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bdp<bdQ�V�pNfSV�wSidVe`cVUfIbdVUy"j�f;.SVeyaprik_DgS´}µ `3vxidbdj�z��mV�3 /�� 5 ©oZ�vr�(_}µ vS°DW[vx�evxikp�³4vrf�y�n��mvrT4VUfSV(³a`d´Dj�j}g�`dVT�gS��bdj�`dzUvx�mV
V�¦aw�vrf�`dj�pNf�`(© .�j�fvx�m��_4�®VY�®pNgS��y���jm´rV'bkp<z(j bkV0bdQ�V0bs�3p�noQ�¡¨bdQ�VU`djm`®px��]}© P�pNikySV(ga¦ 3 �N� 5 vxf��4© �[j�vx� 3 � #�5 bdQ�vxb
vxikV5³rVUid_�jmf�`cbdikg�z?bkj�³NV0vxf�y4ikV(wSikVU`dV(fIb��rpDpay<j�fIbdikpayag�z�bdjmprf�`�¢LpxbkQ4bdp�T�v�bkQ�z*QSVUy�vN`c_DT�wabdprbdj�z(`ovrf�T�gS��bdj�`dzUvx�mV
V�¦aw�vrf�`dj�pNf�`(©
ª�V�bdQ�j�fS´�bkQ�v�b<bdQSV$wSikVU`dV(fIb��3prik´¯z�pNfIbkvxjmf�`�j�fSf�p�³�vxbdjm³rV"vN`cwLVUz�bk`<j�f bdQSV
�3v�_¯bdQ�vxb<�3V
vNyaprwabkVUy�bkp

bkvNz*´D��V3bdQ�V3w�idpN¢S��VUT px�bdQSjmf��'j�ikVU`U© �®prf�z(V(ikfSj�f��[bkVUz*QSfSj�z(vr�Svr`dwVez?b*`(°x�3V3Q�v�³rV5g�`dVUy<T�v�bkz*Q�VUy4vr`d_IT�wabkpxbkjmzU`
jmf�`sbkVUvNy/px��T�gS��bdj�`kz(vx�mV�V�¦aw�vrf�`dj�pNf�`(© � fBw�vricbkjmz(gS�mvriU°��®V�Q�v�³NV�vrySvrwabdVey$bdQSV��®pNid´�pr� .SVUySprik_Ig�´�bdp
v�fSprf 

z�pDVUikz(j�³NV�`cj�bdg�vxbdjmprf * �0V(�mT�QSpr��bd��VUlIg�v�bkj�pNf ,��'QSj�z*Q¥i*vxj�`cVey¥`cpNT4V/bkVUz*QSf�jmzUvx�YySj���z�g�� bkj�Ve`(© P5QSV¯jmySVUvr`�px�
`dVUz?bkj�pNf��a© # vridV�³NV(ik_¯`dj�T�jm�mvri�bkp43 /�� 5 © � f V(ikidpNi�VU`cbdjmT�v�bdVe`(°�bkQSV"wSikpDpx�0pr�[`sb*vx¢Sjm��j�bs_�jm`4z���vr`k`cj�z(vr��jmf§bdQ�V
�mj bkV(i*v�bdg�idV�pr�[vr`d_DT4wSbdpxbkjmzU`(© �®prf�z(V(ikfSj�f���z�pNf�`cj�`cbdV(fz�_r°-�3V"Q�v�³NV�vrySvrwabdVey¬bdVez*QSfSj�z(vr��ikVU`dgS� b*`<z(prfIbkvrj�f�VUy
jmf 3 �N� 5 jmf¬bdQSV
z(vr`dV�px�0`dwSQSV(ikprj�ySvr�oz�pDpri*yajmf�v�bkVU`'* z(prikpr�m�mvrid_¬�D© /�vrf�y¬�mV(T�T�v��D©���,?©BZBpNidVUp�³rV(i`dVUz?bkj�pNf��
z�pNT�V<bkp$vrf�vr�rikV(VUT4VUfIb��'j�bdQ�jmySVUvr`�z(prfIbkvrj�f�VUy�jmf 3)/ 5 * ikVU`cbdikV(jmfSj�f��"bkQSV�`cwvrz�V4px� 6�vr�ri*vxfS�NV�T�gS��bdjmwS�mj�VUik`
bdp�V(�mV(T�VUfNb*`4�'j bkQ `d_IT�T�V�bkid_§pr�[ikV(³rpN��gSbdjmprf ,�°�¢Sgab�bdQSV$�5v�_�pr�YyaVUidjm³Dj�fS��bdQSVe`cV$j�yaVUvN`<j�`�yaj)(LVUidVUfNbe© � f
w�vricbkjmz(gS�mvriU°I�3VYyaj�y�fSprb3VUf�z�pNgabdVUi®jmf"�mj�bdV(i*v�bkgSikV[vxfD_�wSikpIpr�²px��`cbkvr¢Sjm��j�bs_�prf
v�T�j ¦aVUy�� prikT�gS��v�bkj�pNf���jm´rVYbdQ�V
ikVU`dgS� b�pr����© �a©"ª�V�¢VU��jmV(³NV�bdQ�vxb�bdQSV�jmfIbdVUidVe`sbkj�fS�/wLprjmfIb�px�3bdQSj�`��3prik´�j�`(°�prf�bdQSV"prfSV�Q�vrf�y:°�bdQSV�ikVU`dgS��b
�D© /�bdQ�vxb0wSikp�³rVU`®bkQSV�³�vx�mjmySj bs_
px��bkQSV�T�v�b*z*QSVUy
V�¦aw�vrf�`dj�pNf²°�vxfy"pNf
bkQSV�pxbkQSV(i[Q�vxf�y²°abdQSV�ikVU`dgS��b��S© ��bdQ�vxb
�mVUvry�`3bdp�v�`cjmT�wS��VUi'� prikT�g��mvxbdjmprf"pr��bkQSVwSikpr¢S�mV(T bkQ�vxf$bkQSV�j�f�j bkjmvr�²prfSV21�z�prfz�V(VeyajmfS��vxf$V(ikidpNi®jmf

O(ε)
j b

j�`®wLpN`k`dj�¢S�mV0bkp4z(prf�`dj�yaV(i®bdQ�vxb®bkQSVY±�V(��yS`5vxikVYz(prf�`cbkvrfNb3prf
VUvrz*Q
z�ikpN`k`�`dVUz?bkj�pNf"pr�²bdQSV��'jmidVN©-P5Q�jm`3wSikp�³DjmyaVe`
v<qsg�`cbdj�±z(vxbdjmprf�px��bkQSV * `kz(vr�mvri³rV(i*`dj�pNf�px�®bdQSV�,�n-pDz*´D�mj�f��xbdpNf�VelNgv�bdjmprf�©�Z�prikV(p�³rVUi0bkQSjm`��®pNid´B`dV(V(T�`�bkp
wSikp�³DjmyaVv�gSfSj�� _Dj�f��<bkQSV(pNidV(bdj�z(vr�²`cV(bcbdjmfS�4� pri'�'jmikV�T4payaVU�m`U©

��� � !#"%$ &('*),+-"/.0&(1320465�$ "7&98:2<;-&>= )

�3V�� pNidV$`sbkikvxbdjmfS���'j�bdQ pNgSi4T�vrj�f yajm`kz�gSbdjmprf²°o�3V
`dQ�vr���®±�i*`sb4�rjm³rV
vrf p�³rVUid³DjmV(� px�'bkQSV$V�¦ajm`cbdjmfS�¯T4payaVU�m`
� pri4bkQSj�f£�'jmidVe`(© P5QSVe`cV
T�pDySV(��`4ySVUvx�5�'j�bdQ7Z�v�¦a�3V(�m� µ `<VUlIg�v�bkj�pNf�`U°o¢Sgab4bdQSVU_ z(vrf ¢LV$vNySvxwSbdVUy � pri4bdQ�V
bdikVUvxbdT�V(fIb�pr��prbdQSVUi�VUlIg�v�bkj�pNf�`�`dg�z*Q¥vr`'6�vrwS��vrz�VBvrf�y7�0V(�mT�QSpr��bd�BVelIg�v�bkj�pNf²© ª�VB�'j��m�[wSikVU`dV(fIb�bdQ�VU`dV
V�¦aj�`sbkj�f���T�pDySV(��`�� pri3�0VU��T�QSpN� bk�0VUlIg�vxbdjmprf²°N¢Sgab®´NV(VUw�j�f�T�jmf�y�bdQv�b3`djmT4jm��vxioT�payaV(��`�zUvxf�¢LV[wSikprwLpN`dVUy<� pNi
6�vrwS��vrz�V�vrf�y
Z�v�¦a�®VU���Gµ `5VUlIg�v�bkj�pNf²©���vNz*Q
pr��bkQSVU`dV�T�pDySV(��`0yaj)(LVUik`5pNfS��_
¢D_�j b*`'VUlIg�vxbdjmprf/z�pNidikVU`dwpNf�yajmfS�
bdp�bkQSV5¢pNgSf�ySvrid_�z(prf�yaj�bdjmprf<prf�bdQSV5�'jmidVN©�X[fNbkj��DbkQSV5V(f�y<px�bdQSj�`�`dgS¢ 
 `cVez?bdjmprf<�®V5z�pNf�`djmyaVUi�vY`cbdi*vxjm�rQIb�bkQSjmf
�'jmidV5�'j�bdQ�v�`dgSic� vNz�V

Γε yaVe`dz(idjm¢Vey�yaVU`kz�ikj�¢LVUy4jmf�z�_D��jmf�yaikj�z(vx�Sz(pDpri*yaj�fv�bdVe`�¢I_ r = Φε(θ, z)
� pNi

z ∈ [−1, 1]©

?A@ <(?CB
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P5QSV5� pNgSf�yaVUiopx�:�'jmidV'T�payaV(��`�j�`o��© � n-pDz*´D�mj�f��xbdpNf��'QSp�wSikprwLpN`dVUy<j�f / � 
I�Yvrf4VelIg�v�bkj�pNf�z(prgSw���jmfS�bdQ�V
±�VU�my�yaj)(}ikvNz?bdVey4¢I_�vxf�vrfNbkV(fSfv�'j bkQ�bdQSV[z(gSikidVUfNb�vxbobdQ�V[`cg�ic� vNz�V'px�LbdQ�jm`®vxfIbdVUfSf�vS©-P�p�`cjmT�wS��j�� _r°D`dgSwSwLpN`dV
bdQv�b

Ωob = ∅ * vrfNbkV(fSfv�jmfB� idVUV<`dw�vrz(V-,�©Y¡YV(fSprbdV
J
bkQSV�T�Veyajmvrf��mj�f�V�jmfBbdQSj�`��'j�ikVr°L�'j�bdQ¯v"�rVUprT�V�bkidj�z(vr�

`cbdikg�z?bkgSidV�vN`�j�f�±��NgSikV;/N°�vrf�y¬`cgSw�wpI`cV�bkQ�v�b�bkQSjm`���jmfSV�j�`prf�bdQ�V
z

 v�¦aj�`(©'6�V�b

γε(θ, z)
¢LV�bdQSV�`dgSid� vrz(V

T�VUvN`cgSikVprf
Γε jmfBz�_D�mj�f�ySidj�z(vr��z�pDpri*yajmf�v�bkVU`U©�P5QSV��mV(f��xbdQ/pr��bkQSV�¢LprgSfySvxik_�px�ov�`dVUz�bdjmprfBz�pNidikVU`dwpNf�yajmfS�

bdp4bkQSV�z�pDpri*yajmf�v�bkV
z
jm`3bkQSV(f

γ̃ε(z) =

∫ 2π

0

γε(θ, z)dθ

ª�V�z�pNf�`cj�yaVUi0vxfBjmf�z�j�yaV(fIb[�5v�³rV
uinc ∈ H1

loc(Ω
ε)
`dvxbdj�`s� _DjmfS�4bdQSV�Q�prT�pr�NV(fSVUprg�`'�[V(�mT4Q�pr��bd��VelNgv�bdjmprf/jmf

bdQ�V<fSVUj��NQD¢pNidQSpDpay/px��bkQSV4�'j�ikVr©9.SpNiYV(¦DVUT�wS��V4�3V<z(vrf�z�pNfIbdikg�z?b`cg�z*Q¯v�±�VU�myB¢D_�`dpr�m³Dj�fS��bdQSV4VUlIg�vxbdjmprf
∆uinc + k2uinc = f

�'j bkQ�`cg�wSw
f ∩ Ωi

ε = ∅ ©�ª�V�vxikV�j�fIbkV(ikVU`cbdVUy$jmf$bdQSV�z(prikidVe`cwLprfyaj�f���ySj (}ikvNz?bkVUy$�3v�³NV°abkQ�v�b0j�`3bdp�`kv�_�bdQSV� g�f�z?bkj�pNf
uε

d ∈ H1
loc(Ωε)

`kv�bkjm`c� _Dj�fS� 1





∆uε
d + k2uε

d = 0
jmf

Ωε

uε
d = −uinc

pNf
Γε

uε
d

prgabk�rpNj�fS�

ZBpNidVUp�³rV(i��®V'yaVUfSpxbkV
uε

tot = uε
d+uinc

bdQ�V5bdpxb*vx�I±�VU�my:°Nvxf�y
G(x;x′)

bkQSV-��idVUV(f<� gSf�z�bdjmprf4px�pNgSi�vrz(prg�`cbdj�z
wSikpr¢S�mV(T vxf�y

Iε = γ̃ε ∂uε
d

∂n |Γε

bdQv�bo�'jm���aikV(wSikVU`dV(fIb-bdQ�V0z�gSikidVUfIb�pNf<bkQSV5�'j�ikVr© � f�pri*yaV(i�bkp��'ikj�bdV0v�idVU��VU³�vxfIb
jmfNbkV(�Nikvr�LVelIg�v�bkj�pNf²°an-pDz*´D�mj�f��xbdpNf
vN`d`dgST�VUy"bdQ�vxb5bdQSV�z(gSidikV(fIb0vrz�bdg�vr���m_�yaj�y$fSpxb'³�vxik_�prf/v�`cVez?bkj�pNf"px��bdQ�V
�'jmidVN°�jG© V

Iε = Iε(z)
yapDVU`�f�pxb<yaVUwVUf�y§pNf

z
°�vxf�y¯bkQ�v�b<bdQSV"ySj (}ikvNz?bkVUy�±�VU�my§jmf¬bdQ�jm`�idVU�rjmprf¬�3vN`�vx��`dp

jmf�yaV(wLV(fySvxfIbYpr�
z
°
uε

d |Γε = uε
d |Γε(z)

© � f�bdQSV4z(vr`dV�pr��bdQSV4�0V(�mT�QSpr��bd�<wSikpr¢S�mV(T/°bdQSV<j�fIbdVU�ri*vx��VUlIg�v�bkj�pNf
px�-n-paz*´I�mjmfS�xbkprf"j�`

∫ +1

z′=−1

(∫ 2π

θ=0

∫ 2π

θ′=0

eik|x(θ,z)−x(θ′,z′)|

4π|x(θ, z) − x(θ′, z′)|
γε(θ, z)

γ̃ε(z)

γε(θ, z′)

γ̃ε(z′)
dθdθ′

)
Iε(z′)dz′ = −uinc |Γε(z).

ª�V4yaVUfSpxbkVUy
x(θ, z)

bdQSV4wLprjmfNbpx�
Γε �'j bkQ¯z�_D�mj�fyaidj�z(vr��z(pDpri*yaj�fv�bdVe` θ vxf�y z ©�P5QSj�`�VUlIg�v�bkj�pNf�j�`�v"prfSVyajmT�V(f�`dj�pNf�vx�}³NV(i*`cjmprf�pr��bkQSVj�fIbdVU�ri*vx�}VUlIg�vxbdjmprf$z�prikikVU`dwpNf�yajmfS��bkp4v�`dj�fS�N��V���v�_rV(i3wLpxbdVUfIbdj�vx�:g�`dVUy�� pri5bdQ�V

ikVU`dpr�mgabdjmprf
px��bdQSV��[V(�mT4Q�pr��bd��wSikpr¢S�mV(T/©�P5QSj�`'VUlIg�vxbdjmprf$jm`5�'Qv�b'�®V�zUvx�m�}bdQSV�T�payaVU�:px�-n�paz*´D�mj�fS�rbdpNf²©
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P5QSV�´NV(ikfSV(�'pr��n�paz*´D�mj�fS�rbdpNf²µ `�jmfIbdVU�ri*vx�0VelNgv�bdjmprf£j�`"`dj�fS�NgS��vxi * vN`�v¬� gSfz?bdjmprf¥pr�
z′

,?© � bk`"`djmfS�rgS��vxikj�bs_
j�`Y�mpr�Ivxikj bkQST�jmzr©�]DV(ik³rVUikvr��vrgabdQSpNik`YQ�v�³NV�ikV(wS��vrz(VUyBj�b�¢I_�v"idVU�rgS��vxikjm�(VUy�´rV(ikfSVU� © 6²V(b�g�`yaV(fSprbdV4¢D_

x̃(z)bdQ�V�wpNj�fIb�pr�
J
z(prikidVe`cwLprf�ySj�fS�$bkpBbdQSV
z�pDpri*yajmf�v�bkV

z
©/P5QSVU`dV�vxgSbdQSpNik`�Qv�³rV�wSikV�� VUidVey�bkp�z�pNf�`djmyaVUi�bdQ�V

VUlIg�vxbdjmprf
∫ +1

z′=−1

(∫ 2π

θ′=0

eik|ex(z)−x(θ′,z′)|

4π|x̃(z) − x(θ′, z′)|γ
ε(θ′, z′)dθ′

)
Iε(z′)dz′ = −uinc |Γε(z)

]Djmf�z�V�bdQSV�´NV(ikfSV(��px�-bdQSj�`0VelIg�v�bkj�pNf$j�`0³NV(ik_"`dT4pDprbdQ²°�bdQSV�vN`d`dpaz�j�v�bkVUy$j�fIbkV(�ri*vx�:pNwVUikvxbdpNi'jm`Yz�prT�w�vNz?b[vrf�y
bdQ�jm`3fSVU�¥j�fIbdVU�ri*vx�VUlIg�v�bkj�pNf�j�`�jm��� 
 wpI`cVey:©��[`5v�z(prf�`dVUlIgSVUf�z�V'bkQSj�`®VelIg�v�bkj�pNf"z(vrf���Vevry�bkp�ikVUvr��j�`sbkjmz[idVe`cg�� b*`
prf���_¬j��0bdQSV$`cT�vr���mVU`cb<T�VU`dQ `cbdVUw g�`dVUy¬� pNi�bkQSV/yajm`kz�ikV�bkj��ev�bkj�pNf§jm`<T�prikV�bdQvxf§bkQSidVUV�bkj�T�VU`4��vxik�rVUi�bdQ�vrf
bdQ�V�ikvNyaj�g`

ε
px��bkQSV��'jmidVN©-P5Q�jm`5VelNgv�bdjmprf$j�`5�'Q�v�b'�3VzUvx�m�}bdQSVT�payaV(��px��n-paz*´D��jmfS�rbdprf
�'j bkQ/idVU�rgS��vxikj��UVUy

´rVUidf�V(�G© .SpNi�bdQSV�ySVU`dj��Nf£pr�YbkQSV�z(pDySV�Z�vx�NV(�m�mvrf �'QSj�z*Q7wSgSikwpI`cVBj�`�bkp `sbkg�ya_7z�prfyag�z?bkj�f��§�'j�ikVU`�vrf�y
`dQSV(�m�m`U°/�3V(f�ySvr��j�� vr� ©-Q�v�³NVYw�idpNwpI`cVey�v�³�vridj�v�bkj�pNf�vx�� prikT�gS��v�bkj�pNf�jmf
�'QSj�z*Q�bkQSVQSprT�pN�rV(f�V(prg`�¡Yj�ikjmz*Q���V(b
¢LprgSf�y�vxik_
z�pNf�yaj�bdjmprfBpNf
bkQSV��'jmidV�jm`5b*vx´NV(fBjmfNbkp�vrzUz�prg�fNb0g`cjmfS�"v�pNfSV�yajmT4VUf�`dj�pNf�vx��`cw�vNz�V�pr��6�vx�NikvrfS�rV
T�g�� bkj�wS�mjmV(i*` * z�pNfIbkvxjmfSjmfS��V(�mV(T�V(fIb*`5bdQ�vxb0yap�fSpxb0yaVUwVUf�y$prf$bdQ�V

θ
³�vridj�vx¢S�mV-,�©�P5QSjm`5ikVU`cbdikj�z?bdVey
`dw�vNz�Vjm`

H−1/2
moy (Γε) = {q ∈ H−1/2(Γε) | ∂q

∂θ
= 0 }

<=<?>�@8A-BDC�EGF�H�I�JGK�L
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�'QSVUidV�yaVUidjm³�v�bkj�³NVU`�Q�v�³NV�bdp�¢LV�gSfyaV(i*`sbkpDpDy�jmf¬bdQSV$`cVUf�`dV�px�0yaj�`sbkidjm¢Sgabkj�pNf�`(© .�pri�bkQSV�bdprbkvr�o±�VU�my * j�f�z(j 

yaVUfNb���yaj)(Li*vrz�bdVUy ,®vrf��cv�³NV(i*vx�rVey��[¡[jmikjmz*QS�mV�b'¢LprgSfySvxik_"z�pNf�yaj�bdjmprf$jm`'bdQSVUf$�'ikj�bcbdVUf/prf
bdQSV�T�VUySjmvrf
�mj�f�V

∫ +1

−1

uε
tot(˜� (z)) q(z) dz = 0 ∀ q ∈ H−1/2

moy (Γε).

ª�idj�bdjmfS��vxf$j�fIbkV(�ri*vx�}ikV(wSikVU`dV(fIb*v�bdjmprf"� pri
uε

tot

°SbdQSj�`5VUlIg�vxbdjmprf$��VevryS`3bkp�v4³�vxikj�v�bdjmprfvx�� prikT�gS��v�bkj�pNf"px��bdQ�V
ikV(�rg��mvridjm�(Vey¬³rV(i*`dj�pNf§px�'bdQ�V
n-paz*´D��jmfS�xbkprf²µ `�VelIg�v�bkj�pNf²©¯ª�V/z(vx�m�®bdQSj�`4T4payaVU��bkQSV$idVU�rgS��vxikj��UVUy�±z�bdj�bdjmprg�`
yapNT�vrj�f�T�payaV(�G©�Z�vx�evxikj�g�`dVUy¯bkQSjm`j�yaVev
¢�gab�bdikj�Vey�bkp/j�T�wLpN`dV�v/¡Yj�ikj�z*QS��V(b�¢pNgSf�ySvrid_�z(prf�ySj bkj�pNf�g�`dj�f��
vxf¬jmfIbdV(�Nikvr�-VUlIg�v�bkj�pNf¬�'j bkQ¬vB`djmfS�rgS��vxi�´NV(ikfSV(�G°:bkQ�v�b�z(prikidVUwpNf�yS`�bdp$bkQSV�T�payaV(�opr�3n-paz*´D��jmfS�rbdprf�©�P5QSjm`
VUlIg�vxbdjmprf$�'idj�bdVe`

∫ 2π

0

∫ +1

−1

uε
tot( � (θ, z)) q(z) dz dθ = 0 ∀ q ∈ H−1/2

moy (Γε).

ª�V�z(vx�m�}bdQ�jm`'T�payaVU� °abkQSV�`dj�fS�NgS��vxi3±z?bkj�pNg�`'yapNT�vrj�f$T�payaV(�G©

� » ¼ · � »����B» � � � ��¼

� f�pNikyaVUi'bdp$`cpN��³NV�fDgST�V(ikjmzUvx�m��_
bdQ�V�wSikpr¢S�mV(T�pr��yaj (}i*vrz?bkj�pNfB¢D_/vrf�vxfIbkV(fSf�v�°L�[pr�m�mvrf�y � vx�G©[jmf 3 � / 5
Q�v�³NV[wSikprwLpN`dVUy�`dj�T�wS�mV�T4payaj�±zUv�bdjmprf`®pr��v<z(�mvN`d`dj�z(vx�
.-¡YP'¡{`kz*QSV(T�V�`cg/��z(j�VUfNb3� pri'`dj�T<gS��v�bdjmfS��bdQSV�wSikVU`�

V(fz�V[pr��vxf"vrfIbdV(f�f�v�jmf�bdQSV�T�VUyajmgST px�²w�idpNw�vx�Iv�bdjmprf�©>�[`®�5vr`ow�idp�³NVUy�¢D_��®pr�m��jmfSp�vrf�y�ZBjm���mpxb3j�f73 � 5 °IbdQ�V
fSVU� idVe`cg�� bkj�fS�4`dz*Q�V(T�VYzUvxf�¢LVYjmfSQSVUidj�bdVey�� ikprT>v<z�prfIbkj�fDgSpNg�`�³�vridj�v�bkj�pNf�vx��� prikT�gS��v�bkj�pNf�px�²bkQSV�Z�v�¦a�®VU���Gµ `
VUlIg�vxbdjmprf�`3bkQ�v�b�yaj (}V(i*`5� ikprT�bdQSV�g`cg�vr�:� prikT�g��mvxbdjmprf/¢D_�bdQ�V�wSidVe`cVUf�z�V�pr�-vrfBv�³rV(i*vx�Nj�f��<pNwVUikvxbdpri'vrf�y/v
w�vrikvrT4V(bdVUiU©�P5Q�jm`�T�pDySV(�avr`k`cg�T4Ve`²bkQ�v�b�bdQSV5`dVUz?bkj�pNf�px��bdQSV3�'j�ikV�j�`�z�jmikz(gS�mvriU°ebkQSV®³�vridj�v�bkj�pNf�`²pr�abdQSV5z�gSikikV(fIb
prfBv<bdi*vxf`c³NV(i*`cV`cVez?bkj�pNf$vridVfSVU�r�mj��Nj�¢S�mVr°vxf�y"bdQSV�±�V(��y$Q�vr`'vrf$VU��Vez?bkidpI`sb*v�bdj�z�¢VUQ�v�³Dj�pNi5j�f$bdQ�V�fSV(jm�rQD¢Lpri 

QSpDpay�px�DbkQSV��'jmidVN© .�idpNT¤bkQSVU`dV®vN`d`dgST�wabdjmprf`(°��0pN����vxf�y�ySVUyag�z(VU`�bdQ�vxb

uε
tot(r, θ, z) ' Iε(θ, z) ln( r

ε )
©�P5QSVUf

v�� g�f�z?bkj�pNf
δε Q�vN`obkp�¢LV�z*Q�pN`dV(f�jmf"pri*yaVUiobdp<idVU�rgS��vxikjm�(V5bdQ�V�`dgSid� vrz�V[T4Vevr`dgSikV[prf Γε ©�P5QSj�`�� g�f�z?bkj�pNf"Q�vN`

bdp�³NV(ikj � _
∫ +∞
0

δε(r)2πr dr = 1,

∀ϕ z�pNfNbkj�fDgSpNg�` ,
∫
ϕ(x, y)δε(

√
x2 + y2) dxdy →

ε→0+

ϕ(0),

δε(r) = 0, rε > r > ε
vrf�y

rε →
ε→0+

0.

P5QSV4z*QSprj�z�V�pr�obdQ�V�� gSf�z�bdjmprf
δε ��jmVU`Yprf�w�ikvNz?bdj�z(vr��z(prf�`djmySV(i*v�bdjmprf`(© � f`sbkVUvry�px��bdQ�V�g�`dg�vx��QSpNT4pN�rVUfSV(pNg�`

¡Yj�ikjmz*Q���V(b®z�pNf�yaj�bdjmprf�prf�bkQSV[�'jmikVr°rpNfSV0�'ikj bkVU`®vxf�VUlIg�vxbdjmprf�v�³rVUikvr�rVey�¢D_
δε vrf�y�T�vx´NVU`�g�`dV[pr�}bdQSV0i*vrySjmvr�

V(�mVUz�bdikpN`cbkvxbdj�z[¢LV(Q�v�³Djmpri'pr��bdQ�V±�V(��y:©�]Dp4bdQ�V�³�vridj�v�bkj�pNf�vx�L� pNidT<gS�mvxbdjmprf
bdQ�vxb0Q�vr`3bkp�¢V�yaj�`kz�ikV�bdjm�(Vey"j�`




∫

ΩR

∇uε
tot · ∇v − k2

∫

ΩR

uε
totv +

∫

ΓR

vTRu
ε
tot +

∫

ΩR

δε(r)Iε(z)v(r, θ, z) = −
∫

ΩR

fv ∀v ∈ H1(ΩR),

∫

ΩR

δε(r)q(z)uε
tot(r, θ, z) =

∫

ΩR

δε(r)q(z)Iε(z) ln(
r

ε
) ∀q ∈ H−1/2

moy (Γε).

�'QSVUidV
TR
j�`'v4g�`cgvx�²¡�P'W{T�vxw/vrz?bkj�f��4pNf"bkQSV�¢LprgSf�y�vxik_�px�

ΩR
©

���
	 � &����2�; 20'�8��������-&�;���) 1-8����/2��7$�� &�����4 ),$ 204 )

ª�V�vxikVfSp��¨�NprjmfS�4bdp�¢SikjmV�:�_
wSidVe`cVUfIb3bkQSV�T�v�b*z*QSVUy/vN`c_DT�wabdprbdj�zV�¦aw�vrf�`cjmprf`5T4V(bdQSpayBvrf�y
bdQSV��5v�_��3V
�'j�`cQ/bkp"vxwSw���_
j bYbdp�pNgSi0wSikpr¢S�mV(T/©5P5QSj�`0�'jm�����rjm³rV�vxfBpNgabd�mjmfSV�px��pNgSi[`cbdg�ya_N© � f/bdQSj�`[yapaz(gST�V(fIbY�3V�vxikV
jmfNbkV(ikVU`cbdVey"jmf$bdQSV�V(¦Dwvxf�`dj�pNf"�'j�bdQ/ikVU`dwVez?b'bdp

ε
px��bkQSV� gSf�z�bdjmprf

uε `kv�bkjm`c� _Dj�fS�





∆uε + k2uε = f
jmf

Ωε,

uε = 0
prf

∂Ωε,

uε prgabk�rpNj�fS� .

?A@ <(?CB
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� f�pNikySV(i�bdp`sbkg�ya_bdQ�V®¢LV(Q�v�³Djmpri�px�
uε �3V3zUvxf�±ik`cb-vN`c´pNgSik`dV(�m³rVe`²�'QSV(bdQSVUi uε vNyaT�j b*`-v[�mj�T�j�b * vr`

ε→ 0
,?©

�[`0bdQSV<�'j�ikV�`dQSidjmfS´a`[vrf�yByaj�`dvrwSwLVUvxi*`U°SprfSV�T4jm�rQIb[�NgSVU`k`5bkQ�v�b0bkQSj�`[�mj�T�j�b[V�¦aj�`sb*`[vrf�y/jm`0bdQSV�� gSf�z�bdjmprf
u0`kv�bdj�`c� _IjmfS�





∆u0 + k2u0 = f
j�f

Ω,

u0
pNgabd�NprjmfS�

.
P5QSVUf$pNfSV�z(vrf/vN`c´"�'Q�v�b'j�`5bdQSV�¢LV(Qv�³Ijmpri5pr�

uε − u0
°�©U©(©dV�bkzr©�ª¯V��'jm�m�:bdQSVUfB`cVUV(´�bkQSV±�i*`sb5bkV(ikT�px��bdQ�V

V�¦aw�vrf�`dj�pNf"px�
uε © .Spri5bkQSj�`'wSgSikwpI`cVN°a�®V�'jm����wSidpaz(V(VUy
jmf��4`cbdVUw�`

• �(� ·����ª¯V5yaVU`kz�ikjm¢V3j�f�yaV(bkvxjm�IbdQSV5�NV(prT�V(bdikjmzUvx�D`cV(bcbdjmfS��px��pNgSi-wSikpr¢S�mV(T/°�ikj��Nprikprg�`d��_Y� prikT�g��mvxbdVobkQSV'yaj)(Li*vrz 

bdjmprf�wSikpr¢S�mV(T g�`djmfS��³�vxikjmvxbdjmprf�vr�a� prikT�g��mvxbdjmprf�`U°Nvrf�y�jmfNbkidpayagz�V[v�`dgSj�bkvr¢S��V[� gSf�z�bdjmprf�vr�L`dV�bdbdjmfS��©-ª�V
�'j��m�²vx��`cp4yaV�±fSV�bs�®p�ikV(�rjmprf` Zε

n

vxfy Zε
f

z(vr���mVUy"fSVUvri'vxf�y"� vxi3±�VU�my
idVU�rjmprf�`U©�ª¯V��'jm���:wLpN`cbdg��mvxbdVv
� prikT>j�f/Vevrz*Q"pr��bkQSVU`dVidVU�rjmprf�`®� pNi5bdQSV±�i*`cb'bdV(ikT>pr��bkQSV�V�¦aw�vrf�`cjmprf
px�

uε 1

uε ' u0 + uε
1

jmf Zε
f

�'j bkQ
uε

1 = o(u0)
* /�,

ª¯V��'jm�m��zUvx�m�
u0
vxfy

uε
1

�s� vxi0±V(��y$bdV(ikT�` �?© .SpNi0bkQSV�fSVevxi[±�V(��y/idVU�rjmprf²°Lvr`[�®V�ySprf²µ bYikVUvr���m_"´DfSp��
bdQSV�¢LV(Q�v�³Djmpri5px�

uε °�ª¯V��'jm����`cjmT�wS��_"�'idj�bdV

uε ' Uε
1

j�f Zε
n

* �2,

ª¯V��'jm���²zUvx�m�
Uε

1

�cfSVUvri3±�V(��y
bdV(ikT �*©

• �(� ·����P5QSjm`[`sbkV(wBj�`'bdikVUvxbdVey
jmf�`dVUz?bkj�pNf # °��'Q�V(ikV��®V�`dV(VU´"jmf�v�� prikT�vx�²vxfy/j�fIbdg�j bkj�³NV�T�vxfSfSVUi0fSVez�VU`k`kvxik_
z�prfyaj bkj�pNf�`®� pri

u0 + uε
1

bkp�¢V�v4�rpDpay"vrwSwSikp�¦aj�T�v�bkj�pNf�px�
uε j�f Zε

lo

©�ª�V�'j��m��zUvxi*vrz?bkV(ikj��UV
u0 + uε

1gSw"bkp�bkQSV�z*QSprj�z�V�px�-v�� g�f�z?bkj�pNf
aε ∈ L2([−1; 1])

©-P5QSV�yaV�±�f�j bkj�pNf
pr�
aε jm`'yaVU�mv�_NVUy�bkp�`cVez?bdjmprf �D©

• �(� ·����P5QSjm`3`cbdV(w
jm`®bkidVev�bdVey�jmf
`dVUz�bdjmprf � �'QSV(ikV[�3V`cVUV(´�fSVUz(VU`k`dvrid_�z�pNf�yaj�bdjmprf�`®� pNi
Uε

1

bdp4¢Vvxf$vxwSwSikp�¦ 

j�T�v�bkj�pNf�px�

uε j�f Zε
pr

©-ª¯V��'jm���}z(vrikvNz?bdVUidjm�(V
Uε

1

gSw�bdp�bdQSV�z*QSprj�z�V[px��v�� g�f�z?bkj�pNf
bε ∈ L2([−1; 1])

©

• �(� ·����P�p�VUf�y
bdQSV�ySV�±�fSj�bdjmprfBpr�ov�`cgSj�bkvr¢S�mV�vxwSwSikp�¦aj�T�vxbdV�±�V(��y/�3V�fSV(Vey$bdp�yaV(±�fSV
aε vxf�y bε ©®P5QSj�`0�'jm���¢VbkQSV�`dgS¢aqsVUz�b0px��bdQSj�`0`cbdVUw/bdikVUv�bkVUy
j�f�`dVUz�bdjmprf �<�'QSV(ikV��3V�wSidp�³NV[bkQ�v�b[bdQSVe`cV� gSfz?bdjmprf`'Q�v�³rV�bkp

`dvxbdj�`s� _"vrf
jmfIbdVU�ri*vx�}VUlIg�vxbdjmprf²©

• �(� ·��
	ª¯V�3prgS��y�Q�v�³NV ������� ��� ��� z(prf�`cbdikg�z�bdVUy
u0 + uε

1

vxf�y
Uε

1

j�f$bdQ�V�w�idVez�VUySj�fS��`cbdV(w�°S`cp4bdQ�jm`'`cbdVUw
�'jm���
yaVUvr�L�'j�bdQ/yaV(±�fSjmfS�4vrf$vrwSwSikp�¦aj�T�v�bkV'±�VU�my

ũε g�`dj�fS�<bdQ�VY� vri'vxf�y
fSVUvri�±V(��y * `cVez?bdjmprf/� ,�°Svxf�y"bdQSVUf
wSidp�³NV�jmf�`dVUz�bdjmprf¬��bdQv�b ‖ũε − uε‖H1(ΩR)

jm`�`dT�vx�m� °:�'QSj�z*Q�j�`�bdQ�V�`dgS¢aqsVez?bpx�®bdQSVUprikV(T�bdQ�V(prikV(T
�D© /[bkQ�v�b[`cbkvxbdVU`

‖uε − ũε‖H1(ΩR) 6 κ ε1/2 ln 1/ε
� pri0v�z�pNf�`sb*vxfIb

κ > 0
jmf�yaV(wLV(fySvxfIb0px�

ε
©

tYf�z(V��3VoQ�v�³rV®vxwSwS�mjmVUy�bkQSj�`�T�V�bkQSpay:°��3V��3prgS��y�Q�v�³NVopr¢ab*vxjmfSVUy�vrf�vxw�wSidp�¦ajmT�v�bdjmprfpr�abdQSV3V�¦Svrz�b�`dpr�mgabdjmprf�©
P5QSV�lIgSVe`sbkj�pNf�jm`��'Q�v�b:bkp[yap0�'j�bdQ�bdQSj�`�vrwSwSikp�¦DjmT�v�bkj�pNf²©:ª¯V��'j��m�rg�`dVoj�b�bkp0wSikp�³rV�bdQ�vxb

uε j�`�vr�m`dp'³rVUid_�z��mpN`dV
bdp
vxfSprbdQSVUi0� gSf�z�bdjmprf

uε bdQv�bYj�`[`dpr�mgabkj�pNf/bdp�bkQSV<`kvxT�V�yaj)(}ikvNz?bdjmprfBw�idpN¢S��VUT �'j�bdQ¯`cjmT�wS��j�±�VeyB¢pNgSf�ySvrid_
z�pNf�yaj�bdjmprf�`U©/P5QSjm`�wSidpN¢S�mV(T&�'j��m��¢LV��'ikj bdbdV(f§g`cjmfS��v/T�j ¦aVey�� prikT�gS��v�bkj�pNf¯bkQ�v�b<�®V�zUvx�m�obdQ�V"`cjmT�wS�mj ±�Vey
±z�bdj�bdjmprg�`0ySprT�vxjmf$� prikT�gS��v�bkj�pNf²©�ª¯V��'jm�m��wSikp�³rVv�idVe`cg�� b'³rVUid_
`cjmT�j���vxi5bkp
�D© /��'j bkQ

uε °S�'Q�jmz*Q/�'jm���²_DjmV(��y
v4³�vx�mjmySvxbdjmprf$px��bdQSV�T�payaVU�:px�-n�paz*´D�mj�fS�rbdpNf²©
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�®prf`cj�yaV(i'v�`dw�vrz(V�pr��ikV�� VUidVUf�z�V E = R3 ©�]Dp E Qvr`5v4f�v�bkgSikvr�}T�vrfSj � pN�my/`cbdikg�z?bkgSikVr©-ª¥QSV(f/�3VY�'ikj�bdV�� � ��3V0idV(� V(i�bkp�vwLprjmfNb3px� E vr`ov�T�vrfSj�� pr��y:°rbkQDg�`ojmf�yaVUwVUf�ySvxfIbk��_4px�²vxfD_4z�pDpri*yajmf�v�bkV0`c_a`cbdV(T/©�ª¯VY�'j��m��pr� bdVUfikV�� V(iYbdp
pr¢aqsVez?b*`[ikV(��v�bkVUy/bkp E vrf�y�`dp�jmf�yaV(wLV(fySvxfIbpx�®vrfI_Bz(pIpNikySj�f�vxbdV�`d_a`sbkV(T/°:`cgz*Q�vr`[� gSf�z�bdjmprf�`Y� pri�'QSj�z*Q
�3V��'ikj bkV
u( � )
©

ª�Vo�'jm`dQbdp[V(T�wSQ�vN`cjm�(V�bkQSV�yaj)(}V(ikV(f�z(V�¢LV�bs�3V(V(fbkQSVoT�vxf�j � pN�my�`cbdikg�z?bkgSikVopx� E °�vxf�yj�bk`�idVUwSikVU`dV(fIbkvxbdjmprfjmf/z(pDpri*yaj�fv�bdV�`d_a`sbkV(T�`(©�ª¯V��'jm����idV(� V(i5bdp�v�wLprjmfIb
� ∈ E �'j�bdQ 3

z�pDpNikyajmf�vxbdVU`5z*QSpI`cVUf
jmfBv�`cV(b[yaj)(LVUidVUfNb
� ikprT E © .SpNi�V(¦aV(T�wS��V5�3V®�'jm�m�af�v�bkgSikvr���m_idV(� V(i�bdp�vYwpNj�fIb-g�`dj�fS�j�bk`-z(vricbkVU`djmvrf�z�pDpNikyajmf�vxbdVU` (x; y; z) ∈ R3 ©
ª�V<�'jm���-g�`dV�� pNgSi�z�pDpri*yajmf�v�bkV�`d_D`cbdVUT�`(©�P5QSV�±�ik`cbjm`[bdQSV�z(vricbkVU`djmvrf�`c_a`cbdVUT �'j bkQ¯z�pDpNikyajmf�vxbdVU`YyaV(f�pxbdVey
(x; y; z)

©<ª¯V��'jm���-�'ikj bkV
� (x; y; z)

j�f�pri*yaVUi[bkp
T�VUvrf�bkQ�v�b�bdQ�V�zUvxidbdVe`cj�vxf�z(pDpri*yaj�fv�bdVe`
�
vxikV

(x; y; z)
©

P5QSVB`dVUz�pNf�y `d_a`sbkV(T j�`4bdQ�V/`dwSQSVUidj�z(vr�'z�pDpri*yajmf�v�bkVU`<idVe`sbkidj�z?bkVUy§bkp�bdQSV/gSfSj�b"`dwSQSV(ikVr°��'j bkQ7z(pDpri*yaj�fv�bdVe`
yaVUfSpxbkVUy

(ν, θ)
* ¢LVYzUvxikV�� gS��®V�yaprf²µ b®g`cV'bkQSV[g`cg�vr�Lz(pDpri*yaj�fv�bdVe`

(θ, ϕ)
jmf�bdQ�V[wSikVU`dV(fIb®zUvr`dV-,?©-P5QSV[bdQSjmiky

`d_D`cbdVUT«j�`oz(vr���mVUy4jmf���j�bcbkV(i*v�bkgSidV'w�idpN�mvxbdV'`cw�QSV(ikprj�ySvx�Sz(pDpri*yaj�fv�bdVe`(© � b�¢LV(�mprfS�I`-bdpbkQSV'� vxT�jm��_<px�:V(�m�mj�w�`dprj�ySvr�
z�pDpNikyajmf�vxbdVU`U°r`dp��®V0zUvx�m�Sj�boV(�m��jmw�`dprj�ySvx�Sjmf�pri*yaVUi�fSpxb�bkp�T�vr´rV0vrfI_<z�prfS� g�`cjmprf��'j�bdQ�`dwSQSVUidj�z(vr��z�pDpri*yajmf�v�bkVU`U©
P5QSV0z(pIpNikySj�f�vxbdVe`�vr`k`cpaz�j�v�bkVUy��'j bkQ�bdQSj�`o`d_D`cbdVUT vridV'yaVUfSpxbkVUy

(ξ; ν; θ)
© � f�vNz(z�pNiky�vxf�z(V®�'j�bdQ�prg�iofSpxb*v�bkj�pNf

� pri3z(vricbkVU`djmvrf�z(pDpri*yaj�fv�bdVe`(°r�®V0�'ikj�bdV
� (ξ; ν; θ)

bdp�T4Vevxf�bkQ�v�b
�
Q�vr`

(ξ; ν; θ)
vN`oVU���mj�w`cpNjmySvr�z(pIpNikySj�f�vxbdVe`(©

ª�V�±�f�vr���m_¬z�prf`cj�yaV(i<v���vr`cb<z�pDpri*yajmf�v�bkV�`c_a`cbdVUT,bkQ�v�b4�®V"zUvx�m�®`kz(vr��Vey§z�pDpri*yajmf�v�bkVU`�`d_a`sbkV(T/© � b<�'jm���3¢LV
yaV(±�fSVUy¯¢LV(�mp���©�P5QSV4z(prikidVe`cwLprfyaj�f��"z�pDpri*yajmf�v�bkVU`�vxikV<yaVUfSpxbkVUy

(ζ, ν, θ)
©��[�Nvxjmf��3V4�'idj�bdV

x(ζ; ν; θ)
j�f

pri*yaVUi®bkp�T�VUvxf
bdQv�b
x
Q�vr`

(ζ; ν; θ)
� pri0`kz(vr��Vey
z(pDpri*yaj�fv�bdVe`(©

]DpNT4V(bdjmT�VU`��3V'�'j��m���'ikj�bdV �
u(ξ; ν; θ)

�0jmf�`sbkVUvNy<pr�:�'idj�bdjmfS���
u( � )
�'QSVUidV

�
Q�vN`

(ξ; ν; θ)
� prioVU���mj�w`cpNjmySvr�

z�pDpNikyajmf�vxbdVU` �7* pr�Yz�pNgSik`dV�bkQSV/`dvrT4V$ikV(T�vxik´¯j�`<bdikgSV
� pri�z(vxidbdVe`cj�vxf�°o`cwSQ�V(ikjmzUvx�3pri�`dzUvx�mVUy z(pIpNikySj�f�vxbdVe` ,�©
�0��`dp<�'QSVUf$z(prf�`dj�yaV(ikj�f��<v�� gSf�z?bkj�pNfByaV(wLV(f�ySj�fS�4prf���_�pNf"pNfSVY³�vridj�vx¢S�mV4°a��V(b'`kv�_

u
yaV(wLV(f�ySj�fS��pNfS��_�pNf

ξ
°

bdQ�V(f/�®V�`dj�T�wS�m_"�'ikj�bdV��
u(ξ)

��jmf�`cbdVevry$px��
u( � )
�'QSV(ikV

�
Q�vN`

(ξ; ν; θ)
� pNi'V(�m��jmw�`dprj�ySvx�²z(pIpNikySj�f�vxbdVe`(© �

W0p����3V�idVez(vx�m��bdQ�VowSikVUz�j�`dVoyaV�±�f�j bkj�pNf�px�aprgSi²z(pDpri*yaj�fv�bdVo`d_a`sbkV(T�`U°evrf�yyaV�±�f�V�bdQSV®`dzUvx�mVUyz�pDpri*yajmf�v�bkVU`U©

	��
	 	 2�2 "%; $ 4�� �/&	) 1<) �/&�8 )

� f�bkQSjm`�`dgS¢ 
 `cVez?bdjmprf�°e�3V�`dQ�vx�m�IidVUT4jmf�ybkQSV�ikVUvNyaV(i�`cpNT4V3yaV�±fSj bkj�pNf�`�z�prfz�V(ikfSjmfS�'g�`dg�vx�Dz�pNikySj�f�vxbdV�`d_a`sbkV(T�`U°
vxfy<vr�m`dp[jmfIbdikpDySg�z�V'`dprT�V®prbdQSVUik`U©>�Y`-�®V5`cbkv�bkVUy<¢V(� prikVr°x�3V3�'j��m�a¢V5jmfIbdV(ikVU`cbdVey�jmf�`cwSQ�V(ikjmzUvx�az�pDpri*yajmf�v�bkVU`U°
V(�m�mj�w�`dprj�ySvr�²z�pDpri*yajmf�v�bkVU`U°Dvrf�y$v<f�V(� z�pDpri*yajmf�v�bkV�`d_a`sbkV(T zUvx�m��Vey
`kz(vr��Vey
z(pDpri*yaj�fv�bdVe`(©

��
 ��
 � � � � · ��� �N� �®� »²» ��¼������a� · �
� f�bdQ�jm`®yapaz�gST�V(fIb3�®V'�'jm���Lz�pNf�`cj�yaVUi�z�pDpri*yajmf�v�bkVU`�pNf4bdQSVYgSfSj�b®`cw�QSV(ikV

S2 = {x ∈ E bU© l |x| = 1} `c�mjm�rQIbd�m_yaj)(LVUidVUfIb[� ikprT6g�`cgvx�-`cwSQ�V(ikjmzUvx��z(pIpNikySj�f�vxbdVe`(© 6�V�bYg`YyaVUfSpxbkV�bkQSVU`dV<z(pIpNikySj�f�vxbdVe`
(ν, θ)
©�tYfSV�`dg�z*Q�w�vrj�i

�'jm���²ikV�� VUi5bdp�v4wpNj�fIb0pNf
S2 �'j�bdQBzUvxidbdVU`dj�vxf
z(pDpri*yaj�fv�bdVe`3�rjm³rV(f$¢D_�bdQ�V� prikT�gS��v





x =
√

1 − ν2 cos θ ν ∈ [−1; +1],

y =
√

1 − ν2 sin θ θ ∈ [0; 2π],

z = ν.

ª�V[yaV(f�pxbdV
OS2

+

vrf�y
OS2

−
bdQSV0g�wSwVUi®vrf�y4��p��3V(i�wLpr�mVU`�pr�

S2 ©-ª¯V0vr�m`dp�yaVUfSpxbkV φS2

sp : S2 \{OS2

+ , OS2

− } →
] − 1,+1[×(R/2πZ)

bdQSV4z*Q�vxidb0bdQv�b�vN`d`dpaz�j�v�bkVU`3bdp$vxfD_$wpNj�fIb
x ∈ S2 j�bk`�`cw�QSV(ikjmzUvx��z�pDpri*yajmf�v�bkVU` (ν, θ)�rjm³rVUfB¢D_
bkQSV�vx¢Lp�³rV�� pNidT<gS�mv�©

φS2

sp

j�`Yv
C∞ 
 ySj (}h(pNT4pNidw�QSjm`dT/©Y�[V(ikV�j�`0bkQSV<V(¦awSidVe`d`djmprf/px�obkQSV�6�vxwS��vrz(V

prwLV(i*v�bkpri5prf
bdQ�V�gSfSj�b[`cwSQ�V(ikVr°

∆S2 =
∂

∂ν
(1 − ν2)

∂

∂ν
+

1

1− ν2

∂2

∂θ2
.
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 � � � ��� � � » � ¼�� �o� »²» ��¼������a� · �
6²V(b0g�`5ikVUz(vr���:Q�p�� bdQ�VU`dVz(pDpri*yaj�fv�bdVe`

(ξ; ν; θ)
vxikV�yaV�±fSVUy$g�`dj�f���zUvxidbdVe`cj�vxf$z�pDpri*yajmf�v�bkVU`U°





x =
√

(ξ2 − 1)(1 − ν2) cos θ ξ ∈ [1; +∞[

y =
√

(ξ2 − 1)(1 − ν2) sin θ ν ∈ [−1; +1]

z = ξ ν θ ∈ [0; 2π]

6²V(b
Uel = E \ {x(x, y, z) | x2 + y2 = 0 } ©�ª�V
yaVUfSpxbkV φel : Uel →]1,+∞[×] − 1,+1[×(R/2πZ)bdQ�V�� gSf�z�bdjmprf/bdQv�bYvN`d`dpaz�j�v�bdVe`®bdp"vrfI_
wpNj�fIb0j�bk`[V(�m��jmw�`dprj�ySvx��z(pDpri*yaj�fv�bdVe`(©

φel
jm`0v

C∞ 
 yaj)(}h(prT�pNidwSQ�jm`dT/©
P5QSVYjm`dp 


ξ
vxf�y�jm`dp 


ν
`cgSid� vrz(VU`®z�prikikVU`dwpNf�yajmfS��bdp�bdQSj�`3z�pDpri*yajmf�v�bkV[`c_a`cbdVUT vridV[idVUwSidVe`cVUfIbdVUy�pNf�bdQ�V[±��NgSikV

¢LV(�mp���© 6�V�b3g�`®±�f�y�bkQSV[V(¦awS��j�z�j�b5VUlIg�v�bkj�pNf�px�:bkQSVU`dV`cgSid� vrz(VU`U© .�jmik`cb®�3VYySVUvx�L�'j�bdQ
v<`cg�ic� vNz�V0pr��VUlIg�vxbdjmprf
ξ = ξ0

© � b�jm`YwLpN`k`cjm¢S�mV�bdp�T�vr´rV
ν
vrf�y

θ
yaj�`dvrwSwLVUvxiYj�f�bdQSV�� prikT�gS��vr`0ySV�±�fSjmfS�
V(�m��jmw�`dprj�ySvx��z�pDpri*yajmf�v�bkVU`U©

tYfSV�bdQ�V(f/pr¢ab*vxjmf
z2

ξ20
+
x2 + y2

ξ20 − 1
= 1,

�'QSj�z*Q�jm`�bkQSV'VUlIg�vxbdjmprf4px�:vxf4V(�m��jmw�`dprj�y�pr�LikV(³Npr�mgabdjmprf²©�W0p�� �®V3bdikVUvxb-bdQSV0zUvr`dV3pr��bkQSV0`cg�ic� vNz�V5px�}VUlIg�vxbdjmprf
ν = ν0

©oP5QSV�`kvxT�V�vxik�rgST�VUfNb'vr`5¢LV�� pNidV_DjmV(��yS`5bdQ�V�VUlIg�v�bkj�pNf

z2

ν2
0

− x2 + y2

1 − ν2
0

= 1,

�'QSj�z*Q
j�`5bkQSV�VUlIg�vxbdjmprf$px��vrf/QI_DwLV(ik¢pN��pNjmy"px�-idVU³rpN��gabkj�pNf²©

ξ = 2.414

ν = 0.9682

ν = 0.5

ν = 0

ν = −0.5

ν = −0.9682
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�®prfz�V(ikfSjmfS�<bdQSV�T�V�bkidj�zYbdVUf�`cpNi'�®V�z(prT�wSgabkV

(
∂x

∂ξ
)2 + (

∂y

∂ξ
)2 + (

∂z

∂ξ
)2 =

ξ2 − ν2

ξ2 − 1
,

(
∂x

∂ν
)2 + (

∂y

∂ν
)2 + (

∂z

∂ν
)2 =

ξ2 − ν2

1 − ν2
,

(
∂x

∂θ
)2 + (

∂y

∂θ
)2 + (

∂z

∂θ
)2 = (ξ2 − 1)(1 − ν2).

ZBpNidVUp�³rV(ie°®vN`�bkQSV¯z(pIpNikySj�f�vxbdVB�mj�f�VU`"vridV�pridbdQSpN�rprfvx�G°3vN`�jm`"VUvN`cjm��_£³rVUidj�±�Vey:°5�®V�ySj�ikVUz�bd�m_£yaVeyag�z(V�bdQ�V
V�¦awSikVU`k`dj�pNf"px��bdQ�V�T�V(bdikjmz�bkV(f�`dpri0vrf�y�bkQSV�T�VUvN`cgSikV�j�f/V(�m�mj�w�`dprj�ySvr�²z�pDpri*yajmf�v�bkVU`

d2m =
ξ2 − ν2

ξ2 − 1
d2ξ +

ξ2 − ν2

1 − ν2
d2ν + (ξ2 − 1)(1 − ν2) d2θ

vxfy
dxdydz = (ξ2 − ν2) dξdνdθ

ª�V�vx��`cp�yaVUySg�z�VbkQSV�V�¦awSikVU`k`cjmprf
px�-�mvrwS��vrz�j�vxf$vxf�y
�ri*vrySj�VUfNb'pNwVUikvxbdpri*`U°

∇ψ =
ξ2 − 1

ξ2 − ν2

∂ψ

∂ξ
eξ +

1 − ν2

ξ2 − ν2

∂ψ

∂ν
eν +

1

(ξ2 − 1)(1 − ν2)

∂ψ

∂θ
eθ

∆ψ =
1

ξ2 − ν2

∂

∂ξ
(ξ2 − 1)

∂ψ

∂ξ
+

1

ξ2 − ν2

∂

∂ν
(1 − ν2)

∂ψ

∂ν
+

1

(ξ2 − 1)(1 − ν2)

∂2ψ

∂θ2
.

�'QSVUidVYbdQSV�³rVez?bkpri*`
eξ , eν

vxf�y
eθ
vxikVYySV�±�fSVey�g�`djmfS��bkQSVz(vxidbdVe`cj�vxf"³rVUz�bdpNik`

ex, ey
vrf�y

ez
vrzUz�pri*yajmfS��bkp

bdQ�V�idVU�mvxbdjmprf�`

eξ =
∂x

∂ξ
ex +

∂y

∂ξ
ey +

∂z

∂ξ
ez , eν =

∂x

∂ν
ex +

∂y

∂ν
ey +

∂z

∂ν
ez
vxf�y

eξ =
∂x

∂θ
ex +

∂y

∂θ
ey +

∂z

∂θ
ez.

��
 ��
 � � �r� � · ¼¥� »²» ��¼ �����S� · �
P5QSV�`kz(vx�mVUy
z�pDpri*yajmf�v�bkVU`®px�-v�wLprjmfIb5�'jm�m�:¢V�yaVUfSpxbkVUy

(ζ; ν; θ)
* z�pNT4wvxikVUy�bkp<bkQSV�z(vricbkVU`djmvrf
z�pDpNikyajmf�vxbdVU`

prf���_�bkQSV±�i*`sb0z(pIpNikySj�f�vxbdV�z*Q�vrfS�rV�,�vrf�y$�'j��m�²¢LV�yaV�±�f�VUy
g�`cjmfS��VU���mj�w`cpNjmySvr�:z�pDpri*yajmf�v�bkVU`3¢D_�bdQ�V� prikT�gS��v

ξ2 = 1 + ε2ζ2

pri'¢D_�T�Vevxf�`5pr�-zUvxidbdVU`dj�vxf
z(pDpri*yaj�fv�bdVe`3g�`cjmfS�4bdQ�V� prikT�gS��vr`





x = ε ζ
√

1 − ν2 cos θ ζ ∈ [0; +∞[

y = ε ζ
√

1 − ν2 sin θ ν ∈] − 1; +1[

z =
√

1 + ε2ζ2 ν θ ∈ [0; 2π].

P5QSV�V(¦Dw�idVe`d`dj�pNf"pr��bdQ�V�T4Vevr`dgSikV��'j�bdQ$bkQSVU`dV�z�pDpri*yajmf�v�bkVU`3jm` ε2ζ
ξ (ξ2 − ν2)dζdνdθ

©
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 � �®º�» � · � �a���²� » �7��� · ��� » � � ·�»�� ��� · � »²» ��¼������a� · � ¸ �U� · �
ª�V�Qv�³rVz*QSpN`dV(f�bkQSVg�`dV�pr��V(�m�mj�w�`dprj�ySvr�}z(pDpri*yaj�fv�bdVe`3j�f
pri*yaV(i3bdp�yaVe`dz(idjm¢V�bkQSV�rV(pNT�V�bdikj�z(vx�LV(�mV(T�VUfNb*`3px�
prg�i�wSikpr¢S�mV(T ¢LVUzUvxg�`dV�fSVUj bkQSV(i�bkQSV"`dwSQSVUidj�z(vr�o`c_a`cbdV(T�fSpri�bdQSV�z(_I�mjmf�yaikjmzUvx�opNfSV�vxikV��®VU����`dgSj�bdVey�bdp/bdQ�V
�rVUprT�V�bkid_4px�:bkQSVYbdjmw�`(©�tYgSi5z*QSpNjmz(V'� pri®bdQSV�`dzUvx�mVUy�z(pDpri*yaj�fv�bdVe`�z(prT�VU`o� idpNT bkQSVY� vrz?b®bdQ�vxb®bkQSV[��vxw��mvNz�j�vxf
Q�vN`'v<³NV(ik_"`dj�T�wS�mVV�¦awSikVU`k`cjmprf
�'j bkQ
bkQSVU`dV�z�pDpNikyajmf�vxbdVU`U°avr`5�3V�`cQ�vr���²`dV(VjmfB`cVez?bdjmprf � ©
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 � �$· �U�r��� � ��� » � » � ��� · � ·D» � · �(� ¸
ª�V<�'jm���-fSp��{yaVe`dz(idjm¢LV�bkQSV<�NV(pNT4V(bdik_
�3V��5vxfIbYbdp
z(prf�`dj�yaV(i[� pri�prgSivxf�vr��_a`djm`U©9.�jmi*`sb�px��vx�m�-�®V<�'jm`dQBbkp
z�pNf�`djmyaVUi0vxf/prwLV(fB`dV�b

Ω ⊂ E bdQ�vxb0�®V�vN`d`dgST�Vbdp�¢LV C∞ ©®ª¯V��'jm����idV(� V(i5bkp�bdQSV�g�fSj b�`cVU�rT�V(fIb'��pazUv�bdVey
¢LV�bs�3V(V(f�bdQSV<wpNj�fIbk`

(0; 0; 1)
vxfy

(0; 0;−1)
¢D_"bkQSV��mV�bdbdV(i

J
°Lvrf�y�vN`d`dgST�V�bdQv�b

J ⊂ Ω
© � f�V(�m�mj�w�`dprj�ySvr�

z�pDpNikyajmf�vxbdVU`U°DbdQ�V�`cVU�rT�V(fIb
J
j�`0yaVe`dz(idjm¢Vey$¢I_�bdQSV�VelIg�v�bkj�pNf

ξ = 1
©�ª¯V��'j��m��vx��`dp�z(prf�`dj�yaV(i0vrf
pNwVUf/`dV�b

Ωi
ε

�'j bkQ/v4¢LprgSfySvxik_
Γε yaVe`dz(idjm¢Vey"jmf/V(�m��jmw�`dprj�ySvx�²z(pDpri*yaj�fv�bdVe`3¢I_�bdQSV�VelNgv�bdjmprf

(Γε) : ξ2 = 1 + ε2Φ2(ν; θ) , ν ∈ [−1; +1]
vrf�y

θ ∈ [0; 2π].

P5QSj�`'VUlIg�vxbdjmprf
�'idj�bcbkV(f/j�fB`kz(vr��Vey
z(pIpNikySj�f�vxbdVe`®¢LVUz(prT�VU`5³NV(ik_�`cjmT�wS�mV

(Γε) : ζ = Φ(ν; θ) , ν ∈ [−1; +1]
vrf�y

θ ∈ [0; 2π].

P5QSj�`0`dgSic� vNz�V��'j��m�²ikV(wSikVU`dV(fIb3bdQSV��'jmikVySgSidjmfS��prg�i0`sbkg�ya_r©�ª�V�T�vx´NVYbkQSV� pr�m�mp��'j�fS��vr`k`dgST�wabdjmprf�`5pNf
Φ

1

• � � � Φ jm` C∞ °

• � � � P5QSV(ikVV�¦ajm`cbk`'v�z(prf�`cbkvrfNb Φ0
`dg�z*Q
bdQ�vxb

Φ0 < Φ(ν; θ) ∀ν ∈ [−1; +1] , ∀θ ∈ [0; 2π]
°

• � � � P5QSV(ikVV�¦ajm`cbk`'v ν0 ∈]0; 1[
`dg�z*Q$bdQ�vxb

Φ(ν; θ) = Φ(ν)
� pri |ν| > ν0

©

W0prbdV®bdQ�vxb�QD_DwLpxbdQ�VU`djm` � ��V�¦Sz��mg�yaVe`�bkQSV3wSidVe`cVUf�z�V®px���NV(pNT4V(bdikjmzUvx�D`cjmfS�NgS�mvridj�bdjmVU`�`cgz*Q<vr`�z�pNidf�V(i*`�pNi�Veya�rVe`
v�b'bkQSV�`dgSid� vrz�V�pr�

Γε ©5ZBprikV(p�³NV(i5QD_IwLpxbkQSVU`dj�`�� �Bvr`k`dgST�VU`5bkQ�v�b0bkQSV��'jmidV�Qvr`0`d_DT4T�V(bdik_"px�-ikV(³rpN��gSbdjmprf
jmfBbdQSV4fSVUj��NQI¢LprikQSpDpay$px��bdQ�V�bdjmw�`U© � f¯`cwSj�bdV<px��bkQSVU`dV�ikVU`cbdikjmz�bdjmprf�`U°v
z�VUicb*vxjmfB³�vridjmV�bs_$px��`dQ�vrwVe`'� priYbdQ�V
�'jmidV�z(vrf
¢LV�ikV(wSikVU`dV(fIbdVey"¢D_�bkQSj�`5bs_DwVpx�-VUlIg�vxbdjmprf$j �-�3V`dgSwSwLpN`dV�bdQ�vxb

ε
j�`3±S¦aVUy:©

6²V(b'g�`'yaV(f�pxbdV
Ωi

ε

bdQSV�jmfIbdV(ikjmpri5`cV(b0px�
Γε °Svxf�y$yaVUfSpxbkV Ωε = Ω \Ωi

ε

©�ª�Vvr�m`dp�yaV(fSprbdV
BR
bdQ�V�pNwVUf

¢�vr���Lpx��z(V(fIbdVUi
0
vxf�y�i*vrySj�g�`

R
°Dvxfy

ΓR = ∂BR
©-ª¯V�yaV�±�f�V

ΩR
ε = Ωε ∩BR

vrf�y
ΩR = Ω∩BR

©�ª¥QSVUf
ε→ 0

°
Ωi

ε → J
jmf$bdQSV�`dV(f�`dVpx���[vrg�`d`kyapNic� 1�bdQ�V�pN¢�`cbkvrz(��V�`dQSikj�fS´a`'vridpNgSf�y�bkQSV�`dV(�rT�VUfNb

J
©

ª�V4yaVUfSpxbkV
OΓε

+

vrf�y
OΓε

−
bkQSV�gSwSwLV(i�vxf�y¯�mp��®VUi[wLpr�mVU`�prf

Γε ©<]aj�f�z(V�bkQSV�VUlIg�vxbdjmprf�pr� Γε jm`��Nj�³NV(f
jmf¯VU���mj�w`cpNjmySvr�oz�pDpri*yajmf�v�bkVU`Y¢D_

(Γε) : ξ2 = 1 + ε2Φ2(ν; θ)
°��3V�`cVUV4bdQ�vxb

(ν, θ)
j�`�v$�rpDpay�z(pIpNikySj�f�vxbdV

`d_D`cbdVUT pNf
Γε \ {OΓε

+ , OΓε

− } © 6²V(bYg�`YyaV(f�pxbdV
φΓε

el : Γε \ {OΓε

+ , OΓε

− } →] − 1,+1[×(R/2πZ)
bdQSV4z*Q�vxidb

bdQv�b0T�vxw�`[vxfD_�wLprjmfNb
x ∈ Γε �'j�bdQBVU���mj�w`cpNjmySvr�²z�pDpri*yajmf�v�bkVU` (

√
1 + ε2Φ2(ν, θ), ν, θ)

bkp�j b*`[z�pDpNikyajmf�vxbdVU`
(ν, θ)
©
φΓε

el

jm`'v
C∞ 
 yaj)(LhUprT�prikwSQSj�`dT$©

��
 � 
 � ��·��· ��� � ��� · � ���3� · �e�
¡YgSidjmfS��prg�i0vxf�vr��_a`djm`U°D�®V��'jm���:f�V(VUy
bkp4ikV�� VUi5bdp�bkQSidVUVw�vxidbdj�z�gS��vxi'`dV�b*`(°abkQSikV(V�(pNfSVU`5jmf

Ωε
©

Zε
pr = {x(ξ; ν; θ) ∈ R3 | ε2Φ2(ν; θ) < ξ2 − 1 < 2ε},

Zε
lo = {x(ξ; ν; θ) ∈ R3 | ε < ξ2 − 1},

T ε = Zε
pr ∩ Zε

lo = {x(ξ; ν; θ) ∈ R
3 | ε < ξ2 − 1 < 2ε}.

ª�V¯�'jm���z(vr��� Zε
pr

bkQSV�fSVUvri�±�VU�my¤�(prf�Vr°[vrf�y Zε
lo

bkQSV�� vri�±�VU�my¤�(pNfSV °[vrf�y T ε bdQSV¯bdi*vxf�`dj�bdjmprf �UprfSVN©
P5QSVe`cV��UprfSVe`�vxikV�yaV(�mjmT4j�bdVey§¢D_¯VU���mjmw�`cpNjmy�`(© T ε jm`���jm´rV
vxf¬V(�m��jmw�`dprj�ySvx�®`cQSVU���3`cQ�idjmfS´Dj�f���vxikprgSf�y J © .SpNi
wSgSikV(�m_£wSikvNz?bkjmzUvx�[ikVUvN`cpNf�`U°3�3V��'jm���vx��`dp fSV(Vey£bdp idV(� V(i�bkp vxf¤prwLV(f fSVUj��NQD¢pNidQSpDpay£px�

J
j�f

Ω
©«ª�V

vr`k`dgST�V/bdQ�vxb�bdQSVUidVBV(¦Dj�`cbk`
ξ0 > 1

`dg�z*Q£bdQ�vxb { � (ξ; ν; θ) ∈ R3 | ξ < 3ξ0} ⊂ Ω
©¨P5QSVUf¥�®V�ySV�±�fSV

O = { � (ξ; ν; θ) | ξ < 2ξ0}
vrf�y"f�pxbdV�bkQ�v�b

J ⊂ O ⊂ O ⊂ Ω
©
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Zε
lo

Zε
pr

.�jm�rgSikV�� 1 .�vri5±�V(��y/vxf�y
fSVevxi5±�VU�my
�(pNfSVU`

	���� � 4 $ �7$ ��= ��"72�� = &�8 ��4 ; ' +�4�� �7$ 204���= ) & ���7$ 4��

��
 	 
 � � �U� ��¼��a��¼ � � �S� ·
ª�V�`dj�T�wS�m_¥yaV(f�pxbdV H = { v ∈ H1(ΩR)

be© l
v|∂Ω = 0 } © ª�V¬yaV�±�f�V¯v `dVU`klIgSjm��jmfSVUvri�� pNidT)prf H¢D_

(u; v)H =
∫
ΩR

∇u · ∇v +
∫
ΩR

u v
© ª¥j bkQ bkQSj�`�`cVe`dlIgSjm��jmfSVevxi<� pridT/° H j�`�vxf �[j��m¢LV(idb�`dw�vNz�Vr© ª¯V�'jm���'vx��`dp�ikV�� V(i<bdp¯bdQ�V
pNwVUikvxbdpri A : H → H ySV�±�fSVey ¢D_ (Au; v)H =

∫
ΩR

∇u · ∇v − k2
∫
ΩR

u v +∫
ΓR
v TRu ∀u, v ∈ H © TR

j�`�vBg�`dg�vr�®¡Yj�ikjmz*Q���V(b�
Gbdp 
 W0VUgST�vxfSf¬T�vxw¬� pNi��'QSj�z*Q§�3V��rjm³rV�bdQ�V"V�¦awS�mj�z�j�b
V�¦awSikVU`k`dj�pNf�vxf�y4bkQSVYw�idpNwVUicbkj�Ve`ojmf�bdQSVvxw�wVUf�yaj�¦���©-ª¯Vvx��`cp<yaV(fSprb

γε bdQSV`dgSic� vNz�V0T�Vevr`dgSidV[prf Γε ©�]ap
j��
v ∈ C∞(ΩR)

°abkQSV(f

∫

Γε

v(x) dσ(x) =

∫ +1

ν=−1

∫ 2π

θ=0

v ◦ (φΓε

el )−1(ν; θ) γε(ν; θ)dν dθ.

ª�V4yaVUfSpxbkV Hε
0 = { v ∈ H be© l v|Γε = 0 } © � f����D© /��3V�g�`dV�bkQSV4prwLV(i*v�bdpNi Aε

0 : Hε
0 → Hε

0

yaV�±�f�VUy�¢D_
(Aε

0u; v)H = (Au; v)H ∀u, v ∈ Hε
0

©

��
 	 
 � � � ���x��� » ��� �®� � ��� ·�» �7��� ·Bº � � ·
ª�V$�'jm�m�3f�V(VUy v�� g�f�z?bkj�pNf�vx�'`dV�bcbkj�f���� pNi<� g�f�z?bkj�pNf�` �s�mj�³DjmfS��prf

Γε �"bdQv�b��'j��m�5j�f£wSi*vrz?bkjmz(V"¢LV$� gSf�z?bkj�pNf
prf

J
© .�jmik`cb"yaVUfSpxbkV L = ∂

∂ν (1 − ν2) ∂
∂ν

gSfD¢pNgSf�yaVey pNwVUikvxbdpNi�prf
L2(I)
© ¡YV�±�f�V

En(I) = {u ∈
L2(I) |

〈
(−L)ku;u

〉
L2(I)

< +∞ k = 0 . . . n} �'j bkQ$bdQSV�fSpNidT ‖u‖2
En(I) =

∑n
q=0 〈(−L)qu;u〉L2(I)

©

��
 	 
 � � ���S� · � � �S� ·
W0p��«�®V��'jm����`cbdg�ya_�j�f¬yaV�b*vxjm�-bdQSV�`dw�vrz(V

H1/2(Γε)
©<ª�V�¢VU�rjmf��'j�bdQ§v"bdVUz*Q�fSjmzUvx�-�mV(T�T�v
pr���rVUprT�V�bkid_

bdQv�bYVe`sb*vx¢S�mj�`cQSVe`0bkprwLpr�mpr�NjmzUvx�²VelNg�j�³�vx�mV(fz�V�¢LV�bs�3V(VUfBbdQSV4�'jmidV
Γε vxfy/bdQSV4`cw�QSV(ikV S2 ©�P5QSj�`YV(f�vr¢S��Ve`0g�`

bdp�`cbdg�ya_
H1/2(S2)

jmf�`cbdVUvNy�pr�
H1/2(Γε)

© � f$w�vxidbdj�z�gS��vxi®�®V��'jm���:yaV(±�fSV�vxf�V(¦awS��j�z�j�b'fSprikT prf
H1/2(Γε)g�`dj�f��<bkQSj�`'VUlIgSjm³�vx�mV(f�z(Vr©
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������������������� �"!�� / #

(φS2

sp )−1 ◦ φΓε

el

��· � � � � 
 �
��� ! �'� �

(φS2

sp )−1◦φΓε

el : Γε\{OΓε

+ , OΓε

− } → S2\{OS2

+ , OS2

− } � �����G! !��2	 ! �	�2!��� �'�
C∞ 
 �� ��!G���'����� � ����

� �
Γε

 � 	��
S2 �

� � »²»�� �
¡YV�±�fSjmfS�

(φS2

sp )−1 ◦ φΓε

el (OΓε

+ ) = OS2

+

vxf�y
(φS2

sp )−1 ◦ φΓε

el (OΓε

− ) = OS2

−
°3j b�j�`�VUvN`c_¬bkp `cVUV$bdQ�vxb

(φS2

sp )−1 ◦φΓε

el

j�`�v¢Sj qsVUz�bdjm³rV0T�vrw4¢LV�bs�3V(VUf
Γε vxf�y S2 © � �}�3V0z(vrf�wSikp�³rV®bdQSV0ikV(�NgS��vxikj bs_�pr� (φS2

sp )−1 ◦φΓε

elV�¦DbkV(f�yaVey§jmf bdQ�jm`<T�vxfSfSVUi
°-bkQSV(f bdQSV$j�fD³NV(i*`cV�T�vrwSwSjmfS�BbdQ�V(prikV(T �'jm���3_Dj�VU�my§bdQSV/yaVU`djmidVey§idVe`cg�� be©�ª�V
z�pNf�`cbdikg�z?b0v<� gSf�z�bdjmprf G : E → E `dg�z*Q
bdQ�vxb G|Γε = (φS2

sp )−1 ◦ φΓε

el

vxf�y$`cQ�p�� bdQv�b G `dj²v C∞ � gSf�z?bkj�pNf
prf v¬f�V(jm�rQD¢pNidQ�pIpay£px�

Γε ©{¡[V(±�fSV φ = pr ◦ φel ◦ φ−1
car

°'�'QSVUidV
pr
j�`�bdQ�V�wSikpxqsVUz�bdjmprf7prf7bkQSVB±�i*`cb

V(�m�mj�w�`dprj�ySvr�[z�pDpri*yajmf�v�bkV
ξ
°[vxfy

φcar
jm`�bdQSV¯T�vxw vr`k`dpDz(jmvxbdVey �'j�bdQ¨z(vxidbdVe`cj�vxf7z�pDpNikyajmf�vxbdVU`U©{P5QDg�`�� pNi

v¯wpNj�fIb
x ∈ E �'j�bdQ7z(vricbkVU`djmvrf z�pDpNikyajmf�vxbdVU` (x, y, z)

vxf�y V(�m��jmw�`dprj�ySvx�'z�pDpNikyajmf�vxbdVU`
(ξ, ν, θ)

°��3V
Qv�³rV
ξ = φ(x, y, z)

©Yª�V<`dQSp�� bdQv�b
φ2 − 1

j�`�v
C∞ � g�f�z?bkj�pNf�prf φcar(E \ J)

°²vxfy
φ2(x, y, z) − 1 > 0

� pri
vxfD_

(x, y, z) ∈ φcar(E \ J)
© � f�yaV(Vey:°}vrz(z(pri*yajmfS��bdp"bdQSV�� prikT�gS��vr`0ySV�±�fSjmfS�"bdQSV<V(�m��jmw�`dprj�ySvx��`c_a`cbdV(T/°bdQSV

� pr�m�mp��'j�fS�4VUlIg�vr��j�bs_"vr���5v�_a`®Q�pr��yS`
x2 + y2

ξ2 − 1
+
z2

ξ2
= 1.

* # ,

]Dp�¢D_"T�VUvrf�`5px�-v�`cjmT�wS��V�z(prT�wSgab*v�bkj�pNf
�3Vpr¢ab*vxjmf
bkQSV�V�¦awS�mj�z�j�b5V(¦awSidVe`d`djmprf"pr�
φ
°

φ2(x, y, z) − 1 =
−(1 − x2 − y2 − z2) +

√
(1 − x2 − y2 − z2)2 + 4(x2 + y2)

2
.

P5QSj�`_Dj�VU�myS`�bdQSV�yaVe`cjmidVey�w�idpNwVUicbkj�Ve`(©4ª¯V�vr�m`dp$pr¢ab*vxjmf¯bkQSV�`dvrT�V4w�idpNwVUicbkj�Ve`�� pri
φ
vrf�y √

φ2 − 1
©�ª¯V

yaV(±�fSV G jmfBz(vricbkVU`djmvrf
z�pDpNikyajmf�vxbdVU`3¢D_

φcar ◦ G ◦ φ−1
car(x, y, z) = (

x√
φ2(x, y, z) − 1

,
y√

φ2(x, y, z) − 1
,

z

φ(x, y, z)
).

X[`djmfS��bkQSVYVelIg�v�bkj�pNf
(
#
)
°D�®V�`cVUV0bdQv�b

S2 = G(E \J)
vxf�y�bkQ�v�b G jm`5v C∞ pNf E \J ©-ª�V�vr�m`dp�Vevr`dj��m_4`dV(VbdQv�b G|Γε = (φS2

sp )−1 ◦ φΓε

el

°SQ�V(f�z(VYbkQSV�ikVU`dgS� be©
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P5QSV�wSikVUz(VUyajmfS�4idVe`cg�� b0�mVUvNyS`3bdp�v4³rVUid_"`djmT4w���V�z(vrikvNz?bkV(ikj��ev�bdjmprf"px�
H1/2(Γε)

©
� » � » � � �a� ¸ ��
 �

u ∈ H1/2(Γε) ⇔
+∞∑

l=0

+l∑

m=−l

(1 + l2)1/2
∣∣∣
∫ +1

ν=−1

∫ 2π

θ=0

u(ν, θ)Pm
l (ν)eimθ dν dθ

∣∣∣
2

< +∞.

W0prbdVYbdQ�vxb®bkQSV�V�¦awSikVU`k`cjmprf �
u(ν, θ)

�[j�`3fSpxb3wVUic� Vez��m_�idjm�rpNidpNg�`U°Nvxfy��®V�`cQ�prgS��y��'ikj bkV �
u ◦ (φΓε

el )−1(ν, θ)
�

jmf�`sbkVUvNy:©�ª¯V�zUvxf$idV(� prikT�gS��v�bkV[bkQSj�`0z�pNidpN����vxik_��'idj�bdjmfS�

u ∈ H1/2(Γε) ⇔
(
(φΓε

el )−1 ◦ φS2

sp

)∗
u ∈ H1/2(S2).

* � ,

�0VUidV�3VQ�v�³rVg�`dVUy"bdQSV�f�pxbkvxbdjmprf ∗ yaV�±�f�VUy$¢D_ φ∗u = u ◦ φ ©�P5QSVwSikVUz�VeyajmfS��z(vxi*vrz�bdVUidjm�Uvxbdjmprf"yaVUwVUf�yS`prf
ε
pNfS�m_�bdQSikprg��rQ
bdQSV�z*Q�vricb

φΓε

el

© .�idpNT bdQ�jm`0zUvxi*vrz�bdV(ikjm�Uv�bkj�pNf²°I�®Vpr¢Sbkvxjmf/v�f�v�bkgSikvr�}fSprikT

‖u‖2
H1/2(Γε) =

+∞∑

l=0

+l∑

m=−l

(1 + l2)1/2
∣∣∣
∫ +1

ν=−1

∫ 2π

θ=0

u(ν, θ)Pm
l (ν)eimθ dν dθ

∣∣∣
2

.

ª�V�vx��`cp�yaV�±fSVbdQSV�ySg�vx�²f�prikT>j�f
bdQ�V� pr�m��p��'jmfS��T�vxfSfSVUi

‖u‖H−1/2(Γε) = sup
v∈H1/2(Γε)

∫
Γε uv

‖v‖H1/2(Γε)

.

ª�VB�'j��m�0fSp���z�pNf�`sbkidgz?b�v¬��j�� bdjmfS�§pNwVUikvxbdpri�z(prfIbdjmfDgSprg�`d�m_ T�vxwSwSjmfS�
H1/2(Γε)

bkp
H1(ΩR)

°5�'j bkQ7vrf
prwLV(i*v�bkpri5fSpNidT>¢Lprg�f�yaVUy/vN`

ε→ 0
©

��· � � � � 
 �
��� ! �"! ! �2���	 �

κ, ε0 > 0
��� � � 	 � ��	 ∀ε ∈]0, ε0[ � ∀u ∈ H1/2(Γε)

	 � ! �"!�!��2���	�� R(u) ∈ H1(ΩR)
� ��	��� �G�� ���

R(u)|Γε = u
���	� ‖R(u)‖H1(ΩR) 6 κ‖u‖H1/2(Γε)

�

� � »²»�� �
P�p
wSikp�³rV�bdQSj�`��VUT�T�v$�3V<�'jm�m��bkikvrf�`c� prikT prgSivrz�bdg�vr���'jmikV<jmfIbdpBvxf¯V(�m��jmw�`dprj�y��'QSj�z*Q�Q�vN`v
`dj�T�wS�mV(i

* `dV(wvxi*vx¢S�mV-,�`cQ�vrwVN©�¡[VUfSpxbkV
Γ̆ε bdQSV�V(�m�mj�w�`dprj�y��'j�bdQ
VUlIg�v�bkj�pNf ξ2 = 1 + ε2

©-ª¯V�jmfNbkidpayagz�VYv<�rVUprT�V�bkidj�z(vr�
bdi*vxf`s� pNidT�v�bkj�pNf�T�vxwSw�j�fS�

Γε jmfNbkp4bdQSV�VU���mj�w`cpNjmy Γ̆ε ©�6²V(b G : E → E ¢LVv4¢Sj qsVUz�bdjm³rV�� gSf�z�bdjmprf * b*vx´NV�zUvxikV
bdQv�b0bkQSjm` G Q�vr`'f�pxbdQ�j�fS��bdp"yap��'j�bdQ�bdQSV G px���mV(T�T�v"�a© / ,�© G j�`[yaVe`dz(idjm¢LVUy$j�fBVU���mjmw�`cpNjmy�vx��z(pDpri*yaj�fv�bdVe`¢D_�bdQ�V� prikT�gS��v

Gel(ξ
′, ν′, θ′) = φel ◦ G ◦ φ−1

el (ξ′, ν′, θ′) = (ξ, ν, θ) = (

√
1 +

ξ′2 − 1

Φ2(ν′, θ′)
, ν′, θ′)
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G

z�pDpNikyajmf�vxbdVU` 1
(ξ′, ν′, θ′)

z�pDpri*yajmf�v�bkVU` 1
(ξ, ν, θ)

W0prbdV�±�ik`cb$bdQ�vxb G (Γε) = Γ̆ε °Yvxf�y¨vx��`cp (G−1)|Γ̆ε = (φΓε

el )−1 ◦ φΓ̆ε

el

© X[`dj�fS� bdQSV
ξ0
px� �?�a© # © # °0�3V

jmfNbkidpayagz�VB±S¦aVey7fIg�T�¢LV(i*`
1 < ξ′∗ < ξ0

vxf�y
1 < ξ∗ < ξ0

`cg7��z(j�VUfIbd�m_£z(��pI`cVBbkp
1
vrf�y¥`cgz*Q7bdQ�vxb

bdQ�V�idVU�mvxbdjmprf
ξ 6 ξ∗ ⇒ ξ′ 6 ξ′∗

jm`<`dvxbdj�`s±�Vey:©/ª¯V
`sb*vxidb�¢D_�`dQSp��'jmfS�/bdQSV"V�¦ajm`cbdVUf�z�V"px�0v
κ > 0

`cgz*Q
bdQv�b�� pNi<vxfD_

u ∈ H1(ΩR)
`dvxbdj�`s� _DjmfS�

u(ξ, ν, θ) = 0
�'QSV(f

ξ < ξ∗
°-�3V�Q�v�³rV

u ◦ G ∈ H1(ΩR)
�'j bkQ

‖u ◦ G‖H1(ΩR) 6 κ ‖u‖H1(ΩR)
© � f�yaVUVUy�jmf4V(�m��jmw�`dprj�ySvx�Dz�pDpri*yajmf�v�bkVU`U°ebdQSV�qcvrz(pr¢Sj�vxf�pr�SbdQ�V®bkikvrf�`c� prikT�vxbdjmprf

G−1
el

j�`'�rjm³rVUf"¢D_

Jac (G−1
el ) =

ξΦ2

√
1 + (ξ2 − 1) Φ2

QSVUf�z�V�3VySVUyag�z(V |Jac (G−1
el ) | 6 ξ Φ2.

]Djmf�z�V
Φ
jm`¢Lprg�f�yaVUy²°²bdQ�V(ikV�V�¦ajm`cbk`

κ > 0
j�fyaV(wLV(f�y�vxfIb�px�

ε
`cgz*Q�bkQ�v�b |Jac (G−1

el ) | 6 κ
©�Z�prikV(p�³rVUi

fSprbdV�bdQ�vxb

ξ′2 − ν′2

ξ2 − ν2
=

1 + (ξ2 − 1)Φ2 − ν2

ξ2 − ν2
=

ξ2 − 1

ξ2 − ν2
Φ2 +

1 − ν2

ξ2 − ν2
6 1 + Φ2

6 κ.

.SikprT>bdQSj�`'�3V�pN¢abkvrj�f

∫ ξ′
∗

ξ′=1

∫ +1

−1

∫ 2π

0

|u ◦ G ◦ φ−1
el (ξ′, ν′, θ′)|2(ξ′2 − ν′2)dξ′dν′dθ′

=

∫ ξ∗

ξ=1

∫ +1

−1

∫ 2π

0

|u ◦ φ−1
el (ξ, ν, θ)|2 ξ

′2 − ν′2

ξ2 − ν2
|Jac (G−1

el ) | (ξ2 − ν2)dξdνdθ

6 κ

∫ ξ∗

ξ=1

∫ +1

−1

∫ 2π

0

|u ◦ φ−1
el (ξ, ν, θ)|2 (ξ2 − ν2)dξdνdθ

�'QSj�z*Q
jmT�wS�mj�Ve`
‖u ◦ G‖L2(ΩR) 6 κ ‖u‖L2(ΩR).
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.SpNi5bdQSV�Ve`sbkj�T�vxbdVprf$bdQ�V
L2 fSprikT>pr��bdQ�V��ri*vryajmV(fIbU°aQ�V(ikV�j�`'`dprT�VwSidVU��jmT�j�fvxik_"z�pNT4w�gabkvxbdjmprf²©

∂(u ◦ G)

∂ξ′
=

∂ξ

∂ξ′
(
∂u

∂ξ
◦ G) =

ξ′

Φ2

√
1 + ξ′2−1

Φ2

(
∂u

∂ξ
◦ G),

∂(u ◦ G)

∂ν′
=

∂ξ

∂ν′
(
∂u

∂ξ
◦ G) +

∂ν

∂ν′
(
∂u

∂ν
◦ G) = − ∂Φ

∂ν′
ξ′2 − 1

Φ3

√
1 + ξ′2−1

Φ2

(
∂u

∂ξ
◦ G) + (

∂u

∂ν
◦ G),

∂(u ◦ G)

∂θ′
=

∂ξ

∂θ′
(
∂u

∂ξ
◦ G) +

∂θ

∂θ′
(
∂u

∂θ
◦ G) = −∂Φ

∂θ′
ξ′2 − 1

Φ3

√
1 + ξ′2−1

Φ2

(
∂u

∂ξ
◦ G) + (

∂u

∂θ
◦ G).

P5QSVUf$�3Vpr¢ab*vxjmf"bkQSV� pr�m�mp��'j�fS��Ve`sbkj�T�v�bkVU` * bdQSV�z(prf�`cbkvrfNb*`
κ
¢VUj�f���j�f�ySV(wLV(f�ySvrfIb0px�

ε
,�1

(ξ′2 − 1)|∂(u ◦ G)

∂ξ′
|2 6 κ (ξ2 − 1)|∂u

∂ξ
|2,

(1 − ν′2)|∂(u ◦ G)

∂ν′
|2 6 κ (1 − ν′2)(ξ2 − 1) |∂u

∂ξ
|2 + κ (1 − ν2) |∂u

∂ν
|2

6 κ (ξ2 − 1) |∂u
∂ξ

|2 + κ (1 − ν2) |∂u
∂ν

|2,

ξ′2 − ν′2

(ξ′2 − 1)(1 − ν′2)
|∂(u ◦ G)

∂θ′
|2 6 κ

ξ′2 − ν′2

(ξ′2 − 1)(1 − ν2)
|∂Φ

∂θ′
|2(ξ2 − 1)2|∂u

∂ξ
|2

+κ
ξ′2 − ν′2

ξ2 − ν2

ξ2 − ν2

(ξ2 − 1)(1 − ν2)
|∂u
∂θ

|2

6 κ (ξ2 − 1)|∂u
∂ξ

|2 + κ
ξ2 − ν2

(ξ2 − 1)(1 − ν2)
|∂u
∂θ

|2.

X[`djmfS��bdQSV5wSikVUz(VUyajmfS��VU`cbdjmT�vxbdVe` * j�fyaV(wLV(f�y�vxfIbopx�
ε
,�°x�3V®pN¢abkvrj�f<bdQSV'yaVe`cjmikVUy�jmfSVelNgvx�mj bs_� pNi-bdQSV

L2 fSpNidT
px��bdQ�V��NikvNyajmV(fIb

∫ ξ′
∗

ξ′=1

∫ +1

−1

∫ 2π

0

|∇(u ◦ G)(ξ′, ν′, θ′)|2(ξ′2 − ν′2)dξ′dν′dθ′

6 κ

∫ ξ′
∗

ξ=1

∫ +1

−1

∫ 2π

0

|∇u(ξ, ν, θ)|2(ξ2 − ν2)|Jac (G−1
el ) |dξdνdθ

6 κ

∫ ξ′
∗

ξ=1

∫ +1

−1

∫ 2π

0

|∇u(ξ, ν, θ)|2(ξ2 − ν2)dξdνdθ

�'QSj�z*Q
jmT�wS�mj�Ve`
‖∇(u ◦ G)‖L2(ΩR) 6 κ ‖∇u‖L2(ΩR).

ª�VY�'jm���}fSp�� z(prf�`cbdikg�z�b3v<��j�� bdjmfS�4prwLV(i*v�bdpNi�T�vxw�wSj�f��
H1/2(Γ̆ε)

j�fIbkp
H1(ΩR)

`dvxbdj�`s� _DjmfS��bkQSVYw�idpNwVUicbkj�Ve`
�3V
vxf�prgSf�z(VUy:©¯P�vr´rV

u ∈ H1/2(Γ̆ε)
©¬¡YV(fSprbdV�bkQ�v�b

(ν, θ)
bdQSV$z�pDpri*yajmf�v�bkVU`�pNf

Γ̆ε ©�ZBpNidVUp�³rVUi�yaV�±�f�V

û(l,m) =
∫ +1

ν=−1

∫ 2π

0
u(ν, θ)Pm

l (ν, θ)e−imθdν, dθ
©0�'zUz�pri*yajmfS�<bdp4bdQSV�w�idVez�VUySj�fS��ikV(T�vxik´a`

+∞∑

l=0

+l∑

m=−l

(1 + l2)1/2|û(l,m)|2 < +∞ vrf�y
u =

+∞∑

l=0

+l∑

m=−l

û(l,m)Pm
l (ν)eimθ.

P5QSV$z�prfD³NV(ik�rV(fz�V�T�g�`cb<¢LV
z(prf�`dj�yaV(ikVUy¬jmf§bdQ�V
`dV(f�`dV�px�
H1/2(Γ̆ε)

©�b*vx´rV
v
C∞ z�gSb�
 p�(£� gSf�z?bkj�pNf

χ :
R → [0; 1]

yaVez�ikVUvN`cjmfS�
`dg�z*Q�bdQ�vxb
χ(x) = 0

� pri
x > 1

vrf�y
χ(x) = 1

� pri
x 6 0

©�ª�V4ySV�±�fSV�v
��j�� bdjmfS�

?A@ <(?CB
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R(u) ∈ H1(ΩR)
px�
u
¢I_

R(u)(ξ, ν, θ) = χ(ξ)

+∞∑

l=0

+l∑

m=−l

û(l,m)Pm
l (ν)eimθ e−|ξ2−1−ε2|(1+l2)1/2

.

�{`cbdi*vxjm�rQIbc� pNid�5vxi*y�z�pNT4w�gabkvxbdjmprf/_Dj�VU�myS`'vrf
Ve`sbkj�T�vxbdV� pri5bkQSV
H1 fSpNidT>pr��bkQSj�`'��j�� bdjmfS�°

∫ ξ∗

ξ=1

∫ +1

ν=−1

∫ 2π

θ=0

|∂R(u)

∂ξ
|2 (ξ2 − 1) dξdνdθ

=

+∞∑

l=0

+l∑

m=−l

∫ ξ∗

ξ=1

∣∣∣
∫ +1

ν=−1

∫ 2π

θ=0

∂R(u)

∂ξ
Pm

l (ν)eimθdνdθ
∣∣∣
2

(ξ2 − 1)dξ

=
+∞∑

l=0

+l∑

m=−l

∫ ξ∗

ξ=1

∣∣∣ ∂
∂ξ

{û(l,m)e−|ξ2−1−ε2|(1+l2)1/2}
∣∣∣
2

(ξ2 − 1)dξ

=

+∞∑

l=0

+l∑

m=−l

(1 + l2)|û(l,m)|2
∫ ξ∗

ξ=1

4ξ2 e−2|ξ2−1−ε2|(1+l2)1/2

(ξ2 − 1)dξ,

∫ ξ∗

ξ=1

4ξ2 e−2|ξ2−1−ε2|(1+l2)1/2

(ξ2 − 1)dξ =

∫ √
1+ε2

ξ=1

4ξ2 e2(ξ
2−1−ε2)(1+l2)1/2

(ξ2 − 1)dξ

+

∫ ξ∗

ξ=
√

1+ε2

4ξ2 e−2(ξ2−1−ε2)(1+l2)1/2

(ξ2 − 1)dξ.

.SpNi
1 6 ξ 6

√
1 + ε2

°

∫ √
1+ε2

ξ=1

4ξ2 e2(ξ
2−1−ε2)(1+l2)1/2

(ξ2 − 1)dξ 6 κ

∫ √
1+ε2

ξ=1

4ξ e2(ξ
2−1−ε2)(1+l2)1/2

dξ 6
κ

2(1 + l2)1/2
.

� f¬bdQ�V"`dvrT�V�T�vrfSfSVUiU°�� pri √
1 + ε2 6 ξ 6 ξ∗

�3V�z(vrf§pr¢ab*vxjmf§v�`cjmT�j���vxi�VU`cbdjmT�vxbdV�jmf�yaVUwVUf�ySvxfIb�pr�
ε
©

.�j�fvx�m��_��3V�pr¢Sbkvxjmf²°

∫ ξ∗

ξ=1

∫ +1

ν=−1

∫ 2π

θ=0

|∂R(u)

∂ξ
|2 (ξ2 − 1) dξdνdθ 6

κ

2

+∞∑

l=0

+l∑

m=−l

(1 + l2)1/2|û(l,m)|2 =
κ

2
‖u‖2

H1/2(Γ̆ε)
.

X[`djmfS�7bdQSV `dvrT4V¬bkVUz*QSf�jmlIgSVe`(°�j�b�j�`�wLpN`k`cjm¢S�mV¬bdp¥VU`cbkvr¢S�mjm`dQ{`cjmT�j���vxi�Ve`sbkj�T�vxbdVU`B� priBbkQSV
L2 f�prikT�`�px�

bdQ�V z�pNT4wLprf�V(fIbk`/pr�<bkQSV �ri*vrySj�VUfNb�z(prikidVe`cwLprf�ySj�fS� bdp7bkQSV ³�vxikj�vx¢S�mVU`
ν
vxfy

θ
© .�j�f�vr���m_¤�3V yaVeyag�z�V

‖R(u)‖H1(ΩR) 6 κ ‖u‖H1/2(Γ̆ε)

©�W[p��¨�mV�b0g�`[yaV�±�f�V�v4��j�� bdjmfS� R T�vxwSw�j�fS� Γε jmfIbdp H1(ΩR)
¢D_�b*vx´DjmfS�

� pri�vrfI_
u ∈ H1/2(Γε)

° R(u) = [R(u ◦ (G−1)|Γ̆ε)] ◦ G ©�.�jmf�vx�m��_��®V�z�pNf�z��mg�yaV<bdQSV��mV(T�T�v/z�prT<¢SjmfSj�f��
bdQ�Vbs�®p�wSikVUz(VUyajmfS�4idVe`cgS��bk`5Ve`sb*vx¢S�mj�`cQSVey$j�f
bdQSj�`'wSikpDpx�s°

‖R(u)‖H1(ΩR) = ‖[R(u ◦ (G−1)|Γ̆ε)] ◦ G‖H1(ΩR) 6 κ ‖R(u ◦ (G−1)|Γ̆ε)‖H1(ΩR)

6 κ ‖u ◦ (G−1)|Γ̆ε‖H1/2(Γ̆ε) = κ ‖u ◦ (φΓε

el )−1 ◦ φΓ̆ε

el ‖H1/2(Γ̆ε) = κ ‖u‖H1/2(Γε).

��
 	 
 	 � � � ��� � � � � » � � · �
ª�V4f�p��«wSikVU`dV(fIbwSidVez�j�`cVU��_/bkQSV�wSikpr¢S�mV(T �3V��'jm`dQ¯bdpB`sbkg�ya_�jmf¯bdQSV�ikVU`cb�pr��bkQSjm`�yapaz�gST�V(fIbe© �®pNf�`cj�yaVUi
f ∈ L2(Ωε)

�'j bkQ�z�prT�w�vNz?bo`dgSwSwLpridb
suppf = K

`kv�bkjm`c� _Dj�f��
K∩Ωi

ε = ∅ � pri ε `cT�vr���SVUfSprg��rQ²©�ª¯V[ySV�±�fSV
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uε ∈ H2
loc(Ωε)

vr`®bdQ�V�gSfSj�lNg�V�`cpN��gabkj�pNf
pr��bkQSV�wSikpr¢S�mV(T





.�jmf�y
u ∈ H2

loc(Ωε)
`dg�z*Q
bdQ�vxb

∆u+ k2u = f
jmf

Ωε,

u = 0
prf

∂Ωε,

u
prgabk�rpNj�fS�

.

ª�V4zUvxf¯vN`d`dgST�V�bkQ�v�b
uε jm`�V(¦IbkV(f�ySVUy�¢D_ 0

j�f
Ωi

ε

°²vxf�yBbdQSVUf�z(prf�`djmySV(i
uε vN`Yvrf�V(�mV(T�VUfNbpx� H © � ���3VyaVUfSpxbkV

n
bdQ�V�prgabk�rprjmfS�4fSprikT�vx�:�'j�bdQ/ikVU`dwVez?b5bdp

Ωi
ε

vxf�y
j����3V�yaV�±�f�V

pε =
∂uε

∂n
|Γε

�'QSV(ikV
n
ikV�� VUi3bdp�bdQ�V�prgabk�rprjmfS�4fSprikT�vx�:�'j�bdQ/ikVU`dwVez?b5bdp

Ωi
ε

©

P5QSVUf
(uε; pε)

j�`5bdQ�V�gSfSj�lNg�V�wvxjmi0`dvxbdj�`s� _DjmfS�

(Pε) :





(uε; pε) ∈ H ×H−1/2(Γε)
`dg�z*Q
bdQ�vxb

∫

ΩR

∇uε · ∇v − k2

∫

ΩR

uεv +

∫

ΓR

vTRu
ε +

∫

Γε

pεv = −
∫

ΩR

fv ∀v ∈ H,
∫

Γε

quε = 0 ∀q ∈ H−1/2(Γε).

P5QSj�`'wSikpr¢S�mV(T z(vxf$ikV�� prikT�g��mvxbdVUy"j�f$bkQSV� pr�m��p��'jmfS�4T�vxfSfSVUi

(Pε) :





(uε; pε) ∈ H×H−1/2(Γε)
`cgz*Q"bkQ�v�b

(Auε; v)H + 〈pε; v〉H−1/2(Γε), H1/2(Γε) = −
∫

ΩR

fv ∀v ∈ H,

〈q;uε〉H−1/2(Γε), H1/2(Γε) = 0 ∀q ∈ H−1/2(Γε).

ª�V�vx��`cp�yaV�±fSV
u0 ∈ H2

loc(R
3)
vN`3bdQSV�g�fSjmlIgSV�`dpr�mgabdjmprf$px��bdQ�V�wSidpN¢S�mV(T





.�jmf�y
u ∈ H2

loc(R
3)
`dg�z*Q$bdQ�vxb

∆u+ k2u = f
j�f

Ω,

u
prgabk�rprjmfS�

.

� � 	��5� $ � ������8/�'��&

� f$bdQSj�`0`dVUz�bdjmprf$�®V�'jm���²�mpDpr´�� pNi0v<� gSf�z?bkj�pNf$bdQ�vxb0jm`'v4�rpDpay$vxwSwSikp�¦aj�T�vxbdjmprf"pr�
uε jmf$bdQSV� vri5±�V(��y$�(pNfSV

Zε
lo

© � f�yaV(VeyB�3V�yaVUz(jmySVUyBwSikV(³Djmprg�`d�m_"bkp�idVUwSikVU`dV(fIb0bdQ�V�¢LV(�rjmfSfSjmfS�
px��bdQ�V�V�¦aw�vrf�`dj�pNf$pr�
uε jmfBbkQSV�� pNidT

u0 + uε
1

©3ª�V�Q�v�³NV�vx�midVevrya_
yaV�±�f�VUy
u0
j�f/bkQSV�wSikVUz(VUyajmfS��`dVUz�bdjmprf²©<�[`[v�z�pNf�`cVelIgSV(f�z(V��®V��'jm�m��wSikprwLpN`dV

jmf"bkQSVfSV�¦Db'w�vxi*vx�NikvrwSQ�v4wSikpr¢S�mV(T ¢LV(jmfS��v4zUvxi*vrz�bdV(ikjm�Uv�bkj�pNf�px�
uε

1

vr`3�rpDpay"vN`3wpI`d`dj�¢���VN© 6²V�b5g�`5ikV(T�jmf�y
bdQv�bYpNgSi0�3prik´"jmpN`0� pri0bkQSV�T�pNT4VUfIb[prfS�m_
� prikT�vr� ©'ª�V��'jm�m��¢LV��mVUy/bkp"v�wSikpr¢S�mV(T bdQv�bY�mVUv�³NVU`5pNfS��_$prf�V
bdQ�j�fS��gSfyaV�bkV(ikT4jmfSVey 1�v�� gSfz?bdjmprf

aε ∈ L2(I)
°DbkQSV�z*QSprj�z�V�px���'Q�jmz*Q$jm`5yaVU�mv�_NVUy�bkp4v<� gSidbdQ�V(i'`cVez?bkj�pNf²© � f

v<bdQSjmi*y$`dVUz�bdjmprf$�®V�'jm����`sbkg�ya_�bkQSV�¢LV(Q�v�³Djmpri5px�
uε

1

jmf$bdQSV�fSVUj��NQD¢pNidQSpDpay�pr�
J
©

?A@ <(?CB
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nogabdbdjmfS� * /�,3j�f$bkQSV��0VU��T�QSpN� bk��VUlIg�v�bkj�pNf
³NV(ikj ±VUy
¢I_
uε vxf�y
g�`dj�f��<� pNidT�vr�²vxik�rgST�V(fIb*` 1

∆u0 + k2u0 + ∆uε
1 + k2uε

1 = f ⇒





∆u0 + k2u0 = f,

∆uε
1 + k2uε

1 = 0,

u0 + uε
1

pNgabd�NprjmfS� ⇒





u0
prgabk�rprjmfS�

,

uε
1

prgabk�rprjmfS�
.

ª�V�vN`d`dgST�VUy�bkQ�v�b
u0
j�`obkQSV�`dpr�mgabkj�pNf�px��v�wSidpN¢S�mV(T jmySV(fIbdj�z(vr��bkp

(Pε)
V(¦az(V(wab®bdQ�vxb®bkQSV(ikV[j�`®fSp<�'jmikV

Γε ©
]Djmf�z�V�bdQSV<pr¢�`cbkvNz��mV

Ωi
ε

`cQSikjmfS´a`'bdp
J
°L�3V�T�g�`cbYvN`d`dgST�VbdQ�vxb

uε
1

`kv�bdj�`c±�VU`0vrfBQSprT�pN�rV(f�V(prg`0�0VU��T�QSpN� bk�
VUlIg�vxbdjmprf¥jmf

R3 \ J © ]Dj�fz�V�j b/`dvxbdj�`s±�Ve`"vrf prgabk�rpNj�fS�§i*vryaj�v�bkj�pNf z�pNf�yaj�bdjmprf²°'j�� uε
1

j�`�ikV(�NgS�mvri"jmf¥bdQ�V
fSVUj��NQI¢LprikQSpDpay�pr�

J
j�b�Q�vN`�bdpB¢LV��S°²�'QSj�z*Q�jm`�V(¦Sz��mg�yaVUy²© �Y`�v/z�pNf�`cVelIgSV(f�z(V

uε
1

vryST4j�bk`�vB`djmfS�rgS��vxikj�bs_
jmf�bkQSV�fSV(jm�rQD¢LprikQSpDpDy�px�

J
©4ª�V�z(prf�qsVez?bkgSidV4bkQ�v�b

uε
1

vNyaT�j b*`prfS�m_/bdQ�V4�3VUvr´rVe`sbwpI`d`djm¢S��V�`dj�fS�NgS��vxikj bkj�Ve`
* `djmf�z�V�j�bj�`�bdQ�V<±ik`cbbdV(ikT jmf�bkQSV�V�¦aw�vrf�`cjmprf¯px�®bdQSV�yaj)(}ikvNz?bdVeyB±�VU�my ,?©�ª¯V�`dgSwSwLpN`dV4bdQ�vxb�bkQSV(ikV4V�¦ajm`cbk`
aε ∈ L2(J)

`dg�z*Q
bdQ�vxb
uε

1

`kv�bdj�`c±�VU`'vrf
VelNgv�bdjmprf$px��bdQ�V� pr�m��p��'jmfS�<� prikT





∆uε
1 + k2uε

1 = 0
jmf

Ω \ J,

uε
1 = 0

prf
∂Ω,

uε
1

pNgabd�NprjmfS�
,

uε
1 −

∫

J

aε( � ′)
eik| � − � ′|

4π| � − � ′| d �
′ ∈ H1

loc(Ω).

¡YV(fSprbdV
I =] − 1; +1[

©®]Djmf�z�V
x
′ ∈ J

jmf/bdQSV<vx¢Lp�³rV�� prikT�gS��vS°a�3V��'jm����`cpNT4V(bdjmT�VU`'�'ikj bkV
I
j�f`sbkVUvry/pr�

J
°

vxfy"�'ikj bkV
z′
jmf�`cbdVevry
px�

x
′ ©

���
	 � �-$ ) �/&�4�� & �4 ; +�4 $���+-&>4-&�),)�= &�8 8��

P5QSV�� pN���mp��'j�f��$ikVU`dgS��b��'j��m��`dQSp�� bkQ�v�b�bkQSV�VUlIg�vxbdjmprf�`��®V�Q�v�³NV4�'ikj�bcbdVUf¬gSfSj�lNg�V(�m_¯yaV(bdV(ikT�j�f�V
uε

1

gSw�bkp
bdQ�V�z*QSprj�z�Vpx�

aε ©

��· � � � ��
 �
� ���! �

a ∈ L2(J) �
	 � ! ����� �)���� ��� �
� � � �)!�� � ���0 	�� � � � 
	 � !�� ��� � 	�����





�  �	�
u ∈ H1

loc(Ω \ J)
� � � � 	 � ��	

∆uε
1 + k2uε

1 = 0
 �

Ω \ J,

uε
1 = 0

���
∂Ω,

uε
1

� � 	 � �� � �
,

uε
1 −

∫

J

a(x ′)
eik|x−x

′|

4π|x− x ′| dx
′ ∈ H1

loc(Ω).

� � »²»�� �
P�vx´rV<v

C∞ z(gab�
 p�(�� gSf�z�bdjmprf
χ : Ω 7→ R

yaVUz(idVevr`dj�f���`cg�z*Q�bdQ�vxb[bdQ�V(ikV�V�¦aj�`sb*`
ξ0 > 0

�mjm´rV�jmf �?�a© # © #
� pri'�'Q�jmz*Q

χ( � ) = 1
j �
ξ < ξ0

vxf�y
χ( � ) = 0

j��
ξ > 2ξ0

©o¡YV(fSprbdV

ũ( � ) = χ( � )

∫

J

a( � ′)
eik| � − � ′|

4π| � − � ′| d �
′.
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�x� ����� �)� ! ���

¡YV(fSprbdV
g = −∆ũ− k2ũ

j�f
Ω \ J vxfy g = 0

prf
J
©oP�vx´NV

ṽ ∈ H1
loc(Ω)

g�fSjmlIgSVU��_
`dvxbdj�`s� _DjmfS� 1





∆ṽ + k2ṽ = g
j�f

Ω,

ṽ = 0
pNf

∂Ω,

ṽ
prgSbd�rpNj�f��

.

¡YV�±�fSjmfS�
u = ũ + ṽ

�®V��NV�b�v�`dpr�mgabdjmprf pr�'bdQSV
wSikpr¢S�mV(T �3V
vxikV�jmfIbdV(ikVU`cbdVey¬j�f�°oQSV(fz�V�bkQSV"V(¦ajm`cbdVUf�z�V
ikVU`dgS� be© .SpNi®bkQSV�gSfSj�lIgSV(f�VU`k`(°Sj��

u
vxf�y

v
vxikV�bs�®p�`dpr�mgabdjmprf�`3pr��bkQSjm`0wSidpN¢S�mV(T/°DbdQSVUf

u− v
`dvxbdj�`s±�Ve` 1





u− v ∈ H1
loc(Ω)

∆(u− v) + k2(u− v) = 0
jmf

Ω,

u− v = 0
pNf

∂Ω,

u− v
prgSbd�rpNj�f��

.

QSVUf�z�V[bdQSV�gSfSj�lIgSV(fSVe`d`®ikVU`dgS� be°D¢I_�T�VUvrf�`®px�:bdQ�VYgSf�jmlIgSVUfSVU`k`�pr�:bdQSV`dpr�mgabdjmprf�pr�:bdQSV�g�`dg�vx�LQSpNT4pN�rVUfSV(pNg�`
�0VU��T�QSpN� bk��wSikpr¢S�mV(T/©

]DgSw�wpI`cjmfS�<bdQ�vxb
aε jm`5´DfSp��'f * �3V�yaVU�mv�_�j�bk`'z*Q�prj�z�VYbdp�v�� g�icbkQSV(i5w�vrikvr�ri*vxwSQ ,�°N�3V�'j��m�}fSp��¤yaVe`dz(idjm¢LV

uε
1

©o¡YV(fSprbdV
G( � ; � ′) = G � ′( � )

bkQSV�gSfSj�lIgSV� gSf�z�bdjmprfB`dvxbdj�`s� _DjmfS��°I� pNi[vxfD_
� ′ ∈ Ω

°




G � ′ ∈ H1
loc(Ω \ { � ′})

∆G � ′ + k2G � ′ = δ � ′
jmf

Ω

G � ′ = 0
pNf

∂Ω

G � ′
pNgabd�NprjmfS�

.SpNi
� ′ ∈ Ω

°�yaV�±fSV
Greg( � ; � ′) = Greg

� ′ ( � )
©oP5QSV�gSfSj�lIgSV� gSf�z�bdjmprfB`dvxbdj�`s� _DjmfS�





Greg
� ′ ∈ H1

loc(Ω),

∆Greg
� ′ + k2Greg

� ′ = 0
j�f

Ω,

Greg
� ′ ( � ) = − eik| � − � ′|

4π| � − � ′|
� pri

� ∈ ∂Ω,

Greg
� ′

pNgabd�NprjmfS�
.

�5vr`djmzUvx��z(prT�wSgab*v�bkj�pNf�`[`dQSp�� bdQ�vxb
( � ; � ′) 7→ Greg( � ; � ′)

j�`Yv
C∞ � g�f�z?bkj�pNf�j�f O ×O © � bYj�`Yvr�m`dp�VUvN`c_bdp�`dV(VbkQ�v�b

G( � ; � ′) =
eik| � − � ′|

4π| � − � ′| +Greg( � ; � ′).
* �2,

.SpNiYvrfI_
� ′ ∈ J

°
Greg
� ′

j�`Yv
`cpN��gSbdjmprf/bdp"bdQSV<QSV(�mT�QSpr��bd�4VUlIg�vxbdjmprf�vrf�yBj�`Y`dT�pIprbdQ�jmfBbkQSV�fSVUj��NQD¢pNidQSpDpay
px�
� ′
©oX[`dj�fS��yaVez�pNT4wLpN`dj�bdjmprf * � ,3�3V�`cVUV�bdQ�vxb

uε
1

zUvxf$¢V��'ikj bdbdVUf

uε
1( � ) =

∫

J

aε( � ′)G( � ; � ′) d � ′ =

∫

J

aε( � ′)
eik| � − � ′|

4π| � − � ′| d �
′ +

∫

J

aε( � ′)Greg( � ; � ′) d � ′.
* � ,

P�p"z�pNf�z��mg�yaVN°��3V�Q�v�³rV�ySV�±�fSVeyBv�� vxi[±�V(��y$bdVUidT
uε

1

© � bYj�`[vrfBQ�vxikT�prfSj�z�vrz(prg�`cbdj�z�±�VU�myB�NV(fSVUikvxbdVey
¢D_$v
�mj�fSVUjmz�`cV(b[px�o`dprgSi*z�VwLprjmfNb*`[yaj�`cbdikj�¢SgSbdVUyBvr��pNfS�

J
©-��j�³NV(fBvxf

aε ° uε
1

j�`0gSf�jmlIgSVU��_/yaV�bkV(ikT�j�fSVeyBvrzUz�pri*yajmfS�
bdp��mV(T�T�v # © /x©

?A@ <(?CB
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����� � ������4�),$ 2 4 $ 4 ���-&	4-&�$ � � � 2 " �-2�2<; 2 '
J

� 
 � 
 � ��» � � � � ·
�
� � ����� » �

ª�V4Qv�³rVYqsg�`sb�`dV(VUf�bdQv�b�V�¦Sz�VUwab� pri
u0
°:bkQSV4bdV(ikT�`px�®vrf¯V(¦aw�vxf�`djmprf�pr�

uε Q�v�³NV�bkp$vNyaT�j b�v$`cjmfS�rg��mvri
¢LV(Q�v�³Djmpri�j�f£bkQSV/fSV(jm�rQD¢LprikQSpDpDy px�

J
©7Z�prikV(p�³rVUi

uε j�`�ikV(�NgS�mvri<jmf£bdQSVBf�V(jm�rQD¢pNidQ�pIpay px� J © ]Dp¬�3VQ�v�³NV0bdp�z�pNT�wVUf�`dvxbdVYbdQSj�`5`cjmfS�NgS�mvri®¢LV(Qv�³Ijmpri-1�bdQSVUidVvxwSwLVUvrik`3v<¢pNgSf�ySvrid_���v�_rV(i3vxikprgSfy
J
© � f"pri*yaVUi�bkp

z�pNf�`cbdikg�z?bYbdQSV<bdVUidT�ikV(��v�bdVey/bdp
bdQ�jm`Y¢pNgSf�ySvrid_/��v�_rVUiU°L�®V<Q�v�³rV�bdp"´DfSp��{w�idVez�j�`cVU��_$bdQ�V<¢LV(Q�v�³DjmpriYpx�
uε

1jmf�bdQ�V�fSVUj��NQI¢LprikQSpDpay/px�
J
jG© VN©Y�'Q�V(f

ξ → 1+
©P5QDg�`Y�®V<��pDpr´$� pNi[bkQSV<V(¦aw�vxf�`djmprfBpx�

uε
1

�'Q�V(f
ξ → 1

©
P5QSV�z(prT�wSgab*v�bkj�pNf�`'� pNiY`cbdg�ya_DjmfS�"`dg�z*Q�vxfBV(¦aw�vxf�`djmprf/�'j��m��¢V�� prikT�vr�²jmf�v�±�i*`sb�`sbkV(w²©0XY`cjmfS��VelNgv�bdjmprf`
* � ,5vxf�y * / 
 ,3px��bdQ�V�vxwSwLV(f�ySj ¦:°S�3VQ�v�³rV

uε
1( � ) =

∫

J

aε( � ′)
eik| � − � ′|

4π| � − � ′| d �
′ +

∫

J

aε( � ′)Greg( � ; � ′) d � ′

=
aε( � )

4π

∫

J

d � ′

| � − � ′| +

∫

J

aε( � ′) − aε( � )

4π| � − � ′| d � ′ +
∫

J

aε( � ′)
eik| � − � ′| − 1

4π| � − � ′| d � ′ +

∫

J

aε( � ′)Greg( � ; � ′) d � ′

≈ aε(ν)

4π
ln

( 2

ξ − 1

)
+

∫ +1

−1

aε(z) − aε(ν)

4π|z − ν| dz

︸ ︷︷ ︸bkV(ikT
1

+

∫ +1

−1

aε(z)
eik|ν−z| − 1

4π|ν − z| dz

︸ ︷︷ ︸bdVUidT
2

+

∫ +1

−1

aε(z)Greg(ν; z) dz

︸ ︷︷ ︸bdV(ikT
3

+o(1)

� f�bkQSV5vx¢Lp�³rV�zUvx��z�gS�mg�`U°
(ξ; ν; θ)

ikV�� VUi�bkp[bkQSV3V(�m��jmw�`dprj�ySvx�Iz�pDpri*yajmf�v�bkVU`²pr�
x
vrf�y

(1; z; θ′)
ikV�� V(i�bdp[bdQSV3V(�m�mj�w 


`dprj�ySvx�xz(pIpNikySj�f�vxbdVe`}px�
x
′ ©�ª¯V�Q�v�³rV-g�`dVUyYbdQ�V�� pr�m��p��'jmfS�5j�yaV(fIbdj�bs_ |x−x

′| =
√

(ξ2 − 1)(1 − ν2) + (ξν − z)2

→ |ν − z| �'QSVUf ξ → 1+
©o¡YV(fSprbdV

uε
1,as( � ) =

aε(ν)

4π
ln

( 2

ξ − 1

)
+

∫ +1

−1

aε(z) − aε(ν)

4π|z − ν| dz+

∫ +1

−1

aε(z)
eik|ν−z| − 1

4π|ν − z| dz+

∫ +1

−1

aε(z)Greg(ν; z) dz

� 
 � 
 � � ��� » � · �U��� � �a� ·
ª�V3�'jm�m�If�p�� VU`cbkvr¢S��j�`dQ�bdQSV5³�vx�mj�yaj bs_�pr�SbdQ�V5vr¢p�³NV�V(¦Dwvxf�`dj�pNf�¢D_�wSikp�³Ij�yajmfS�[vrf�VU`cbdjmT�v�bkV®pr��bdQ�V3yaj)(}V(ikV(f�z(V
uε

1 − uε
1,as

� pNi5bs�®p�`dV(T�j 
 fSpNidT�`

‖uε
1 − uε

1,as‖2
L∞

ξ ⊗L2
ν(T ε) = sup

ε<ξ2−1<2ε

∫ +1

ν=−1

∫ 2π

θ=0

|(uε
1 − uε

1,as)(ξ; ν; θ)|2 dθ dν,

‖ ∂
∂ξ

{uε
1 − uε

1,as}‖2
L∞

ξ ⊗L2
ν(T ε) = sup

ε<ξ2−1<2ε

∫ +1

ν=−1

∫ 2π

θ=0

| ∂
∂ξ

(uε
1 − uε

1,as)(ξ; ν; θ)|2 dθ dν.

ª�V3�'jm�m�ag�`cV'yaVez�pNT4wLpN`dj�bdjmprf�`�jmf06�V(�rVUf�yaikV�wLpr�m_DfSprT�j�vx��`�bkQ�v�b�jmfIbdikpDySg�z�V 6²VU�rV(fyaidV®� gSf�z�bdjmprf�`-pr��±�i*`cb-vrf�y
`dVUz�pNf�y/´Dj�fy

Pl
vrf�y

Ql
°}vxf�yBvr�m`dp�� gSf�z�bdjmprf�`�yaVUfSpxbkVUy

Wl
©0ª�V�idV(� V(i[bdQSV<idVevryaVUi'bdp�bkQSV<vrwSwLV(f�yaj�¦���© �

� pri®yaV�±�fIbkj�pNf�`�vrf�y�wSikprwLV(idbdjmVU`�pr�LbkQSVU`dV5� gSf�z�bdjmprf�`U©�W0prbdV'bkQ�v�b��3V0�'jm���Lvx��`cp�g`cV'bkQSV0ikVU`dgS��b�px�}��VUT�T�v ��© /
vxfy4z(prikpr�m�mvrid_ ��©)/'Ve`sb*vx¢S�mj�`cQSVey4j�f4bdQ�V[vxwSwLV(fyaj ¦:©-�0VUidV

P̃l
jm`�wSidpNwpNicbkj�pNf�vx�IbkpbdQSV�6�V(�NV(f�yaikV5wpN��_DfSpNT�jmvr�

px�®pri*yaV(i
l
°
P̃l = CPl

�'QSVUidV
C
j�`z*QSpN`dV(f�`cg�z*Q�bdQ�vxb ‖P̃l‖L2(I) = 1

©<ZBprikV(p�³NV(i[jmf¯bdQSV�z�pNT�wSgabkvxbdjmprf�`
bdQv�b'� pr�m�mp���°a�®V�vr`k`dgST�VYbkQ�v�b

ε < ξ2 − 1 < 2ε
©
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• �®· � � �

∫ +1

ν=−1

∣∣∣
∫

J

aε( � ′)
4π| � − � ′|d �

′ − aε(ν)

4π
ln

( 2

ξ − 1

)
−

∫ +1

−1

aε(z) − aε(ν)

4π|z − ν| dz
∣∣∣
2

dν =

∫ +1

ν=−1

∣∣∣ 1

2π

+∞∑

l=0

〈
aε; P̃l

〉
L2(I)

P̃l(ν)
{
Ql(ξ) −

1

2
ln

( 2

ξ − 1

)
−Wl−1(1)

}∣∣∣
2

dν =

1

4π2

+∞∑

l=0

∣∣∣
〈
aε; P̃l

〉
L2(I)

∣∣∣
2 ∣∣∣Ql(ξ) −

1

2
ln

( 2

ξ − 1

)
−Wl−1(1)

∣∣∣
2

6

κ

4π2

+∞∑

l=0

l(l+ 1) ln2 l
∣∣∣
〈
aε; P̃l

〉
L2(I)

∣∣∣
2

(ξ2 − 1) ln
1

ξ2 − 1

ª¯V�pN¢abkvrj�f
� idpNT bdQ�V�vx¢Lp�³rVz(vx��z�g���g�`

∥∥∥
∫

J

aε( � ′)
4π| � − � ′|d �

′−a
ε(ν)

4π
ln

(ξ + 1

ξ − 1

)
−

∫ +1

−1

aε(z) − aε(ν)

4π|z − ν| dz
∥∥∥

L∞
ξ ⊗L2

ν(T ε)
6 κ ‖aε‖E2(I) ε

1/2 ln 1/ε

P5QSV�`kvxT�V�z�pNT4w�gabkvxbdjmprf�z(vrfB¢V4yaV(ikjm³rVUy
� pNi0bdQ�V�yaV(ikjm³�vxbdjm³rV��'j�bdQBikVU`dwLVUz?b[bdp
ξ
g�`djmfS�"z�pNidpN����vxikjmVU`

��©��<vrf�y ��© �S°

∫ +1

ν=−1

∣∣∣ ∂
∂ξ

∫

J

aε( � ′)
4π| � − � ′|d �

′ − ∂

∂ξ

aε(ν)

4π
ln

( 2

ξ − 1

)∣∣∣
2

dν =

∫ +1

ν=−1

∣∣∣ 1

2π

+∞∑

l=0

〈
aε; P̃l

〉
L2(I)

P̃l(ν)
∂

∂ξ

{
Ql(ξ) −

1

2
ln

( 2

ξ − 1

)}∣∣∣
2

dν =

1

4π2

+∞∑

l=0

∣∣∣
〈
aε; P̃l

〉
L2(I)

∣∣∣
2 ∣∣∣ ∂
∂ξ

{
Ql(ξ) −

1

2
ln

( 2

ξ − 1

)}∣∣∣
2

6

κ

4π2

+∞∑

l=0

l(l + 1) ln2 l
∣∣∣
〈
aε; P̃l

〉
L2(I)

∣∣∣
2 1

ξ2 − 1
ln

1

ξ2 − 1
.

ª¯V�pN¢abkvrj�f
� idpNT bdQ�V�vx¢Lp�³rVz(vx��z�g���g�`

∥∥∥ ∂

∂ξ

{ ∫

J

aε( � ′)
4π| � − � ′|d �

′ − aε(ν)

4π
ln

(ξ + 1

ξ − 1

)
−

∫ +1

−1

aε(z) − aε(ν)

4π|z − ν| dz
}∥∥∥

L∞
ξ ⊗L2

ν(T ε)

6 κ ‖aε‖E2(I)
1

ε1/2
ln 1/ε

• �®· � � �

� �
�
jm`�v/wLprjmfIb��'j bkQ�VU���mjmw�`cpNjmy�vx�oz�pDpNikyajmf�vxbdVU`

(ξ; ν; θ)
°�yaV�±�f�V

� J
vr`�bkQSV�wpNj�fIb��'j�bdQ¬V(�m�mj�w�`dprj�ySvr�

z�pDpri*yajmf�v�bkVU`
(1; ν; θ)

©oP5QSV(f

∫ +1

−1

aε(z)
eik|ν−z| − 1

4π|ν − z| dz =

∫

J

aε( � ′)
eik| � J− � ′| − 1

4π| � J − � ′| d � ′

∫

J

aε( � ′)
eik| � − � ′| − 1

4π| � − � ′| d � ′ −
∫

J

aε( � ′)
eik| � J− � ′| − 1

4π| � J − � ′| d � ′ =

∫

J

∫ 1

0

aε( � ′){eitk| � − � ′| − eitk| � J− � ′|} dt d � ′.

?A@ <(?CB



���������
	���	�������
������������������� �"!�� � #

X[`dj�fS��vrf
pNikyaVUi
1
P�v�_D�mpri3VUlIg�vx�mj�bs_r°a�3V�pN¢abkvrj�f=1

|eitk| � − � ′| − eitk| � J− � ′|| 6 t k
∣∣∣| � − � ′| − | � J − � ′|

∣∣∣ 6 t k | � − � J |,
QSV(f�z(V�bdQSV�jmfSVUlIg�vr��j�bs_
∥∥∥

∫

J

aε( � ′)
eik| � − � ′| − 1

4π| � − � ′| d � ′ −
∫

J

aε( � ′)
eik| � J− � ′| − 1

4π| � J − � ′| d � ′
∥∥∥

L∞
ξ

⊗L2
ν(T ε)

6 κ ‖aε‖E0(I) ε
1/2.

.Spri3bkQSV�VU`cbdjmT�v�bdV�jmf$bdQSV�`dVUz(prf�y$`dV(T�j 
 fSpNidT

∂

∂ξ

∫

J

aε( � ′)
eik| � − � ′| − 1

4π| � − � ′| d � ′ =

∫

J

∫ 1

0

aε( � ′) itk
∂

∂ξ
{| � − � ′|} eitk| � − � ′| dt d � ′.

�0V(ikVjm`'vrfBvxga¦ajm��j�vxik_�z�pNT4w�gabkvxbdjmprf *
� (ξ; ν; θ)

vrf�y
� ′(0; z; θ)

,�1

∂

∂ξ
{| � − � ′|} =

∂

∂ξ

√
(ξ2 − 1)(1 − ν2) + (ξν − z)2 =

ξ − νz√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

.

W0pxbkV�bdQ�vxb

(ξ2 − 1)(1 − ν2) + (ξν − z)2 = (ξ − 1)(ξ − νz) + (ξ − 1)(1 − νz) + (ν − z)2︸ ︷︷ ︸
>0

�v�bdQ�V(ikj�fS�<bdQ�V�vx¢Lp�³rV�idVe`cgS��bk`5�3V�pr¢Sbkvxjmf
∥∥∥ ∂

∂ξ

{ ∫

J

aε( � ′)
eik| � − � ′| − 1

4π| � − � ′| d � ′−
∫

J

aε( � ′)
eik| � J− � ′| − 1

4π| � J − � ′| d � ′
}∥∥∥

L∞
ξ

⊗L2
ν(T ε)

6 κ ‖aε‖E0(I)
1

ε1/2
.

• �®· � � �

X[`dj�fS�4bkQSV�fSpxb*v�bkj�pNf�`5px��bdQSV�wSikVUz(VUyajmfS��`dVUz?bkj�pNf²°a�3V�Qv�³rV
∫

J

aε( � ′)Greg( � ; � ′) d � ′ −
∫

J

aε( � ′)Greg( � J ; � ′) d � ′ =

∫

J

∫ 1

0

aε( � ′)∇Greg
� ′ · ( � − � J ) d � ′.

�V(V(w�j�fS�4jmf$T�jmf�y
bdQSV�`dT�pDpxbdQ�fSVU`k`5px�
Greg bdQ�jm`'_DjmV(��yS`

∥∥∥
∫

J

aε( � ′)Greg( � ; � ′) d � ′ −
∫

J

aε( � ′)Greg( � J ; � ′) d � ′
∥∥∥

L∞
ξ

⊗L2
ν(T ε)

6 κ ‖aε‖E0(I) ε
1/2.

.Spri3bkQSV�VU`cbdjmT�v�bdV�jmf$bdQSV�`dVUz(prf�y$`dV(T�j 
 fSpNidT
∣∣∣ ∂
∂ξ

∫

J

aε( � ′)Greg( � ; � ′) d � ′
∣∣∣
2

=
(ξ2 − ν2

ξ2 − 1

)∣∣∣
∫

J

aε( � ′)
( ξ2 − 1

ξ2 − ν2

)1/2 ∂

∂ξ
Greg
� ′ ( � ) d � ′

∣∣∣
2

6

(ξ2 − ν2

ξ2 − 1

)∫

J

|aε( � ′)|2d � ′
∫

J

( ξ2 − 1

ξ2 − ν2

)∣∣ ∂
∂ξ
Greg
� ′ ( � )

∣∣2

︸ ︷︷ ︸
6 |∇Greg

� ′ |2

d � ′.

�0�Nvrj�f
bdQ�V�`cT�pDpxbkQSfSVU`k`3px�
Greg wSikp�³DjmyaVe`

‖ ∂
∂ξ

{ ∫

J

aε( � ′)Greg( � ; � ′) d � ′ −
∫

J

aε( � ′)Greg( � J ; � ′) d � ′
}
‖L∞

ξ ⊗L2
ν(T ε) 6 κ ‖aε‖E0(I)

1

ε1/2
.

• � » ��� � ����� » �
P�p�z�pNf�z��mg�yaV�3VQ�v�³rVpr¢Sbkvxjmf
bdQSV� pN���mp��'j�f��<Ve`sbkj�T�v�bkVU`

‖uε
1 − uε

1,as‖2
L∞

ξ ⊗L2
ν(T ε) 6 κ ‖aε‖E3(I) ε

1/2 ln 1/ε,

‖ ∂
∂ξ

{uε
1 − uε

1,as}‖2
L∞

ξ,1⊗L2
ν(T ε) 6 κ ‖aε‖E3(I)

1

ε1/2
ln 1/ε.
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� f�bkQSjm`�`cVez?bkj�pNf��®Vo�'jm�m�N�mpDpr´Y� pri�v'�NpDpDy�vrwSwSikp�¦aj�T�v�bkj�pNfpx�
uε jmfbdQ�V�fSVevxi²±V(��y�(prf�V Zε

pr

©��0p��3V(³rVUiU°e`cjmf�z(V
bdQ�jm`��UprfSV5³�vxikjmVU`��'j bkQ

ε
°r�®V5�'jm���Sg`cV'v`cg�j b*vx¢S�mV'z*Q�vxfS�NV®pr�Lz(pIpNikySj�f�vxbdVe` 1²�3V5�'j��m�Sg�`dV'`dzUvx�mVUy4z�pDpri*yajmf�v�bkVU`U©

� f�v�±�i*`sbowvxi*vx�ri*vxw�Q<�3V'�'j��m�S� pNidT<gS��v�bdV0`dV(³NV(i*vx�DikV(T�vxik´a`�z�prfz�V(ikfSjmfS�bdQ�V0fSV(�£�rVUprT�V�bkidj�z(vr�S`cV(bcbkj�fS��bdQ�vxb
�3V<vxikV��mVUy�bdp/z�pNf�`cj�yaVUiU©�P5QSV4`cVez�prfy�w�vrikvr�ri*vxwSQ/�'jm����yaVeyajmzUv�bkVUyBbkp�bkQSV4� prikT�vr��`dVUvrikz*Q/� pNi�v
wSikpr¢S�mV(T
bdQv�b��®pNgS��y zUvxi*vrz?bkV(ikj��UV
vxb�¢LVU`cb

Uε
1

j © Vr© bdQ�VBwSidVeyaprT�jmf�vxfIb�¢VUQ�v�³Dj�pNi�px�
uε j�f bdQSVBf�VUvxi4±�VU�my£�UprfSVN©

ª�V4�'jm�m�o¢V��mVUy�bdpBv$wSikpr¢S�mV(T�bkQ�v�b�z(vrikvNz?bkV(ikj��UV
Uε

1

gSw�bdp$bdQSV�z*QSpNjmz(V<pr�3v$prf�V4yajmT�V(f�`djmprf�vr�-� gSf�z?bkj�pNf
bε ∈ L2(I)

bkQ�v�b4�®V$�'j��m�'z*QSpDpN`dV�jmf vB� g�icbkQSV(i�`dVUz?bkj�pNf²© � f bdQ�V"bkQSj�i*y wvxi*vx�ri*vxw�Q��3V"�'jm�m�5`cbdgya_¬bdQSV
¢LV(Q�v�³Djmpri5px�

Uε
1

j�f
bdQSV�f�V(jm�rQD¢pNidQ�pIpay
px��j�fa±fSj bs_N©

�-� � 	 ���4 � & 2 ' � 2�2 " ;�$ 4����,&

ª�V�idVez(vx�m�}bdQ�V�VelIg�v�bkj�pNf$yaV(±�fSjmfS��bdQ�V�`cgSid� vrz(V
Γε j�f
bdQSV�`kz(vr��Vey
z(pDpri*yaj�fv�bdVe`(°

(Γε) : ζ = Φ(ν; θ).

.SpNi0v4¢V(bcbdVUi0jmfNbkV(ikwSikV�bkvxbdjmprf
px��� gabdgSikV�ikVU`dgS� b*`5�®VjmfIbdikpDySg�z�V�bs�3p4f�V(� �rV(pNT�V�bdikj�z(vx�:`dw�vrz(VU`U©

	 
 � 
 � �B» � � � ����� · ¼�� ·D» � · �(��� �N� ��� � ��� ·
P5QSV<±�i*`sbpx�obkQSVU`dV�`cw�vNz�Ve`[j�`yaV(fSprbdVey Ê ©�ª�V4ySV(fSprbdV ̂� bdQ�V<wLprjmfIbk`�px� Ê © �3vxidbdVU`dj�vxf�z(pIpNikyajmf�vxbdVU`Ypx��vwLprjmfNb ̂� �'jm���²¢LV�yaVUfSpxbkVUy (x̂; ŷ; ẑ)

vrf�y$z�_D��jmf�yaikj�z(vx�²z(pDpri*yaj�fv�bdVe`3�'j��m�:¢V�ySV(fSprbdVUy
(ζ; θ; ν)

°L`cp

x̂ = ζ cos θ ŷ = ζ sin θ ẑ = ν

ª�V�vr�m`dp<yaV(±�fSV
ΩN = {x̂(ζ; θ; ν) ∈ Ê | ζ > Φ(ν; θ)} ©-ª�VzUvxf�V(¦aQSj�¢�j b'vxf
V�¦awS�mjmz(j b5idVU�mvxbdjmprf�¢LV�bs�3V(VUf

Ωε
vrf�y

ΩN
°
� (ζ; ν; θ) ∈ Ωε ⇔ ̂� (ζ; θ; ν) ∈ ΩN

©W[pxbkV�bkQ�v�b Ê j�`YvrfSpxbkQSV(i��rVUprT�V�bkidj�z(vr��`dw�vrz(V�wSgabjmf$z(prikidVe`cwLprf�y�vrz�V[�'j bkQ E © � f Ê bdQSV�'jmidV�yapDVU`3fSprb'ySV(wLV(f�y
prf ε vxfD_DT�prikVr© 6²pDpr´DjmfS�<vxb5w�idpN¢S��VUT�`®jmf Êjmf�`sbkVUvNy"pr� E j�`5��jm´rVg�`dj�fS��v4T�vx�NfSj�� _IjmfS���r��vr`k`U©

	 
 � 
 � � ��� ��� �L· ��� · � ·I» � · �(��� �r� �®� � �S� ·
P5QSV/`cVez�pNf�y pr�0bdQSVe`cV/`dw�vrz(VU`<jm`�v¯�rV(pNT�V�bdikj�z(vx�®wS��vxfSV
bdQ�vxb4�3V/yaV(fSprbdV Ê⊥

©§ª¯V/�'jm���'yaVUfSpxbkV ̂� ⊥
bdQ�V

wLprjmfNb*`"pr� Ê⊥
°Yvrf�y7bdQ�V(jmi
wLpr��vxi/z�pDpri*yajmf�v�bkVU`��'jm�m��¢LV¯ySV(fSprbdVUy

(ζ; θ)
© ª�V¯�'jm�m�Yj�yaV(fIbkj � _ v wpNj�fIb
pr�

(̂� ⊥(x̂; ŷ); ẑ) ∈ Ê⊥ × R
�'j�bdQ$bkQSV�wpNj�fIb ̂� (x̂; ŷ; ẑ) ∈ Ê `cp Ê⊥ × R

z�pNidikVU`dwpNf�yS`®bdp�yaVez�pNT4wLpN`dj�bdjmprf$px� Êjmf �d`d��j�z�Ve` �?©�ª�V��'jm����vr�m`dp�yaV(f�pxbdV21

ωN (ν) = {x̂⊥(ζ; θ) ∈ Ê⊥ | ζ > Φ(ν; θ)}

ωi
N (ν) = Ê⊥ \ ωN(ν)

� f
bdQSV±��NgSikVY¢LV(�mp��¤�3VQ�v�³rV�idVUwSikVU`dV(fIbdVey�jmf
ikVUy"bdQSVbkikvrf�`d³rV(i*`dVY`dw�vrz(V[� pNi0v<�Nj�³NV(f
ν
jmf/v<³NV(ik_�`cjmT�wS�mV

�rVUprT�V�bkidj�z(vr�:`cV(bcbdjmfS�©
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φ−1
cyl ◦ φsc

�-�
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ª�V±�ik`cb'T�vx´rV�`dprT�V�`cjmT�wS�mV�z�prT�wSgSbkv�bkj�pNf�vx�}ikV(T�vxik´a`(©

ξ2 − 1 = ε2ζ2 ,
∂ξ

∂ζ
= ε2

ζ

ξ

V�b ∂

∂ξ
=

ξ

ε2ζ

∂

∂ζ

P5QSV��[V(�mT4Q�pr��bd�VUlIg�vxbdjmprf$³rV(ikj�±�VUy
¢D_
uε zUvxf/¢LV��'idj�bcbkV(f$j�fB`kz(vx�mVUy$z�pDpNikyajmf�vxbdVU`3jmf$bdQSV� pN���mp��'j�f��<�5v�_

∆uε + k2uε = 0

∂

∂ξ
(ξ2 − 1)

∂uε

∂ξ
+ k2(ξ2 − 1)uε +

1

ξ2 − 1

∂2uε

∂θ2
+
∂

∂ν
(1 − ν2)

∂uε

∂ν
+ k2(1 − ν2)uε +

1

1 − ν2

∂2uε

∂θ2
= 0

ξ

ε2ζ

∂

∂ζ
ε2ζ2 ξ

ε2ζ

∂uε

∂ζ
+ k2ε2ζ2uε +

1

ε2ζ2

∂2uε

∂θ2
+
∂

∂ν
(1 − ν2)

∂uε

∂ν
+ k2(1 − ν2)uε +

1

1 − ν2

∂2uε

∂θ2
= 0

1

ε2

(1

ζ

∂

∂ζ
ζ
∂uε

∂ζ
+

1

ζ2

∂2uε

∂θ2

)
+ ζ

∂

∂ζ
ζ
∂uε

∂ζ
+ ζ

∂uε

∂ζ

+
∂

∂ν
(1 − ν2)

∂uε

∂ν
+ k2(1 − ν2)uε +

1

1 − ν2

∂2uε

∂θ2
+ k2ε2ζ2uε = 0.

�£�rpDpay<vrwSwSikp�¦aj�T�v�bkj�pNf�px�
uε �'j��m�Sz(vrf�z�VU�IbdQSV'yapNT4jmf�vrfNb-bkV(ikT �'j bkQ<ikVU`dwLVUz?b-bkp ε j�f<bdQSV'vr¢p�³NV®VelNgv�bdjmprf�©�0VUidV�j�b[�mpDpr´a`'�mj�´NV�v4bdi*vxf�`d³rVUik`dV�6�vxwS��vrz(V�prwLV(i*v�bkprie©�P5QSV�fSVevxi5±�VU�myBySV(fSprbdVUy

Uε
1

�'jm����Q�v�³rVbkp�³rVUidj�� _"jmf
`kz(vx�mVUy�z�pDpri*yajmf�v�bkVU` 1

ζ
∂
∂ζ ζ

∂Uε
1

∂ζ + 1
ζ2

∂2Uε
1

∂θ2 = 0
©�P5QDg�`U°:j�f�`cbdVevry�px�®zUvxi*vrz?bkV(ikj��Uj�f��

Uε
1 (·) j�fv
`dj�f��r�mV�bkj�T�Vr°

�3V��'jm�m��z(vrikvNz?bdVUidjm�(V
Uε

1 (·; ν) � pri'VUvNz*Q ν © 6²V�b0g`'yaV�±�f�V Ûε
1

vxf�y
Ûε

1,ν

¢I_

Ûε
1 (̂� ) = Ûε

1,ν(̂� ⊥) = Uε
1 ( � ).
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�x� ����� �)� ! ���

¡YV(fSprbdjmfS�
∆⊥
bdQSV3bkikvrf�`c³NV(i*`cV 6�vrwS�mvNz�V®prwLV(i*v�bdpNi�� pNi�� gSf�z?bkj�pNf�`�prf Ê⊥

°��®V'vridV®��Vey�bkp�v�6²w�vr�mvNz�V3VUlIg�vxbdjmprf
� pri'Vevrz*Q

ν
°

∀ν ∈ [−1; +1], ∆⊥Û
ε
1,ν = 0

j�f
ωN (ν).

ZBpNidVUp�³rV(ie°Nbdp�z(vrikvNz?bkV(ikj��UV
Ûε

1,ν

�®VQ�v�³NV�bdp�jmT4wLpN`dV¢pNgSf�ySvrid_
z�prfyaj bkj�pNf�`U©�]Dj�fz�V� pri0vrfD_
ε
°
uε = 0

pNf

Γε �®V�vxikVY�mVUy�bdp4j�T�wLpN`dV Ûε
1,ν = 0

prf
∂ωN(ν)

© .�jmf�vr���m_��®VYQ�v�³rV[bdp4j�T�wLpN`dV�v4z�pNf�yaj�bdjmprf$v�b5j�fa±fSj bs_N© � �
�3V3jmT�wpI`cVey

Ûε
1,ν

bdp¢LV5¢pNgSf�yaVey<vxb-jmfa±�f�j bs_N°xbdQ�V(f4fSVUz(VU`k`dvridjm��_
Uε

1,ν = 0
°x�'QSj�z*Q<j�`-V�¦Sz(��g�ySVUy<¢Vez(vxg`cV3�®V

Q�v�³NV0bdp�z(prT�wVUf�`kv�bdVYbdQ�V`djmfS�rgS��vxikj�bs_4pr��bkQSV[� vri5±�V(��y
uε

1

j�f
bdQ�V�f�V(jm�rQD¢pNidQ�pIpay�pr�
J
©�]Dp4�®V�`dj��m�}j�T�wLpN`dV

v��Nidp��'jmfS��¢LV(Qv�³Ijmpri4v�b4j�fa±fSj bs_N°�vxfy `cjmf�z(V"bkQSV$`djmfS�rgS��vxikj�bs_¯pr�
uε

1

jm`<�mpr�Nvridj�bdQ�T4j�zx°-�3V"�'jm���5jmT�wpI`cV$v
�mpr�Nvridj�bdQ�T4j�zY¢VUQ�v�³Dj�pNiU©�P�p�`dgST gSw ∀ν ∈ [−1; +1]

1





∆⊥Ûε
1,ν = 0

jmf
ωN (ν),

Ûε
1,ν = 0

pNf
∂ωN (ν),

Ûε
1,ν

vryST4j�bk`[v<�mpr�Ivxikj bkQST�jmzY¢LV(Q�v�³Djmpri0v�b'jmfa±�fSj�bs_
.

�0p��3V(³NV(i�bkQSV�wSidVU³Dj�pNg�`�w�idpN¢S��VUT prfS�m_�z(vxi*vrz�bdVUidjm�(Ve`
Ûε

1,ν

gSw"bdp<vrf
vNySyaj�bdjm³rVYz(prf�`cbkvrfIbU© � f�yaV(Vey:°D�®V�`sb*v�bkV
ikVU`dgS� b�pr�V�¦aj�`sbkV(f�z(V'vxf�y<gSfSj�lIgSV(fSVe`d`�� pNi�bdQSV0`dpr�mgabdjmprf`�pr�
6�vxwS��vrz(V®wSikpr¢���VUT�`-�'j�bdQ4�mpr�Nvridj�bdQ�T4j�z3z�prfyaj bkj�pNf
v�b'jmfa±�fSj�bs_r©oP�vx´NV

RN > 0
`dg�z*Q"bkQ�v�b ∀ν ∈ [−1; +1]

°
ωi

N(ν) ⊂ DRN

* bkQSV�yaj�`c´�pr��z�VUfIbdV(i
0
�'j�bdQ$ikvNyaj�g`

RN
jm`'ySV(fSprbdVUy

DRN

,�© 6²V(b0g�`5j�fIbkidpayag�z(V

W 1,−1(Ê⊥\DRN ) = {U ∈ L2
loc(Ê⊥\DRN ) | U(̂� ⊥)

|̂� ⊥| ln |̂� ⊥|
∈ L2(Ê⊥\DRN )

vrf�y ∇U ∈ L2(Ê⊥\DRN )}.

�'QSj�z*Q¬jm`U°�vNz(z�pNikySj�fS�$bkp 3 / � 5 °�bdQSV"f�v�bkgSikvr��³�vxikjmvxbdjmprf�vr�-`dw�vNz�V4� pri�¢�jmyajmT�V(f�`djmprf�vr��6�vrwS�mvNz�V�wSikpr¢S�mV(T�`jmf
gSfD¢LprgSf�ySVUy$yaprT�vxjmf�`U© � f
w�vricbkjmz(gS��vxi'v�� g�f�z?bkj�pNf

U ∈ W 1,−1(Ê⊥ \DRN )
jm`5¢Lprg�f�yaVUy$v�b'jmfa±�fSj�bs_�j���vrf�y

prf���_�j��
lim sup
ζ→+∞

sup
θ∈[0;2π]

|U(ζ; θ)| < +∞ ©

��· � � � 	 
 �
� ��� ��� �

ν ∈ [−1; +1] �
	 � ! � �"� � �)! ���





�  �	�
(U ;α) ∈ H1

loc

(
ωN (ν)

)
× C

� � � � 	 � ��	

∆U = 0
 �

ωN(ν),

U = 0
���

∂ωN(ν),

lim
ζ→+∞

‖U(ζ; θ) − α− ln ζ‖θ,∞ = 0.

� ���� 	 � � � � 
	 � ! � ��� � 	����� �

� � »²»�� �
]DgSw�wpI`cV

ν
j�`-±S¦aVUy²© .�pri�bkQSV0V�¦aj�`sbkV(f�z(Vr°N��V(b

Ũ
¢V5bkQSV0gSfSj�lIgSV'� gSfz?bdjmprf�jmf

W 1,−1(ωN (ν))
`dvxbdj�`s� _DjmfS� 1

∆⊥Ũ = 0
jmf

ωN (ν),

Ũ(̂� ⊥) = − ln |̂� ⊥|
� pNi ̂� ⊥ ∈ ∂ωN (ν).

P5QSVUf
ln |̂� ⊥|+Ũ( �̂ ⊥)

jm`�`dpr�mgabkj�pNf�bdp�bkQSV'vx¢Lp�³rV�w�idpN¢S��VUT/© .�pri�bdQSV5gSf�jmlIgSVUfSVU`k`(°rj �
V
j�`�vxf�pxbdQ�V(i�`cpN��gSbdjmprf

bdp4bkQSjm`0wSidpN¢S�mV(T/°DbdQSVUf
U − V

`dvxbdj�`s±VU`





U − V ∈W 1,−1(ωN (ν)),

∆⊥(U − V ) = 0
jmf

ωN(ν),

U − V = 0
pNf

∂ωN (ν).
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QSVUf�z�V®bdQSV3gSfSj�lIgSV(f�VU`k`�ikVU`dgS��b�� pNi�pNgSi-wSikpr¢S�mV(T{vrzUz�pNikyajmfS�'bkp[bkQSV5gSfSj�lIgSV(fSVe`d`�ikVU`dgS� b�� pri�6�vxwS��vrz(V�wSikpr¢S�mV(T
�'j�bdQ/¢pNgSf�yaVeyafSVe`d`'vxb0j�fa±fSj bs_ * zr© � 3)/ � 5 � pNi'V�¦aV(T�wS�mV-,�©

� f
bdQSV��mj bdbdVUikvxbdgSikV[bkQSV�z�pNf�`cbkvxfIb
α
vrwSwVevxikj�f��<jmf"bkQSV�wSikVUz(VUyajmfS�4��VUT4T�v4j�`0z(vr���mVUy"bdQSV�zUvxw�vNz�j�bs_r©�6²V(b

g�`®z(vx�m�
V̂ν
bkQSV0gSf�jmlIgSV�`cpN��gabkj�pNf�bdp�bkQSV[w�idpN¢S��VUT vrwSwLVUvxikjmfS��j�f�bdQSV[`cbkvxbdVUT4VUfIb®px�:�mV(T�T�v � ©)/x©�'z(z(pri*yajmfS�

bdp�gSfSj�lIgSV(f�VU`k`(°-bkQSV(ikV
V(¦ajm`cbk`
bεν ∈ C

`dg�z*Q§bkQ�v�b
Ûε

1,ν = bεν V̂ν
P�p�� g����m_ z(vrikvNz?bdVUidjm�(V

Uε
1,ν

bdQ�V(ikV
pNfS��_
ikV(T�vxjmf�`3bdp�zUvxi*vrz?bkV(ikj��UV

bεν
©o¡[V(±�fSjmfS��bdQSV� g�f�z?bkj�pNf�`

bε(ν) = bε(x) = bεν
°a�3VQ�v�³rV�±�fvx�m��_�bkQSV�VUlIg�vr��j�bs_

Uε
1 ( � ) = bε( � )V ( � ).

*G� ,

ª�VY`dV(V0bkQ�v�b®bdQSVYfSVUvrio±�VU�my�jm`®z�prf`sbkidg�z�bdVey�prf�bkQSV[¢�vN`cj�`opr��v�`cbkv�bkjmz[wSikpr¢S�mV(T j © Vr©�bkQSV 6�vxwS��vrz(V0VUlIg�vxbdjmprf
`kv�bdj�`c±�VUy¬¢D_

V
©��0VUidV�j�`�`dprT�Vqsg�`cbdj�±zUv�bdjmprf§pr�0prfSV�pr�5bdQSV$vr`k`cgST�wabkj�pNf�`�pr�3bkQSV
�[pr�m�mvrf�y¬T�payaV(��bdQ�vxb

`cbkv�bkVU`5bkQ�v�b[bdQSV�±�V(��yBvryaT�j�bk`Yv�`sb*v�bdj�z�¢LV(Q�v�³Djmpri'jmf/bdQSV<fSV(jm�rQD¢LprikQSpDpay"pr��bkQSV��'jmidVN©3W[p�� �®V��'jm����`sb*v�bkV
bs�3p�wSidpNwVUicbkj�Ve`(°rprfSV'ikV(��v�bkVUy�bdp

V̂ν
vxf�y<bkQSV0pxbkQSV(i�ikV(��v�bkVUy<bdp

V
©�P5QSVU`dV'wSikprwLV(idbdjmVU`-�'jm���Lvx�m��p�� j�f�`dVUz�bdjmprf

�S© /�bdQSV�ySV�±�fSj�bdjmprfBpr��vrf$pNwVUikvxbdpNi3�'j�bdQ��c�rpDpay"w�idpNwVUicbkj�Ve` �wSidp�³Dj�yajmfS��bkQSV�v�³NV(i*vx�rV[³�vr��g�V�px��v4� gSf�z?bkj�pNf
prf$VUvNz*Q"bkikvrf�`d³rV(i*`dVY`dVUz?bkj�pNf/px��bkQSV��'jmidVN©

��· � � � 	 
 �
� ��� ��� � ! �

ν ∈ [−1, 1] �
�2!�� ��	�!

n̂ν
	 � !7� � 	 � �� ���4�
����� ��� ��!G� 	 ��� 	 �

∂ωN(ν)
�����

γ̂ν
	 � ! � � � ���2� !

�'! ��� � �"! ���
∂ωN(ν)

� ��� !��

1

2π

∫ 2π

0

∂V̂ν

∂n̂ν
(ν, θ) γ̂ν(θ) dθ = 1.

� � »²»�� �
]Djmf�z�V

∆⊥V̂ν = 0
�mV�b-g�`-vxw�wS��_�v ��ikV(V(f�� prikT�gS��v0�'j�bdQ<bdQSV®bdVe`sb-� gSfz?bdjmprf

1
jmf�bkQSV5yaprT�vxjmf

ωN (ν)∩Dr�'j�bdQ
r → +∞ ©�ª¯VQ�v�³NV

∫ 2π

0

∂V̂ν

∂n̂ν
(ν, θ) γ̂ν(θ) dθ =

∫ 2π

θ=0

∂V̂ν

∂r
rdθ.

vrzUz�pNikyajmfS��bdpbkQSV0V(¦Dwvxf�`dj�pNf<pr�
V̂ν
jmf4bdQSV0f�V(jm�rQD¢pNidQ�pIpay<px�:jmfa±�fSj�bs_r° ∂ bVν

∂r ∼ 1/r
�'QSV(f

r → +∞ ©���prjmfS�
bdp/bkQSV��mj�T�j�b�� pri

r → ∞ j�f�bkQSV"vx¢Lp�³rV4j�yaV(fIbdj�bs_�_DjmV(��yS`bkQSV"yaVe`cjmidVey�ikVU`dgS��b�`cjmf�z(V�bdQSV�ikj��NQIbQvxf�y¬`djmyaV�rpDVe`3bdp
2π
©

P5QSVBwSikVUz(VUyajmfS�¬wSikprwLV(idbs_§Q�vr`�¢LV(VUf¥yaVUyagz�VUy � ikprT v¬¢�jmyajmT�V(f�`djmprf�vr�0z�prfIbkV�¦DbU©¥ª�VBwSikprwLpN`dV$v¯bdQ�idVUV
yajmT�V(f�`dj�pNf�vx�LikVU`dgS� b5`cjmT�j���vxi®bdp�bdQSj�`3�mvN`sb3idVe`cg�� be©-P5Q�VYyaj ��z�gS��bs_�z�pNT4Ve`o� ikprT bkQSVY�mprf��rj�bdg�yajmf�vr�Lz(gSid³�vxbdgSikV
* �'j�bdQ/ikVU`dwVez?b'bkp

ν
,3px�-V(�m��jmw�`dprj�ySvx�²z(pIpNikySj�f�vxbdVe`(©

��· � � � 	 
 �
��� ! �"! ! �2���	 �

κ > 0
 �	�2! � ! �	� ��� 	 � �

ε
�����

ν
� � � � 	 � ��	 �����

ε
���'��� � ! �
� � � � ����� ∀ν ∈ I

∣∣∣ 1

2π

∫ 2π

0

γε(ν, θ)
∂V

∂n
(ν, θ) dθ − 1

∣∣∣ < κε.

� � »²»�� �
.SpNi E °Sjmf/`kz(vr��Vey
z(pIpNikySj�f�vxbdVe`(° �®V�ikVUz(vr���LbkQSV�V�¦awSikVU`k`cjmprf
px��bdQSV�T�V(bdikjmzYbdVUf�`dpri

d2m = ε2
ξ2 − ν2

ξ2
d2ζ +

ξ2 − ν2

1 − ν2
d2ν + ε2ζ2(1 − ν2) d2θ = h2

1 d
2ζ + h2

2 d
2ν + h2

3 d
2θ.

P5QSV�VelNgv�bdjmprf$px�
Γε �'j�bdQ$bdQSVe`cV�z(pDpri*yaj�fv�bdVe`3jm` (Γε) : ζ = Φ(ν, θ)

©o¡[VUfSpxbkV
n = nζ

∂
∂ζ + nν

∂
∂ν + nθ

∂
∂θbdQ�V�prgabk�rprjmfS�4fSprikT�vx�}bkp

Γε ©-ª¯V�zUvxfBvxw�wS��_�bdQSV�ikVU`dgS��b5pr���mV(T�T�v ��© 
�j�f
bdQ�V�vxwSwLV(f�ySj ¦/vxf�y
pr¢ab*vxjmf

γεnζ =
hνhθ

hζ
= Φ (1 + ε2Φ2)1/2 = Φ +

ε2Φ3

1 +
√

1 + ε2Φ2
.
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ZBpNidVUp�³rV(i�� pri Ê °xjmf�`dzUvx�mVUy4z�pDpri*yaj�fv�bdVe` (ζ, θ) * wLpr��vxi�z�pDpri*yajmf�v�bkVU`G,?°�pNfSV®Vevr`dj��m_�z�pNT�wSgabdVe`�bdQSV5V(¦Dw�idVe`d`dj�pNf
px��bdQ�V�T�V(bdikjmz

γ̂ν
prf

∂ωN (ν)
°�vrf�y
px��bdQSV�pNgabd�NprjmfS�<f�prikT�vr�

n̂ν = n̂ν,ζ
∂
∂ζ + n̂ν,θ

∂
∂θ

bdp
∂ωN (ν)

γ̂ν(θ) =
(
Φ2 + (

∂Φ

∂θ
)2

)1/2

n̂ν,ζ =
Φ

(
Φ2 + (

∂Φ

∂θ
)2

)1/2
γ̂ν n̂ν,ζ = Φ.

.SikprT bkQSj�`<�3V/z(vxf yaVUyagz�V ∃κ > 0
`cg�z*Q
bdQv�b ∀ν ∈ I, ∀θ ∈ [0, 2π] |γεnζ − γ̂ν n̂ν,ζ | < κε2

©
X[`djmfS�4bdQSV�ikV(�NgS�mvridj�bs_�px�

V
°S�3V�z(vrf$vr�m`dp�VU`cbkvx¢���j�`cQ
bdQ�V� pr�m��p��'jmfS�4idVe`cgS��b

∃κ > 0
`dg�z*Q"bkQ�v�b ∀ν ∈ I, ∀θ ∈ [0, 2π] |nθ

nζ

∂V

∂θ
+
nν

nζ

∂V

∂ν
− n̂ν,θ

n̂ν,ζ

∂V̂ν

∂θ
| < κε

.�j�fvx�m��_�f�pxbdVbkQ�v�b

γε ∂V

∂n
= γεnζ

(∂V
∂ζ

+
nθ

nζ

∂V

∂θ
+
nν

nζ

∂V

∂ν

)
.

X[`djmfS��bdQ�V�wSikVUz�VeyajmfS��VU`cbdjmT�v�bdVe`'gSfSj�� prikT6�'j bkQBidVe`cwLVUz�b0bdp
ν
vrf�y

θ
°��3V�pN¢abkvrj�f$bdQ�V�V�¦aj�`sbkV(f�z(V�px�

κ > 0jmf�yaV(wLV(fySvxfIb0px�
ε
vrf�y

ν
`dg�z*Q"bkQ�v�b'� pNi

ε
`dT�vx�m�:V(fSpNgS�rQ/vxf�y"� pri0vrfD_

ν ∈ I
°

∣∣∣
∫ 2π

0

γε(ν, θ)
∂V

∂n
(ν, θ) dθ −

∫ 2π

0

γ̂ν(θ)
∂V̂ν

∂n̂ν
(θ) dθ

∣∣∣ < κε.

�'z(z(pri*yajmfS��bkp���VUT�T�v � © �D°��®V´DfSp�� bkQ�v�b ∫ 2π

0 γ̂ν(θ) ∂ bVν

∂bnν
(θ) dθ = 2π

°�QSV(f�z(V�bdQSV�yaVe`cjmikVUy
idVe`cgS��bU©

�-��� � ������4�),$ 2 4 $ 4 ���-&	4-&�$ � � � 2 " �-2�2<; 2 ' $ 4 � 4�$ � 1

	 
 � 
 � ��» � � � � ·
�
� � ����� » �

ª�V4vridV�f�p��{�rprjmfS��bkp"�mpDpr´
� privxf�V(¦Dwvxf�`dj�pNfBpx�
Uε

1,ν

j�fBbkQSV4fSV(jm�rQD¢LprikQSpDpDy/pr�oj�fS±�fSj�bs_r© � b�`dg/��z�Ve`0bkp
pr¢Sbkvxjmf/`cg�z*Q$vxf$V�¦aw�vrf�`cjmprf�� pri

Vν
©o]Djmf�z�V

Φ
j�`'v

C∞ � gSfz?bdjmprf�°Sj b'j�`3bdVeyaj�pNg�`3¢Sgab0Vevr`d_�z�prT�wSgSbkv�bkj�pNf�bkp
`dQSp�� bdQ�vxb

ν 7→ V̂ν
j�`
C∞ pNf [−1; +1]

vN`[v�� gSfz?bdjmprf�³�vr��gv�bdVey/j�f
W 1,−1(Ê⊥ \DRN )

© � f Ê⊥ \DRN

°

V̂ν
zUvxf/¢LV�yaVUz(prT�wpI`cVey�g�`djmfS��`cVUw�vxi*v�bkj�pNf�px�-³�vxikjmvr¢S�mVU`3j�f$bkQSV� pr�m��p��'jmfS�4T�vxfSfSVUi

V̂ν(ζ) = ln ζ +
+∞∑

p=−∞

Vν,p

ζ |p|
eipθ

ZBpNidVUp�³rV(i®� pri'Vevrz*Q
p ∈ Z
°Sj�b0j�`5VUvr`d_�bkp�`dQSp��¤bdQSV�z(prfIbdjmfDgSprg�`5yaVUwVUf�ySvrf�z�_
px�

Vν,p
�'j�bdQ/ikVU`dwVez?b'bdp

ν

∫ 2RN

RN

∫ 2π

0

V̂ν(ζ; θ)
e−ipθ

ζ
dζdθ =

1

|p|
1

R
|p|
N

(1 − 1

2|p|
) 2π Vν,p

.SikprT>bdQSj�`'�3VySVUyag�z(VbdQSV�V(¦ajm`cbdVUf�z�Vpx��v�z�pNf�`sb*vxfIb
κ > 0

jmf�yaV(wLV(fySvxfIb0px�
ν
`cgz*Q"bkQ�v�b

∀ν ∈ [−1; +1], ∀p ∈ Z, |Vν,p| 6 κR
|p|
N

* � ,

¡YV(ikj�³�v�bkj�f����'j bkQ"ikVU`dwVez?bobkp
ν
jmf�bkQSV[j�yaV(fIbkj bs_ * � ,?°I�®VYpr¢ab*vxjmf�bdQSVYV�¦aj�`sbkV(f�z(V[px�²vrfSpxbkQSV(i3z�prf`sb*vxfIb

κ > 0jmf�yaV(wLV(fySvxfIb0px�
ν
`cg�z*Q$bkQ�v�b

∀ν ∈ [−1; +1], ∀p ∈ Z, | d
dν
Vν,p| 6 κR

|p|
N

vxf�y | d
dν

(1 − ν2)
d

dν
Vν,p| 6 κR

|p|
N

* 
 ,

6²V(b�g`[±fSjm`dQ�bkQSj�`�`dVUz�bdjmprf�¢D_/�'ikj bkj�fS�
bdQ�V�±�i*`cb[bs�3p�bdVUidT�`�px��bdQSV4V�¦aw�vrf�`cjmprfBjmf�bkQSV�fSV(jm�rQD¢LprikQSpDpay/px�
jmfa±�fSj�bs_
pr�-bdQSV�� gSf�z?bkj�pNf

Uε
1

�3V�Q�v�³rV5qsg�`cb�z(prf�`cbdikg�z�bdVUy²© � ���3V�yaVUfSpxbkV
bε(ν) = bεν

vrf�y
V0 : ν 7→ Vν,0

°
bdQ�V(fBvrzUz�pri*yajmfS�<bdp4bdQSV�w�idVez�VUySj�fS��ikVU`dgS��bk`

Uε
1 ( � ) = bε(ν) ln ζ + bε(ν)V0(ν) + o(1)

© �[`0v�z�pNf�`dVUlIgSV(fz�V

Uε
1,as( � ) = bε(ν) ln ζ + bε(ν)V0(ν).
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 � 
 � � ��� » � · �U��� � �a� · �
6²jm´rV�j�f�bkQSV5`cVez?bdjmprf�ySVUyaj�z(vxbdVUy�bdp0bkQSVo� vri²±�VU�my²°��®V®wSidp�³NV�VU`cbdjmT�v�bdVe`:� pNi�bkQSV�fSVevxi�±�V(��y:©�[`�v0z�pNf�`cVelIgSV(f�z(V
�3V��'jm�m�²wSikprwLpN`dVYVe`sbkj�T�v�bkVU`5� pNi5bdQSV� pN���mp��'jmfS�4lIg�vrfIbdj�bdjmVU`

‖Uε
1 − Uε

1,as‖L∞
ξ ⊗L2

ν(T ε) ‖ ∂
∂ξ

{Uε
1 − Uε

1,as}‖L∞
ξ ⊗L2

ν(T ε)
vxfy ‖∆Uε

1‖L2(Zε
pr)

• · �U��� � �a� ·
»�� ‖Uε
1 − Uε

1,as‖2
L∞

ξ ⊗L2
ν(T ε)ª¯V�pN¢abkvrj�f/yajmidVez?bd�m_

Uε
1 − Uε

1,as = bε(ν)
∑

|p|>1

Vν,p

ζ |p|
eipθ

�'z(z�pNikySj�fS�<bdp4bkQSV�j�f�VUlIg�vx�mj�bs_ * �2,5vrf�y"� pri
ε
`dT�vx�m�:V(fSpNgS�rQ²°a�3V�z(vrf"±�fy

κ > 0
j�fyaV(wLV(f�y�vxfIb'px�

νvxf�y
p
`cg�z*Q$bkQ�v�be°D� pri

ζ > RN

∣∣∣
∑

|p|>1

Vν,p

ζ |p|
eipθ

∣∣∣ 6
RN

ζ

∑

|p|>1

|Vν,p|
RN ζ |p|−1

6
κ

ζ
6 κ ε1/2.

�0V(fz�V�bdQSV�Ve`sbkj�T�vxbdV
‖Uε

1 − Uε
1,as‖2

L∞
ξ ⊗L2

ν(T ε) 6 κ ‖bε‖E0(I) ε
1/2

• · �U��� � �a� ·
»�� ‖ ∂
∂ξ{Uε

1 − Uε
1,as}‖2

L∞
ξ ⊗L2

ν(T ε)ª¯V�Q�v�³NV
∂

∂ξ
{Uε

1 − Uε
1,as} =

ξ

ε2ζ
bε(ν)

∑

|p|>1

−|p| Vν,p

ζ |p|+1
eipθ

�0�Nvrj�f$g�`dj�f��4jmfSVelNgvx�mj bs_7* �2,3�3Vpr¢ab*vxjmf
κ > 0

j�f�ySV(wLV(f�ySvrfIb0px�
ν
`dg�z*Q
bdQ�vxb'� pri

ε
`dT�vx�m�:V(fSpNgS�rQ

∣∣∣
∑

|p|>1

−|p| Vν,p

ζ |p|+1
eipθ

∣∣∣ 6
RN

ζ2

∑

|p|>1

|p| |Vν,p|
RN ζ |p|−1

6
κ

ζ2
6 κ ε.

P�vr´IjmfS�4j�fIbkp�vrz(z(prgSfIb3bdQSV� vNz?b'bkQ�v�b | ξ
ε2ζ | < 2

ε3/2

°a�®V�vridV���Vey
bdp

‖ ∂
∂ξ

{Uε
1 − Uε

1,as}‖L∞
ξ ⊗L2

ν(T ε) 6 κ
1

ε1/2

• · �U��� � �a� ·
»�� ‖∆Uε
1‖L2(Zε

pr)X[`dj�fS� * �2,[vxf�y * 
2,�°L`dprT�V�z(prT�wSgab*v�bdjmprf`0_Dj�VU�myBbdQSV<V�¦ajm`cbdVUf�z�V�px�
κ > 0

jmf�yaV(wLV(fySvxfIbYpr�
ε, ν
vxf�y

θ
`dg�z*Q
bdQ�vxb

|ζ ∂
∂ζ
ζ
∂Uε

1

∂ζ
|2 6 κ2 |bε(ν)|2

|ζ ∂U
ε
1

∂ζ
|2 6 κ2 |bε(ν)|2 ln2 1

ε

| ∂
∂ν

(1 − ν2)
∂Uε

1

∂ν
|2 6 κ2

(
|bε(ν)|2 + (1 − ν2)|d b

ε

dν
|2 + | d

dν
(1 − ν2)

d bε

dν
|2

)
ln2 1

ε

|k2(1 − ν2)Uε
1 |2 6 κ2 |bε(ν)|2 ln2 1

ε

|k2ε2ζ2Uε
1 |2 6 κ2 |bε(ν)|2
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ZBprikV(p�³NV(ie°�vrzUz�pri*yajmfS��bkp�bdQ�V4vN`d`dgST�wabdjmprf�bdQ�vxb
Φ(ν; θ) = Φ(ν)

�'QSV(f |ν| > ν0
°:�3V�pN¢abkvrj�f�bdQ�vxb

� pri |ν| > ν0
°
Uε

1

j�`�jmf�yaVUwVUf�ySvxfIb�pr�
θ
© �0�Ivxjmf�g`cjmfS� * �2,�vxf�y * 
2,?°��®V�pN¢abkvrj�f�bkQSV�V�¦aj�`sbkV(f�z(V�px�

κ > 0
j�fyaV(wLV(f�y�vxfIb0px�

ε, ν
vrf�y

θ
`cg�z*Q
bdQv�b

| 1

1 − ν2

∂2Uε
1

∂θ2
|2 6 κ2 |bε(ν)|2

.SikprT bkQSV�wSikVUz�VeyajmfS�<jmfSVelNgvx�mj bkj�Ve`(°S�3V�z(vrf$yaVeyag�z(VbdQSV� pN���mp��'j�f��<pNfSVU`

‖∆Uε
1‖2

L2(Zε
pr)

6 κ2 ‖bε‖E2(I) ln2 1

ε

∫ +1

ν=−1

∫ 2π

θ=0

∫ √
2/ε1/2

ζ=Φ(ν;θ)

ε2
ζ

ξ
dζdνdθ 6 κ2 ‖bε‖2

E4(I) ε ln2 1

ε
.

P�p�`dgST>gSw/�3V�Q�v�³rVYbdQSV�Ve`sbkj�T�vxbdV

‖∆Uε
1‖L2(Zε

pr)
6 κ ‖bε‖2

E2(I) ε
1/2 ln

1

ε

� � 	��5� � �{�)�	��-�$���
; ���£�$�'���6���+& ������8/�'��&$�

ª¥j�bdQ * /-,?°=*G� ,?° * �2,3V(b *G� ,3�®V�yaV(±�fSVUy
bs�3p4� gSf�z?bkj�pNf�`5bkQ�v�b0T<g�`sb0ikV(w�idVe`cVUfNb
uε jmf$bs�®p��(pNfSVU` 1 * �2,3j�f$bdQ�V

fSVevxi0±V(��y/�(prf�V<vxfy * /-,0j�f/bkQSV�� vri0±�VU�my��(prf�Vr©�6�V�b[g�`[� prikT�g��mvxbdV�v�ikV(T�vrid´$z�prfz�V(ikfSjmfS��bdQ�V�� gSf�z�bdjmprf�`
* �2,5vxf�y * /-,?©oª�V�yajmy$fSprb'� gS�m��_"ySV�±�fSVbkQSV(T/°�vrf�y
��V(� b[vxf�y
j�fyaV�bkV(ikT4jmf�vNz�_�pNf

aε vxf�y bε ©-ª�V��'j��m�²fSp��`dQSp�� bdQ�vxb0bdQSV<w�vxjmi
(aε; bε)

Q�vr`0bdp�¢LV<v�`dpr�mgabkj�pNfBpx��vxfBjmfIbdVU�ri*vx�²VelNgv�bdjmprfBjmfBpri*yaVUi'bdp
�rg�vrikvrfNbs_�bdQ�vxb
* �2,[vrf�y4*D/-,Y`cg�j b*vx¢S�m_�yaVU`kz�ikjm¢V<bdQSV�`kvxT�V�±�VU�my

uε idVe`cwLVUz�bdjm³rVU��_/jmf Zε
pr

vxf�y Zε
lo

© � f�yaVUVUy�j �obkQSj�`jm`YbdQ�V
z(vN`cVN°DbdQSVUf

u0 + uε
1

Q�vr`3bkp�¢V�z(��pI`cVbkp
Uε

1

j�f T ε ©®P5QSjm`0jm`'�'Qv�b0�3V��'idj�bdV�fSp��¨j�f/pNikyaVUi5bdp�pN¢abkvrj�f$bdQ�V
VUlIg�vxbdjmprf/`dvxbdj�`s±VUy
¢I_

aε vxfy bε °

u0( � ) + uε
1( � ) − Uε

1 ( � ) −→
ε→ 0
� ∈T ε

0

W0p�� ikV(wS��vrz(j�f��/bdQSV�bkV(ikT�`�jmf§bdQSV
wSikVUz�VeyajmfS�BjmySV(fIbdj�bs_¬¢I_¯bdQ�V(jmi�ikVU`dwVez?bdjm³rV�V(¦aw�vxf�`djmprf²°-vxf�y¬ikV(w��mvNz�jmfS�
� → 0

��¢I_��
= 0

�?°a�3V�pN¢abkvrj�f=1

u0,as( � ) + uε
1,as( � ) − Uε

1,as( � ) = 0

u0,as(ν) +
aε(ν)

4π
ln

( 2

ξ − 1

)
+

1

4π

∫ +1

−1

aε(z) − aε(ν)

|z − ν| dz +
1

4π

∫ +1

−1

aε(z)
eik|ν−z| − 1

|ν − z| dz

+

∫ +1

−1

aε(z)Greg(ν; z)dz − bε(ν) ln

√
2(ξ − 1)

ε
− bε(ν)V0(ν) = 0

P5QSj�`3VUlIg�v�bkj�pNf"j�`5z�prT�wLpN`dVUy"px�²bkV(ikT�`5z(prf�`cbkvrfNb3pri5�mpr�Nvridj�bdQ�T4j�z(vr���m_4³�vrid_DjmfS���'j�bdQ
ξ
© �[`5v4z�pNf�`cVelIgSV(f�z(V

bdQ�V� pr�m��p��'jmfS�<bs�®p�VUlIg�vr��j�bdjmVU`5Qv�³rV�bdp�¢LV�`dvxbdj�`s±�Vey

aε(ν)

4π
+
bε(ν)

2
= 0

u0,as(ν) +
aε(ν)

4π
ln(2) +

1

4π

∫ +1

−1

aε(z) − aε(ν)

|z − ν| dz +
1

4π

∫ +1

−1

aε(z)
eik|ν−z| − 1

|ν − z| dz

+

∫ +1

−1

aε(z)Greg(ν; z)dz − bε(ν)

2
ln

( 2

ε2

)
− bε(ν)V0(ν) = 0

P5QSVe`cV�VelIg�v�bkj�pNf�`[vridV�T�vxbkz*QSjmfS�"z(prf�yaj�bdjmprf`0px��bkQSV�V(¦aw�vxf�`djmprf²©0ª�V<zUvxf�`dj�T�wS�mj�� _/bdQSVUT6g`cjmfS��bkQSV�±�i*`cb
VUlIg�vxbdjmprf vrf�y7wSgabdbdjmfS� j�b"jmf¥bdQSV�`cVez�pNf�y£prfSVN©{ª¯V�vxikVB��Vey£bdp v§`djmfS�r�mV�jmfNbkV(�Nikvr�0VUlIg�vxbdjmprf²© ¡YV�±�f�V
1
2 ln c(ν)2 = ln(4) + V0(ν)

vxfy
v0(ν) = −4π u0,as(ν)

©�ª¯V�pN¢abkvrj�f
bdQSV�VelIg�v�bkj�pNf ∀ν ∈ [−1; +1]

ln(
c(ν)2

ε2
) aε(ν) +

∫ +1

−1

aε(z) − aε(ν)

|z − ν| dz

+

∫ +1

−1

aε(z)
eik|ν−z| − 1

|ν − z| dz +

∫ +1

−1

4π aε(z)Greg(ν; z)dz = v0

*D/U� ,

?A@ <(?CB
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ª�V��'j��m��`cbdg�ya_�bdQSj�`'VUlIg�vxbdjmprf$j�fByaV(bkvrj��G©�ª¯V�ikV(�'ikj�bdVVUlIg�vxbdjmprf * /U�2,3j�f$bdQ�V� pr�m��p��'jmfS�4T�vrfSfSVUi

(
ln

1

ε2
.Id+A+B

)
aε = v0

A
°
B
V(b
Id
vridV��mj�fSVevxi'pNwVUikvxbdpri *

A
jm`5gSfD¢LprgSfyaVUy ,3pr�

L2(I) → L2(I)
ySV�±�fSVey$¢I_





(
Au

)
(ν) =

∫ +1

−1

u(z) − u(ν)

|z − ν| dz

B = B1 +B2 +B3
v�³NVUz

(
B1u

)
(ν) = u(ν) ln c(ν)2

(
B2u

)
(ν) =

∫ +1

−1

u(z)
eik|ν−z| − 1

|ν − z| dz

(
B3u

)
(ν) =

∫ +1

−1

4π u(z)Greg(ν; z) dz

�'z?bkg�vx�m�m_§�®V/wSikp�³rV
j�f bdQSVBvxw�wVUf�yaj�¦ px�YbdQSj�`�yapaz�gST�VUfNb4bdQv�b
B1
°
B2
vxf�y

B3
vridV
¢pNgSf�yaVey *

L2(I)`dgSwSwS�mj�Vey/�'j bkQBbdQ�V�g�`dg�vx��`dzUvx��vxi0wSikpayag�z�bG,?°L�'QSVUidVevr`
A
vrwSwLVUvxi*`5bkp�¢V�gSfD¢pNgSf�yaVey:©-�[`Yv�z�pNf�`cVelIgSV(f�z(V

�3V��'jm�m��vrySvrwab'prgSi5� g�f�z?bkj�pNfS��`dV�bcbkj�f���bdp
A
©

��� � � �7+ ;<1320'
A

� f�pri*yaV(i�bdpB`cbdg�yS_BbdQSV�pNwVUikvxbdpri
A
°�prfSV4ikV(�mV(³�vxfIbT�vrfSfSVUi�z�prf`cj�`sb*`�j�f¯±�f�yajmfS�Bv/yaj�vx�rpNf�vx�mjm�(jmfS�"¢�vN`cj�`U©

ª�V�vxikVY�mg�z*´D_���]ag�z*Q$v4¢�vN`cj�`5V�¦aj�`sb*`'vxf�y
j�`5V�¦awS�mjmz(j b-1-bdQSV� vrT4jm�m_�px� 6²V(�NV(f�ySidV�wpN��_DfSpNT�jmvr�m` *-v�yaV�b*vxjm��Vey
jmfNbkidpayagz?bdjmprf�bkp�6�V(�rVUf�yaikV'wpN��_DfSpNT�jmvr�m`�jm`®v�³�vrj���vx¢���V0jmf�bdQ�VYvxw�wVUf�yaj�¦���© �2,?©�P5QSj�`�jmT�wS�mj�Ve`�jmf�w�vxidbdj�z�g��mvri
bdQv�b�6�V(�NV(f�yaikV�wLpr�m_If�prT�jmvr�m`[�'j��m��wS�mv�_$v�z�VUfIbdi*vx��ikpr�mV�jmf/bdQSj�`�`sbkg�ya_r©YP5QSjm`Yj�`[yagSV�bdp�bkQSV�� vNz?bYbdQ�vxb[bdQ�V
wSikj�fz�jmw�vx�3w�vxidb�pr�0bdQSV$�0VU��T�QSpN� bk�
pNwVUikvxbdpri�j © Vr©¯bdQSV 6�vrwS��vrz�V"prwLV(i*v�bdpNi�j�`<`dpr�m³�vx¢S�mV"¢D_§`cVUw�vxi*v�bkj�pNf¬px�
³�vxikjmvr¢S�mVYjmf/V(�m��jmw�`dprj�ySvx�²z(pIpNikySj�f�vxbdVe`®g`cjmfS�'6²VU�rV(fyaidVwLpr�m_DfSprT�j�vx��`(©

��· � � ��� 
 �
� �
Pn

�� 	 � ! ��� � ! �
n � ! �2! �	���"! � ������� ���0���� ���	�

Wn−1
�� �2! ���
! � � � 	 � !=������� � �)�	��
��� � ���! �' �+�G� � !����� �
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	 � ! �

(APn)(ν) = 2Wn−1(1)Pn(ν).

� � »²»�� �
ª�V�g`cV��mV(T�T�v ��© /�VU`cbkvx¢���j�`cQ�VUy
j�f$bdQ�V�vxwSwLV(f�ySj ¦���© ��ySVUyaj�z(vxbdVUy"bdp 6�V(�NV(f�yaikV�wpN��_DfSpNT4j�vx��`U©

∫ +1

−1

Pn(z) dz√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

=

∫ +1

−1

Pn(z) − Pn(ν)√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

dz + Pn(ν) ln
(ξ + 1

ξ − 1

)

= 2Pn(ν)Qn(ξ)

= Pn(ν) ln
(ξ + 1

ξ − 1

)
+ 2Wn−1(1)Pn(ν)

+Pn(ν)
(
Pn(ξ) − Pn(1)

)
ln

(ξ + 1

ξ − 1

)

+ 2Pn(ν)
(
Wn−1(ξ) −Wn−1(1)

)

�3VU`djmySVU`5j�b0jm`'z(��Vevxi5bdQv�b

(
Pn(ξ) − Pn(1)

)
ln

(ξ + 1

ξ − 1

)
→

ξ→1+

0
vxf�y

Wn−1(ξ) −Wn−1(1) →
ξ→1+

0.
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� fBvrySySj bkj�pNf²°afSpxbkVbdQ�vxb
(ξ2 − 1)(1 − ν2) + (ξν − z)2 > (ν − z)2

°S`dp�yaprT�vxjmf�vxbdVUy$z�pNfD³rV(ik�rVUf�z�VY_Dj�VU�myS`

∫ +1

−1

Pn(z) − Pn(ν)√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

dz →
ξ→1+

(APn)(ν).

P5QSj�`'�rjm³rVe`®bdQSV�yaVe`cjmikVUy
idVe`cgS��bU©

P5QDg�`5� pNi
n ∈ N

°
Pn
j�`[vrf$VUj��NV(fD³rVez?bkpri

A
vr`k`dpDz(jmvxbdVey"�'j�bdQ$bdQ�V�V(jm�rVUfI³�vr��gSV

2Wn−1(1)
© 6²V(b

P̃n = CPn�'j�bdQ
C
z*Q�pN`dV(f7`cg�z*Q bdQv�b ‖P̃n‖L2(I) = 1

©¤]Djmf�z�V
(P̃n)n∈N

jm`�vrf7pridbdQSpNfSprikT�vx�3¢�vr`djm`��'Q�pN`dV$�mjmfSVUvri
z�pNT�¢Sjmf�vxbdjmprf"vridV[ySV(f�`dV[jmf

L2(I)
°a�3V[Q�v�³NV0pr¢SbkvxjmfSVey�v�yaj�vx�Nprf�vr��jm�(jmfS��¢vr`djm`�� pri

A
©�P5QSV`cwLVUz�bdikgST px�

AyaVUfSpxbkVUy
σ(A)
j�`'�Nj�³NV(f$¢I_

σ(A) = {2Wn−1(1) , n ∈ N} �'j�bdQ Wn−1(1) =

n∑

k=1

−1

k

ySV�±�fSjmfS�
W−1(1) = 0.

W0prbdVbkQ�v�b
(Wn−1(1))n∈N

jm`0³rV(ik_��3V(�m�:´If�p��'f²© � f$wvxidbdj�z�gS��vxie°D�®V�Q�v�³NV[bkQSV�z���vr`k`djmzUvx�}idVe`cg�� b

n∑

k=1

1

k
= lnn+ γ + o(1)

�'QSV(f
n→+∞

¡YV�±�fSV
λn = exp(Wn−1(1))

©�]DjmT�wS��V�z(prT�wSgab*v�bkj�pNf�`5_Dj�VU�myS`

2Wn−1(1) = lnλ2
n , λ2

n ∼
n→+∞

e−2γ

n2
, λ2

n >
e−2

(n+ 1)2
*D/ /�,

P5QSVUf$�3Vpr¢ab*vxjmf

D(A) = {u ∈ L2(I) |
+∞∑

n=0

| lnλ2
n|2 |

〈
u; P̃n

〉
|2 < +∞}

Au =

+∞∑

n=0

lnλ2
n

〈
u; P̃n

〉
L2(I)

P̃n , ∀u ∈ D(A)

P5QSV�z(prfD³rVUid�NV(f�z(V[px��bdQSV�`dgST6vx¢Lp�³rV�QSpr��yS`5jmf
L2(I)
©

���
	 �-+ 4�� �7$ 204���= ) &� �7$ 4 � ��;�� ���,&>; �/2
A

]Djmf�z�V'�3V'´DfSp�� jmf�yaV(bkvxjm�abkQSV'prwLV(i*v�bkpri
A
°N�®V'jmfIbdikpayag�z�V0v`dgSj�bkvx¢���V5� gSfz?bdjmprfvx�`dV�bdbdjmfS��©�ª�V'�'j��m��g�`dV5bdQ�V

]DpN¢pN��VU³�`cw�vNz�Ve`�pNf�bdQ�V�g�fSj b0`dwSQSVUidVN© 6�V(�NV(f�yaikV[wLpr�m_DfSprT�j�vx��`�fv�bdg�ikvr���m_�vxwSwLVUvri®jmf�bkQ�v�b0`dV�bdbdjmfS��°Svrf�y�jmf
bdQ�V�`sbkg�ya_"pr��bkQSV�6²VU�rV(fyaidVpNwVUikvxbdpri3�'QSj�z*Q/jm`'vrfSpxbkQSV(i5� pNidT>pr��bkQSV�6�vrwS��vrz�V �3V(��bdi*vxT�j:prf
bdQ�V�`cwSQ�V(ikVr©

L : D(L) → L2(I)

u 7→ d

dν
(1 − ν2)

du

dν
� f�yaVUVUy/�3V�ikVUz(vr����j�f�vrwSwLV(f�yaj�¦���© �a°bdQ�vxb 6²VU�rV(fyaidV�wLpr�m_DfSprT�j�vx��`0yaj�vx�Nprf�vr��jm�(VbkQSV�prwLV(i*v�bkpri L ° ∂ν(1 −
ν2)∂νPl = −l(l + 1)Pl

©�u'VUzUvx�m��jmfS�
bdQ�vxb�]apr¢Lpr�mV(³�`dw�vrz(VU`�px�3j�fIbkV(�ri*vx��pri*yaVUi�pNf�bkQSV�j�fIbkV(ik³�vr�
I
z(vxf�¢LV

yaV(±�fSVUy�¢D_
Hn(I) = {u ∈ L2(I) |

〈
(− d2

dν2 )ku;u
〉

L2(I)
< +∞ k = 0 . . . n} ©ª¯V4jmfNbkidpayagz�V�jmf�bkQSV

`kvxT�VT�vrfSfSVUi5bdQSV�`dw�vrz(VU`

En(I) = {u ∈ L2(I) |
〈
(−L)ku;u

〉
L2(I)

< +∞ k = 0 . . . n}

= {u ∈ L2(I) |
+∞∑

l=0

(1 + l2)n| 〈u;Pl〉L2(I) |2 < +∞ }.

?A@ <(?CB
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ª�V¯z(vrf7�rV(f�V(i*vx�mj��UV/bdQSj�`
ySV�±�fSj�bdjmprf¥�mjm´rV�jmf7bdQSV�z(vN`cVBpr��]apr¢Lpr�mV(³7`cw�vNz�Ve` ∀s ∈ R, Es(I) = {u ∈
L2(I) | ∑+∞

l=0 (1 + l2)s| 〈u;Pl〉L2(I) |2 < +∞ } ©�ª�V�yaV(±�fSV�v�f�v�bkgSi*vx�}fSprikT � pNi5bdQSV�`dw�vrz(V Es(I)
°

∀u ∈ Es(I), ‖u‖2
Es(I) =

+∞∑

l=0

(1 + l2)s| 〈u;Pl〉L2(I) |2.

X[`djmfS��bdQSV�V�¦awSikVU`k`cjmprf$px��bdQSV�6�vxw��mvNz�VprwLV(i*v�bkpri'prf$bkQSV�`dwSQSV(ikV�rjm³rVUf$jmfBw�vrikvr�ri*vxwSQ
�S© �S©)/r°��3V�`cVUVbdQ�vxb
v�� g�f�z?bkj�pNf

u ∈ Es(I)
³�vrf�¢LVYj�yaV(fIbkj � _��'j�bdQ$v�� gSf�z�bdjmprf

ũ ∈ Hs(S2)
`cg�z*Q�bdQ�vxb

∂θũ = 0
©��'z(z(pri*yajmfS��bdp

bdQ�jm`'ikV(T�vrid´��3V�z(vxf
� prikT�g��mvxbdV�bdQSV��mV(T�T�vS°
��· � � ��� 
 �

� ���
n > 1 , Es(I) = Hn(S2) ∩Ker ∂

∂θ
.

W0prbdV$bdQv�b�bdQ�V/`cbkvxbdVUT4VUfIb�px�[bkQSj�`���VUT4T�v¬z�pNfIbkvxjmf�`�vr¢Sg�`dj�³NV
fSprbkvxbdjmprf `djmf�z�VBj�b�z�prfIb*vxjmf�`�vxf£j�T�wS�mjmz(j b
z*Q�vrfS�rVpx�-³�vxikjmvr¢S�mVU`3bdQv�b0bkikvrf�`s� pNidT�`

I
jmfIbdp

S2 1��3V�jmySV(fIbdj�±�VUy$bkQSV�z�pDpNikyajmf�vxbdV
ν
idVUw�vxjmikj�fS��v�wLprjmfIb0px�

I
�'j�bdQ$bdQ�V�z�pDpri*yajmf�v�bkV

ν
prf

S2 ©
P5QSj�`0ikVU`dgS��b[z��mVUvxik�m_
`dgS�r�NVU`cb'bdp��mpDpr´/v�b

J
vr`0v"`cwSQ�V(ikV *�� ,?©0P5QSj�`0j�yaVUv"vx�midVevrya_$vxwSwLVUvridVey
jmfB�mV(T�T�v

�a© /0�'QSj�z*Q��mVUy�g`obkp<z(vrikvNz?bkV(ikj��UV
H1/2(Γε)

¢D_�T�vrwSwSjmfS�
Γε prf�bkQSVY`dwSQSVUidVN©��[V(ikV[�3VYvridV0f�pxb®jmfIbdVUidVe`sbkVUy

jmf
Γε *G�4yaj�T�VUf�`cjmprfvx�²`dgS¢ 
 T�vrfSj�� pr��y ,3¢Sgab0jmf

J
* pNfSV�yajmT4VUf�`dj�pNf�vx� 
 `dgS¢ST�vrfSj � pN�my ,?©��0p��3V(³NV(i5�®V�`dgS�r�NVU`cb

bdp�´NV(V(w/jmf
T�jmf�y
bdQ�vxb
limε→0 Γε = J

©
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ª�V0fSp��£��pDpr´�� pri�v�`cpN��gabkj�pNf4bdpbdQ�V0VUlIg�vxbdjmprf * /e� ,?©�P5QSV[wSidpN¢S�mV(T«j�`-bkQ�v�bobkQSV0pNwVUikvxbdpriovN`d`dpaz�j�v�bkVUy4�'j bkQ
bdQ�jm`®VUlIg�vxbdjmprf�jm`®fSprb�wpI`cj�bdjm³rV�* jmf

L2(I)
,?© � f�yaVUVUy�jmf�bdQ�VYz(vN`cV'�'Q�V(ikV

ε
j�`3`cg�z*Q�bkQ�v�b�bdQSVUidV0V(¦ajm`cbk`

n
�'j bkQ

ε = λn
°:bdQSVUf �V(i

(ln 1
ε2 Id + A) 6= {0} ©<P5Q�V4T�vxbkz*QSjmfS�/VUlIg�vxbdjmprf�j�`i*v�bdQ�V(ipx�®bdQSV4� prikT,z(pIVUikz(j�³NV �z�pNT�w�vrz�b[`cp�bkQSj�`0wSikpr¢S�mV(T6`cQvx�m��vryST4j�b[ikVU`dprfSfvrz�V�� ikVUlIgSVUf�z�jmVU`0ySV(wLV(f�yajmfS��pNf

ε
©5P5Q�jm`[jm`'f�pxb0bkpr�mV(i*vx¢S�mV

¢LVUz(vrg�`dV0�®VYfSV(Vey�bdp4yaV�±fSVYv� g�f�z?bkj�pNf
aε � pri3vxfD_�³�vr��g�V0px� ε ©�P5QDg�`o�3V[�'jm���Lg�`dVYv�ikV(�NgS��vxikj��ev�bdjmprf4bkidj�z*´}©¡YV�±�fSV

Eε = {u ∈ L2(I) | 〈u;Pq〉L2(I) = 0
� pNi

q > [1/
√
ε] }

πε : L2(I) → Eε

u 7→
[1/

√
ε]∑

q=0

〈
u; P̃q

〉
L2(I)

P̃q

.SpNi�vrf
n ∈ N

°
Eε j�`�v$z��mpN`dVUy�`cgS¢ 
 `dw�vrz(V�pr� En(I)

* `dgSwSwS�mj�Vey��'j�bdQ¯bdQSV4fSpNidT ‖ ‖En(I)
,Y`cp

πε
|En(I)

jm`
z�pNfIbdjmfIg�prg�`�vr`�vxf¯prwLV(i*v�bdpNi[� ikprT

En(I)
jmfNbkp

En(I)
© .�privxfD_

n ∈ N
°:��V(b�g�`yaVUfSpxbkV ‖ ‖n

bdQSV�fSpNidT
jmf�yag�z(VUy$¢D_

En(I)
prf

Eε ©oP5QDg�`5j�� T : Eε → Eε j�`'vx�mj�fSVevxi'pNwVUikvxbdprie°IbdQSVUf

‖T‖n = sup
{
‖Tx‖En(I) | x ∈ Eε V(b ‖x‖En(I) = 1

}

W0prbdVbkQ�v�b ∀ε ° A T�vxw�` Eε jmfIbdp�j�bk`dV(���s©oW0p��¨ySV�±�fSV

ln
1

ε2
Id+Aε =

(
ln

1

ε2
Id+A

)
|Eε

� f�`cbdVevry
px��`cpN��³DjmfS�;*D/U� ,?°S�3V�'j��m�²i*v�bdQ�V(i'`cpN��³NV

(
/U�

)ε :





.�j�f�y
aε ∈ Eε `dg�z*Q"bkQ�v�b

(
ln

1

ε2
Id+ Aε

)
aε + πεBaε = πεv0
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# � ����� �)� ! ���

� � ·D» � · � � 
 �
� ���

ε > 0
��� ��� � ! �
� � � �

�
	 � !��"!0!�� ���	 � � � � 
	 � !

aε ∈ Eε
��� � � 	 � ��	

(
ln

1

ε2
Id+Aε

)
aε + πεBaε = πεv0.

� � � � �� 	 ����
aε

� ��	 �� � !��

‖aε‖En(I) 6
2‖v0‖En(I)

ln(
e−2γ

ε
)

.

� � »²»�� �
ª�V�Qv�³rV�bdQSV�V(¦awS��j�z�j�b'� prikT�g��mv 1 ∀u ∈ Eε

(
ln

1

ε2
Id+Aε

)
u =

[1/
√

ε]∑

q=0

ln
(λq

ε

)2 〈
u; P̃q

〉
L2(I)

P̃q .

ª�V�z(vxf/z�pNf�`djmyaVUi'j b*`5j�fD³NV(i*`cVvr`'vrf$pNwVUikvxbdpNi®T�vxw�wSj�f��
Eε bkp Eε 1

(
ln

1

ε2
Id+Aε

)−1

u =

[1/
√

ε]∑

q=0

1

ln
(λq

ε

)2

〈
u; P̃q

〉
L2(I)

P̃q .

X[`djmfS�4bdQSV�z(prT�wSgab*v�bdjmprfvx�:ikV(T�vxik´a`�*D/ / ,�°S�3V�pN¢abkvrj�f$� pNi
ε
`cT�vr���:VUfSprgS�NQ²°

λq

ε
=

1

e (q + 1) ε
>

1

e ([1/
√
ε] + 1) ε

>
1

2e
√
ε

⇒ 1

ln(
λq

ε )2
6

1

ln( e−2

4 ε )

vxfy�bkQSjm`0wSidp�³Dj�yaVU`5vrf$Ve`sbkj�T�vxbdV�� pri5bkQSV�`cwLVUz�bdi*vx�:i*vryajmg�`

ρ
(
(ln

1

ε2
Id+Aε)−1

)
6

1

ln(
e−2

4ε
)

.

]Djmf�z�V4� pNi�vx�m�-bdQSV�`kz(vr�mvriYwSikpayag�z�bk`jmf�yag�z(VUy�¢D_ 〈 ; 〉En(I)

prf
Eε ° (ln 1

ε2 Id + Aε)−1 j�`fSprikT�vx�G© �Y`�v
z�pNf�`dVUlIgSV(fz�Vr° ∀n ∈ N

1

‖(ln 1

ε2
Id+Aε)−1‖n = ρ

(
(ln

1

ε2
Id+Aε)−1

)
6

1

ln(
e−2

4ε
)

.

P5QSV�VelNgv�bdjmprf
(
/e�

)ε
z(vrf
¢LV�T�g�� bkj�wS�mjmVUy/prf
bdQ�V���V(� b0¢I_

(ln 1
ε2 Id+Aε)−1 vrf�y"�3V�vxikV�bdQDg�`'�mVUy"bdp

(
Id+ (ln

1

ε2
Id+Aε)−1πεB

)
aε = (ln

1

ε2
Id+Aε)−1πεv0

�'j�bdQ

‖(ln 1

ε2
Id+Aε)−1πεB‖n 6

‖B‖En(I)

ln(
e−2

4ε
)

�'QSVUidV
‖B‖En(I) = sup

{
‖Bx‖En(I) | x ∈ En(I)

vxf�y ‖x‖En(I) = 1
}

j�`5j�f�ySV(wLV(f�ySvrfIb5pr�
ε
©o]Dp4� pri

ε
`dT�vr���}VUfSprgS�NQ

Id+ (ln 1
ε2 Id+Aε)−1πεB

jm`5jmfD³rVUicbkj�¢S�mVvxf�y"� pri
n
±S¦aVey

vxfy
ε
`cT�vx�m�:V(f�prgS�NQ

‖(Id+ (ln
1

ε2
Id+Aε)−1πεB)−1‖n 6 2.
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]Djmf�z�V�jmf$±�fSj�bdV�yajmT�V(f�`djmprf²°ajmfD³rV(idbdjm¢Sjm��j�bs_�j�`5j�fyaV(wLV(f�y�vxfIb0px��bdQSVbkprwLpr�mpr�N_r°

aε =
(
Id+ (ln

1

ε2
Id+Aε)−1πεB

)−1

(ln
1

ε2
Id+Aε)−1πεv0

j�`5j�f�ySV(wLV(f�ySvrfIb0px��bdQSV�fSpNidT z*QSpN`dV(f"� pri
Eε ©oP5QDg�` ∀n ∈ N

°
aε ∈ Eε(I)

vxfy

‖aε‖En(I) 6
2‖v0‖En(I)

ln(
e−2

4ε
)

.

W0p��¨�®V�`dQSp�� bkQ�v�b
aε z�pNf�`sbkidgz?bdVey"�'j�bdQ/�mV(T�T�v��a© /`kv�bkjm`c±�Ve`'vxwSwSikp�¦aj�T�vxbdV(�m_�VUlIg�vxbdjmprf * /U� ,?©

��· � � ��� 
 �
��� ! �"! ! �2���	 �

τε ∈ ∩n∈NE
n(I)

��� � � 	 � ��	

(ln
1

ε2
Id+A+B)aε = v0 + τε

����� ∀r, s ∈ N, ∃κ > 0
� � � � 	 � ��	 ‖τ ε‖Er(I) 6 κ εs �

� � »²»�� �

(ln
1

ε2
Id+A+B)aε = (ln

1

ε2
Id+Aε + πεB)aε + (Id− πε)aε

= πεv0 + (Id− πε)Baε

= v0 + (Id− πε)Baε − (Id− πε)v0︸ ︷︷ ︸
= τε

.

� b�j�`�z��mVUvxie°²vrzUz�pNikyajmfS�
bdp$bdQ�V�`cT�pDpxbkQSfSVU`k`�px�
u0
°²bdQv�b

v0 ∈ ∩n∈NE
n(I)
vrf�y�`cjmf�z�V

aε ∈ ∩n∈NE
n(I)vxfy

B
T�vxw�`

En(I)
jmfNbkp j�bk`dV(���4� pNi¯vrfI_

n ∈ N
°
Baε − v0 ∈ ∩n∈NE

n(I)
© ZBpNidVUp�³rVUi/`djmfI³

�

z(V
Eε ⊂ ∩n∈NE

n(I)
°Sj�b0j�`0z��mVUvri®bkQ�v�b

(Id− πε)En(I) ⊂ En(I)
� pNi0vxfD_

n
©

�3» � � � � � �
τε ∈ ∩n∈NE

n(I)

W0p��¨�®V�z*QSpDpI`cV
r
vrf�y

s ∈ N
vxfy$`dQSp��¤`dV(wvxi*v�bdVU��_�bkQ�v�b * �'QSj�z*Q$_DjmV(��yS`3bdQ�V�z�prfz��mg�`cjmprf
,�1

(i) ∃κ1 > 0
`(© b ‖(Id− πε)u0‖Er(I) 6 κ1ε

s,

(ii) ∃κ2 > 0
`(© b ‖(Id− πε)Baε‖Er(I) 6 κ2ε

s.

.�j�i*`cb5pr�-vr���G°

‖(Id− πε)u0‖2
Er(I) =

r∑

q=0

〈(−L)q(Id− πε)u0; (Id− πε)u0〉L2(I)

=
r∑

q=0

+∞∑

l=[1/
√

ε]+1

〈
(−L)qu0; P̃l

〉
L2(I)

〈
u0; P̃l

〉
L2(I)

=
r∑

q=0

+∞∑

l=[1/
√

ε]+1

1

l4s(l + 1)4s

〈
(−L)q+2su0; P̃l

〉
L2(I)

〈
(−L)2su0; P̃l

〉
L2(I)

6

{ +∞∑

l=[1/
√

ε]+1

1

l4s(l + 1)4s

}{ r∑

q=0

‖(−L)q+2su0‖L2(I)‖(−L)2su0‖L2(I)

}

6
ε3s

6s

r∑

q=0

‖(−L)q+2su0‖L2(I)‖(−L)2su0‖L2(I).
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�'QSj�z*Q
_DjmV(��yS`
(i)
©�ª¥j bkQ/`djmT4jm��vxi0z�pNT�wSgabkvxbdjmprf$�®VpN¢abkvrj�f

‖(Id− πε)Baε‖2
Er(I) 6

ε3s

6s

r∑

q=0

‖(−L)q+2sBaε‖L2(I)‖(−L)2sBaε‖L2(I)

6
ε3s

6s

r∑

q=0

‖B‖E2q+4s(I) ‖aε‖E2q+4s(I)‖B‖E4s(I)‖aε‖E4s(I)

6

( 2

ln(
e−2γ

ε
)

)2 ε3s

6s

r∑

q=0

‖B‖E2q+4s(I) ‖v0‖E2q+4s(I)‖B‖E4s(I)‖v0‖E4s(I).

ª¥QSj�z*QBz�prfz��mg�yaVU`3bkQSV�wSikpDpx��¢D_"`dQSp��'jmfS�
(ii)
©

����� � "7"72 "�&�) �7$ 8����,&9' 2 " ����& 8������ � $ 4��

6²jm´rV�j�f�bkQSV3wSidVez�Veyaj�f��'bs�®pY`cVez?bdjmprf`(°e�®V®�'j��m�IfSp��¬wSidp�³Dj�yaVoVe`sbkj�T�v�bkVU`�idVU�mvxbdVUy�bkp0bkQSV�T�v�b*z*QSjmfS�[z�pNf�yaj�bdjmprf²©
ª�V5� prikT�gS��v�bkV0vxf�y4wSikp�³rV5vidVe`cg�� b�bkQ�v�b�vr���mp��0`�bdp�´DfSp�� wSidVez�j�`cVU��_�bdQSV0¢LV(Qv�³Ijmpri-pr�

aε �'QSV(f ε→ 0
© � f�v

±�i*`sb�`cbdVUw��®V'�'jm�m�SVU`cbdjmT�v�bdV ‖u0 +uε
1−Uε

1‖2
L∞

ξ
⊗L2

ν(T ε)

vrf�y ‖ ∂
∂ξ {u0 +uε

1−Uε
1}‖2

L∞
ξ

⊗L2
ν(T ε)

©�'z(z(pri*yajmfS�
bdp4bkQSV�z(vr�mz(gS��g`5wSidp�³Dj�yaVUy
¢LV�� prikVr°

u0,as + uε
1,as − Uε

1,as=
(

ln
1

ε2
Id+A+B

)
aε − bε(ν) ln

√
ξ + 1

2
= τε − bε(ν)

2
ln(1 +

ξ − 1

2
).

X[`djmfS�4bdQSV�ikVU`dgS��bk`5prf
τε °a�3V�pr¢Sbkvxjmf
bdQSV�V(¦Dj�`cbdV(fz�Vpx� κ > 0

`dg�z*Q$bdQ�vxb

‖u0,as + uε
1,as − Uε

1,as‖2
L∞

ξ ⊗L2
ν(T ε) 6 κ ‖aε‖E3(I) ε.

� fBz�pNf�z��mg�`dj�pNf"�3V�Q�v�³rV

‖u0 + uε
1 − Uε

1‖L∞
ξ ⊗L2

ν(T ε) 6 ‖u0 − u0,as‖L∞
ξ ⊗L2

ν(T ε) + ‖uε
1 − uε

1,as‖L∞
ξ ⊗L2

ν(T ε)

+ ‖Uε
1 − Uε

1,as‖L∞
ξ ⊗L2

ν(T ε) + ‖u0,as + uε
1,as − Uε

1,as‖L∞
ξ ⊗L2

ν(T ε).

‖u0 + uε
1 − Uε

1‖L∞
ξ ⊗L2

ν(T ε) 6 κ ‖aε‖E3(I) ε
1/2.

P5QSVUf/ySj (}V(ikV(fIbdj�v�bkj�f��<bkQSV�V�¦awSikVU`k`dj�pNf
vx¢Lp�³rV

∂

∂ξ
{u0,as + uε

1,as − Uε
1,as} = −b

ε(ν)

2

1

ξ + 1
QSVUf�z�VbkQSV�V�¦aj�`sbkV(f�z(V�pr��v

κ > 0
jmf�yaVUwVUf�ySvrfNb0pr�

ε
`cg�z*Q
bdQv�b

‖ ∂
∂ξ

{u0,as + uε
1,as − Uε

1,as}‖L∞
ξ ⊗L2

ν(T ε) 6 κ ‖aε‖E3(I).

.�j�fvx�m��_

‖ ∂
∂ξ

{u0 + uε
1 − Uε

1}‖L∞
ξ ⊗L2

ν(T ε) 6 ‖ ∂
∂ξ

{u0 − u0,as}‖L∞
ξ ⊗L2

ν(T ε) + ‖ ∂
∂ξ

{uε
1 − uε

1,as}‖L∞
ξ ⊗L2

ν(T ε)

+ ‖ ∂
∂ξ

{Uε
1 − Uε

1,as}‖L∞
ξ ⊗L2

ν(T ε)

+ ‖ ∂
∂ξ

{u0,as + uε
1,as − Uε

1,as}‖L∞
ξ ⊗L2

ν(T ε).

‖ ∂
∂ξ

{u0 + uε
1 − Uε

1}‖L∞
ξ ⊗L2

ν(T ε) 6 κ ‖aε‖E3(I)
1

ε1/2
.

W0p��£�3V®� pNidT<gS��v�bdV0vikVU`dgS��b-bdQ�vxb��rjm³rVe`�bdQSV'¢LV(Q�v�³Djmpri�pr�
aε ©-P5QSj�`�VU`cbdjmT�v�bdV[�'j��m�S�mVUvry4g�`�bdpbdQ�V0¢VUQ�v�³Dj�pNi

px�
p̃ε j�fB`dgS¢�`dVUz�bdjmprf �S© �D©
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κ1, κ2 > 0
 �	� !�� !���� ��� 	 �D�

ε �
� � � � 	 � ��	
�����

ε
���'��� �=! �
� � � �

�
���	� ����� ��� �

s ∈ R
κ1

ln 1
ε

6 ‖aε‖Es(I) 6
κ2

ln 1
ε

.

� � »²»�� �
ª�V�ikVUzUvx�m�}bdQSV�ySV�±�fSj�bdjmprf/pr�

aε

aε =
(
Id+ (ln

1

ε2
Id+Aε)−1πεB

)−1

(ln
1

ε2
Id+Aε)−1πεv0

ª�V±�ik`cb0`cQ�p�� bdQv�bU°��'j bkQ$ikVU`dwLVUz?b5bkp�bdQSV�fSpNidT ‖ ‖Es(I)
°S�3VQ�v�³rV

aε = (ln
1

ε2
Id+Aε)−1πεv0 +O(

1

ln2 1
ε

)

� f�yaVUVUy/v4g�`dg�vx�²zUvx��z�gS�mg�`5_Dj�VU�my�`

∥∥∥
(
Id+(ln

1

ε2
Id+Aε)−1πεB

)−1

−
(
Id−(ln

1

ε2
Id+Aε)−1πεB

)∥∥∥
Es(I)

6
‖(ln 1

ε2 Id+Aε)−1πεB‖2
Es(I)

1 − ‖(ln 1
ε2 Id+Aε)−1πεB‖Es(I)

vxfy�g�`djmfS�$bdQSV�Ve`sbkj�T�v�bkVU`�� pNibdQSV�pNwVUikvxbdpri*`Ypr¢ab*vxjmfSVUy¬yagSikjmfS�"bkQSV�wSikpDpx�®pr�®bkQSV(pNidVUT �a© /x°²� pNi
ε
`dT�vr���

V(f�prgS�NQ²°
∥∥∥
(
Id+ (ln

1

ε2
Id+Aε)−1πεB

)−1

−
(
Id− (ln

1

ε2
Id+Aε)−1πεB

)∥∥∥
Es(I)

6
2

ln2 1
ε

.

]Dp��'j�bdQ/idVe`cwLVUz�b'bdp4bdQ�V�prwLV(i*v�bdpNi5fSprikT>prf
Es(I)

°S�®VQ�v�³NV

(
Id+ (ln

1

ε2
Id+ Aε)−1πεB

)−1

(ln
1

ε2
Id+Aε)−1 =

(
Id− (ln

1

ε2
Id+Aε)−1πεB

)
(ln

1

ε2
Id+Aε)−1

+O(
1

ln3 1
ε

)

= (ln
1

ε2
Id+Aε)−1 +O(

1

ln2 1
ε

).

]Djmf�z�V�bdQSV�� vrT�j��m_
(πεv0)ε>0

jm`�¢pNgSf�yaVey¬j�f
Es(I)

°��3V�pr¢Sbkvxjmf�bdQSV
yaVU`dj�ikVUy�ikVU`dgS��bU©
W[p�� �3V�fSVUVUy¯bdp
VU`cbdjmT�v�bkV

(ln 1
ε2 Id + Aε)−1πεv0

©
P5QSVUidV�V(¦ajm`cbk`
κ1, κ2 > 0

j�f�ySV(wLV(f�ySvrfIb�px�
ε
`dg�z*Q�bdQ�vxb�� pri

ε
`cT�vx�m�

V(f�prgS�NQ²°Svxf�y"� pri0vrfD_
q = 0 . . . [ 1√

ε
]
° κ2

1

ln2 1
ε

6 1

(ln(
λq
ε )2)2

6
κ2
2

ln2 1
ε

°abdQDg�`5�3V�pr¢Sbkvxjmf

κ2
1 ‖v0‖2

Es(I)

ln2 1
ε

6 ‖(ln 1

ε2
Id+Aε)−1πεv0‖2

Es(I) =

[ 1√
ε
]∑

q=0

(1 + q2)s

(ln(
λq

ε )2)2
|
〈
v0, P̃q

〉
L2(I)

|2 6
κ2

2 ‖v0‖2
Es(I)

ln2 1
ε

vxfy�bkQSjm`[z�prfz��mg�yaVU`3bkQSV�wSikpDpx��pr��bkQSV��mV(T�T�vS©

� � !/� �)�����^���^	��
� �3���
�²	��-!
��	������9��� 	��$� ���
�$�-�'2��(�)�	��&8/�'��&

P5QSj�`'`cVez?bkj�pNf$`dgST�`5gSw$bdQSV�ikVU`dgS��bk`3px��bdQSV�w�idVez�VUySj�fS��`dVUz�bdjmprf�vrf�y"yaV(±�fSVbkQSV�vxwSwSikp�¦aj�T�vxbdVY±�V(��y
ũε bdQ�vxb

j�`[`dgSwSwLpN`dVUy
bdp�¢LV�v��NpDpDy � �)� �G��� vxwSwSikp�¦aj�T�vxbdjmprf$px�
uε © .�j�i*`cb[�®V�ikVUzUvx�m�:bdQ�V�yaV�±fSj bkj�pNf�`0�3V�yaV(±�fSj�bdVU��_

vrySprwab<� pri
aε ° uε

1

vrf�y
Uε

1

© .�pri
ε
`dT�vx�m�®VUfSprgS�NQ²°��3V
yaV(±�fSV

aε vN`�bkQSV"g�fSjmlIgSV/`dpr�mgabdjmprf§j Eε bkp�bdQ�V
VUlIg�vxbdjmprf

(
/U�

)ε : (ln
1

ε2
Id+Aε) aε + πεB aε = πεv0
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# � ����� �)� ! ���

�$·�� ��� ��� » � »�� ��� · � �a� �-· � ¼
ª�V�yaV�±�f�V

uε
1

vr`3bkQSV�gSfSj�lIgSV� gSf�z�bdjmprf/jmf
H1

loc(Ω \ J)
`kv�bkjm`c� _Dj�f��





∆uε
1 + k2uε

1 = 0
jmf

Ω \ J,

uε
1 = 0

prf
∂Ω,

uε
1

pNgabd�NprjmfS�
,

uε
1 −

∫

J

aε( � ′)
eik| � − � ′|

4π| � − � ′| d �
′ ∈ H1

loc(Ω).

�$·�� ��� ��� » � »�� ��� · � · �S� ��· � ¼
.SpNi0vxfD_

ν ∈ [−1; +1]
°D�3V�yaV�±fSV

Ûε
1,ν

vr`3bkQSV�gSfSj�lIgSV�� gSf�z�bdjmprf
H1

loc(ωN (ν))
`dvxbdj�`s� _DjmfS�





∆Ûε
1,ν = 0

j�f
ωN (ν),

Ûε
1,ν = 0

prf
∂ωN (ν),

P5QSVUidVV�¦aj�`sb*`
α ∈ C

`U© b
lim

ζ→+∞
‖ Ûε

1,ν(ζ; θ) + α+
aε(ν)

2π
ln ζ‖θ,∞ = 0.

W0p��§�3V5yaV�±�f�V�bkQSV3vrwSwSikp�¦aj�T�v�bkV�±�VU�my
ũε © .SpNi�bkQSjm`-w�gSidwLpN`dV��3V�jmfIbdikpayag�z�V5v[z(gab�
 p�(�� gSfz?bdjmprf�© �®pNf�`cj�yaVUi

v
C∞ � gSfz?bdjmprf χ : R → [0; 1]

yaVez�ikVUvr`djmfS�
`dg�z*Q¯bdQ�vxb
χ(x) = 0

� pri
x > 1

vxfy
χ(x) = 1

� pNi
x 6 0

©
]DgSw�wpI`cV

�
Q�vr`5VU���mjmw�`cpNjmy�vx�:z�pDpri*yajmf�v�bkVU`

(ξ; ν; θ)
°SbdQ�V(f/¢D_
yaV(±�fSj�bdjmprf

χε( � ) = χ(
ξ2 − ε− 1

ε
).

� f/V(�m��jmw�`dprj�ySvx�²z(pDpri*yaj�fv�bdVe`3�®VQ�v�³NV

(∇χε)( � ) =
2ξ

ε

ξ2 − 1

ξ2 − ν2

(∂χ
∂ξ

)
(
ξ2 − ε− 1

ε
)

�'QSj�z*Q
�mVUvNyS`3bdp�bkQSV�jmfSVUlIg�vr��j�bdjmVU`

‖χε‖L∞(T ε) 6 1
V�b ‖

(ξ2 − ν2

ξ2 − 1

)1/2

∇χε‖L∞(T ε) 6
4‖χ ′‖L∞(R)

ε
.

*D/e�2,

�$·�� ��� ��� » � »�� ��� · � � � � »
�
� � �a� ·���· � ¼

ª�V�yaV�±�f�VbdQSV�vrwSwSikp�¦DjmT�v�bkV0±�VU�my
ũε ¢D_

ũε(x) = (1 − χε(x))(u0(x) + uε
1(x)) + χε(x)Uε

1 (x) ∀ � ∈ ΩR
ε

ª�V�z(vxf/`dgSwSwLpN`dV[bkQ�v�b
Uε

1

* bkQDg�`
ũε ,3j�`5V�¦DbkV(f�yaVey$¢I_

0
jmf

Ωi
ε

°²°S`cp��3V�z�prf`cj�yaV(i
ũε vN`5v�� g�f�z?bkj�pNf$pr� H ©W0prbdVbkQ�v�b

ũε = u0 + uε
1

j�f Zε
lo

vxf�y
ũε = Uε

1

j�f Zε
pr

©�ª�V�yaV(f�pxbdV

p̃ε =
∂ũε

∂n
|Γε

�'QSVUidV
n
jm`5bkQSV�fSpNidT�vx�}pNgabd�NprjmfS�<�'j�bdQ/ikVU`dwVez?b'bkp

Ωi
ε

©

f̃ε ∈ H′ `cgz*Q"bkQ�v�b 〈
f̃ε; v

〉
H′,H

=(Aũε; v)H +

∫

Γε

p̃εv +

∫

ΩR

f v.

P5QSVUf
(ũε; p̃ε) ∈ H×H−1/2(Γε)

`dvxbdj�`s±VU`

(P̃ε) :





∫

ΩR

∇ũε · ∇v − k2

∫

ΩR

ũεv +

∫

ΓR

vTRũ
ε +

∫

Γε

p̃εv = −
∫

ΩR

fv +
〈
f̃ε; v

〉
H′,H

∀v ∈ H,
∫

Γε

qũε = 0 ∀q ∈ H−1/2(Γε).
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� � 	��5� � � �5���-���6�'�:	��(�)��	��

W0p�� �3V�`cQ�p��¨bkQSV(pNidVUT��a©)/�bkQ�v�bYT4Vevxf�`0bdQ�vxb
ũε j�`[v��rpDpayBvxwSwSikp�¦aj�T�vxbdjmprf$px� uε ©0P5Q�jm`[wSidpDpr���'jm����¢LV

yaVez�prT�wLpN`dVUy
j�f$bs�3p�`cgS¢ 
 `cbdVUw 1�`sb*vx¢Sjm��j�bs_7*
1
`sb ��,3vxf�y/z�pNf�`djm`cbkvrf�z�_ *

2
f�y �G,?©

� � � � ��� � $ = $ � 1 = &�8 8��

P5QSV�vrj�T>pr��bkQSj�`5w�vxi*vx�NikvrwSQ�j�`'��VUT�T�v��a© # ©0��VU³Dj�VUf
ε
°D� pNi

fε ∈ Hε′

0

°S�3Vz(prf�`dj�yaV(i3bdQ�V�wSidpN¢S�mV(T

.�j�fy
uε

0 ∈ Hε
0

`cgz*Q"bkQ�v�b
(Aε

0u
ε
0; v)H = 〈fε; v〉Hε′

0 ,Hε
0

∀v ∈ Hε
τ .

*D/ # ,

u'Vez(vx�m�LbdQ�vxb5bdQSV�`dw�vrz(V Hε
0

�5vr`3yaV�±�f�VUy
j�f �*�S© � ©)/�vr`®bdQSV�`dV�b5px��� gSf�z?bkj�pNf�`5px� H �'j�bdQ
bdi*vrz(V[prf Γε VUlIg�vr�
bdp���©

��· � � ��� 
 �
� ���

ε > 0
��� ��� � !�� � � � � ����� ����� ��� �

fε ∈ Hε′

0 �
	 � ! �
�"� ���)! � ��
�� �9� ���0 	�� � � � 
	 � ! � ��� � 	����� ��� ���"!G� ��! �

	 � ! �"!�!��2���	��
κ1 > 0

�����
κ2 > 0

 �	� !�� !���� ��� 	 � �
ε

� � � � 	 � ��	

∀ε > 0 ∀u ∈ Hε
0 , κ1‖u‖H 6 ‖Aε

0u‖H 6 κ2‖u‖H.
� � »²»�� �

�®prfz�V(ikfSjmfS�/z�prfIbkj�fDgSj�bs_r°²j�b�j�`�VUvN`c_BbkpB`cVUV<bkQSV�V�¦aj�`sbkV(f�z(V�px�
κ2
jmf�yaVUwVUf�ySvxfIb�pr�

ε
`dg�z*Q�bdQv�b ∀u ∈

Hε
0, ‖Aε

0u‖H 6 κ2‖u‖H
© .Spri<bdQ�V
ikVU`cb<pr�0bdQSV$wSikpDpx�0�3V
`dQ�vx�m�®w�idpaz�VUVUy§¢D_§z�pNfIbdi*vryaj�z?bkj�pNf²©¬]agSwSwLpN`dV

bdQ�V(ikV"V�¦aj�`sb
εn → 0

vrf�y
wn ∈ Hεn

0

`dg�z*Q§bdQv�b�� pNi4vrfD_
n
° ‖wn‖H = 1

vrf�y ‖Aεn
0 wn‖H → 0

©¯ª¯V
z(vrfB`cgSw�wpI`cVN°�V�¦DbkikvNz?bdjmfS��v�`dgS¢ 
 `cVelIgSV(f�z(V�j ��fSVez�Ve`d`kvxik_r°abkQ�v�b

(wn)
`cbdikprfS�N��_
z�prfD³NV(ik�rVU`5jmf

L2(ΩR)
vrf�y

�3VUvx´D�m_�z�pNfI³NV(ik�rVe`0jmf
H1(ΩR)

bkp��3vriky
w0 ∈ H1(ΩR)

©�P�vx´NV
v ∈ H1

00(ΩR)
±S¦aVey:© �'zUz�pNikyajmfS�
bdp/prg�i

jmfSj bkjmvr��vN`d`dgST�wabdjmprf/�3V�Q�v�³rV
(Aεn

0 wn; v)H 6 ‖Aεn
0 wn‖H ‖v‖H1(ΩR) → 0

�'QSV(f
n → +∞ ©3n�vr`k`cjmfS�4bdpbdQ�V���jmT�j b<¢I_¯�®Vevx´�z(prfD³rVUid�NV(f�z(V

(Aw0; v)H = 0
©/]Djmf�z�V

v
jm`�vrf§vxik¢Sj bkikvrid_/� g�f�z?bkj�pNf

H1
00(ΩR \ J) =

{ v ∈ H1(ΩR) | v = 0
`dgSi'gSf/³rpNjm`dj�fvx�rVyaV

J } V�b"`djmf�z�V H1
00(ΩR \ J)

jm`�ySV(f�`dVBj�f
H1(ΩR)

* `cVUV
�mV(T�T�v ��© ��jmf vxwSwLV(fyaj ¦ ,�°-bdQSVUidV�Q�pr��yS` ∀v ∈ H1(ΩR)

°
(Aw0; v)H = 0

©�P5QSV(f v�z���vr`k`cj�z(vr�oidVe`cg�� b�pr�
gSfSj�lIgSV(f�VU`k`��Nj�³NVU`

w0 = 0
©�ZBprikV(p�³NV(i:bkQSV®wLpN`dj�bdjm³Ij�bs_wSikprwLV(idbs_�pr�abdQSV5¡Yj�ikjmz*Q���V(b�
Gbdp 
 W0VUgST�vxfSf�T�vrw<`cbkvxbdVU`

<e{
∫
ΓR
vTRv} > 0

`cp

‖∇wn‖2
L2(ΩR) 6 ‖∇wn‖2

L2(ΩR) + <e{
∫

ΓR

wn TRwn} = k2‖wn‖2
L2(ΩR) + (Aεn

0 wn; v)H → 0

�'QSj�z*Q j�`<jmf z(prfIbdi*vryaj�z?bkj�pNf§�'j bkQ pNgSi<jmfIbdj�vx�5vr`k`cg�T4wSbdjmprf²© � f z(prf�z(��g�`djmprf§�3V"Q�v�³NV"wSikp�³rVey�bdQ�vxb�bdQ�V(ikV
V�¦aj�`sb*`

κ1 > 0
jmf�yaVUwVUf�ySvxfIb�pr�

ε
`dg�z*Q bdQ�vxb�� pri

ε
`dT�vr���'VUfSprg��rQ ∀u ∈ Hε

0 , κ1‖u‖H 6 ‖Aε
0u‖H
©

ª�V�Q�v�³rV�`dQSp��'f�bkQSV�jmf�qsVUz�bdjm³Dj bs_¯px�3bdQSj�`�prwLV(i*v�bkpri�� pri
ε
`cT�vr��� � f§vNySyaj�bdjmprf²°�`cjmf�z�V Aε

0

jm`pr� .�idVeyaQSpN��T
bs_DwV+.SikVUyaQSpN��T&vx��bdVUidf�vxbdjm³rV�_Dj�VU�my�`�bdQ�V�¢Sj qsVUz?bkj�³Dj�bs_�pr�3bkQSV�pNwVUikvxbdpri Aε

0

°-�'QSj�z*Q�T�Vevxf�`�V(¦ajm`cbdVUf�z�V�vrf�y
gSfSj�lIgSV(f�VU`k`5px��bdQSV�`dpr�mgabdjmprf
bdp4bkQSV�wSikpr¢S�mV(T>�3V�vxikVj�fIbdVUidVe`sbkVUy
j�f�©

��jm³rV(f
ε > 0
°D� pNi

fε ∈ H′ vrf�y gε ∈ H1/2(Γε)
�®V�z�pNf�`djmyaVUi5bdQSV�w�idpN¢S��VUT





.�j�fy
(vε; qε) ∈ H×H−1/2(Γε)

`dg�z*Q"bkQ�v�b

∫

ΩR

∇vε · ∇v − k2

∫

ΩR

vε v +

∫

ΓR

v TRv
ε +

∫

Γε

qε v = 〈fε; v〉H′,H ∀v ∈ H,
∫

Γε

q vε = 〈gε; v〉H−1/2(Γε),H1/2(Γε) ∀q ∈ H−1/2(Γε).

*D/ � ,

� f�pNikyaVUi0bkp"pr¢SbkvxjmfBV�¦aj�`sbkV(f�z(V<vrf�yBgSfSj�lIgSV(f�VU`k`[ikVU`dgS��bk`[vrf�y�vr�m`dp"z�pNfIbdjmfIg�j bs_$VU`cbdjmT�v�bdVe`Yz(prf�z(V(ikfSjmfS��bdQ�V
wSikpr¢S�mV(T * / � ,?°S�3V�'j��m��vxw�wS��_"bdQSV�bkQSV(pNid_�pr��3ikV(�U�(j:vxf�y .�pridbdjmf * zx© � 3 � 5 ,?©

<=<?>�@8A-BDC�EGF�H�I�JGK�L



� � ����� �)� ! ���

��· � � ��� 
 �
��� ! �"! ! �2���	 �

κ > 0
 �	�2! � ! �	� ��� 	 � �

ε
� � � � 	 � ��	 	 � !�	��"�2� !�� � !�� ��	����

τε
����	 �� � !��9	 � !� �-� 
 � �-� �G������ 	�����

sup
v∈H

〈q, τεv〉H−1/2(Γε),H1/2(Γε)

‖v‖H
= sup

v∈H

∫
Γε qv

‖v‖H
> κ ‖q‖H−1/2(Γε)

� � »²»�� �
P�vx´rV

w ∈ H1/2(Γε)
`cg�z*Q�bdQ�vxb 〈q, τεw〉H−1/2(Γε),H1/2(Γε)

‖w‖H
>

1

2
‖q‖H−1/2(Γε)

©P5QSVUf¯vrzUz�pNikyajmfS��bkp
�mV(T�T�v * �a© ��,�°�bkQSV(ikV�V�¦aj�`sb*`

u ∈ H1(ΩR)
`dg�z*Q�bdQ�vxb

u|Γε = w
vxfy ‖u‖H1(ΩR) 6 κ‖w‖H1/2(Γε)

�'j bkQ
κ > 0
©�.SikprT bkQSj�`'�®V�yaVeyag�z(V

sup
v∈H

〈q, τεv〉H−1/2(Γε),H1/2(Γε)

‖v‖H
>

〈q, τεw〉H−1/2(Γε),H1/2(Γε)

‖w‖H

>
〈q, τεw〉H−1/2(Γε),H1/2(Γε)

‖w‖H1/2(Γε)

‖w‖H1/2(Γε)

‖w‖H1(ΩR)
>

1

2κ
‖q‖H−1/2(Γε).

��· � � ��� 
 �
� ���

ε
���'��� � ! �
� � � � ����� ��������� �

fε ∈ H′ � gε ∈ H1/2(Γε) �
	 � ! � �"� � �)! � ��
�� � � ���� 	 � � � � 
	 � ! � ��� � 	 ����

(vε; qε) ∈ H ×H−1/2(Γε)
	 � ��	 ����	 �� � !��  � � � �� 	 ����

‖vε‖H 6
1

κ1
‖fε‖H′ + (1 +

κ2

κ1
)‖gε‖H1/2(Γε)

‖qε‖H−1/2(Γε) 6 (1 +
κ2

κ1
)‖fε‖H′ + κ2(1 +

κ2

κ1
)‖gε‖H1/2(Γε)

� � ! �"!
κ1, κ2

���"!�	 � !0�G��� �G	���� 	���� �2�8!G���� ���+ �7�)! �0� ��� � 
 �

� � »²»�� �

� � ��� � · � · �e�

]DgSw�wpI`cV4�®V4z(vrf�±�f�y¯v
`dVUlIgSVUf�z�V
εn > 0

`dg�z*QBbkQ�v�b
εn → 0

�'QSV(f
n → +∞ °²vxfy�`dg�z*QBbdQv�b� privxfD_

n ∈ N
bdQ�V(ikV�V(¦ajm`cbk`

(wn; pn) ∈ H×H−1/2(Γεn)
`dg�z*Q
bdQ�vxb

∫

ΩR

∇wn · ∇v − k2

∫

ΩR

wn v +

∫

ΓR

v TRwn +

∫

Γε

pn v = 0 ∀v ∈ H1(ΩR),

∫

Γε

q wn = 0 ∀q ∈ H−1/2(Γεn).

ª¥j�bdQSpNgab�ikVU`cbdikjmz�bdjmfS���rVUfSV(i*vx�mj bs_��3V0z(vrf�`cgSw�wpI`cV5bkQ�v�b ∀n, ‖wn‖H = ‖wn‖H1(ΩR) = 1
°Nvxfy<V(¦Dbdi*vrz?bkj�f��

v/`cg�¢�`cVelIgSV(f�z(V�j �5fSVez�VU`k`kvxik_r°:�3V�z(vxf¬`dgSwSwLpN`dV<bkQ�v�b�bkQSV(ikV�V�¦aj�`sb*`
w0 ∈ H1(ΩR)

`dg�z*Q�bkQ�v�b
wn → w0�'QSVUf

n → +∞ jmf v¯�3VUvx´ `dV(f`cV
j�f H1(ΩR)
vxf�y j�f£v¯`cbdikprf��¯`dV(f�`dV
jmf

L2(ΩR)
© �®Q�pIpI`cV$v�±�¦DVey

v ∈ H1
00(ΩR)

© .SpNi
n
��vxik�rV�VUfSprg��rQ²°'�3V�Q�v�³NV ∫

ΩR
∇wn · ∇v − k2

∫
ΩR

wn v +
∫
ΓR
v TRwn = 0

©
n�vr`k`cjmfS��bdp¯bdQSV$��jmT�j b��'QSVUf

n → +∞ �3V$pr¢ab*vxjmf
∫
ΩR

∇w0 · ∇v − k2
∫
ΩR

w0 v +
∫
ΓR
v TRw0 = 0

©
ZBpNidVUp�³rV(i�`cjmf�z(V

H1
00(ΩR \ J)

j�`�yaV(f�`dV�j�f
H1(ΩR)

* `dV(V��mV(T�T�v ��© �2,vxfy
v
j�`�vxik¢Sj�bdi*vxik_r°}�®V�vridV4��Vey

bdp 1 ∫
ΩR

∇w0 · ∇v− k2
∫
ΩR

w0 v+
∫
ΓR
v TRw0 = 0 , ∀v ∈ H1(ΩR)

©oP5QSVu'V(�m�mjmz*Q��mV(T�T�v<j�T�wS�mj�Ve`®bdQ�vxb

w0 = 0
©oP5QIg`5�®Vpr¢Sbkvxjmf ‖wn‖L2(ΩR) → 0

©�ZBpNidVUp�³rV(i ∀n 1

‖∇wn‖2
L2(ΩR) 6 ‖∇wn‖2

L2(ΩR) + <e{
∫

ΓR

wn TRun} = k2‖wn‖2
L2(ΩR) → 0.

.SikprT¨bdQ�jm`��®V�ySVUyag�z(V�bdQv�b ‖wn‖H1(ΩR) → 0
�'QSj�z*Q�z�pNfNbkikvNyaj�z?bk`:bdQSV�vN`d`dgST�wabkj�pNfbdQ�vxb ‖wn‖H1(ΩR) = 1

©
P5QSj�`0z�pNfIbdi*vryaj�z?bkj�pNf"_Dj�VU�my�`3bdQSV�yaVe`cjmikVUy
idVe`cgS��bU©
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���������
	���	�������
������������������� �"!�� � /

�
�
� �U� · ��� ·

ª�V�´DfSp��6bdQ�vxb�bdQSV�bdi*vrz�V�prwLV(i*v�bdpNi
τε : H → H1/2(Γε)

j�`�pNfIbdp�©{ZBpNidVUp�³rVUi4�3V�Q�v�³NVB³rVUidj�±�VUy£jmf
�mV(T�T�v
�D© ��vxfBjmfa� 
 `cg�w�z�pNf�yaj�bdjmprf/� pri

τε ©0ª�V<zUvxf/±�f�y vε
gε ∈ H `cg�z*Q/bkQ�v�b τεvε

gε = gε vrf�y ‖vε
gε‖H 6

‖gε‖H1/2(Γε)

© �'z(z(pri*yajmfS��bdp4�mV(T�T�v4�D© /r°I� pNi3vrfI_
ε
`dT�vx�m�VUfSprgS�NQ²°IbdQSVUidVYV�¦aj�`sb*`3v�gSfSj�lIgSV

vε
0 ∈ Hε

0

`dg�z*Q
bdQv�b

(Aε
0v

ε
0; v)H = (Avε

0; v)H = 〈fε; v〉H′,H − (Avε
gε ; v)H , ∀v ∈ Hε

τ

© �0�Ivxjmf
g`cjmfS����VUT�T�v��a©)/N°

κ1 ‖vε
0‖H 6 ‖Aε

0v
ε
0‖H 6 ‖fε‖H′ + sup

v∈Hε
0

(Avε
gε ; v)H

‖v‖H
6 ‖fε‖H′ + ‖Avε

gε‖H 6 ‖fε‖H′ + κ2‖vε
gε‖H

‖vε
0‖H 6

1

κ1
‖fε‖H′ +

κ2

κ1
‖gε‖H1/2(Γε).

W0prbdV
bdQ�vxb
vε
0 ∈ Hε

0

j��-vrf�y
prfS�m_"j��
vε
0 ∈ H vxf�y

∫
Γε q vε

0 = 0 , ∀ q ∈ H−1/2(Γε)
© �®prf�`dj�yaV(i

vε =
vε
0 + vε

gε

©oP5QSVUf

vε ∈ H vxf�y
∫
Γε q vε = 〈q; gε〉H−1/2(Γε), H1/2(Γε) , ∀ q ∈ H−1/2(Γε)

vrf�y ‖vε‖H 6 1
κ1
‖fε‖H′ + (1 + κ2

κ1
)‖gε‖H1/2(Γε).

¡YV�±�fSV
L : H → C

¢D_ bdQSV�j�yaVUfNbkj bs_
L(v) = 〈f ε; v〉H′,H − (Avε; v)H , ∀v ∈ Hε © .�pri
vrfD_

v ∈
Hε

0, L(v) = 0
°obkQDg�`�vrzUz�pri*yajmfS�¯bdp¬wSikprwLpN`dj bkj�pNf /r© �¯px�03 � 5 °3`dj�fz�V$bdQSVBjmfa� 
 `cg�w£z(prf�yaj�bdjmprf£j�`�`dvxbdj�`s±VUy

bdQ�V(ikV4V(¦ajm`cbk`
qε ∈ H−1/2(Γε)

`cg�z*Q�bdQ�vxb
L(v) = 〈qε; τεv〉 vxfy ‖qε‖H−1/2(Γε) 6 ‖L‖H′

©4P�pB`cgST,gSw

(vε; qε) ∈ H ×H−1/2(Γε)
`kv�bkjm`c±�VU`

(Avε; v)H +

∫

Γε

qε v = 〈fε; v〉H′,H ∀v ∈ H,
∫

Γε

q vε = 〈q; gε〉H−1/2(Γε), H1/2(Γε) ∀q ∈ H−1/2(Γε).

bdQDg�`0jm`3bkQSV�gSfSj�lIgSV�`cpN��gSbdjmprf$px��w�idpN¢S��VUT * / � ,�©oZBprikV(p�³NV(i®bdQSV� pN���mp��'j�f��<Ve`sbkj�T�v�bkVQSpr��yS`

‖qε‖H−1/2(Γε) 6 ‖L‖H′ 6 ‖fε‖H′ + κ2‖vε‖H 6 (1 +
κ2

κ1
)‖fε‖H′ + κ2(1 +

κ2

κ1
)‖gε‖H1/2(Γε).

� �
	 	 204 ),$ ) ���4�� 13"7&>) + = �

� � ·D» � · � � 
 �
� ��� �G �2!��

(ũε, p̃ε) ∈ H×H−1/2(Γε)
�2! ���
! �0 � � ! � 	������� � ��� ! �"!�!��2���	��

κ > 0
 �	�2! � ! �	� ��� 	 � �

ε
� � � �

	 � ��	

‖uε − ũε‖H 6 κ ε1/2 ln 1/ε
! 	 ‖pε − p̃ε‖H−1/2(Γε) 6 κ ε1/2 ln 1/ε.

� � »²»�� �
ª�V��'jm�m��yaVUz(prT�wLpN`dVYbkQSV�wSikpDpx��jmf �4`sbkV(w�` 1

• ��¦awSidVe`d`®bkQSV��r�mpr¢�vr�:V(ikidpNi 1�bdQ�jm`5VUidikpri5j�`5j b*`cVU� ��yaVUz(prT�wLpN`dVUy
j�f$bdQ�idVUV�wvxidbk`'z�pNidikVU`dwLprf�yajmfS��bdp�bdQ�V
pxbdQ�V(i0`cbdV(w`(©

• ��`sbkj�T�vxbdVbdQ�V�V(ikidpNi�� pNi5bdQSV� vri5±�V(��y 1-bdQ�jm`'�'jm�m�²¢V�³NV(ik_�VUvN`c_N©

• ��`sbkj�T�vxbdV0bkQSV0VUidikpri�� pNiobkQSV[fSVevxi�±V(��y 1-�®V0�'jm�m�g�`dV[v�ySj�ikVUz�b3z�pNT�wSgabkvxbdjmprf�vrf�y4bkvr´rV0jmfIbdp�vNz(z�pNgSfIb
bdQSV�ikVU`dgS��bk`3VU`cbkvr¢S��j�`dQSVUy$jmf$`dVUz�bdjmprf � © # © ��vrf�y
j�f$bdQ�V��mvN`sb0`cbdV(w�©
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� � ����� �)� ! ���

• ��`sbkj�T�vxbdV0bkQSV�V(ikidpNi�� pri®bdQSVYT�v�bkz*Q�j�fS�4z�pNf�yaj�bdjmprf 1��®VY�'j��m�:vx��`cp�g�`cV�yajmidVez?b3z(prT�wSgab*v�bkj�pNf"vxf�y�bkvx´NV
j�fIbdp�vNz(z�pNgSfIb5bdQSVikVU`dgS� b*`5px��`cVez?bkj�pNf �S© � vxfy"��vr`cb0`sbkV(w²©

• P�Vez*QSfSj�z(vx�NidVe`cg�� b*`:� pri�V(ikidpNi²VU`cbdjmT�v�bkV�1²wSikpDpx�apx�abkVUz*QSf�jmzUvx�rikVU`dgS��bk`�idVelNg�j�ikVUyjmf�bdQ�V�wSikVUz(VUyajmfS�[`cbdV(w`(©

� 
 ��
 � � � » �-� � · �e� » �
� f pNikyaVUi�bdp�VU`cbdjmT�vxbdV"bdQSV
�r�mpr¢�vr�oV(ikidpNiU°�bdQSV$`sb*vx¢Sjm�mj bs_¬�mV(T�T�vB��VevryS`�g�`�bdp�Ve`sbkj�T�v�bkV ‖f̃ε‖H′

© � f�yaV(Vey
�mV�b�g�`�z(prf�`dj�yaV(ibkQSV"yaj)(LVUidVUf�z�V�¢LV�bs�3V(VUf¬wSidpN¢S�mV(T

(Pε
ex)
vxfy

(P̃ε)
© � �5�3V�yaV�±fSV

vε
ap = ũε − uε vrf�y

qε
ap = p̃ε − pε °abdQSVUf (vε

ap; q
ε
ap) ∈ H×H−1/2(Γε)

`kv�bkjm`c±�VU`





∫

ΩR

∇vε
ap · ∇v − k2

∫

ΩR

vε
apv +

∫

ΓR

vTRv
ε
ap +

∫

Γε

qε
apv =

〈
f̃ε; v

〉
H′,H

∀v ∈ H,
∫

Γε

qvε
ap = 0 ∀q ∈ H−1/2(Γε).

�0w�wS��_DjmfS���mV(T�T�v��a© # �3Vpr¢ab*vxjmf
κ > 0

j�f�ySV(wLV(f�ySvrfIb0px�
ε
`cgz*Q"bkQ�v�b

‖vε
ap‖H = ‖ũε − uε‖H 6 κ ‖f̃ε‖H′ ‖qε

ap‖H−1/2(Γε) = ‖p̃ε − pε‖H−1/2(Γε) 6 κ ‖f̃ε‖H′ .

�{yajmidVez?b0z(vr�mz(gS�mg�`5��VevryS`3bkp

‖f̃ε‖H′ = sup
v∈H

〈
f̃ε; v

〉
H′,H

‖v‖H
〈
f̃ε; v

〉
H′,H

=

∫

ΩR

∇ũε · ∇v − k2

∫

ΩR

ũεv +

∫

ΓR

vTRũ
ε +

∫

Γε

p̃εv −
∫

ΩR

fv

=

∫

ΩR

fv +

∫

ΩR
ε

∇
{

(1 − χε)(u0 + uε
1) + χεUε

1

}
· ∇v +

∫

Γε

p̃εv

−k2

∫

ΩR
ε

{
(1 − χε)(u0 + uε

1) + χεUε
1

}
v +

∫

ΓR

vTR(u0 + uε
1)

=

∫

ΩR

fv +

∫

ΩR
ε

{
(1 − χε)∇(u0 + uε

1) + χε∇Uε
1

}
· ∇v −

∫

ΩR
ε

(u0 + uε
1 − Uε

1 )∇χε · ∇v

−k2

∫

ΩR
ε

{
(1 − χε)(u0 + uε

1) + χεUε
1

}
v +

∫

ΓR

vTR(u0 + uε
1) +

∫

Γε

p̃εv

� �a� �-· � ¼ · ��� » �





=

∫

ΩR

fv +

∫

ΩR

∇(u0 + uε
1) · ∇{(1 − χε)v}

−k2

∫

ΩR

(u0 + uε
1){(1 − χε)v} +

∫

ΓR

{(1 − χε)v}TR(u0 + uε
1)

� · �S� �-· � ¼ · ��� » �
+

∫

ΩR
ε

∇Uε
1 · ∇{χεv} − k2

∫

ΩR
ε

χεUε
1v +

∫

Γε

p̃εv

� �a�e��� ��� � · ��� » �
+

∫

T ε

∇χε · ∇(u0 + uε
1 − Uε

1 )v −
∫

T ε

(u0 + uε
1 − Uε

1 )∇χε · ∇v

6²pDpN´IjmfS�Bv�b�bdQSV�w�idpN¢S��VUT�`�`sb*v�bkjm`c±�VUy�¢D_
u0
vrf�y

uε
1

°��3V�`dV(V�bkQ�v�b�bkQSV�� vri�±�V(��y¬V(ikikprijm`�³rVUid_¯VUvr`d_Bbkp
z�pNT�wSgabdV
∫

ΩR
ε

fv+

∫

ΩR
ε

∇(u0+u
ε
1)·∇{(1−χε)v}−k2

∫

ΩR
ε

(u0+u
ε
1){(1−χε)v}+

∫

ΓR

{(1−χε)v}TR(u0+u
ε
1) = 0.
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������������������� �"!�� � #

� 
 ��
 � �B· �a� ��· � ¼ · ��� » �
ª�V�Q�v�³rVz�pNf�`sbkidgz?bdVey�bkQSV�fSVevxi5±�VU�my$jmf/`dg�z*Q/v4T�vrfSfSVUi5bdQ�vxb'bdQSj�`'V(ikikpri3jm`'³NV(ik_�`cT�vr���

∫

ΩR
ε

∇Uε
1 · ∇{χεv} − k2

∫

ΩR
ε

Uε
1χ

εv +

∫

Γε

p̃εv = −
∫

ΩR
ε

∆Uε
1χ

εv − k2

∫

ΩR
ε

Uε
1χ

εv.

ª�V�VU`cbdjmT�vxbdV�bdQ�V���V(� b[Q�vxfy
`djmySV�¢I_"T4Vevxf�`5pr� � � © # © �<vrf�y
��VUT4T�v��D©��a°
∫

ΩR
ε

∆Uε
1χ

εv 6 ‖∆Uε
1‖L2(Zε

pr)
‖v‖L2(Zε

pr)
6 κ ‖aε‖E4(I) ε

1/2 ln 1/ε . ε1/2 ln 1/ε = κ ε ln 1/ε,

∫

ΩR
ε

χεUε
1v 6 ‖Uε

1‖L2(Zε
pr)

‖v‖L2(Zε
pr)

6 κ ε1/2 ‖V0‖L∞(Zε
pr)

‖aε‖L2(I)‖v‖L2(Zε
pr)

6 κ ε ln2 1/ε.

� 
 ��
 � � �a�U��������� · ��� » �
W0p��¨�®V�b*vrz*´D��V�bkQSV�T�v�bkz*Q�j�fS��VUidikprie©�ª�V�Q�v�³NV�z*QSpI`cVUf

aε � pri5bkQSjm`0V(ikidpNi�bkp�¢V�`dT�vx�m�
∫

ΩR
ε

(u0 + uε
1 − Uε

1 )∇χε · ∇v =

∫

T ε

(u0 + uε
1 − Uε

1 )
∂χε

∂ξ

∂v

∂ξ
(ξ2 − 1) dξdνdθ

6

(∫

T ε

∣∣∣(u0 + uε
1 − Uε

1 )
∂χε

∂ξ

∣∣∣
2

(ξ2 − 1) dξdνdθ
)1/2

‖v‖H

6
κ

ε

(∫

T ε

∣∣∣u0 + uε
1 − Uε

1

∣∣∣
2

(ξ2 − 1) dξdνdθ
)1/2

‖v‖H

6
κ

ε1/2

(∫ √
1+2ε

ξ=
√

1+ε

(ξ2 − 1) dξ
)1/2 ∥∥∥u0 + uε

1 − Uε
1

∥∥∥
L∞

ξ ⊗L2
ν(T ε)

‖v‖H

6 κ ε1/2
√

ln 1/ε ‖v‖H.

.SpNi5bdQSV�`dVUz(prf�y"bdVUidT/°ag�`djmfS��z�pNidpN����vxik_"�D© /Y�3V�vx��`cp�Q�v�³NV

∫

ΩR
ε

∇χε · ∇(u0 + uε
1 − Uε

1 )v =

∫

T ε

v
∂χε

∂ξ

∂

∂ξ
(u0 + uε

1 − Uε
1 ) (ξ2 − 1) dξ dν dθ

6

(∫

T ε

∣∣∣ ∂
∂ξ

(u0 + uε
1 − Uε

1 )
∣∣∣
2

(ξ2 − 1) dξdνdθ
)1/2

‖v∇χε‖L2(T ε)

6 κ ln 1/ε
(∫ √

1+2ε

ξ=
√

1+ε

(ξ2 − 1) dξ
)1/2 ∥∥∥ ∂

∂ξ
{u0 + uε

1 − Uε
1}

∥∥∥
L∞

ξ ⊗L2
ν(T ε)

‖v‖H

6 κ ε1/2 ln 1/ε ‖v‖H.
� 
 ��
 	 � �U��� � �a��� » � � · ����� �U�
��· � � ��� 
 	
� ��� ��� �

ε > 0
����� ����� ��� �

v ∈ H �
	 � ! �"!0! �2���	��

κ > 0
� � � � 	 � ��	 ‖χεv‖H 6 κ ‖v‖H ln 1/ε

�

� � »²»�� �
�'z(z(pri*yajmfS��bkp�bdQSV�ySV(f�`dj bs_
px�

C∞(ΩR)
jmf H j b0j�`0`dg/��z�jmV(fIb'bdp�`dQSp�� bkQ�v�b v jm`'³NV(ik_�`cT�pDpxbkQ²©�P�vx´NV

O vxf�y ξ0
�mj�´NV�j�f �?�a© # © # © ª�V¯zUvxf vr`k`dgST�VBbdQ�vxb

ξ0
jm`
`cg7��z(j�VUfIbd�m_£z(��pI`cVBbkp

1
°5bdQSVUf¤`cg�wSwpI`cV�bdQ�vxb

Ωi
ε ⊂ O ⊂ ΩR

� pNi
ε
`cT�vr����V(fSpNgS�rQ�©[P�vr´rV�v

C∞ z�gab 
Gp (¯� g�f�z?bkj�pNf χ̃ `dg�z*QBbkQ�v�b χ̃( � ) = 1
j �
ξ < ξ0/2vxfy

χ̃( � ) = 0
j �
ξ > ξ0

©-`cjmf�z(V5bdQSV
v 7→ χ̃v

T�vrw�`oz�pNfIbdjmfIg�prg�`d��_ H jmfIbdp�j�bk`dV(���s°N�3V0z(vrf�idVe`sbkidj�z?b�prg�ik`dV(�m³rVe`
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� � ����� �)� ! ���

bdp4� gSfz?bdjmprf`
v ∈ H `dg�z*Q
bdQ�vxb v( � ) = 0

j��
ξ > ξ0

©oXY`cjmfS�4bdQ�V�VU`cbdjmT�vxbdVe` * /e�2,?°S�3V�z(vrf
¢LprgSfy ‖χε v‖Hjmf
bkQSV� pr�m�mp��'j�fS�4T�vxfSf�V(ie©

‖χεv‖2
H = ‖χεv‖2

L2(ΩR)+‖∇(χεv)‖2
L2(ΩR) 6 ‖v‖2

L2(ΩR) + 2‖∇v‖2
L2(ΩR) + 2

κ1

ε2
‖ v

( ξ2 − 1

ξ2 − ν2

)1/2

‖2
L2(T ε).

�[`[v4z(prf�`dVUlIgSVUf�z�V�j�b0jm`0`dg/��z�jmV(fIb5bdp�`dgSj�bkvr¢S��_"VU`cbdjmT�vxbdVbkQSV�idjm�rQIb5Q�vxfy$`dj�yaVj�f$bdQ�V�vx¢Lp�³rV�jmyaVUfIbdj�bs_r©

|v(ξ; ν; θ)| =
∣∣∣
∫ ξ0

ξ

∂v

∂ξ
(τ ; ν; θ)dτdνdθ

∣∣∣

6

(∫ ξ0

ξ

∣∣∣∂v
∂ξ

(τ ; ν; θ)
∣∣∣
2

(τ2 − 1)dτdνdθ
)1/2

∫ ξ0

ξ

dτ

τ2 − 1

6 κ2 ln
(ξ + 1

ξ − 1

) (∫ ξ0

ξ

∣∣∣∂v
∂ξ

(τ ; ν; θ)
∣∣∣
2

(τ2 − 1)dτdνdθ
)1/2

.

‖ v
( ξ2 − 1

ξ2 − ν2

)1/2

‖2
L2(T ε) =

∫ 2π

θ=0

∫ +1

ν=−1

∫ √
1+2ε

ξ=
√

1+ε

|v(ξ; ν; θ)|2(ξ2 − 1)dξdνdθ

6 κ2 ‖v‖H
∫ √

1+2ε

ξ=
√

1+ε

(ξ2 − 1) ln2
(ξ + 1

ξ − 1

)
dξ.

�{`dj�T�wS�mV�z�pNT4w�gabkvxbdjmprf/`cQSp��0`®bkQ�v�b'bkQSV(ikVV�¦ajm`cbk`
κ3 > 0

`dg�z*Q$bdQ�vxb

∫ √
1+2ε

ξ=
√

1+ε

(ξ2 − 1) ln2
(ξ + 1

ξ − 1

)
dξ 6 κ3 ε

2 ln2 1/ε

�'QSj�z*Q$z(prf�z(��gyaVU`3bkQSV�wSikpIpr�s©

ª�V�z(vxf$g�`dV�v4w�vxidb'px��bkQSV�wSikVUz(VUyajmfS��wSikpIpr��bkp4pN¢abkvrj�f$bkQSV�fSV�¦Db0z�pNidpN����vxik_
� » � » � � �a� ¸ � 
 �
� ��� ��� �

ε > 0
����� ����� ��� �

v ∈ H �
	 � ! �"!0! �2���	��

κ > 0
� � � � 	 � ��	 ‖v∇χε‖L2(T ε) 6 κ ‖v‖H ln 1/ε

ª�V�vx��`cp4wSikp�³rVvxfSprbdQSVUi5bdVUz*Q�fSjmzUvx�:�mV(T�T�v
��· � � ��� 
 �
� ��� ��� �

ε > 0
����� ����� ��� �

v ∈ H �
	 � ! �"!0! �2���	��

κ > 0
� � � � 	 � ��	 ‖χεv‖L2(ΩR) 6 κ ‖v‖H ε1/2 ln 1/ε

� � »²»�� �
6²jm´rV�j�fBbkQSV�w�idVU³Ijmprg`'��VUT�T�v�°j�bYj�`�`cg/��z(j�VUfNbYbdp�w�idp�³NVbdQSj�`[ikVU`dgS��b[� pNi

C∞ � gSf�z�bdjmprf�` v `cg�z*Q�bdQ�vxb
v( � ) = 0

�'QSVUf
ξ > ξ0

� pNi
ξ0
±S¦aVUy²©oX[`dj�fS�4bkQSV�wSikpIpr��pr���mV(T�T�v��D© � °

‖v‖2
L2(Zε

pr)
=

∫ 2π

θ=0

∫ +1

ν=−1

∫ √
1+2ε

ξ=
√

1+ε

|v(ξ; ν; θ)|2(ξ2 − ν2)dξdνdθ

6 κ ‖v‖2
H

∫ √
1+2ε

ξ=
√

1+ε

(ξ2 − ν2) ln
(ξ + 1

ξ − 1

)
dξ.

�0�Ivxjmf
�3Vpr¢�vxbdjmf$bdQSVV�¦aj�`sbkV(f�z(V�px�-v
κ > 0

`cgz*Q"bkQ�v�b

∫ √
1+2ε

ξ=
√

1+ε

(ξ2 − ν2) ln2
(ξ + 1

ξ − 1

)
dξ 6 κ ε ln2 1/ε.

?A@ <(?CB
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 ��
 � � » ����� ����� » �
�v�bkQSV(ikjmfS�4bdQSV�ikVU`dgS��bk`'vx¢Lp�³rVN°D�®Vpr¢Sbkvxjmf
bdQSV�V(¦Dj�`cbdV(fz�V�px�

κ > 0
jmf�yaVUwVUf�ySvxfIb0pr�

ε
`dg�z*Q
bdQ�vxb

‖f̃ε‖H′ 6 κ ε1/2 ln 1/ε.

bdQ�jm`0z(prf�z(��gyaVU`3bkQSV�wSikpIpr��pr��bdQ�V(prikV(T��D© /x©

� � �
�&=>�?�-� �)�'&
�'�

��� � � .0&("�� �0$ 4��:204 ) & � �/$ 204�) 2 ' ���-& 5�$ "7&

ª¥j�bdQ
ũε �®V'z(prf�`cbdikg�z?bkVUy<vY�NpDpDy<vxwSw�idp�¦ajmT�vxbdjmprf�pr� uε ©-]ag�z*Q4vrf4vrwSwSikp�¦aj�T�v�bkj�pNf�j�`�jmfIbdVUidVe`sbkj�fS�¢LVUzUvxg�`dV

j�b�jm`oVUvr`djmV(i-bdp�j�¢�vxbdjmf�j�fa� pNidT�vxbdjmprf�vx¢Lprgab
ũε © � f�w�vxidbdj�z�g��mvrioz��mpN`dV5bdp Γε °I¢LV(Q�v�³NVU`-�mj�´NV5bdQSV[`dpr�mgabkj�pNf4pr�}vrf

V(�mVUz�bdikpN`cbkvxbdj�z'wSikpr¢S�mV(T/©�ª¯VY�'j��m�g`cV[bdQSj�`�jmfa� pNidT�v�bkj�pNf²©�ª¯VYj�fIbdikpayag�z(V[v�fSVU�7� gSf�`cbdjmprf�vr�L`dV�bdbdjmfS��� ikp�bdQ�V
� gSf�z�bdjmprf�`�bdQv�b �s�mj�³NV �0prf�bdQSVY�'j�ikV

Γε © 6�V�b5g�`®idVez(vx�m�SbkQ�v�b3�®VYQ�v�³rVY`cgSw�wpI`cVey�bdQ�vxb�bkQSV�`dgSid� vrz(V0T�VUvr`dgSikV
prf

Γε j�` γε(θ, ν)dθdν
© � �

u ∈ C∞(Γε)
�3V�yaV�±fSVbdQSV� g�f�z?bkj�pNf

µεu
¢I_

(µεu)(ν) =

∫ 2π

0

u ◦ (φΓε

el )−1(ν; θ)
∂V

∂n
◦ (φΓε

el )−1(ν; θ) γε(ν; θ) dθ

∫ 2π

0

∂V

∂n
◦ (φΓε

el )−1(ν; θ) γε(ν; θ) dθ

.

P5QSV�vx¢Lp�³rVYV�¦awSikVU`k`cjmprf"jm`5�3V(�m�:yaV�±�f�VUy
¢Vez(vxg`cVvrzUz�pri*yajmfS��bkp���VUT4T�v � © # bkQSV�yaV(f�prT�j�fv�bdpNi®j�`'yaj)(LVUidVUfIb
� ikprT

0
� pri

ε
`dT�vr����V(fSpNgS�rQ�©5W[pxbkV�vx��`cp�bdQ�vxb0� pri

u ∈ C∞(Γε)
`dg�z*Q/bdQv�b ∂u

∂θ = 0
*
u
yapDVU`[fSpxb�yaV(wLV(f�y

prf¯bdQ�V�³�vridj�vx¢���V
θ
,?°��®V�Q�v�³NV

µε(u) = u
©4Z�prikV(p�³rVUiYj��5�®V�`dgSwSwLpN`dV<bkQ�v�b

u ∈ C∞(Γε)
bkQSV(f

µε(u) ∈
L2(I)
©�P5QSVUidV�V(¦Dj�`cbk`

κ > 0
jmf�yaVUwVUf�ySvrfNb<px�

u ∈ C∞(Γε)
*'¢Sgab�vx��`cpBjmf�yaVUwVUf�ySvrfNb<px�

ε
,�`cg�z*Q¬bkQ�v�b

‖µεu‖L2(I) 6 κ‖u‖H1/2(Γε)

* bdQSj�`�j�`�v/`cjmT�wS��V�z(prf�`dVUlIgSVUf�z�V4px���3vxgz*QI_ 
s]az*QD�3vricbk��jmfSVUlIg�vr��j�bs_8,?©�X[`dj�f��
yaVUf�`cj�bs_��3V�yaV�±fSV�v/z�prfIbkj�fDgSpNg�`�T�vrw

µε : H1/2(Γε) → L2(I)
©"ª¯V�yaVUfSpxbkV�j b*`�i*vxfS�NV Mε = Imµε

vxfy j�bk`/´rVUidf�V(�
H

1/2
µ (Γε) = Ker µε ©>ª�V�Q�v�³rV�`sbkikvrj��NQNbd� prik�3vrikyS��_ H1/2

µ (Γε) ⊂ Ker p̃ε * jG© VN©>� pNi

v ∈ H
1/2
µ (Γε)

° 〈p̃ε; v〉 = 0
,?©�P5QDg�`

µε jmf�yag�z(VU`4vxf§j�`cpNT�prikwSQSj�`cT µε : H1/2(Γε)/H
1/2
µ (Γε) → Mε ©

�®prf`cj�yaV(ikjmfS��bkQSVBlNg�pxbdjmV(fIb4bdpNwpN��pN�r_¬prf
H1/2(Γε)/H

1/2
µ (Γε)

°��3V$zUvxf `dgSwSw���_ Mε �'j bkQ bkQSV/gSfSj�lNg�V
bdpNwpN��pN�r_�� pNi'�'QSjmz*Q

µε jm`'vrf/QSprT�V(pNT�prikwSQSj�`cT/©-P5QSV(f/�3V�Qv�³rV

‖u‖Mε = inf
v0∈H

1/2
µ (Γε)

‖v + v0‖H1/2(Γε)

� pri
u ∈ Mε , v ∈ H1/2(Γε)

�'j�bdQ
µεv = u.

¡YV(fSprbdV Mε′ bdQSV�bkprwLpr�mpr�NjmzUvx�²yag�vr� Mε ©��{f�vxbdgSi*vx��lIgSVe`sbkj�pNf�z�pNf�`cj�`cb0j�f�vN`c´DjmfS���'QSV�bkQSV(iYv���jmfS´
V�¦ajm`cbk`
¢LV�bs�3V(V(f Mε vxf�y¯bdQ�V�`cw�vNz�Ve` En(I)

¢prbdQ¬g�`dVUy�� pribdQ�V�yaVU`kz�ikj�wSbdjmprf�px�3� gSf�z?bkj�pNf�`prf�bkQSV��'j�ikVr©�P5QSV
vxf`c�3V(i5j�`'�rjm³rVUf"jmf
bkQSV�fSV(¦Ib0�mV(T�T�vS©
� � ·D» � · ��� 
 �

Mε = E1/2(I)
���	� Mε′

= E−1/2(I).

� � »²»�� �
�'z(z(pri*yajmfS��bdp��mV(T�T�v��a© /x°NbdQSV[T�vrw

(φΓε

el )−1 ◦φS2

sp

jm`
C1− yaj)(LhUprT�prikwSQSj�`cT vxfy<j�b®jmf�yagz�VU`obdQSV[T�vrw(

(φΓε

el )−1◦φS2

sp

)∗ yaV�±fSVUy�¢I_ (
(φΓε

el )−1◦φS2

sp

)∗
u = u◦(φΓε

el )−1◦φS2

sp

�'QSV(f
u ∈ L2(Γε)

© (
(φΓε

el )−1◦φS2

sp

)∗
j�`²v'z�pNfNbkj�fDgSpNg�`:j�`cpNT�prikwSQSj�`cT¥� ikprT

L2(Γε)
prfIbdp

L2(S2)
°�vxfy�� idpNT

H1(Γε)
prfIbdp

H1(S2)
© �'z(z�pNikySj�fS�3bkp

z���vr`k`djmzUvx�rjmfIbdVUidwLpr��v�bkj�pNf�idVe`cg�� be°e�3V�pN¢abkvrj�f�bdQ�vxb (
(φΓε

el )−1◦φS2

sp

)∗ j�`�vx��`cp[vrf�j�`cpNT�prikwSQSj�`cT¨� idpNT
H1/2(Γε)prfIbkp

H1/2(S2)
©�P5QSV�� gSfz?bdjmprf

γε ∂V
∂n

jm`
C∞ prf Γε `cp�j � u ∈ H1/2(Γε)

bkQSV(f
u γε ∂V

∂n ∈ H1/2(Γε)
©

ZBpNidVUp�³rV(iovNz(z(pri*yaj�f��bdp<z(�mvN`d`dj�z(vx�idVe`cg�� b*`�ikV(��v�bkVUy4bdp�bdQSV�yaVUz(prT�wLpN`dj bkj�pNf�j�f
`cwSQ�V(ikjmzUvx��QvxikT4pNfSj�z(`U°rj��
u ∈

H1/2(S2)
bkQSV(f

ν 7→
∫ 2π

0 u◦ (φΓε

sp )−1(ν, θ) dθ
¢VU��pNfS�N`obdp

E1/2(I)
© .SpNi�vxfD_

u ∈ H1/2(Γε)
°
µε(u)(ν) =

<=<?>�@8A-BDC�EGF�H�I�JGK�L
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∫ 2π

0
(u ∂V

∂n ) ◦ (φΓε

el )−1(ν, θ)γε(ν, θ) dθ =
∫ 2π

0
(u ∂V

∂n ) ◦
(
(φΓε

el )−1 ◦ φS2

sp

)
◦ (φS2

sp )−1(ν, θ)γε(ν, θ) dθ
`cp

µε(u) ∈ E1/2(I)
©

�3» � � � � � ª¯V�z(prf�z(��gyaV�bdQ�vxb
µε(H1/2(Γε)) = Mε ⊂ E1/2(I)

W0p��{�3V��3prg��myB�mjm´rV�bkp"wSikp�³rV�bdQSV4j�fD³NV(i*`cV�jmf�z��mg�`dj�pNf²© �®prf�`djmySV(iYbdQSV4j�fxqsVUz?bkj�³NV�T�vxw
σε =

(
(φΓε

el )−1
)∗

:

E1/2(I) → H1/2(Γε)
°�jmf�yaVUVUy vNz(z�pNikySj�fS�£bkp VUlIg�vxbdjmprf * � ,Bpx��w�vrikvr�ri*vxwSQ{�a© � © # °�j��

u ∈ E1/2(I)
°

bdQ�V(f (
(φΓε

el )−1
)∗
u ∈ H1/2(Γε)

©&u0prgabkfSj�V z�prT�wSgSbkv�bkj�pNf�`�`dQSp���bdQ�vxb
µε ◦ σε = IdE1/2(I)

Q�V(f�z(V

E1/2(I) ⊂ Mε = Imµε ©

� » ��� � ����� » �
E1/2(I) ⊂ Mε `dp E1/2(I) = Mε

W0prbdV
bdQ�vxb��®V$Q�v�³rV"bs�®p¬v�³�vxjm�mvr¢S�mV�bdpNwpN��pN�rjmVU`<prf
E1/2(I) = Mε 1"bdQSV/prf�V$yaV(±�fSVey � pNi

E1/2(I)
jmf

w�vrikvr�ri*vxwSQ��a© �D°}vxf�y$bkQSV�pNfSV�yaV(±�fSVUy�v�b[bkQSV�¢LV(�Nj�fSf�j�fS�
px�-bdQ�jm`�z�gSikikidVUfNb0wvxi*vx�ri*vxw�Q"� pNi Mε ©0ª�V��'jm���
wSikp�³rV3bdQv�bobkQSVU`dV'bs�3pbdprwLpr�mpr�Nj�Ve`�z�pNj�f�z(jmySV0�'QSj�z*Q��'j��m��jmT�wS��_ Mε′

= E−1/2(I)
© � f�pri*yaV(i-bkp�wSikp�³rV3bdQ�jm`

j�b�j�`Y`dg/��z�jmV(fIbYbdp"w�idp�³NVbdQ�vxb
IdE1/2(I)

j�`Yz(prfIbdjmfDgSprg�`0� idpNT
(E1/2(I), ‖ ‖E1/2(I))

jmfIbdp
(Mε, ‖ ‖Mε)

©
W0prbdV<bdQ�vxb

IdE1/2(I) = µε ◦ σε vxf�y µε vridV4z�prfIbkj�fDgSpNg�`0� ikprT H1/2(Γε)
j�f

(Mε, ‖ ‖Mε)
©�]Dp$j b�pNfS��_

ikV(T�vxjmf�`5bkp�wSikp�³rVbdQv�b
σε j�`[z(prfIbdjmfDgSprg`5� idpNT (E1/2(I), ‖ ‖E1/2(I))

j�fIbdp
H1/2(Γε)

©0P5QSj�`[j�`'bkQSV�vrj�T
px�-fSV(¦Ib'�mV(T�T�vS©

� » ��� � ����� » �®� Mε′
= E−1/2(I)

P5QSj�`'V(fyS`3bdQSV�w�idpDpx��px��bdQSVUprikV(T ��©)/N©

�"· � �S��� P5Q�V<wSikVUz(VUyajmfS�$z�prf`sbkidg�z�bdjmprf�`dQSp��3VUy/bkQ�v�b�bdQ�V4T�vrw
σε `kv�bkjm`c±�VU`[bdQ�V<� pN���mp��'jmfS�"ikV(T�vxik´�vx¢S�mV

wSikprwLV(idbs_r°
µε ◦ σε = IdE1/2(I)

vrf�y/vx��`cp tσε ◦ tµε = IdH−1/2(Γε).

.SikprT,fSp�� prf��3V<�'jm���ovr���5v�_a`�g�`cV<bdQ�V�fSprikT yaV�±fSVUy�� pri
E1/2(I)

jmf¯w�vrikvr�ri*vxwSQ �a© ��bkQ�v�b�j�`�yaV(f�pxbdVey
‖ ‖E1/2(I)

©Bª¯V
�'j��m�®f�p�� �Nj�³NV"`cpNT�V"z�pNfNbkj�fDgSj�bs_�Ve`sbkj�T�vxbdVU`�� pri�bdQSV
fSV(� pNwVUikvxbdpri*`�3V�Q�v�³rVqsg`sb4j�f 

bdikpayag�z(VUy:©�tYfSV�jmfIbdVUidVe`sbkj�fS�Bw�idpNwVUicbs_¯jm`�bdQ�vxb�bdQ�V(jmi�fSpNidT�jm`�¢pNgSf�yaVey§gSfSj�� prikT���_��'j bkQ§idVe`cwLVUz�b�bdp

ε
©

��· � � � � 
 �
��� ! �"! ! �2���	 �

κ > 0
 �	�2! � ! �	� ��� 	 � �

ε �
���	�

ε0 > 0
� � � � 	 � ��	 ∀ε ∈]0, ε0[ �

(i) ∀u ∈ H1/2(Γε), ‖µε(u)‖E1/2(I) 6 κ‖u‖H1/2(Γε)

(ii) ∀u ∈ E1/2(I), ‖u‖E1/2(I) = ‖σε(u)‖H1/2(Γε),

(iii) ∀u ∈ H−1/2(Γε), ‖ tσε(u)‖E−1/2(I) 6 ‖u‖H−1/2(Γε),

(iv) ∀u ∈ E−1/2(I), ‖u‖E−1/2(I) 6 ‖ tµε(u)‖H−1/2(Γε) 6 κ‖u‖E−1/2(I).

� � »²»�� �
� f$pri*yaV(i3bdp�T�vr´rV�z�pNT4w�gabkvxbdjmprf$T4pNidV�z(prT�w�vrz�b'�®VjmfNbkidpayagz�V�v4fSV(� fSpxb*v�bkj�pNf²°

αε =

∫ 2π

0

∂V

∂n
γε(ν, θ) dθ.

ª�V�ikVUz(vr���xbdQ�vxb�vrzUz�pNikyajmfS�5bkp0��VUT�T�v � © # °
limε→0 αε = 2π

°�`dp0j�b�j�`�vrgabdQSpNidjm�(Vey�bdp[ySj�³Dj�yaVo¢D_�bdQSj�`²fDgST<¢VUiU©

?A@ <(?CB
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(i)
� f/pri*yaV(i3bkp4w�idp�³NV[bkQSjm`0wpNj�fIbU°��®V¢LV(�rjmf/¢D_�V�¦awS�mjmz(j bk��_
�'idj�bdV ‖µε(u)‖E1/2(I)

°

‖µε(u)‖2
E1/2(I) =

1

α2
ε

+∞∑

n=0

(1 + n2)1/2
(∫ +1

−1

∫ 2π

0

(
(φΓε

el )−1
)∗(

u
∂V

∂n
γε

)
(ν, θ)Pn(ν) dθ dν

)2

.

ZBpNidVUp�³rV(i3fSprbdj�z�V�bdQ�vxb'bdQSj�`'V(¦Dw�idVe`d`dj�pNf"�mj�´NV�v
H1/2 fSpNidT>pNf"bkQSV�`dwSQSV(ikV S2 °�j�f�ySV(VUy

‖
(
(φΓε

el )−1 ◦ φS2

sp

)∗(
u
∂V

∂n
γε

)
‖2

H1/2(S2)

=
+∞∑

n=0

n∑

m=−n

(1 + n2)1/2
(∫ +1

−1

∫ 2π

0

(
(φΓε

el )−1
)∗(

u
∂V

∂n
γε

)
(ν, θ)Pn(ν) dθ dν

)2

.

P5QDg�`5¢D_�b*vx´Dj�f��
π
vr`'v��mp��®VUi®¢Lprg�f�y
� pri

αε
* � pri

ε
`dT�vx�m�²V(f�prgS�NQ ,?°a�3Vpr¢ab*vxjmf

‖µε(u)‖2
E1/2(I) 6

1

π
‖
(
(φΓε

el )−1 ◦ φS2

sp

)∗(
u
∂V

∂n
γε

)
‖2

H1/2(S2).

]Djmf�z�V (
(φΓε

el )−1 ◦ φS2

sp

)∗(∂V
∂n γ

ε
) jm`5³NV(ik_�`cT�pDpxbkQ²°SjmfNbkV(ikwpN�mvxbdjmprf
�rjm³rVU`®bkQSV�V�¦aj�`sbkV(f�z(V�pr�

κ > 0
j�f�ySV(wLV(f 


ySvrfNb'pr�
ε
`dg�z*Q
bdQ�vxb

‖
(
(φΓε

el )−1 ◦ φS2

sp

)∗(
u
∂V

∂n
γε

)
‖2

H1/2(S2) 6 κ ‖
(
(φΓε

el )−1 ◦ φS2

sp

)∗
u‖2

H1/2(S2) = κ ‖u‖2
H1/2(Γε).

P5QSV���vr`cb5bdQSikV(VjmfSVUlIg�vr��j�bdjmVU`'vridVT�prikVVUvr`d_�bdp�w�idp�³NVr©

(ii)
P5QSj�`�j�fSVelIg�vx�mj bs_ jm`�v§`cbdi*vxjm�rQIbd� prik�3vriky§z(prf�`dVUlIgSVUf�z�V/px��bdQ�V�yaV�±�f�j bkj�pNf£pr�[bkQSV�fSpNidT ‖ ‖H1/2(Γε)vxfy�bkQSV�yaV�±fNbkj�pNf/px�

σε ©

(iii)
P5Q�jm`'jmfSVelNgvx�mj bs_�j�`'yagSVbkp

‖ tσε(p)‖E−1/2(I) = sup
v∈E1/2(I)

〈 tσε(p), v〉E−1/2(I),E1/2(I)

‖v‖E1/2(I)

= sup
v∈E1/2(I)

〈p, σε(v)〉H−1/2(Γε),H1/2(Γε)

‖σε(v)‖H1/2(Γε)

6 sup
v∈H1/2(Γε)

〈p, v〉H−1/2(Γε),H1/2(Γε)

‖v‖H1/2(Γε)

= ‖p‖H−1/2(Γε).

(iv)
P5QSjm`0j�fSVelIg�vx�mj bs_"jm`5w�vricbkjmvr���m_"v�z�pNf�`dVUlIgSV(fz�V�px�

(i)
© .SpNi5bdQSV�ikVU`cb'px��bdQSV�wSikpDpx�s°

‖p‖E−1/2(I) = sup
v∈E1/2(I)

〈p, v〉E−1/2(I),E1/2(I)

‖v‖E1/2(I)

= sup
v∈E1/2(I)

〈p, µε ◦ σε(v)〉E−1/2(I),E1/2(I)

‖σε(v)‖H1/2(Γε)

= sup
v∈E1/2(I)

〈 tµε(p), σε(v)〉H−1/2(Γε),H1/2(Γε)

‖σε(v)‖H1/2(Γε)

6 sup
v∈H1/2(Γε)

〈 tµε(p), v〉H−1/2(Γε),H1/2(Γε)

‖v‖H1/2(Γε)

= ‖ tµε(p)‖H−1/2(Γε).

<=<?>�@8A-BDC�EGF�H�I�JGK�L



� � ����� �)� ! ���

ZBpNidVUp�³rV(i3g�`dj�f��
(i)
vrf�y"bdQSV� vNz?b'bdQv�b

µε jm`5pNfIbdp�°

‖ tµε(p)‖H−1/2(Γε) = sup
v∈H1/2(Γε)

〈 tµε(p), v〉H−1/2(Γε),H1/2(Γε)

‖v‖H1/2(Γε)

= sup
v∈H1/2(Γε)

〈p, µε(v)〉E−1/2(I),E1/2(I)

‖µε(v)‖E1/2(I)

‖µε(v)‖E1/2(I)

‖v‖H1/2(Γε)

6 κ sup
v∈E1/2(I)

〈p, v〉E−1/2(I),E1/2(I)

‖v‖E1/2(I)

= ‖p‖E−1/2(I).

���
	 ��) �/$ 8�� �7$ 204 ' 2 " ���-& � � � "���4 � & 8 +�= �/$�� = $ &("

ª�V<�'jm����f�p��{g�`cV<bdQ�V4ikVU`dgS��bYpr�obdQSVUprikV(T��a©)/x©�P5Q�V<T�VUvrfSjmfS�
pr�obdQ�jm`�ikVU`dgS� bj�`�z(��Vevxiz�pNf�z�VUidfSjmfS�$yaV
uε

vxfy
ũε © � f�yaVUVUy ũε → u0 6= 0

`dp4�3VQ�v�³rV

uε = ũε +O(ε1/2) = ũε + o(ũε)
� pri5bkQSV�fSpNidT ‖ ‖H1(ΩR).

�0p��3V(³NV(i"z(prf�z(V(ikfSjmfS�
pε ° p̃ε �3V¯yapNf²µ b$´DfSp��6bdQSVUj�i$¢VUQ�v�³Dj�pNi"v�b
±�i*`sb$pri*yaV(i"`dp �3V¯zUvxfSfSprb
yajmidVez?bk��_

z�pNf�z��mg�yaV�j�f/bkQSV�`kvxT�V�T�vxfSf�V(ie©3�[p��®VU³rV(i'pNgSiYySjm`kz�g�`k`dj�pNf/z(prf�z(V(ikfSjmfS�
E−1/2(I)

�'jm�m��vx�m�mp��¤bkp�idVUT�VUya_
bdp4bkQSjm`[`cj�bdg�vxbdjmprf²© � fyaV(Vey
f�pxbdV�bkQ�v�b

p̃ε = tµε(−αε

2π
aε)
�'j�bdQ

αε =

∫ 2π

0

∂V

∂n
γε(ν, θ) dθ →

ε→0
2π

*D/ �2,

vxfy"vxw�wS��_DjmfS���mV(T�T�vr`��a© � vrf�y ��©)/r°I�3VYzUvxf"±�f�y�� pNgSi5z�prf`sb*vxfIbk`
κi > 0 , i = 1 . . . 4

jmf�yaV(wLV(fySvxfIb'px�
ε
°

`kv�bdj�`c� _IjmfS�

κ1

ln 1
ε

6 κ2 ‖aε‖E−1/2(I) 6 ‖p̃ε‖H−1/2(Γε) = ‖ tµε(−αε

2π
aε)‖H−1/2(Γε) 6 κ3 ‖aε‖E−1/2(I) 6

κ4

ln 1
ε

,

�'QSVUidV
p̃ε = O( 1

ln 1/ε )
jmf$bdQSV�fSpNidT ‖ ‖H−1/2(Γε)

©oP5QDg�`5�3V�±�f�vr���m_�pr¢Sbkvxjmf$bdQSV�yaVe`cjmikVUy$z�prfz��mg�`cjmprf

pε = p̃ε +O(ε1/2) = p̃ε + o(p̃ε)
� pNi5bdQSV�f�prikT ‖ ‖H−1/2(Γε).

ª�V
�'jm���'vrwSwS�m_¯bkQSj�`<ikVU`dgS��b<� pNi�bkQSV$idVe`cpN��gabkj�pNf§px�0bkQSV/�0V(�mT�QSpr��bd�$wSikpr¢S�mV(T �'j�bdQ£¡[jmidj�z*QS�mV�b�¢pNgSf�ySvrid_
z�pNf�yaj�bdjmprf
¢I_�T�Vevxf�`3px��`cjmfS�r�mV��mv�_NV(i3j�fIbdVU�ri*vx�LVUlIg�vxbdjmprf�pNf�bdQ�V��'jmikVr©�6²V(b5g`�±ik`cb3ikVUzUvx�m��bkQ�v�b

(uε, pε)
jm`

yaV(±�fSVUy/vN`3bdQSV�gSf�jmlIgSV�w�vrj�i'z*QSpI`cVUf
jmf
H1(ΩR) ×H−1/2(Γε)

`cpN��gSbdjmprf$px��bkQSV�wSikpr¢S�mV(T

(Pε) :





∫

ΩR

∇uε · ∇v − k2

∫

ΩR

uεv +

∫

ΓR

vTRu
ε +

∫

Γε

pεv = −
∫

ΩR

fv ∀v ∈ H ,

∫

Γε

quε = 0 ∀q ∈ H−1/2(Γε).

6²V(b0g�`'`dgS¢�`cbdi*vrz?b5bkp�bdQSVe`cVVUlIg�vxbdjmprf�`3bkQSV�VUlIg�vxbdjmprf�`5`kv�bkjm`c±�VUy
¢D_
u0
°a�3Vpr¢ab*vxjmf





∫

ΩR

∇(uε − u0) · ∇v − k2

∫

ΩR

(uε − u0)v +

∫

ΓR

vTR(uε − u0) +

∫

Γε

pεv = 0 ∀v ∈ H ,

∫

Γε

q(uε − u0) = −
∫

Γε

qu0 ∀q ∈ H−1/2(Γε) .

]Dg�zUz�Ve`d`dj�³NV(�m_
z*QSpDpI`cjmfS�
v ∈ D(Ωi

ε)
vxfy

v ∈ D(ΩR
ε )
vrid¢�j bkikvrid_N°S�®V�pr¢ab*vxjmf
bkQ�v�b

∆(uε − u0) + k2(uε −
u0) = 0

jmf
Ωi

ε

vxf�y j�f
ΩR

ε

vrf�y
uε − u0

jm`�pNgabd�NprjmfS��© W[p���z*QSpDpN`djmfS�
v ∈ D(ΩR)

vxik¢Sj bkikvridjm�m_�vrf�y
vxw�wS��_DjmfS�*��idVUV(f²µ `3� prikT�g��mv�°a�®Vpr¢Sbkvxjmf

[
∂(uε − u0)

∂n
]|Γε = pε

?A@ <(?CB
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�'QSVUidV
[ ∂v
∂n ]|Γε = ∂v

∂ne
+ ∂v

∂ni

�'j bkQ
ne
vrf�y

ni
bdQSV4fSprikT�vx��³rVUz�bdpNi'±�V(��yS`

Γε ikVU`dwLVUz?bkj�³NV(�m_
pNgabd�NprjmfS�"vrf�y
jmfS�rpNj�fS�<�'j bkQ"ikVU`dwVez?b3bdp

Ωi
ε

©��0wSw���_DjmfS��bkQSV�� prikT�gS��v�pr��jmfNbkV(�Nikvr��ikV(wSikVU`dV(fIbkvxbdjmprf * `cVUV[� pNi3jmf�`cbkvrf�z�V03)/e� 5 ,
�3V�pN¢abkvrj�f

uε(x) − u0(x) =

∫

Γε

pε(x′)G(x,x′) dσ(x′)
� pri0vrfI_

x ∈ ΩR.

nogabdbdjmfS��bkQSjm`'� prikT�gS��v4j�fIbdp4bkQSV�VUlIg�vxbdjmprfBz�pNidikVU`dwpNf�yajmfS��bkp�¢pNgSf�ySvrid_
z�prfyaj bkj�pNf$`kv�bkjm`c±�Vey
¢D_
uε − u0

°
�3V�pN¢abkvrj�f

∫

Γε

∫

Γε

q(x) pε(x′)G(x,x′) dσ(x′) dσ(x) = −
∫

Γε

q(x)u0(x) dσ(x) ∀q ∈ H−1/2(Γε).

ª�V�j�fIbdikpayag�z(VYbkQSV�`dj�fS�N��V��v�_rVUi3pNwVUikvxbdpNi
Kε

sc : H−1/2(Γε) → H1/2(Γε)
yaV�±fSVUy$¢D_

∀ p, q ∈ H−1/2(Γε), 〈q , Kε
sc p〉H−1/2(Γε),H1/2(Γε) =

∫

Γε

∫

Γε

q(x) p(x′)G(x,x′) dσ(x′) dσ(x).

ª�V�z(vxf$�'ikj bkVYbkQSV�vx¢Lp�³rVVelNgv�bdjmprf$jmf
pNwVUikvxbdpri3� pNidT/°

Kε
sc p

ε = −u0.

W0prbdV/bkQ�v�b�g�`djmfS� P�v�_D�mpri�V�¦aw�vrf�`dj�pNf j�b�jm`�wpI`d`dj�¢���V/bkp§wSidp�³NV"bkQ�v�be°5j � O j�`�bdQSVBpNwVUf¥`cV(b"yaV�±�f�VUy7jmf
�*�S© # © # °SbdQ�V(fBbkQSV(ikV�V�¦aj�`sb*`

κ > 0
j�fyaV(wLV(f�y�vxfIbYpr�

ε > 0
`dg�z*Q/bkQ�v�b0� pNiYvrfI_

v ∈ C∞(O)
°bkQSV�� pN���mp��'j�f��

jmfSVUlIg�vr��j�bdjmVU`5QSpN�my

‖v − σε ◦ µε(v)‖H1/2(Γε) 6 κε‖v‖H2(O)
V�b ‖v|J − σε ◦ µε(v)‖E1/2(I) 6 κε‖v‖H2(O)

� f/w�vxidbdj�z�g��mvri®bkQSj�`'idVUT�vxik´�z(vxf$¢LV�vxwSwS�mjmVUy"bdp
u0
©oP5QDg�`5�3VvridV�mVUy"bdp

−u0 = −σε ◦ µε(u0) +O(ε) = σε. (ln 1
ε2 Id+A+B). tσε(p̃ε) +O(ε)

= σε. (ln 1
ε2 Id+A+B). tσε(pε) +O(ε1/2)

�0VUidV3bkQSV5fSpxb*v�bdjmprf
O(ε)
idV(� V(i*`�bdp�bdQSV5bkprwLpr�mpr�N_�pr�

H1/2(Γε)
yaV(±�fSVey<jmf4w�vxi*vx�NikvrwSQ��a© � © # ©�]Dp�®V3pr¢�vxbdjmf

Kε
sc p

ε = σε. (ln
1

ε2
Id+A+B). tσε pε +O(ε1/2).

����� �9& 5 � ����"72 �-$ 8����,&	8:2<;-&�=

ª�V�j�fIbkidpayag�z(V�v�fSV(� `cwvrz�VbkQ�v�b[z(prikidVe`cwLprfyS`®bdp�bdQ�V�`cV(b0px��� gSf�z�bdjmprf�`'�'j�bdQ�vrfBv�³rV(i*vx�NV[VelNgvx�:bkp��<pNf
VUvNz*Q$`dVUz�bdjmprf$px�

Γε ©oW[pxbdVbkQ�v�b Hε
µ = {v ∈ H | µε(v|Γε) = 0} © � b0jm`'v�z(��pI`cVey
`dgS¢ 
 `cwvrz�Vpr� H `cjmf�z(V µε

j�`0z�pNfNbkj�fDgSpNg�`U©�]DgSwSwLpN`dVbdQ�vxb0jm`[`cgSw�wS��jmVUy/�'j�bdQ$bkQSV�QSV(ikT�j bkjmvrfB`sbkidg�z�bdgSikV�jmfSQSV(ikj�bdVUy
� ikprT H ©3]DjmT�j���vxik��_bdp��'Q�vxb0wSikVUz�VeyaVU`U°a�3VvridV��mVUy
bdp�z(prf�`djmySV(i3bdQSV�w�idpN¢S��VUT

(Pε) :





.�j�fy
(uε; pε) ∈ H×Mε ′ `dg�z*Q"bkQ�v�b

∫

ΩR

∇uε · ∇v − k2

∫

ΩR

uε v +

∫

ΓR

v TRuε +

∫

Γε

tµε(pε) v = −
∫

ΩR

f v ∀v ∈ H,
∫

Γε

tµε(q) uε = 0 ∀q ∈ Mε ′

.

ª�V�z(prf�qsVez?bkgSidV4bkQ�v�b
uε j�`�v$�rpDpay�vxw�wSidp�¦ajmT�v�bdjmprf�px� uε © � f�yaVUVUy¯�®V�`cbkv�bkV�bkQSV(pNidVUT �S© ��bdQ�vxb�3V�vxikV

�rpNj�f���bkp�wSidp�³NVY�'j�bdQ$bkQSV�`dvrT�VYbkVUz*QSf�jmzU`'vr`3� pri5bkQSV(pNidVUT6�D© /x©

� � ·D» � · ��� 
 �
� !�	

(uε, pε) ∈ H×Mε′ � !�	 � ! � � 
	 � ! � ��� � 	 ���� 	 � �
� � � �)!��
(Pε)

� ��� ! � 	 � !�� ! ! �2���	��9�0�G���8��	 ��� 	
κ > 0 �	�2! � ! �	� ��� 	 � �

ε
� � � � 	 � ��	 �����

ε
��� ��� � ! �
� � � �

�

‖uε − uε‖H 6 κ ε1/2 ln 1/ε
����� ‖pε − tµε(pε)‖H−1/2(Γε) 6 κ ε1/2 ln 1/ε.
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P5QSj�`-bdQ�V(prikV(T jm`oj�fIbdVUidVe`sbkj�f��Y� pNi-bs�®p�ikVUvN`cpNf�`U©=.�j�i*`sboj�b®`cbkvxbdVU`�bkQ�v�b3`cpN��³DjmfS�
(Pε)
_Dj�VU�my�`�fSVUvrid�m_�bkQSV[`kvxT�V

ikVU`dgS� b�vr`�`cpN��³DjmfS�
(Pε)
�'QSVUidVevr`'j�`[w�idpN¢S��VUT

(Pε)
bkQSV�¢Lprg�f�ySvxik_/z�prfyaj bkj�pNf�prf/bkQSV4�'j�ikV�j�`Y`dj�T�wS�mj�±�VUy:°

bdQ�V4`dw�vrz(V�px��6�vx�NikvrfS�rV�T<gS� bkj�w���jmV(i*`[j�`YidVeyag�z�Vey:©YP5Q�jm`�j�`[jmfIbdV(ikVU`cbdjmfS��� pNiYfDgST�VUidj�z(vr��vxw�wS��j�z(vxbdjmprf�`Y`cjmf�z(V
bdQ�V4z(prf�`cbdi*vxjmfIb[z�prikikVU`dwpNf�yajmfS��bdp"bdQSV<¢pNgSf�ySvrid_/z�pNf�yaj�bdjmprf�j�`YfSp��{prfSV<yaj�T�VUf�`cjmprfvx��j�f�`cbdVevryBpr�o¢VUj�f��
bs�3p¬ySj�T�V(f`cjmprf�vr� ©¨ZBprikV/p�³rV(i��3VB�'jm���[`dV(V�vxb�bdQSVBVUf�y£px��w�vrikvr�ri*vxwSQ���© � °®bkQ�v�b"bdQSVBVUidikpri�VU`cbdjmT�v�bkV
‖pε − tµε(pε)‖H−1/2(Γε)

j�`[v�³�vr��j�ySv�bkj�pNf/� pri'bkQSV�vNz�prg`sbkjmz³NV(i*`cjmprf$px�-bdQ�V�n-pDz*´D�mj�f��xbdpNf/T4payaVU� ©'P�p�bdQ�V
¢LVU`cb0px�-prgSi5´DfSp��'�mVUya�NVr°DbdQ�jm`5ikVU`dgS��b0jm`5fSVU��©

.�j�i*`cb0px��vx�m�²�®V�`cbkvxbdV�v�`cbkvr¢Sj��mj�bs_"ikVU`dgS� b�©5�0p��3V(³NV(i'`cjmf�z(VbdQSV�wSikpDpx�-jm`0³rV(ik_"`dj�T�jm�mvri'bdp�bkQSV�wSikpDpx�-px�
�mV(T�T�vB�a© # °��3V4yap/fSprb��'idj�bdV�j�bU© ��jm³rV(f¬v"±S¦aVUy

ε > 0
� pNi

fε ∈ H′ vrf�y gε ∈ Mε °��3V�z(prf�`dj�yaV(i�bdQ�V
wSikpr¢S�mV(T





.�j�fy
(vε; qε) ∈ H×Mε ′ `cgz*Q
bkQ�v�b

∫

ΩR

∇vε · ∇v − k2

∫

ΩR

vε v +

∫

ΓR

v TRv
ε +

∫

Γε

tµε(qε) v = 〈fε; v〉H′,H ∀v ∈ H
∫

Γε

tµε(q) vε = 〈gε; v〉Mε′ ,Mε ∀q ∈ Mε ′

*D/U� ,

P5QSV�z(prikidVe`cwLprf�ySj�fS�4`sb*vx¢Sjm�mj bs_��mV(T�T�v�j�`
��· � � � � 
 �
� ���

ε
��� ��� � !�� � � � � ���	������� ��� �

fε ∈ H′ � gε ∈ Mε �
	 � ! �
�"� ���)! � ��
 � � � ���0 	�� � � � 
	 � !'� ��� � 	 ����

(vε; qε) ∈ H ×Mε ′ 	 � ��	 ����	 �� � !��  � � � �� 	 ����

‖vε‖H 6
1

κ1
‖fε‖H′ + (1 +

κ2

κ1
)‖gε‖Mε ,

‖qε‖Mε′ 6 (1 +
κ2

κ1
)‖fε‖H′ + κ2(1 +

κ2

κ1
)‖gε‖Mε .

�{z�pNf�`dVUlIgSV(fz�V�px��bdQSj�`'�mV(T�T�v<j�`5bkQ�v�b
(Pε)
jm`5�3V(�m�:wLpN`dVUy/`cp

(uε, pε)
j�`'�®VU���²ySV�±�fSVey:©

����� 	 204 ),$ ) ���4�� 132 '�����& 4�& 5 5�$ "%&98:2<;-&�=

ª�V"�'jm���®fSp�� wSidp�³NV4bdQSVUprikV(T �S© �D©Bª¯V
Q�v�³rV�vr��ikVUvNya_�wLprjmfIbdVey¬prgab<bdQ�vxb
H

1/2
µ (Γε) ⊂ Ker p̃ε ©�]Dp p̃ε

jmf�yag�z(VU`0v4�mj�fSVevxi5� pNidT>pNf Mε bdQv�b0j�`'yaj (}V(ikV(fIb'� ikprT aε © � f�ySV(VUy²°

〈p̃ε, v〉H−1/2(Γε),H1/2(Γε) = −αε

2π

〈
tµε(aε), v

〉
H−1/2(Γε),H1/2(Γε)

= −αε

2π
〈aε, µε(v)〉H−1/2(Γε),H1/2(Γε) , ∀v ∈ H1/2(Γε).

P5QDg�`5�3VzUvxfB`kv�_�bdQ�vxb
(ũε, aε)

`dvxbdj�`s±VU`




(ũε;−αε

2π
aε) ∈ H×Mε ′ `dg�z*Q"bkQ�v�b

∫

ΩR

∇ũε · ∇v − k2

∫

ΩR

ũε v +

∫

ΓR

v TRũ
ε +

∫

Γε

tµε(−αε

2π
aε) v = −

∫

ΩR

f v +
〈
f̃ε, v

〉
H′,H

∀v ∈ H
∫

Γε

tµε(q) ũε = 0 ∀q ∈ Mε ′

.

W0prbdVbkQ�v�b
ũε

δ = ũε − uε vrf�y p̃ε
δ = −αε

2π
aε − pε ©oP5QSj�`'fSV(�¨w�vxjmi'px��� gSf�z�bdjmprf�`'`kv�bkjm`c±�Ve`





(ũε
δ; p̃

ε
δ) ∈ H×Mε ′ `dg�z*Q"bkQ�v�b

∫

ΩR

∇ũε
δ · ∇v − k2

∫

ΩR

ũε
δ v +

∫

ΓR

v TRũ
ε
δ +

∫

Γε

tµε(p̃ε
δ) v =

〈
f̃ε, v

〉
H′,H

∀v ∈ H,
∫

Γε

tµε(q) ũε
δ = 0 ∀q ∈ Mε ′

.
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�0w�wS��_DjmfS���mV(T�T�v �S© �Ybdp�bdQSV�vx¢Lp�³rV5wSikpr¢S�mV(T/°I�®V'pN¢abkvrj�f�bkQSV0V�¦aj�`sbkV(f�z(V0px�
κ > 0

j�fyaV(wLV(f�y�vxfIb®pr�
ε
`cgz*Q

bdQv�b'� pri
ε
`cT�vx�m�:V(f�prgS�NQ

‖ũε − uε‖H 6 κ ‖f̃ε‖H′
V(b ‖−αε

2π
aε − pε‖Mε′ 6 κ ‖f̃ε‖H′ .

*D/�� ,

X[`djmfS�$bdQSV�wSikpDpx�3px�3bdQSVUprikV(T&�a©)/x°��®V�zUvxf�wSidp�³NV�bkQSV�V�¦aj�`sbkV(f�z(V�px�
κ
j�f�ySV(wLV(f�ySvrfIb�px�

ε
`cgz*Q�bkQ�v�b�� pNi

ε
`cT�vx�m��VUfSprg��rQ ‖f̃ε‖H′ 6 κ ε1/2 ln 1/ε

©3ª¥j bkQBbdikjmvrfS�rg��mvri'j�fSVelIg�vx�mj bs_/vxfy/��VUT4T�v �S© /x°�bkQSj�`0_Dj�VU�my�`'bdQ�V
wSikpDpx�-px�-bdQSVUprikV(T6�S© �D©®ª�V��'jm����vxwSw���_"bdQSj�`0ikVU`dgS��b'bdp�bkQSV�n-paz*´I�mjmfS�xbkprf$T4payaVU� © 6�V�b0g�`0±�ik`cb0ikVUz(vr���²bdQ�vxb
(uε, pε) ∈ H1(ΩR) ×Mε′ j�`0yaV(±�fSVey$vN`3bdQSVgSf�jmlIgSV�`dpr�mgabdjmprf
bdp�bkQSV�wSikpr¢S�mV(T

(Pε) :





∫

ΩR

∇uε · ∇v − k2

∫

ΩR

uεv +

∫

ΓR

vTRuε +

∫

Γε

tµε(pε)v = −
∫

ΩR

fv ∀v ∈ H,
∫

Γε

tµε(q)uε = 0 ∀q ∈ Fε′

.

6²V(b0g�`'`dgS¢�`cbdi*vrz?b5bkp�bdQSVe`cVVUlIg�vxbdjmprf�`3bkQSV�VUlIg�vxbdjmprf�`5`kv�bkjm`c±�VUy
¢D_
u0
°DbkQSjm`0�rjm³rVU`





∫

ΩR

∇(uε − u0) · ∇v − k2

∫

ΩR

(uε − u0)v +

∫

ΓR

vTR(uε − u0) +

∫

Γε

tµε(pε)v = 0 ∀v ∈ H,
∫

Γε

tµε(q)(uε − u0) = −
∫

Γε

tµε(q)u0 ∀q ∈ H−1/2(Γε).

]Dg�zUz�Ve`d`dj�³NV(�m_<z*QSpDpI`cjmfS�
v ∈ D(Ωi

ε)
vxf�y

v ∈ D(ΩR
ε )
vrid¢Sj�bdi*vxikjm��_N°�bdQSj�`ojmT�wS��jmVU`obdQ�vxb

∆(uε−u0)+k2(uε−
u0) = 0

jmf
Ωi

ε

vxf�yBjmf
ΩR

ε

°:vxfy
uε − u0

pNgabd�NprjmfS��© �®QSpDpN`dj�fS�
v ∈ D(ΩR)

vrid¢�j bkikvridjm��_$vxf�y�vxwSwSw���_DjmfS�
��ikV(V(f�µ `3� pNidT<gS�mv�°a�®VpN¢abkvrj�f

[
∂(uε − u0)

∂n
]|Γε = tµε(pε)

�'QSVUidV
[ ∂v
∂n ]|Γε = ∂v

∂ne
+ ∂v

∂ni

°
ne
¢LV(jmfS�

ni
ikVU`dwLVUz?bkj�³NV(�m_$bdQSV4prgabk�rpNj�fS�
vxf�y�j�fS�NprjmfS�"f�prikT�vr��³NVUz?bkpri*`'bkp

Γε © �[wSwS�m_Dj�fS��jmfIbdVU�ri*vx�}idVUwSikVU`dV(fIbkvxbdjmprf�� pNidT<gS��v<_DjmV(��yS`

uε(x) − u0(x) = −
∫

Γε

tµε(pε)(x′)G(x,x′) dσ(x′)
wLprgSi5bkprgab

x ∈ ΩR.

nogabdbdjmfS�$bdQSj�`�� prikT�g��mv
j�fIbkp"bkQSV�VUlIg�v�bkj�pNf¯z(prikidVe`cwLprf�ySj�fS��bdp
bdQSV�¢LprgSf�y�vxik_�z�prfyaj bkj�pNf¯`kv�bkjm`c±�VUy�¢D_
uε °

�3V�pN¢abkvrj�f
∫

Γε

∫

Γε

tµε(q)(x) tµε(pε)(x′)G(x,x′) dσ(x′) dσ(x) =

∫

Γε

tµε(q)(x)u0(x) dσ(x) ∀q ∈ H−1/2(Γε)

¡YV�±�fSVbkQSV�prwLV(i*v�bkpri
Kε

pk : E−1/2(I) → E1/2(I)
¢D_

∀p, q ∈ E−1/2(I),
〈
q , Kε

pk p
〉

E−1/2(I),E1/2(I)
=

∫

Γε

∫

Γε

tµε(q)(x) tµε(p)(x′)G(x,x′) dσ(x′) dσ(x)

P5QDg�`5�3VzUvxf/�'ikj bkVYbkQSV�vx¢Lp�³rV�VUlIg�vxbdjmprf$j�f/pNwVUikvxbdpri3� pNidT

Kε
pk pε = µε(u0)

µε(u0) = (ln 1
ε2 Id+A+B). tσε(p̃ε) +O(ε)

= (ln 1
ε2 Id+A+B).pε +O(ε1/2).

P5QSj�`'jmT4w���jmVU`

Kε
pk pε = (ln

1

ε2
Id+A+B) pε +O(ε1/2).

� · �¥� W[pxbkV�bdQ�vxb�vrz(z(pri*yajmfS�"bkp/bdQSV"wSidVez�Veyaj�f��$VelIg�v�bkj�pNf�`(°²bdQSVUidV�V(¦Dj�`cbk`�vrf¯V(¦Dw���j�z�j�b��mj�fS´¯¢V(bs�®VUV(f�bdQ�V
g�`dg�vx�²`djmfS�r�mV�mv�_NV(i5prwLV(i*v�bkpri

Kε
sc

vrf�y"bdQSV�n-paz*´D��jmfS�xbkprf$prwLV(i*v�bkpri
Kε

pk

°

Kε
pk = µε ◦Kε

sc ◦ tµε.
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� fBbkQSjm`�w�vrikvr�ri*vxwSQ$�3V�ikVUz(vr����bdQSV4yaV�±fSj bkj�pNf¯vrf�y�`dprT�V�wSikprwLV(idbdjmVU`[px��bdQ�V4¡Yj�ikj�z*QS��V(b�
Gbdp 
 W[V(gST�vxf�fBT�vrw
g�`dVUy$jmf
wSi*vrz�bdj�z�V�� pri5bkQSVbdikVUvxbdT�V(fIb'px���0VU��T�QSpN� bk��VUlIg�vxbdjmprf$j�f$bdQ�V�V(¦DbdV(ikjmpri'px�-v4¢pNgSf�yaVey
pN¢�`cbkvrz(��Vjmf
bdQ�idVUV�yajmT4VUf�`dj�pNf�`(© .�pri0T�prikV�yaV(bkvrj���`'prf/bkQSj�`[`dgS¢aqsVUz�bY�3V�idV(� V(i[bdQSV�ikVUvNyaV(i0bdp 3 / � 5 ©��®prf�`dj�yaV(i[v�ikvNyaj�g`
R > 0

vxf�y�bdQSV0vN`d`dpaz�j�v�bkVUy�`dwSQSVUidV
∂BR
©�tYf4bdQ�jm`o`dgSid� vrz(V®�3V'z�prf`cj�yaV(i-bkQSV0`dwSQSV(ikj�z(vx�az(pIpNikySj�f�vxbdVe`

(ν, θ)
©

P5QSVUf/vNz(z(pri*yaj�f���bdp�z(�mvN`d`dj�z(vx�}ikVU`dgS��bk`5prf/`dwSQSV(ikj�z(vx�:QvxikT4pNfSj�z(`U°

u ∈ H1/2(∂BR)
j ��vxf�y$pNfS��_"j ��bdQSVUidVV(¦Dj�`cbk`

(um
l )
`cg�z*Q
bdQv�b

+∞∑

l=0

+l∑

m=−l

(l + 1)|um
l |2 < +∞ vxfy

u(θ;ϕ) =

+∞∑

l=0

+l∑

m=−l

(l + 1)um
l Pm

l (ν)eimθ

bdQ�V0z�prfD³NV(ik�rV(fz�V�pr�bkQSV0`dVUz�pNf�y4`cgST vx¢Lp�³rV3QSpr��yS`-jmf
L2(∂BR)

©�P5QSVUf4bdQSV'g�`dg�vr�S¡[jmidj�z*QS�mV�b 
 bkp 
 W0V(g�T�vrfSf
T�vxw$jm`0�rjm³rV(f$¢D_�bdQ�V�V�¦awS�mjmz(j b'� pNidT<gS�mv�°

(TRu)(ν, θ) =

+∞∑

l=0

+l∑

m=−l

(l + 1)um
l Pm

l (ν)eimθ k
h

(1)′

m (kR)

h
(1)
m (kR)

.

P5QSj�`Y� prikT�gS��v"yaV(±�fSVe`
TR
vN`�v$z�pNfIbdjmfIg�prg�`YT�vxw�� ikprT

H1/2(∂BR)
prfIbdp

H−1/2(∂BR)
©�Z�prikV(p�³rVUi0�3V

Q�v�³NV[bkQSV�idVUT�vxik´�vr¢S�mVYjmfSVUlIg�vr��j�bs_r°

<e{
∫

∂BR

vTRv} > 0 , ∀v ∈ H1/2(∂BR).

�	�
	 � & �0&�4�;�"7&	' + 4�� �7$ 2 4�)

�0VUidVY�®V0� prikT�gS��v�bkVY`dV(³rVUikvr�SikV(T�vxik´a`�prf�bkQSVY`dV(wvxi*v�bdjmprf�pr�²³�vxikjmvr¢S��Ve`�� pNiobdQ�V�6�vxwS��vrz(V0VUlIg�vxbdjmprf * vrf�fSprb
� pri�bdQSV��0VU��T�QSpN� bk�[VUlIg�vxbdjmprf ,�j�f�VU���mjmw�`cpNjmy�vx�z(pDpri*yaj�fv�bdVe`(© � f�yaVUVUy�bkQSVYvN`c_DT�wabkpxbdj�z0vrf�vx�m_a`cj�`-� pri3v�yaj)(LVUi�

V(fIbkjmvr��prwLV(i*v�bkpri�jmf�v�`cjmT�wS�mV0�rVUprT�V�bkid_<��VevryS`-bkp�z�pNf�`djmyaVUi�`dwVez�j�vx�a� gSfz?bdjmprf`�vr`k`dpDz(jmvxbdVey�bkp�bdQ�jm`�prwLV(i*v�bdpNi
vxfy�bdpBbkQSV"z�pDpNikyajmf�vxbdV�`d_D`cbdVUT�vNySvxwabkVUy�bkpBbdQSV"�rV(pNT�V�bdik_r©/P5QSV�fv�bdg�ikvr��vxwSw�idpIvrz*Q¬z�prf`cj�`sb*`bdQ�V(f jmf
`cbdg�ya_DjmfS�$bdQSV�V(¦Dwvxf�`dj�pNf�`�px�obkQSVU`dV�`cwLVUz(jmvr�-� gSf�z�bdjmprf�`U°²wLpN`k`cjm¢S�mV4ikV(w�idVe`cVUfNb*v�bkj�pNf�` * j�fIbdVU�ri*vx�-ikV(wSikVU`dV(fIbkv 

bdjmprf�°�`cVUidjmVU`�ikV(wSikVU`dV(fIb*v�bdjmprf�°²vxf�y�`cp$prf£©(©U© ,�© �Y`�v$z(prf�`dVUlIgSVUf�z�VN°}bdQSV�¢LV�bdbdVUibdQSVe`cV�`dwVez�j�vx�-� gSf�z�bdjmprf�`
vxikV'´DfSp��'f²°NbdQSVYT�prikV'�®V0´DfSp��¥vr¢pNgabobdQ�VYvr`d_DT�wabdprbdj�z0vxf�vr��_a`djm`U© � f�pNgSi®zUvr`dVr°rbdQSV��0V(�mT�QSpr��bd�YVUlIg�vxbdjmprf
z(vrf�¢V[`dpr�m³rVey�jmf�V(�m�mj�w�`dprj�ySvr��z�pDpri*yajmf�v�bkVU`�g�`dj�f���V(�m��jmw�`dprj�ySvx�a�5v�³rV3� gSfz?bdjmprf`(©�P5QSV'wSikpr¢���VUT«j�`-bdQ�vxbobdQ�VU`dV
� gSf�z�bdjmprf�`�vridV<fSpxb�`dp"�3V(�m��´DfSp��'f²©�ª�V4w�idV(� V(ikVUyBbkp
�mpDpr´�vxbYbkQSV��0V(�mT�QSpr��bd��pNwVUikvxbdprivr`[bdQ�V 6�vxwS��vrz(V
prwLV(i*v�bkpri5�'j�bdQBv�z�pNT4wvrz?b'wLV(idbdgSik¢�vxbdjmprf²©oP5QSV�6�vxwS��vrz(VprwLV(i*v�bdpNi'z(vxfBvr�m`dp<¢LV�`dpr�m³rVey�¢D_
`dV(w�vrikvxbdjmprf
px�
³�vxikjmvr¢S�mVU`�vxfy�bkQSV�z�pNidikVU`dwpNf�yajmfS�/`cwLVUz(jmvr��� gSf�z�bdjmprf�`�vridV4bkQSV 6²VU�rV(fyaidV4� gSfz?bdjmprf`� pri��'QSj�z*Q¬�®V�Q�v�³NV
� vxiYT�prikV�j�fS� prikT�vxbdjmprf²© 6²V(�NV(f�ySidV� gSfz?bdjmprf`YvridV�³NV(ik_
�3V(�m��´DfSp��'f�© ��j�³NV(f�vrfBj�fIbkV(�rVUi

n ∈ N
z�prf`cj�yaV(i

bdQ�V�6²V(�NV(f�ySidV�VUlIg�vxbdjmprf$px�-pri*yaV(i
n

1

d

dz
(1 − z2)

d

dz
u(z) + n(n+ 1)u(z) = 0

� f 3 /�
 5 ° z*Q�vxw²© ��j�b®j�`�w�idp�³NVUy<bdQ�vxb®bkQSj�`�VelNgv�bdjmprf�vNyaT�j b*`obs�3p�jmf�yaVUwVUf�ySvxfIb5`cpN��gabkj�pNf�`�bkQ�v�b5�3V[yaV(f�pxbdVN°NpNf
bdQ�V4pNfSV�Q�vxfy

Pn
bkQSV'6²V(�NV(f�ySidV<� gSf�z�bdjmprf�px�®pNikySV(i

n
px��bdQSV�±�i*`cb�´Djmf�y:°�vrf�y�bkQSV�pxbkQSV(iQ�vrf�y

Qn
bdQ�V

6²VU�rVUf�yaikV<� g�f�z?bkj�pNf�`�pr�3pNikyaVUi
n
px�3bdQSV"`dVUz(prf�y�´Djmf�y:© � b�z(vxf§¢LV�wSikp�³rVey�bkQ�v�b

Pn
jm`�v/wpN��_DfSpNT4j�vx��px�

pri*yaVUi
n
z(vr���mVUy;6²VU�rVUf�yaikVYwLpr�m_DfSprT�j�vx�:f�y$�rjm³rVUf
V(¦awS��j�z�j�bd�m_�¢D_�bkQSV�u'payaikj��NgSVU`®� pNidT<gS�mv

Pn(z) =
1

2nn!

dn

dzn
(z2 − 1)n

� f 3)/ 
 5 °Sj b0j�`'vx��`dp4w�idp�³NVUy�bkQ�v�b

Qn(z) =
Pn(z)

2
ln

(z + 1

z − 1

)
+Wn−1(z)

?A@ <(?CB
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�'QSVUidV
Wn−1

j�`®v�wpN��_DfSpNT�jmvr�pr�²pri*yaV(i
n− 1
©m©�u0pr¢Sjmf²°Ij�f 3)/�� 5 �'idprbdVYv�³rV(ik_�`cjmT�wS��V�j�yaV(fIbdj�bs_4� pri

Wn−1
°

V�¦awSikVU`k`dVUy��'j�bdQ 6�V(�rVUf�yaikVwpN��_DfSpNT4j�vx��`

Wn−1(z) = −
n−1∑

k=0

Pk(z)Pn−1−k(z)

k + 1

*D/�� ,

W0p�� �3V�idVez(vr����`dprT�V�� g�icbkQSV(i<wSidpNwVUicbkj�Ve`�vxfy¬VU`cbdjmT�vxbdVe`�prf
Pn
©�P5QSV�w�idpDpx�5px�5bkQSVU`dV�ikVU`dgS� b*`�zUvxf§¢LV

� prg�f�y"jmf 3)/ 
 5 pri5jmf 3 / / 5 © � f$�'Q�v�b3� pr�m��p��0`3�3V�ySV(fSprbdV
I = [−1; +1]

© �®prf`cj�yaV(i
L2(I)

`dgSwSwS�mjmVUy
�'j bkQ
j�bk`
g�`dg�vx�:`kz(vr�mvri®wSikpayag�z�b 〈u; v〉L2(I) =

∫
I
u v
© � b[z(vxf
¢VwSikp�³rVey�bdQv�b

(Pn)n∈N

j�`'vxf
pridbdQSpNfSprikT�vx�� vxT�j��m_r°
vxfy"bkQSV�`dV�b0px�-�mj�fSVevxi0z(prT�¢�j�f�vxbdjmprf�`5pr��bkQSVU`dV�wpN��_DfSpNT�jmvr�m`5j�`0yaVUf�`cV�jmf

L2(I)
©�P5QSV

L2 fSprikT>pr� Pn
pNf

I
j�`5�rjm³rVUf
¢D_

∫ +1

−1

|Pn(x)|2 dx =
1

n+ 1/2

� f��'Q�vxb�� pN���mp��0`²�3V®z(prf�`dj�yaV(i�bdQSV®fSprikT�vx�mj��UVUy 6²VU�rVUf�yaikVowpN��_DfSpNT�jmvr�m`
P̃n =

√
n+ 1/2Pn

©�P5QSVU_�`dvxbdj�`s� _
bdQ�V�jmyaVUfIbdj�bs_

xPn(x) =
n+ 1

2n+ 1
Pn+1(x) +

n

2n+ 1
Pn−1(x) n > 1

(1 − x2)
dPn

dx
= −n(n+ 1)

2n+ 1
Pn+1(x) +

n(n+ 1)

2n+ 1
Pn−1(x) n > 1.

P5QSV�³�vx�mgSVpx��bdQ�V�6²V(�NV(f�ySidV�wpN��_DfSpNT�jmvr�²v�b
1
jm`
Pn(1) = 1 ∀n ∈ N

©oZBpNidVUp�³rVUi��3V�Q�v�³rVYbdQSV�Ve`sbkj�T�vxbdV

|Pn(x)| 6 1
V(b |dPn

dx
(x)| 6

n(n+ 1)

2
∀x ∈ [−1; +1].

W0p��¨�®V�`dQSp�� bs�3p�idVe`cg�� b*`(©�P5QSV±�i*`cb5pNfSVjm`'� gSf�ySvrT4VUfIbkvx�}� pNi'prgSi0vrf�vx�m_a`cj�`
��· � � �B� 
 �

∫ +1

−1

Pn(z) dz√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

= 2Pn(ν)Qn(ξ)

� � »²»�� �
.SpNi

x ∈ R
3 \ {0} yaV(±�fSV G(x) =

1

4π|x|
©
G
j�`�v ��ikV(VUf�´NV(ikfSV(��pr�®bkQSV 6�vxwS��vrz(V4VelIg�v�bkj�pNf�jmf

R
3 ©

P5QDg�`oj��
x
′ Qvr`�bkQSV[zUvxidbdVU`dj�vxf�z�pDpri*yajmf�v�bkVU` (0; 0; z)

vxf�y
x
Q�vN`�bdQ�V0V(�m��jmw�`dprj�ySvx�Lz�pDpri*yajmf�v�bkVU`

(ξ; ν; θ)
bkQSV(f

G(x − x
′) =

1

4π|x − x′| =
1

4π
√

(ξ2 − 1)(1 − ν2) + (ξν − z)2

�[`[v4z(prf�`dVUlIgSVUf�z�V�j��
u
j�`'yaV(±�fSVUy$¢D_

u(ξ; ν) =

∫ +1

−1

Pn(z) dz√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

, ξ ∈]1; +∞[ ν ∈ [−1; +1]

bdQ�V(f
u
`dvxbdj�`s±VU`3bdQ�V�6�vxw��mvNz�V�VUlIg�v�bkj�pNf
jmf/V(�m��jmw�`dprj�ySvx�²z(pDpri*yaj�fv�bdVe`(°avrf�y
`djmf�z�V

u
j�`5j�fyaV(wLV(f�y�vxfIb0px�

θ
°

∂

∂ξ
(ξ2 − 1)

∂u

∂ξ
+

∂

∂ν
(1 − ν2)

∂u

∂ν
= 0 , ξ ∈]1; +∞[ ν ∈ [−1; +1].

6²V(b0g�`'yaVUfSpxbkV
ul(ξ) =

∫
I u(ξ; ν)P̃l(ν) dν

©3P�vr´Dj�fS�<bdQ�V�wSidprqsVUz�bdjmprf$px��bkQSj�`'VUlIg�vxbdjmprf$prf
Pl
°S�3V�pN¢abkvrj�f

∫

I

∂

∂ξ
(ξ2 − 1)

∂u

∂ξ
P̃l(ν) dν +

∫

I

∂

∂ν
(1 − ν2)

∂u

∂ν
P̃l(ν) dν = 0 , ξ ∈]1; +∞[.
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� � ����� �)� ! ���

.SpNi�±S¦aVUy
ξ
°5`cjmf�z(V

u
jm`"v

C∞ � gSfz?bdjmprf¥j�b�j�`�wpI`d`djm¢S��V/bkp `c�'j�bkz*Q£bkQSVBj�fIbkV(�ri*vx�0vrf�y bdQSV�ySj (}V(ikV(fIbdj�vx�
prwLV(i*v�bkpri�jmf§bkQSV�±�i*`cb<jmfNbkV(�Nikvr� ©�Z�prikV(p�³rVUi

P̃l
`kv�bkjm`c±�Ve`�bdQ�V;6�V(�rVUf�yaikV�VUlIg�vxbdjmprf vN`d`dpaz�j�v�bdVey��'j bkQ

l
`dp

jmfNbkV(�NikvxbdjmfS�<¢D_�wvxidbk`5jmf
bkQSV�`dVUz�pNf�y
j�fIbdVU�ri*vx�}�3V�pN¢abkvrj�f

∂

∂ξ
(ξ2 − 1)

∂ul

∂ξ
+ l(l+ 1)ul(ξ) = 0

�[`3v�z(prf�`dVUlIgSVUf�z�V
ul
`kv�bkjm`c±�VU`3v 6�V(�NV(f�yaikV[vN`d`dpaz�j�v�bdVey<bdp

l
prf

]1; +∞[
`cp�bdQSVUidVYV�¦ajm`cbk`

Al, Bl ∈ C
`cgz*Q

bdQv�b
ul(ξ) = AlPl(ξ) +BlQl(ξ)

©�ª¯V�zUvxf$idVU�'idj�bdV�bkQSjm`0jmyaVUfIbdj�bs_"jmfNb'QSV� pN���mp��'jmfS�<T�vrfSfSV(i

AlPl(ξ) =

∫

I

u(ξ; ν)P̃l(ν) dν −BlQl(ξ)

P�vx´Dj�f��4jmfIbdp�vrzUz�pNgSfIb3bkQSV�VU`cbdjmT�v�bkV��3V�Nv�³NVYwSikV(³Djmprg�`d�m_�� pri
Pn
°S�3V�Qv�³rV

∣∣∣
∫

I

u(ξ; ν)P̃l(ν) dν
∣∣∣ =

∣∣∣
∫

I

∫

I

Pn(z)P̃l(ν) dzdν√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

∣∣∣ 6

√
l + 1/2

ξ2 − 1

∫

I

dν√
1 − ν2

= π

√
l + 1/2

ξ2 − 1
→

ξ→+∞
0

ZBpNidVUp�³rV(i5vrzUz�pNikyajmfS��bdp�bdQ�V� pr�m��p��'jmfS�4j�fIbdVU�ri*vx�:ikV(wSikVU`dV(fIb*v�bdjmprf * 3 /�
 5 � pNidT<gS��v��a© � © 
 ,�1

Ql(coshα) =

∫ +∞

0

dx

(coshα+ sinhα coshα)l+1
6

1

(sinhα)l+1

∫ +∞

0

dx

(coshx)l+1

QSVUf�z�VbkQSV(ikVV�¦ajm`cbk`
C > 0

`dg�z*Q
bdQ�vxb ∀ξ ∈ [2; +∞], ∀l ∈ N
1

|Ql(ξ)| <
C

(ξ2 − 1)
l+1
2

→
ξ→+∞

0.

P�p�`dgST gSw
ul(ξ) = AlPl(ξ) +BlQl(ξ)

�'j�bdQ |ul(ξ)| →
ξ→+∞

0
° |Ql(ξ)| →

ξ→+∞
0
vxf�y |Pl(ξ)| →

ξ→+∞
+ ∞ ©

�3» � � � � � �
Al = 0

ª�V��'j��m�²fSp�� z�prT�wSgSbdV
Bl
© .Spri5bkQSj�`5wSgSikwpI`cV�3V���pDpr´�� pNi5bdQSV�¢LV(Qv�³Ijmpri'pr�

ul
�'Q�V(f

ξ → 1+
©

ul(ξ) =

∫

I×I

Pn(z)P̃l(ν) dzdν√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

=

∫

I

Pn(ν)P̃l(ν)

∫

I

dz√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

dν +

∫

I

P̃l(ν)

∫

I

Pn(z) − Pn(ν)√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

dzdν.

�0VUidVj�`0vxf$V�¦awS�mj�z�j�b[z�prT�wSgSbkv�bkj�pNf"� pNi5bdQSV±ik`cb'j�fIbdVU�ri*vx�

∫ +1

−1

dz√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

=

∫ (1−ξν)/
√

(ξ2−1)(1−ν2)

(−1−ξν)/
√

(ξ2−1)(1−ν2)

dz√
1 + z2

= ln
( 1 − ξν +

√
(ξ2 − 1)(1 − ν2) + (1 − ξν)2

−1 − ξν +
√

(ξ2 − 1)(1 − ν2) + (−1 − ξν)2

)

�®prf`cj�yaV(ikjmfS�
ξ = 1 + u

°a�mV�b0g`0`cjmT�wS�mj � _

(ξ2 − 1)(1 − ν2) + (1 − ξν)2 = u(2 + u)(1 − ν2) + (1 − ν − νu)2

= u2(1 − ν2) + 2u(1 − ν2) + ν2u2 − 2uν(1− ν) + (1 − ν)2

= u2 + 2u(1− ν) + (1 − ν)2 = (1 + u− ν)2 = (ξ − ν)2.

ª¥j�bdQ§bkQSV
`kvxT�V"z(prT�wSgab*v�bdjmprf§�3V�pN¢abkvrj�f
(ξ2 − 1)(1 − ν2) + (1 + ξν)2 = (ξ + ν)2

©Bnogabcbkj�f���bdQ�VU`dV
j�yaV(fIbdj�bdjmVU`0j�f$bdQ�V���pN�Nvxikj�bdQST�j�z0bkV(ikT�vx¢Lp�³rVN°

∫ +1

−1

dz√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

= ln
( 1 − ξν + ξ − ν

−1 − ξν + ξ + ν

)
= ln

(ξ + 1

ξ − 1

) *D/�
 ,
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���������
	���	�������
������������������� �"!�� � �

�3» � � � � � � ∫

I

Pn(ν)P̃l(ν)

∫

I

dz√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

dν =
δl
n√

n+ 1/2
ln

(ξ + 1

ξ − 1

) ©

�3VU`djmySVU`U°D� pri'�rjm³rVUf
ν
vrf�y

z
°a�®VQ�v�³NV

Pn(z) − Pn(ν)√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

→
ξ→1+

Pn(z) − Pn(ν)

|z − ν| .

]Djmf�z�V
(ξ2 − 1)(1 − ν2) + (ξν − z)2 = (ξ − 1) (ξ − νz + 1 − νz)︸ ︷︷ ︸

> 0

+(ν − z)2 > (ν − z)2
jm�:³Dj�VUfIb 1

|Pn(z) − Pn(ν)|√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

6

∣∣∣Pn(z) − Pn(ν)

z − ν

∣∣∣ 6 max
Ī

|P ′
n|

P5QSV�yapNT�j�f�vxbdVey
z(prfD³rVUid�NV(f�z(V0bdQ�V(prikV(T�_IjmV(��yS`
∫

I

P̃l(ν)

∫

I

Pn(z) − Pn(ν)√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

dzdν →
ξ→1+

∫

I

P̃l(ν)

∫

I

Pn(z) − Pn(ν)

|z − ν| dzdν.

.�j�fvx�m��_��3V�Q�v�³NVYpN¢abkvrj�fSVey

ul(ξ) =
δl
n√

n+ 1/2
ln

(ξ + 1

ξ − 1

)
+

∫

I

P̃l(ν)

∫

I

Pn(z) − Pn(ν)

|z − ν| dzdν + o(1)

= Bl

(
Pl(ξ)

1

2
ln(

ξ + 1

ξ − 1
) +Wl−1(ξ)

)
.

Pl
vxf�y

Wl−1
vxikV"wLpr�m_If�prT�jmvr�m`<vxf�y

Pl(1) = 1
©¬P5QDg�`4jmyaVUfIbdj�� _IjmfS��bdQSV$idVe`cwLVUz�bdjm³rV
¢VUQ�v�³Dj�pNik`�j�f bdQSV

fSVUj��NQI¢LprikQSpDpay�pr�
1+
�3V�pN¢abkvrj�f

� » ��� � ����� » �®�
Bl =

2δl
n√

n+ 1/2

©

W0p�� �3V/z�prfz��mg�yaV�bkQSV$wSidpDpr�0px�0bkQSV
�mV(T�T�vS© .�pri
ξ > 1

±S¦aVUy:°�vrf�y
ν 7→ u(ξ; ν)

jm`�z(prfIbdjmfDgSprg�`�prf
[−1; +1]

°IbdQSVUprikV(T /w²©�� �<pr� 3 /�
 5 wSikp�³Ij�yaVe`

u(ξ; ν) =

+∞∑

l=0

ul(ξ)P̃l(ν) =

+∞∑

l=0

BlP̃l(ν)Ql(ξ) =
2√

n+ 1/2
P̃n(ν)Qn(ξ) = 2Pn(ν)Qn(ξ).

� » � » � � �a� ¸ � 
 �
� ��� ��� �

ξ > 1, ν ∈ [−1; +1], z ∈ [−1; +1]
�

1√
(ξ2 − 1)(1 − ν2) + (ξν − z)2

=
+∞∑

n=0

2P̃n(z)P̃n(ν)Qn(ξ)

�G��� ��! � � !�� � ! �G!� � �9� �� � 	 ���� ! �
� � »²»�� �

.SpNi
ξ > 1, ν ∈ [−1; +1]

±S¦aVUy:°IbdQ�V[� gSfz?bdjmprf
z 7→ ((ξ2 − 1)(1− ν2) + (ξν− z)2)−1/2 j�`®z(prfIbdjmfDgSprg`

prf
[−1; +1]

©²ª�V5z(prf�z(��gyaV�bkQSV3wSidpDpr�vxwSw���_DjmfS�Y�mV(T�T�v ��© /5vxf�y�bdQSVUprikV(T � �a`cg7�4b �YwSikhU`dV(fIb-y²µ vrwSwS�mjmlIgSVUi
�mV���VUT4T�V /�w²©�� ��px� 3)/ 
 5 ©

X[`djmfS�B��VUT�T�v���©)/N°��3V�z(vrf�ySVU`kz�ikj�¢LV�wSikVUz�j�`dV(�m_�bdQ�V ��idVUV(f¬´rVUidfSVU�opx�3bdQ�V 6�vrwS�mvNz�V�VUlIg�vxbdjmprf¬jmf�VU� 

�mj�w�`dprj�ySvr��z(pIpNikySj�f�vxbdVe`(©Yª¯V4V(f�y�bdQSj�``cVez?bkj�pNf��'j bkQ�bkVUz*QSfSj�z(vr���mV(T�T�vr`YwSikp�³DjmyajmfS�
VU`cbdjmT�vxbdVe`[pNf

Qn
© � f

�'Q�vxb'� pr�m��p��0`
[x]
ikV�� VUik`3bkp<bkQSV��rikVUvxbdVUi3jmfIbdVU�rV(i0`kv�bkjm`c� _Dj�f��

[x] 6 x
©

<=<?>�@8A-BDC�EGF�H�I�JGK�L



�x� ����� �)� ! ���

��· � � �B� 
 �
� ���

ε0 > 0
���'��� ! �
� � � �

�
	 � ! �"!�!��2���	��

C > 0
 ��� !��8! �	�2��� 	 � �

ε ∈]0; ε0[, ξ ∈ [1; +∞[
��� �

n ∈ N
��� � �

	 � ��	

|Pn(ξ) − 1| 6 C n
√
ξ2 − 1

����� 	 � !
n 6 [

1√
ε
]

!�	
ε 6 ξ2 − 1 6 2ε

� � »²»�� �
ª�V��'jm�m�²g�`dV�v<ikVU`dgS��b'�rjm³rV(f$jmf 3 �x� 5 z*Q�vxw²© /e� � /��a© # ©�P5QSj�`5idVe`cg�� b[`cbkvxbdVU`3bkQ�v�b

Pn(coshx) =
( x

sinhx

)1/2(
I0(x(n +

1

2
)) + η1,1(n+

1

2
;x2)

)

�'j�bdQ

|η1,1(n+
1

2
;x2)| 6 I0(x(n+

1

2
))

λ1(0)

n+ 1
2

V0,x(τB0
0 (τ2)) exp

( λ1(0)

n+ 1
2

V0,x(τB0
0 (τ2))

)

�'QSVUidV





I0(x) = J0(ix)
vxf�y

J0
ikV�� VUik`3bkp4bdQSV �3VU`k`dV(�}� gSf�z�bdjmprf/px��bdQSV±ik`cb0´Dj�f�y
px�-pri*yaVUi

0

λ1(0) = sup
x∈]0;+∞[

|2xI0(x)K0(x)|

V0,x(f)
ikV�� VUik`®bdp�bkQSVbdprbkvr�:³�vridj�v�bkj�pNf"pr�

f
prf

]0;x[

B0
0(x) = −1

16
√

x

∫ x

0
1√
v
{ 1

sinh2(
√

v)
− 1

v} dv

]Djmf�z�V V0,x(f) =
∫ x

0
|f ′| �'QSVUf f ′ ∈ L1(]0;x[)

vrf�y d
dx(xB0

0(x)) = 1
8 ( 1

x2 − 1
sinh2(x)

) = B̃(x)
°®P�vr´�


jmfS�
C1 = max

[0;1]
|B̃| �3V�pN¢abkvrj�f

V0,x(τB0
0(τ2)) 6 x

∫ 1

0

|B̃(tx)|dt 6 C1x

P5QDg�`5�3VvridV�mVUy
bdp4bkQSV�V�¦aj�`sbkV(f�z(V�pr�
C2 > 0

jmf�yaVUwVUf�ySvrfNb0pr�
x
vrf�y

n
`dg�z*Q
bdQ�vxb

|η1,1(n+
1

2
;x2)| 6

C2

n+ 1
2

I0(x(n+
1

2
))x.

�[`[v4z(prf�`dVUlIgSVUf�z�V

Pn(coshx)− 1 =
[( x

sinhx

)1/2

− 1
]
I0(x(n+

1

2
)) + I0(x(n+

1

2
))− 1 +

( x

sinhx

)1/2

η1,1(n+
1

2
;x2).

]Djmf�z�V�bdQSV�� g�f�z?bkj�pNf
x 7→ ( x

sinh x)1/2 j�`[vxfvx�m_Nbkjmzjmf/bdQ�V�fSV(jm�rQD¢LprikQSpDpay
pr�o��vxf�y$b*vx´rVbkQSV�³�vx�mgSV /�jmf��S°
bdQ�V(ikV�V(¦ajm`cbk`

C3 > 0
`dg�z*Q�bkQ�v�b |( x

sinhx )1/2 − 1| 6 C3x
© .Spri

ε 6 ξ2 − 1 6 2ε
vxf�y

x = arcosh(ξ)
°�vrf�y

n 6 [ 1√
ε
]
�3V�Qv�³rV

(n+
1

2
)x 6

1√
ε

ln(1 + ξ − 1 +
√
ξ2 − 1) 6

2
√

2
√
ξ − 1√
ε

6 4.

P�vx´rV
C4 = max

[0;4]
|I0| + |I ′0|

©oP5Q�V(f/�®VpN¢abkvrj�f$bdQ�V�Ve`sbkj�T�vxbdVU`

|
[( x

sinhx

)1/2

− 1
]
I0(x(n +

1

2
))| 6 C3C4 x,

|I0(x(n +
1

2
)) − 1| 6 C4(n+

1

2
)x,

|
( x

sinhx

)1/2

η1,1(n+
1

2
;x2)| 6 C2C4

x

n+ 1
2

.
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���������
	���	�������
������������������� �"!�� �I�

P�p�`dgST gSw$bdQSVUidVV�¦aj�`sb*`
C5 > 0

jmf�yaV(wLV(fySvxfIb0px�
x
vxf�y

n
`cg�z*Q
bdQv�b

|Pn(coshx) − 1| 6 C5 (n+
1

2
)x
� pNi

n 6 [
1√
ε
]
vxfy

ε 6 (coshx)2 − 1 6 2ε.

]Djmf�z�V[� pri
ξ = coshx

bdQ�V(ikV[QSpN�myS`
x 6 2

√
ξ2 − 1

°rbkQSV(ikV[V(¦Dj�`cbk`
C6 > 0

jmf�yaVUwVUf�ySvxfIb3px�
ε
°
ξ
vxfy

n
`cg�z*Q

bdQv�b

|Pn(ξ) − 1| 6 C6 n
√
ξ2 − 1

�'QSV(f
n 6 [

1√
ε
]
vxf�y

ε 6 ξ2 − 1 6 2ε.

� » � » � � �a� ¸ � 
 �
� ���

ε0 > 0
��� ��� � !�� � � � �

�
	 � ! �"! !��2��G	 �

κ > 0
 �	�2! � !���� ��� 	 �D�

ε ∈]0; ε0[, ξ ∈ [1; +∞[
�����

n ∈ N
��� � �

	 � ��	

|∂Pn

∂ξ
(ξ)| 6 κ

n√
ξ2 − 1

� � ! �
n 6 [

1√
ε
]

���	�
ε 6 ξ2 − 1 6 2ε.

� � »²»�� �
W0prbdV�bdQv�b

∂Pn

∂ξ
=

1

ξ2 − 1
{nPn−1(ξ) − nξPn(ξ)}

=
n

ξ2 − 1
(Pn−1(ξ) − 1) − n

ξ2 − 1
(ξ − 1)(Pn(ξ) − 1) − n

ξ2 − 1
(ξ − 1) − n

ξ2 − 1
(Pn(ξ) − 1).

ª�V�z�prfz��mg�yaV�bdQSV�w�idpDpx��px��bdQSj�`5�mV(T�T�v�g�`cjmfS���mV(T�T�v���© �D©

� » � » � � �a� ¸ � 
 �
� ���

ε0 > 0
��� ��� � !�� � � � �

�
	 � ! �"! !��2��G	 �

κ > 0
 �	�2! � !���� ��� 	 �D�

ε ∈]0; ε0[, ξ ∈ [1; +∞[
�����

n ∈ N
��� � �

	 � ��	

|Wn−1(ξ) −Wn−1(1)| 6 κn lnn
√
ξ2 − 1

� � ! �
n 6 [

1√
ε
]

���	�
ε 6 ξ2 − 1 6 2ε.

� � »²»�� �
ª�V�¢LV(�Nj�f/�'j�bdQBvxf$j�yaV(fIbdj�bs_"�3V�Nv�³NVY¢LV�� pNidV

Wn−1(z) =

n−1∑

q=0

Pq(z)Pn−1−q(z)

q + 1
.

�[`[v4z(prf�`dVUlIgSVUf�z�V

Wn−1(ξ) −Wn−1(1) =
∑n−1

q=0
1

q+1{Pq(ξ) − 1}{Pn−1−q(ξ) − 1}

+
∑n−1

q=0
1

q+1{Pq(ξ) − 1} +
∑n−1

q=0
1

q+1{Pn−1−q(ξ) − 1}.
� ikprT>�'QSj�z*Q/�®V�z(prf�z(��g�ySV�g`cjmfS�4bdQSV�w�idVez�VUySj�fS���mV(T�T�v�vxf�y
bdQ�V�V�¦aw�vxf`cjmprf

n−1∑

q=0

1

q + 1
= ln q + γ + o(1)

�'QSVUidV
γ
j�`5bdQSV ��gS��VUi0z�pNf�`sb*vxfIbU©
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� � ����� �)� ! ���

� » � » � � �a� ¸ � 
 	
� ���

ε0 > 0
��� ��� � !�� � � � �

�
	 � ! �"! !��2��G	 �

κ > 0
 �	�2! � !���� ��� 	 �D�

ε ∈]0; ε0[, ξ ∈ [1; +∞[
�����

n ∈ N
��� � �

	 � ��	

|∂Wn−1

∂ξ
(ξ)| 6 κ

n lnn√
ξ2 − 1

� � ! �
n 6 [

1√
ε
]

�����
ε 6 ξ2 − 1 6 2ε

� � »²»�� �
]Ibkikvrj��NQNbd� prik�3vrikyS��_

∂Wn−1

∂ξ
=

n−1∑

l=0

1

l + 1
{∂Pl

∂ξ
Pn−1−l +

∂Pn−1−l

∂ξ
Pl}.

]Djmf�z�VbkQSV(ikVV�¦aj�`sb*`
κ > 0

`dg�z*Q"bkQ�v�b

|Pl(ξ)| 6 κ
vxf�y |∂Pl

∂ξ
(ξ)| 6 κ

n√
ξ2 − 1

�'QSV(f
l 6 n 6 [

1√
ε
]
vxfy

ε 6 ξ2 − 1 6 2ε.

.SikprT>bdQSj�`'�3Vz(prf�z(��gyaV

|∂Wn−1

∂ξ
| 6 κ

n√
ξ2 − 1

n−1∑

l=0

1

l + 1
6 κ

n lnn√
ξ2 − 1

�'QSVUf
l 6 n 6 [

1√
ε
]
vrf�y

ε 6 ξ2 − 1 6 2ε.

X[`djmfS��`cjmT�wS��V�z(prT�wSgab*v�bkj�pNf�`5�®V�vr�m`dp�Q�v�³rV
� » � » � � �a� ¸ � 
 �
� ���

ε0 > 0
��� ��� � !�� � � � �

�
	 � ! �"! !��2��G	 �

κ > 0
 �	�2! � !���� ��� 	 �D�

ε ∈]0; ε0[, ξ ∈ [1; +∞[
�����

n ∈ N
��� � �

	 � ��	

|Qn(ξ) − 1

2
ln

( 2

ξ − 1

)
−Wn−1(1)| 6 κn lnn

√
ξ2 − 1 ln

1

ξ − 1

� � ! �
n 6 [

1√
ε
]

���	�
ε 6 ξ2 − 1 6 2ε

�

� » � » � � �a� ¸ � 
��
� ���

ε0 > 0
��� ��� � !�� � � � �

�
	 � ! �"! !��2��G	 �

κ > 0
 �	�2! � !���� ��� 	 �D�

ε ∈]0; ε0[, ξ ∈ [1; +∞[
�����

n ∈ N
��� � �

	 � ��	

|∂Qn

∂ξ
(ξ) − 1

2

∂

∂ξ
ln

( 2

ξ − 1

)
| 6 κ

n lnn√
ξ2 − 1

ln
1

ξ − 1

� � ! �
n 6 [

1√
ε
]

���	�
ε 6 ξ2 − 1 6 2ε

�

�	��� 	 204 �7$ 4�+�$ � 1 2 '
B1 � B2

��4�;
B3

X[`djmfS� v `cbdi*vxjm�rQIbd� prik�3vriky z�prT�wSgSbkv�bkj�pNf�vx�YT�V�bdQ�pDy²°0�®V¯�'j��m�Y`dQSp��6bdQv�b"� pNi
vrfI_
n
°
B1
vrf�y

B2
vxikV

z�pNfIbdjmfIg�prg�`
En(I)

jmfIbdp
En(I)

© ª�V/±�ik`cb��rjm³rV$bkQSVBwSikpIpr�[� pNi
B1
°'vxf�y bdQ�V(f7� pri

B2
bdQ�V�wSikpIpr�Y�'jm���

¢LV�³rVUid_�`djmT4jm��vxie©"ª�V��'j��m��w�idpaz�VUVUy�jmf¬bs�®p�`cbdVUw�`(°�g�`dj�f��BidVez�gSikidVUf�z�V�vrid�NgST�V(fIbk`U© .�j�i*`cb��®V�ikVUzUvx�m��bdQ�V
yaV(±�fIbdjmprf/px�

B1 B2
vxf�y

B3
°

(
B1u

)
(ν) = u(ν) ln c(ν)2,

(
B2u

)
(ν) =

∫ +1

−1

u(z)
eik|ν−z| − 1

|ν − z| dz,

(
B3u

)
(ν) =

∫ +1

−1

u(z)Greg(ν; z) dz.

?A@ <(?CB
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� 
 ��
 � � » �}����� ��� � ¸£» �
B1

��· � � �B� 
 �
� ���

q = 0 . . .N
� �-� � ��� ! 	 � !�� !�!��2��G	 �

fq, gq ∈ C∞(I)
���	�

u ∈ E2N (I)
��� � � 	 � ��	

v =

N∑

q=0

fq(ν)
( d

dν
(1 − ν2)

d

dν

)q

u+

N−1∑

q=0

gq(ν)(1 − ν2)
d

dν

( d

dν
(1 − ν2)

d

dν

)q

u,

	 � ! �7	 � ! �"! !��2��G	 �
Fq , Gq ∈ C∞(I), q = 0 . . .N

� � � � 	 � ��	

d

dν
(1 − ν2)

dv

dν
=

N+1∑

q=0

Fs(ν)
( d

dν
(1 − ν2)

d

dν

)q

u+

N∑

q=0

Gq(ν)(1 − ν2)
d

dν

( d

dν
(1 − ν2)

d

dν

)q

u.

� � »²»�� �
ª�V�Ve`sb*vx¢S�mj�`cQ$bdQ�jm`5ikVU`dgS��b0g�`cjmfS��ikVUz�g�idikV(f�z(VYpNf

N
© .Spri

N = 0
°aj �

v = f0(ν)u
bkQSV(f

d

dν
(1 − ν2)

dv

dν
=

d

dν
(1 − ν2)

df0
dν

. u+ 2
df0
dν

. (1 − ν2)
du

dν
+ f0(ν) .

d

dν
(1 − ν2)

du

dν
`dpbdQSVYidVe`cgS��boj�`�bdikgSV'� pNi

N = 0
©o]Dg�wSwpI`cV[fSp�� bkQ�v�b�bdQSV0ikVU`dgS��b�j�`�bdikgSV5� pNi

q = 0 . . .N
©�3_4vN`d`dgST�wabkj�pNf

px�-ikVUz�g�idikV(f�z(Vr°Ij b0j�`0`dg/��z�jmV(fIb'bdp�wSikp�³rVYbdQv�b

(i)
d

dν
(1 − ν2)

d

dν

{
fN(ν)

( d

dν
(1 − ν2)

d

dν

)N

u
}

(ii)
d

dν
(1 − ν2)

d

dν

{
gN (ν) (1 − ν2)

d

dν

( d

dν
(1 − ν2)

d

dν

)N−1

u
}

Q�v�³NV[bkQSV�V�¦awLVUz?bkVUy
� prikT/©oP5QSj�`5jm`0v�`dj�T�wS�mV�z�pNT4w�gabkvxbdjmprf�vr�:V�¦aV(i*z�j�z�VN©�ª�V��'ikj bkV�j�b'� pri
(i)
©

d

dν
(1 − ν2)

d

dν

{
fN(ν)

( d

dν
(1 − ν2)

d

dν

)N

u
}

=

( d

dν
(1 − ν2)

dfN

dν

)
.
( d

dν
(1 − ν2)

d

dν

)N

u+ 2
dfN

dν
.
{

(1 − ν2)
d

dν

( d

dν
(1 − ν2)

d

dν

)N

u
}

+ fN(ν)
( d

dν
(1 − ν2)

d

dν

)N+1

u

�'QSj�z*Q
j�`5bkQSV�yaVU`djmidVey"ikVU`dgS��bU©

��· � � �B� 
 	 ∀n ∈ N, B1 : En(I) → En(I)
�� �G��� 	  � � � � � �

� � »²»�� �
�®prf`cj�yaV(i

N ∈ N
vxfy

n ∈ {0 . . .N} © � � n j�`'V(³NV(f²° n = 2m
©��'z(z(pri*yaj�f��<bkp�bdQSV�wSidVez�Veyaj�f�����VUT4T�v�°

bdQ�V(ikV�V(¦ajm`cbk`
fq, gq ∈ C∞(I), q = 0 . . .m

`cgz*Q"bkQ�v�b

( d

dν
(1−ν2)

d

dν

)m

(u(ν) ln c(ν)) =

m∑

q=0

fq(ν)
( d

dν
(1−ν2)

d

dν

)q

u+

m−1∑

q=0

gq(ν)(1−ν2)
d

dν

( d

dν
(1−ν2)

d

dν

)q

u

¢LVUz(vrg�`dV
ln c(ν) = ln 2 + v0(ν) ∈ C∞(I)

©�P5QSVUf

∣∣∣
〈
(−L)2mu(ν) ln c(ν);u(ν) ln c(ν)

〉 ∣∣∣
1/2

6

m∑

q=0

‖fq‖L∞(I)|
〈
(−L)2qu;u

〉
|1/2

+

m−1∑

q=0

‖(1 − ν2)1/2gq‖L∞(I)|
〈
(−L)2q+1u;u

〉
|1/2.

<=<?>�@8A-BDC�EGF�H�I�JGK�L



�r� ����� �)� ! ���

� �
n
j�`paySy:°

n = 2m + 1
©�P5Q�V(ikV4V(¦ajm`cbk`

fq, gq ∈ C∞(I), q = 0 . . .m
��jm´rV�jmf�bdQSV�wSikVUz(VUyajmfS�/�mV(T�T�vS©

P5QSVUf

〈
(−L)2m+1u;u

〉
L2(I)

6 22m−2
{ m∑

q=0

∫

I

(1 − ν2)
∣∣∣ d
dν

(
fq(

d

dν
(1 − ν2)

d

dν
)qu

)∣∣∣
2

dν

+

m−1∑

q=0

∫

I

(1 − ν2)
∣∣∣ d
dν

(
(1 − ν2)gq

d

dν
(
d

dν
(1 − ν2)

d

dν
)qu

)∣∣∣
2

dν
}
.

X[`djmfS�4bdQSV�jmfSVUlIg�vr��j�bdjmVU`
∫

I

(1 − ν2)
∣∣∣ d
dν

(
fq(

d

dν
(1 − ν2)

d

dν
)qu

)∣∣∣
2

dν 6 2‖(1− ν2)|dfq

dν
|2‖L∞(I)

∫

I

∣∣∣( d
dν

(1 − ν2)
d

dν
)qu

∣∣∣
2

dν

2‖f2
q ‖L∞(I)

∫

I

(1 − ν2)
∣∣∣( d
dν

d

dν
(1 − ν2)

d

dν
)qu

∣∣∣
2

dν

vxfy
∫

I

(1 − ν2)
∣∣∣ d
dν

(
(1 − ν2)gq

d

dν
(
d

dν
(1 − ν2)

d

dν
)qu

)∣∣∣
2

dν 6

2‖(1− ν2)| d
dν

(1 − ν2)gq |2‖L∞(I)

∫

I

∣∣∣( d
dν

(1 − ν2)
d

dν
)qu

∣∣∣
2

dν

2‖|(1− ν2)gq|2‖L∞(I)

∫

I

(1 − ν2)
∣∣∣ d
dν

(
d

dν
(1 − ν2)

d

dν
)qu

∣∣∣
2

dν

�3V�pN¢abkvrj�f
bdQ�V�yaVU`dj�ikVUy
ikVU`dgS� be©

� 
 ��
 � � » �}����� ��� � ¸£» �
B2

]Djmf�z�V3�3V®g�`dV3bdQSV5`kvxT�V3vrid�NgST�V(fIbk`�� pri-wSikp�³Dj�f��'bdQSV'z(prfIbdjmfDgSj bs_�pr�
B2
°x�3V®�3prf�µ b-�rjm³rV3vr`�T�g�z*Q4z�pNT4w�gabkv 


bdjmprfvx�ySV�bkvrj��Lvr`�jmf�bdQ�V[wSikVUz(VUyajmfS��wSikpDpx�s©-�0p��3V(³rVUi��®V[¢VU�rjmf��'j bkQ"vwSikV(�mj�T�jmf�vxik_�ikV(T�vxik´}© � �
u ∈ C0(I)bdQ�V(f

d

dν

{ ∫ +1

−1

∫ 1

0

(ikt)2nu(z)eikt|ν−z| dz dt
}

=

∫ +1

−1

∫ 1

0

(ikt)2n+1 `cjm�rf (ν − z)u(z)eikt|ν−z| dz dt,

vxfy

d

dν

{ ∫ +1

−1

∫ 1

0

(ikt)2n+1 `cjm�rf (ν − z)u(z)eikt|ν−z| dz dt
}

=

∫ +1

−1

∫ 1

0

(ikt)2n+2u(z)eikt|ν−z| dz dt

+ 2u(ν)

∫ 1

0

(ikt)2n+1dt.

��· � � �B� 
 �
� ���

q = 0 . . .N
� �-� � ��� ! 	 � !�� !�!��2��G	

fq, gq, h
1
q , h

2
q ∈ C∞(I)

���	�
u ∈ E2N (I)

��� � � 	 � ��	

v(ν) =

N∑

q=0

fq(ν)

∫ +1

−1

∫ 1

0

(ikt)2qu(z)eikt|ν−z| dtdz

+
N−1∑

q=0

gq(ν)

∫ +1

−1

∫ 1

0

(ikt)2q+1u(z)
�� ���

(ν − z)eikt|ν−z| dtdz

+

N−1∑

q=0

h1
q(ν)

( d

dν
(1 − ν2)

d

dν

)q

u +

N−2∑

q=0

h2
q(ν)(1 − ν2)

d

dν

( d

dν
(1 − ν2)

d

dν

)q

u.
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���������
	���	�������
������������������� �"!�� � /

��� ! �7	 � ! �"!0! �2���	
Fq , Gq, H

1
q , H

2
q ∈ C∞(I) q = 0 . . .N

��� � � 	 � ��	

d

dν
(1 − ν2)

d

dν
v(ν) =

N+1∑

q=0

Fq(ν)

∫ +1

−1

∫ 1

0

(ikt)2qu(z)eikt|ν−z| dtdz

+

N∑

q=0

Gq(ν)

∫ +1

−1

∫ 1

0

(ikt)2q+1u(z)
�� ���

(ν − z)eikt|ν−z| dtdz

+

N∑

q=0

H1
q (ν)

( d

dν
(1 − ν2)

d

dν

)q

u +

N−1∑

q=0

H2
q (ν)(1 − ν2)

d

dν

( d

dν
(1 − ν2)

d

dν

)q

u.

� � »²»�� �
�0�Ivxjmf²°a�3V�g`cVikVUz�g�idikV(f�z(V�vrid�NgST�V(fIbk`U©�.SpNi

N = 0
°

d

dν
(1 − ν2)

d

dν

{
f0(ν)

∫ +1

−1

∫ 1

0

u(z)eikt|ν−z| dtdz
}

=

( d

dν
(1 − ν2)

df0
dν

)∫ +1

−1

∫ 1

0

u(z)eikt|ν−z| dtdz

+ 2
d

dν

(
(1 − ν2)f0

) ∫ +1

−1

∫ 1

0

(ikt)
`cjm�rf

(ν − z)u(z) eikt|ν−z| dtdz

+ (1 − ν2)f0(ν)

∫ 1

0

(ikt)2 u(z) eikt|ν−z| dtdz

+ (1 − ν2)f0(ν) ik u(ν).

`dp�bdQSV�ikVU`dgS��b0jm`5bkidg�V� pri
N = 0

©®]agSwSwLpN`dV�fSp��¤bkQ�v�b'bkQSV�ikVU`dgS��b0jm`5bkidg�V� pri
q = 0 . . .N

©0�'zUz�pri*yajmfS�4bdp
bdQ�V�idVez�gSikidVUf�z�Vvr`k`dgST�wabdjmprf²°Svrf�y
g�`cjmfS�4bdQ�V�wSidVez�Veyaj�f��4�mV(T�T�vS°�j b0j�`'`cg7��z(j�VUfIb'bdp�wSikp�³rVYbdQ�vxb

(i)
d

dν
(1 − ν2)

d

dν

{
fN(ν)

∫ +1

−1

∫ 1

0

(ikt)2Nu(z)eikt|ν−z| dtdz
}

(ii)
d

dν
(1 − ν2)

d

dν

{
gN (ν)

∫ +1

−1

∫ 1

0

(ikt)2N−1u(z)
`dj��Nf

(ν − z) eikt|ν−z| dtdz
}

Q�v�³NV'bdQSVYV�¦awLVUz?bkVUy�� pNidT/©-ª�V[�'jm���}`cQ�p��£j�b5prfS�m_�� pNi
(ii)
°I`dj�fz�V0bkQSV[w�idpDpx�:� pNi

(i)
�®pNgS��y�¢VY³rVUid_�`cjmT�j���vxi

bdp4bkQSV�z(vN`cV
N = 0

©

d

dν
(1 − ν2)

d

dν

{
gN(ν)

∫ +1

−1

∫ 1

0

(ikt)2N−1u(z)
`dj��Nf

(ν − z) eikt|ν−z| dtdz
}

=

( d

dν
(1 − ν2)

dgN

dν

) ∫ +1

−1

∫ 1

0

(ikt)2N−1u(z)
`dj��Nf

(ν − z) eikt|ν−z| dtdz

+ 2
d

dν

(
(1 − ν2)gN

) ∫ +1

−1

∫ 1

0

(ikt)2Nu(z) eikt|ν−z| dtdz

+ 4
d

dν

(
(1 − ν2)gN

) ∫ 1

0

(ikt)2N−1dt u(ν)

(1 − ν2)gN (ν)

∫ +1

−1

∫ 1

0

(ikt)2N+1u(z)
`cjm�rf

(ν − z) eikt|ν−z| dtdz

+ 2 gN(ν)

∫ 1

0

(ikt)2N−1dt (1 − ν2)
du

dν

ª�V�pr¢ab*vxjmf"bkQSV�yaVU`djmidVey�� pNidT/©
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�N� ����� �)� ! ���

��· � � �B� 
 � ∀n ∈ N, B2 : En(I) → En(I)
�� �G��� 	  � � � � � �

� � »²»�� �
W0prbdV�bdQv�b

∫ +1

−1

u(z)
eik|ν−z| − 1

|ν − z| dz =

∫ +1

−1

∫ 1

0

u(z)eikt|ν−z| dzdt.

�0w�wS��_DjmfS��bdQ�V�wSidVez�Veyaj�f��<�mV(T�T�vS°S�3V�z�pNf�z��mg�yaV�mj�´NV�jmf$bdQSV�w�idpDpx��px��bdQSV�z(prfIbdjmfDgSj�bs_�px�
B1
©

� 
 ��
 � � » �}����� ��� � ¸£» �
B3

P5QSV�z(prfIbdjmfDgSj bs_"px�
B3
�'jm���²¢LV� vxi'T�pNidVVUvN`c_�bkp�³rVUidj�� _r©

��· � � �B� 
 � ∀n ∈ N � B3 : En(I) 7→ En(I)
�� � ��� 	� � � � � � �

� � »²»�� �
6²V(b�g�`¯z�prf`cj�yaV(i�bs�®p wLprjmfIbk`

x,x′ ∈ J
�'j bkQ ikVU`dwVez?bdjm³rV§VU���mjmw�`cpNjmy�vx�<z(pDpri*yaj�fv�bdVe`

(1; ν; θ)
vxf�y

(1; ν′; θ′)
©oP5QSV(f/�3V�yaV(fSprbdV Lx = ∂

∂ν (1 − ν2) ∂
∂ν

©�ª�V�Q�v�³rV

‖B3u‖2
En(I) = 〈(−L)nB3u;B3u〉L2(I) 6 ‖(−L)nB3u‖L2(I) ‖B3u‖L2(I).

ZBpNidVUp�³rV(i

(L)qB3u =

∫

J

u(x′) (Lx)qGreg(x;x′) dx′.

]Dp4bdQ�V �3vxg�z*QD_ 
 ]Sz*QI�5vxidbd�Yj�f�VUlIg�vx�mj�bs_�_Dj�VU�myS`

‖(L)qB3u‖2
L2(I) 6

∫

J×J

|(L)qGreg(x;x′)|2 d � d � ′ ‖u‖2
L2(I).

QSVUf�z�VbkQSV�yaVU`djmidVey�ikVU`dgS� b[z*Q�pIpI`cjmfS�
q = 0

vxf�y
q = n
©

�	��� � &�4 ) $ � 1 = &>8:8��

��· � � �B� 
 �
H1

00(ΩR \ J)
�� � ! �8� !  �

H1(ΩR)
������	 � ! �
����� ‖ ‖H1(ΩR)

�

� � »²»�� �
]Djmf�z�V

C∞(ΩR)
jm`3yaV(f`cV0jmf

H1(ΩR)
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∫ √
2

ξ=
√

1+1/n

∫ +1

ν=−1

∫ 2π

θ=0

(ξ2 − 1)|∂χn

∂ξ
|2dξdνdθ 6

64π

ln2 n
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√
1+1/n

dξ

ξ2 − 1
6

κ

lnn
.

P5QSj�`0z�pNf�z��mg�yaVe`®bdQSV�wSikpDpx�-`cjmf�z�VbkQSV�ikj��NQNb'Q�vrf�y$`cj�yaVpx��bdQSV�jmfSVelNgvx�mj bs_��NpDVU`3bdp
0
�'QSVUf

n→ ∞ ©

�	� � � & � � 4�$�� ��=�"7&�),+�= � 2 '�; $�� &("%&�4 �/$���= � &(2 8 & �,"71

��· � � �B� 
��
� ��� �G �2!�� S �

C∞ � � � � ���  ����� � � �
R3

�D� �� �'! �8������ � � � !�	
U

�G!+��� � � ! � � � ��� ! 	��D�
R3

� � � � 	 � ��	

(U, φ)
���� � ����	 � �

R3
� �����"!�� � ������ � � 	��'	 � !�� �-������ �
��	 !��

(x1, x2, x3)
��� �-�2�8��� ! 	 � ��	
����� �9�8�� � 	

x ∈ U�� 	 � �G� ��� �� � ��	�!��
(x1, x2, x3) � x ∈ S ⇔ x1 = F (x2, x3) �

� � !��"!
F

�� �
C∞ ��� � ��	����� � � � �� � �� ��� ��	 � ! �

�'��� � !�� 	 � � ��� 	 � ��	 S ��
C∞ � � �  �
��� � � �-� � ��� !0	 � ��	 	 � !��'!�	�����0	�!�� ������� �

R3
 � 	 � ! � � ����	

(U, φ)
��

� ���! � � �
h2

1d
2x1 +h2

2d
2x2 +h2

3d
2x3

� ���	���2!�� ��	�!
n = n1

∂
∂x1

+n2
∂

∂x2
+n3

∂
∂x3

	 � ! ��!G� 	 ��� � ! � � �
����� ���
	�� S � � � � 	 � ��	

n1 > 0
���	�

γdx1dx2dx3
	 � ! ��� � ���2�G! �'!G��� � �"!���� S � ��� !��

γ n1 =
h2h3

h1
.

� � »²»�� �
P5QSV�wSikpDpx�5z�prf`cj�`sb*`�jmf¬`cbdi*vxjm�rQIbd� prik�3vriky�zUvx��z�gS�mg�`U©�ª�V�V�¦awS�mjmz(j bk��_�z�pNT4w�gabdV

n
vxf�y

γ
©�� ¢�vN`cj�`� pri

bdQ�VYb*vxfS�NV(fIb'`cw�vNz�VYpx� S jm`5�Nj�³NV(f�¢D_�bkQSV�bs�®p4³rVez?bdpNi�±V(��yS` ∂F
∂x2

∂
∂x1

+ ∂
∂x2

vxf�y ∂F
∂x3

∂
∂x1

+ ∂
∂x3

©�P5QDg�`3�3V
jmT4T�Veyajmvxbd�m_
z(prT�wSgabkVYbkQSV�V�¦awSikVU`k`dj�pNf"px��bdQ�V�T4V(bdikjmzYbkV(f�`dpri'pNf S jmf
bkQSV�z�pDpNikyajmf�vxbdVU` (x2, x3)

°

[ g ]Sφ =



h2

1(
∂F
∂x2

)2 + h2
2 h2

1(
∂F
∂x2

∂F
∂x3

)

h2
1(

∂F
∂x2

∂F
∂x3

) h2
1(

∂F
∂x2

)2 + h2
3


 .

ª�V�yaVUyagz�V

γ2 =
(
h2

1(
∂F

∂x2
)2 + h2

2

)(
h2

1(
∂F

∂x3
)2 + h2

3

)
−

(
h2

1(
∂F

∂x2

∂F

∂x3
)
)2

= h2
2h

2
3 + h2

2h
2
1(
∂F

∂x3
)2 + h2

3h
2
1(
∂F

∂x2
)2

= h2
2h

2
3

(
1 + (

∂F

∂x2
)2
h2

1

h2
2

+ (
∂F

∂x3
)2
h2

1

h2
3

)
.

�3VU`djmySVU`U°DbdQSV�fSpNidT�vr�±V(��y
n
j�`'yaV�±�f�VUy$¢D_�bdQSV�VelIg�v�bkj�pNf�`

n1
∂F

∂x2
h2

1 + n2h
2
2 = 0 n1

∂F

∂x3
h2

1 + n3h
2
3 = 0 n2

1h
2
1 + n2

2h
2
2 + n2

3h
2
3 = 1

�'QSj�z*Q
_DjmV(��yS`

n2
1h

2
1 + n2

1(
∂F

∂x2
)2
h4

1

h2
2

+ n2
1(
∂F

∂x3
)2
h4

1

h2
3

= 1 ⇒ n2
1 =

1

h2
1

1

1 + (
∂F

∂x2
)2
h2

1

h2
2

+ (
∂F

∂x3
)2
h2

1

h2
3

.

�{z�pNT�¢Sjmf�vxbdjmprf$px��bkQSV�wSikVUz(VUyajmfS��jmySV(fIbdj�bdjmVU`'w�idp�³Dj�yaVU`®bdQ�V�z�prfz��mg�`cjmprf
px��bdQSV��mV(T�T�v

n2
1 =

1

h2
1

h2
2h

2
3

γ2
⇒ γ2n2

1 =
h2

2h
2
3

h2
1

⇒ γn1 =
h2h3

h1

`dj�fz�V
n1 > 0.

<=<?>�@8A-BDC�EGF�H�I�JGK�L



� � ����� �)� ! ���

� ���<	��'�<	��

� � �}�U� » ¼����x��� » � �

/r© / �3idjmV���`dgSid³NV(_�pNf
�'jmidVT�payaV(��` ©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �
/r© � ZBV(bdQSpay$px�-T�v�bkz*Q�VUy$vr`d_IT�wabkpxbkjmz�V�¦aw�vrf�`dj�pNf�`3©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �

� � � · ��� � � ·I» � · �(��� �r� �®� · �(�������¯� ��¼ ��� � ��� � � � � » � � · � �
�a© / ��V(f�V(i*vx�:ikV(T�vxik´a` ©�©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �
�a© � �®pDpri*yajmf�v�bkV`d_a`sbkV(T�`�©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �
�a© �a© / ]Dw�QSV(ikjmzUvx�²z(pIpNikySj�f�vxbdVe`®©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �
�a© �a© � �o�m�mj�w�`dprj�ySvr�²z�pDpri*yajmf�v�bkVU`B©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© 

�a© �a© # ]azUvx�mVUy$z�pDpri*yajmf�v�bkVU` ©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /e�

�a© # ��V(pNT�V�bdikj�z(vx�²`dV�bdbdjmfS�/©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /e�
�a© # © / P��®p�ikV(T�vxik´a`3prf
bdQSV�z*QSpNjmz(Vpx��bkQSV�z�pDpNikyajmf�vxbdV`c_a`cbdV(T ©©�©�©�©�©©�©©�©©�©�© /e�
�a© # © � ¡YVU`kz�ikj�wSbdjmprf$px��bdQSV��NV(prT�V(bdik_¤©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /2/
�a© # © # ]DVU³rVUikvr�Lg`cV(� gS��`dV�bk`)©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /2/

�a© � � fSj�bdj�vx�²w�idpN¢S��VUT�vxfy"� g�f�z?bkj�pNf�vx�²`dV�bdbdjmfS� ©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /��
�a© � © / ]Ib*vxf�y�vxi*y
`dw�vrz(V ©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /��
�a© � © � .�gSf�z?bkj�pNf�vx��`cw�vNz�V�prf$bdQ�V��'j�ikV1©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /��
�a© � © # P�ikvNz�V`cwvrz�V ©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /��
�a© � © � � fSj�bdj�vx��noidpN¢S�mV(T ©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© /��

� � � · ��� � � �a� �-· � ¼ � �
# © / ¡YV�±�fSj�bdjmprf)©�©©�©©�©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© / 

# © � ��¦aj�`sbkV(f�z(V�vxf�y$gSfSj�lIgSV(f�VU`k`5��VUT4T�v�©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© / 

# © # ��¦aw�vrf�`cjmprf/jmf"bkQSV�fSVUj��NQI¢LprikQSpDpay"pr�

J
©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �8/

# © # © / .�prikT�vr�:V�¦aw�vrf�`cjmprf�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �8/
# © # © � �oikikpri5VU`cbdjmT�v�bdV ©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �8/

	 � � · � � � � · �a� �-· � ¼ � 	

� © / �®Q�vrfS�rVpx��z�pDpNikyajmf�vxbdV4©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �
� © /r© / W[prikT�vr��jm�(Vey"�NV(pNT4V(bdikjmzUvx�:`dw�vrz(V ©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �
� © /r© � P�ikvrf�`d³rV(i*`dV[�rVUprT�V�bkidj�z(vr�:`cw�vNz�V�©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �

� © � .SpNidT�vr�²z(vx��z�g���g�`'vrf�y$yaV�±�f�j bkj�pNf¯©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �
� © # ��¦aw�vrf�`cjmprf/jmf"bkQSV�fSVUj��NQI¢LprikQSpDpay"pr��jmfa±�fSj�bs_�©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �

� © # © / .�prikT�vr�:V�¦aw�vrf�`cjmprf�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �
� © # © � �oikikpri5VU`cbdjmT�v�bdVe`�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � 


� � � · ��� ��� �a�e��� ��� � »�� � · �a�
� ��¼ � �a� ��· � ¼�� � �

�a© / ]Ibkg�ya_"pr�
A
©©�©©�©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© # /

�a© � .Sg�f�z?bkj�pNf�vx��`dV�bdbdjmfS��vrySvrwabdVey
bdp
A
©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© # �

�a© # ��¦aj�`sbkV(f�z(V�px��vxf/vxwSwSikp�¦aj�T�vxbdV`cpN��gabkj�pNf"� pNi5bdQSV�T�vxbkz*QSjmfS��VUlIg�vxbdjmprf£©�©�©�©©�©©�©©�©�© #2#
�a© � �oikidpNi'VU`cbdjmT�v�bdV�� pNi5bdQSV�T�v�b*z*QSjmfS��©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© # �

� � ��� � �a� ¸ » �£��� · � » ���(�U� ���r��� » � »�� ��� · � � � � »
�
� � �a� · �-· � ¼ � �

� � � · �
	 � · ��� » � · �U��� � �a� · � �

�D© / ]Ib*vx¢Sjm��j�bs_"�mV(T�T�v¬©©�©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© # 

�D© � �®prf`cj�`sb*vxf�z(_�ikVU`dgS� b�©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � /
�D© �a© / ���mpr¢�vr�:V(ikidpNi�©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �
�D© �a© � W[VUvxi5±V(��y
VUidikpri ©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � #
�D© �a© # Z�vxbkz*QSjmfS��V(ikikpri ©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � #
�D© �a© � ��`cbdjmT�v�bkj�pNf$ikVU`dgS��bk` ©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � #
�D© �a©�� �®pNf�z��mg�`dj�pNf ©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �

?A@ <(?CB



���������
	���	�������
������������������� �"!�� � �

� � � ·/º � � · � » ¼ · � 	 �
�S© / ��³rV(i*vx�Nj�f��<pNf$`dVUz�bdjmprf�`5pr��bdQ�V��'j�ikV>©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �
�S© � ��`cbdjmT�v�bdjmprf$� pNi5bdQSV�6�vx�ri*vxf��rV[T<gS��bdjmwS��jmV(i¯©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �
�S© # W0VU� vrwSwSikp�¦aj�T�v�bkVYT�payaVU�B©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � 

�S© � �®prf`cj�`sb*vxf�z(_�px��bdQSV�f�V(� �'j�ikVT4payaVU��©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �r�

� � � ��· ��¼ �
�

� �
��© / ¡Yj�ikjmz*Q���V(b�
Gbdp 
 W0VUgST�vxfSf$T�vxw ©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �N�
��© � 6²VU�rVUf�yaikVY� g�f�z?bkj�pNf�` ©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �N�
��© # �®prfIbkj�fDgSj�bs_�px�

B1
°
B2
vxf�y

B3
©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � �

��© # © / �®pNfNbkj�fDgSj�bs_�pr�
B1
©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � 


��© # © � �®pNfNbkj�fDgSj�bs_�pr�
B2
©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �N�

��© # © # �®pNfNbkj�fDgSj�bs_�pr�
B3
©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �I�

��© � ¡YV(f�`dj bs_
��VUT�T�v�©©�©©�©�©�©�©©�©©�©©�©�©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© �I�
��©�� P�VUz*QSfSj�z(vr�:idVe`cg�� b0pr��yaj)(LVUidVUfIbdj�vx�:�rVUprT�V�bkid_ ©©�©�©�©©�©�©©�©©�©©�©�©�©�©©�©©�©©�©�© � #

� �'���5���'�$�®�'�

3 / 5 ��© Z�vr�UvridjG©���� 	�!����0 �
��	 ���� � ��� � �
!�� � 	 � � � ! ��� � 	 � ��	�����8�  � 	 � � �"��� !�� � � � � ��� � � �)!G��	��"���'� � � � 	�
	 � !
�"��� ��� � � �8��� � �
!9��	�� � ��	 � �"! ���� �������'! ©onoQ�¡ bdQSVe`cj�`(°SX[fSjm³rV(i*`dj beµ Vn�vxikjm`�� � ° /�
 
8/N©

3 � 5 ��© P�v�:�p�³NVr© � ����� � 	���	�����
��� ! �)!G��	��"� ����� ���0���� ©0�[icbkVUz*QB�0pNg�`cV � f�zr©�° / 
 
 �a©

3 #�5 ¡<© ]:© �NprfSVe`(© � !�	 � � ���  ��� �)!G� 	 �"��� � ��� !�	���	� � ��!�
 �"�G�8� �2��	 ���� ©t[¦D� pri*y �ofS�Nj�f�V(V(ikjmfS��]az(j�VUf�z�V5]DV(ikjmVU`U©
t[¦D� pri*y
]Sz�jmV(f�z(V�nogS¢S�mjmzUv�bkj�pNf�`(° / 
 
 � ©

3 � 5 �© ]Svxf�z*QSVU� 
 �0gS¢LV(idb�V(b �0© ]avrf�z*QSV(� 
Gn�vr��VUf�z�j�vS© � � 	 �"� � � � 	����� � � � � � 	 � � � !�� ���������
	���	�
	 � !�� ! 	7�
��� � ���'� � � � � �����	 ���� ©3Z�vr`k`cpNf²° /�
 
N�S©

3�� 5 .3© �®pr�m��jmfSpBV�b .3© ZBjm���mpxbe©;.�jm�m`�V(b�T�h�bkQSpayaVU`�y²µ�h(�mh(T�VUfNb*`±�fSj�`�wLprgSi���Ve`�hUlIg�vxbdjmprf�`�ySV�T�vx¦a�®VU���G©²�mV
T�payaR(�mV�yaV�QSpN����vxf�y
ikV(³Djm`dj�bUµ Vr©�P�Vez*QSfSj�z(vr�²u'V(wLpridb # � �r�a° � fSikjmv�° /�
 
 �S©

3 � 5 .3© �®ikV(�U�(j:V(b'Z © .�pridbdjmf²© �  � ! �;����� �  �  	�!� �)!��'! � 	 � ! 	 � � ��� ©®]DwSikjmfS�rVUi�
 ��V(ik�mvr��°
/�
 
8/r©

3 � 5 �4© �[j�vx�oV(b4]}© P�pNikySV(ga¦:©"Z�vxbkz*QSjmfS�Bpr�5vN`c_DT�wabdprbdj�z�V�¦aw�vrf�`cjmprf`�vxf�y�T�g�� bkjm`kz(vr��V�V(¦Dwvxf�`dj�pNf�� pNi�bdQ�V
ikprgSfyaVUy$z�pNidfSVUi5wSidpN¢S�mV(T/©�P�Vez*QSfSj�z(vx�:ikV(wLpridbU°�]7�[Z§°7�®P'��°�����idj�z*Q²°��x�N�r��©

3 � 5 Z§© ��© .SVUySprik_Ig�´L© �[`d_DT4wSbdpxbkjmzU`�px�YbdQSV�`dpr�mgabkj�pNf px��bdQ�V/ySj�ikjmz*Q���V(b�wSidpN¢S�mV(T � pri�bkQSVB��vxwS��vrz(V$vrf�y
QSVU��T�QSpN� bk��VelNgv�bdjmprf`[jmf�bkQSV<V(¦DbdV(ikjmpri[pr�®v"`d�mV(f�yaVUi�z(_D��jmf�yaVUiU© ��� � � ���2� � ��� � ��� � � ��� � ! � � � ��	 � °
/ 
 �8/N©

3 
 5 .3© u'pr�Nj�VUiU© 
 �"� � � � � !�� � ��	 ��� �'��	�
	 � !�� !�	=� � � � ��
	 � !�� ���!�������� � � � �"� �2 �'��	����� � ! �)� � � ��� � 	����! ��� � �
�G�����
� �� � �"�2��	���� 	 �2��� �9� !�� � 	 � ��	 ����8� � ! ��� � �)!G��	��"��� � ��� � 	����� ! ©�noQ¡ bdQSVe`cj�`U°Sn�vxikjm` � � °=/�
 � 
S©

3 /U� 5 �4© .3© Z�vN`c�mV(f�fSj�´Np�³�vS©0�{f�V(gST�vxf�fBwSidpN¢S�mV(T>� pNi'bdQ�V�QSV(�mT�QSpr��bd��prwLV(i*v�bdpNi'j�f/bkQSV�V(¦IbkV(ikj�pNi'bdp�v4bkQSjmf
¢Lpaya_�px�-ikV(³rpN��gSbdjmprf²©��  � !��"! � 	����� ! 	 � ��	 ����8� °��x� * �2,�1 # /e��� # � � ° /�
 � � ©

3 / / 5 �4© ]D�(VU�! ©" ��	 � � �2���
����
 ��� ���
���0������ © �0T�V(ikj�z(vxf/Z�vxbdQSVUT�vxbdj�z(vr��]Dpaz�jmV�bs_r° / 
 # 
S©

3 /e� 5 �4© ��©#�LQ�ySvrfSp�³�vS©¡[jmikjmz*QS�mV�bwSikpr¢S�mV(T�� pNi[bkQSV4QSV(�mT�QSpr��bd�4prwLV(i*v�bkpri[jmf�bkQSV�V�¦DbdVUidjmpriYpx�®v�bdQSjmf�¢paya_
pr��ikV(³rpN��gSbdjmprf²©$�  ��!�� !�� 	 ������ 	 � ��	�����8� °�r� * �2,�1)/ � � # �
/ � /2/r°8/ 
 � � ©

3 / #�5 ��© �Y© n-pDz*´D�mj�f��xbdpNf²©/�o�mVUz�bdikjmzUvx�apN`kz�jm�m�mvxbdjmprf�`�jmf4�'jmikVU`U© 
 �"� � � � 	 � ! � ��� ���� � �2!�
 �  �)��� �G� � ��G��� � � � �! 	 � °
/ � 
I�a©

3 / � 5 � �Gµ jmf²© � ��	 � �  � � � ���9����� � 	 ��	 ��%� ���8���8������ ��� � � ��� � 	����� ��� �'& � � ��� �����)( ��� � !
 � � � �)!���� °³Npr�mgST�V
/e�N��px� � �"���8���)��	����� � � � ��	 � !��'��	���G��� � ���
� ��� � � � � ©0�0T�V(ikj�z(vxfBZ�vxbdQSVUT�v�bdj�z(vr��]Dpaz�jmV�bs_N° /�
 
I�a©

<=<?>�@8A-BDC�EGF�H�I�JGK�L



�r� ����� �)� ! ���

3 / � 5 � 
 �Y© W0VeyaV(�mVUzr© ���G� � ��	��� ���	��� �)!G��	��"���'� � �
! 	���%� 	 � ��	 ����8� ©�]DwSikj�f��rV(ie°��x�N�8/N©

3 /U� 5 Z�vrikz�6²VUfSprjmie© �®lNgv�bdjmprf`5j�fIbdhU�ri*vx�mVU`3V�b0w�idpN¢S��RUT�VU`'yaV�yaj)(Li*vrz�bdjmprf²° �®prgSi*` ��WY]aP ��°}�x�N� � 
s�x�N� �S©

3 /�� 5 6�© u'pN¢Sjmf²© � ��� ��	����� ����� ��� ��
	 � !�� �2!
�

! � ! �	��� !�!�	
����� ��	����� � ��� ��� � ��� � ���)!�� ©0�vrgabdQ�j�VUi�
 �[jm����vxi*`U° / 
 �N�a©

3 /�� 5 Z§© ��© .SVeyaprik_DgS´}©oP5QSV�yajmidj�z*QS�mV�b0wSikpr¢S�mV(T>� pri'bkQSV��mvrwS��vrz�VpNwVUikvxbdpri5jmf$bdQSV�V(¦IbkV(ikj�pNi5px��v�bkQSjmfB¢paya_
pr�®ikV(³rpN��gSbdjmprf²© � f ��� ! ����� � � � � �G��	 � �"! � ����� � �)��� ���	� 	 � ! � �2�
����G��	 ����8� � � � � �
� 	 ���� � ��� � �
����� 

���� 	��	
 �"� � �)! � �'� � � ��	 � ! � ��	 ��G��� 
 � �������� °:fDgST<¢VUi��j�f /��x��© �0T�VUidj�z(vrf�Z�v�bkQSV(T�vxbdj�z(vx�-]Dpaz�jmV�bs_
P�ikvrf�`d�mvxbdjmprf�`U° / 
 � �a©

3 /�
 5 W�© W�© 6�V(¢LVUyaVU³L© � �8!G� ���� � � � ��	����� � ���	�'	 � !  � � �2�
����G��	 ����8� ©®¡Yp�³rVUi'nogS¢S�mjmzUv�bkj�pNf�`(° / 
I�r�a©

3 �x� 5 .3© ª{© ��tY��³NV(ie© ���������
	���	����� ���	����� ! � �������� � ��	����� � © �®prT�wSgSbdV(i-]az�jmV(fz�V�vrf�y �0w�wS��jmVUy�ZBV�bkQSV(T�v�bkjmzU`(©
�'zUvryaVUT4j�z�noikVU`k`(° / 
I� � ©

3 � / 5 u�© �0pN����vxfy<vrf�y 6o© ]Dj�T�w�`dprf�© .�j�f�j bkV 
 yaj (}V(ikV(fz�V0vxfvx�m_D`dj�`-px�}V(T�w�z�prg�wS��jmfS�bkpbdQSjmf�`sbkidgab*`ovxfy<�'jmikVU`U©
� �$�$� � �"��� � � � �)!G��	��"��� � ��� ��� �����8��	 � ° /�
 � /r©

3 �r� 5 ]}© P�pri*yaV(ga¦:© � � 	 � � � !�� ������� � 	 ��	 
	 � !�� �8� � ���)� �
� � � � � ��	����� � !�� ���	� !�� �2���8� �)!�� �� ���! � ���G����� ����	���� 	
�2!�� ��! � 	�!�� ©�noQ�¡{bdQSVe`cj�`(°X-��]���
 X[fSj�³NV(i*`cj�bdV�yaV ��VUik`kvxjm���mVU`0]SvxjmfNb 
��Yg�V(fIbdjmf 
 V(f 
��o³rVU��jmfSVU`U°S�x�N� � ©

3 � #�5 �4©7�Yjmvr� © � � ������� ! � � � 	  
 � � � ! � �)!�! 	 � ���	�� 	 ����8��� � � �� �0 	 !�� � ��!G�0�G� � � � !��0 �
�G! � ��� � � � � ��� �� �
!
�+� �� � ©�noQ¡{bdQ�VU`djm`U°SX0fSjm³rVUik`dj�bdh�yaV�u'VUfSfSVU`9/N°�x�N� # ©

3 � � 5 ª{© ��z*´DQ�vxg`(© ���������
	���	�������
������������ �9�� ��� � �)��� �8! ��	 � � �G��	 ����8� ©oW0pNicbkQ 
 �[pr�m�mvrf�y:° /�
D� 
�©

?A@ <(?CB



Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�

���������� ��� ���

ISSN 0249-6399


	Introduction
	Brief survey on wire models
	Method of matched asymptotic expansions

	Step 0: geometrical setting and initial problem
	General remarks
	Coordinate systems
	Spherical coordinates
	Ellipsoidal coordinates
	Scaled coordinates

	Geometrical setting
	Two remarks on the choice of the coordinate system 
	Description of the geometry
	Several useful sets

	Initial problem and functional setting
	Standard space
	Functional space on the wire
	Trace space
	Initial Problem


	Step 1: far field
	Definition
	Existence and uniqueness lemma
	Expansion in the neighborhood of J
	Formal expansion
	Error estimate


	 Step 2: near field
	Change of coordinate
	Normalized geometrical space
	Transverse geometrical space

	Formal calculus and definition
	Expansion in the neighborhood of infinity
	Formal expansion
	Error estimates


	Step 3: matching of near and far fields
	Study of A
	Functional setting adapted to A
	Existence of an approximate solution for the matching equation
	Error estimate for the matching

	Summary on the construction of the approximate field
	Step 4: error estimate
	Stability lemma
	Consistancy result
	Global error
	Near field error
	Matching error
	Estimation results
	Conclusion


	The wire model
	Averaging on sections of the wire
	Estimation for the Lagrange multiplier
	New approximate model
	Consistancy of the new wire model

	Appendix
	Dirichlet-to-Neumann map
	Legendre functions
	Continuity of B1, B2 and B3
	Continuity of B1
	Continuity of B2
	Continuity of B3

	Density lemma
	Technical result of differential geometry


