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Abstract

Real-time in vivo and in situ imaging at the cellular level can be achieved with
fibered confocal microscopy. As interesting as dynamic sequences may be, there is a
need for the biologist or physician to get an efficient and complete representation of
the entire imaged region. For this demand, the potential of this imaging modality
is enhanced by using video mosaicing techniques. Classical mosaicing algorithms
do not take into account the characteristics of fibered confocal microscopy, namely
motion distortions, irregularly sampled frames and non-rigid deformations of the
imaged tissue. Our approach is based on a hierarchical framework that is able to
recover a globally consistent alignment of the input frames, to compensate for the
motion distortions and to capture the non-rigid deformations. The proposed global
alignment scheme is seen as an estimation problem on a Lie group. We model the
relationship between the motion and the motion distortions to correct for these
distortions. An efficient scattered data approximation scheme is proposed both for
the construction of the mosaic and to adapt the demons registration algorithm
to our irregularly sampled inputs. Controlled experiments have been conducted to
evaluate the performance of our algorithm. Results on several sequences acquired
in vivo on both human and mouse tissue also demonstrate the relevance of our
approach.
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1 Introduction

Fibered confocal microscopy (FCM) is a promising tool for in vivo and in situ
optical biopsy (Le Goualher et al., 2004). This imaging modality unveils in
real-time the cellular structure of the observed tissue. However, as interesting
as dynamic sequences may be during the time of the medical procedure or
biological experiment, there is a need for the expert to get an efficient and
complete representation of the entire imaged region. The goal of this work
is to enhance the possibilities offered by FCM. Image sequence mosaicing
techniques are used to provide this efficient and complete representation and
widen the field of view (FOV). Several possible applications are targeted. First
of all, the rendering of wide-field micro-architectural information on a single
image will help experts to interpret the acquired data. This representation
will also make quantitative and statistical analysis possible on a wide field
of view. Moreover, mosaicing for microscopic images is a mean of filling the
gap between microscopic and macroscopic scales. It allows multi-modality and
multi-scale information fusion for the positioning of the optical microprobe.

FCM is a direct contact imaging technique. In order to image and explore
a region of interest, the optical microprobe is glided along the soft tissue.
The displacement of the optical microprobe across the tissue can be described
by a rigid motion. Since FCM is a laser scanning device, an input frame
does not represent a single point in time. In contrast, each sampling point
corresponds to a different instant. This induces motion artifacts when the
optical microprobe moves with respect to the imaged tissue. Furthermore,
the interaction of the contact optical microprobe with the soft tissue creates
additional small non-rigid deformations. Due to these non-linear deformations,
motion artifacts and irregular sampling of the input frames, classical video
mosaicing techniques need to be adapted.

Our approach is based on a hierarchical framework that is able to recover
a globally consistent alignment of the input frames, to compensate for the
motion-induced distortion of the input frames (simply called motion distortion
hereafter) and to capture the non-rigid deformations. The global positioning is
presented as an estimation problem on a Lie group (Vercauteren et al., 2005).
An efficient optimization scheme is proposed to solve this estimation prob-
lem. Because the motion distortions are induced by the motion of the optical
microprobe, we model and use this relationship to recover the motion distor-
tions. An efficient scattered data fitting method is also proposed to reconstruct
on a regular grid the irregularly sampled images that arise from the inputs
and from the mosaic construction process. This reconstruction method is also
used when we recover the non-rigid deformations with an adapted demons
algorithm.



The remainder of the paper is organized as follows. Section 2 presents the
imaging modality in more detail. The main steps of our algorithm are de-
scribed in Section 3. Section 4 provides a set a basic tools for Lie groups that
will be used in Section 5 to get a set of globally consistent transformations
from pairwise registration results. The motion distortions and non-rigid de-
formations compensation algorithms are presented in Section 6. An efficient
scattered data fitting method is proposed in Section 7 to reconstruct the irreg-
ularly sampled images that arise from FCM and from the mosaic construction
process. A controlled evaluation of our method and results on sequences ac-
quired in vivo on both human and mouse tissue are presented in Section 8.
Finally Section 9 concludes the paper.

2 Fibered Confocal Microscopy

FCM is based on the principle of confocal microscopy which is the ability to
reject light from out-of-focus planes and provide a clear in-focus image of a thin
section within the sample. This optical sectioning property is what makes the
confocal microscope ideal for imaging thick biological samples. The adaptation
of a fibered confocal microscope for in vivo and in situ imaging can be viewed
as replacing the microscope objective by a flexible microprobe of adequate
length and diameter in order to be able to perform in situ imaging. For such
purpose, a flexible fiber bundle is used as the link between the scanning device
and the miniaturized microscope objective.
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Fig. 1. Schematic principle of fibered confocal microscopy.



The Cellvizio, developed by Mauna Kea Technologies (MKT) is a complete
fibered confocal microscope with a lateral and axial resolution comparable
with a standard confocal microscope. It is based on the combination of:

e A flexible optical microprobe consisting in a bundle of tens of thousands
of fiber optics, whose overall dimensions are compatible with the accessory
channel of a standard endoscope,

e A proximal laser scanning unit, which assembles the functions of light illu-
mination, signal detection, and XY robust and rapid scanning,

e A control and acquisition software providing real-time image processing.

2.1 Image formation

Fig. 2. Portion of a raw image of a constant signal and corresponding fiber centers.

The laser scanning unit, performs a scanning of the proximal surface of the
flexible optical microprobe with the laser source by using two mirrors. Hor-
izontal line scanning is performed using a 4 kHz oscillating mirror while a
galvanometric mirror performs frame scanning at 12 Hz. A custom synchro-
nization hardware controls the mirrors and digitizes, synchronously with the
scanning, the signal coming back from the tissue using a mono-pixel photode-
tector. When organized according to the scanning, the output of the FCM can
be viewed as a raw image of the surface of the flexible image bundle. Scan-
ning amplitude and signal sampling frequency have been adjusted to perform
a spatial over-sampling of the image bundle. This is clearly visible on the raw
image in figure 2 where one can see the individual fibers composing the bundle.

A typical fiber bundle is composed of 30,000 fiber optics, with a fiber inter-core
distance d;. = 3.3um, and a fiber core diameter of 1.9um. Fiber arrangement
is locally quasi hexagonal, but does not show any particular order at larger
scales.

Each fiber of the bundle provides one and only one sampling point on the
tissue. Associated with these sampling points comes a signal that depends on
the imaged tissue and on the single fiber characteristics. The role of the image
processing is first to build a mapping between the FCM raw image and the
fibers composing the image bundle. Once the mapping between the raw data
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Fig. 3. Different types of images acquired with the Cellvizio.



and each individual fiber is obtained, characteristics of each fiber are measured
and the effective signal coming back from the tissue is estimated.

The input of the mosaicing algorithm will therefore be composed of non-
uniformly sampled frames where each sampling point corresponds to a center
of a fiber in the flexible fiber bundle. A collection of typical frames acquired
in vivo is shown in figure 3.

2.2 Influence of relative motion

The scanning of the laser can be decomposed into a fast horizontal sinusoidal
component and a slow linear uniform vertical component. Horizontally, the
imaging is done only on the central part of the trajectory, where the spot
velocity is maximal and nearly constant. Since in this part, the spot horizontal
velocity V. (> bm/s) is several orders of magnitude higher than the spot
vertical velocity V, (~ 2mm/s), we assume that the horizontal spot velocity
is infinite.

I
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Fig. 4. Imaging of a moving vertical segment by a scanning laser. The segment has
a translation movement from the upper left corner to the lower right corner of the
image. The segment is first intersected by a scan line at instant ¢y (black disks
represent imaged points). The following scan lines image the segment at different
positions (dotted segments). The resulting shape is the slanting segment of angle a.

An interesting point of scanning imaging devices is that the output image is not
a representation of a given instant, but a juxtaposition of points acquired at
different times (Savoire et al., 2004). Consequently, if the flexible microprobe
moves with respect to the imaged tissue, what we observe is not a frozen
picture of the tissue, but a skewed image of it. Each scan line indeed relates
to a different instant, and the flexible microprobe moved between each scan



line.

Let us consider a standard 2D+t volume, without scanning each acquired
frame would correspond to a single time instant ¢, and thus to a 2D horizontal
slice of the volume. With scanning a point of ordinate y corresponds to the
time to+ v% The process of image formation therefore comes down to imaging
an oblique plane of the volume. Figure 4 presents what will be observed when
imaging a vertical segment moving with respect to the flexible microprobe.

3 Problem Statement and Overview of the Algorithm

The goal of many existing mosaicing algorithms is to estimate the reference-to-
frame mappings and use these estimates to construct the mosaic (Irani et al.,
1995). Small residual misregistrations are then of little importance because
the mosaic is reconstructed by segmenting the field into disjoint regions that
use a single source image for the reconstruction (Davis, 1998; Levin et al.,
2004; Peleg et al., 2000). Even if these reconstruction techniques can ignore
small local registration errors, a globally consistent alignment framework is
needed to avoid large accumulated registration errors as shown in figure 5.
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Fig. 5. Accumulated registration errors result in global misalignment. What should
be an ellipse, appears like an open curve due to these errors.

Since our input frames are rather noisy, we would like to use all the available
information to recover an approximation of the true underlying scene. We
will therefore estimate the frame-to-reference transformations (instead of the
usual reference-to-frame) and consider all the input sampling points as shifted
sampling points of the mosaic. This has several advantages for our problem.
First of all, this is really adapted to irregularly sampled input frames because
we will always use the original sampling points and never interpolate the input
data. This approach is also more consistent with a model of noise appearing
on the observed frames rather than on the underlying truth. Finally in this
framework, it will be possible to get a mosaic at a higher resolution than



the input frames. The challenge is that we need an accurate estimate of the
unknown transformations.

3.1 Observation model
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Fig. 6. Overview of the global reference-to-frame transformations and the local
frame-to-frame transformations.

Each frame of the input sequence is modeled as a noisy and deformed partial
view of a ground truth 2D scene (the mosaic we want to recover). Let I be
the unknown underlying truth and I,, be the observed frames. Each observed
sampling point p in the coordinate system §2,, associated with the n'* input
frame can be mapped to a point in the reference coordinate system €2 by the
n'" frame-to-reference mapping f,. Each observed sampled value I,(p) can
then be seen as a noisy observation of the ground truth signal I(f,(p)):

I(p) = I(fu(p)) +en(p), Vp € Qy, (1)

where €,(p) is a noise term. Note that according to this observation model, we
need to recover the frame-to-reference mappings as opposed to many existing
mosaicing algorithms that estimate the reference-to-frame mappings.

We specifically designed our transformation model for fibered confocal mi-
croscopy. The displacement of the optical microprobe across the tissue can be
described by a rigid shift denoted by r,. Since FCM is a laser scanning de-
vice, this motion of the optical microprobe with respect to the imaged tissue
induces some motion artifacts. These distortions can be modeled by a linear
transformation v,, that will be described in more details in Section 6. Finally,
due to the interaction of the contact optical microprobe with the soft tissue, a
small non-rigid deformation b, appears. The frame-to-reference mapping are
thus modeled by:

fa(p) = bn o1 0 v, (p). (2)

3.2 Qwverview of the algorithm

As depicted in figure 7, our complete model of the frame-to-reference transfor-
mations is quite complex. A typical approach for dealing with the estimation
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Fig. 7. A schematic representation of the three-steps composing the global refer-
ence-to-frame transformations.

of such complex models is to have a hierarchical, coarse-to-fine, approach.
We will therefore focus on developing a method that iteratively refines the
model while always keeping the global consistency of the estimated frame-
to-reference transformations. The frame-to-reference mappings are composed
of a motion-related distortion, a large rigid mapping and a small non-rigid
deformation due to the soft tissue deformation.

We start by assuming that the motion distortions as well as the non-rigid
tissue deformations can be ignored. By making the reasonable assumption
that consecutive frames are overlapping, an initial estimate of the global rigid
mappings can be obtained by using a rigid registration technique to estimate
the motion between the consecutive frames. Global alignment is then obtained
by composing the local motions. This initial estimate suffers from the well-
known accumulation of error problem illustrated in figure 5.

v Iteration loop ‘
Input Stepl: Step 2: Step 3:
S P Local pairwise —®  From local registration ———#» Motion estimation
equence - . . : . . .
rigid registrations to global alignment & distortion compensation
Step 5: .
Outp1_1t<— Fine frame-to-mosaic & . Step 4: .
Mosaic .. . . Mosaic construction
(non-rigid) registration .
Iteration
‘ loop A

Fig. 8. Block diagram of the mosaicing algorithm.

The first loop of our algorithm (steps 1,2 and 3 in figure 8) alternates between
three steps. The first step assumes that the motion distortions have been



correctly estimated and registers pairs of distortion compensated frames under
a rigid body transformation assumption. The second step uses these local
pairwise registration results to make a globally consistent estimation of the
rigid mappings r,. The third step uses the relationship between the motion
and the motion distortions to provide an updated and consistent set of rigid
mappings and motion compensations.

Once a globally consistent set of transformations is found, the algorithm con-
structs a point cloud by mapping all observed sampling points onto a common
reference coordinate system. An efficient scattered data fitting technique is
then used on this point cloud to construct an initial mosaic. The residual non-
rigid deformations are finally taken into account by iteratively registering an
input frame to the mosaic and updating the mosaic based on the new estimate
of the frame-to-mosaic mapping.

In step 2 of our algorithm, we use all available pairwise rigid registration re-
sults to estimate a set of globally consistent transformations. A sound choice
is to consider a least-square approach. However the space of rigid body trans-
formations is not a vector space but rather a Lie group that can be considered
as a Riemannian manifold. Classical notions using distances are therefore not
trivial to generalize. In what follows, we provide a basic toolbox for estimation
problems on Lie groups.

4 Basic Tools for Estimation Problems on Lie Groups

Many sets of primitives used in image processing and computer vision can
be considered as real Lie Groups or as quotients of real Lie groups (e.g. 2D
rigid body transformations, tensors (Fletcher and Joshi, 2004; Pennec et al.,
2006), quaternions, upper triangular matrices, M-reps (Fletcher et al., 2004),
vector spaces etc.). Most of them are not vector spaces and paradoxes such as
Bertrand’s paradox (Papoulis and Pillai, 2002) appear when one considers a
Lie Group as a vector space within an estimation problem.

The goal of this section is to provide a basic toolbox for estimation problems on
real Lie groups. This synthesis uses classical tools from differential geometry
and focuses on Lie groups to simplify the results and notations. We refer
the reader to the standard textbooks for a detailed treatment of differential
geometry (see e.g. do Carmo, 1992) and Lie groups (see e.g. Helgason, 2001).
By using differential geometry, we will be able to generalize many algorithms
designed for the usual vector space case.

A Lie group G is a smooth manifold together with a smooth composition map
(usually denoted as multiplication) and a smooth inverse map, that satisfy the

10



group axioms: closure, associativity, existence of a neutral element (denoted
hereafter as Id) and existence of an inverse. Two important mappings for us
are the left-compositions and right-compositions by an element m:

Ly, : r€Gr— Ly(r)=mozeg
R, : r€G— Ry(r)=xzomeqg.

They are diffeomorphisms by definition. Hence they naturally induce the fol-
lowing differential maps (in a particular local coordinate system or chart) :

)
DLn(z):  weTyG s DLn(z) u= ”;yo U w €Tped
y=x
DRy(x):  weTyG— DRp(z) - u = 3yao T w €T,
Vol

which allow us to map the space T,.G of tangent vectors to G at x to its
counterpart 1,,,0.G or Ty G.

4.1  Left invariant metric and distance

Because many estimation problem involve a measure of discrepancy between
two elements, it is natural to look for a definition of a distance between two
elements of a Lie group. This can be done by providing the Lie group with
a Riemannian metric which is a continuous collection of dot products on the
tangent space T,(G) at x: (v|w), = vT.G(x).w. Because of the smoothness
of the Lie Group, we can smoothly translate a dot product at the Id-tangent
space to any other tangent space by left or right composition thanks to the dif-
ferential maps above. In the sequel we focus on left invariant metrics. Thanks
to the left-composition differential map DL, , they can be represented by the
matrix field,

G(z) = DL,(Id)"".G(1d).DL,(I1d)~*. (3)

The Riemannian metric provides the intrinsic way of measuring the length of
any smooth curve on the Lie group. The distance between two points of a Lie
Group is then the minimum length among the curves joining these points. The
curves realizing this minimum for any two points of the manifold are called
geodesics. The calculus of variation shows that the geodesics follow a second
order differential system depending on the Riemannian metric. Therefore, we
know that there exists one and only one geodesic (; 4)(+) defined for all times
(thanks to the left-invariance), going through z at time ¢t = 0 and having u
as a tangent vector.
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4.2 Riemannian exponential and log maps

A key notion of differential geometry is the exponential map. Let us consider
a given point x of the Lie group, a vector w in the corresponding tangent
space and the uniquely associated geodesic 7, . The exponential map is the
function that maps w to the point 7, ) (1) reached after a unit time by the
geodesic:

T.(G) = G
u = exp,(u) = Yz (l).

This function realizes a local diffeomorphism from a neighborhood of 0 to a
neighborhood of x by developing the tangent space along the geodesics. Within
this neighborhood, the inverse of the exponential map exists and is called the

log map log,(+):

exp, :

exp,u =y << u=log,y.

In the context of Lie groups, the exponential map notion can be ambiguous
as one can use the Lie group exponential or the Riemannian manifold one.
Both definitions agree if and only if the Lie group admits a left-and-right-
invariant Riemannian metric (such as for compact Lie groups) used to define
the geodesics. Unfortunately, for the group of rigid body transformations, it
can be shown that no bi-invariant metric exists (Arsigny et al., 2006). In the
context of estimation problems, we are mainly interested in distance measure-
ments and we will therefore stick to the Riemannian exponential.

Fig. 9. Riemannian exponential and log maps on a unit sphere.

When a left-invariant metric is used, the exponential and log maps at any point
of a Lie group can be related through left composition to their counterpart at
the identity with the following equations:

log, (y) = DL,(Id) logg (2" 0 y) (4)
exp,(u) = x 0 expyy(DL,(Id) " 'u). (5)

12



With the log map, the (geodesic) distance between two points is given by:

dist (z,y) = dist (Id, zto y) = |[logga(z™ o )| (6)
= <10g1d($_1 oy) | IOgId(x_1 © y)>1/2'

As shown above, we see that even if we mainly use the Lie group as a Rieman-
nian manifold, its additional structure is of great practical interest because it
allows us to map every tangent space to the one at the identity. We there-
fore only need to have computational tools for one tangent space, the tangent
space at the identity.

4.8 Mean and covariance matriz

Lie groups are usually not vector spaces, and the notion of expectation can
not readily be extended to it. However, for any metric space, it is possible to
define probabilistic spaces, random elements and probability density functions
(Papoulis and Pillai, 2002). Expectations and other usual tools are then de-
fined for random variables, which are real-valued functions of the probabilistic
events, but not directly for random elements of the group (Pennec and Ay-
ache, 1998). However, by changing the definition of the expectation and using
the Riemannian geometry tools presented in Section 4.2, it turns out that a
consistent statistical framework (including the mean, the covariance and the
Mahalanobis distance) can be defined (Pennec, 2006).

In a vector space, the mean can be seen as the element that minimizes the ex-
pected distance to a random vector. This point of view allows us to generalize
the mean for Lie groups. Let x be a random element and let

o2(y)=E {dist (y, x)ﬂ

be its variance at the (fixed) element y. Note that this is well defined because
dist (y, -) is a real-valued function.

Let 2 be a random element of a Lie group G. If the variance o2(y) is finite for
all elements y € G, every element minimizing the variance is called a Fréchet
mean element. The set of Fréchet mean elements is thus given by

F, = arg Iynelél (IE [dist (y, x)ZD . (7)

It can be shown that under suitable conditions (that are assumed to be fulfilled
here), there exists one and only one Fréchet mean which we denote as E[z].

To define higher moments of a distribution, on a Lie group, the exponential
map at the mean point is used. The random feature is thus represented as a

13



random vector with zero mean in a star-shaped domain. With this represen-
tation, the covariance matrix can be defined by:

Yor = E {log]E[l,] (). loggy, (x)T}
= DL, (E[z]).E {logld (E[x]’l o :U) logy (E[w]’l o x)

Last but not least, the Mahalanobis distance, which plays a key role to get a
robust estimation of the global positioning, can be defined. The Mahalanobis
distance is a classical tool to define a statistical distance in a sample space with
known covariance matrix. Its definition can easily be extended to Lie groups by
using the above definition of the covariance matrix. The Mahalanobis distance
of a point y to a random feature with Fréchet mean E[z] and covariance matrix
Yz 1S given by

12 (y) = loggp, ()" Sy loggp (v)- (9)

5 From Local to Global Alignment

Now that all the necessary tools have been presented in Section 4, we will show
how the problem of global positioning can be cast to an estimation problems on
a Lie group. The first step of our algorithm is to find a globally consistent set
of transformations to map the input frames to a common coordinate system.
When the input frames arise from a single gliding of the flexible microprobe
along a straight line, it may be possible to generate decent alignments by com-
puting only pairwise registrations between the consecutive frames. However in
the general case, all spatial neighbors frames might not be temporal neigh-
bors, and accumulated errors can lead to a poor global alignment as shown
in figure 5. Methods for producing globally consistent alignments are there-
fore needed. The automatic multi-image alignment algorithms developed so
far broadly falls into two categories: feature based (Brown and Lowe, 2003;
Can et al., 2004) and local to global methods (Davis, 1998; Sawhney et al.,
1998). Feature-based methods obviously rely on features extraction from the
input frames. In order to get meaningful extracted information, the chosen
features are often tailored to the types of images that are to be mosaiced (e.g.
panoramas, retinal fundus images, aerial views etc.) and have been developed
for classical uniformly sampled images. We want an algorithm that is able to
cope with non-uniformly sampled inputs (possibly very noisy) arising from
many different types of tissue, as shown in figure 3. We therefore chose to de-
velop a method using local pairwise alignments to generate consistent global
mappings.

14



5.1  Framework for global positioning

Given two input frames, we need to estimate the (pairwise) frame-to-frame
transformation. At this step of the algorithm, we assume that the non-rigid
tissue deformations can be ignored and that the motion distortions have been
correctly estimated. With these assumptions, we need to perform rigid regis-
trations of distortion corrected input frames. For that purpose, we use a clas-
sical registration framework based on a similarity criterion optimization but
any other technique (e.g. block matching framework (Ourselin et al., 2000),

Mellin transform (Davis, 1998) etc.) can be used. Let rj(»f’ibs) be the pairwise
rigid registration result between the distortion corrected input frames ¢ and
j. This result is considered as a noisy observation of rj’l o r;. Based on the
set of all available observations, our algorithm looks for a globally consistent
estimate of the global parameters [rq,...,ry]. This problem is addressed in
(Davis, 1998) where a least squares solution is given when linear transforma-
tions are considered. This technique cannot readily be adapted to rigid body
transformations. In (Sawhney et al., 1998), the authors propose a more general

approach. Some chosen corner points are transformed through r; and r; or(-oibs)

The squared distance between the transformed points added to a regulai"viza—
tion term is then minimized. These techniques are sensitive to outliers, and
are either tailored to a specific type of transformation or need a somewhat ad
hoc choice of points. In this paper, we chose to rely on the tools presented in
Section 4 in order to provide consistent and robust estimates of the global rigid
body transformations. Practical instantiations of the generic tools presented

in Section 4 are given, for 2D rigid body transformations, in the Appendix.

The computational cost of registering all input frames pairs is prohibitive and
not all pairs of input frames are overlapping. It is therefore necessary to choose
which pairs could provide informative registration results. For that purpose,
we chose the topology refinement approach proposed in (Sawhney et al., 1998).
An initial guess of the global parameters [rq, ..., ry] is obtained by registering
the consecutive frames, the algorithm then iteratively chooses a next pair of
input frames to register (thus providing a new observation rﬁbs)) and updates
the global parameters estimation. As we only consider the pairwise registration
results as noisy observations, we need many of them. In order to minimize the
computational cost of those numerous registrations, we use a multiresolution
registration technique using a Gaussian image pyramid that stops at a coarse
level of the optimization.
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5.2 A Lie group approach for global positioning

Let e be a random error whose Fréchet mean is the identity and whose covari-
ance matrix is X... The observation model is given by

(obs) -1 (obs)
Tii =T; OTrioe;; (10)
where eg-oi %) is a realization of the random error e.

Given the set of all available pairwise rigid registration results ©, we need
to estimate the true transformations. A natural choice is to minimize the
statistical distance (i.e. Mahalanobis distance) between the observations r(ObS)
and the transformations rj_l or; predicted by our model. Our global crlterlon
is thus given by:

k * . ObS
[,y :arg[rmlrrl 3 Z wi(e . (11)
Lo INE 2 e

It can be seen that this criterion is insensitive to a composition of all transfor-
mations with a fixed arbitrary transformation. We can therefore choose any
transformation in [rq,..., x| to be the identity transformation Id. Without
loss of generality we can look for any minimizer in (11) and then compose
a