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z}b��°��z}xhdcpsr���v�p{pszGr{dcpsrtwcd>É·bewyrt_a�o�od

L′
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^
_azªp�xtdc�°��xsr�z}p�����xtrÃ��²��>uCv�b�Æ3dyx���²��av�Æa��zª�y��rtz}��u�pÃ�od~�ozª�y�'r{dc�/r{�@r{_ade�od(:�u�zµr{z���uÇ��u°����u°���}nqptzªp0��²
b�v��µr{z��}dy±�dy�À���}����xtz�rt_�bep���a�a�}z�d~�Qr{�e����x���bed�r{xtzª�Ãps_°���3d����ortz}bez�¸~�'r{z���uÇ¹¼�H½S¹ 5'½�¹ �'½�¹¼»~½�¹ ;'½S¹}�c��½5¾

¨ u¿ps_���xtrc��z�u���v�x����}����xtz�rt_ab+pc�Á¬®d+����x���bedyrtdyx{z}¸ydedyz�rt_adcx�rt_�d@ps_°���3dQzµr�psdc�µ²�ÉÛb��Cp�r{��nÇz�u¿��uadQ�oz�³
bedyu�ptz}��u°Ê����x+r{_ad�pt_����3d�³Å�od�²·��xtb+��rtz}��u�É·z}u rt_�xtdcdL�oz�bedcu�psz}��u°p{ÊeÆqn;rt_adÇ���q��x��oz}u��'r{dcp+��²��<:�uaz�rtd
uqvab�Æ3dyx+��²��y��uCrtx{���®�°��z�uCr�pez�u � É rtdcu�pt��x{z}���ªÊ«Ô®wy¸yz}dyx�²·��xtb«va�}��¾;^
_ad~psdW�y�C��x{�az�u���rtd~p«��xtd"v�ptdc����p
�od~psz}��u�����x���bedyrtdyx�phrt�/���or{z�bez}¸yd+pt��bedextdc��dc±H��uCr��a_qnoptz}�c�����x{zµr{dyx{z���uÀ¾eÄ uqvab«Æ°dcx���²
���a�a�}zª�y�'r{z���u�p
rt�+��dyx{�q�anCu°��bez}���od~psz}��u/_��H±�d�Æ3dydcu/�y��u�ptzª�odyx{dc�G¾

Ähp��Q����u�ptdc|Cvadyu°��d���²rt_ad«¬Èdc����³>=qua�'¬uW�odc��x{dydy³5dc��dc±H��rtz}��u"�ax{�q�ydcp{py�3�Q��z�±�dyu/����x���bedyrtx{z}��pt_����3d
É·��x�pt_����3dQ�od�²·��xtb+��rtz}��u°ÊÃ�c��u¿Æ3dQxtdc�ax{dcptdyuCrtd~��d~|�v�z�±'���}dyuCr{��nÇÆCn��"²·��x{b�v��}�/��²
��xtÆaz�rtx���x{z}��nC³´_az���_adyx
�odc��x{dyd�¾Q^
_�z}pÃÆ���pszª�e��Æ°psdcxt±'�'r{z���u�_���pÃÆ°dcdyu�v�ptdc�Çrt�L�ad(:�uadLÉ":�x�p�r{��nÇz�u ¹¼�~½È��u°�Çdy¯qrtdyu°�odc��z}u�¹ ��½·Ê
b�v��µr{z��}dy±�dy�Ã���}����x{z�rt_ab+pQz}uº¬_azª��_º���ortz}bez�¸~�'rtz}��u]zµr{dyx��'rtz}��u°p@��x{d��odc±qz}ptdc� v°psz}ua�;�y����x{ptdL��u��?:�uad
����x{��b�dyrtdcxtz}¸c��rtz}��u�p�z}uº�Ç¬
�Hn bez}bez}��=qz}ua�¿b�va��rtz}��x{zª��psrtx��'r{dy��z�d~p>¹}��½«¹ ��½5¾ ^
_adcptdL��x{dL���}����xtz�rt_ab+p
¬®dyx{d�²·��vau���±�dcxtnWdyÌ+�yz�dcuCr���u��ÇÆ°dyrsrtdcx�dc|Cvaz}�a�3dc�����C��z}u�p�rÃuqvabedyx{z}�c���psrtz4@3uad~ptp�����be����xtd~�Wr{�>r{_ad
psr{��u°�a��x��Q²·��xtb«va�ª�'rtz}��uÁ�C�°��xtrtzª��va�ª��x{��n+¬_�dyuW����b�Æaz}uadc�>¬z�rt_Wpsdc�µ² ³Å�������or{z�±�d�����x{��bed�rtdcxtz}¸c��rtz}��uÇ¹ �'½´¾

¨ u�¹ »'½���u��;¹ 5�½5����u���u�����noptz}p���²®rt_�d�z�rtdcx{��rtz}±�de�ax{�o��dcp{p�_���p�Æ3dydcu���xt���°�Cpsd~�G¾ ¨ r�zªpÃÆ���psd~����u��
pt_����3d�³´xtd~����u�p�r{xtv°�Ârtz}��u"��u�d�³Å�oz�bedcu�psz}��u°���Àbe�o�ody���ax{��Æa�}dyb z�uW¬_�z}��_/r{_ad«�yxtz�rtdcxtz}��u/zªprt_�d�±'��x{z}��u���d
ÉÛp{|Cv���x{dc�

L2
³´ua��xtbQÊ+Æ3d�r�¬®dydcu rt_�d���u����}nCrtzª�y�����od
:�uaz�rtz}��u]��²�rt_�d�pt_����3d���vax{xtdcuCr>z�rtdyx��'r{dÇ��u��]�

r{��xt��d�r~¾ ¨ uWrt_azªp�¬®�Hn��art_�d«���ª��p{ptz}�c���Ápsrtdcdy�3dcpsrs³Å�odcp{��dcu�r�zµr{dyx��'rtz}��uWzªp0�}z}uadc��x���u°�L�y��uWÆ°d«z�uCrtdcxt��xtdyrtdc�
��p��²·��xtb-��²°��������Æaz�z�rtdcx{��rtz}��u�z}uq±����}±qz�u��h�0����xsr{z}�yva�ª��xÁb+��rtx{zµ¯G¾�^
_�d®��u����}nopszªpÀ��²ort_ad®dyz}��dcu�p�r{xtv°�Ârtv�xtd
��²8r{_az}phb+�'rtx{z�¯>_���p�°dcxtbez�rsr{dc�"rt�@dybe�a_���psz}¸ydÃr{_ad�x{dcptdyb�Æ��}��u���dÃ��²8r{_ad�dyz}��dcuabe�o�odcp¬z�rt_LË���vax{z}dyx
be�o�odcpc�'��u��Ãr{�hzªps���}��rtd��ydyxtr{��z�u��y��u��ydy�or{v����C�oz4@3dcxtdcu���d~pÁ¬z�rt_�rt_adÈv�psv°���Cz�uCrtv�zµr{z���uÀ¾ ¨ u«����xtrtzª��va�ª��x~�~z�u
rt_�z}phb��o�odc�À���artz}b�z}¸c��rtz}��u/�ax{��Æa�}dyb/��rt_ad��yxtz�rtdcxtz}��u/zªp0��u/z}u�r{dy��x{���J����u��"ua��r��+�ozA@Idyx{dyu°��d����3dyx��'r{��x
��pQv�psv°���}��n ��p{psv�b�d~� z�u r{_ad�be�o�a������u°���}nqptzªpe��²�b�va��rtz}��x{zª�G¾ �È��u�ptdc|CvadcuCrt�}n��
_az}��_a�}nC³5�Cpt�yz��}�}��rt��xtn
be�o�odcpQÉCB�_�z���_�²·x{dc|Cvadcu���z}dcpED�ÊÃ��xtdeua�'¬ ��p{ps�o�yz}��rtdc��¬zµr{_©psb+�����dcz���dyuq±'���}vadcpc�Á��u°�Çz}uq±�dcx{ptdy�}n��À�ª��x{��d
dyz}��dcuq±H����v�dcp®²·��x¬_�z}��_"rt_�d�p�r���u�����x��@z�rtdcx{��rtz}��u"z}pdyÌQ��z}dyuCrc����xtd���ptpt�o��zª�'rtd~�@¬z�rt_Lptbe�q��rt_"be�o�odcpc¾
�È��u°psd~|�v�dyuCrt�}n��Hr{_adÈÆ°��ptz}�Èzµr{dyx��'r{z���u��y��uaua��r8Æ3d
�y��u�ptzª�odyx{dc�QÉÛz�u�rt_ad�c��ua��uaz}�c���CÆ���ptzªp{Ê���p���ptbe�q��rt_�dyx
Æavor�z�uq±�dyx�psdc��n�����p���u©��uCrtz�³´ptbe�C��rt_adcxQ¹¼»H½��u�� ¹ ��½´¾�^
_azªp���Æ�psdcxt±'��rtz}��u�_���p���d~�¿v�p«z�u]¹ »~½®rt��±Cz}dy¬
rt_�dQÆ���ptzª�+zµr{dyx��'r{z���uÇr{_azªp�r{z�bed@��p���u©���Ârtv°���Èptbe�q��rt_�dyx~��Æavar�z�u;�"rtx���u�ps²·��x{bedc��Æ���ptzªpy��z�u¿¬_�z}��_
rt_�dÇdcz���dyu�psrtx{v��Âr{vax{d�zªp@�3dyx{b�vor{dc�]z�u � ¬
�Hn r{�;b+�.=�dLr{_ad�����z}xtz}ua�©Æ3d�r�¬®dydcu]dcz���dyuq±�d~�Ârt��x{p@��u��
dyz}��dcuq±H����v�dcp�z�uq±�dyx�psd�¾ � d(:�uaz}ua��r{_adL���C��x�psdcx«�}dy±�dy�
z�u�r{_az}pebe�o�oz4:�dc��Æ���pszªp���d~���ap�r{�¿���azA@Idyx{dyuCr
�od
:�uaz�rtz}��uL��²rt_ade���C��x�psdy³5����x{��bed�rtdcxtz}¸c��rtz}��u@�y��x{xtd~�Âr{z���uÀ¾h^
_ad«be��z�u��avax{�°�Cpsd���²rt_azªp�xtdc�°��xsrhzªphrt�
d�¯o�3dyx{z�bedcu�r�uCv�b�dcxtzª�y�����}n>rt_ad�����x{x{dcpt�°��u��oz}ua��r�¬È��³5�}dy±�dy�Á��������x{zµr{_ab ÉGF �3��������x{zµr{_abQÊ
��u�������be����xtd
z�r8¬z�rt_«rt_�d®��xtz}��z}u�����r�¬®��³´��dc±�dc�C��������x{zµr{_ab\É H �'bedcd�rt_��q�°ÊÂ¾Ä�a�oz�rtz}��u������}n���±H��xtzª��uCr�z}p���}pt����u����}nq¸ydc�
É�I��o���}����x{z�rt_abQÊÂ¾JIÁ��p�r{��n��ops��b�d�d�¯o�3dyx{z�bedyuCr�p®��xtd�b+���od�¬zµr{_"��ua��ua�}z}uadc��x®�c��ptd��q��u��>��u@��������x{zµr{_ab
��u°���}������v�p�rt�ert_�d�ËoÄ�l>bed�rt_��q�À¾
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S�d@Æax{z�d
T�n�z�uCrtx{�o�ov��yd+rt_ad@ua��r��'rtz}��u°p�x{dy�ª�'rtd~��rt�Wr{_ad@Æ°��ptz}�+be�o�odc���ax{��Æa�}dyb/¾L^
_ad>ps_����°d@rt�LÆ3d
���artz}b�z}¸yd~�"z}p��odyua��rtd~�

γ
��u��/���ab�z�r{ph��uW��u�����nCr{z}�c���Gx{dy�ax{dcptdyuCr{��rtz}��u

y(x)
¾��È��x{x{dcpt�°��u��oz}ua���}n��qr{_ad

U�UWV�XZY�[�\(Y
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r{��xt��d�r0pt_����3dÃz}p�od
:�uad~�>Æqn
ȳ(x)

¾�^
_�d���x{zµr{dyx{z���uQrt�+Æ3d�bez�u�z�bez}¸ydc�"zªp®rt_adÃ²·�����}�'¬z}ua���

J(γ) =

∫

γ

1

2
(y(x)− ȳ(x))2dx ,

É��HÊ

¨ ²�rt_ad�pt_����3dcp��xtdÃ��z�±�dyu/��Ô®wc¸yz}dyx����x{��b�dyrtx{z}��x{dy�ax{dcptdyuCr{��rtz}��uÀ�Cr{_ad�²·vau���rtz}��u
y(x)

ÉJ��u��/��u�����³
������v�pt�}n

ȳ(x)
Êz}p�od
:�uad~�>z}be�a�}z}�yzµr{��n>ÆCnQrt_ad�����x{��bed�rtdcxtz}¸c��rtz}��u��







x(t) =

n∑

k=0

Bk
n(t) xk

y(t) =
n∑

k=0

Bk
n(t) yk

É5��Ê

¬_adcxtd
Bk

n(t) = Ck
n tk 91− t)n−k

zªp0�eÔ®dyx{u�p�r{dyz}u>�3���}nqua��bezª���G��²��odc��x{dyd
n
¾

^
_ad����q��x{�oz}u���rtdcp®��²�r{_ad�����u�r{xt���I�°��z�uCr{p��xtd�psrt��xtd~�@z}u@r�¬®�e±�d~�Ârt��x{p��

X = {xk } Y = { yk }
É�5�Ê

^
_ad�±�d~�Ârt��x
X
zªpÃ�odcptz}��u���rtdc����phrt_ad9%���� � �����8��²r{_ad«�°��x���bed�r{dyx{z�¸~�'rtz}��uÁ¾ ¨ rÃz}p�_adc�}� :a¯odc���avaxtz}ua�

rt_�dQzµr{dyx��'r{z���uÀ����u����o�y�y��psz}��u°���}��n����a���artdc�Çr{�Wz�be�ax{�'±�d�rt_�d@���c��vax����yn©¹ ��½5¾/^
_adQ±�dc��rt��x
Y
zªp�r{_ad

±�d~�Âr{��x��²�, ��%��A�.�N	�!����"! 3(�C��%Â¾�^
_qv�pc��r{_adh��x{z�rtdyx{z}��ue�y��u+Æ3d0±qz}dy¬®dc�e��pS��²·v�u��Âr{z���u+��²À� :�uaz�rtd0uqvab«Æ°dcx
��²8±'��x{z}��Æa�}dcp��

J(Y ) =

∫

γ

1

2

(

Bn(t)T (Y − Ȳ )
)2

nBn−1(t)
T ∆X0dt .

É·�qÊ

¬_adcxtd
Bn(t)T =

(
B1

n(t), B2
n(t), ..., Bn

n(t)
) É5»�Ê

��u°�
∆
zªp�rt_�dQÆ�����=q¬
��x��q³Å�ozA@Idyx{dyu°��d����3dyx��'rt��xc¾>Ëa��xÃr{_adQvau�zµ²·��xtb �y��psd��Á¬®d =Cu��'¬�r{_��'r

x0(t)′ =
nBn−1(t)

T ∆X0 = 1
�a��u��>rt_�d�d�¯o�ax{dcp{psz}��u>��²Ár{_ad���x{z�rtdyx{z}��u/psz}be�a��z4:�d~p®rt���

J(Y ) =

∫

γ

1

2

(

Bn(t)T (Y − Ȳ )
)2

dt .
ÉÛ�CÊ

¨ uÃrt_�z}p�xtdc�°��xsr~�c¬®d��y��u�ptz}�adyxÀr�¬®��³´�}dy±�dc�����}����xtz�rt_�bepÀÆ���ptdc����u�uadcpsrtd~��psva���°��xsr�pS¹ ��½°¹¼�H½o��p{pt�q�yz}��rtd~�
¬z�rt_>� :�uadÃ��u��@�����C��x�psd�psva���°��xsr�pÈptv���_+r{_��'rÔ®wy¸yz}dyx®��vax{±�d~p�x{dy��xtd~psdcu�r{dc�e��u+rt_adÃ���C��x�psd0ptva�a�3��xtr
�y��uWÆ°d�x{dy�ax{dcptdyuCrtd~�"d�¯a����rt�}n>��uWrt_ad :�uad�psva���°��xsrhÆqnW�odc��x{dyd�dy�}dy±'��rtz}��uÀ¾h^
_�d�Æ���pszª��z�rtdyx��'r{z���uW��u
rt_�d :�uad+�}dy±�dc�0É·z}u���vax�dy¯q�3dyx{z}b�dcuCrc�Á¬®d+��_a�q��ptd

n = 8
Ê�zªpÃrt_adQp{��bed�²·��x��������vax����}����xtz�rt_�bepc¾ ¨ r

zªp %�� ���#� ��%�� , ��%
���(� �
��x$�%! ���.3
� � � �
�&!��>���������a����z}dc�©rt�Çrt_adWpsr{�'r{z���u���x{z�r�nÇd~|�v°�'rtz}��uÁ¾©^
_ad"�azA@Idyx{dyuCr
±'��x{z}��uCr{p�oz4@3dcx�z}uert_adh¬®�Hn�rt_adh�y����x{ptd�³´����x���bedyrtdyx{z}¸c�'r{z���u�����xtx{dc��rtz}��u�zµr{dyx��'rtz}��uezªpS�od
:�uadc�À¾S��uer{_ad
:�uad��}dy±�dy�'�

J ′(Y ) = AY − b ,
É5��Ê

(*)�U+(-,
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_adcxtd�rt_�d�be��rtx{zµ¯

A =

∫ 1

0

Bn(t)Bn(t)T dt = { 1

2n + 1

Ci
nCj

n

Ci+j
2n

} .
ÉJ��Ê

��u°�Qr{_ad�xtz}��_Crt³5_���u��"pszª�odÃz}prt_adP=qua�'¬u>±�dc��rt��x

b = AȲ .
É�;�Ê

Ëa��x����}�ar{_ad0bed�r{_a�o�apÈ��u�rt_ad :�uad0�}dy±�dy�5��¬®d0v�ptd
rt_adh²·���}���'¬z}ua���y�}��ptptz}�c���apsrtdcdy�3dcpsrs³Å�odc�ydyuCr�z�rtdyx��'r{z���u��

Y j+1 = Y j − ρ(AY j − b) ,
É��~��Ê

_adcxtd
j = 0, 1, 2, · · · � Y 0 zªp«����z}±�dcu©z�u�zµr{z}���®��vadcp{pc�S��u��¿¬®d>��ptptvabed>��r j = K

¬Èd"��Æar{��z}u¿r{_ad
±'���}vadcp

Y K
��u :�uad��}dy±�dy�5�G��u��/���>�o�'¬u/r{�>���C��x�psd��}dy±�dy��rt�>be�.=�d�pt��bed��y��x{xtd~�Âr{z���u�p0pt�Qrt_°�'rhr{_ad

�����axt�H¯oz}b+�'rtz}��u°pÈ�c��u/����uq±�dyx{��d�²Û��psrtdyx
r{_���u>rt_�d�psz}ua���}dÃ����x���bedyrtdyx{z}¸c�'r{z���u>���a�ax{������_Á¾
S�dÃ�c��uW�od~����be�3��ptd�b+��rtx{zµ¯

A
z}uCrt�

A = ΩnΛnΩT
n ,

É����~Ê
¨ uÇrt_adQ�ozª������u����8be��rtx{zµ¯

Λn

�Áx{dc���8�°�Cpsz�rtz}±�dedyz}��dcuq±H����v�dcpÃ��x{d���xtx���u���dc�Lz�u�z}u���x{dc��psz}ua�@��x{�adyx~�À��u��
rt_�d�be��rtx{zµ¯>��²�dcz���dyuq±�d~�Âr{��x�p

Ωn

z}p0��xtrt_a������u°���'�

ΩnΩT
n = ΩT

n Ωn = I .
É��H��Ê

^
_qv�pc�qrt_ad*:�x�psrh�����}vabeu"±�dc��rt��x{p®��²
Ωn

��xtd�r{_ad�be��psr
�Cpt�yz��}�ª�'rt��xtn�¾

����� ���	��
����������
������������ �!���"�"�$#%�"����&(')�*�,+-�/.

Ä0�}��rt_ax{��v���_a��vorc�I�ax{z�bed~p
′
��xtd�v°psd~�Wrt�/�odcua��r{d�|Cv���u�r{zµr{z�d~p���ptpt�o��zª�'r{dc�/¬z�rt_Çrt_ade���C��x�psd��°��x���bed�³

rtdcxtz}¸c��rtz}��u"��dc±�dc�J¾
¨ u"��vaxdy¯q�3dyx{z}b�dcuCr{pc�o¬ÈdÃ_��H±�d�v°psd~�

n′ = 4
��u"rt_ad��y����x{ptdcpsrÈ�}dy±�dy�'�

J(Y ′) =

∫

γ

1

2

(

Bn(t)T (Yk + En
n′Y ′ − Ȳ )

)2

dt .
É��-5�Ê

IÀdyr
Y = Yk − Ȳ

︸ ︷︷ ︸:�uady³5�}dy±�dy�
�odc±qz}��rtz}��u
²·x{��b r{��x{��dyr

+ En
n′Y ′

︸ ︷︷ ︸dy¯Cr{x{���°���}��rtd~�
���C��x�psdy³5�}dy±�dy�
����xtx{dc��rtz}��u

É��c�CÊ

¬_adcxtd
Yk

zªp�r{_ad@dcu��¿x{dcptva�µr«��²rt_�d@�ax{dy±qz}��v�p*:°uad�³´��dc±�dc��z�rtdyx��'r{z���uÀ���u��
En

n′

zªp�r{_ad@x{dc��r{��u���va�ª��x
b+�'r{xtz�¯�x{dy�ax{dcptdyuCrtz}ua�@rt_ad+dc��dc±H��rtz}��uÇ��²®�ady��x{dyd«²·x{��b

n′
r{�

n
�À_adyx{dev�ptdc����pÃ�>rtx���u�ps²·dyxÃ���3dyx��'r{��x

²·x{��b �y����x�ptdhr{�&:°uad�����x���bedyrtdyx{z}¸c�'r{z���u��

En
n′ = En

n−1 ... En′+2
n′+1 En′+1

n′

É��H»�Ê
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f0��rtdÃr{_��'r
En

n′

_���p
n + 1

x{�'¬0p
��u��
n′ + 1

������vabeu�pc¾Èlq�3dc�yzA:3�y���}�}n��oz}uW��vaxdy¯q�3dyx{z}b�dcuCr{p
¬®d�_°�H±�d
v�ptdc� �

E8
4 = E8

7 E7
6 E6

5 E5
4 ,

É��~��Ê
Ëax{��b&iL�'r{xtz�¯ �®���ª��v���v�pc�o¬®d =qua�'¬]rt_���r

∂J(Y ′)

∂Y ′
=

∂Y

∂Y ′

∂J(Y ′)

∂Y
.

É��'��Ê

^
_adcxtdy²·��x{d �

∂Y

∂Y ′
= (En

n′ )T ,
É��~��Ê

��u°�

∂J(Y ′)

∂Y
= A(Yk + En

n′Y ′ − Ȳ ) ,
É��-;�Ê

^
_qv�p
Æqn@d~|�u°p�É��H��ÊÂ�ÁÉs�c��Ê
��u���É�� ;�ÊÂ�a¬®dÃ��Æor���z}u

∂J(Y ′)

∂Y ′
=

∂Y

∂Y ′

∂J(Y ′)

∂Y

ÉJ����Ê

= (En
n′ )T A(Yk + En

n′Y ′ − Ȳ ) = 0 .

¨ u/��r{_adyx¬®��x��apc�C¬®dÃ_��H±�d�rt_�dÃ²·���}���'¬z}ua�euady¬ b+�'r{xtz�¯Qdc|Cv���rtz}��u��

AcyY ′ = bcy ,
ÉJ�a�~Ê

_adcxtd�rt_�d�����ÌQ�yz�dcu�rb+�'r{xtz�¯

Acy = (En
n′)T AEn

n′ ,
ÉJ����Ê

��u°�Qr{_ad�xtz}��_Cr0ptz}�od�±�dc��rt��x

bcy = (En
n′)T A(−Yk + Ȳ ) = (En

n′)T (b−AYk) .
ÉJ�.5�Ê

S�d��y��u pt���}±�d"r{_adW²·���}�}�'¬z�ua�¿z�rtdcx{��rtz}��u ��u�r{_ad����C��x�psd/�}dy±�dy�²·��x@����xtx{dc��rtz}��u�ÆCn;z�u�zµr{z}����z}¸yz}ua�
Y ′

0 = 0
�

Y ′j+1 = Y ′j − ρ(AcyY ′j − bcy) ,
ÉJ���CÊ

rt_�dyuL¬®d«�c��uWva�I�a�'r{d«Æqn
Y K + En

n′Y ′
��uWr{_ad :�u�d��}dy±�dc�J¾ ¨ rtdcx{��rtz}��u�p��uWrt_�d :�uad«��dc±�dc�®És�c��Êh��u��

����xtx{dc��rtz}��u�pÈ��u"r{_ad�������x{ptd���dc±�dy�SÉ5�'��Ê
�y��be�a�}d�r{dÃ�«r�¬®��³´��dc±�dc�I�y��x{xtd~�Âr{z���uo³Jr�nq�3dhzª�odc���Á���}����xtz�rt_�b ²·��x
rt_�d+ua��ua�}z}uadc��x�b��o�odc�S�ax{��Æa�}dyb/¾��h�'¬Èdc±�dyxÃz�r�r{�.=�dcpÃb+��uCn�zµr{dyx��'rtz}��u°p+É·_qvau��ox{dc��pÃ²·��xÃr{_az}p�b��o�odc�
�ax{��Æa�}dybQÊrt�«����_az}dy±�d�����be�a�}d�r{d��y��uq±�dcxt��dyu��yd�¾Á^��«pt�°dcdc�@va�+rt_�d�x��'r{d0��²Á�y��uq±�dcxt��dyu��yd���¬®d��c��u+v�ptd

(*)�U+(-,
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�"Æ°dyrsr{dyx�r{dc��_auazª|Cvad���^���_adcÆqnq��_�dy±Lz�rtdcx{��rtz}��u�p�¹ �'½S��u�r{_ad�:�uad+�}dy±�dc�J�ÁzJ¾ d�¾}�Áz�r�_���p�r{_ax{dyd+p�r{dy��p�²·��x
dc����_"�yno���}d �

Y j1 = Y j0 − τ1(AY j0 − b) ,

Y j2 = Y j1 − τ2(AY j1 − b) ,

Y j3 = Y j2 − τ3(AY j2 − b) ,

¬_adcxtd
τi

É
i = 1, 2, 3

ÊÈ��x{dÃ��z}±�dyu"Æqn �

1

τi

=
b + a

2
+

b− a

2
ri

ÉJ��»�Ê

¬_adcxtd
[a, b]

zªp�rt_�d«r���x{��dyrsrtd~�Lz}uCrtdyx{±'���8z}u�r{_adedyz}��dyuq±'���}vad
λ
��²

A
��u��

ri = 0,±
√

3/2
�@x{�q��rÃ��²

rt_�dQ^���_adcÆqnq��_�dy±W�3���}nCu���bez}���8��²®�ady��x{dyd 5a¾ S _adcu�¬Ède�y��u�pt���}±�de���C��x�psde����xtx{dc��rtz}��u�p�d�¯a����rt�}nW��u
rt_�d«���C��x�psdÃ�}dy±�dy�5��¬®d��y��u/�y��b«Æaz�u�d�rt_ad�^���_�dyÆqno��_ady±Qz�rtdcx{��rtz}��u�p«ÉJ��»�Ê
¬z�rt_��y����x�ptdÃ�y��x{xtd~�Âr{z���u�p
��u
rt_�d�������x{ptd���dc±�dy�Gz}u"rt_adÃb+�'r{xtz�¯Q²·��xtb ¹ �H½#�

Gy = Gh(I −En
n′((En

n′ )T AEn
n′)−1(En

n′)T A)Gh ,
ÉJ����Ê

¬_adcxtd
Gh = (I − τ3A)(I − τ2A)(I − τ1A)

¾ ¨ u@��rt_adcx
¬È��x{�apc��rt_adÃ����b�����dyrtdÃ��no���}d�z}u>rt_ad�²·��x{b\��²
b+�'r{xtz�¯

G
z}p
��z�±�dyu"ÆCn

Y j+1
g = GyY j

g + bgy ,
ÉJ�C��Ê

_adcxtd

bgy = Gh(bh −En
n′((En

n′ )T AEn
n′)−1(En

n′)T (Abh − b)) + bh ,
ÉJ����Ê

��u°�

bh = ((I − τ3A)(I − τ2A)τ1 + (I − τ3A)τ2 + τ3I)b ,
ÉJ�.;�Ê

ua��rtd�rt_���rrt_ad���xtz}��z}u����3b+��rtx{zµ¯@��xt��Æa��dcb ��u9:�uad��}dy±�dy�Gzªp��z}±�dcu>Æqn
AY = b

¾

��� � � ��# ��&-. ����� ��
 ��� �����$� �������"�$#%�"�	��& ')���"+-��.

Ëa��x
rt_ad��y����x{ptd��}dy±�dy�À�y��x{xtd~�Ârtz}��u@��²
Z ′
bedyrt_a�o�G�a¬®dÃv�ptd�r{_adÃ²·���}�}�'¬z�ua�+p{��_adybed �

J(Z ′) =

∫

γ

1

2
(Bn(t)T (Yk + Q0E

n
n′Z ′ − Ȳ ))2dt ,

É�5���Ê

¬_adcxtd
Q0 = ΩnPnΩT

n

����u°�@r{_ad�b+�'r{xtz�¯
Pn

zªp®rt_ad��3dyx{b�var{�'r{z���u>b+��rtx{zµ¯ �

Pn =










1
1¾¾¾

1
1










(n+1)×(n+1)

.
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^
_ad+zª�odc�"��²Èr{_ad
Z ′
b�dyrt_a�o��zªpÃrt�Wx{dy±�dyx�psd«rt_ad+�°��z}xtz}ua�/Æ°dyr�¬Èdcdyu�dyz}��dcuC±'����vad~p���u���dcz���dyuq±�d~�Ârt��x{p

Æqn/b�va��rtz}�a�}nCz}ua�@rt_ad�b+�'rtx{z�¯
Q0

pt�Qrt_°�'r��ª��x{��dcxhdcz���dyuq±'���}vadcph����z}x�¬z�rt_�_az���_adyx�²·x{dc|Cvadyu°��n/��uWr{_ad
���C��x�psdÈ��dc±�dc�a��u��«xtdc�}��¯a�'rtz}��u°p��c��u�xtdcb��'±�d�_az}��_«²·x{dc|Cvadyu°��n�dcxtx{��x�pÁdyÌQ��z}dyuCrt�}nQ¹¼»H½´��¬_az}��d

Y ′
b�dyrt_a�o�

�o�qdcp
u���rc¾
IÀdyr

Z = Yk − Ȳ +
(

Q0E
n
n′

)

Z ′

︸ ︷︷ ︸dy¯qrtx����3���ª�'rtd~�
� �ax{dc����u��oz�rtz}��uad~�

�y����x�ptd�³´��dc±�dy�I����xtx{dc��rtz}��u

É�5��~Ê

Ô®n@iL��rtx{zµ¯ �®���}�yva�}v�py�o¬®dP=qua�'¬ r{_��'r

∂J(Z ′)

∂Z ′
=

∂Z

∂Z ′

∂J(Z ′)

∂Z
.

É�5C��Ê

^
_adcxtdy²·��x{d �

∂Z

∂Z ′
= (Q0E

n
n′)T = (En

n′)T Q0 ,
É�5 5�Ê

��u°�

∂J(Z ′)

∂Z
= A(Yk + Q0E

n
n′Y ′ − Ȳ ) .

É�5��CÊ

^
_qv�p
Æqn@d~|�u°p�É�5���ÊÂ�ÁÉ�5.5�Ê
��u���É�5��CÊÂ�a¬®dÃ��Æor���z}u

∂J(Z ′)

∂Z ′
=

∂Z

∂Z ′

∂J(Z ′)

∂Z

É�5C»�Ê

= (En
n′)T Q0A(Yk + Q0E

n
n′Z ′ − Ȳ ) = 0 .

¨ u/psvabeb+��x{n��o¬®dÃ_��H±�d�r{_adÃ²·���}���'¬z}ua��uady¬ b+�'r{xtz�¯@dc|Cv���rtz}��u��

AczZ
′ = bcz ,

É�5���Ê
_adcxtd�rt_�d�be��rtx{zµ¯

Acz = (En
n′ )T Q0AQ0E

n
n′ = (En

n′)T A1E
n
n′ ,

É�5q��Ê
��u°�Qr{_ad�±�d~�Ârt��x

bcz = (En
n′)T Q0(b−AYk) ,

É�5���Ê
ua��rtd0r{_��'r
b+�'r{xtz�¯

A1 = Q0 A Q0
�q��u��+±�dc�Âr{��x

b−A Yk

zªp®��x{dcptz}�ov°������u+rt_�d :�u�d��}dy±�dy�5¾ ¨ u>d(@Idc�Âr~�
¬®d�_°�H±�d���xtd~����u°�ozµr{z���uadc��rt_�d�x{dcptzª�ov����

b − AYk

ÆCn
Q0
¾�SÇde²·��vau���rt_���rÃb+��rtzª��dcp

Acy

��u��
Acz_��H±�d��oz4@Idyx{dyuCr0dyz}��dcuC±'����vad~py�qÆavar0rt_ad�p{��bedÃdyz}��dcuC±�dc��rt��x�pc¾
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^
_adcu+¬Èd0�c��u+ps����±�d
rt_ad0²·���}���'¬z}ua��z�rtdyx��'r{z���ue��uert_�dh���C��x�psd
�}dy±�dc�o²·��x®����xtx{dc��rtz}��u�ÆCn«z�u�zµr{z}����z}¸yz}ua�
Z ′

0 = 0
�

Z ′j+1 = Z ′j − ρ(AczZ
′j − bcz) .

É�5 ;�Ê
Ë�z�u°���}��n�¬Èd>�y��u¿v��3�a��rtd>ÆCn

Y K + Q0E
n
n′Z ′

��u�rt_�d :�uad>��dc±�dc�J¾�S�d>�y��u©���ªps�Wv°psd@^���_adcÆCno��_adc±
z�rtdyx��'r{z���u�p
��u>rt_�d*:�uad��}dy±�dc�J¾

¨ u"��vaxdy¯q�3dyx{z}b�dcuCr{pc�o¬Èd�r{�.=�d

Ȳ (x) =
1
2

sin(πx) +
1
2

sin(πx) + · · ·+ 1

n2
sin(nπx)

É·�C��Ê

pt�«r{_��'rh�����I²·x{dc|Cvadcu���n@b��o�od~p0��x{dÃ�ax{dcptdyuCrz�u"rt_�d�ps����vor{z���uÀ�o¬_azª��_>b+�.=�dcp�y��be�avor��'r{z���u����Gx{dcptva��r{p
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Bsdyx{xt��x���É·��xÈz�rtdcx{��rtz}±�d0dcxtx{��xÂÊ�rt�«Æ°d�rt_�d��oz4@3dcxtdcu���d�Æ°dyr�¬Èdcdyu+r{_adÃ��vax{xtdcuCr�dcpsrtz}b+�'rtd

Y j
��Æor{��z�uad~�eÆqn

�oz4@3dcxtdcuCr0b�dyrt_a�o�ap��u��>rt_adÃr{xtv�dÃpt���}vor{z���u
Ȳ
��²Árt_�d��oz}p{��x{d�r{dÃ�axt��Æa�}dyb/¾

S�dhv�ptd�^���_adcÆCno��_adc±«z�rtdcx{��rtz}��u�p���u@rt_ad :�uad���dc±�dy�I��u°�Qps����±�d���u����}nCrtzª�y���}�}n«��u+rt_adÃ���C��x�psdh��dc±�dy�5�
z5¾ d�¾��Cv�ptd
rt_ad

G
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(a)

pt_a�'¬0pz}uaz�rtzª���adcxtx{��x�p8x���u��o��be��n���dyuadcx{��rtd~�G�
(b)
�
(c)

��u��
(d)

pt_a�'¬ dyx{xt��x{p���Æor���z}uadc��Æqn
Y ′

��u��
Z ′
bed�r{_a�o�ap��'² rtdcx«��uad��Sptz�¯���u��¿dy�}dy±�dyu

G��no�y��d~p«x{dcpt�3dc�Âr{z�±�dy�}n�¾©Ë�xt��b r{_adyb/�È¬Èd/�y��u dc��psz}�}n©psdcd@r{_��'r�rt_ad/x{dcptva��r{p«��²hr{_ad
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ptva�°dcxtz}��x~¾0f0�'¬-�}d�r�v�p0�}�q�.=>rt_ad~psd«xtd~psva��r{phz�uLrt_ad�²·xtd~|�v�dyu��yn"pt�����yd��3Ë�z}��¾��+���}dc��xt�}n>dy¯o�a�}��z�u°p0¬_qn
Z ′
bed�r{_a�o�/z}p�psva�3dyx{z}��xr{_���u

Y ′
bed�r{_a�o�G¾0Ä² r{dyxh��uad

G
��no�y��d@ÉJË�z��°¾�

(b)
Ê��°¬®d��c��uWpsdcd�rt_°�'r
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Ä0u°�>¬®d�����u�pszª�odcx
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Ä0uW���µr{dyx{u��'r{d�bedyrt_a�o�"z}p�ady±qz}ptdc�>Æqn>�y��u�ptz}�adyx{z�ua�«rt_�d�be��rtx{zµ¯
∆
�od
:�uadc�"Æqn �

∆ =












1 0 0 · · · 0

0 −1 0

¾¾¾

0

¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾
0¾¾¾

0 (−1)N+1 0
0 · · · 0 0 (−1)N+2












(N+1)×(N+1)

,

^
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L′
��u��

Z ′
iWdyrt_a�o�ap���xtd«Æ���ptdc�Ç��u�psz}bez��ª��xÃ�ax{z�u°��z}�a��d~p�rt�"xtdc±�dcx{ptd�r{_ade����z}xtz}ua�"Æ°dyr�¬Èdcdyu

dyz}��dcuq±H����v�dcp���u���dyz}��dcuC±�dc��rt��x�pÃÆqn���psz}be�a��d>b+�'rtx{z�¯�b«va�µr{z�����n�Æqn
∆
z}u�p�r{dc������²h����be�avortz}ua�Wr{_ad
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Y = Y k + ∆En
n′L′ , NPO �=Q#�	��$	

Y k
�' ��
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L′
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�
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L = Yk − Ȳ +
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∆En

n′

)
L′ NPOAW Q
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Acl = (En
n′)T ∆A∆En

n′ = (En
n′)T ∆A∆En

n′ , F.G�G�I
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��u°�Qr{_ad�±�d~�Ârt��x

bcl = (En
n′)T ∆(b−AYk) ,

É·�q»�Ê
ua��rtd�rt_���rrt_ad�±�dc��rt��x

b−AYk

z}p��x{dcptz}�ov°���I²·��x
r{_ad*:�uad��}dy±�dy�5¾
^
_adcu+¬Èd0�c��u+ps����±�d
rt_ad0²·���}���'¬z}ua��z�rtdyx��'r{z���ue��uert_�dh���C��x�psd
�}dy±�dc�o²·��x®����xtx{dc��rtz}��u�ÆCn«z�u�zµr{z}����z}¸yz}ua�

L′
0 = 0

�

L′j+1 = L′j − ρ(AclL
′j − bcl) .

É·�C��Ê
Ë�z�u°���}��nÃ¬®d��y��u�va�3���'rtdÈÆqn

Y K+∆En
n′L′

��u�rt_ad�:�uad��}dy±�dy�5¾�^��hpt�°dcdc��va��rt_adÈx{��rtdS��²�����uq±�dyx{��dyu°��d��
¬®dÃ�c��u"v�ptd�^���_adcÆqnq��_�dy±+z�rtdyx��'r{z���u�pÃ¹ �H½Á��u>rt_�d*:�uad��}dy±�dc�J¾

S�dhv�ptd�^���_adcÆCno��_adc±«z�rtdcx{��rtz}��u�p���u@rt_ad :�uad���dc±�dy�I��u°�Qps����±�d���u����}nCrtzª�y���}�}n«��u+rt_adÃ���C��x�psdh��dc±�dy�5�
z5¾ d�¾��Cv�ptd
rt_ad

G
�ynq�y��d���r{_adyu+¬®d�a�}��r�dcxtx{��x�p�±qpSrt_adhuCv�b�Æ3dyxS��²3z�rtdcx{�'r{z���u�pz}uQË�z��°¾ 5�����u���²·xtd~|Cvadyu��yn
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rt_�d�uqvab�Æ3dyx���²8zµr{dyx��'rtz}��u°pz�uLË�z}��¾È��¾ ¨ uLË�z}��¾ 5o�°¬Èd�������z}u/x{��u��o��b��}nQ��dyuadcx{��rtd�z}uazµr{z}���Àdyx{x{��x�py�
(a)
�
(b)
�
(c)

��u��
(d)

ps_��'¬\dyx{xt��x{p���Æor{��z�u�dc��Æqn
Y ′
�
L′
��u��

Z ′
bedyrt_a�o�ap��'² r{dyx«rtdyuÁ� :a² r�n�����uad

_qvau��ox{dc����u°�Wr�¬®�"_qvau°�oxtd~�
G
��no���}dcp�x{dcpt�°d~�Âr{z�±�dy�}n�¾ ¨ r�zªpÃ��Æq±qz���v�phrt_���r�xtd~psva��r{p���Æor{��z�uad~��Æqn

Z ′bed�r{_a�o�/z}p
r{_ad�Æ3dcpsrc��u��'¬ ¬®d�¬z��}�À��z�±�dÃpt��bed���u����}nopszªp®²·��x
L′
bed�rt_��q�À¾®Ähu��>²·xt��b rt_�dcptd���x����a_°py�

¬®dh�y��ueptdyd0rt_���r�Æ°dy²·��x{drt_�d :�x�p�r®»��Ãzµr{dyx��'r{z���u�py��rt_adhxtd~psva��r{pS��²Irt_ad
L′
bedyrt_a�o�Q�o��ua��r��}�q�.=«Æ°dyrsrtdcx

rt_°��u>rt_a�Cpsd���Æor���z}uadc�@Æqnert_ad
Y ′
bedyrt_a�o�G�oÆavar0z�u

(c)
��u°�

(d)
�or{_ad

L′
bedyrt_a�o�>z}pptva�3dyx{z���x�r{�«r{_ad

Y ′
bed�r{_a�o�G¾�Ë�xt��b r{_ad«�y��x{xtd~ps�3��u��az�ua�e²·x{dc|Cvadcu���n/pt�����yd@ÉÛË�z}��¾0�

(c)
��u��

(d)
Ê��G¬Èd��c��u�ptdyd�rt_���r

L′
bedyrt_a�o�/���ªps�+�c��u"xtd~�ov���dÃ�}�'¬º²·x{dc|Cvadcu���nQ��u@r{_ad*:�uad��}dy±�dy�5�o_a�'¬®dy±�dcxÈz�rr{�.=�d~pÈbe��xtdÃz�rtdyx��'r{z���u�p

rt��be�.=�d0z�r®�y��bed���rt_ad�xtd~��pt��uezªprt_°�'r
L′
bed�r{_a�o�+z}u�r{xt�o�ov°��dcpÈps��bed0dyx{xt��x{p8Æqn«rt_adhrtx���u�ps²·��x{b+�'r{z���u

b+�'r{xtz�¯
∆
ps�ez�rhxtd~|Cvaz�x{dcp
be��xtdÃz�rtdyx��'r{z���u�p
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¨ uert_�d�����vax�psd
��²G��vax�uqvabedyx{zª�y����d�¯o�°dcxtz}bedyuCr{��rtz}��ue��uer{_adcptdr�¬®��³´��dc±�dc�oz}�od~���3���}����x{z�rt_ab+p�²·��xÈ��z}uad~��x
be�o�ody�À��xt��Æa��dcb+py�apt��bedÃ���a�oz�rtz}��u°���G��Æ°psdcxt±'�'r{z���u�p®_��H±�dÃÆ3dydcu"b+���od �
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A(X)(i, j) =
1

3

n−1∑

k=0

(xk+1 − xk)
Ci

nCj
nCk

n−1

Ci+j+k
3n−1

,
É·�o��Ê
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X
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G
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Ë�z���vax{d�5���fh�q���������b��3��u�dyuCr{pc¾
(a)
�
(b)
�
(c)

��u��
(d)

pt_a�'¬ dyx{x{��x�ph��Æor{��z�uad~�LÆqn
Y ′
�
L′
��u��

Z ′bed�r{_a�o�ap0�'² r{dyx
r{dyuÀ� :�² r�n��a��uadÃ_Cv�u��ox{dc�/��u��@r�¬®��_qvau°�oxtd~�
G
��no�y��d~p
xtd~ps�3dc��rtz}±�dy�}n�¾

¬_adyu :�u�dQ��dc±�dc�
n = 8

���u���¬Èd@��_��C�Cpsd
n′ = 6

�
n′ = 4

��x
n′ = 2

��¬®de²·��v�u���rt_°�'r�r{_ad
xtd~psva��r{p0��Æor���z}uadc�"Æqn

n′ = 6
��u��

n′ = 4
��x{d�|�v�zµr{d����}��ptd��a¬_�z��}d�rt_���ptd���Æor���z}uadc�/Æqn

n′ = 2��x{dua��r
��pS���q�q�@��pr{_adh��rt_adcxSr�¬®���y��psd~py¾8Ä0be��ua��r{_ad0r{_axtdcdh��_a��z}�ydcpc�
n′ = 4

pt_a��va�ª�+Æ3d0r{_ad
Æ°d~p�rhptz�u°��dÃzµr0zªp
���q�o�>Æ����ª��u��ydÃÆ°dyr�¬Èdcdyu>rt_ad��y��psr��u��/���c��vax����yn�¾
Ëa��x�b�v��µr{zµ³´��dc±�dc�
�c��ptdcpc�¬Èd"d�¯o�a�}��z�r�rt_ad~psd/�y��psd~p�¬_adcu;¬®d"_��H±�d@rt_ad>r�¬È��³5�}dy±�dy�
�y��psd

(n =
8) � (n′ = 4)

��r{_ad9:�uad/��dc±�dc�
n = 8

��u��;������x{ptd@�}dy±�dy�
n′ = 4

�r{_ad"rt_ax{dydy³5�}dy±�dy�
�y��ptd
(n = 8) � (n′ = 6) � (n′′ = 4)

�"rt_ad :�uad��}dy±�dy�
n = 8

�3z}uCrtdcxtbedc�az}��rtd��}dy±�dy�
n′ = 6

��u��

U�UWV�XZY�[�\(Y
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Z method

Ë�z���vax{d�����Ëax{dc|Cvadcu���nW����be�°��uadyuCr{pc¾
(a)
�
(b)
�
(c)

��u��
(d)

pt_a�'¬-²·x{dc|Cvadcu���nW��Æor{��z�uad~�WÆqn
Y ′
�
L′��u°�

Z ′
bed�r{_a�o�ap0�'² r{dyx
r{dyuÀ� :�² r�n��a��uadÃ_Cv�u��ox{dc�"��u��>r�¬®��_qvau°�oxtd~�

G
��no�y��d~p
xtd~ps�3dc��rtz}±�dy�}n�¾

������x{ptd���dc±�dy�
n′′ = 4

����u��"rt_�d*:�±�dy³5�}dy±�dy�Á�c��ptd
(n = 8) � (n′ = 7) � (n′′ = 6) � (n(3) =

5) � (n(4) = 4)
�@r{_adP:�uad~p�r���dc±�dy�

n = 8
�°z�uCrtdcxtbed~�oz}��rtd��}dy±�dy�ªp

n′ = 7
�
n′′ = 6

�
n(3) = 5

�
��u��@rt_ad��y����x{ptdcpsr®�}dy±�dy�

n(4) = 4
�a¬®d :�u��>rt_�dÃ²·���}���'¬z}ua�«²Û���Âr�p �

(a)
r{_ad«be��xtd«��dc±�dy�ªp���x{d�v�ptdc�G�3r{_ade��x{dc�'r{dyxr{_ad+���c��vax����yn�ÉÛÆavor�rt_ad�dyx{xt��x{p���x{d«psrtz}���8z}uLr{_ad

pt��b�dÃb+����uaz�rtv��odHÊÂ¾
(b)

rt_adÃbe��x{d���dc±�dy�ªp
��x{d�v°psd~�G�qrt_adÃbe��x{d�xtdc��va�ª��x{��ne�}�'¬º²·x{dc|Cvadcu���n+be�o�odcp
��uQr{_ad*:�uadÃ�}dy±�dc�
��x{d�dyÌ+�yz�dcuCrt�}n@x{dc�ov��ydc�"��u��@rt_�d�b���xtdÃx{��Æav°p�r0���}����xtz�rt_�bep
��xtd�¾
SÇd����ªps� :°u��Wr{_��'r�²·��x�dyx{xt��x{p0��u��/²·x{dc|Cvadcu���n/��Æar{��z}uad~�/ÆCn"r{_ad�r�¬®�Q�}dy±�dy�8�y��ptd

(n = 8) �

(*)�U+(-,
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(n′ = 7)
��xtdhp{��bed���pr{_a��ptd0��Æor{��z�uad~�+Æqn�r{_ad�:�±�dy³5�}dy±�dy���c��ptd

(n = 8) � (n′ = 7) � (n′′ =
6) � (n(3) = 5) � (n(4) = 4)

¾ ¨ u���rt_adcx�¬®��x��apy�Àrt_ad+Æ3dcpsr�p�r{x{��rtdc��nLzªpÃrt�Wv°psdQ��pÃbe��uqn
z�uCrtdcxtbed~�oz}��rtdÃ�}dy±�dc�}p
��p
�°�Cptptz�Æ���d�¾

5�¾���u/rt_ad�Æ3��rtrt��b ��² V �ynq�y��d���¬_adcuWrt_�d����C��x�psd~p�r0�}dy±�dy� n′
²·��xhr�¬È�Q�}dy±�dy��z}�od~�������}����x{z�rt_ab&��x

²·��x0r{_ad�b«va��rtz�³5�}dy±�dy�Ázªp�psb+���}�5�°¬®d«�c��uWv�ptd«fhdy¬
rt��uLz�rtdyx��'r{z���u�p��x�pt���}±�d�r{_adyb Bsd�¯a����rt�}n �Ã²·��x
������x{ptd��y��x{xtd~�Âr{z���u�py¾

�°¾ ¨ u rt_ad
Z ′

bedyrt_a�o�G�
Q0

�y��u Æ3d���Æor{��z�uad~��z�u]�¿ptz}b�����dL¬
�Hn��
z5¾ d�¾��¬®dW��u���n�uadyd~��rt�¿��d�r
�Wpsz}bez��ª��x��y��u�psrtx{v���rtdc��b+�'r{xtz�¯Ç¬_�z}��_¿�y��u�xtdc����z}x�dyz}��dcuq±H����v�dcp���u°��dyz}��dyuq±�dc�Âr{��x�peÉ·z}u¿uad�¯qr
psd~�Ârtz}��uÁ�G¬Ède�y��uÇv�ptd«rt_adeb+�'r{xtz�¯

Q0
z�uÇrt_�d��}z}uadc��x���xt��Æa��dcb�²·��xÃr{_adeua��ua�}z}uadc��x��ax{��Æ���dcb+Ê��

rt_qv�p�¬Èd����Âr{v����}��nW�o��u � r�_��H±�dÃrt�@v°psdelqz�u���va�ª��x��S���}vad � dc�y��be�°�Cpsz�rtz}��u;ÉJl�� � Ê0rt�"����be�avartd
²·��x

Q0
¾

� � ���"�����"� M���()�+*>���,-�8��."�y�0!

¨ u>rt_azªppsd~�Âr{z���uÀ�o��p®¬ÈdÃ�ozª�Q²·��x®rt_adÃ�}z�uad~��xpt_����3d�x{dc�y��u�psrtx{vau���rtz}��uÀ�C¬®d�dy¯qrtdyu°�Q��v�x
���a�ax{������_adcpSrt�
rt_�d�ua��ua�}z}uadc��x®z}uq±�dcx{ptd�³Åps_°���3d����ortz}bez�¸~�'rtz}��u"be�o�ody�À��xt��Æa��dcb$�

minJ = J (y(t)) =
pα

A ,
É·�C��Ê

z}u"¬_�z}��_
x(t)

z}p
��z�±�dyuÀ�aptbe�C��rt_W��u°�@be��u���rt��uad�³´z}u���x{dc��psz}ua���

p =

∫ 1

0

√

x′(t)2 + y′(t)2ω(t) dt , A =

∫ 1

0

x′(t)y(t)ω(t) dt ,
ÉÛ� ;CÊ

��x{d���²·��x«ps�3dc�yzA:�d~�
ω(t) > 0

��u��
α > 1

�Ár{_ad@��ptdyv°�o��³´��dcua��r{_���²
rt_ad>��x�������u���rt_�d@��ptdyv��a��³Å��x{dc�
Æ3dy�}�'¬]r{_ad���x���¾�^��+b+��=�d���vax0�}zµ²·d�dc��ptz}dyx~�o¬Èd���_a�q�Cpsd

α = 2
��u°�

ω(t) = 1
²·��x ∀ t

����u°�>¬®dP=qua�'¬
rt_�d�b�z}uaz}b�vab&±'���}vadÃ²·��x
r{_ad�ua��u���z}uadc��x
�axt��Æa�}dybkÉÛ����Ê®zªp J = 2π

ÉJpsdcd�¹ �H½G²·��x0�odyr{��z}�ªp{Ê�¾

����� � �,�*�����"����&-
 ��& ��� & � ����� �$�

Ä0�C��z}uÀ�a¬®d���p{ptvabedÃrt_���rc�a²·��xh���}�Gr{_ad�bed�r{_a�o�apy��rt_ad«pt��b�d��y�}��ptptzª�y���Àpsrtdcdy�3dcpsrs³Å�odcp{��dcuCr0zµr{dyx��'rtz}��u/zªp
�����a��z}dc�"��u@r{_ad*:�uad��}dy±�dy�'�

Y j+1 = Y j − ρJ ′(Y j) ,
ÉJ»���Ê

¬_adcxtd
j = 0, 1, 2, · · · � Y 0 zªp��L��z}±�dyu�z}uaz�rtzª���®��vad~ptpc����u���¬®d@��p{psv�b�d>�'r j = k

¬®dQ��Æor{��z�u�r{_ad
±'���}vadcp

Y k
��uN:�uad��}dy±�dy�5�a��u��"���+�o�'¬u"r{�e�y����x{ptd��}dy±�dy�Gr{�+b+��=�d�pt��bed�����xtx{dc��rtz}��u�pÈrt�Q���y�ydy�}dyx��'rtd

rt_�d�����uq±�dyx{��dyu°��dhz}uW����b��°��x{z}pt��u>¬zµr{_>r{_ad�ptz�ua����dÃ����x{��bed�rtdcxtz}¸c��rtz}��u@���a�ax{������_À¾
^��ÇÆ3dcpsrQd�¯o�a�ª��z}u ��vaxez}�od~��pc��¬®d/uadyd~�©r{_adW��������Æ�z}��u©b+�'rtx{z�¯ ��² J ′(Y j)

�È�odcua��r{dc�;Æqn
AJ ′

�
��u°�W¬Èd«¬z��}�ps_��'¬�z�u�psd~�Ârtz}��u 5a¾¼»�rt_ad�uqvabedyx{z}�c����xtd~psv��µr�p���xtd�±�dyx{n/���q�o�/ÆCnWv°psz}ua�Qr{_ade��������Æ�z}��u
b+�'r{xtz�¯

AJ ′

¾JS�dy�}�J�q¬®d0b�v°p�r
����x{dyd
r{_��'r®z�u+��x{���Ârtzª��d���be��xtd0��² rtdcu+rt_���u+ua��r~��z�r�y��u+Æ3d��azµÌQ��v��µr®��x

U�UWV�XZY�[�\(Y
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z}b��3��p{ptz�Æa�}d«rt�>�c���ª��va�ª�'r{d�²·��xtb+�����}n"�C���y��Æazª��u�be��rtx{z}�ydcp
AJ ′

�G_a�'¬®dy±�dcxc�°ÆavorÃrt_�z}p�zªp�zªp�ua��r����}¬®�Hnop
uad~��dcp{p{��x{n�¾JSÇd�¬z}�}�Àd�¯o�a�ª��z}u>_��'¬ ��r®r{_ad�dyu°�>��²�r{_azªp0psd~�Âr{z���uÀ�o²·��xu��'¬��o¬Èd
��v�psrr{�.=�d�²·��x��x{��uCrtdc�
rt_°�'r¬ÈdÃ�y��uQ��Æar{��z}uQr{_ad���������Æaz}��uQb+�'r{xtz�¯

AJ ′

²·��x®r{_adÃb��o�odc�Iz�uq±�dcx{ptd�pt_����°d�rtd~p�r�ax{��Æa�}dyb ÉÛ����Ê �

J ′(Y ) = AJ ′Y − bJ ′ .
ÉJ»a�~Ê

Ähp0¬Èd��ozª�>²·��x
rt_�d���z}uadc��x0ps_°���3d�³´xtd~����u°p�r{xtv���rtz}��uQ��xt��Æa��dcb/�o¬Èd��y��u"�adc����be�°�CpsdÃb+�'r{xtz�¯
AJ ′

z�uCrt�

AJ ′ = ΩnΛnΩT
n ,

ÉJ»���Ê
¨ uÇrt_adQ�ozª������u����8be��rtx{zµ¯

Λn

�Áx{dc���8�°�Cpsz�rtz}±�dedyz}��dcuq±H����v�dcpÃ��x{d���xtx���u���dc�Lz�u�z}u���x{dc��psz}ua�@��x{�adyx~�À��u��
rt_�d�dyz}��dyuq±�dc�Âr{��x®b+�'rtx{z�¯

Ωn

zªp0������z}u@��xsr{_a������u���� �

ΩnΩT
n = ΩT

n Ωn = I .
ÉJ».5�Ê

f0�'¬ ¬Èd+_°�H±�de�o��uadQ�����8r{_adQ�ax{dy�°��x��'rtz}��uÁ�G¬Èd+�y��u¿�oz}p{��v°ptpÃ±'��x{z}��v�pÃ�3��p{psz}Æa�}d+���}����x{z�rt_ab+p�²·��xÃr{_ad
���C��x�psdy³5�}dy±�dy�I����xtx{dc��rtz}��u@z}u>rt_azªpua��ua��z}uad~��x0�y��psd�¾

��� � ���	��
����������
������������ �!���"�"�$#%�"����&(')�*�,+-�/.

Ëa��x
rt_ad
Y ′
bed�rt_��q�À��¬®dÃptd�r

Y = Y k + En
n′Y ′ ,

ÉJ»��CÊ
¬_adcxtd

Y K
zªp�rt_�d�±'����vad���Æar{��z}uad~����uLrt_�d :�uade��dc±�dc�J�À��u��

Y ′
z}p�r{_ad+������x{ptd��}dy±�dy�S�y��x{xtd~�Ârtz}��u�¬Èd

��x{dÃ���q� =Cz}ua�«²·��x~¾
Ô®n�v�ptz�u��Ã�y����x{ptdÈ�}dy±�dy�a�y��x{xtd~�Ârtz}��u"ÉJ»���Ê�z�u�r{_ad��x{z���z�u°���qua��u���z}uadc��x�ax{��Æa�}dyb ÉÛ����Ê���¬®d0�y��u«d~��ptz��}n

��Æar{��z}u>rt_adÃ²·�����}�'¬z�u���x{dy�ª�'r{z���u�pÈ²·��x
r{_ad
Y ′
�y��x{xtd~�Âr{z���uQÆqn>��_���z�u"xtv���d~p �

J ′(Y ′) = En
n′

T · J ′(Y ) = A′
J ′Y ′ − b′J ′ ,

ÉJ»�»�Ê
¬_adcxtd

A′
J ′

p�r���u��ap®²·��x
rt_ad��y����x{ptd��}dy±�dy�À�C���y��Æazª��u>be��rtx{zµ¯G�oz�r{p±'����vad��c��u"Æ°d���Æor{��z�uad~�@Æqn

A′
J ′ = En

n′

T AJ ′En
n′ ,

ÉJ»���Ê
��u°�Qr{_ad�����u�p�r���uCr±�d~�Ârt��x

b′J ′

b′J ′ = En
n′

T (bJ ′ −AJ ′Y K) ,
ÉJ»C��Ê

AJ ′

z}p0rt_ad���������Æaz}��u/be��rtx{zµ¯"��u/r{_adP:�uad«��dc±�dc�J¾^
_qv�p0¬®d��y��uL���C��z}u"dcbe�a���'n/���ª��p{ptz}�c���Àpsrtdydc�°d~p�rt³
�od~pt�ydyuCrzµr{dyx��'rtz}��u°p
��u>rt_ad��y����x�ptd��}dy±�dy�I²·��x0�y��x{xtd~�Âr{z���u@ÆqnQz}uazµr{z}����z}¸yz}ua�

Y ′
0 = 0

�

Y ′ ←− Y ′ − ρJ ′(Y ′) ,
ÉJ»���Ê

rt_�dyuL¬®d«�c��uWva�I�a�'r{d«Æqn
Y K + En

n′Y ′
��uWr{_ad :�u�d��}dy±�dc�J¾ ¨ rtdcx{��rtz}��u�p��uWrt_�d :�uad«��dc±�dc�®É5»���Êh��u��

����xtx{dc��rtz}��u�pÈ��u"r{_ad�������x{ptd���dc±�dy�SÉ5»���Ê
�y��be�a�}d�r{dÃ�«r�¬®��³´��dc±�dc�I�y��x{xtd~�Âr{z���uo³Jr�nq�3dhzª�odc���Á���}����xtz�rt_�b ²·��x

(*)�U+(-,
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rt_�d+ua��ua�}z}uadc��x�b��o�odc�S�ax{��Æa�}dyb/¾��h�'¬Èdc±�dyxÃz�r�r{�.=�dcpÃb+��uCn�zµr{dyx��'rtz}��u°p+É·_qvau��ox{dc��pÃ²·��xÃr{_az}p�b��o�odc�
�ax{��Æa�}dybQÊrt�«����_az}dy±�d�����be�a�}d�r{d��y��uq±�dcxt��dyu��yd�¾Á^��«pt�°dcdc�@va�+rt_�d�x��'r{d0��²Á�y��uq±�dcxt��dyu��yd���¬®d��c��u+v�ptd
�"Æ°dyrsr{dyx�r{dc��_auazª|Cvad���^���_adcÆqnq��_�dy±Lz�rtdcx{��rtz}��u�p�¹ �'½S��u�r{_ad�:�uad+�}dy±�dc�J�ÁzJ¾ d�¾}�Áz�r�_���p�r{_ax{dyd+p�r{dy��p�²·��x
dc����_"�yno���}d �

Y j1 = Y j0 − τ1J ′(Y j0) ,

Y j2 = Y j1 − τ2J ′(Y j1) ,

Y j3 = Y j2 − τ3J ′(Y j2) ,
¬_adcxtd

τi

É
i = 1, 2, 3

Ê��x{d«�c���ª��va�ª�'r{dc�L��phv�ptv�����z}u�x{dy�ª�'r{z���uL¬zµr{_Lr{_ad«dcz���dyuq±'���}vadcph��²Sr{_ad�be��rtx{zµ¯
J ′
¾ SÇd
uadcdc��rt��ua��r{dÈr{_��'r8r{_ad
be��rtx{zµ¯

AJ ′

����x{x{dcpt�°��u��apÁrt�
Y j0

��pt��¬®d�y��u«��ua�}n�v�ptd®^���_adcÆCno��_adc±
z�rtdyx��'r{z���u�p
¬_adcu

Y j0
zªp���}xtd~���onQ�y���Cpsd�rt��r���x{��d�r±'���}vad~p
��rt_�dyx{¬z}ptd�rt_ad�bed�r{_a�o�/�oz�±�dyx{��d~py¾

����� � ��# ��&-. ����� ��
 ��� �����$� �������"�$#%�"�	��& ')���"+-��.

^
_ad
Z ′
bed�rt_��q�"��²8�y����x�ptdh�}dy±�dc�Á����xtx{dc��rtz}��u�p�²·��x
r{_ad�ua��ua��z}uad~��xbe�o�ody�Gzªp��z}±�dcu>��p®²·���}���'¬0p��

Y = Y k + Q0E
n
n′Z ′ ,

ÉJ».;�Ê
¬_adcxtd

Y k
z}p�rt_�d@±'���}vad@��Æor{��z�u�dc����u�r{_ad9:�uadQ�}dy±�dy�5�

Z ′
z}p�rt_ad"���C��x�psd+�}dy±�dy�È�y��x{xtd~�Âr{z���u�¬®d@��xtd

�}�C� =qz�ua�>²·��x~�
Q0 = ΩnPnΩT

n

�Á��u°�
Pn

zªp�rt_adQp{��bed��°dcxtb«vor{��rtz}��u�b+��rtx{zµ¯���pÃ¬Èd�v�ptdc��²·��xÃ��z}uad~��x
�ax{��Æa�}dyb+pc¾ ^
_ad"z}�adc�Ç��²hr{_ad

Z ′
iWdyrt_a�o�;z}p�r{�Çx{dy±�dyx�psdQrt_ad/����z�x{z�u��ÇÆ3d�r�¬®dydcu dyz}��dcuq±H����v�dcp���u��

dyz}��dcuq±�dc��rt��x{p�ÆqnWb�va��rtz}�a�}nCz}ua�/r{_adebe��rtx{zµ¯
Q0

ps�>rt_���r��}��xt��dyxÃdyz}��dcuC±'����vad~ph�°��z}x�¬zµr{_Ç_az}��_�dyxÃ²·x{d�³
|Cvadyu°��n"��u/rt_�d«���C��x�psdÃ�}dy±�dy����u��/x{dy�ª�'¯a�'r{z���u�p0�y��uWd�ÌQ��z}dyuCr{��n"xtdcbe�'±�dÃrt_�d�_az}��_W²·x{dc|Cvadcu���n>dyx{xt��x{p
¹¼»H½´¾
Ô®n�v�ptz�u��Ã�y����x{ptdÈ�}dy±�dy�a�y��x{xtd~�Ârtz}��u"ÉJ».;�Ê�z�u�r{_ad��x{z���z�u°���qua��u���z}uadc��x�ax{��Æa�}dyb ÉÛ����Ê���¬®d0�y��u«d~��ptz��}n

��Æar{��z}u>rt_adÃ²·�����}�'¬z�u���x{dy�ª�'r{z���u�pÈ²·��x
r{_ad
Z ′
�y��x{xtd~�Âr{z���u@Æqn>��_���z�u"x{va��d~p �

J ′(Z ′) = En
n′

T ·Q0 · J ′(Y ) = A′
J ′Z ′ − b′J ′ ,

ÉÛ����Ê
¬_adcxtd

A′
J ′

p�r���u��ap�²·��x�rt_adÃ���C��x�psd�}dy±�dy�I��������Æaz}��uebe��rtx{zµ¯+��²Grt_ad
Z ′
bed�r{_a�o�LÉ·¬®d�pt_���x{dr{_ad�p{��bed

ua��r{�'r{z���u>¬z�rt_
Y ′
bed�rt_��q�>²·��x0psz}be�a��zª��z�r�naÊÂ�az�r{p
±'����vad��c��u"Æ°d���Æor{��z�u�dc�>ÆCn

A′
J ′ = En

n′

T Q0AJ ′Q0E
n
n′ ,

ÉÛ���~Ê
��u°�Qr{_ad�����u�p�r���uCr±�d~�Ârt��x

b′J ′

b′J ′ = En
n′

T Q0(bJ ′ − AJ ′Y K) .
ÉÛ�C��Ê

^
_qv�p�¬®dQ�y��u�������z�u�dybe�a�}�'nLr{_adQ���ª��p{ptz}�c���Spsrtdydc�°d~p�rt³´�adcp{��dyuCr�z�rtdcx{��rtz}��u�p���u�rt_ad@�y����x{ptde��dc±�dy�S²·��x
����xtx{dc��rtz}��u>ÆCn@z�uaz�rtzª���}z}¸yz}ua�

Z ′
0 = 0

�

Z ′ ←− Z ′ − ρJ ′(Z ′) ,
ÉÛ� 5�Ê

rt_�dyu©¬®d>�c��u¿va�I�a�'r{d@Æqn
Y k + Q0E

n
n′Z ′

��u¿r{_ad :°uad@�}dy±�dy�5¾ ¨ rtdyx��'r{z���u�p���u�rt_ad :�uad>��dc±�dy�ÃÉJ»���Ê
��u°�;�y��x{xtd~�Ârtz}��u°p���u r{_adL���C��x�psd>��dc±�dy��ÉJ�.5CÊ«�y��be�a�}d�r{d/��ua��r{_adyxer�¬®��³´�}dy±�dc�®�y��x{xtd~�Âr{z���uo³Jr�nq�3d@zª�odc���
���}����xtz�rt_�b ²·��xÃr{_ad+ua��u���z}uadc��x�be�q�ady��ax{��Æa�}dyb/¾Q^��Lps�3dyd~��va��rt_ad+x��'r{d���²
�y��uq±�dcxt��dyu��yd��I¬®dQ�y��u
v�ptd�^���_adcÆqnq��_�dy±Qz�rtdcx{��rtz}��u�p�¹ �'½Á��u@r{_ad*:�uad��}dy±�dy�5¾

U�UWV�XZY�[�\(Y
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iL��rtx{zµ¯
∆
z}p�ad(:�uad~�/��p

∆ =












1 0 0 · · · 0

0 −1 0

¾¾¾

0

¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾
0¾¾¾

0 (−1)N+1 0
0 · · · 0 0 (−1)N+2












(N+1)×(N+1)

,

^
_ad��y��u�psrtx{v��Âr{z���u@zªp0��u°���}������v�p�rt��rt_ad��}z}uadc��x0�y��ptd �

Y = Y k + ∆En
n′L′ ,

ÉÛ���CÊ
¬_adcxtd

Y k
zªp�rt_ad�±�d~�Ârt��xÈz�rtdcx{��rtd���Æor���z}uadc�@��u+r{_ad :°uad��}dy±�dy�5�

L′
z}p�rt_�d��y����x�ptd0��dc±�dc�I�y��x{xtd~�Âr{z���u+¬Èd

��x{dÃ���q� =Cz}ua�«²·��x~¾
Ô®n�v�ptz�u��Ã�y����x{ptdÈ�}dy±�dy�a�y��x{xtd~�Ârtz}��u"ÉJ».;�Ê�z�u�r{_ad��x{z���z�u°���qua��u���z}uadc��x�ax{��Æa�}dyb ÉÛ����Ê���¬®d0�y��u«d~��ptz��}n

��Æar{��z}u>rt_adÃ²·�����}�'¬z�u���x{dy�ª�'r{z���u�pÈ²·��x
r{_ad
L′
�y��x{xtd~�Ârtz}��u>ÆqnQb+�'rtx{z�¯>�y���}�yva��v°p �

J ′(L′) = En
n′

T ·∆ · J ′(Y ) = A′
J ′L′ − b′J ′ ,

ÉÛ�C»�Ê
¬_adcxtd

A′
J ′

psr{��u��ap�²·��xÃr{_ad+���C��x�psd«��dc±�dy�S�C���y��Æazª��u�be��rtx{zµ¯L��²�r{_ad
L′
bed�r{_a�o�G�Àz�r{pÃ±'���}vad+�y��uÇÆ3d

��Æar{��z}uad~�@Æqn

A′
J ′ = En

n′

T ∆AJ ′∆En
n′ ,

ÉÛ����Ê
��u°�Qr{_ad�����u�p�r���uCr±�d~�Ârt��x

b′J ′

b′J ′ = En
n′

T ∆(bJ ′ −AJ ′Y K) .
ÉÛ�q��Ê

^
_qv�p�¬Èd+�c��uÇ������z�uÇdybe�a�}�'nL���ª��p{pszª�y����psrtdcdy�3dcpsrs³Å�odcp{��dcu�rÃz�rtdyx��'r{z���u�p���u�rt_ad+���C��x�psd«��dc±�dc��²·��x�����xs³
x{dc�Âr{z���u>ÆqnQz}uaz�rtzª���}z�¸cz�u��

L′
0 = 0

�

L′ ←− L′ − ρJ ′(L′) ,
ÉÛ����Ê

rt_�dyu�¬ÈdW�y��u va�I�a��rtdWÆqn
Y k + ∆En

n′L′
��u;rt_�d9:°uad/��dc±�dy�5¾ ¨ r{dyx��'r{z���u�p���u;rt_adN:�uad/�}dy±�dy��ÉJ»���Ê

��u°�;�y��x{xtd~�Ârtz}��u°p���u r{_adL���C��x�psd>��dc±�dy��ÉJ���CÊ«�y��be�a�}d�r{d/��ua��r{_adyxer�¬®��³´�}dy±�dc�®�y��x{xtd~�Âr{z���uo³Jr�nq�3d@zª�odc���
���}����xtz�rt_�b ²·��xÃr{_ad+ua��u���z}uadc��x�be�q�ady��ax{��Æa�}dyb/¾Q^��Lps�3dyd~��va��rt_ad+x��'r{d���²
�y��uq±�dcxt��dyu��yd��I¬®dQ�y��u
v�ptd�^���_adcÆqnq��_�dy±Qz�rtdcx{��rtz}��u�p�¹ �'½Á��u@r{_ad*:�uad��}dy±�dy�5¾

����� ��� � �*��� # ����� � � �$����� �$& �"


Ëa��x0r{_ad�ua��ua�}z�uad~��x��axt��Æa�}dyb É·���CÊÂ�I¬®d�r{�.=�d
n = 8

²·��xhrt_ad :�uad«��dc±�dy�5�I��u��
n′ = 4

²·��xhrt_ad����C��x�psd
�}dy±�dc�J¾Ähu��@z}u/���}�3��vax
d�¯o�3dyx{z�bedyuCr�py�o¬®dhr���=�dhr{_ad�²·���}���'¬z}ua��z}uaz�rtzª���G��vadcp{p �^
_adcu>¬®d�dy�}dy±'�'r{dhr{_adyz}x

(*)�U+(-,
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iterations
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Y method

Z method

L method

Ë�z���vax{d» � �È��be����xtz}ua��rt_adx{dcptva��r{p�²·��x
Y ′
�
Z ′
��u��

L′
bed�r{_a�o�ap�²·��x8r{_ad
ua��ua�}z}uadc��x�be�o�odc�a�ax{��Æa�}dyb/¾

Ë�z�x�psrc�G¬®d«dcb������'n¿�H»+z�rtdyx��'r{z���u�p���uLr{_ad�:�uad���dc±�dc�
É
n = 8

ÊÂ�À��u°��pt���}±�d�z�r�����b�����dyrtdy�}nW��u����C��x�psd
�}dy±�dc��²·��xÃÆ°��rt_

Y ′
��u��

Z ′
bed�r{_a�o�apy�Àrt_adcuÇ���>Æ�����=/rt_ad�:�u�d��}dy±�dy��rt�"va�I�a�'r{d+±'���}vadcpc�0:�u������}nL�o�

��u���rt_�dyx��c�Qz�rtdcx{��rtz}��u�pc¾
Y ′
bed�r{_a�o������uq±�dyx{��d~p0pt���'¬�}n¿É·z�rÃpsrtz}���u�dydc��ph_qvau��axtd~�ap���²Sz�rtdyx��'r{z���u�phrt�

²·va�}��n"����uC±�dyx{��dHÊÂ�q¬_az}��d
Z ′
��u��

L′
b�dyrt_a�o�ap
��d�rr{_adyz}x
²·va�}������uq±�dyx{��dcu���dh²·��x
r{_az}ph�y��ptd�¾

�odc��x{dydcp®Æqn+r{_ad�b+�'rtx{z�¯
E8

4

�

X0 ←− E8
4X0, and Y0 ←− E8

4Y
0 .

ÉÛ� ;�Ê

U�UWV�XZY�[�\(Y
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^���Æa��de� � ¨ u�zµr{z}��� �S���}vadcp

X0 � � �a¾ �C��� ��¾ �C�.; ��¾ �
Y 0 � �a¾ �a� �a¾ �a� ��¾ ��� �

S _adcu©¬Èd>��u�����nq¸yd@��vax«uCv�b�dcxtzª�y���Sd�¯o�3dyx{z�bedcu�r�py�8¬®d@�od
:�uad�Bsdyx{x{��x �«��p�r{_ad>�oz4@Idyx{dyu��ydQÆ°dyr�¬Èdcdyu
rt_�d����a�ax{�H¯qz}b+�'r{z���u J (Y )

��Æar{��z}uad~�+Æqne�azA@Idyx{dyuCr
b�dyrt_a�o�ap
�y��u��ydyx{uadc�ez}u@��vaxÈ¬®��x2=e��u��er{_ad�rtx{vad
pt���}vortz}��u J = 2π

¾
Ëa��x��vax :°x{psr0uqvabedyx{z}�c���Gd�¯o�3dyx{z�bedcu�r�py����u"rt_ad��y����x{ptdÃ��dc±�dy�5�a¬®dÃdybe�a�}�'n��~»«z�rtdcx{��rtz}��u�p
��u>r{_ad

:�uadÃ�}dy±�dy�5�q��u��@pt���}±�d�zµr0�y��be�a�}d�rtdc��n+��u>�y����x�ptdh�}dy±�dc��²·��x
Æ°��rt_
Y ′
��u��

Z ′
bedyrt_a�o�apc�qrt_adcu>����Æ�����=

rt_�d :°uad
��dc±�dy�Cr{��v��3�a��rtd
±'���}vadcpc��:�u°���}��n��o����ua��r{_adyx
�c�hzµr{dyx��'r{z���u�py¾�SÇd������r�dcxtx{��x�pÁ±op�rt_�d®uqvab«Æ°dcx
��²az�rtdcx{��rtz}��u�p�z}u�Ë�z��°¾�»o�H²·x{��b-z�r�¬®dÈ�c��u���Æ�psdcxt±�drt_°�'r��y����x{ptdS�}dy±�dc���y��x{xtd~�Ârtz}��u°pÀb+��=�dSb�v���_«psb+���}�}dyx
x{dc�ov���rtz}��u¿z}u¿dyx{xt��x{pÃ��²

Y ′
bedyrt_a�o��rt_°��u�rt_�d@��r{_adyx�r�¬È�Wbed�r{_a�o�apc�8��u��¿�'² r{dyx�����x{x{dc�Âr{z���u�p�rt_°�'r

Y ′
b�dyrt_a�o������uq±�dyx{��d~p�pt�}�'¬��n©ÉÛzµr�psrtz}����uadyd~�ap�_qvau��ox{dc��pÃ��²Èz�rtdcx{��rtz}��u�p�r{�"²·va���}nÇ�y��uq±�dcxt��d~Ê��G¬_az��}d

Z ′
��u°�

L′
b�dyrt_a�o�ap«��dyr�rt_�dyz}x�²·va�}�®�y��uq±�dcxt��dyu��yd�²·��x�r{_azªp«�c��ptd�¾ ¨ u©d(@Idc��r«��²

Z ′
��u��

L′
���C��x�psd

����xtx{dc��rtz}��u�p
��xtdÃ���}be��psrp{��bed�¾
S�d��od
:�uad���uadhr�¬È��³5�}dy±�dy����xt�o��d~ptpÈ��p���:°x{psrÈdcb������'n

35
zµr{dyx��'rtz}��u°pS��uQrt_ad�:�uad���dc±�dc�J��rt_adcu>�o�

5z�rtdyx��'r{z���u�p��u>r{_ad«�y����x{ptdÃ��dc±�dy����u��/va�I�a��rtd�±'���}vad~p0��u"r{_adP:�uad«��dc±�dc�J¾
ρ
� p0z}u/rt_ad~psd�zµr{dyx��'rtz}��u°p
��u

Æ3��rt_��}dy±�dy�ªp���x{d«r���=�dyu¿��pÃb«va�µr{z�����zª�y��rtz}±�d+z}uC±�dyx�psd~p���²
be��¯oz�b«vab dyz}��dcuq±H����v�dcpÃ��²®rt_�dcptd+zµr{dyx��'rtz}��u
b+�'r{xtzª��d~py¾ ¨ u/��vaxptdc�y��u��>d�¯o�3dyx{z�bedyuCr~�a¬ÈdÃx{dy�3dc��r®r{_adÃr�¬®��³´��dc±�dy�I�ax{�o��d~ptpÈrt_�xtdcd�r{z�bed~p0��u��"�'rr{_ad
dyu°����²°z�r�a�Ã��ua��r{_adyx

60
zµr{dyx��'r{z���u�p���u«rt_ad1:�uad
�}dy±�dy�5¾�S�d�a����rdyx{xt��x{pÁ±qp�r{_ad
uqvab�Æ3dyx8��²3zµr{dyx��'r{z���u�p

z}u�Ë�z}��¾Q�o¾ SÇdQ�c��u�psdcd«r{_��'r�²·��x����C��x�psde����xtx{dc��rtz}��u�p���²
Y ′

bedyrt_a�o���o�qdcpÃua��rt_az}ua�W���C�o�G�Á¬_az��}d
���C��x�psde����xtx{dc��rtz}��u�p���²

Z ′
��u��

L′
bed�rt_��q��p��o�/d�¯a��dc���}dyuCr����Æ�py¾QÄ®r�r{_ad :�x�p�r�Æ3dy��z�u�uaz�u����Áz�r�b+�Hn

�����°d~��x0z}u�����uCrtx����ozª�Âr{z���u>¬z�rt_Wr{_ad��}z�u�dc��x�be�q�ady�Á��xt��Æa��dcb&ptz�u°��d�dcxtx{��x�p
��Æor���z}uadc�/Æqn
L′
b�dyrt_a�o�

��x{dÃpsb+���}�}dyxÈrt_���u@r{_a��ptd���Æor{��z�u�dc�QÆqn
Y ′
b�dyrt_a�o�@²·��x®rt_�z}p
ua��ua�}z�uad~��x
be�o�ody�I�ax{��Æa�}dyb/¾f0��rtd�rt_°�'r

²·��xSrt_ad0�}z}uadc��x��y��psd¬®d0�y��u+��ua�}n���Æor{��z�u�rt_�d0d�¯a����r���������Æaz}��uebe��rtx{zµ¯
AJ ′

��u��
Q0

²·��x
Z ′
bed�r{_a�o�G�

¬_azª��_/z}phua��rr{_ad��y��psd�²·��x0ua��u���z}uadc��x��uad~py¾®^
_qv�pz�rhz}p0ua�+¬È��u��odcx
rt_���rhxtd~psv��µr�p��Æor���z}uadc�"ÆqnQr{_ad
L′
bedyrt_a�o�"z}prt_ad�Æ3dcpsrh��be��u��������Á�y��u�ptzª�odyx{dc�@b�dyrt_a�o�ap²·��xua��ua��z}uad~��x
be�q�ady�À�ax{��Æ���dcbepc¾
Ëax{��b rt_ad+�ª��psr�d�¯o�°dcxtz}bedyuCrc��¬Èd+�c��u¿psdcd�rt_���r�zµr�r���=�d~p�rt�q�/b+��uqnLz�rtdyx��'r{z���u�p�rt�W����_az�dc±�d�²·va�}�

����uq±�dyx{��dcu���d�¾©^Á�¿pt�°dcdc�;va�;rt_ad/x��'rtd"��²Ã����uC±�dyx{��dcu���d��¬Èd"v�ptd/^���_adcÆCno��_adc±�zµr{dyx��'rtz}��u°p«��u r{_ad
:�uad��}dy±�dc�®É

n = 8
Ê0z�uÇ��vax�rt_�z�x��Ldy¯q�3dyx{z}b�dcuCrc¾�Ë�z�x�p�rÃ¬®d�dybe�a�}�'n

5
z�rtdcx{��rtz}��u�p«É

ρ
� pÃ��x{d«��_���ptdyu���p

b�v��µr{z��a�}zª�y�'r{z�±�d�z�uq±�dyx�psd~p
��²8be��¯oz�b«vab&dcz���dyuq±'���}vadcp
��²8�C���y��Æazª��u"b+�'r{xtzª��d~p{Ê®��u9:°uad��}dy±�dc��ÉÛpt�ert_°�'r
pt���}vortz}��u�p���x{d
�y���Cpsd
r{��d�¯a���ÂrS��u�dcp8z}uQps��b�d0ptdyu°psd���¬_azª��_+b+��=�d~ppsv�xtd
r{_��'rÈ^���_adcÆCno��_adc±�z�rtdyx��'r{z���u�p
����uq±�dyx{��d"�8psz}u���d+z}uaz�rtzª���S±'����vad~p���x{de±�dcxtnLÆ°����Ê��Ár{_adyu�¬®dQ�y��u�dcb������'n

6
^���_adcÆCno��_adc±Lz�rtdyx��'r{z���u�p

É ��ËÊ®��uQr{_ad*:�uadÃ�}dy±�dy�5�q��u��"ps����±�d0rt_�dyb ��u>�y����x�ptdh�}dy±�dc�SÉ
n′ = 4

Ê B�dy¯a���Âr{��n ���$:�u������}n+����Æ�����=er{�
rt_�d :�uad«��dc±�dc����u��W�o�>��ua��r{_adyx

6
^���_adyÆqno��_ady±"z�rtdyx��'r{z���u�pc¾ SÇd«�avorÃdyx{xt��x{p�y��x{xtd~ps�3��u°�oz�u��ert�Qr{_ad

uqvab�Æ3dyxh��²8zµr{dyx��'rtz}��u°p
z�uWË�z��°¾®�C¾ ¨ r0z}p��Æq±Cz}��v°p�r{_��'r
Z ′
��u��

L′
bed�r{_a�o�ap0�y��uq±�dcxt��d�b«v���_"²Û��psrtdyx~�

¬_az}��d��y��x{xtd~�Âr{z���u>����xtx{dc��rtz}��u�pÈ��²
Y ′
bedyrt_a�o�/�o�qdcptu � r0be�.=�d���uqnQ�oz4@Idyx{dyu��yd�¾

Ëax{��b&¬_��'r0¬®d���Æor{��z�u"rtz}�}�Áua�'¬��az�rhzªp0��ÆC±qz}��v�p®r{_��'r�������x{ptd�����xtx{dc��rtz}��u�p®��²
Y ′
bed�r{_a�o�/z}p��vor

��²�rt_�d�����be�3d�r{zµr{z���uÀ¾ ¨ u/��vax
²·��vaxtrt_"d�¯o�°dcxtz}bedyuCrc��¬Èd�dy¯Cr{dyu��
Z ′
��u��

L′
bed�rt_��q��p
rt��rt_�xtdcd���dc±�dy�ªp

(*)�U+(-,
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Single

Y method

Z method

L method

Ë�z���vax{d®����S�d
�ad(:�uad
��uad�r�¬®��³´�}dy±�dc����xt�o��d~ptp���p�� :°x{psr�dcbe�a���'n
35
z�rtdcx{��rtz}��u�p���u�rt_ad1:�u�d®�}dy±�dy�5�'rt_�dyu

�o�
5
zµr{dyx��'r{z���u�pS��uert_ad�������x{ptd�}dy±�dc�3��u��eva�I�a�'r{dh±'���}vad~p���uert_ad :�uadh�}dy±�dy�5¾

ρ
� pSz}u+rt_ad~psd�zµr{dyx��'r{z���u�p

��ueÆ3��r{_+��dc±�dy�ªpS��xtd
r���=�dcu+��pb«va�µr{z�����zª�y��rtz}±�dz}uC±�dyx�psd~p8��²Gb+�'¯oz}b�vab dyz}��dyuq±'���}vad~p��²3rt_ad~psdhzµr{dyx��'rtz}��u
b+�'r{xtzª��d~py¾ ¨ uWrt_azªp�uqvabedyx{z}�c���Ády¯o�°dcxtz}dyu��yd��I¬®d�x{dy�3dc�'r�rt_ad�r�¬È��³5�}dy±�dy���axt�o�ydcp{prt_�xtdcd�rtz}bedcp���u����'r
rt_�d�dyu°�W��²Sz�r��o�>��ua��rt_adcx

60
z�rtdcx{��rtz}��u�ph��u/r{_ad :�u�d��}dy±�dc�J¾�Ä0u��/r{_ad�������r�pt_a�'¬0p0dcxtx{��x�pp�r���xtrtz}ua�

90
rt_>rt�

180
rt_>zµr{dyx��'r{z���uÀ¾

É :°uadW��dc±�dc�
n = 8

�®z�uCr{dyx{b�d~�ozª�'rtd"�}dy±�dc�
n′ = 4

�®��u������C��x�psd"�}dy±�dc�
n′′ = 2

Ê�²·��xer{_ad/ua��u���z}uadc��x
be�o�ody���axt��Æa�}dyb/¾®Ë���x�psz}ua���}d�����x{��b�dyrtdcxtz}¸c��rtz}��uÀ�o¬®d��v�psr��oz}xtd~�Âr{��n"dybe�a�}�'nQr�¬®�Q_qvau��ox{dc�/^���_adyÆqnC³
��_adc±©zµr{dyx��'r{z���u�pWÉ ��Ë8Ê+��u;rt_ad :°uadW��dc±�dc�

n = 8
��² rtdyx+¬®dWv�ptdN:�±�dWz�rtdcx{��rtz}��u�p/É

ρ
� p@��x{d/��_���ptdyu

��pÃb«va��rtz}�a��zª�y��rtz}±�d+z}uq±�dyx�ptdcpÃ��²
b+�'¯oz}b�vab dyz}��dyuq±'���}vad~pÃ��²��������Æ�z}��u�b+�'r{xtzª��d~p{ÊÃpt�"rt_���r���Æor���z}uadc�

U�UWV�XZY�[�\(Y
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Single

Y method

Z method

L method

Ë�z���vax{d��%�-^Á�>ps�3dyd~�/va�Wrt_�d�x��'rtd���²S����uC±�dyx{��dcu���d��a¬Èd�v�psd«^���_adcÆqnq��_�dy±"zµr{dyx��'rtz}��u°p�É ��Ë8Êh��u/r{_ad
:�uad@��dc±�dy��É

n = 8
ÊÂ¾WË�z�x�psr�¬ÈdQdcbe�a���'n

5
z�rtdyx��'r{z���u�pQÉ

ρ
� p���x{dQ��_a�Cpsdcu���p�b�v��µr{z��a�}zª�y�'r{z�±�dQz}uC±�dyx�psd~p

��²®b+�'¯oz�b«vab dyz}��dcuq±H����v�dcp���²®�C���y��Æazª��u�be��rtx{z}�ydcp�Ê0��u :�u�d��}dy±�dy�ÉÛpt�>rt_���r�pt���}vor{z���u�pÃ��x{d��y���Cpsd�rt�
d�¯a���Âr8��uad~p�z}ueps��b�d
ptdyu�ptd��'¬_azª��_�be�.=�d~p�ptvax{d�r{_��'rS^���_adyÆqno��_ady±Ãz�rtdcx{��rtz}��u�p8����uq±�dyx{��d��'psz}u���d®z}uazµr{z}���
±'���}vadcp���xtde±�dyx{nLÆ����°ÊÂ�Àr{_adyu�¬®d+�y��u�dcb������'n

6
^���_adyÆqno��_adc±Lzµr{dyx��'r{z���u�peÉ �hËÊÃ��u�rt_ad :�u�d+��dc±�dy�5�

��u°�Çpt���}±�d�rt_adcbk��u����C��x�psd«��dc±�dc�
É
n′ = 4

Ê B�dy¯o���Âr{��n �'� :�u°���}��nL���>Æ°����=/rt�"r{_ad�:�uade��dc±�dc�S��u��Ç�o�
��u���rt_�dyx

6
^���_�dyÆqno��_ady±+z�rtdcx{��rtz}��u�pc¾

�����axt�H¯oz}b+�'rtz}��u°p���x{dQ���}��ptdert�Ldy¯o���Âr���uadcp�z�u©pt��bed@ptdyu�ptdQ��u°��zµr�be�.=�d~p�psv�xtder{_��'r«^���_adcÆCno��_adc±
z�rtdyx��'r{z���u�p
����uC±�dyx{��d�É·ua��rtdÃrt_°�'rz�u�zµr{z}���À±'���}vadcp��xtd�±�dcxtn+Æ�����ÊÂ¾SË���x
r{_ad�pt��b�dÃx{dc��ps��uÀ�q¬ÈdÃuadcdc�@rt�
�o� :°±�d

ρ
zµr{dyx��'r{z���u�py��rt_adcu�ptzµ¯L^���_adyÆqno��_ady±>zµr{dyx��'r{z���u�p�É �hËÊ��uLrt_ad :�uad��}dy±�dy�

n = 8
��u°�"r�¬È�

ρ

(*)�U+(-,
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For the method of Y

 

 

Control Poly

Bezier
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X

Y

For the method of Z

 

 

Control Poly

Bezier

Ë�z���vax{d���� S�d��a�}��r®rt_ad��y��uCrtx{���3�3���}nC����u"��u��"Ô
��¸yz}dyx®�ax{��:��}d�²·��x
bed�r{_a�o�ap1H ��u�� F�¾aËax{��b\z�rc��¬Èd
�y��u@d~��ptz��}nQpsdcdhr{_��'r®rt_�dÃ�y��uCrtx{���3�3���}nC����u>��Æor���z}uadc�@ÆCner{_ad F/bed�r{_a�o�@zªp®be��x{d��Cpt�yz��}�}��rt��xtn���Æavar
z�r
��Æar{��z}u�pptb+���}��dcx��Æo��d~�Âr
²·vau���rtz}��u/±'���}vadcp��u��/����uq±�dyx{��dcpS²Û��psrtdcxc¾

z�rtdyx��'r{z���u�p
��u/z}uCrtdyx{bedc�ozª�'r{dÃ��dc±�dy�
n = 4

��pt���}±�d�r{_adyb&��u"rt_ad��y����x{ptdÃ��dc±�dy�
n = 2

B�dy¯o���Âr{��n �'�a��² rtdcx
va�I�a�'r{dc�Qrt_adÃ����xtx{dc��rtz}��uLÉÛp{�H¬�rt�q��r{_>��������x{zµr{_abQÊÂ�C����Æ°����=«rt�&:�uadh�}dy±�dy�I�o�e��ua��rt_adcxS²·��v�x®^���_adyÆqnC³
��_adc±+zµr{dyx��'rtz}��u°p�É �hËÊÂ¾ I���psr®¬®dÃ�o��r{dyu/psdyr{p®��²�r�¬È��^���_�dyÆqno��_ady±ez�rtdyx��'r{z���u�p®��u@rt_ad :�uad��}dy±�dc�G��u��
z}u�r{dyx{bedc�ozª�'r{d���dc±�dy�Áxtd~ps�3dc��rtz}±�dy�}n��°��u��/pt���}±�d�����xtx{dc��rtz}��u�p
�y��be�a�}d�rtdc��n>��u"rt_�d����C��x�psdÃ�}dy±�dc�J¾®Ë�z��°¾1;
pt_a�'¬0p
dyx{xt��x{p
������z}u�psr
rt_ad�uqvab«Æ°dcx0��²8z�rtdyx��'r{z���u�pc¾�Ëax{��b rt_ad�x{dcptva��r{pc�a¬®d��y��u/ptdydÃrt_°�'r

Z ′
��u°�

L′bed�r{_a�o�ap0��x{d�d�¯a��dc���}dyuCr0¬
�HnqpÈ²·��x0������x{ptd��y��x{xtd~�Âr{z���u�py¾
Ä�a�oz�rtz}��u°���}��n��o¬ÈdÃ_��H±�d�b+���adÃrt_adÃ²·�����}�'¬z�u��«z}uCrtdyx{dcpsrtz}ua�e��Æ°psdcxt±'�'r{z���u�p��

U�UWV�XZY�[�\(Y
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��¾ ¨ u/rt_ad�r�¬®��³´�}dy±�dc�Gz}�adc�������}����xtz�rt_ab+pc�a¬_adcu/rt_adP:°uad��}dy±�dc�
n = 8

��rt_ad�xtd~psva��r{ph��x{d�Æ°dyrsrtdcxh²·��x
rt_ad@�y����x{ptd«�}dy±�dy�

n′ = 4
r{_���u

n′ = 2
��z�²
¬®dQ�o�Wr{_ad@p{��bed+uqvab�Æ3dyx���²zµr{dyx��'r{z���u�pÃ��u�r{_ad

:�uade��dc±�dc�S��u���ps����±�d*Bsd�¯a���Ârt�}n ����u�r{_ad+���C��x�psd���dc±�dc�J¾eÄhp�²Û��x���p�rt_�de�y��psr���²È���°dcx{��rtz}��u�p�zªp
����u°��dyx{uad~�G�ort_�d��y��psd

n′ = 2
v�psd~p�}dcp{p���3dyx��'r{z���u�p
��u/r{_ad����C��x�psdÃ�}dy±�dy�Gr{_���u

n′ = 4
¾®^
_Cv°p

rt_adcxtdÃzªp
ua��rh��u>��ÆC±qz}��v�p®¬z}uauadcx²·��x
r{_az}p0ua��ua�}z}uadc��x®��xt��Æa��dcb/¾
�a¾ ¨ u�rt_ad

Z ′
��x

L′
r{_ax{dyd�³´�}dy±�dc�Szª�odc���È���}����xtz�rt_�b"��¬_adcu¿rt_ad :�uadQ�}dy±�dy�

n = 8
��z}uCrtdcxtbedc�az}��rtd

��dc±�dy�
n′ = 4

��u��@�y����x�ptdh�}dy±�dc�
n′′ = 2

�C¬_�dyu@¬®dÃ���}xtd~���onev�ptdhr{x{��u�ps²·��x{be��rtz}��uQb+��rtx{z}�ydcp
Q0��x

∆
z}uLr{_ad�z�uCrtdcxtbed~�oz}��rtd���dc±�dc�Ár{�@be�o�ozµ²·n/r{_ad�����z}xtz}ua�>��²�dcz���dyuq±'���}vadcp���u���dyz}��dyuq±�dc�Âr{��x�py�

��u��/z}uWrt_�d«���C��x�psd��}dy±�dy�®ÉÛ����xtx{dc��rtz}��u�p²·��x0r{_ad�z}uCrtdcxtbedc�az}��rtd��y��x{xtd~�Ârtz}��u°p{Ê���¬®d��o�Qua��r�uadcdc�
rt�edybe�a�}�'n+rtx���u°p�²·��xtb+�'r{z���u@b+�'r{xtzª��d~p

Q0
��x

∆
��u"rt_ad��y����x�ptdh�}dy±�dc�J¾

5�¾���u¿rt_ad/Æ3��rtrt��b ��² V ��no�y��d��S¬_adyu rt_ad/���C��x�psd~p�r���dc±�dc� n′
²·��x�r�¬®�Ç�}dy±�dy�
zª�odc���®��������x{zµr{_ab

��x
n′′ = 2

²·��x�r{_adQr{_ax{dyd+�}dy±�dc�J��¬®d@�y��u����}pt�Wv�ptd@f0dc¬
rt��u�z�rtdcx{��rtz}��u�p�rt��pt���}±�de²·��x����C��x�psd
����x{x{dc�Âr{z���u�pÈz�u�psrtd~���>��²ps����±qz}ua�«rt_adcb Bsd�¯a����rt�}n �'¾

�°¾ ¨ u+rt_ad
Z ′
bed�r{_a�o�G�q¬Èdh�c��u@���}pt��v�ptdr{_ad��C���y��Æazª��ueb+�'r{xtz�¯e��²Àz}uQ��vax®�}z�uad~��xÈb��o�odc�°��xt��Æa��dcb

rt�/����be�avartdeb+�'rtx{z�¯
Q0
¾ ¨ uÇ²Û���Âr~�À¬®d«²·��vau���rt_���r�zµr�dc±�dyu�����uC±�dyx{��d~p²Û��psrtdcx�¬_adyu�¬®d«v�ptd

rt_ad��C���y��Æazª��uQb+��rtx{zµ¯@��²�r{_ad��}z�uad~��xbe�o�ody�G��xt��Æa��dcb\rt�Q�y��be�avor{d�b+�'rtx{z�¯
Q0
¾

� � � L

¨ r�z}pÃ¬®dy�}�J=qua�'¬uLr{_��'rÃrt_�dyx{d���xtd«r�¬È�"b+�'����x�b«va�µr{z���xtzª�Çb�dyrt_a�o�ap�¹}���À�H½r{�W�odc����¬z�rt_�ua��ua��z}uad~��x
�ax{��Æa�}dyb+p��Lf0dc¬
rt��ua³5b«va�µr{z���xtzª����u�� Ëav�����Ä0�a�ax{�H¯oz�b+��rtz}��u lo��_adybed©ÉJËoÄ�laÊ�¾È^
_adL��������x{zµr{_ab+pe¬Èd
v�ptdc��z�u�psd~�Ârtz}��u 5Q²·��xhr{_adeua��u���z}uadc��x�be�o�odc����xt��Æa��dcb ��x{d«fhdy¬
rt��u � p�bedyrt_a�o�apc�Gz�uÇrt_�z}p�����xsr~�G¬Èd
�ozªpt�yv�p{p®rt_ad��ax{��Æ°��Æaz}��z�r�n+��²�����a��nqz}ua�+ËoÄ�l@²·��x
r{_ad�ua��ua��z}uad~��x
be�q�ady�À�ax{��Æ���dcb"¾

�È��u°pszª�odyx{z}ua�+rt_�d«��xtz}��z}u�����±�dcx{pt��uW��²Sr�¬®�@�}dy±�dc����������x{zµr{_ab���²ÈËoÄ�l/²·��x�pt���}±qz�ua�@rt_ad�ua��ua��z}uad~��x
�ax{��Æa�}dyb

A(Y ) = f
�

��¾��uWr{_ad :�u�d«�}dy±�dy�
n
�3x{dy�ª�'¯"rt_�d«ua��ua�}z�uad~��x��axt��Æa�}dyb

AY j = f
Æqn/z}uazµr{z}����z}¸yz}ua�

Y 0 �I��u��Wv�ptd
Y K

��p®rt_ad�±'���}vad~p
��u>rt_ad*:�u�d���dc±�dy�À��² rtdcxxtdc�}��¯o��rtz}��u�p��
�a¾��u>rt_ad��y����x�ptdh�}dy±�dc�Á����xtx{dc��rtz}��uÀ�C¬®d�uadyd~�Qr{�Qps����±�dhr{_adÃ²·���}���'¬z}ua��xtd~pszª�ov����Gdc|Cv���rtz}��u��

A′(Y ′) = A′(Rn′

n Y ) + Rn′

n (f −A(Y K)) ,
É5����Ê

ua��r{d0_adyx{d
Y ′e

zªpSua��r®��u@dyx{xt��xc��Æ�vor®�«������x{ptd�³´�}dy±�dc�a���a��xt�H¯oz}be��rtz}��uÀ��rt_���rÈzªpSr{_adhx{dc��ps��u�_��'¬
rt_ad�u°��bed���²�r{_azªp���������x{zµr{_ab&ËoÄ�lW����b�d~p
²·x{��b/�

A′
psr{��u��ap0²·��x0r{_ad�u���ua�}z�u�dc��xh���3dyx��'rt��x��u

rt_adh�y����x{ptd
��dc±�dy�
n′
��u°�

Rn′

n

z}p�v�psd~�e_adyx{d0��prt_ad0x{dcpsrtx{zª�Ârtz}��ue���°dcx{��rt��x¬_�z}��_+�ax{����d~�Âr�p8²·xt��b
rt_ad*:�u�d��}dy±�dy�

n
rt��rt_�d�������x{ptd���dc±�dy�

n′
�

5�¾0Ô®����=+rt�Qrt_adP:°uad��}dy±�dc�
n
�°va�3���'rtd�rt_ad�±'����vad~p

Y K
Æqn

Y K + En
n′(Y ′ − Rn′

n Y K)
�°_�dyx{d

En
n′z}p®r{_ad��ody��xtdcd�dc��dc±'�'rtz}��u/���°dcx{��rt��x~¾

(*)�U+(-,
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Ëa��xÁr{_ad®ua��ua�}z}uadc��xÁbe�o�ody�q�ax{��Æa�}dyb-v�ptz}ua��Ô®wy¸cz�dcx��°��x���bed�r{dyx{z�¸~�'rtz}��u°py�c¬Èd
�y��u�v�ptdÈ�odc��x{dyd�dc��dc±'�'rtz}��u
b+�'r{xtz�¯

En
n′

��prt_ad0��xt������ua����rtz}��u����3dyx��'rt��xSz}uert_adhËoÄ�l+���}����xtz�rt_�b"��_a�'¬Èdc±�dcxc����p8²Û��x®��px{dcpsrtx{zª�Ârtz}��u
���3dyx��'r{��x

Rn′

n

z}ph����u°��dyx{uad~�G�ozµr0zªpz}be�°�Cptptz�Æ���dÃr{����d�r Bsd�¯a����rED���uad�¾È^
_adÃ��ua�}n@_a���°d�zªp®rt�+��Æor{��z�uW�
���q�o�+�����axt�H¯oz}b+�'rtz}��u�²·��xSrt_�dhx{dcpsrtx{z}��rtz}��u+���3dyx��'r{��x~¾�S�d��c��uQ���ªpt���avorÈrt_azªpÈ|Cvad~p�r{z���uQz}u�r{����u���rt_�dyx
¬
�Hn��Crt_���r0z}prt_ad���d�r0��±�dc��rt��x

Y ′
��u°�@z�rhpt��rtzªpE:°dcp

En
n′Y ′ = Y ,

É5�o�~Ê
¬_adcxtd��

n > n′
�a²·��xd�¯a��be�a�}d��

n = 8
��u��

n′ = 4
�°ps�er{_ad�dy�}dy±'�'r{z���u/be��rtx{zµ¯

En
n′

zªp0�eb+�'r{xtz�¯>¬z�rt_
(n + 1)

x{�'¬-��u��
(n′ + 1)

�����}vabeuÀ¾ ¨ rhzªp0d~��ptnQrt�Qrt_ad���Æor{��z�uWx{dcpsrtx{zª��z}��u"���3dyx��'rt��xhp{�'rtzªps²·nCz}ua�er{_ad
²·���}�}�'¬z�ua�

Rn′

n En
n′ = In′,n′ , or Rn′

n En
n′Y′ = Y′ ,

É5����Ê
Æavor0z�r0zªpz�be�3��p{psz}Æa�}d�rt�e��Æor���z}u

En
n′Rn′

n = In,n , or En
n′Rn′

n Y = Y ,
É5��5�Ê

¬_azª��_Qzªp�be��x{d0x{dy�ª�'r{dc�+¬z�rt_@�y����x{ptd��dc±�dc�3�y��x{xtd~�Ârtz}��u°p��²ÁËoÄ�lQ��u°��rtz}���Iua�'¬ _a�'¬�r{����Æar{��z}u@��±�dyx{n
���q�o�"���a�ax{�H¯oz�b+��rtz}��u+²·��x0zµr0zªppsrtz}���Á��u>���°dcuW|�v�dcpsrtz}��uÀ¾

¨ r�zªpÈ|Cvaz�rtdhu��'r{vax{���a²·��x�v�pSrt��v�ptd0r{_ad0¬®dy�}�3�ady±�dc�����°d~� IÀd~��psrÈlo|Cv���x{d�É�I�laÊ8r{�������axt�H¯oz}b+�'rtd
r{_ad
±'���}vadcp®²·��x

Y ′

min
Y ′

‖En
n′Y ′ − Y ‖ ,

É5�'�CÊ

rt_°�'rÈzªp�rt�«p{�Hn«rt_���r�rt_�dhx{dcpsrtx{z}��rtz}��u+���3dyx��'r{��xSzªp®�od(:�u�dc�@��p�I�lI¾C^
_�z}p®���a��xt�C����_enqz�dc�}�ap®|Cvaz�rtdh���q�q�
�����axt�H¯oz}b+�'rtz}��u°pS²·��x

Y ′
��u@r{_ad����C��x�psd���dc±�dc�J¾

¨ u�¹ ;�½�¹��~�H½´�a�euady¬ xtd~p�r{xtzª�Âr{z���u>���°dcx{��rt��x®zªp0�ody±�dy�}���3dc� �

Y ′ = (Bn′)−1Bn′,nY ,
É5��»�Ê

¬_adcxtd�rt_�d�z�uq±�dcxsr{z�Æ���d�p{|�v°��x{d�b+�'r{xtz�¯@zªp
��z}±�dcu>Æqn

Bn′ =












B0
n′(t0) B1

n′(t0) B2
n′(t0) · · · Bn′

n′ (t0)

B0
n′(t1) B1

n′(t1) B2
n′(t1)

¾¾¾
¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾

¾¾¾
Bn′

−2
n′ (tn′−1) Bn′

−1
n′ (tn′−1) Bn′

n′ (tn′−1)

· · · Bn′
−2

n′ (tn′) Bn′
−1

n′ (tn′) Bn′

n′ (tn′)












(n′+1)×(n′+1)

,

U�UWV�XZY�[�\(Y
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��u°�Qr{_ad�xtd~�Âr���ua��va�}��x
be��rtx{zµ¯

Bn′,n =












B0
n(t0) B1

n(t0) B2
n(t0) · · · Bn

n′(t0)

B0
n(t1) B1

n(t1) B2
n(t1)

¾¾¾
¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾

¾¾¾
Bn−2

n (tn′−1) Bn−1
n (tn′−1) Bn

n(tn′−1)
· · · Bn−2

n (tn′) Bn−1
n (tn′) Bn

n(tn′)












(n′+1)×(n+1)

,

pt�ert_ad�x{dcpsrtx{z}��rtz}��u"���3dyx��'r{��xzªp0�od(:°uadc�W��p
Rn′

n = (Bn′)−1Bn′,n

¾È^
_azªpbed�r{_a�o�/be�.=�d~ppsvax{dÃrt_°�'r
Y ′(ti) = Y (ti)

²·��x0��uCn@����xtrtz�rtz}��u/psdyr {ti}i=0,1,··· ,n′

¾
Ô®��r{_L���a�ax{������_adcp®²·��x0r{_ad�x{dcpsrtx{z}��rtz}��uW���3dyx��'r{��x0�c��uW��z}±�d����q�o�"���a�ax{�H¯oz�b+�'r{z���u�p®²·��x

Y ′
²·xt��b

��v�xhuqvabedyx{z}�c���Àdy¯o�°dcxtz}dyu��yd@É
n = 8, n′ = 4

ÊÂ�°rt_ad«xtdc�}��rtz}±�d�dyx{x{��xÆ3d�r�¬®dydyu�±H����v�dcp0��² ∫ 1

0
Y (t)dt

��u
rt_�d�:°uad��}dy±�dy�G��u°�@��uQrt_�d��y����x�ptdh�}dy±�dc�G��x{d�|Cvaz�rtd����}��ptd�ÉÛua��r{dhr{_��'r

Y (t) =
∑n

i=0 Bi
n(t)Yi

²·��xÈr{_ad
:�uad«��dc±�dc����u��

Y (t) =
∑n′

i=0 Bi
n′(t)Y ′

i

²·��x�rt_ad����C��x�psd��}dy±�dy� Êzªp���Æ°��vor
0.037

�°¬_az��}d�r{_ad�x{dy�ª�'r{z�±�d
dyx{x{��xeÆ°dyr�¬Èdcdyu x{dcptz}�ov°���ªp«��u�rt_ad�:�u�dW��dc±�dy�0��u�����u�rt_�dL������x{ptd"��dc±�dy�0��xtdW|Cvaz�rtdW�ª��x{��d¿ÉÛ����be�Cp�r
1
Ê��À¬_azª��_��y��uCrtx{z}Æavortd~p�rt_ad�²Û��z��}vax{d«²·��x�����b���vortz}ua�

A′(Rn′

n Y )
��uÇrt_ad+�y����x�ptd«�}dy±�dy�8z�uCr{xt�o�ov��ydcp��

����be����x���Æa�}d�Æaz��edcxtx{��x
z}u>r{_ad�ptdc����u��"p�r{dy�"��²ËoÄ�lI¾
¨ u+r{_ad0r�¬®���}dy±�dc�°zª�od~���I���}����x{z�rt_ab ��²À��v�x�ua��ua��z}uad~��x�be�o�odc�3��xt��Æa��dcb/��r{_adh�}z�u�dc��x{z}¸ydc�+���a�ax{������_

rtv�xtu�p0��vor0r{�+Æ°d�z}�odcuCrtzª�y���Àrt�ert_�d����}����xtz�rt_ab ��²ËoÄ�l"¬_adcu/rt_ad��y����x{ptd��}dy±�dy�Àzªp0pt���}±�d~� Bsd�¯a���Ârt�}n �'¾
f0��rtd«z�uL��vaxhu���ua�}z�u�dc��x�be�q�ady���axt��Æa�}dyb/��r{_ad«�y����x{ptd���dc±�dc�Áb+�'r{xtz�¯

A′ = A′
J ′

¾�Ä�y�y��x��oz�u��ert�Qr{_ad
���}����xtz�rt_�b\��²ËoÄ�lI�a¬®d��y��u>��Æor{��z�u��

Y k ←− Y k + En
n′(Y ′ −Rn′

n Y k)

= Y k + En
n′((A′

J ′)−1(A′
J ′Rn′

n Y k + Rn′

n (f −A(Y k))) −Rn′

n Y k)

= Y k + En
n′((Rn′

n Y k + (A′
J ′)−1Rn′

n (f −A(Y k)))−Rn′

n Y k)

= Y k + En
n′((A′

J ′)−1Rn′

n (f −A(Y k))) ,

¬_azª��_�z}p�r{_ad B�dy¯a���Âr ��������x{ptd���dc±�dy�Spt���}±�dcx�²·��x
Y ′

b�dyrt_a�o��¬®d�v°psd~�Çz}u¿psd~�Âr{z���u 5/¬_adcu�¬Èd�r{�.=�d
Rn′

n = (En
n′)T

��psz}bez��ª��x{�}ne²·��x��r{_adyx0�y����x{ptd��y��x{xtd~�Âr{z���u@bed�r{_a�o�apy¾

� �����>�®�(8"#Á�����"#

¨ u�rt_azªp8x{dy�3��xtrc�'r�¬®�Ã±H��xtzª��uCr�p���²�r{_ad��x{z���z�u°����r�¬È��³5�}dy±�dy�qz}�adc���a��������x{zµr{_ab+p�_��H±�d®Æ°dcdyue�ax{���3��ptdc�«��u��
rtd~p�r{dc����u¿�/�}z�u�dc��x���u����"ua��ua�}z}uadc��x�b��o�odc���ax{��Æ���dcb"¾Q^
_�dQ�od(:�u�zµr{z���u�p�z}uC±����}±�d+�/�3dyx{b�vor��'rtz}��u
b+�'r{xtz�¯L��u��Lrt_ad�dyz}��dcuC±�dc��rt��x�b+�'rtx{z�¯I¾ ¨ u�rt_ad�ua��u���z}uadc��x��c��ptd��°rt_azªpÃx{dc|Cvaz}xtd~ph�����axt�H¯oz}b+�'rtz}ua�+r{_ad
�C������Æazª��u"be��rtx{zµ¯G�a��u��"z}�odcuCrtz�²·nCz}ua�@��r0��d~��psrh���a��xt�H¯oz}be��rtdc��ner{_ad�dyz}��dcuC±�dc��rt��x�pc¾S^
_adcptdÃr{��p =op
b+�Hn
x{dy±�d~���G����be�a��dy¯Q²·��xbe��xtdÃx{dc���}zªp�r{z}��be�o�ody�ªpy¾

f0dc±�dcxsr{_ady�}dcp{py�qz}uWpsv���_/�����axt�H¯oz}b+�'rtz}��u°pÈ�c��u"Æ°d�b+���ad��qrt_�d��axtd~psdcuCrpsrtv°�on@z}u��ozª�y��rtdcp®r{_��'rr{_ad
x{dcptva�µr{z�u��Luady¬\±'��xtzª��uCr{pc�8��u�������xsr{z}�yva�ª��x{��nÇrt_ad>be��x{d+xt��Æav�psr

Z ′
bed�r{_a�o�G�S�odybe��u�p�r{x{��rtd@ptz}��uaz4:a³

�y��uCrt�}n@psv��°dcxtz}��x����uq±�dyx{��dcu���d��ax{���3dyxtrtz}dcpc¾

(*)�U+(-,
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Q �%'�
����"�È�#

¹}��½PS�¾.IS¾�Ô®x{z�����pc� ��¾ �0¾ �0dyu°ps��uÀ�ClI¾�Ë®¾�i����È��x{bez}��=I��Ä�b�v��µr{z���xtzª��r{vort��xtzª���5��l ¨ Ä�i¿���S_�z��ª���odc����_az}���
�IÄ��°��������¾

¹¼�H½���¾ ³ÅÄ�¾ � wcptz}�awyx{zJ� �0z}dyx���x���_azª�y�������ortz}b�vab�³�lq_����°dLÄh������x{zµr{_ab+pQghptz�u�� �Sb�Æ3dc�a�adc� Ô®dy¸cz�dcxQ��'³
x{��b�dyrtdcxtz}¸c��rtz}��u�pc�z�u���� # �(����� !�� )+�
� ! � ,�%&'(��� �0�
���(� ��� �1� ���# ��� �>� ����� !����"!��>������!�� /1���.3
�4�
# %
!�� ,���� � � ��� !��������Z%����
	 �&�(���� ��� !�����	������
� �
��%(��	�� /
	�� �
� ��� ! !�� #������
!��0, ��	1/1� ����� � � !�� �2,�%�	}�
�Èz�beuad���Ô
��x���dy�}��u°�a�o����� 5a¾

¹ 5'½���¾ ³ÅÄ�¾ � wcptzª�owyx{zJ�8Ä�¾ � dcxt±qz}dyvo¯G� �0z}dyx���x���_azª�y���iWdyrt_a�o�ap�²·��x«lo_����3d"���or{z�bez}¸c�'r{z���u�z�u©Ä
dcxt�o�onC³
u���bezª�yp � ¨ �yb�v��µr{z��}dy±�dy���°��x���bed�r{xtzª� � ¨s¨ �~b�v��µr{z��}dy±�dy����xtd~����u°�ozµr{z���uadyx�pc� ¨ uCrtx{�o�ov���rtz}��uÃrt�Ã���ortz}bez�¸~�'³
rtz}��u+��u��eiWv��µr{z}�ozªp{��z}�a��z}u���xtn � d~psz}��uÀ�CÄ0�a����zª�y��rtz}��u�p8r{��Ä
dyx{��u���vortzª�yp��u��e^Áv�xtÆ3��b+����_�z�uadcxtn�� ���u
����x{be��u ¨ u°p�r{zµr{vortd���iL��x{��_���³{�~�a���������a¾h_�rtrt�������'¬¬¬
³´pt���Á¾ z}uax{z}��¾ ²·x �H�������}d!�����fhËl"�'�adcptz}�odcxtz�³
±�=qz �������a¾ �I�q²�¾

¹ ��½���¾ ³ÅÄ�¾ � wcptzª�owyx{zJ�CÔ�¾�Ä0Æ3��v��S�°iL���s�+��u��+Ä�¾��C��uZ='����f0d~p�r{dc�+��u��Qlqdy��² ³ÅÄh�a���ortz}±�d0Ô®wy¸cz�dcx����x���b�³
d�rtdcxtz}¸c��rtz}��u�p²·��xÈlq_°���3dÃ���or{z�bez}¸c�'r{z���uÀ���°¾ �È��be�avorc¾C�S_qnopy¾}� ����5¾C�������Cf0��¾°���C�a�À¾°���H�H³{�-5a����iL�Hn
�����q�q¾

¹¼»H½���¾ ³ÅÄ�¾ � wcptz}�awyx{zJ��^�¬®��³´��dc±�dy�qzª�odc�������}����xtz�rt_�b-²·��x����x{��b�dyrtx{z}�
pt_����3d
���or{z�bez}¸c��rtz}��uÀ���Sxt�o��¾'��² ¨ u�r~¾
�È��uo²�¾aÄ�o±'��u���d~p
z�uWf0v�b�dcxtzª�y���ÀiL�'r{_adyb+��rtzª�ypc�aiW��p{���'¬���lqdc�ortdcb�Æ3dyx��~�'³��H�q�q�a�Á¾���»'³´����¾

¹ �'½���¾ ³ÅÄ�¾ � wcptz}�awyx{zJ�CiW�o�owy�}dcpS�az}p{��x{d�r�p8d�rÈp{��_adywcb+��p8z�rtwyx��'r{zµ²Ûp³´���a�a�}z}�c�'rtz}��ue��va¯«���}����xtz�rt_abed~p8b�va��rtz�³
��x{z��}��d~p®d�r0b�v��µr{z}�o��b+��z}uadcpc� � ���hi �ÈlI�°�8��xtzªpc�G� ;.;��a¾

¹ �~½���¾ ³ÅÄ�¾ � wcptz}�awyx{zÁ��u��W�°¾ ³5�8¾ F3����w~psz}��� ¨ uq±�dyx�psd�lq_����°de���ortz}bez�¸~�'rtz}��u/�Sx{��Æ���dcbeph��u��/Ä0���a��zª�y��rtz}��u
rt�+Ä0z}xs²·��z��ªpc� �È��uCrtx{���À��u�� �ÈnqÆ3dyx{u��'r{z}�cpy� ����J¾Z5����afh��¾À���������C»o¾

¹ �'½ ��¾ �h¾ �0dcu�ps��uÀ��iWv��µr{z���xtzª�@bedyrt_a�o�ap
²·��xua��u���z}uadc��x
�axt��Æa�}dyb+p ���u"�'±�dyx{±qz�dc¬��q��������¾
¹ ;'½�Ô�¾3ÄhÆ°��v �S�iL�'�s�G�3��¾ ³ÅÄ�¾ � w~pszª�owyx{z5�3^Ã¾3^Ã¾ � ���0IS¾3Ëa��v�xtbedyuCr~�3Ä�¾ ����ÆaÆ����J�IÄ�¾I�C��uZ='�a�3iWva��rtz�³
��dc±�dy�lCr{x{��rtdy��z�d~p���u�� �hnqÆaxtzª��iLd�rt_��q��ph²·��xÃlo_����3d+���artz}b�z}¸c��rtz}��u���u��ÇÄ0�a�a�}zª�y�'r{z���u�p�rt�/Ä
dyx{��³
�onqu���bezª�yp���u°��iLd�r{����Ëa��xtbez}ua����z�u+� �S±�����vartz}��u���xtn���u�� � dyrtdcxtbez}uaz}psrtzª�+iWdyrt_a�o�ap�²·��x � dcptz���uÀ�
���ortz}bez}p{�'r{z���u ��u�� �È��uCrtx{���®¬z�rt_;Äh�a�a�}z}�c�'r{z���u�p«rt� ¨ u��ov�psrtx{z}�����u���lq�o��z}d�r{���È��xt��Æa��dcb+p �È��uo³
²·dyx{dyu��ydQÉ ��g��� � �Èf�������»�Ê��aiWvauazª��_���dyx{b+��uqno��¾�lo��_az}�}��z}ua��� S�¾ �h����ptd��a�°¾��Sx{zª��vo¯G� ��¾�Ô
��z}dyx
É·dc�azµr{��x�p{Ê�� ¨ loÔ
f�� 5�³´���'³Å�a�H��»�5���³��o��lqdc�ortdcb�Æ3dyx��~�'³{�c�e�����C»o¾

¹}�c�'½�Ô�¾cÄhÆ°��v �S�qiL�'�s�G�'�°¾ ³ÅÄ�¾ � w~pszª�owyx{z5�HÄ�¾ ����ÆaÆ°���5�~Ä©Ë�va�}��n�iWva��rtz}�}dy±�dc����u���Ä�a���artz}±�d�Äh������x{zµr{_ab
²·��xh���x{��b�dyrtdcxtz}¸yd~�Llq_����3de���artz}b�z}¸c��rtz}��uÀ�3z}u�� �Svax{���3dc��u�iWva��rtz}��x{z}� �È��uo²·dyx{dyu°��d�� ��i�� �����C»o�
lo��_ady±�dyuaz}ua��dyuÀ�o^
_ad�fhd�rt_�dyx{�}��u��apc��lqdy�or{dyb«Æ°dcx����H³G5��«������»a¾

¹}����½ ��¾�FIz��}����Æ°dcx��8lq��² r�¬
��x{d
b+��uqv����a²·��xÈl�È� ¨ � �o¾ 5a��^�dc��_�uaz}�c�����0dy�3��xtr�f0��¾�^�0���'³{��� ¨ uo²·��x{b+�'r{z4=I�
g0uaz}±�dcx{ptzµr�#'rÔ
�HnCx{dyvart_À���������a¾

U�UWV�XZY�[�\(Y
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iterations

e
rr

o
r

 

 

Single

Z method

L method

Ë�z���vax{d ; ��S�dd�¯qr{dyu��
Z ′
��u°�

L′
bed�r{_a�o�apz}u�r{�Ãrt_ax{dyd�}dy±�dy�ªpÉ :�u�d0��dc±�dc�

n = 8
��z}uCrtdcxtbedc�az}��rtd�}dy±�dc�

n′ = 4
�°��u��/���C��x�psd��}dy±�dc�
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