 ∧ A✱ ♠❛❦❡ A t❡♥❞ t♦ ✐♥✜♥✐t② ❛♥❞ t❤❡♥ ✉s❡ ▲❡♠♠❛ ❆✳✶ t♦ ❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛•• t❡r♠s ❡①❝❡♣t t❤❡ •❛st✱ ❛♥❞ ❛♣♣•② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ t❤❡ •❛st t❡r♠✮✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛•• t ≥ 0✱ ❛•• K✱ E X K t , 1 3 = E X K 0 , 1 3 + t 0 E R l [K η+1 r(x) + Kb(x, V * X K s (x))] [ X K s , 1 + 1 K ] 3 -X K s , 1 3 X K s (dx) ds + t 0 E R l K η+1 r(x) + Kd(x, U * X K s (x)) [ X K s , 1 - 1 K ] 3 -X K s , 1 3 X K s (dx) ds. ◆❡❣•❡❝t✐♥❣ t❤❡ ♥♦♥✲♣♦s✐t✐✈❡ ❞❡❛t❤ t❡r♠ ✐♥✈♦•✈✐♥❣ d✱ ✇❡ ❣❡t E X K t , 1 3 ≤ E X K 0 , 1 3 + t 0 E R l K η+1 r(x) [ X K s , 1 + 1 K ] 3 + [ X K s , 1 - 1 K ] 3 -2 X K s , 1 3 X K s (dx) ds + t 0 E R l Kb(x, V * X K s (x)) [ X K s , 1 + 1 K ] 3 -X K s , 1 3 X K s (dx) ds. ❇✉t ❢♦r ❛•• x ≥ 0✱ ❛•• ǫ ∈ (0, 1]✱ (x+ǫ) 3 -x 3 ≤ 6ǫ(1+x 2 ) ❛♥❞ |(x+ǫ) 3 +(x-ǫ) 3 -2x 3 | = 6ǫ 2 x✳ ❲❡ ✜♥❛••② ♦❜t❛✐♥ E X K t , 1 3 ≤ E X K 0 , 1 3 + C t 0 E X K s , 1 + X K s , 1 2 + X K s , 1 3 ds. ✸✸ ❆ss✉♠♣t✐♦♥ ✭❆✳✷✮ ❛♥❞ •r♦♥✇❛••✬s ▲❡♠♠❛ ❛••♦✇ ✉s t♦ ❝♦♥❝•✉❞❡ t❤❛t ✭❆✳✶✼✮ ❤♦•❞s✳ ◆❡①t✱ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t sup K E sup t∈[0,T ] X K t , 1 2 < ∞. ✭❆✳✶✽✮ ❆♣♣•②✐♥❣ ✭❆✳✺✮ ✇✐t❤ f ≡ 1✱ ✇❡ ♦❜t❛✐♥ X K t , 1 = X K 0 , 1 + t 0 R l b(x, V * X K s (x)) -d(x, U * X K s (x)) X K s (dx)ds + m K,1 t . ❍❡♥❝❡ sup s∈[0,t] X K s , 1 2 ≤ C X K 0 , 1 2 + b t 0 X K s , 1 2 ds + sup s∈[0,t] |m K,1 s | 2 . ❚❤❛♥❦s t♦ ✭❆✳✷✮✱ ❉♦♦❜✬s ✐♥❡q✉❛•✐t② ❛♥❞ •r♦♥✇❛••✬s ▲❡♠♠❛✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C t ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ K s✉❝❤ t❤❛t E sup s∈[0,t] X K s , 1 2 ≤ C t 1 + E m K,1 t . ❯s✐♥❣ ♥♦✇ ✭❆✳✻✮✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r s♦♠❡ ♦t❤❡r ❝♦♥st❛♥t C t ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ K✱ E m K,1 t ≤ C t 0 (E X K s , 1 + E X K s , 1 2 )ds ≤ C t t❤❛♥❦s t♦ ✭❆✳✶✼✮✳ ❚❤✐s ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ✭❆✳✶✽✮✳ ❙t❡♣ ✸ ❲❡ ✜rst ❡♥❞♦✇ M F ✇✐t❤ t❤❡ ✈❛❣✉❡ t♦♣♦•♦❣②✱ t❤❡ ❡①t❡♥s✐♦♥ t♦ t❤❡ ✇❡❛❦ t♦♣♦•♦❣② ❜❡✐♥❣ ❤❛♥❞•❡❞ ✐♥ ❙t❡♣ ✻ ❜❡•♦✇✳ ❚♦ s❤♦✇ t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ •❛✇s Q K = L(X K ) ✐♥ P(D([0, T ], M F ))✱ ✐t s✉✣❝❡s✱ ❢♦••♦✇✐♥❣ |♦❡••② ✭✶✾✽✻✮✱ t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ♦♥ R l ✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ •❛✇s ♦❢ t❤❡ ♣r♦❝❡ss❡s X K , f ✐s t✐❣❤t ✐♥ D([0, T ], R)✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✉s❡ ❆•❞♦✉s✬ ❝r✐t❡r✐♦♥ ✭❆•❞♦✉s✱ ✶✾✼✽✮ ❛♥❞ |❡❜♦••❡❞♦✬s ❝r✐t❡r✐♦♥ ✭s❡❡ ❏♦✛❡ ❛♥❞ ▼ét✐✈✐❡r✱ ✶✾✽✻✮✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t sup K E sup t∈[0,T ] | X K s , f | < ∞, ✭❆✳✶✾✮ ❛♥❞ t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ •❛✇s ♦❢ t❤❡ ♣r❡❞✐❝t❛❜•❡ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♠❛rt✐♥❣❛•❡ ♣❛rt ❛♥❞ ♦❢ t❤❡ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♣❛rt ♦❢ t❤❡ s❡♠✐♠❛rt✐♥❣❛•❡s X K , f ✱ r❡s♣❡❝t✐✈❡•②✳ ❙✐♥❝❡ f ✐s ❜♦✉♥❞❡❞✱ ✭❆✳✶✾✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭❆✳✶✽✮✳ ▲❡t ✉s t❤✉s ❝♦♥s✐❞❡r ❛ ❝♦✉♣•❡ (S, S ′ ) ♦❢ st♦♣♣✐♥❣ t✐♠❡s s❛t✐s❢②✐♥❣ ❛✳s✳ 0 ≤ S ≤ S ′ ≤ S + δ ≤ T ✳ ❯s✐♥❣ ✭❆✳✺✮✱ ✇❡ ❣❡t E m K,f S ′ -m K,f S ≤ E C S+δ S X K s , 1 + X K s , 1 2 ds ≤ Cδ, t❤❡ •❛st ✐♥❡q✉❛•✐t② ❝♦♠✐♥❣ ❢r♦♠ ✭❆✳✶✽✮✱ ❛♥❞ ❛ s✐♠✐•❛r ✐♥❡q✉❛•✐t② ✐s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♣❛rt✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡q✉❡♥❝❡ Q K = L(X K ) ✐s ✉♥✐❢♦r♠•② t✐❣❤t✳ ✸✹ ❙t❡♣ ✹ ▲❡t ✉s ♥♦✇ ❞❡♥♦t❡ ❜② Q t❤❡ •✐♠✐t✐♥❣ •❛✇ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ Q K ✳ ❲❡ st✐•• ❞❡♥♦t❡ t❤✐s s✉❜s❡q✉❡♥❝❡ ❜② Q K ✳ ▲❡t X = (X t ) t≥0 ❛ ♣r♦❝❡ss ✇✐t❤ •❛✇ Q✳ ❲❡ r❡♠❛r❦ t❤❛t ❜② ❝♦♥str✉❝t✐♦♥✱ ❛•♠♦st s✉r❡•②✱ sup t∈[0,T ] sup f ∈L ∞ (R l ),||f ||∞≤1 | X K t , f -X K t -, f | ≤ 1 K . ❚❤✐s ✐♠♣•✐❡s t❤❛t t❤❡ ♣r♦❝❡ss X ✐s ❛✳s✳ str♦♥❣•② ❝♦♥t✐♥✉♦✉s✳ ❙t❡♣ ✺ ❚❤❡ t✐♠❡ T > 0 ✐s ✜①❡❞✳ ▲❡t ✉s ♥♦✇ ❝❤❡❝❦ t❤❛t✱ ❛•♠♦st s✉r❡•②✱ t❤❡ ♣r♦❝❡ss X ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ ✭❆✳✼✮✳ ❚❤❛♥❦s t♦ ✭❆✳✶✽✮✱ ✐t s❛t✐s✜❡s sup t∈[0,T ] X t , 1 < +∞ ❛✳s✳✱ ❢♦r ❡❛❝❤ T ✳ ❲❡ ♥♦✇ ✜① ❛ ❢✉♥❝t✐♦♥ f ∈ C 3 b (R l ) ✭t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ✭❆✳✼✮ t♦ ❛♥② ❢✉♥❝t✐♦♥ f ✐♥ C 2 b ✐s ♥♦t ❤❛r❞✮ ❛♥❞ s♦♠❡ t ≤ T ✳ ❋♦r ν ∈ C([0, T ], M F )✱ ✇❡ s❡t Ψ 1 t (ν) = ν t , f -ν 0 , f - t 0 R l (b(x, V * ν s (x)) -d(x, U * ν s (x)))f (x)ν s (dx)ds, Ψ 2 t (ν) = - t 0 R l 1 2 µ(x)r(x) i,j Σ ij (x)∂ 2 ij f (x)ν s (dx)ds.
✭❆✳✷✵✮ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t

E Q |Ψ 1 t (X) + Ψ 2 t (X)| = 0. ✭❆✳✷✶✮ ❇② ✭❆✳✺✮✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❡❛❝❤ K✱ m K,f t = Ψ 1 t (X K ) + Ψ 2,K t (X K ), ✇❤❡r❡ Ψ 2,K t (X K ) = - t 0 R l µ(x)(K η r(x) + b(x, V * X K s (x))) R l f (x + z)M K (x, z)dz -f (x) X K s (dx)ds. ✭❆✳✷✷✮ ▼♦r❡♦✈❡r✱ ✭❆✳✶✽✮ ✐♠♣•✐❡s t❤❛t ❢♦r ❡❛❝❤ K✱ E |m K,f t | 2 = E m K,f t ≤ C f K η K E t 0 X K s , 1 + X K s , 1 2 ds ≤ C f,T K η K ,
✭❆✳✷✸✮ ✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②✱ s✐♥❝❡ 0 < η < 1✳ ❚❤❡r❡❢♦r❡✱ 

(X K )+Ψ 2 t (X K )) K ✐s ✉♥✐❢♦r♠•② ✐♥t❡❣r❛❜•❡✱ ❛♥❞ t❤✉s lim K E |Ψ 1 t (X K ) + Ψ 2 t (X K )| = E |Ψ 1 t (X) + Ψ 2 t (X)| .
✭❆✳✷✺✮ ◆♦✇ ✇❡ ❤❛✈❡ t♦ ❞❡❛• ✇✐t❤ Ψ 2,K t (X K )-Ψ 2 t (X K )✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s t❡r♠ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❡❛s✉r❡ M K (x, z)dz ❤❛s ♠❡❛♥ ✵✱ ✈❛r✐❛♥❝❡ Σ(x)/K η ✱ ❛♥❞ t❤✐r❞ ♠♦♠❡♥t ❜♦✉♥❞❡❞ ❜② C/K η+ε ✭ε > 0✮ ✉♥✐❢♦r♠•② ✐♥ x✳ ■♥❞❡❡❞✱ ✐❢ Hf (x) ❞❡♥♦t❡s t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ♦❢ f ❛t x✱ 

R l f (x + z)M K (x, z)dz = R l f (x) + z • ∇f (x) + 1 2 z * Hf (x)z + O(z 3 ) M K (x, z)dz = f (x) + 1 2 i,j Σ ij (x) K η ∂ 2 ij f (x) + o( 1 K η ). ✭❆✳✷✻✮ ✇❤❡r❡ K η o( 1 K η ) t❡♥❞s t♦ 0 ✉♥✐❢♦r♠•② ✐♥ x ✭s✐♥❝❡ f ✐s ✐♥ C 3 b ✮✱ ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡♥✱ Ψ 2,K t (X K ) = - t 0 R l µ(x)(K η r(x)+b(x, V * X K s (x))) 1 2 i,j Σ ij (x) K η ∂ 2 ij f (x)+o( 1 K η ) X K s (dx)ds, ❛♥❞ |Ψ 2,K t (X K ) -Ψ 2 t (X K )| ≤ C f < X K s , 1 > 1 K η + K η o( 1 K η ) .
0 = E φ 1 (X K s 1 )...φ n (X K sn ) m K,f t -m K,f s = E Ψ(X K ) -A K , ✭❆✳✷✾✮ ✇❤❡r❡ A K ✐s ❞❡✜♥❡❞ ❜② A K = E φ 1 (X K s 1 )...φ n (X K sn ) t s R l µ(x) r(x)K R l M K (x, z)f (x+z)dz-f (x)- i,j Σ ij (x) 2K ∂ 2 ij f (x) + b(x, V * X K u (x))
N f t = X t , f 2 -X 0 , f 2 - t 0 R l 2r(x)f 2 (x)X s (dx)ds - t 0 2 X s , f R l f (x) [b(x, V * X s (x)) -d(x, U * X s (x))] X s (dx)ds - t 0 2 X s , f R l 1 2 µ(x)r(x) i,j Σ ij (x)∂ 2 ij f (x)X s (dx)ds ✭❆✳✸✶✮ ✐s ❛ ♠❛rt✐♥❣❛•❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❡①❛❝t•② ❛s ❢♦r mf t ✱ ✉s✐♥❣ t❤❡ s❡♠✐♠❛rt✐♥❣❛•❡ ❞❡❝♦♠♣♦s✐✲ t✐♦♥ ♦❢ X K t , f 2 ✱ ❣✐✈❡♥ ❜② ✭❆✳✹✮ ❛♣♣•✐❡❞ t♦ φ(ν) = ν, f 2 ✳ ◆❡①t✱ ■tô✬s ❢♦r♠✉•❛ ❛♣♣•✐❡❞ t♦ ✭❆✳✶✵✮ ✐♠♣•✐❡s t❤❛t X t , f 2 -X 0 , f 2 -M f t - t 0 2 X s , f R l f (x) [b(x, V * X s (x)) -d(x, U * X s (x))] X s (dx)ds - t 0 2 X s , f R l 1 2 r(x)µ(x) i,j Σ ij (x)∂ 2 ij f (x)X s (dx)ds

  ❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r E(•) ❞❡♥♦t❡s ♠❛t❤❡♠❛t✐❝❛• ❡①♣❡❝t❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡s✳ ✷ P♦♣✉•❛t✐♦♥ ♣♦✐♥t ♣r♦❝❡ss ❖✉r ♠♦❞❡•✬s ❝♦♥str✉❝t✐♦♥ st❛rts ✇✐t❤ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♣♦♣✉•❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❛❞❛♣t✐✈❡ tr❛✐ts ♦❢ ✐♥❞✐✈✐❞✉❛•s ✐♥✢✉❡♥❝❡ t❤❡✐r ❜✐rt❤ r❛t❡✱ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡✐r ❞❡❛t❤ r❛t❡✱ ❛♥❞ ❤♦✇ t❤❡② ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❛♥❞ t❤❡✐r ❡①t❡r♥❛• ❡♥✈✐r♦♥♠❡♥t✳ ❚❤✉s✱

  r ❞❡s❝r✐❜❡s t❤❡ ♠❡❛♥ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ▼❛r❦♦✈ ♣r♦❝❡ss❀ ✐t ❝❛♣t✉r❡s t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❡✈❡♥ts t❤❛t ❡❛❝❤ ✐♥❞✐✈✐❞✉❛• ❡①♣❡r✐❡♥❝❡s ✇❤✐•❡ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ♦t❤❡r ✐♥❞✐✈✐❞✉❛•s✳ ✷✳✶ Pr♦❝❡ss ❝♦♥str✉❝t✐♦♥ ❲❡ ❝♦♥s✐❞❡r ❛ ♣♦♣✉•❛t✐♦♥ ✐♥ ✇❤✐❝❤ ✐♥❞✐✈✐❞✉❛•s ❝❛♥ ❣✐✈❡ ❜✐rt❤ ❛♥❞ ❞✐❡ ❛t r❛t❡s t❤❛t ❛r❡✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✐♥❞✐✈✐❞✉❛• tr❛✐ts ❛♥❞ ❜② ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ ✐♥❞✐✈✐❞✉❛•s ❝❛rr②✐♥❣ t❤❡ s❛♠❡ ♦r ❞✐✛❡r❡♥t tr❛✐ts✳ ❚❤❡s❡ ❡✈❡♥ts ♦❝❝✉r r❛♥❞♦♠•②✱ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡✳ |❡♣r♦❞✉❝t✐♦♥ ✐s ✹ ❛•♠♦st ❢❛✐t❤❢✉•✿ t❤❡r❡ ✐s s♦♠❡ ♣r♦❜❛❜✐•✐t② t❤❛t ❛ ♠✉t❛t✐♦♥ ❝❛✉s❡s ❛♥ ♦✛s♣r✐♥❣✬s ♣❤❡♥♦t②♣❡ t♦ ❞✐✛❡r ❢r♦♠ ❤❡r ♣r♦❣❡♥✐t♦r✬s✳ ■♥t❡r❛❝t✐♦♥s tr❛♥s•❛t❡ ✐♥t♦ ❛ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s ♦❢ ❛♥② ❢♦❝❛• ✐♥❞✐✈✐❞✉❛• ✉♣♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❛❝t✐♥❣ ✐♥❞✐✈✐❞✉❛•s✳ ❚❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛t ❛♥② t✐♠❡ t ❜② t❤❡ ✜♥✐t❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ✐s t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ❛t x✳ ❚❤❡ ♠❡❛s✉r❡ ν t ❞❡s❝r✐❜❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛•s ♦✈❡r t❤❡ tr❛✐t s♣❛❝❡ ❛t t✐♠❡ t✱ ✇❤❡r❡ I(t) ✐s t❤❡ t♦t❛• ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛•s ❛•✐✈❡ ❛t t✐♠❡ t✱ ❛♥❞ x 1 t , . . . , x I(t) t ❞❡♥♦t❡ t❤❡ ✐♥❞✐✈✐❞✉❛•s✬ tr❛✐ts✳ ❚❤❡ t✐♠❡ ♣r♦❝❡ss ν t ❡✈♦•✈❡s ✐♥ t❤❡ s❡t ♦❢ ❛•• ✜♥✐t❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡s✳ ◆♦t✐❝❡ t❤❛t t❤❡ t♦t❛• ♠❛ss ♦❢ t❤❡ ♠❡❛s✉r❡ ν t ✐s ❡q✉❛• t♦ I(t)✳ ▲✐❦❡✇✐s❡✱ ν t (Γ) r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛•s ✇✐t❤ tr❛✐ts ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥② s✉❜s❡t Γ ♦❢ t❤❡ tr❛✐t s♣❛❝❡✱ ❛♥❞ X ϕ(x)ν t (dx) = I(t) i=1 ϕ(x i t )✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ t♦t❛• ✏♠❛ss✑ ♦❢ ✐♥❞✐✈✐❞✉❛•s✱ ❡❛❝❤ ♦❢ t❤❡♠ ❜❡✐♥❣ ✏✇❡✐❣❤t❡❞✑ ❜② t❤❡ ✏s❝❛•❡✑ ϕ✱ ✐s ❝♦♠♣✉t❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ϕ ✇✐t❤ r❡s♣❡❝t t♦ ν t ♦✈❡r t❤❡ tr❛✐t s♣❛❝❡✳ ❚❤❡ ♣♦♣✉•❛t✐♦♥ ❞②♥❛♠✐❝s ❛r❡ ❞r✐✈❡♥ ❜② ❛ ❜✐rt❤✲♠✉t❛t✐♦♥✲❞❡❛t❤ ♣r♦❝❡ss ❞❡✜♥❡❞ ❛s ❢♦•✲ •♦✇s✳ ■♥❞✐✈✐❞✉❛• ♠♦rt❛•✐t② ❛♥❞ r❡♣r♦❞✉❝t✐♦♥ ❛r❡ ✐♥✢✉❡♥❝❡❞ ❜② ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ✐♥❞✐✲ ✈✐❞✉❛•s✳ ❋♦r ❛ ♣♦♣✉•❛t✐♦♥ ✇❤♦s❡ st❛t❡ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ν = I i=1 δ x i ✱ •❡t ✉s ❞❡✜♥❡ d(x, U * ν(x)) ❛s t❤❡ ❞❡❛t❤ r❛t❡ ♦❢ ✐♥❞✐✈✐❞✉❛•s ✇✐t❤ tr❛✐t x✱ b(x, V * ν(x)) ❛s t❤❡ ❜✐rt❤ r❛t❡ ♦❢ ✐♥❞✐✈✐❞✉❛•s ✇✐t❤ tr❛✐t x✱ ✇❤❡r❡ U ❛♥❞ V ❛r❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡•s ❛✛❡❝t✐♥❣ ♠♦rt❛•✐t② ❛♥❞ r❡♣r♦❞✉❝t✐♦♥✱ r❡s♣❡❝t✐✈❡•②✳ ❍❡r❡ * ❞❡♥♦t❡s t❤❡ ❝♦♥✈♦•✉t✐♦♥ ♦♣❡r❛✲ t♦r✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t U ❛♥❞ V ❣✐✈❡ t❤❡ ✏✇❡✐❣❤t✑ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛• ✇❤❡♥ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❛ ❢♦❝❛• ✐♥❞✐✈✐❞✉❛•✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤♦✇ ♣❤❡♥♦t②♣✐❝❛••② ❞✐✛❡r❡♥t t❤❡② ❛r❡✳ ❋♦r ❡①❛♠♣•❡✱ U * ν(x) = I i=1 U (x -x i )✳ ▼✉t❛t✐♦♥✲r❡•❛t❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ❡①♣r❡ss❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛• tr❛✐t ✈❛•✉❡s ♦♥•② ✭❛•t❤♦✉❣❤ t❤❡r❡ ✇♦✉•❞ ❜❡ ♥♦ ❢♦r♠❛• ❞✐✣❝✉•t② t♦ ✐♥❝•✉❞❡ ❛ ❞❡♣❡♥❞❡♥❝② ♦♥ t❤❡ ♣♦♣✉•❛t✐♦♥ st❛t❡✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛❞❛♣t✐✈❡ ♠✉t❛❣❡♥❡s✐s ♠♦❞❡•s✮✿ µ(x) ✐s t❤❡ ♣r♦❜❛❜✐•✐t② t❤❛t ❛♥ ♦✛s♣r✐♥❣ ♣r♦❞✉❝❡❞ ❜② ❛♥ ✐♥❞✐✈✐❞✉❛• ✇✐t❤ tr❛✐t x ❝❛rr✐❡s ❛ ♠✉t❛t❡❞ tr❛✐t✱ M (x, z) ✐s t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❦❡r♥❡• ♦❢ t❤❡ ♦✛s♣r✐♥❣ tr❛✐t x + z ♣r♦❞✉❝❡❞ ❜② ✐♥❞✐✈✐❞✉❛•s ✇✐t❤ tr❛✐t x✳ ❙✐♥❝❡ t❤❡ ♠✉t❛♥t tr❛✐t ❜❡•

  X ✐s ❛✳s✳ str♦♥❣•② ❝♦♥t✐♥✉♦✉s✱ s✐♥❝❡ f ∈ C 3 b (R l ) ❛♥❞ t❤❛♥❦s t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ t❤❡ ❢✉♥❝t✐♦♥s Ψ 1 t ❛♥❞ Ψ 2 t ❛r❡ ❛✳s✳ ❝♦♥t✐♥✉♦✉s ❛t X✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛♥② ∈ D([0, T ], M F )✱ |Ψ 1 t (ν) + Ψ 2 t (ν)| ≤ C f,T sup s∈[0,T ] 1 + ν s , 1 2 .✭❆✳✷✹✮ ✸✺ ❍❡♥❝❡ ✉s✐♥❣ ✭❆✳✶✼✮✱ ✇❡ s❡❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (Ψ 1 t

  ❯s✐♥❣ ✭❆✳✶✽✮✱ ✇❡ ❝♦♥❝•✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ✭❆✳✷✶✮✳ ❙t❡♣ ✻ ❚❤❡ ♣r❡✈✐♦✉s st❡♣s ✐♠♣•② t❤❛t t❤❡ s❡q✉❡♥❝❡ (X K ) K ❝♦♥✈❡r❣❡s t♦ ξ ✐♥ D([0, T ], M F )✱ ✇❤❡r❡ M F ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✈❛❣✉❡ t♦♣♦•♦❣②✳ ❚♦ ❡①t❡♥❞ t❤❡ r❡s✉•t t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ M F ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✇❡❛❦ t♦♣♦•♦❣②✱ ✇❡ ✉s❡ ❛ ❝r✐t❡r✐♦♥ ♣r♦✈❡❞ ✐♥ ▼é•é❛r❞ ❛♥❞ |♦❡••② ✭✶✾✾✸✮✿ s✐♥❝❡ t❤❡ •✐♠✐t✐♥❣ ♣r♦❝❡ss ✐s ❝♦♥t✐♥✉♦✉s✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ( X K , 1 ) K ❝♦♥✈❡r❣❡s t♦ ξ, 1 ✐♥ •❛✇✱ ✐♥ D([0, T ], R l )✳ ❖♥❡ ♠❛② ♦❢ ❝♦✉rs❡ ❛♣♣•② ❙t❡♣ ✺ ✇✐t❤ f ≡ 1✱ ✇❤✐❝❤ ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢✳ ✷✮ ▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛❝② ♣r♦♣❡rt② r(x)µ(x)s * Σ(x)s ≥ c s 2 ❢♦r ❡❛❝❤ x, s ∈ R l ✳ ❚❤❛t ✐♠♣•✐❡s t❤❛t ❢♦r ❡❛❝❤ t✐♠❡ t > 0✱ t❤❡ tr❛♥s✐t✐♦♥ s❡♠✐❣r♦✉♣ P t (x, dy) ✐♥tr♦❞✉❝❡❞ ✐♥ ❙t❡♣ ✶ ♦❢ t❤✐s ♣r♦♦❢ ❤❛s ❢♦r ❡❛❝❤ x ∈ R l ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ p t (x, y) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❍❡♥❝❡ ✭❆✳✶✸✮ ✇r✐t❡s R l f (x)ξ t (dx) = R l R l f (y)p t (x, y)dy ξ 0 (dx) x, V * ξ s (x)) -d(x, U * ξ s (x))) R l f (y)p t-s (x, y)dy ξ s (dx)ds. ❯s✐♥❣ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ f ❛♥❞ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ sup t≤T ξ t , 1 < +∞✱ ✇❡ ❛♣♣•② ❋✉❜✐♥✐✬s t❤❡♦r❡♠ ❛♥❞ ❞❡❞✉❝❡ t❤❛t R l f (x)ξ t (dx) =

  R l H t (y)f (y)dy ✇❤❡r❡ H ∈ L ∞ ([0, T ], L 1 (R l ))✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t ξ t ❤❛s ❛ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❢♦r ❡❛❝❤ t✐♠❡ t ≤ T ✳ ✸✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆✳✹ ❲❡ ✉s❡ ❛ s✐♠✐•❛r ♠❡t❤♦❞ ❛s ♣r❡✈✐♦✉s•②✳ ❙t❡♣s ✷✱ ✸✱ ✹ ❛♥❞ ✻ ♦❢ t❤✐s ♣r♦♦❢ ❛r❡ ❡ss❡♥t✐❛••② t❤❡ s❛♠❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ✭✐♥ •❛✇✮ ♦❢ t❤❡ s♦•✉t✐♦♥ t♦ t❤❡ ♠❛rt✐♥❣❛•❡ ♣r♦❜•❡♠ ✭❆✳✾✮✕✭❆✳✶✶✮ ✭❙t❡♣ ✶✮✱ ❛♥❞ t❤❛t ❛♥② ❛❝❝✉♠✉•❛t✐♦♥ ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ •❛✇s ♦❢ X K ✐s s♦•✉t✐♦♥ ♦❢ ✭❆✳✾✮✕✭❆✳✶✶✮ ✭❙t❡♣ ✺✮✳ ❙t❡♣ ✶ ❚❤✐s ✉♥✐q✉❡♥❡ss r❡s✉•t ✐s ✇❡••✲❦♥♦✇♥ ❢♦r t❤❡ s✉♣❡r✲❇r♦✇♥✐❛♥ ♣r♦❝❡ss ✭❞❡✜♥❡❞ ❜② ❛ s✐♠✐•❛r ♠❛rt✐♥❣❛•❡ ♣r♦❜•❡♠✱ ❜✉t ✇✐t❤ b = d = 0✱ r = µ = 1 ❛♥❞ Σ = ■❞✱ s❡❡ |♦❡••② ✶✾✽✻✮✳ ❆s ✐♥ ❊t❤❡r✐❞❣❡ ✭✷✵✵✹✮✱ ✇❡ ✉s❡ t❤❡ ✈❡rs✐♦♥ ♦❢ ❉❛✇s♦♥✬s •✐rs❛♥♦✈ tr❛♥s❢♦r♠ ♦❜t❛✐♥❡❞ ✐♥ ❊✈❛♥s ❛♥❞ P❡r❦✐♥s ✭✶✾✾✹✱ ❚❤❡♦r❡♠ ✷✳✸✮✱ ✇❤✐❝❤ ✐♠♣•✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ •❛✇ ♦❢ X✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ x, V * X s (x)) -d(x, U * X s (x))] 2 X s (dx)ds < +∞ ✐s s❛t✐s✜❡❞✳ ❚❤✐s ✐s ❡❛s✐•② ♦❜t❛✐♥❡❞ ❢r♦♠ sup t∈[0,T ] E[ X t , 1 3 ] < ∞✳ ❙t❡♣ ✺ ▲❡t ✉s ❝❛•• Q K = L(X K ) ❛♥❞ ❞❡♥♦t❡ ❜② Q ❛ •✐♠✐t✐♥❣ ✈❛•✉❡ ♦❢ t❤❡ t✐❣❤t s❡q✉❡♥❝❡ Q K ✱ ❛♥❞ ❜② X = (X t ) t≥0 ❛ ♣r♦❝❡ss ✇✐t❤ •❛✇ Q✳ ❇❡❝❛✉s❡ ♦❢ ❙t❡♣ ✹✱ X ❜❡•♦♥❣s ❛✳s✳ t♦ C([0, T ], M F )✳ ▲❡t ✉s s❤♦✇ t❤❛t X s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ✭❆✳✾✮✕✭❆✳✶✶✮✳ ❊q✉❛t✐♦♥ ✭❆✳✾✮ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ✭❆✳✶✽✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ f ✐♥ C 3 b (R l )✱ ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss mf t ❞❡✜♥❡❞ ❜② ✭❆✳✶✵✮ ✐s ❛ ♠❛rt✐♥❣❛•❡ ✭t❤❡ ❡①t❡♥s✐♦♥ t♦ ❡✈❡r② ❢✉♥❝t✐♦♥ ✐♥ C 2 b ✐s ♥♦t ❤❛r❞✮✳ ❋♦r 0 ≤ s 1 ≤ ... ≤ s n < s < t✱ s♦♠❡ ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞ ♠❛♣s φ 1 , ...φ n ♦♥ M F ✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ Ψ ❢r♦♠ D([0, T ], M F ) ✐♥t♦ R ❞❡✜♥❡❞ ❜② Ψ(ν) = φ 1 (ν s 1 )...φ n (ν sn ) ν t , f -ν s , f -) [b(x, V * ν u (x)) -d(x, U * ν u (x))] ν u (dx)du . ✭❆✳✷✼✮ ❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t E (Ψ(X)) = 0. ✭❆✳✷✽✮ ■t ❢♦••♦✇s ❢r♦♠ ✭❆✳✺✮ t❤❛t

M

  K (x, z)f (x + z)dz -f (x) X K u (dx)du . ■t t✉r♥s ♦✉t ❢r♦♠ ✭❆✳✷✻✮ t❤❛t A K t❡♥❞s t♦ 0✱ ❛s K ❣r♦✇s t♦ ✐♥✜♥✐t②✱ ❛♥❞ ❢r♦♠ ✭❆✳✶✽✮✱ t❤❛t t❤❡ s❡q✉❡♥❝❡ (|Ψ(X K )|) K ✐s ✉♥✐❢♦r♠•② ✐♥t❡❣r❛❜•❡✳ ❍❡♥❝❡✱ lim K E |Ψ(X K )| = E Q (|Ψ(X)|) . ✭❆✳✸✵✮ ✸✼ ❚❤✉s✱ ✭❆✳✷✽✮ ❤♦•❞s✱ ❛♥❞ t❤❡r❡❢♦r❡✱ mf ✐s ❛ ♠❛rt✐♥❣❛•❡✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ ✭❆✳✶✶✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✜rst ❝❤❡❝❦ t❤❛t

  ✐s ❛ ♠❛rt✐♥❣❛•❡✳ ❈♦♠♣❛r✐♥❣ t❤✐s ❢♦r♠✉•❛ ✇✐t❤ ✭❆✳✸✶✮✱ ✇❡ ♦❜t❛✐♥ ✭❆✳✶✶✮✳ ❆❝❦♥♦✇•❡❞❣♠❡♥ts ❚❤✐s r❡s❡❛r❝❤ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❋r❡♥❝❤ ◆❛t✐♦♥❛• Pr♦❣r❛♠♠❡s ✏❙❝✐❡♥❝❡✲▼❛t❤❡♠❛t✐❝s✿ ◆❡✇ ■♥t❡r❢❛❝❡s✑ ✭❋r❡♥❝❤ ▼✐♥✐st❡r② ♦❢ |❡s❡❛r❝❤✮✱ ❛♥❞ ✏◗✉❛♥t✐t❛t✐✈❡ ❊❝♦•♦❣②✑ ✭❋r❡♥❝❤ ▼✐♥✐st❡r② ♦❢ ❊❝♦•♦❣② ❛♥❞ ❙✉st❛✐♥❛❜•❡ ❉❡✈❡•♦♣♠❡♥t✮✳ |✳❋✳ ❛❝❦♥♦✇•❡❞❣❡s ❢✉♥❞✐♥❣ ❜② t❤❡ ❊✉r♦♣❡❛♥ |❡s❡❛r❝❤ ❛♥❞ ❚r❛✐♥✐♥❣ ◆❡t✇♦r❦ ▼♦❞▲✐❢❡ ✭▼♦❞❡r♥ ▲✐❢❡✲❍✐st♦r② ❚❤❡♦r② ❛♥❞ ✐ts ❆♣♣•✐❝❛t✐♦♥ t♦ t❤❡ ▼❛♥❛❣❡♠❡♥t ♦❢ ◆❛t✉r❛• |❡s♦✉r❝❡s✮✱ s✉♣♣♦rt❡❞ ❜② t❤❡ ❋✐❢t❤ ❋r❛♠❡✇♦r❦ Pr♦❣r❛♠♠❡ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✉♥✐t② ✭❈♦♥tr❛❝t ◆✉♠❜❡r ❍P|◆✲❈❚✲✷✵✵✵✲✵✵✵✺✶✮✳ |❡❢❡r❡♥❝❡s ❬✶( ❆❜r❛♠s✱ P✳❆✳✱ ✷✵✵✶✳ ▼♦❞❡••✐♥❣ t❤❡ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ♦❢ tr❛✐ts ✐♥✈♦•✈❡❞ ✐♥ ✐♥t❡r✲ ❛♥❞ ✐♥tr❛s♣❡❝✐✜❝ ✐♥t❡r❛❝t✐♦♥s✿ ❆♥ ❛ss❡ss♠❡♥t ♦❢ t❤r❡❡ ♠❡t❤♦❞s✳ ❊❝♦•✳ ▲❡tt✳ ✹✱ ✶✻✻✕✶✼✺✳ ❬✷( ❆✐t❛✱ ❚✳✱ ❍✉s✐♠✐✱ (✳✱ ✷✵✵✵✳ ❆❞❛♣t✐✈❡ ✇❛•❦s ❜② t❤❡ ✜tt❡st ❛♠♦♥❣ ✜♥✐t❡ r❛♥❞♦♠ ♠✉t❛♥ts ♦♥ ❛ ▼t✳ ❋✉•✐✲t②♣❡ ✜t♥❡ss •❛♥❞s❝❛♣❡✱ ■■✳ ❊✛❡❝t ♦♥ s♠❛•• ♥♦♥✲❛❞❞✐t✐✈✐t②✱ ❏✳ ▼❛t❤✳ ❇✐♦•✳ ✹✶✱ ✷✵✼✕✷✸✶✳ ❬✸( ❆•❞♦✉s✱ ❉✳✱ ✶✾✼✽✳ ❙t♦♣♣✐♥❣ t✐♠❡s ❛♥❞ t✐❣❤t♥❡ss✳ ❆♥♥✳ Pr♦❜❛❜✳ ✻✱ ✸✸✺✕✸✹✵✳ ❬✹( ❆s♠✉ss❡♥✱ ▼✳❆✳✱ ✶✾✽✸✳ ❉❡♥s✐t②✲❞❡♣❡♥❞❡♥t s❡•❡❝t✐♦♥ ✐♥❝♦r♣♦r❛t✐♥❣ ✐♥tr❛s♣❡❝✐✜❝ ❝♦♠✲ ♣❡t✐t✐♦♥✳ ■■✳ ❆ ❞✐♣•♦✐❞ ♠♦❞❡•✳ •❡♥❡t✐❝s ✶✵✸✱ ✸✸✺✕✸✺✵✳ ❬✺( ❇❛rt♦♥✱ ◆✳❍✳✱ P♦•❡❝❤♦✈❛✱ ❏✳✱ ✷✵✵✺✳ ❚❤❡ •✐♠✐t❛t✐♦♥s ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ❛s ❛ ♠♦❞❡• ♦❢ ❡✈♦•✉t✐♦♥✳ ❏✳ ❊✈♦•✳ ❇✐♦•✳ ✶✽✱ ✶✶✽✻✕✶✶✾✵✳ ✸✽