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wSikprwLpN`dVU`'v�`cbdg�ya_/z�pNT�w�vxi*vx�S�mV
bdp<bdQ�V«pNfSV«wSidVe`cVUfIbdVUy"j�f;.SVeyaprik_DgS³}´ `3vxidbdj�z��mV�3 /�� 5 ¦oZ�vr�(_}´ vS®DW[vx�evxikp�²4vrf�y�n��mvrT4VUfSV(²a`d³Dj�j}g�`dV
T�gS��bdj�`dzUvx�mV
V�£aw�vrf�`dj�pNf�`(¦ .�j�fªvx�m��_4�¬VY�¬pNgS��y���jm³rV'bkp<z(j�bkV0bdQ�V0bs�3p�noQ��¥bdQ�VU`djm`¬px��]}¦ P�pNikySV(ga£ 3 �N� 5 vxf��4¦ �[j�vx� 3 � #�5 bdQ�vxb
vxikV5²rVUid_�jmf�`cbdikg�z?bkj�²NV0vxf�y4ikV(wSikVU`dV(fIb �rpDpay<j�fIbdikpayag�z�bdjmprf�` �LpxbkQ4bdp�T�v�bkQ�z*QSVUy�vN`c_DT�wabdprbdj�z(`ovrf�T�gS��bdj�`dzUvx�mV
V�£aw�vrf�`dj�pNf�`(¦
§�V�bdQ�j�fS³�bkQ�v�b<bdQSV$wSikVU`dV(fIb��3prik³­z�pNfIbkvxjmf�`�j�fSf�p�²¯vxbdjm²rV"vN`cwLVUz�bk`<j�f bdQSV
�3v¯_­bdQ�vxb<�3V
vNyaprwabkVUy�bkp

bkvNz*³D��V3bdQ�V3w�idpN�S��VUT px�ªbdQSjmf��'j�ikVU`U¦ �¬prf�z(V(ikfSj�f��[bkVUz*QSfSj�z(vr�Svr`dwªVez?b*`(®x�3V3Q�v¯²rV5g�`dVUy<T�v�bkz*Q�VUy4vr`d_IT�wabkpxbkjmzU`
jmf�`sbkVUvNy/px� T�gS��bdj�`kz(vx�mV�V�£aw�vrf�`dj�pNf�`(¦ � fBw�vricbkjmz(gS�mvriU®��¬V�Q�v¯²NV�vrySvrwabdVey$bdQSV��¬pNid³�pr� .SVUySprik_Ig�³�bdp
v�fSprf 

z�pDVUikz(j�²NV�`cj�bdg�vxbdjmprf * �0V(�mT�QSpr��bd��VUlIg�v�bkj�pNf ,��'QSj�z*Q¢i*vxj�`cVey¢`cpNT4V/bkVUz*QSf�jmzUvx�YySj���z�g���bkj�Ve`(¦ P5QSV­jmySVUvr`�px�
`dVUz?bkj�pNf��a¦ # vridV�²NV(ik_­`dj�T�jm�mvri�bkp43 /�� 5 ¦ � f V(ikidpNi�VU`cbdjmT�v�bdVe`(®�bkQSV"wSikpDpx�0pr�[`sb*vx�Sjm��j�bs_�jm`4z���vr`k`cj�z(vr��jmf¤bdQ�V
�mj�bkV(i*v�bdg�idV�pr�[vr`d_DT4wSbdpxbkjmzU`(¦ �¬prf�z(V(ikfSj�f���z�pNf�`cj�`cbdV(fªz�_r®-�3V"Q�v¯²NV�vrySvrwabdVey©bdVez*QSfSj�z(vr��ikVU`dgS��b*`<z(prfIbkvrj�f�VUy
jmf 3 �N� 5 jmf©bdQSV
z(vr`dV�px�0`dwSQSV(ikprj�ySvr�oz�pDpri*yajmf�v�bkVU`'* z(prikpr�m�mvrid_©�D¦ /�vrf�y©�mV(T�T�v��D¦���,?¦BZBpNidVUp�²rV(i
`dVUz?bkj�pNf��
z�pNT�V<bkp$vrf�vr�rikV(VUT4VUfIb«�'j�bdQ�jmySVUvr`�z(prfIbkvrj�f�VUy�jmf 3)/ 5 * ikVU`cbdikV(jmfSj�f��"bkQSV�`cwªvrz�V4px� 6�vr�ri*vxfS�NV�T�gS��bdjmwS�mj�VUik`
bdp�V(�mV(T�VUfNb*`4�'j�bkQ `d_IT�T�V�bkid_¤pr�[ikV(²rpN��gSbdjmprf ,�® �Sgab�bdQSV$�5v¯_�pr�YyaVUidjm²Dj�fS��bdQSVe`cV$j�yaVUvN`<j�`�yaj)(LVUidVUfNbe¦ � f
w�vricbkjmz(gS�mvriU®I�3VYyaj�y�fSprb3VUf�z�pNgabdVUi¬jmf"�mj�bdV(i*v�bkgSikV[vxfD_�wSikpIpr�±px��`cbkvr�Sjm��j�bs_�prf
v�T�j�£aVUy�� prikT�gS��v�bkj�pNf���jm³rVYbdQ�V
ikVU`dgS��b�pr����¦ �a¦"§�V��ªVU��jmV(²NV�bdQ�vxb�bdQSV�jmfIbdVUidVe`sbkj�fS�/wLprjmfIb�px�3bdQSj�`��3prik³�j�`(®�prf�bdQSV"prfSV�Q�vrf�y:®�bdQSV�ikVU`dgS��b
�D¦ /«bdQ�vxb0wSikp�²rVU`¬bkQSV�²�vx�mjmySj�bs_
px��bkQSV�T�v�b*z*QSVUy
V�£aw�vrf�`dj�pNf±®�vxfªy"pNf
bkQSV�pxbkQSV(i[Q�vxf�y±®abdQSV�ikVU`dgS��b��S¦ ��bdQ�vxb
�mVUvry�`3bdp�v�`cjmT�wS��VUi'� prikT�g��mvxbdjmprf"pr��bkQSV
wSikpr�S�mV(T bkQ�vxf$bkQSV�j�f�j�bkjmvr�±prfSV21 z�prfªz�V(VeyajmfS��vxf$V(ikidpNi¬jmf

O(ε)
j�b

j�`¬wLpN`k`dj��S�mV0bkp4z(prf�`dj�yaV(i¬bdQ�vxb¬bkQSVY°�V(��yS`5vxikVYz(prf�`cbkvrfNb3prf
VUvrz*Q
z�ikpN`k`�`dVUz?bkj�pNf"pr�±bdQSV«�'jmidVN¦-P5Q�jm`3wSikp�²DjmyaVe`
v<qsg�`cbdj�°ªz(vxbdjmprf�px��bkQSV * `kz(vr�mvri
²rV(i*`dj�pNf�px�¬bdQSV�,«n-pDz*³D�mj�f��xbdpNf�VelNgªv�bdjmprf�¦�Z�prikV(p�²rVUi0bkQSjm`��¬pNid³B`dV(V(T�`«bkp
wSikp�²DjmyaV
v�gSfSj�� _Dj�f��<bkQSV(pNidV(bdj�z(vr�±`cV(bcbdjmfS�4� pri'�'jmikV�T4payaVU�m`U¦

��� � !#"%$ &('*),+-"/.0&(1320465�$ "7&98:2<;-&>= )

�3V�� pNidV$`sbkikvxbdjmfS���'j�bdQ pNgSi4T�vrj�f yajm`kz�gSbdjmprf±®o�3V
`dQ�vr���¬°�i*`sb4�rjm²rV
vrf p�²rVUid²DjmV(� px�'bkQSV$V�£ajm`cbdjmfS�­T4payaVU�m`
� pri4bkQSj�f �'jmidVe`(¦ P5QSVe`cV
T�pDySV(��`4ySVUvx�5�'j�bdQ7Z�v�£a�3V(�m� ´ `<VUlIg�v�bkj�pNf�`U®o�Sgab4bdQSVU_ z(vrf �LV$vNySvxwSbdVUy � pri4bdQ�V
bdikVUvxbdT�V(fIb�pr�«prbdQSVUi�VUlIg�v�bkj�pNf�`�`dg�z*Q¢vr`'6�vrwS��vrz�VBvrf�y7�0V(�mT�QSpr��bd�BVelIg�v�bkj�pNf±¦ §�VB�'j��m�[wSikVU`dV(fIb�bdQ�VU`dV
V�£aj�`sbkj�f���T�pDySV(��` � pri3�0VU��T�QSpN��bk�0VUlIg�vxbdjmprf±®N�Sgab¬³NV(VUw�j�f�T�jmf�y�bdQªv�b3`djmT4jm��vxioT�payaV(��`�zUvxf��LV[wSikprwLpN`dVUy<� pNi
6�vrwS��vrz�V�vrf�y
Z�v�£a�¬VU���G´ `5VUlIg�v�bkj�pNf±¦���vNz*Q
pr��bkQSVU`dV�T�pDySV(��`0yaj)(LVUik`5pNfS��_
�D_�j�b*`'VUlIg�vxbdjmprf/z�pNidikVU`dwªpNf�yajmfS�
bdp«bkQSV5�ªpNgSf�ySvrid_�z(prf�yaj�bdjmprf<prf�bdQSV5�'jmidVN¦�X[fNbkj��DbkQSV5V(f�y<px�ªbdQSj�` `dgS� 
 `cVez?bdjmprf<�¬V5z�pNf�`djmyaVUi vY`cbdi*vxjm�rQIb�bkQSjmf
�'jmidV5�'j�bdQ�v�`dgSic� vNz�V

Γε yaVe`dz(idjm�ªVey�yaVU`kz�ikj��LVUy4jmf�z�_D��jmf�yaikj�z(vx�Sz(pDpri*yaj�fªv�bdVe`��I_ r = Φε(θ, z)
� pNi

z ∈ [−1, 1]¦

?A@ <(?CB
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P5QSV5� pNgSf�yaVUiopx�:�'jmidV'T�payaV(��` j�`o��¦ � n-pDz*³D�mj�f��xbdpNf��'QSp�wSikprwLpN`dVUy<j�f / � 
I�Yvrf4VelIg�v�bkj�pNf�z(prgSw���jmfS�
bdQ�V
°�VU�my�yaj)(}ikvNz?bdVey4�I_�vxf�vrfNbkV(fSfªv
�'j�bkQ�bdQSV[z(gSikidVUfNb�vxbobdQ�V[`cg�ic� vNz�V'px�LbdQ�jm`¬vxfIbdVUfSf�vS¦-P�p�`cjmT�wS��j�� _r®D`dgSwSwLpN`dV
bdQªv�b

Ωob = ∅ * vrfNbkV(fSfªv�jmfB� idVUV<`dw�vrz(V-,�¦Y�YV(fSprbdV
J
bkQSV�T�Veyajmvrf��mj�f�V�jmfBbdQSj�`«�'j�ikVr®L�'j�bdQ­v"�rVUprT�V�bkidj�z(vr�

`cbdikg�z?bkgSidV�vN`�j�f�°��NgSikV;/N®�vrf�y©`cgSw�wªpI`cV�bkQ�v�b�bkQSjm`���jmfSV�j�`
prf�bdQ�V
z

 v�£aj�`(¦'6�V�b

γε(θ, z)
�LV�bdQSV�`dgSid� vrz(V

T�VUvN`cgSikV
prf
Γε jmfBz�_D�mj�f�ySidj�z(vr��z�pDpri*yajmf�v�bkVU`U¦�P5QSV��mV(f��xbdQ/pr��bkQSV��LprgSfªySvxik_�px�ov�`dVUz�bdjmprfBz�pNidikVU`dwªpNf�yajmfS�

bdp4bkQSV�z�pDpri*yajmf�v�bkV
z
jm`3bkQSV(f

γ̃ε(z) =

∫ 2π

0

γε(θ, z)dθ

§�V�z�pNf�`cj�yaVUi0vxfBjmf�z�j�yaV(fIb[�5v¯²rV
uinc ∈ H1

loc(Ω
ε)
`dvxbdj�`s� _DjmfS�4bdQSV�Q�prT�pr�NV(fSVUprg�`'�[V(�mT4Q�pr��bd��VelNgªv�bdjmprf/jmf

bdQ�V<fSVUj��NQD�ªpNidQSpDpay/px� bkQSV4�'j�ikVr¦9.SpNiYV(£DVUT�wS��V4�3V<z(vrf�z�pNfIbdikg�z?b
`cg�z*Q­v�°�VU�myB�D_�`dpr�m²Dj�fS��bdQSV4VUlIg�vxbdjmprf
∆uinc + k2uinc = f

�'j�bkQ�`cg�wSw
f ∩ Ωi

ε = ∅ ¦�§�V�vxikV�j�fIbkV(ikVU`cbdVUy$jmf$bdQSV�z(prikidVe`cwLprfªyaj�f���ySj (}ikvNz?bkVUy$�3v¯²NV®abkQ�v�b0j�`3bdp�`kv¯_�bdQSV
� g�f�z?bkj�pNf
uε

d ∈ H1
loc(Ωε)

`kv�bkjm`c� _Dj�fS� 1





∆uε
d + k2uε

d = 0
jmf

Ωε

uε
d = −uinc

pNf
Γε

uε
d

prgabk�rpNj�fS�

ZBpNidVUp�²rV(i��¬V'yaVUfSpxbkV
uε

tot = uε
d+uinc

bdQ�V5bdpxb*vx�I°�VU�my:®Nvxf�y
G(x;x′)

bkQSV-�«idVUV(f<� gSf�z�bdjmprf4px�ªpNgSi vrz(prg�`cbdj�z
wSikpr�S�mV(T vxf�y

Iε = γ̃ε ∂uε
d

∂n |Γε

bdQªv�bo�'jm���aikV(wSikVU`dV(fIb-bdQ�V0z�gSikidVUfIb�pNf<bkQSV5�'j�ikVr¦ � f�pri*yaV(i�bkp«�'ikj�bdV0v«idVU��VU²�vxfIb
jmfNbkV(�Nikvr�LVelIg�v�bkj�pNf±®an-pDz*³D�mj�f��xbdpNf
vN`d`dgST�VUy"bdQ�vxb5bdQSV�z(gSidikV(fIb0vrz�bdg�vr���m_�yaj�y$fSpxb'²�vxik_�prf/v�`cVez?bkj�pNf"px��bdQ�V
�'jmidVN®�jG¦ V

Iε = Iε(z)
yapDVU`�f�pxb<yaVUwªVUf�y¤pNf

z
® vxf�y­bkQ�v�b<bdQSV"ySj (}ikvNz?bkVUy�°�VU�my¤jmf©bdQ�jm`�idVU�rjmprf©�3vN`�vx��`dp

jmf�yaV(wLV(fªySvxfIbYpr�
z
®
uε

d |Γε = uε
d |Γε(z)

¦ � f�bdQSV4z(vr`dV�pr� bdQSV4�0V(�mT�QSpr��bd�<wSikpr�S�mV(T/®ªbdQSV<j�fIbdVU�ri*vx��VUlIg�v�bkj�pNf
px�-n-paz*³I�mjmfS�xbkprf"j�`

∫ +1

z′=−1

(∫ 2π

θ=0

∫ 2π

θ′=0

eik|x(θ,z)−x(θ′,z′)|

4π|x(θ, z) − x(θ′, z′)|
γε(θ, z)

γ̃ε(z)

γε(θ, z′)

γ̃ε(z′)
dθdθ′

)
Iε(z′)dz′ = −uinc |Γε(z).

§�V4yaVUfSpxbkVUy
x(θ, z)

bdQSV4wLprjmfNb
px�
Γε �'j�bkQ­z�_D�mj�fªyaidj�z(vr��z(pDpri*yaj�fªv�bdVe` θ vxf�y z ¦�P5QSj�`«VUlIg�v�bkj�pNf�j�`«v"prfSVyajmT�V(f�`dj�pNf�vx�}²NV(i*`cjmprf�pr��bkQSV
j�fIbdVU�ri*vx�}VUlIg�vxbdjmprf$z�prikikVU`dwªpNf�yajmfS��bkp4v�`dj�fS�N��V«��v¯_rV(i3wLpxbdVUfIbdj�vx�:g�`dVUy�� pri5bdQ�V

ikVU`dpr�mgabdjmprf
px��bdQSV��[V(�mT4Q�pr��bd��wSikpr�S�mV(T/¦ P5QSj�`'VUlIg�vxbdjmprf$jm`5�'Qªv�b'�¬V�zUvx�m�}bdQSV�T�payaVU�:px�-n�paz*³D�mj�fS�rbdpNf±¦
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P5QSV�³NV(ikfSV(�'pr��n�paz*³D�mj�fS�rbdpNf±´ `�jmfIbdVU�ri*vx�0VelNgªv�bdjmprf j�`"`dj�fS�NgS��vxi * vN`�v©� gSfªz?bdjmprf¢pr�
z′

,?¦ � bk`"`djmfS�rgS��vxikj�bs_
j�`Y�mpr�Ivxikj�bkQST�jmzr¦�]DV(ik²rVUikvr��vrgabdQSpNik`YQ�v¯²NV�ikV(wS��vrz(VUyBj�b��I_�v"idVU�rgS��vxikjm�(VUy�³rV(ikfSVU� ¦ 6±V(b�g�`
yaV(fSprbdV4�D_

x̃(z)bdQ�V�wªpNj�fIb�pr�
J
z(prikidVe`cwLprf�ySj�fS�$bkpBbdQSV
z�pDpri*yajmf�v�bkV

z
¦/P5QSVU`dV�vxgSbdQSpNik`�Qªv¯²rV�wSikV�� VUidVey�bkp�z�pNf�`djmyaVUi�bdQ�V

VUlIg�vxbdjmprf
∫ +1

z′=−1

(∫ 2π

θ′=0

eik|ex(z)−x(θ′,z′)|

4π|x̃(z) − x(θ′, z′)|γ
ε(θ′, z′)dθ′

)
Iε(z′)dz′ = −uinc |Γε(z)

]Djmf�z�V�bdQSV�³NV(ikfSV(��px�-bdQSj�`0VelIg�v�bkj�pNf$j�`0²NV(ik_"`dT4pDprbdQ±®�bdQSV�vN`d`dpaz�j�v�bkVUy$j�fIbkV(�ri*vx�:pNwªVUikvxbdpNi'jm`Yz�prT�w�vNz?b[vrf�y
bdQ�jm`3fSVU�¢j�fIbdVU�ri*vx�ªVUlIg�v�bkj�pNf�j�`�jm��� 
 wªpI`cVey:¦��[`5v�z(prf�`dVUlIgSVUf�z�V'bkQSj�`¬VelIg�v�bkj�pNf"z(vrf���Vevry�bkp�ikVUvr��j�`sbkjmz[idVe`cg���b*`
prf���_©j��0bdQSV$`cT�vr���mVU`cb<T�VU`dQ `cbdVUw g�`dVUy©� pNi�bkQSV/yajm`kz�ikV�bkj��ev�bkj�pNf¤jm`<T�prikV�bdQªvxf¤bkQSidVUV�bkj�T�VU`4��vxik�rVUi�bdQ�vrf
bdQ�V�ikvNyaj�gª`

ε
px��bkQSV��'jmidVN¦-P5Q�jm`5VelNgªv�bdjmprf$j�`5�'Q�v�b'�3V
zUvx�m�}bdQSV
T�payaV(��px��n-paz*³D��jmfS�rbdprf
�'j�bkQ/idVU�rgS��vxikj��UVUy

³rVUidf�V(�G¦ .SpNi�bdQSV�ySVU`dj��Nf pr�YbkQSV�z(pDySV�Z�vx�NV(�m�mvrf �'QSj�z*Q7wSgSikwªpI`cVBj�`�bkp `sbkg�ya_7z�prfªyag�z?bkj�f��¤�'j�ikVU`�vrf�y
`dQSV(�m�m`U®/�3V(f�ySvr��j�� vr� ¦-Q�v¯²NVYw�idpNwªpI`cVey�v�²�vridj�v�bkj�pNf�vx�ª� prikT�gS��v�bkj�pNf�jmf
�'QSj�z*Q�bkQSV
QSprT�pN�rV(f�V(prgª`��Yj�ikjmz*Q���V(b
�LprgSf�y�vxik_
z�pNf�yaj�bdjmprfBpNf
bkQSV��'jmidV�jm`5b*vx³NV(fBjmfNbkp�vrzUz�prg�fNb0gª`cjmfS�"v�pNfSV�yajmT4VUf�`dj�pNf�vx��`cw�vNz�V�pr��6�vx�NikvrfS�rV
T�g���bkj�wS�mjmV(i*` * z�pNfIbkvxjmfSjmfS��V(�mV(T�V(fIb*`5bdQ�vxb0yap�fSpxb0yaVUwªVUf�y$prf$bdQ�V

θ
²�vridj�vx�S�mV-,�¦ P5QSjm`5ikVU`cbdikj�z?bdVey
`dw�vNz�V
jm`

H−1/2
moy (Γε) = {q ∈ H−1/2(Γε) | ∂q

∂θ
= 0 }

<=<?>�@8A�B�C�C
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�'QSVUidV�yaVUidjm²�v�bkj�²NVU`�Q�v¯²NV�bdp��LV�gSfªyaV(i*`sbkpDpDy�jmf©bdQSV$`cVUf�`dV�px�0yaj�`sbkidjm�Sgabkj�pNf�`(¦ .�pri�bkQSV�bdprbkvr�o°�VU�my * j�f�z(j 

yaVUfNb��«yaj)(Li*vrz�bdVUy ,¬vrf��cv¯²NV(i*vx�rVey��[�[jmikjmz*QS�mV�b'�LprgSfªySvxik_"z�pNf�yaj�bdjmprf$jm`'bdQSVUf$�'ikj�bcbdVUf/prf
bdQSV�T�VUySjmvrf
�mj�f�V

∫ +1

−1

uε
tot(˜� (z)) q(z) dz = 0 ∀ q ∈ H−1/2

moy (Γε).

§�idj�bdjmfS��vxf$j�fIbkV(�ri*vx�}ikV(wSikVU`dV(fIb*v�bdjmprf"� pri
uε

tot

®SbdQSj�`5VUlIg�vxbdjmprf$��VevryS`3bkp�v4²�vxikj�v�bdjmprfªvx�ª� prikT�gS��v�bkj�pNf"px��bdQ�V
ikV(�rg��mvridjm�(Vey©²rV(i*`dj�pNf¤px�'bdQ�V
n-paz*³D��jmfS�xbkprf±´ `�VelIg�v�bkj�pNf±¦­§�V/z(vx�m�¬bdQSj�`4T4payaVU��bkQSV$idVU�rgS��vxikj��UVUy�°ªz�bdj�bdjmprg�`
yapNT�vrj�f�T�payaV(�G¦�Z�vx�evxikj�g�`dVUy­bkQSjm`
j�yaVev
��gab�bdikj�Vey�bkp/j�T�wLpN`dV�v/�Yj�ikj�z*QS��V(b��ªpNgSf�ySvrid_�z(prf�ySj�bkj�pNf�g�`dj�f��
vxf©jmfIbdV(�Nikvr�-VUlIg�v�bkj�pNf©�'j�bkQ©vB`djmfS�rgS��vxi�³NV(ikfSV(�G®:bkQ�v�b�z(prikidVUwªpNf�yS`«bdp$bkQSV�T�payaV(�opr�3n-paz*³D��jmfS�rbdprf�¦�P5QSjm`
VUlIg�vxbdjmprf$�'idj�bdVe`

∫ 2π

0

∫ +1

−1

uε
tot( � (θ, z)) q(z) dz dθ = 0 ∀ q ∈ H−1/2

moy (Γε).

§�V�z(vx�m�}bdQ�jm`'T�payaVU� ®abkQSV�`dj�fS�NgS��vxi3°ªz?bkj�pNg�`'yapNT�vrj�f$T�payaV(�G¦

� º » ¶ � º����Bº � � � ��»

� f�pNikyaVUi'bdp$`cpN��²NV�fDgST�V(ikjmzUvx�m��_
bdQ�V�wSikpr�S�mV(T�pr��yaj (}i*vrz?bkj�pNfB�D_/vrf�vxfIbkV(fSf�v�®L�[pr�m�mvrf�y � vx�G¦[jmf 3 � / 5
Q�v¯²NV[wSikprwLpN`dVUy�`dj�T�wS�mV«T4payaj�°ªzUv�bdjmprfª`¬pr��v<z(�mvN`d`dj�z(vx�
.-�YP'�{`kz*QSV(T�V«`cg/��z(j�VUfNb3� pri'`dj�T<gS��v�bdjmfS��bdQSV«wSikVU`�

V(fªz�V[pr��vxf"vrfIbdV(f�f�v�jmf�bdQSV«T�VUyajmgST px�±w�idpNw�vx�Iv�bdjmprf�¦>�[`¬�5vr`ow�idp�²NVUy��D_��¬pr�m��jmfSp�vrf�y�ZBjm���mpxb3j�f73 � 5 ®IbdQ�V
fSVU� idVe`cg���bkj�fS�4`dz*Q�V(T�VYzUvxf��LVYjmfSQSVUidj�bdVey�� ikprT>v<z�prfIbkj�fDgSpNg�`�²�vridj�v�bkj�pNf�vx��� prikT�gS��v�bkj�pNf�px�±bkQSV«Z�v�£a�¬VU���G´ `
VUlIg�vxbdjmprf�`3bkQ�v�b«yaj (}V(i*`5� ikprT�bdQSV�gª`cg�vr�:� prikT�g��mvxbdjmprf/�D_�bdQ�V�wSidVe`cVUf�z�V�pr�-vrfBv¯²rV(i*vx�Nj�f��<pNwªVUikvxbdpri'vrf�y/v
w�vrikvrT4V(bdVUiU¦�P5Q�jm`�T�pDySV(�avr`k`cg�T4Ve`±bkQ�v�b�bdQSV5`dVUz?bkj�pNf�px��bdQSV3�'j�ikV�j�`�z�jmikz(gS�mvriU®ebkQSV¬²�vridj�v�bkj�pNf�`±pr�abdQSV5z�gSikikV(fIb
prfBv<bdi*vxfª`c²NV(i*`cV
`cVez?bkj�pNf$vridV
fSVU�r�mj��Nj��S�mVr®ªvxf�y"bdQSV�°�V(��y$Q�vr`'vrf$VU��Vez?bkidpI`sb*v�bdj�z«�ªVUQ�v¯²Dj�pNi5j�f$bdQ�V�fSV(jm�rQD�Lpri 

QSpDpay�px�DbkQSV��'jmidVN¦ .�idpNT¡bkQSVU`dV¬vN`d`dgST�wabdjmprfª`(®¯�0pN����vxf�y�ySVUyag�z(VU`�bdQ�vxb

uε
tot(r, θ, z) ' Iε(θ, z) ln( r

ε )
¦�P5QSVUf

v�� g�f�z?bkj�pNf
δε Q�vN`obkp��LV«z*Q�pN`dV(f�jmf"pri*yaVUiobdp<idVU�rgS��vxikjm�(V5bdQ�V«`dgSid� vrz�V[T4Vevr`dgSikV[prf Γε ¦ P5QSj�`�� g�f�z?bkj�pNf"Q�vN`

bdp�²NV(ikj�� _
∫ +∞
0

δε(r)2πr dr = 1,

∀ϕ z�pNfNbkj�fDgSpNg�` ,
∫
ϕ(x, y)δε(

√
x2 + y2) dxdy →

ε→0+

ϕ(0),

δε(r) = 0, rε > r > ε
vrf�y

rε →
ε→0+

0.

P5QSV4z*QSprj�z�V�pr�obdQ�V�� gSf�z�bdjmprf
δε ��jmVU`Yprf�w�ikvNz?bdj�z(vr��z(prf�`djmySV(i*v�bdjmprfª`(¦ � fª`sbkVUvry�px� bdQ�V�g�`dg�vx��QSpNT4pN�rVUfSV(pNg�`

�Yj�ikjmz*Q���V(b¬z�pNf�yaj�bdjmprf�prf�bkQSV[�'jmikVr®rpNfSV0�'ikj�bkVU`¬vxf�VUlIg�vxbdjmprf�v¯²rVUikvr�rVey��D_
δε vrf�y�T�vx³NVU` g�`dV[pr�}bdQSV0i*vrySjmvr�

V(�mVUz�bdikpN`cbkvxbdj�z[�LV(Q�v¯²Djmpri'pr��bdQ�V
°�V(��y:¦�]Dp4bdQ�V�²¯vridj�v�bkj�pNf�vx�L� pNidT<gS�mvxbdjmprf
bdQ�vxb0Q�vr`3bkp��ªV�yaj�`kz�ikV�bdjm�(Vey"j�`




∫

ΩR

∇uε
tot · ∇v − k2

∫

ΩR

uε
totv +

∫

ΓR

vTRu
ε
tot +

∫

ΩR

δε(r)Iε(z)v(r, θ, z) = −
∫

ΩR

fv ∀v ∈ H1(ΩR),

∫

ΩR

δε(r)q(z)uε
tot(r, θ, z) =

∫

ΩR

δε(r)q(z)Iε(z) ln(
r

ε
) ∀q ∈ H−1/2

moy (Γε).

�'QSVUidV
TR
j�`'v4g�`cgªvx�±�«P'W{T�vxw/vrz?bkj�f��4pNf"bkQSV��LprgSf�y�vxik_�px�

ΩR
¦

���
	 � &
����2�; 20'�8��������-&�;���) 1-8����/2��7$�� &
�����
4 ),$ 204 )

§�V�vxikV
fSp��¥�NprjmfS�4bdp��SikjmV�:�_
wSidVe`cVUfIb3bkQSV�T�v�b*z*QSVUy/vN`c_DT�wabdprbdj�z
V�£aw�vrf�`cjmprfª`5T4V(bdQSpayBvrf�y
bdQSV��5v¯_��3V
�'j�`cQ/bkp"vxwSw���_
j�bYbdp�pNgSi0wSikpr�S�mV(T/¦5P5QSj�`0�'jm�����rjm²rV�vxfBpNgabd�mjmfSV�px� pNgSi[`cbdg�ya_N¦ � f/bdQSj�`[yapaz(gST�V(fIbY�3V�vxikV
jmfNbkV(ikVU`cbdVey"jmf$bdQSV�V(£Dwªvxf�`dj�pNf"�'j�bdQ/ikVU`dwªVez?b'bdp

ε
px��bkQSV
� gSf�z�bdjmprf

uε `kv�bkjm`c� _Dj�fS�





∆uε + k2uε = f
jmf

Ωε,

uε = 0
prf

∂Ωε,

uε prgabk�rpNj�fS� .

?A@ <(?CB
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� f�pNikySV(i�bdp
`sbkg�ya_
bdQ�V¬�LV(Q�v¯²Djmpri�px�
uε �3V3zUvxf�°ªik`cb-vN`c³
pNgSik`dV(�m²rVe`±�'QSV(bdQSVUi uε vNyaT�j�b*`-v[�mj�T�j�b * vr`

ε→ 0
,?¦

�[`0bdQSV<�'j�ikV�`dQSidjmfS³a`[vrf�yByaj�`dvrwSwLVUvxi*`U®SprfSV�T4jm�rQIb[�NgSVU`k`5bkQ�v�b0bkQSj�`[�mj�T�j�b[V�£aj�`sb*`[vrf�y/jm`0bdQSV�� gSf�z�bdjmprf
u0`kv�bdj�`c� _IjmfS�





∆u0 + k2u0 = f
j�f

Ω,

u0
pNgabd�NprjmfS�

.
P5QSVUf$pNfSV�z(vrf/vN`c³"�'Q�v�b'j�`5bdQSV��LV(Qªv¯²Ijmpri5pr�

uε − u0
®�¦U¦(¦dV�bkzr¦ §­V��'jm�m�:bdQSVUfB`cVUV(³�bkQSV
°�i*`sb5bkV(ikT�px��bdQ�V

V�£aw�vrf�`dj�pNf"px�
uε ¦ .Spri5bkQSj�`'wSgSikwªpI`cVN®a�¬V
�'jm����wSidpaz(V(VUy
jmf��4`cbdVUw�`

• �(� ¶����§­V5yaVU`kz�ikjm�ªV3j�f�yaV(bkvxjm�IbdQSV5�NV(prT�V(bdikjmzUvx�D`cV(bcbdjmfS�«px��pNgSi-wSikpr�S�mV(T/®�ikj��Nprikprg�`d��_Y� prikT�g��mvxbdVobkQSV'yaj)(Li*vrz 

bdjmprf�wSikpr�S�mV(T g�`djmfS��²�vxikjmvxbdjmprf�vr�a� prikT�g��mvxbdjmprf�`U®Nvrf�y�jmfNbkidpayagªz�V[v�`dgSj�bkvr�S��V[� gSf�z�bdjmprf�vr�L`dV�bdbdjmfS��¦-§�V
�'j��m�±vx��`cp4yaV�°ªfSV«bs�¬p�ikV(�rjmprfª` Zε

n

vxfªy Zε
f

z(vr���mVUy"fSVUvri'vxf�y"� vxi3°�VU�my
idVU�rjmprf�`U¦�§­V��'jm���:wLpN`cbdg��mvxbdV
v
� prikT>j�f/Vevrz*Q"pr��bkQSVU`dV
idVU�rjmprf�`¬� pNi5bdQSV
°�i*`cb'bdV(ikT>pr��bkQSV�V�£aw�vrf�`cjmprf
px�

uε 1

uε ' u0 + uε
1

jmf Zε
f

�'j�bkQ
uε

1 = o(u0)
* /�,

§­V��'jm�m��zUvx�m�
u0
vxfªy

uε
1

�s� vxi0°ªV(��y$bdV(ikT�` �?¦ .SpNi0bkQSV�fSVevxi[°�V(��y/idVU�rjmprf±®Lvr`[�¬V�ySprf±´ bYikVUvr���m_"³DfSp��
bdQSV��LV(Q�v¯²Djmpri5px�

uε ®�§­V��'jm����`cjmT�wS��_"�'idj�bdV

uε ' Uε
1

j�f Zε
n

* �2,

§­V��'jm���±zUvx�m�
Uε

1

�cfSVUvri3°�V(��y
bdV(ikT �*¦

• �(� ¶����P5QSjm`[`sbkV(wBj�`'bdikVUvxbdVey
jmf�`dVUz?bkj�pNf # ®��'Q�V(ikV��¬V�`dV(VU³"jmf�v�� prikT�vx�±vxfªy/j�fIbdg�j�bkj�²NV�T�vxfSfSVUi0fSVez�VU`k`kvxik_
z�prfªyaj�bkj�pNf�`¬� pri

u0 + uε
1

bkp��ªV�v4�rpDpay"vrwSwSikp¯£aj�T�v�bkj�pNf�px�
uε j�f Zε

lo

¦ §�V
�'j��m��zUvxi*vrz?bkV(ikj��UV
u0 + uε

1gSw"bkp�bkQSV�z*QSprj�z�V«px�-v�� g�f�z?bkj�pNf
aε ∈ L2([−1; 1])

¦-P5QSV�yaV�°�f�j�bkj�pNf
pr�
aε jm`'yaVU�mv¯_NVUy�bkp�`cVez?bdjmprf �D¦

• �(� ¶����P5QSjm`3`cbdV(w
jm`¬bkidVev�bdVey�jmf
`dVUz�bdjmprf � �'QSV(ikV[�3V
`cVUV(³�fSVUz(VU`k`dvrid_�z�pNf�yaj�bdjmprf�`¬� pNi
Uε

1

bdp4�ªV
vxf$vxwSwSikp¯£ 

j�T�v�bkj�pNf�px�

uε j�f Zε
pr

¦-§­V«�'jm���}z(vrikvNz?bdVUidjm�(V
Uε

1

gSw�bdp�bdQSV«z*QSprj�z�V[px��v�� g�f�z?bkj�pNf
bε ∈ L2([−1; 1])

¦

• �(� ¶����P�p�VUf�y
bdQSV�ySV�°�fSj�bdjmprfBpr�ov�`cgSj�bkvr�S�mV�vxwSwSikp¯£aj�T�vxbdV«°�V(��y/�3V�fSV(Vey$bdp�yaV(°�fSV
aε vxf�y bε ¦¬P5QSj�`0�'jm����ªV
bkQSV�`dgS�aqsVUz�b0px��bdQSj�`0`cbdVUw/bdikVUv�bkVUy
j�f�`dVUz�bdjmprf �<�'QSV(ikV��3V�wSidp�²NV[bkQ�v�b[bdQSVe`cV
� gSfªz?bdjmprfª`'Q�v¯²rV«bkp

`dvxbdj�`s� _"vrf
jmfIbdVU�ri*vx�}VUlIg�vxbdjmprf±¦

• �(� ¶��
	§­V
�3prgS��y�Q�v¯²NV ������� ��� ��� z(prf�`cbdikg�z�bdVUy
u0 + uε

1

vxf�y
Uε

1

j�f$bdQ�V«w�idVez�VUySj�fS��`cbdV(w�®S`cp4bdQ�jm`'`cbdVUw
�'jm���
yaVUvr�L�'j�bdQ/yaV(°�fSjmfS�4vrf$vrwSwSikp¯£aj�T�v�bkV'°�VU�my

ũε g�`dj�fS�<bdQ�VY� vri'vxf�y
fSVUvri�°ªV(��y * `cVez?bdjmprf/~ ,�®Svxf�y"bdQSVUf
wSidp�²NV�jmf�`dVUz�bdjmprf©��bdQªv�b ‖ũε − uε‖H1(ΩR)

jm`�`dT�vx�m� ®:�'QSj�z*Q�j�`«bdQ�V�`dgS�aqsVez?b
px�¬bdQSVUprikV(T�bdQ�V(prikV(T
�D¦ /[bkQ�v�b[`cbkvxbdVU`

‖uε − ũε‖H1(ΩR) 6 κ ε1/2 ln 1/ε
� pri0v�z�pNf�`sb*vxfIb

κ > 0
jmf�yaV(wLV(fªySvxfIb0px�

ε
¦

tYf�z(V��3VoQ�v¯²rV¬vxwSwS�mjmVUy�bkQSj�`�T�V�bkQSpay:®��3V��3prgS��y�Q�v¯²NVopr�ab*vxjmfSVUy�vrf�vxw�wSidp¯£ajmT�v�bdjmprf
pr�abdQSV3V�£Svrz�b�`dpr�mgabdjmprf�¦
P5QSV�lIgSVe`sbkj�pNf�jm`��'Q�v�b:bkp[yap0�'j�bdQ�bdQSj�`�vrwSwSikp¯£DjmT�v�bkj�pNf±¦:§­V��'j��m�rg�`dVoj�b�bkp0wSikp�²rV�bdQ�vxb

uε j�`�vr�m`dp'²rVUid_«z��mpN`dV
bdp
vxfSprbdQSVUi0� gSf�z�bdjmprf

uε bdQªv�bYj�`[`dpr�mgabkj�pNf/bdp�bkQSV<`kvxT�V�yaj)(}ikvNz?bdjmprfBw�idpN�S��VUT �'j�bdQ­`cjmT�wS��j�°�VeyB�ªpNgSf�ySvrid_
z�pNf�yaj�bdjmprf�`U¦/P5QSjm`�wSidpN�S�mV(T&�'j��m���LV��'ikj�bdbdV(f¤gª`cjmfS��v/T�j�£aVey�� prikT�gS��v�bkj�pNf­bkQ�v�b<�¬V�zUvx�m�obdQ�V"`cjmT�wS�mj�°�Vey
°ªz�bdj�bdjmprg�`0ySprT�vxjmf$� prikT�gS��v�bkj�pNf±¦ §­V��'jm�m��wSikp�²rV
v�idVe`cg���b'²rVUid_
`cjmT�j���vxi5bkp
�D¦ /��'j�bkQ

uε ®S�'Q�jmz*Q/�'jm���±_DjmV(��y
v4²�vx�mjmySvxbdjmprf$px��bdQSV�T�payaVU�:px�-n�paz*³D�mj�fS�rbdpNf±¦
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�¬prfª`cj�yaV(i'v�`dw�vrz(V«pr��ikV�� VUidVUf�z�V E = R3 ¦�]Dp E Qªvr`5v4f�v�bkgSikvr�}T�vrfSj�� pN�my/`cbdikg�z?bkgSikVr¦-§¢QSV(f/�3VY�'ikj�bdV�� � ��3V0idV(� V(i bkp�v
wLprjmfNb3px� E vr`ov�T�vrfSj�� pr��y:®rbkQDg�`ojmf�yaVUwªVUf�ySvxfIbk��_4px�±vxfD_4z�pDpri*yajmf�v�bkV0`c_a`cbdV(T/¦�§­VY�'j��m��pr� bdVUfikV�� V(iYbdp
pr�aqsVez?b*`[ikV(��v�bkVUy/bkp E vrf�y�`dp�jmf�yaV(wLV(fªySvxfIb
px�¬vrfI_Bz(pIpNikySj�f�vxbdV�`d_a`sbkV(T/®:`cgªz*Q�vr`[� gSf�z�bdjmprf�`Y� pri�'QSj�z*Q
�3V��'ikj�bkV
u( � )
¦

§�Vo�'jm`dQ
bdp[V(T�wSQ�vN`cjm�(V bkQSV�yaj)(}V(ikV(f�z(V��LV�bs�3V(V(f
bkQSVoT�vxf�j�� pN�my�`cbdikg�z?bkgSikVopx� E ®�vxf�y
j�bk`�idVUwSikVU`dV(fIbkvxbdjmprfjmf/z(pDpri*yaj�fªv�bdV�`d_a`sbkV(T�`(¦�§­V��'jm����idV(� V(i5bdp�v�wLprjmfIb
� ∈ E �'j�bdQ 3

z�pDpNikyajmf�vxbdVU`5z*QSpI`cVUf
jmfBv�`cV(b[yaj)(LVUidVUfNb
� ikprT E ¦ .SpNi�V(£aV(T�wS��V5�3V¬�'jm�m�af�v�bkgSikvr���m_
idV(� V(i�bdp�vYwªpNj�fIb-g�`dj�fS�
j�bk`-z(vricbkVU`djmvrf�z�pDpNikyajmf�vxbdVU` (x; y; z) ∈ R3 ¦
§�V<�'jm���-g�`dV�� pNgSi�z�pDpri*yajmf�v�bkV�`d_D`cbdVUT�`(¦�P5QSV�°�ik`cb
jm`[bdQSV�z(vricbkVU`djmvrf�`c_a`cbdVUT��'j�bkQ­z�pDpNikyajmf�vxbdVU`YyaV(f�pxbdVey
(x; y; z)

¦<§­V��'jm���-�'ikj�bkV
� (x; y; z)

j�f�pri*yaVUi[bkp
T�VUvrf�bkQ�v�b«bdQ�V�zUvxidbdVe`cj�vxf�z(pDpri*yaj�fªv�bdVe`
�
vxikV

(x; y; z)
¦

P5QSVB`dVUz�pNf�y `d_a`sbkV(T j�`4bdQ�V/`dwSQSVUidj�z(vr�'z�pDpri*yajmf�v�bkVU`<idVe`sbkidj�z?bkVUy¤bkp�bdQSV/gSfSj�b"`dwSQSV(ikVr®��'j�bkQ7z(pDpri*yaj�fªv�bdVe`
yaVUfSpxbkVUy

(ν, θ)
* �LVYzUvxikV�� gS�ª�¬V«yaprf±´ b¬gª`cV'bkQSV[gª`cg�vr�Lz(pDpri*yaj�fªv�bdVe`

(θ, ϕ)
jmf�bdQ�V[wSikVU`dV(fIb¬zUvr`dV-,?¦-P5QSV[bdQSjmiky

`d_D`cbdVUT¨j�`oz(vr���mVUy4jmf���j�bcbkV(i*v�bkgSidV'w�idpN�mvxbdV'`cw�QSV(ikprj�ySvx�Sz(pDpri*yaj�fªv�bdVe`(¦ � b��LV(�mprfS�I`-bdp
bkQSV'� vxT�jm��_<px�:V(�m�mj�w�`dprj�ySvr�
z�pDpNikyajmf�vxbdVU`U®r`dp��¬V0zUvx�m�Sj�boV(�m��jmw�`dprj�ySvx�Sjmf�pri*yaVUi fSpxb bkp�T�vr³rV0vrfI_<z�prfS� g�`cjmprf��'j�bdQ�`dwSQSVUidj�z(vr��z�pDpri*yajmf�v�bkVU`U¦
P5QSV0z(pIpNikySj�f�vxbdVe` vr`k`cpaz�j�v�bkVUy��'j�bkQ�bdQSj�`o`d_D`cbdVUT vridV'yaVUfSpxbkVUy

(ξ; ν; θ)
¦ � f�vNz(z�pNiky�vxf�z(V¬�'j�bdQ�prg�iofSpxb*v�bkj�pNf

� pri3z(vricbkVU`djmvrf�z(pDpri*yaj�fªv�bdVe`(®r�¬V0�'ikj�bdV
� (ξ; ν; θ)

bdp�T4Vevxf�bkQ�v�b
�
Q�vr`

(ξ; ν; θ)
vN`oVU���mj�wª`cpNjmySvr�ªz(pIpNikySj�f�vxbdVe`(¦

§�V�°�f�vr���m_©z�prfª`cj�yaV(i<v���vr`cb<z�pDpri*yajmf�v�bkV�`c_a`cbdVUT,bkQ�v�b4�¬V"zUvx�m�¬`kz(vr��Vey¤z�pDpri*yajmf�v�bkVU`�`d_a`sbkV(T/¦ � b<�'jm���3�LV
yaV(°�fSVUy­�LV(�mp���¦�P5QSV4z(prikidVe`cwLprfªyaj�f��"z�pDpri*yajmf�v�bkVU`«vxikV<yaVUfSpxbkVUy

(ζ, ν, θ)
¦��[�Nvxjmf��3V4�'idj�bdV

x(ζ; ν; θ)
j�f

pri*yaVUi¬bkp�T�VUvxf
bdQªv�b
x
Q�vr`

(ζ; ν; θ)
� pri0`kz(vr��Vey
z(pDpri*yaj�fªv�bdVe`(¦

]DpNT4V(bdjmT�VU` �3V'�'j��m���'ikj�bdV �
u(ξ; ν; θ)

�0jmf�`sbkVUvNy<pr�:�'idj�bdjmfS���
u( � )
�'QSVUidV

�
Q�vN`

(ξ; ν; θ)
� prioVU���mj�wª`cpNjmySvr�

z�pDpNikyajmf�vxbdVU` �7* pr�Yz�pNgSik`dV�bkQSV/`dvrT4V$ikV(T�vxik³­j�`<bdikgSV
� pri�z(vxidbdVe`cj�vxf�®o`cwSQ�V(ikjmzUvx�3pri�`dzUvx�mVUy z(pIpNikySj�f�vxbdVe` ,�¦
�0��`dp<�'QSVUf$z(prf�`dj�yaV(ikj�f��<v�� gSf�z?bkj�pNfByaV(wLV(f�ySj�fS�4prf���_�pNf"pNfSVY²�vridj�vx�S�mV4®a��V(b'`kv¯_

u
yaV(wLV(f�ySj�fS��pNfS��_�pNf

ξ
®

bdQ�V(f/�¬V�`dj�T�wS�m_"�'ikj�bdV��
u(ξ)

�«jmf�`cbdVevry$px�
�
u( � )
�'QSV(ikV

�
Q�vN`

(ξ; ν; θ)
� pNi'V(�m��jmw�`dprj�ySvx�±z(pIpNikySj�f�vxbdVe`(¦ �

W0p����3V idVez(vx�m�¯bdQ�VowSikVUz�j�`dVoyaV�°�f�j�bkj�pNf�px�aprgSi±z(pDpri*yaj�fªv�bdVo`d_a`sbkV(T�`U®evrf�y
yaV�°�f�V bdQSV¬`dzUvx�mVUy
z�pDpri*yajmf�v�bkVU`U¦

	��
	 	 2�2 "%; $ 4�� �/&	) 1<) �/&�8 )

� f�bkQSjm`�`dgS� 
 `cVez?bdjmprf�®e�3V�`dQ�vx�m�IidVUT4jmf�y
bkQSV�ikVUvNyaV(i�`cpNT4V3yaV�°ªfSj�bkj�pNf�`�z�prfªz�V(ikfSjmfS�'g�`dg�vx�Dz�pNikySj�f�vxbdV�`d_a`sbkV(T�`U®
vxfªy<vr�m`dp[jmfIbdikpDySg�z�V'`dprT�V¬prbdQSVUik`U¦>�Y`-�¬V5`cbkv�bkVUy<�ªV(� prikVr®x�3V3�'j��m�a�ªV5jmfIbdV(ikVU`cbdVey�jmf�`cwSQ�V(ikjmzUvx�az�pDpri*yajmf�v�bkVU`U®
V(�m�mj�w�`dprj�ySvr�±z�pDpri*yajmf�v�bkVU`U®Dvrf�y$v<f�V(� z�pDpri*yajmf�v�bkV«`d_a`sbkV(T zUvx�m��Vey
`kz(vr��Vey
z(pDpri*yaj�fªv�bdVe`(¦

��
 ��
 � � � � ¶ ��� �N� �¬� º±º �¯»������a� ¶ �
� f�bdQ�jm`¬yapaz�gST�V(fIb3�¬V'�'jm���Lz�pNf�`cj�yaVUi�z�pDpri*yajmf�v�bkVU` pNf4bdQSVYgSfSj�b¬`cw�QSV(ikV

S2 = {x ∈ E bU¦ l |x| = 1} `c�mjm�rQIbd�m_yaj)(LVUidVUfIb[� ikprT6g�`cgªvx�-`cwSQ�V(ikjmzUvx��z(pIpNikySj�f�vxbdVe`(¦ 6�V�bYgª`YyaVUfSpxbkV�bkQSVU`dV<z(pIpNikySj�f�vxbdVe`
(ν, θ)
¦�tYfSV�`dg�z*Q�w�vrj�i

�'jm���±ikV�� VUi5bdp�v4wªpNj�fIb0pNf
S2 �'j�bdQBzUvxidbdVU`dj�vxf
z(pDpri*yaj�fªv�bdVe`3�rjm²rV(f$�D_�bdQ�V
� prikT�gS��v





x =
√

1 − ν2 cos θ ν ∈ [−1; +1],

y =
√

1 − ν2 sin θ θ ∈ [0; 2π],

z = ν.

§�V[yaV(f�pxbdV
OS2

+

vrf�y
OS2

−
bdQSV0g�wSwªVUi¬vrf�y4��p��3V(i wLpr�mVU` pr�

S2 ¦-§­V0vr�m`dp�yaVUfSpxbkV φS2

sp : S2 \{OS2

+ , OS2

− } →
] − 1,+1[×(R/2πZ)

bdQSV4z*Q�vxidb0bdQªv�b«vN`d`dpaz�j�v�bkVU`3bdp$vxfD_$wªpNj�fIb
x ∈ S2 j�bk`«`cw�QSV(ikjmzUvx��z�pDpri*yajmf�v�bkVU` (ν, θ)�rjm²rVUfB�D_
bkQSV�vx�Lp�²rV�� pNidT<gS�mv�¦

φS2

sp

j�`Yv
C∞ 
 ySj (}h(pNT4pNidw�QSjm`dT/¦Y�[V(ikV�j�`0bkQSV<V(£awSidVe`d`djmprf/px�obkQSV�6�vxwS��vrz(V

prwLV(i*v�bkpri5prf
bdQ�V�gSfSj�b[`cwSQ�V(ikVr®

∆S2 =
∂

∂ν
(1 − ν2)

∂

∂ν
+

1

1− ν2

∂2

∂θ2
.
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 ��
 � � � ��� � � º � »�� �o� º±º �¯»������a� ¶ �
6±V(b0g�`5ikVUz(vr���:Q�p�� bdQ�VU`dV
z(pDpri*yaj�fªv�bdVe`

(ξ; ν; θ)
vxikV�yaV�°ªfSVUy$g�`dj�f���zUvxidbdVe`cj�vxf$z�pDpri*yajmf�v�bkVU`U®





x =
√

(ξ2 − 1)(1 − ν2) cos θ ξ ∈ [1; +∞[

y =
√

(ξ2 − 1)(1 − ν2) sin θ ν ∈ [−1; +1]

z = ξ ν θ ∈ [0; 2π]

6±V(b
Uel = E \ {x(x, y, z) | x2 + y2 = 0 } ¦�§�V
yaVUfSpxbkV φel : Uel →]1,+∞[×] − 1,+1[×(R/2πZ)bdQ�V�� gSf�z�bdjmprf/bdQªv�bYvN`d`dpaz�j�v�bdVe`¬bdp"vrfI_
wªpNj�fIb0j�bk`[V(�m��jmw�`dprj�ySvx��z(pDpri*yaj�fªv�bdVe`(¦

φel
jm`0v

C∞ 
 yaj)(}h(prT�pNidwSQ�jm`dT/¦
P5QSVYjm`dp 


ξ
vxf�y�jm`dp 


ν
`cgSid� vrz(VU`¬z�prikikVU`dwªpNf�yajmfS��bdp�bdQSj�`3z�pDpri*yajmf�v�bkV[`c_a`cbdVUT vridV[idVUwSidVe`cVUfIbdVUy�pNf�bdQ�V[°��NgSikV

�LV(�mp���¦ 6�V�b3g�`¬°�f�y�bkQSV[V(£awS��j�z�j�b5VUlIg�v�bkj�pNf�px�:bkQSVU`dV
`cgSid� vrz(VU`U¦ .�jmik`cb¬�3VYySVUvx�L�'j�bdQ
v<`cg�ic� vNz�V0pr��VUlIg�vxbdjmprf
ξ = ξ0

¦ � b«jm`YwLpN`k`cjm�S�mV�bdp�T�vr³rV
ν
vrf�y

θ
yaj�`dvrwSwLVUvxiYj�f�bdQSV�� prikT�gS��vr`0ySV�°�fSjmfS�
V(�m��jmw�`dprj�ySvx��z�pDpri*yajmf�v�bkVU`U¦

tYfSV«bdQ�V(f/pr�ab*vxjmf
z2

ξ20
+
x2 + y2

ξ20 − 1
= 1,

�'QSj�z*Q�jm`�bkQSV'VUlIg�vxbdjmprf4px�:vxf4V(�m��jmw�`dprj�y�pr�LikV(²Npr�mgabdjmprf±¦�W0p�� �¬V3bdikVUvxb-bdQSV0zUvr`dV3pr��bkQSV0`cg�ic� vNz�V5px�}VUlIg�vxbdjmprf
ν = ν0

¦oP5QSV�`kvxT�V�vxik�rgST�VUfNb'vr`5�LV�� pNidV
_DjmV(��yS`5bdQ�V�VUlIg�v�bkj�pNf

z2

ν2
0

− x2 + y2

1 − ν2
0

= 1,

�'QSj�z*Q
j�`5bkQSV�VUlIg�vxbdjmprf$px��vrf/QI_DwLV(ik�ªpN��pNjmy"px�-idVU²rpN��gabkj�pNf±¦

ξ = 2.414

ν = 0.9682

ν = 0.5

ν = 0

ν = −0.5

ν = −0.9682

<=<?>�@8A�B�C�C
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�¬prfªz�V(ikfSjmfS�<bdQSV�T�V�bkidj�zYbdVUf�`cpNi'�¬V�z(prT�wSgabkV

(
∂x

∂ξ
)2 + (

∂y

∂ξ
)2 + (

∂z

∂ξ
)2 =

ξ2 − ν2

ξ2 − 1
,

(
∂x

∂ν
)2 + (

∂y

∂ν
)2 + (

∂z

∂ν
)2 =

ξ2 − ν2

1 − ν2
,

(
∂x

∂θ
)2 + (

∂y

∂θ
)2 + (

∂z

∂θ
)2 = (ξ2 − 1)(1 − ν2).

ZBpNidVUp�²rV(ie®¬vN`�bkQSV­z(pIpNikySj�f�vxbdVB�mj�f�VU`"vridV�pridbdQSpN�rprfªvx�G®3vN`�jm`"VUvN`cjm��_ ²rVUidj�°�Vey:®5�¬V�ySj�ikVUz�bd�m_ yaVeyag�z(V�bdQ�V
V�£awSikVU`k`dj�pNf"px��bdQ�V«T�V(bdikjmz«bkV(f�`dpri0vrf�y�bkQSV�T�VUvN`cgSikV«j�f/V(�m�mj�w�`dprj�ySvr�±z�pDpri*yajmf�v�bkVU`

d2m =
ξ2 − ν2

ξ2 − 1
d2ξ +

ξ2 − ν2

1 − ν2
d2ν + (ξ2 − 1)(1 − ν2) d2θ

vxfªy
dxdydz = (ξ2 − ν2) dξdνdθ

§�V�vx��`cp�yaVUySg�z�V
bkQSV�V�£awSikVU`k`cjmprf
px�-�mvrwS��vrz�j�vxf$vxf�y
�ri*vrySj�VUfNb'pNwªVUikvxbdpri*`U®

∇ψ =
ξ2 − 1

ξ2 − ν2

∂ψ

∂ξ
eξ +

1 − ν2

ξ2 − ν2

∂ψ

∂ν
eν +

1

(ξ2 − 1)(1 − ν2)

∂ψ

∂θ
eθ

∆ψ =
1

ξ2 − ν2

∂

∂ξ
(ξ2 − 1)

∂ψ

∂ξ
+

1

ξ2 − ν2

∂

∂ν
(1 − ν2)

∂ψ

∂ν
+

1

(ξ2 − 1)(1 − ν2)

∂2ψ

∂θ2
.

�'QSVUidVYbdQSV«²rVez?bkpri*`
eξ , eν

vxf�y
eθ
vxikVYySV�°�fSVey�g�`djmfS��bkQSV
z(vxidbdVe`cj�vxf"²rVUz�bdpNik`

ex, ey
vrf�y

ez
vrzUz�pri*yajmfS��bkp

bdQ�V�idVU�mvxbdjmprf�`

eξ =
∂x

∂ξ
ex +

∂y

∂ξ
ey +

∂z

∂ξ
ez , eν =

∂x

∂ν
ex +

∂y

∂ν
ey +

∂z

∂ν
ez
vxf�y

eξ =
∂x

∂θ
ex +

∂y

∂θ
ey +

∂z

∂θ
ez.

��
 ��
 � � �r� � ¶ »¢� º±º ��» �����S� ¶ �
P5QSV�`kz(vx�mVUy
z�pDpri*yajmf�v�bkVU`¬px�-v�wLprjmfIb5�'jm�m�:�ªV�yaVUfSpxbkVUy

(ζ; ν; θ)
* z�pNT4wªvxikVUy�bkp<bkQSV�z(vricbkVU`djmvrf
z�pDpNikyajmf�vxbdVU`

prf���_�bkQSV
°�i*`sb0z(pIpNikySj�f�vxbdV�z*Q�vrfS�rV�,�vrf�y$�'j��m�±�LV�yaV�°�f�VUy
g�`cjmfS��VU���mj�wª`cpNjmySvr�:z�pDpri*yajmf�v�bkVU`3�D_�bdQ�V
� prikT�gS��v

ξ2 = 1 + ε2ζ2

pri'�D_�T�Vevxf�`5pr�-zUvxidbdVU`dj�vxf
z(pDpri*yaj�fªv�bdVe`3g�`cjmfS�4bdQ�V
� prikT�gS��vr`





x = ε ζ
√

1 − ν2 cos θ ζ ∈ [0; +∞[

y = ε ζ
√

1 − ν2 sin θ ν ∈] − 1; +1[

z =
√

1 + ε2ζ2 ν θ ∈ [0; 2π].

P5QSV�V(£Dw�idVe`d`dj�pNf"pr��bdQ�V�T4Vevr`dgSikV«�'j�bdQ$bkQSVU`dV�z�pDpri*yajmf�v�bkVU`3jm` ε2ζ
ξ (ξ2 − ν2)dζdνdθ

¦

	���� � &(208:&
�/"%$�� ��=�) & ���7$ 4��

��
 � 
 � �¬¹�º � ¶ � �a���±� º �7��� ¶ ��� º � � ¶�º�� ��� ¶ � º±º �¯»������a� ¶ � · �U� ¶ �
§�V«Qªv¯²rV
z*QSpN`dV(f�bkQSV
g�`dV«pr��V(�m�mj�w�`dprj�ySvr�}z(pDpri*yaj�fªv�bdVe`3j�f
pri*yaV(i3bdp�yaVe`dz(idjm�ªV«bkQSV
�rV(pNT�V�bdikj�z(vx�LV(�mV(T�VUfNb*`3px�
prg�i�wSikpr�S�mV(T �LVUzUvxg�`dV�fSVUj�bkQSV(i�bkQSV"`dwSQSVUidj�z(vr�o`c_a`cbdV(T�fSpri�bdQSV�z(_I�mjmf�yaikjmzUvx�opNfSV�vxikV��¬VU����`dgSj�bdVey�bdp/bdQ�V
�rVUprT�V�bkid_4px�:bkQSVYbdjmw�`(¦�tYgSi5z*QSpNjmz(V'� pri¬bdQSV«`dzUvx�mVUy�z(pDpri*yaj�fªv�bdVe`�z(prT�VU`o� idpNT bkQSVY� vrz?b¬bdQ�vxb¬bkQSV[��vxw��mvNz�j�vxf
Q�vN`'v<²NV(ik_"`dj�T�wS�mV
V�£awSikVU`k`cjmprf
�'j�bkQ
bkQSVU`dV�z�pDpNikyajmf�vxbdVU`U®avr`5�3V�`cQ�vr���±`dV(V
jmfB`cVez?bdjmprf � ¦
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 � 
 � �$¶ �U�r��� � ��� º � º � ��� ¶ � ¶Dº � ¶ �(� ·
§�V<�'jm���-fSp��{yaVe`dz(idjm�LV�bkQSV<�NV(pNT4V(bdik_
�3V��5vxfIbYbdp
z(prf�`dj�yaV(i[� pri«prgSi
vxf�vr��_a`djm`U¦9.�jmi*`sb«px��vx�m�-�¬V<�'jm`dQBbkp
z�pNf�`djmyaVUi0vxf/prwLV(fB`dV�b

Ω ⊂ E bdQ�vxb0�¬V�vN`d`dgST�V
bdp��LV C∞ ¦¬§­V��'jm����idV(� V(i5bkp�bdQSV�g�fSj�b«`cVU�rT�V(fIb'��pazUv�bdVey
�LV�bs�3V(V(f�bdQSV<wªpNj�fIbk`

(0; 0; 1)
vxfªy

(0; 0;−1)
�D_"bkQSV��mV�bdbdV(i

J
®Lvrf�y�vN`d`dgST�V�bdQªv�b

J ⊂ Ω
¦ � f�V(�m�mj�w�`dprj�ySvr�

z�pDpNikyajmf�vxbdVU`U®DbdQ�V�`cVU�rT�V(fIb
J
j�`0yaVe`dz(idjm�ªVey$�I_�bdQSV�VelIg�v�bkj�pNf

ξ = 1
¦ §­V��'j��m��vx��`dp�z(prf�`dj�yaV(i0vrf
pNwªVUf/`dV�b

Ωi
ε

�'j�bkQ/v4�LprgSfªySvxik_
Γε yaVe`dz(idjm�ªVey"jmf/V(�m��jmw�`dprj�ySvx�±z(pDpri*yaj�fªv�bdVe`3�I_�bdQSV�VelNgªv�bdjmprf

(Γε) : ξ2 = 1 + ε2Φ2(ν; θ) , ν ∈ [−1; +1]
vrf�y

θ ∈ [0; 2π].

P5QSj�`'VUlIg�vxbdjmprf
�'idj�bcbkV(f/j�fB`kz(vr��Vey
z(pIpNikySj�f�vxbdVe`¬�LVUz(prT�VU`5²NV(ik_�`cjmT�wS�mV

(Γε) : ζ = Φ(ν; θ) , ν ∈ [−1; +1]
vrf�y

θ ∈ [0; 2π].

P5QSj�`0`dgSic� vNz�V«�'j��m�±ikV(wSikVU`dV(fIb3bdQSV��'jmikV
ySgSidjmfS��prg�i0`sbkg�ya_r¦ §�V�T�vx³NVYbkQSV
� pr�m�mp��'j�fS��vr`k`dgST�wabdjmprf�`5pNf
Φ

1

• � � � Φ jm` C∞ ®

• � � � P5QSV(ikV
V�£ajm`cbk`'v�z(prf�`cbkvrfNb Φ0
`dg�z*Q
bdQ�vxb

Φ0 < Φ(ν; θ) ∀ν ∈ [−1; +1] , ∀θ ∈ [0; 2π]
®

• � � � P5QSV(ikV
V�£ajm`cbk`'v ν0 ∈]0; 1[
`dg�z*Q$bdQ�vxb

Φ(ν; θ) = Φ(ν)
� pri |ν| > ν0

¦

W0prbdV¬bdQ�vxb�QD_DwLpxbdQ�VU`djm` � �«V�£Sz��mg�yaVe`�bkQSV3wSidVe`cVUf�z�V¬px���NV(pNT4V(bdikjmzUvx�D`cjmfS�NgS�mvridj�bdjmVU`�`cgªz*Q<vr`�z�pNidf�V(i*`�pNi�Veya�rVe`
v�b'bkQSV�`dgSid� vrz�V�pr�

Γε ¦5ZBprikV(p�²NV(i5QD_IwLpxbkQSVU`dj�`�� �Bvr`k`dgST�VU`5bkQ�v�b0bkQSV��'jmidV�Qªvr`0`d_DT4T�V(bdik_"px�-ikV(²rpN��gSbdjmprf
jmfBbdQSV4fSVUj��NQI�LprikQSpDpay$px� bdQ�V�bdjmw�`U¦ � f­`cwSj�bdV<px� bkQSVU`dV�ikVU`cbdikjmz�bdjmprf�`U®ªv
z�VUicb*vxjmfB²¯vridjmV�bs_$px��`dQ�vrwªVe`'� priYbdQ�V
�'jmidV�z(vrf
�LV�ikV(wSikVU`dV(fIbdVey"�D_�bkQSj�`5bs_DwªV
px�-VUlIg�vxbdjmprf$j��-�3V
`dgSwSwLpN`dV«bdQ�vxb

ε
j�`3°S£aVUy:¦

6±V(b'g�`'yaV(f�pxbdV
Ωi

ε

bdQSV�jmfIbdV(ikjmpri5`cV(b0px�
Γε ®Svxf�y$yaVUfSpxbkV Ωε = Ω \Ωi

ε

¦ §�V
vr�m`dp�yaV(fSprbdV
BR
bdQ�V«pNwªVUf

��vr���Lpx��z(V(fIbdVUi
0
vxf�y�i*vrySj�g�`

R
®Dvxfªy

ΓR = ∂BR
¦-§­V«yaV�°�f�V

ΩR
ε = Ωε ∩BR

vrf�y
ΩR = Ω∩BR

¦ §¢QSVUf
ε→ 0

®
Ωi

ε → J
jmf$bdQSV�`dV(f�`dV
px� �[vrg�`d`kyapNic� 1�bdQ�V«pN��`cbkvrz(��V�`dQSikj�fS³a`'vridpNgSf�y�bkQSV�`dV(�rT�VUfNb

J
¦

§�V4yaVUfSpxbkV
OΓε

+

vrf�y
OΓε

−
bkQSV�gSwSwLV(i�vxf�y­�mp��¬VUi[wLpr�mVU`«prf

Γε ¦<]aj�f�z(V�bkQSV�VUlIg�vxbdjmprf�pr� Γε jm`«�Nj�²NV(f
jmf­VU���mj�wª`cpNjmySvr�oz�pDpri*yajmf�v�bkVU`Y�D_

(Γε) : ξ2 = 1 + ε2Φ2(ν; θ)
®��3V�`cVUV4bdQ�vxb

(ν, θ)
j�`�v$�rpDpay�z(pIpNikySj�f�vxbdV

`d_D`cbdVUT pNf
Γε \ {OΓε

+ , OΓε

− } ¦ 6±V(bYg�`YyaV(f�pxbdV
φΓε

el : Γε \ {OΓε

+ , OΓε

− } →] − 1,+1[×(R/2πZ)
bdQSV4z*Q�vxidb

bdQªv�b0T�vxw�`[vxfD_�wLprjmfNb
x ∈ Γε �'j�bdQBVU���mj�wª`cpNjmySvr�±z�pDpri*yajmf�v�bkVU` (

√
1 + ε2Φ2(ν, θ), ν, θ)

bkp�j�b*`[z�pDpNikyajmf�vxbdVU`
(ν, θ)
¦
φΓε

el

jm`'v
C∞ 
 yaj)(LhUprT�prikwSQSj�`dT$¦

��
 � 
 � ��¶��ª¶ ��� � ��� ¶ � ���3� ¶ �e�
�YgSidjmfS��prg�i0vxf�vr��_a`djm`U®D�¬V��'jm���:f�V(VUy
bkp4ikV�� VUi5bdp�bkQSidVUV
w�vxidbdj�z�gS��vxi'`dV�b*`(®abkQSikV(V
�(pNfSVU`5jmf

Ωε
¦

Zε
pr = {x(ξ; ν; θ) ∈ R3 | ε2Φ2(ν; θ) < ξ2 − 1 < 2ε},

Zε
lo = {x(ξ; ν; θ) ∈ R3 | ε < ξ2 − 1},

T ε = Zε
pr ∩ Zε

lo = {x(ξ; ν; θ) ∈ R
3 | ε < ξ2 − 1 < 2ε}.

§�V­�'jm���
z(vr��� Zε
pr

bkQSV�fSVUvri�°�VU�my¡�(prf�Vr®[vrf�y Zε
lo

bkQSV�� vri�°�VU�my¡�(pNfSV ®[vrf�y T ε bdQSV­bdi*vxf�`dj�bdjmprf �UprfSVN¦
P5QSVe`cV��UprfSVe`�vxikV�yaV(�mjmT4j�bdVey¤�D_­VU���mjmw�`cpNjmy�`(¦ T ε jm`���jm³rV
vxf©V(�m��jmw�`dprj�ySvx�¬`cQSVU���3`cQ�idjmfS³Dj�f���vxikprgSf�y J ¦ .SpNi
wSgSikV(�m_ wSikvNz?bkjmzUvx�[ikVUvN`cpNf�`U®3�3V��'jm���
vx��`dp fSV(Vey bdp idV(� V(i�bkp vxf¡prwLV(f fSVUj��NQD�ªpNidQSpDpay px�

J
j�f

Ω
¦¨§�V

vr`k`dgST�V/bdQ�vxb�bdQSVUidVBV(£Dj�`cbk`
ξ0 > 1

`dg�z*Q bdQ�vxb { � (ξ; ν; θ) ∈ R3 | ξ < 3ξ0} ⊂ Ω
¦¥P5QSVUf¢�¬V�ySV�°�fSV

O = { � (ξ; ν; θ) | ξ < 2ξ0}
vrf�y"f�pxbdV«bkQ�v�b

J ⊂ O ⊂ O ⊂ Ω
¦
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Zε
lo

Zε
pr

.�jm�rgSikV�� 1 .�vri5°�V(��y/vxf�y
fSVevxi5°�VU�my
�(pNfSVU`
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 � � �U� ��»��a��» � � �S� ¶
§�V�`dj�T�wS�m_¢yaV(f�pxbdV H = { v ∈ H1(ΩR)

be¦ l
v|∂Ω = 0 } ¦ §�V©yaV�°�f�V­v `dVU`klIgSjm��jmfSVUvri�� pNidT)prf H�D_

(u; v)H =
∫
ΩR

∇u · ∇v +
∫
ΩR

u v
¦ §¢j�bkQ bkQSj�`�`cVe`dlIgSjm��jmfSVevxi<� pridT/® H j�`�vxf �[j��m�LV(idb�`dw�vNz�Vr¦ §­V�'jm���'vx��`dp�ikV�� V(i<bdp­bdQ�V
pNwªVUikvxbdpri A : H → H ySV�°�fSVey �D_ (Au; v)H =

∫
ΩR

∇u · ∇v − k2
∫
ΩR

u v +∫
ΓR
v TRu ∀u, v ∈ H ¦ TR

j�`�vBg�`dg�vr�¬�Yj�ikjmz*Q���V(b�
Gbdp 
 W0VUgST�vxfSf©T�vxw©� pNi��'QSj�z*Q¤�3V��rjm²rV�bdQ�V"V�£awS�mj�z�j�b
V�£awSikVU`k`dj�pNf�vxf�y4bkQSVYw�idpNwªVUicbkj�Ve`ojmf�bdQSV
vxw�wªVUf�yaj�£���¦-§­V
vx��`cp<yaV(fSprb

γε bdQSV
`dgSic� vNz�V0T�Vevr`dgSidV[prf Γε ¦ ]ap
j��
v ∈ C∞(ΩR)

®abkQSV(f

∫

Γε

v(x) dσ(x) =

∫ +1

ν=−1

∫ 2π

θ=0

v ◦ (φΓε

el )−1(ν; θ) γε(ν; θ)dν dθ.

§�V4yaVUfSpxbkV Hε
0 = { v ∈ H be¦ l v|Γε = 0 } ¦ � f����D¦ /��3V�g�`dV�bkQSV4prwLV(i*v�bdpNi Aε

0 : Hε
0 → Hε

0

yaV�°�f�VUy��D_
(Aε

0u; v)H = (Au; v)H ∀u, v ∈ Hε
0

¦

��
 	 
 � � � ���x��� º ��� �¬� � ��� ¶�º �7��� ¶B¹ � � ¶
§�V$�'jm�m�3f�V(VUy v�� g�f�z?bkj�pNf�vx�'`dV�bcbkj�f���� pNi<� g�f�z?bkj�pNf�` �s�mj�²DjmfS��prf

Γε �"bdQªv�b��'j��m�5j�f wSi*vrz?bkjmz(V"�LV$� gSf�z?bkj�pNf
prf

J
¦ .�jmik`cb"yaVUfSpxbkV L = ∂

∂ν (1 − ν2) ∂
∂ν

gSfD�ªpNgSf�yaVey pNwªVUikvxbdpNi�prf
L2(I)
¦ �YV�°�f�V

En(I) = {u ∈
L2(I) |

〈
(−L)ku;u

〉
L2(I)

< +∞ k = 0 . . . n} �'j�bkQ$bdQSV�fSpNidT ‖u‖2
En(I) =

∑n
q=0 〈(−L)qu;u〉L2(I)

¦

��
 	 
 � � ���S� ¶ � � �S� ¶
W0p��¨�¬V��'jm��� `cbdg�ya_�j�f©yaV�b*vxjm�-bdQSV�`dw�vrz(V

H1/2(Γε)
¦<§�V��ªVU�rjmf��'j�bdQ¤v"bdVUz*Q�fSjmzUvx�-�mV(T�T�v
pr���rVUprT�V�bkid_

bdQªv�bYVe`sb*vx�S�mj�`cQSVe`0bkprwLpr�mpr�NjmzUvx�±VelNg�j�²�vx�mV(fªz�V��LV�bs�3V(VUfBbdQSV4�'jmidV
Γε vxfªy/bdQSV4`cw�QSV(ikV S2 ¦«P5QSj�`YV(f�vr�S��Ve`0g�`

bdp�`cbdg�ya_
H1/2(S2)

jmf�`cbdVUvNy�pr�
H1/2(Γε)

¦ � f$w�vxidbdj�z�gS��vxi¬�¬V«�'jm���:yaV(°�fSV�vxf�V(£awS��j�z�j�b'fSprikT prf
H1/2(Γε)g�`dj�f��<bkQSj�`'VUlIgSjm²�vx�mV(f�z(Vr¦
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(φS2

sp )−1 ◦ φΓε

el

��¶ � � � � 
 �
��� ! �'� �

(φS2

sp )−1◦φΓε

el : Γε\{OΓε

+ , OΓε

− } → S2\{OS2

+ , OS2

− } � ����� ! !��2	 ! �	�2!���
 �'�
C∞ 
 ��
 ��! ���'����� � 
����

� �
Γε


 � 	��
S2 �

� � º±º�� �
�YV�°�fSjmfS�

(φS2

sp )−1 ◦ φΓε

el (OΓε

+ ) = OS2

+

vxf�y
(φS2

sp )−1 ◦ φΓε

el (OΓε

− ) = OS2

−
®3j�b�j�`�VUvN`c_©bkp `cVUV$bdQ�vxb

(φS2

sp )−1 ◦φΓε

el

j�`�v
�Sj qsVUz�bdjm²rV0T�vrw4�LV�bs�3V(VUf
Γε vxf�y S2 ¦ � �}�3V0z(vrf�wSikp�²rV¬bdQSV0ikV(�NgS��vxikj�bs_�pr� (φS2

sp )−1 ◦φΓε

elV�£DbkV(f�yaVey¤jmf bdQ�jm`<T�vxfSfSVUi
®-bkQSV(f bdQSV$j�fD²NV(i*`cV�T�vrwSwSjmfS�BbdQ�V(prikV(T �'jm���3_Dj�VU�my¤bdQSV/yaVU`djmidVey¤idVe`cg���be¦�§�V
z�pNf�`cbdikg�z?b0v<� gSf�z�bdjmprf G : E → E `dg�z*Q
bdQ�vxb G|Γε = (φS2

sp )−1 ◦ φΓε

el

vxf�y$`cQ�p�� bdQªv�b G `dj±v C∞ � gSf�z?bkj�pNf
prf v©f�V(jm�rQD�ªpNidQ�pIpay px�

Γε ¦{�[V(°�fSV φ = pr ◦ φel ◦ φ−1
car

®'�'QSVUidV
pr
j�`�bdQ�V�wSikpxqsVUz�bdjmprf7prf7bkQSVB°�i*`cb

V(�m�mj�w�`dprj�ySvr�[z�pDpri*yajmf�v�bkV
ξ
®[vxfªy

φcar
jm`�bdQSV­T�vxw vr`k`dpDz(jmvxbdVey �'j�bdQ¥z(vxidbdVe`cj�vxf7z�pDpNikyajmf�vxbdVU`U¦{P5QDg�`�� pNi

v­wªpNj�fIb
x ∈ E �'j�bdQ7z(vricbkVU`djmvrf z�pDpNikyajmf�vxbdVU` (x, y, z)

vxf�y V(�m��jmw�`dprj�ySvx�'z�pDpNikyajmf�vxbdVU`
(ξ, ν, θ)

®��3V
Qªv¯²rV
ξ = φ(x, y, z)

¦Y§�V<`dQSp�� bdQªv�b
φ2 − 1

j�`«v
C∞ � g�f�z?bkj�pNf�prf φcar(E \ J)

®±vxfªy
φ2(x, y, z) − 1 > 0

� pri
vxfD_

(x, y, z) ∈ φcar(E \ J)
¦ � f�yaV(Vey:®}vrz(z(pri*yajmfS��bdp"bdQSV�� prikT�gS��vr`0ySV�°�fSjmfS�"bdQSV<V(�m��jmw�`dprj�ySvx��`c_a`cbdV(T/®ªbdQSV

� pr�m�mp��'j�fS�4VUlIg�vr��j�bs_"vr���5v¯_a`¬Q�pr��yS`
x2 + y2

ξ2 − 1
+
z2

ξ2
= 1.

* # ,

]Dp��D_"T�VUvrf�`5px�-v�`cjmT�wS��V�z(prT�wSgab*v�bkj�pNf
�3V
pr�ab*vxjmf
bkQSV�V�£awS�mj�z�j�b5V(£awSidVe`d`djmprf"pr�
φ
®

φ2(x, y, z) − 1 =
−(1 − x2 − y2 − z2) +

√
(1 − x2 − y2 − z2)2 + 4(x2 + y2)

2
.

P5QSj�`
_Dj�VU�myS`�bdQSV�yaVe`cjmidVey�w�idpNwªVUicbkj�Ve`(¦4§­V�vr�m`dp$pr�ab*vxjmf­bkQSV�`dvrT�V4w�idpNwªVUicbkj�Ve`«� pri
φ
vrf�y √

φ2 − 1
¦�§­V

yaV(°�fSV G jmfBz(vricbkVU`djmvrf
z�pDpNikyajmf�vxbdVU`3�D_

φcar ◦ G ◦ φ−1
car(x, y, z) = (

x√
φ2(x, y, z) − 1

,
y√

φ2(x, y, z) − 1
,

z

φ(x, y, z)
).

X[`djmfS��bkQSVYVelIg�v�bkj�pNf
(
#
)
®D�¬V«`cVUV0bdQªv�b

S2 = G(E \J)
vxf�y�bkQ�v�b G jm`5v C∞ pNf E \J ¦-§�V«vr�m`dp�Vevr`dj��m_4`dV(VbdQªv�b G|Γε = (φS2

sp )−1 ◦ φΓε

el

®SQ�V(f�z(VYbkQSV�ikVU`dgS��be¦
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P5QSV�wSikVUz(VUyajmfS�4idVe`cg���b0�mVUvNyS`3bdp�v4²rVUid_"`djmT4w���V�z(vrikvNz?bkV(ikj��ev�bdjmprf"px�
H1/2(Γε)

¦
� º � º � � �a� · ��
 �

u ∈ H1/2(Γε) ⇔
+∞∑

l=0

+l∑

m=−l

(1 + l2)1/2
∣∣∣
∫ +1

ν=−1

∫ 2π

θ=0

u(ν, θ)Pm
l (ν)eimθ dν dθ

∣∣∣
2

< +∞.

W0prbdVYbdQ�vxb¬bkQSV«V�£awSikVU`k`cjmprf �
u(ν, θ)

�[j�`3fSpxb3wªVUic� Vez��m_�idjm�rpNidpNg�`U®Nvxfªy��¬V«`cQ�prgS��y��'ikj�bkV �
u ◦ (φΓε

el )−1(ν, θ)
�

jmf�`sbkVUvNy:¦ §­V�zUvxf$idV(� prikT�gS��v�bkV[bkQSj�`0z�pNidpN����vxik_��'idj�bdjmfS�

u ∈ H1/2(Γε) ⇔
(
(φΓε

el )−1 ◦ φS2

sp

)∗
u ∈ H1/2(S2).

* � ,

�0VUidV
�3V
Q�v¯²rV
g�`dVUy"bdQSV�f�pxbkvxbdjmprf ∗ yaV�°�f�VUy$�D_ φ∗u = u ◦ φ ¦�P5QSV
wSikVUz�VeyajmfS��z(vxi*vrz�bdVUidjm�Uvxbdjmprf"yaVUwªVUf�yS`prf
ε
pNfS�m_�bdQSikprg��rQ
bdQSV�z*Q�vricb

φΓε

el

¦ .�idpNT bdQ�jm`0zUvxi*vrz�bdV(ikjm�Uv�bkj�pNf±®I�¬V
pr�Sbkvxjmf/v�f�v�bkgSikvr�}fSprikT

‖u‖2
H1/2(Γε) =

+∞∑

l=0

+l∑

m=−l

(1 + l2)1/2
∣∣∣
∫ +1

ν=−1

∫ 2π

θ=0

u(ν, θ)Pm
l (ν)eimθ dν dθ

∣∣∣
2

.

§�V�vx��`cp�yaV�°ªfSV
bdQSV�ySg�vx�±f�prikT>j�f
bdQ�V
� pr�m��p��'jmfS��T�vxfSfSVUi

‖u‖H−1/2(Γε) = sup
v∈H1/2(Γε)

∫
Γε uv

‖v‖H1/2(Γε)

.

§�VB�'j��m�0fSp���z�pNf�`sbkidgªz?b�v©��j�� bdjmfS�¤pNwªVUikvxbdpri�z(prfIbdjmfDgSprg�`d�m_ T�vxwSwSjmfS�
H1/2(Γε)

bkp
H1(ΩR)

®5�'j�bkQ7vrf
prwLV(i*v�bkpri5fSpNidT>�Lprg�f�yaVUy/vN`

ε→ 0
¦

��¶ � � � � 
 �
��� ! �"! ! �2
���	 �

κ, ε0 > 0
��� � � 	 � ��	 ∀ε ∈]0, ε0[ � ∀u ∈ H1/2(Γε)

	 � ! �"!�!��2
���	�� R(u) ∈ H1(ΩR)
� ��	�
�� � ��
 ���

R(u)|Γε = u
���	� ‖R(u)‖H1(ΩR) 6 κ‖u‖H1/2(Γε)

�

� � º±º�� �
P�p
wSikp�²rV�bdQSj�`
��VUT�T�v$�3V<�'jm�m��bkikvrf�`c� prikT�prgSi
vrz�bdg�vr���'jmikV<jmfIbdpBvxf­V(�m��jmw�`dprj�y��'QSj�z*Q�Q�vN`
v
`dj�T�wS�mV(i

* `dV(wªvxi*vx�S�mV-,�`cQ�vrwªVN¦ �[VUfSpxbkV
Γ̆ε bdQSV«V(�m�mj�w�`dprj�y��'j�bdQ
VUlIg�v�bkj�pNf ξ2 = 1 + ε2

¦-§­V«jmfNbkidpayagªz�VYv<�rVUprT�V�bkidj�z(vr�
bdi*vxfª`s� pNidT�v�bkj�pNf�T�vxwSw�j�fS�

Γε jmfNbkp4bdQSV�VU���mj�wª`cpNjmy Γ̆ε ¦�6±V(b G : E → E �LV
v4�Sj qsVUz�bdjm²rV«� gSf�z�bdjmprf * b*vx³NV«zUvxikV
bdQªv�b0bkQSjm` G Q�vr`'f�pxbdQ�j�fS��bdp"yap��'j�bdQ�bdQSV G px� �mV(T�T�v"�a¦ / ,�¦ G j�`[yaVe`dz(idjm�LVUy$j�fBVU���mjmw�`cpNjmy�vx��z(pDpri*yaj�fªv�bdVe`�D_�bdQ�V
� prikT�gS��v

Gel(ξ
′, ν′, θ′) = φel ◦ G ◦ φ−1

el (ξ′, ν′, θ′) = (ξ, ν, θ) = (

√
1 +

ξ′2 − 1

Φ2(ν′, θ′)
, ν′, θ′)
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