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^
_a`cbed�fhghikjmlonqpsrt`cbedcp
uqvabewyx{z}|Cvad~p
��xt����d�r{p��������}d

�0���a�3��xtr0�od�x{dc��_adcx{��_ad�uI���H�~�H�>jm��va�}nL�~�a�������C��j�����������dcp

�Q 8¡c¢y£'¤a¥�¢�¦ § u¨r{_az©pªx{dy�3��xtrc��«¬d@dyo�®dcxtz}bedyuCr��°¯H��xtz©��uCr���±rt_�d@r�«¬��²³�´dc¯�dc��z©�odc���¬���´����x{zµr{_ab¶±·��x
����x{��b�dyrtx{z}�@ps_����®d>���or{z´bez}¸c��rtz}��u�rt_®�'re«¬��p��ax{���3��ptdc��z}uº¹¼»H½³¾ § u¿r{_ad"�´z}uadc��xª�c��ptd���rt_ad"bed�r{_a�o�G�
x{d�±·dyx{x{dc��rt�h��pIrt_�d

Z ′
bed�rt_��q�À�'dybe�a�}�'nqpÁ�
�®dcxtbªvor{��rtz}��u����3dyx��'r{��xIr{�0xtd~��x{x{��ua��d�rt_�dSdyz}��dcu�p�r{xtv®�Ârtv�xtd

z}u"ptv���_/�ª«
�Hn�rt_���rrt_ad�uadc«]_az}��_a²J±·x{dc|Cvadcu���n+be�o�odcp��xtd���p{pt�q�yz}��rtd~�Q«z´rt_"�}��xt��d�dcz´��dyuq¯'���}vadcpc¾�Ã�p
�"xtd~psv��µr~�Àrt_�dQ���©��p{psz©�y���8psrtdcdy�3dcpsrs²Ä�odcp{��dcuCr�z´rtdcx{��rtz}��u��y��uÆÅ3d+¯qz´dc«Çd~����p��/��������Å�zµ²5r�nq�®depsbe�q��r{_adyx~�
��u®�"psr{��u��a��x{�>b�va�´rtz}�}dy¯�dc��psrtx��'r{dy��z}dcp¬Å3d������a�´z}dc�À¾ÇÃ0uL���µr{dyx{u��'r{d�b�dyrt_a�o�/z©p0���©pt�ªr{dcpsrtd~�/Å���ptdc�>��u
�o�a�q²³dy¯�dyue�odc�y��va�a�}z}ua�QÈ

L′
bed�rt_��q�®ÉÂ¾�Êa��x����´z}uad~��x�be�o�ody�a��xt��Åa�´dcb/��Å3��rt_euadc«;bedyrt_a�o�apÇ��x{dÇ±·��vau��

d�ËQ�yz´dcu�r¬��u��+ptva�3dyx{z´��x8rt��r{_ad0��x{z}��z}u����q±·��xtbªva�}��rtz}��uÀ��ÅavorÇrt_ad
Z ′
bedyrt_a�o�ez©pSbe��x{dxt��Åav�psrc¾�lqz}b�z}�©��x

uqvabedyx{z}�c���qx{dcptva�µr�p8��x{d���Åar{��z}uad~��±·��x���ua��ua�´z}uad~��x�b��o�odc�o�ax{��Åa�}dyb�Åqn�����u�ptz}�odcxtz}ua�hrt_ad
dyz}��dcu�ptnqpsrtdcb
��±�rt_�d��C���y��Åaz©��u>b+�'rtx{z´I¾
ÌWÍCÎIÏtÐ�Ñ £'Ò�¡�¦ lq_����®d����artz}b�z}¸c��rtz}��uÀ�aÓ¬wc¸yz}dyx¬����x���bed�r{dyx{z´¸~�'r{z´��uÀ��bªva�´rtz}�´dc¯�dy�G���´����x{zµr{_ab+py�o�oz©pt�yxtdyrtd
Êa��vax{z´dcx0��u����´noptz}p
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��� ¡���� � ¦ � ��u�p���d+x������®��xsr~�À��u�d�o�3wyx{z´bedcu�r{d+vauad+¯'��x{z©��uCrtd+�	� ���}����xtz´rt_abedez©�owc����
W�odyvaÆuaz´²
¯�d~��voW�	� ���or{z´bez}¸c��rtz}��uL�od�±·��x{b�dª����x���bewyrtx{z}|Cvad���xtz}��z}uady�}�}dybedyuCr0�ax{���3��ptwyd�����u�p�¹ »'½5¾ � ��u®ph�}dª�c��p
�}z´u��z´x{d����}�/bewyrt_a�o�od������a�®dc�´wcd+bew�rt_��q�ad

Z ′
��p�� ���a�av�n�d+psv�x�vau¿���3wyx��'r{dyvax��od@�®dcxtbªvor{��rtz}��u��®��vax

x{wy��x{����uaz©psdcx��}dQpsnopsrt`cb�d+��xt���axtd+�odQrtdy�}�}dQps��xsr{de|Cvad@�´d~p�ua��v�¯�dc��voLbe�o�odcpª�od+_���vartdcp�±·xtw~|�v�dyu��ydcp
pt��z}dyuCr���p{pt�q�yz´w~p0��va"��x{��u��odcp0¯H���´dcvax�p0�ax{���ax{dcpc¾��Su°�y��u�ptwc|Cvadcu���d����©�Qbew�r{_a�o�odª�y�}��ptptz}|Cvad��avL��x��'²
�oz}dyuCrÇd~p�r¬z´uCr{dyx{�axtwyrtwcdh����b�bed0v�uQ�´z©p{psdcvaxÇ�odhr�nq�®d�zµr{wyx��'rtz}��uQ�adh��������ÅazJ�Cd�r¬�´d~p�psrtx��'r{wy��z}dcp�p�r���u��a��x{�
�od~p0b�v��µr{z´��xtz}�´�}dcphp�� ���a���´z©|CvadyuCrc¾ghuad�bew�r{_a�o�od����µr{dyx{u��'r{z´¯�d�p�� ���a��vanqv���uCrhptvaxhvauL�����v��a�}����d�����z´xt²
z}b��®��z}xhdcpsr���v�p{pszGr{dcpsrtwcd>È·bewyrt_a�o�od

L′
ÉÂ¾0�8��v�xhvauL��xt��Åa�´`cbed�be�q�a`y�}d��´z}uaw~��z}xtd�����uLrtx{��va¯�d�|�v�d��´d~p

�odcvo�u���va¯�dy�}�´d~p�bew�rt_��q�adcp�pt��uCr�ptva�3wyx{z´dcvaxtd~p�
��©��±·��x{b�v��}��rtz}��u+�	� ��x{z´��z´uad�¾��Çdc�®dcu��a��uCr��©��bew�r{_a�o�od
Z ′
dcpsr��a�}v�p�x{��Åav�psrtd�¾ � d~p�x{wcptva�´r{�'r�p�uqvabewyx{z}|Cvad~p�psdcb�Åa�©��Åa�}dcp�pt��uCr���Åartdyuqv�p��®��vax�vau��ax{��Åa�}`ybed

be�o�o`y�}d�ua��u��´z}uawc��z´x{d�dyuW����uaz}�awyx���uCr¬�}d�ptnqpsrt`cbed���xt���axtd��od��©��be��rtx{z}�yd¬�s������Åaz}dyuauad�¾
� Ñ ¢c¡ Ï ¥�� � ¡�¦ ���or{z´bez©pt��rtz}��ue�od0Êa��xtbed�������x���bewyrtx{z}p{�'r{z´��u��odÓ¬wy¸yz}dyx~�����´����x{zµr{_abedcp�b�va�´rtz}uaz}¯�d~��voG�
��u®���}nqptd��od�Êa��vaxtz}dyx�oz©p{��x{`�rtd
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^
_az©p�xtdc�®��xsr�z}p�����xtr���±��>uCv�b�Å3dyx���±��av�Åa�´z©�y��rtz}��u�p��od~�oz©�y�'r{dc�/r{�@r{_ade�od(:�u�zµr{z´��uÆ��u®�°��u®���}nqptz©p0��±
b�v��µr{z´�}dy¯�dy�À���}����xtz´rt_�bep���a�a�}z´d~�Qr{�e����x���bed�r{xtz©��ps_®���3d����ortz}bez´¸~�'r{z´��uÆ¹¼�H½S¹ 5'½�¹ ;'½�¹¼»~½�¹ <'½S¹}�c��½5¾

§ u¿ps_���xtrc��z´u���v�x����}����xtz´rt_ab+pc�Á«¬d+����x���bedyrtdyx{z}¸ydedyz´rt_adcx�rt_�d@ps_®���3dQzµr�psdc�µ±�ÈÚb��Cp�r{�´nÆz´u¿��uadQ�oz´²
bedyu�ptz}��u®É����x+r{_ad°pt_����3d�²Ä�od�±·��xtb+��rtz}��u�È·z}u rt_�xtdcdL�oz´bedcu�psz}��u®p{ÉeÅqn;rt_adÆ���q��x��oz}u��'r{dcp+��±��=:�uaz´rtd
uqvab�Å3dyx+��±��y��uCrtx{���¬�®��z´uCr�pez´u � È rtdcu�pt��x{z}���©ÉªÓ¬wy¸yz}dyx�±·��xtbªva�}��¾;^
_ad~psdW�y�C��x{�az´u���rtd~pª��xtd"v�ptdc����p
�od~psz}��u�����x���bedyrtdyx�phrt�/���or{z´bez}¸yd+pt��bedextdc�´dc¯H��uCr��a_qnoptz}�c������x{zµr{dyx{z´��uÀ¾eÃ uqvabªÅ®dcx���±
���a�a�}z©�y�'r{z´��u�p
rt�+��dyx{�q�anCu®��bez}���od~psz}��u/_��H¯�d�Å3dydcu/�y��u�ptz©�odyx{dc�G¾

Ãhp��Q����u�ptdc|Cvadyu®��d���±�rt_adª«Çdc�´�´²?>qua�'«uW�odc��x{dydy²5dc�´dc¯H��rtz}��u"�ax{�q�ydcp{py�3�Q��z´¯�dyu/����x���bedyrtx{z}��pt_����3d
È·��x�pt_����3dQ�od�±·��xtb+��rtz}��u®É��c��u¿Å3dQxtdc�ax{dcptdyuCrtd~�°d~|�v�z´¯'���}dyuCr{�´nÆÅCn��"±·��x{b�v��}�/��±
��xtÅaz´rtx���x{z}�´nC²³_az´��_adyx
�odc��x{dyd�¾Q^
_�z}p�Å���psz©�e��Å®psdcxt¯'�'r{z´��u°_���p�Å®dcdyu�v�ptdc�Ært�L�ad(:�uadLÈ":�x�p�r{�´nÆz´u ¹¼�~½Ç��u®�Ædyqrtdyu®�odc��z}u�¹ ;�½·É
b�v��µr{z´�}dy¯�dy�����}����x{z´rt_ab+pQz}uº«_az©��_º���ortz}bez´¸~�'rtz}��u]zµr{dyx��'rtz}��u®p@��x{d°�odc¯qz}ptdc� v®psz}ua�;�y����x{ptdL��u��@:�uad
����x{��b�dyrtdcxtz}¸c��rtz}��u�p�z}uº�Æ«
�Hn bez}bez}��>qz}ua�¿b�va�´rtz}��x{z©��psrtx��'r{dy��z´d~p>¹}��½ª¹ A�½5¾ ^
_adcptdL��x{dL���}����xtz´rt_ab+p
«¬dyx{d�±·��vau���¯�dcxtnWdyË+�yz´dcuCr���u��ÆÅ®dyrsrtdcx�dc|Cvaz}�a�3dc�����C��z}u�p�r�uqvabedyx{z}�c����psrtz4B3uad~ptp�����be����xtd~�Wr{�>r{_ad
psr{��u®�a��x��Q±·��xtbªva�©�'rtz}��uÁ�C�®��xtrtz©��va�©��x{�´n+«_�dyuW����b�Åaz}uadc�>«z´rt_Wpsdc�µ± ²Ä�������or{z´¯�d�����x{��bed�rtdcxtz}¸c��rtz}��uÆ¹ ;'½³¾

§ u�¹ »'½���u��;¹ 5�½5����u���u����´noptz}p���±¬rt_�d�z´rtdcx{��rtz}¯�de�ax{�o��dcp{p�_���p�Å3dydcu���xt���®�Cpsd~�G¾ § r�z©p�Å���psd~�°��u��
pt_����3d�²³xtd~����u�p�r{xtv®�Ârtz}��u"��u�d�²Ä�oz´bedcu�psz}��u®���Àbe�o�ody���ax{��Åa�}dyb z´uW«_�z}��_/r{_adª�yxtz´rtdcxtz}��u/z©prt_�d�¯'��x{z}��u���d
ÈÚp{|Cv���x{dc�

L2
²³ua��xtbQÉ+Å3d�r�«¬dydcu rt_�d���u����}nCrtz©�y�����od
:�uaz´rtz}��u]��±�rt_�d�pt_����3d���vax{xtdcuCr>z´rtdyx��'r{dÆ��u��]�

r{��xt��d�r~¾ § uWrt_az©p�«¬�Hn��art_�dª���©��p{ptz}�c���Ápsrtdcdy�3dcpsrs²Ä�odcp{��dcu�r�zµr{dyx��'rtz}��uWz©p0�}z}uadc��x���u®�L�y��uWÅ®dªz´uCrtdcxt��xtdyrtdc�
��p��±·��xtb-��±®��������Åaz�z´rtdcx{��rtz}��u�z}uq¯����}¯qz´u��h�0����xsr{z}�yva�©��xÁb+��rtx{zµG¾�^
_�d¬��u����}nopsz©pÀ��±ort_ad¬dyz}��dcu�p�r{xtv®�Ârtv�xtd
��±8r{_az}phb+�'rtx{z´>_���p�®dcxtbez´rsr{dc�"rt�@dybe�a_���psz}¸yd�r{_ad�x{dcptdyb�Å��}��u���d���±8r{_ad�dyz}��dcuabe�o�odcp«z´rt_LÊ���vax{z}dyx
be�o�odcpc�'��u���r{�hz©ps���}��rtd��ydyxtr{��z´u��y��u��ydy�or{v����C�oz4B3dcxtdcu���d~pÁ«z´rt_�rt_adÇv�psv®���Cz´uCrtv�zµr{z´��uÀ¾ § uª����xtrtz©��va�©��x~�~z´u
rt_�z}phb��o�odc�À���artz}b�z}¸c��rtz}��u/�ax{��Åa�}dyb/��rt_ad��yxtz´rtdcxtz}��u/z©p0��u/z}u�r{dy��x{���J����u��"ua��r��+�ozCBIdyx{dyu®��d����3dyx��'r{��x
��pQv�psv®���}�´n ��p{psv�b�d~� z´u r{_ad°be�o�a������u®���}nqptz©pe��±�b�va�´rtz}��x{z©�G¾ �Ç��u�ptdc|CvadcuCrt�}n��
_az}��_a�}nC²5�Cpt�yz´�}�}��rt��xtn
be�o�odcpQÈED�_�z´��_°±·x{dc|Cvadcu���z}dcpGF�É���xtdeua�'« ��p{ps�o�yz}��rtdc�°«zµr{_¨psb+���´��dcz´��dyuq¯'���}vadcpc�Á��u®�Æz}uq¯�dcx{ptdy�}n��À�©��x{��d
dyz}��dcuq¯H���´v�dcp¬±·��x«_�z}��_"rt_�d�p�r���u�����x��@z´rtdcx{��rtz}��u"z}pdyËQ��z}dyuCrc����xtd���ptpt�o��z©�'rtd~�@«z´rt_Lptbe�q��rt_"be�o�odcpc¾
�Ç��u®psd~|�v�dyuCrt�}n��Hr{_adÇÅ®��ptz}�Çzµr{dyx��'r{z´��u��y��uaua��r8Å3d
�y��u�ptz©�odyx{dc�QÈÚz´u�rt_ad�c��ua��uaz}�c���CÅ���ptz©p{É���p���ptbe�q��rt_�dyx
Åavor�z´uq¯�dyx�psdc�´n�����p���u¨��uCrtz´²³ptbe�C��rt_adcxQ¹¼»H½��u�� ¹ ;�½³¾°^
_az©p���Å�psdcxt¯'��rtz}��u�_���p��´d~�¿v�pªz´u]¹ »~½¬rt�°¯Cz}dy«
rt_�dQÅ���ptz©�+zµr{dyx��'r{z´��uÆr{_az©p�r{z´bed@��p���u¨���Ârtv®���Çptbe�q��rt_�dyx~��Åavar�z´u;�"rtx���u�ps±·��x{bedc��Å���ptz©py��z´u¿«_�z}��_
rt_�dÆdcz´��dyu�psrtx{v��Âr{vax{d°z©p@�3dyx{b�vor{dc�]z´u � «
�Hn r{�;b+�.>�dLr{_ad�����z}xtz}ua�¨Å3d�r�«¬dydcu]dcz´��dyuq¯�d~�Ârt��x{p@��u��
dyz}��dcuq¯H���´v�dcp�z´uq¯�dyx�psd�¾ � d(:�uaz}ua��r{_adL���C��x�psdcxª�}dy¯�dy�
z´u�r{_az}pebe�o�oz4:�dc��Å���psz©p��´d~���ap�r{�¿���azCBIdyx{dyuCr
�od
:�uaz´rtz}��uL��±�rt_ade���C��x�psdy²5����x{��bed�rtdcxtz}¸c��rtz}��u@�y��x{xtd~�Âr{z´��uÀ¾h^
_adªbe��z´u°�avax{�®�Cpsd���±�rt_az©p�xtdc�®��xsrhz©phrt�
d�o�3dyx{z´bedcu�r�uCv�b�dcxtz©�y���´�}n>rt_ad�����x{x{dcpt�®��u��oz}ua��r�«Ç��²5�}dy¯�dy�Á���´����x{zµr{_ab ÈIH �3���´����x{zµr{_abQÉ
��u��°����be����xtd
z´r8«z´rt_ªrt_�d¬��xtz}��z}u�����r�«¬��²³�´dc¯�dc�C���´����x{zµr{_ab\È J �'bedcd�rt_��q�®ÉÂ¾�Ã�a�oz´rtz}��u����´�}n���¯H��xtz©��uCr�z}p����}pt����u����}nq¸ydc�
È�K��o���}����x{z´rt_abQÉÂ¾LKÁ��p�r{�´n��ops��b�d�d�o�3dyx{z´bedyuCr�p¬��xtd�b+���od�«zµr{_"��ua��ua�}z}uadc��x¬�c��ptd��q��u��>��u@���´����x{zµr{_ab
��u®���}������v�p�rt�ert_�d�ÊoÃ�l>bed�rt_��q�À¾
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U�d@Åax{z´d
V�n�z´uCrtx{�o�ov��yd+rt_ad@ua��r��'rtz}��u®p�x{dy�©�'rtd~��rt�Wr{_ad@Å®��ptz}�+be�o�odc���ax{��Åa�}dyb/¾L^
_ad>ps_����®d@rt�LÅ3d
���artz}b�z}¸yd~�"z}p��odyua��rtd~�

γ
��u��/���ab�z´r{ph��uW��u����´nCr{z}�c���Gx{dy�ax{dcptdyuCr{��rtz}��u

y(x)
¾��Ç��x{x{dcpt�®��u��oz}ua���}n��qr{_ad

W�WYX�Z\[-]_^�`�a(b�c(d�e�f
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r{��xt��d�r0pt_����3d�z}p�od
:�uad~�>Åqn
ȳ(x)

¾�^
_�d���x{zµr{dyx{z´��uQrt�+Å3d�bez´u�z´bez}¸ydc�"z©p¬rt_ad�±·���´�}�'«z}ua���

J(γ) =

∫

γ

1

2
(y(x)− ȳ(x))2dx ,

È��HÉ

§ ±�rt_ad�pt_����3dcp��xtd���z´¯�dyu/��Ó¬wc¸yz}dyx����x{��b�dyrtx{z}��x{dy�ax{dcptdyuCr{��rtz}��uÀ�Cr{_ad�±·vau���rtz}��u
y(x)

ÈJ��u��/��u����´²
������v�pt�}n

ȳ(x)
Éz}p�od
:�uad~�>z}be�a�}z}�yzµr{�´n>ÅCnQrt_ad�����x{��bed�rtdcxtz}¸c��rtz}��u��







x(t) =

n∑

k=0

Bk
n(t) xk

y(t) =
n∑

k=0

Bk
n(t) yk

È5��É

«_adcxtd
Bk

n(t) = Ck
n tk 91− t)n−k

z©p0�eÓ¬dyx{u�p�r{dyz}u>�3���}nqua��bez©���G��±��odc��x{dyd
n
¾

^
_ad����q��x{�oz}u���rtdcp¬��±�r{_ad�����u�r{xt���I�®��z´uCr{p��xtd�psrt��xtd~�@z}u@r�«¬�e¯�d~�Ârt��x{p��

X = {xk } Y = { yk }
È�5�É

^
_ad�¯�d~�Ârt��x
X
z©p��odcptz}��u���rtdc�°��phrt_ad9%���� � �����8��±�r{_adª�®��x���bed�r{dyx{z´¸~�'rtz}��uÁ¾ § r�z}p�_adc�}� :aodc�°�avaxtz}ua�

rt_�dQzµr{dyx��'r{z´��uÀ����u����o�y�y��psz}��u®���}�´n°���a���artdc�Ær{�Wz´be�ax{�'¯�d�rt_�d@���c��vax����yn¨¹ ;�½5¾/^
_adQ¯�dc��rt��x
Y
z©p�r{_ad

¯�d~�Âr{��x���±�, ��%��C�.�P	�!����"! 3(�E��%Â¾�^
_qv�pc��r{_adh��x{z´rtdyx{z}��ue�y��u+Å3d0¯qz}dy«¬dc�e��pS��±·v�u��Âr{z´��u+��±À� :�uaz´rtd0uqvabªÅ®dcx
��±8¯'��x{z}��Åa�}dcp��

J(Y ) =

∫

γ

1

2

(

Bn(t)T (Y − Ȳ )
)2

nBn−1(t)
T ∆X0dt .

È";qÉ

«_adcxtd
Bn(t)T =

(
B1

n(t), B2
n(t), ..., Bn

n(t)
) È5»�É

��u®�
∆
z©p�rt_�dQÅ�����>q«
��x��q²Ä�ozCBIdyx{dyu®��d����3dyx��'rt��xc¾>Êa��x�r{_adQvau�zµ±·��xtb �y��psd��Á«¬d >Cu��'«�r{_��'r

x0(t)′ =
nBn−1(t)

T ∆X0 = 1
�a��u��>rt_�d�d�o�ax{dcp{psz}��u>��±Ár{_ad���x{z´rtdyx{z}��u/psz}be�a�´z4:�d~p¬rt���

J(Y ) =

∫

γ

1

2

(

Bn(t)T (Y − Ȳ )
)2

dt .
È�ACÉ

§ u�rt_�z}p�xtdc�®��xsr~�c«¬d��y��u�ptz}�adyxÀr�«¬��²³�}dy¯�dc�����}����xtz´rt_�bepÀÅ���ptdc����u�uadcpsrtd~��psva���®��xsr�pS¹ ;�½®¹¼�H½o��p{pt�q�yz}��rtd~�
«z´rt_>� :�uad���u��@�����C��x�psd�psva���®��xsr�pÇptv���_+r{_��'rÓ¬wy¸yz}dyx¬��vax{¯�d~p�x{dy��xtd~psdcu�r{dc�e��u+rt_ad����C��x�psd0ptva�a�3��xtr
�y��uWÅ®d�x{dy�ax{dcptdyuCrtd~�"d�a����rt�}n>��uWrt_ad :�uad�psva���®��xsrhÅqnW�odc��x{dyd�dy�}dy¯'��rtz}��uÀ¾h^
_�d�Å���psz©��z´rtdyx��'r{z´��uW��u
rt_�d :�uad+�}dy¯�dc�0È·z}u���vax�dyq�3dyx{z}b�dcuCrc�Á«¬d+��_a�q��ptd

n = 8
É�z©p�rt_adQp{��bed�±·��x����´����vax����}����xtz´rt_�bepc¾ § r

z©p %�� ���#� ��%�� , ��%
���(� �
��x$�%! ���.3
� � � �
�&!��?���������a���´z}dc�¨rt�Ært_adWpsr{�'r{z´��u���x{z´r�nÆd~|�v®�'rtz}��uÁ¾¨^
_ad"�azCBIdyx{dyuCr
¯'��x{z}��uCr{p��oz4B3dcx�z}uert_adh«¬�Hn�rt_adh�y����x{ptd�²³����x���bedyrtdyx{z}¸c�'r{z´��u�����xtx{dc��rtz}��u�zµr{dyx��'rtz}��uez©pS�od
:�uadc�À¾S��uer{_ad
:�uad��}dy¯�dy�'�

J ′(Y ) = AY − b ,
È5��É

(*)�W+(-,
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_adcxtd�rt_�d�be��rtx{zµ

A =

∫ 1

0

Bn(t)Bn(t)T dt = { 1

2n + 1

Ci
nCj

n

Ci+j
2n

} .
ÈJ��É

��u®�Qr{_ad�xtz}��_Crt²5_���u��"psz©�od�z}prt_adR>qua�'«u>¯�dc��rt��x

b = AȲ .
È�<�É

Êa��x����}�ar{_ad0bed�r{_a�o�apÇ��u�rt_ad :�uad0�}dy¯�dy�5��«¬d0v�ptd
rt_adh±·���}�´�'«z}ua���y�}��ptptz}�c���apsrtdcdy�3dcpsrs²Ä�odc�ydyuCr�z´rtdyx��'r{z´��u��

Y j+1 = Y j − ρ(AY j − b) ,
È��~��É

_adcxtd
j = 0, 1, 2, · · · � Y 0 z©pª�°��z}¯�dcu¨z´u�zµr{z}���¬��vadcp{pc�S��u��¿«¬d>��ptptvabed>��r j = K

«Çd"��Åar{��z}u¿r{_ad
¯'���}vadcp

Y K
��u :�uad��}dy¯�dy�5�G��u��/���>�o�'«u/r{�>���C��x�psd��}dy¯�dy��rt�>be�.>�d�pt��bed��y��x{xtd~�Âr{z´��u�p0pt�Qrt_®�'rhr{_ad

�����axt�Hoz}b+�'rtz}��u®pÇ�c��u/����uq¯�dyx{��d�±Ú��psrtdyx
r{_���u>rt_�d�psz}ua���}d�����x���bedyrtdyx{z}¸c�'r{z´��u>���a�ax{������_Á¾
U�d��c��uW�od~����be�3��ptd�b+��rtx{zµ

A
z}uCrt�

A = ΩnΛnΩT
n ,

È����~É
§ uÆrt_adQ�oz©������u����8be��rtx{zµ

Λn

�Áx{dc���8�®�Cpsz´rtz}¯�dedyz}��dcuq¯H���´v�dcp���x{d���xtx���u���dc�Lz´u�z}u���x{dc��psz}ua�@��x{�adyx~�À��u��
rt_�d�be��rtx{zµ>��±�dcz´��dyuq¯�d~�Âr{��x�p

Ωn

z}p0��xtrt_a������u®���'�

ΩnΩT
n = ΩT

n Ωn = I .
È��H��É

^
_qv�pc�qrt_ad*:�x�psrh�����}vabeu"¯�dc��rt��x{p¬��±
Ωn

��xtd�r{_ad�be��psr
�Cpt�yz´�}�©�'rt��xtn�¾

����� ���	��
����������
������������ �!���"�"�$#%�"����&(')�*�,+-�/.

Ã0�}��rt_ax{��v���_a��vorc�I�ax{z´bed~p
′
��xtd�v®psd~�Wrt�/�odcua��r{d�|Cv���u�r{zµr{z´d~p���ptpt�o��z©�'r{dc�/«z´rt_Ært_ade���C��x�psd��®��x���bed�²

rtdcxtz}¸c��rtz}��u"�´dc¯�dc�J¾
§ u"��vaxdyq�3dyx{z}b�dcuCr{pc�o«Çd�_��H¯�d�v®psd~�

n′ = 4
��u"rt_ad��y����x{ptdcpsrÇ�}dy¯�dy�'�

J(Y ′) =

∫

γ

1

2

(

Bn(t)T (Yk + En
n′Y ′ − Ȳ )

)2

dt .
È��-5�É

KÀdyr
Y = Yk − Ȳ

︸ ︷︷ ︸:�uady²5�}dy¯�dy�
�odc¯qz}��rtz}��u
±·x{��b r{��x{��dyr

+ En
n′Y ′

︸ ︷︷ ︸dyCr{x{���®���}��rtd~�
���C��x�psdy²5�}dy¯�dy�
����xtx{dc��rtz}��u

È�� ;CÉ

«_adcxtd
Yk

z©p�r{_ad@dcu��¿x{dcptva�µrª��±rt_�d@�ax{dy¯qz}��v�p*:®uad�²³�´dc¯�dc��z´rtdyx��'r{z´��uÀ����u��
En

n′

z©p�r{_ad@x{dc��r{��u���va�©��x
b+�'r{xtz´°x{dy�ax{dcptdyuCrtz}ua�@rt_ad+dc�´dc¯H��rtz}��uÆ��±¬�ady��x{dydª±·x{��b

n′
r{�

n
�À_adyx{dev�ptdc����p��>rtx���u�ps±·dyx����3dyx��'r{��x

±·x{��b �y����x�ptdhr{�&:®uad�����x���bedyrtdyx{z}¸c�'r{z´��u��

En
n′ = En

n−1 ... En′+2
n′+1 En′+1

n′

È��H»�É

W�WYX�Z\[-]_^�`�a(b�c(d�e�f



A �����������
	������	����� )9�����

f0��rtd�r{_��'r
En

n′

_���p
n + 1

x{�'«0p
��u��
n′ + 1

�����´vabeu�pc¾Çlq�3dc�yzC:3�y���}�}n��oz}uW��vaxdyq�3dyx{z}b�dcuCr{p
«¬d�_®�H¯�d
v�ptdc� �

E8
4 = E8

7 E7
6 E6

5 E5
4 ,

È��-A�É
Êax{��b&iL�'r{xtz´ �¬���©��v��´v�pc�o«¬d >qua�'«]rt_���r

∂J(Y ′)

∂Y ′
=

∂Y

∂Y ′

∂J(Y ′)

∂Y
.

È��'��É

^
_adcxtdy±·��x{d �

∂Y

∂Y ′
= (En

n′ )T ,
È��~��É

��u®�

∂J(Y ′)

∂Y
= A(Yk + En

n′Y ′ − Ȳ ) ,
È��-<�É

^
_qv�p
Åqn@d~|�u®p�È��H��ÉÂ�ÁÈs�c��É
��u���È�� <�ÉÂ�a«¬d���Åor���z}u

∂J(Y ′)

∂Y ′
=

∂Y

∂Y ′

∂J(Y ′)

∂Y

ÈJ����É

= (En
n′ )T A(Yk + En

n′Y ′ − Ȳ ) = 0 .

§ u/��r{_adyx«¬��x��apc�C«¬d�_��H¯�d�rt_�d�±·���}�´�'«z}ua�euady« b+�'r{xtz´Qdc|Cv���rtz}��u��

AcyY ′ = bcy ,
ÈJ�a�~É

_adcxtd�rt_�d�����ËQ�yz´dcu�rb+�'r{xtz´

Acy = (En
n′)T AEn

n′ ,
ÈJ����É

��u®�Qr{_ad�xtz}��_Cr0ptz}�od�¯�dc��rt��x

bcy = (En
n′)T A(−Yk + Ȳ ) = (En

n′)T (b−AYk) .
ÈJ�.5�É

U�d°�y��u pt���}¯�d"r{_adW±·���}�}�'«z´ua�¿z´rtdcx{��rtz}��u ��u�r{_ad°���C��x�psd/�}dy¯�dy�±·��x@����xtx{dc��rtz}��u�ÅCn;z´u�zµr{z}���´z}¸yz}ua�
Y ′

0 = 0
�

Y ′j+1 = Y ′j − ρ(AcyY ′j − bcy) ,
ÈJ��;CÉ

rt_�dyuL«¬dª�c��uWva�I�a�'r{dªÅqn
Y K + En

n′Y ′
��uWr{_ad :�u�d��}dy¯�dc�J¾ § rtdcx{��rtz}��u�p��uWrt_�d :�uadª�´dc¯�dc�¬Ès�c��Éh��u��

����xtx{dc��rtz}��u�pÇ��u"r{_ad�������x{ptd��´dc¯�dy�SÈ5��;�É
�y��be�a�}d�r{d��ªr�«¬��²³�´dc¯�dc�I�y��x{xtd~�Âr{z´��uo²Jr�nq�3dhz©�odc���Á���}����xtz´rt_�b ±·��x
rt_�d+ua��ua�}z}uadc��x�b��o�odc�S�ax{��Åa�}dyb/¾��h�'«Çdc¯�dyx�z´r�r{�.>�dcp�b+��uCn°zµr{dyx��'rtz}��u®p+È·_qvau��ox{dc��p�±·��x�r{_az}p�b��o�odc�
�ax{��Åa�}dybQÉ�rt�ª����_az}dy¯�d�����be�a�}d�r{d��y��uq¯�dcxt��dyu��yd�¾Á^��ªpt�®dcdc�@va�+rt_�d�x��'r{d0��±Á�y��uq¯�dcxt��dyu��yd���«¬d��c��u+v�ptd

(*)�W+(-,
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�"Å®dyrsr{dyx�r{dc��_auaz©|Cvad��°^���_adcÅqnq��_�dy¯Lz´rtdcx{��rtz}��u�p�¹ A'½S��u�r{_ad�:�uad+�}dy¯�dc�J�ÁzJ¾ d�¾}�Áz´r�_���p�r{_ax{dyd+p�r{dy��p�±·��x
dc����_"�yno���}d �

Y j1 = Y j0 − τ1(AY j0 − b) ,

Y j2 = Y j1 − τ2(AY j1 − b) ,

Y j3 = Y j2 − τ3(AY j2 − b) ,

«_adcxtd
τi

È
i = 1, 2, 3

ÉÇ��x{d���z}¯�dyu"Åqn �

1

τi

=
b + a

2
+

b− a

2
ri

ÈJ��»�É

«_adcxtd
[a, b]

z©p�rt_�dªr���x{��dyrsrtd~�Lz}uCrtdyx{¯'���8z}u°r{_adedyz}��dyuq¯'���}vad
λ
��±

A
��u��

ri = 0,±
√

3/2
�@x{�q��r���±

rt_�dQ^���_adcÅqnq��_�dy¯W�3���}nCu���bez}���8��±¬�ady��x{dyd 5a¾ U _adcu�«Çde�y��u�pt���}¯�de���C��x�psde����xtx{dc��rtz}��u�p�d�a����rt�}nW��u
rt_�dª���C��x�psd��}dy¯�dy�5��«¬d��y��u/�y��bªÅaz´u�d�rt_ad�^���_�dyÅqno��_ady¯Qz´rtdcx{��rtz}��u�pªÈJ��»�É
«z´rt_°�y����x�ptd��y��x{xtd~�Âr{z´��u�p
��u
rt_�d�������x{ptd��´dc¯�dy�Gz}u"rt_ad�b+�'r{xtz´Q±·��xtb ¹ AH½#�

Gy = Gh(I −En
n′((En

n′ )T AEn
n′)−1(En

n′)T A)Gh ,
ÈJ�.A�É

«_adcxtd
Gh = (I − τ3A)(I − τ2A)(I − τ1A)

¾ § u@��rt_adcx
«Ç��x{�apc��rt_ad�����b����´dyrtd���no���}d�z}u>rt_ad�±·��x{b\��±
b+�'r{xtz´

G
z}p
��z´¯�dyu"ÅCn

Y j+1
g = GyY j

g + bgy ,
ÈJ�C��É

_adcxtd

bgy = Gh(bh −En
n′((En

n′ )T AEn
n′)−1(En

n′)T (Abh − b)) + bh ,
ÈJ����É

��u®�

bh = ((I − τ3A)(I − τ2A)τ1 + (I − τ3A)τ2 + τ3I)b ,
ÈJ�.<�É

ua��rtd�rt_���rrt_ad���xtz}��z}u����3b+��rtx{zµ@��xt��Åa�´dcb ��u9:�uad��}dy¯�dy�Gz©p��z}¯�dcu>Åqn
AY = b

¾

��� � � ��# ��&-. ����� ��
 ��� �����$� �������"�$#%�"�	��& ')���"+-��.

Êa��x
rt_ad��y����x{ptd��}dy¯�dy�À�y��x{xtd~�Ârtz}��u@��±
Z ′
bedyrt_a�o�G�a«¬d�v�ptd�r{_ad�±·���}�}�'«z´ua�+p{��_adybed �

J(Z ′) =

∫

γ

1

2
(Bn(t)T (Yk + Q0E

n
n′Z ′ − Ȳ ))2dt ,

È�5���É

«_adcxtd
Q0 = ΩnPnΩT

n

����u®�@r{_ad�b+�'r{xtz´
Pn

z©p¬rt_ad��3dyx{b�var{�'r{z´��u>b+��rtx{zµ �

Pn =










1
1¾¾¾

1
1










(n+1)×(n+1)

.
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^
_ad+z©�odc�"��±Çr{_ad
Z ′
b�dyrt_a�o��z©p�rt�Wx{dy¯�dyx�psdªrt_ad+�®��z}xtz}ua�/Å®dyr�«Çdcdyu�dyz}��dcuC¯'���´vad~p���u���dcz´��dyuq¯�d~�Ârt��x{p

Åqn/b�va�´rtz}�a�}nCz}ua�@rt_ad�b+�'rtx{z´
Q0

pt�Qrt_®�'r��©��x{��dcxhdcz´��dyuq¯'���}vadcph����z}x�«z´rt_°_az´��_adyx�±·x{dc|Cvadyu®��n/��uWr{_ad
���C��x�psdÇ�´dc¯�dc�a��u��ªxtdc�}��a�'rtz}��u®p��c��u�xtdcb��'¯�d�_az}��_ª±·x{dc|Cvadyu®��n�dcxtx{��x�pÁdyËQ��z}dyuCrt�}nQ¹¼»H½³��«_az}�´d

Y ′
b�dyrt_a�o�

�o�qdcp
u���rc¾
KÀdyr

Z = Yk − Ȳ +
(

Q0E
n
n′

)

Z ′

︸ ︷︷ ︸dyqrtx����3���©�'rtd~�
� �ax{dc����u��oz´rtz}��uad~�

�y����x�ptd�²³�´dc¯�dy�I����xtx{dc��rtz}��u

È�5��~É

Ó¬n@iL��rtx{zµ �¬���}�yva�}v�py�o«¬dR>qua�'« r{_��'r

∂J(Z ′)

∂Z ′
=

∂Z

∂Z ′

∂J(Z ′)

∂Z
.

È�5C��É

^
_adcxtdy±·��x{d �

∂Z

∂Z ′
= (Q0E

n
n′)T = (En

n′)T Q0 ,
È�5 5�É

��u®�

∂J(Z ′)

∂Z
= A(Yk + Q0E

n
n′Y ′ − Ȳ ) .

È�5.;CÉ

^
_qv�p
Åqn@d~|�u®p�È�5���ÉÂ�ÁÈ�5.5�É
��u���È�5�;CÉÂ�a«¬d���Åor���z}u

∂J(Z ′)

∂Z ′
=

∂Z

∂Z ′

∂J(Z ′)

∂Z

È�5C»�É

= (En
n′)T Q0A(Yk + Q0E

n
n′Z ′ − Ȳ ) = 0 .

§ u/psvabeb+��x{n��o«¬d�_��H¯�d�r{_ad�±·���}�´�'«z}ua��uady« b+�'r{xtz´@dc|Cv���rtz}��u��

AczZ
′ = bcz ,

È�5 A�É
_adcxtd�rt_�d�be��rtx{zµ

Acz = (En
n′ )T Q0AQ0E

n
n′ = (En

n′)T A1E
n
n′ ,

È�5q��É
��u®�Qr{_ad�¯�d~�Ârt��x

bcz = (En
n′)T Q0(b−AYk) ,

È�5���É
ua��rtd0r{_��'r
b+�'r{xtz´

A1 = Q0 A Q0
�q��u��+¯�dc�Âr{��x

b−A Yk

z©p¬��x{dcptz}�ov®������u+rt_�d :�u�d��}dy¯�dy�5¾ § u>d(BIdc�Âr~�
«¬d�_®�H¯�d���xtd~����u®�ozµr{z´��uadc�°rt_�d�x{dcptz©�ov����

b − AYk

ÅCn
Q0
¾�UÆde±·��vau��°rt_���r�b+��rtz©��dcp

Acy

��u��
Acz_��H¯�d��oz4BIdyx{dyuCr0dyz}��dcuC¯'���´vad~py�qÅavar0rt_ad�p{��bed�dyz}��dcuC¯�dc��rt��x�pc¾

(*)�W+(-,
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^
_adcu+«Çd0�c��u+ps���´¯�d
rt_ad0±·���}�´�'«z}ua��z´rtdyx��'r{z´��ue��uert_�dh���C��x�psd
�}dy¯�dc�o±·��x¬����xtx{dc��rtz}��u�ÅCnªz´u�zµr{z}���´z}¸yz}ua�
Z ′

0 = 0
�

Z ′j+1 = Z ′j − ρ(AczZ
′j − bcz) .

È�5 <�É
Ê�z´u®���}�´n�«Çd>�y��u¿v��3�a��rtd>ÅCn

Y K + Q0E
n
n′Z ′

��u�rt_�d :�uad>�´dc¯�dc�J¾�U�d>�y��u¨���©ps�Wv®psd@^���_adcÅCno��_adc¯
z´rtdyx��'r{z´��u�p
��u>rt_�d*:�uad��}dy¯�dc�J¾

§ u"��vaxdyq�3dyx{z}b�dcuCr{pc�o«Çd�r{�.>�d

Ȳ (x) =
1
2

sin(πx) +
1
2

sin(πx) + · · ·+ 1

n2
sin(nπx)

È";C��É

pt�ªr{_��'rh���´�I±·x{dc|Cvadcu���n@b��o�od~p0��x{d��ax{dcptdyuCrz´u"rt_�d�ps���´vor{z´��uÀ�o«_az©��_>b+�.>�dcp�y��be�avor��'r{z´��u����Gx{dcptva�´r{p
��u®�>��vax0��u®���}nqptz©pÇbe��xtd���dcuadyx����5¾ U _adcu"«¬d���u®���}nC¸cd���vax0uqvabedyx{z©�y���Gdyo�®dcxtz}bedyuCr{pc�o«Çd��ad(:�uad�r{_ad
Dsdyx{xt��x���È·��xÇz´rtdcx{��rtz}¯�d0dcxtx{��xÂÉ�rt�ªÅ®d�rt_�d��oz4B3dcxtdcu���d�Å®dyr�«Çdcdyu+r{_ad���vax{xtdcuCr�dcpsrtz}b+�'rtd

Y j
��Åor{��z´uad~�eÅqn

�oz4B3dcxtdcuCr0b�dyrt_a�o�ap��u��>rt_ad�r{xtv�d�pt���}vor{z´��u
Ȳ
��±Árt_�d��oz}p{��x{d�r{d��axt��Åa�}dyb/¾

U�dhv�ptd�^���_adcÅCno��_adc¯ªz´rtdcx{��rtz}��u�p���u@rt_ad :�uad��´dc¯�dy�I��u®�Qps���´¯�d���u����}nCrtz©�y���}�}nª��u+rt_ad����C��x�psdh�´dc¯�dy�5�
z5¾ d�¾´�Cv�ptd
rt_ad

G
�ynq�y�´d���r{_adyu+«¬d�a�}��r�dcxtx{��x�p�¯qpSrt_adhuCv�b�Å3dyxS��±3z´rtdcx{�'r{z´��u�p�z}uQÊ�z´�®¾Ç������u���±·xtd~|Cvadyu��yn

¯op8rt_�d0uqvab�Å3dyxÇ��±Izµr{dyx��'rtz}��u®p�z´uQÊ�z}��¾��o¾ § uQÊ�z´�®¾¬���
(a)

pt_a�'«0p�z}uaz´rtz©���adcxtx{��x�p8x���u��o��be�´n���dyuadcx{��rtd~�G�
(b)
�
(c)

��u��
(d)

pt_a�'« dyx{xt��x{p���Åor���z}uadc��Åqn
Y ′

��u��
Z ′
bed�r{_a�o�ap��'± rtdcxª��uad��Sptz´���u��¿dy�}dy¯�dyu

G��no�y�´d~pªx{dcpt�3dc�Âr{z´¯�dy�}n�¾¨Ê�xt��b r{_adyb/�Ç«Çd/�y��u dc��psz}�}n¨psdcd@r{_��'r�rt_ad/x{dcptva�´r{pª��±hr{_ad
Z ′

bed�r{_a�o�;��xtd
ptva�®dcxtz}��x~¾0f0�'«-�}d�r�v�p0�}�q�.>>rt_ad~psdªxtd~psva�´r{phz´uLrt_ad�±·xtd~|�v�dyu��yn"pt�����yd��3Ê�z}��¾��+���}dc��xt�}n>dyo�a�}��z´u®p0«_qn
Z ′
bed�r{_a�o�/z}p�psva�3dyx{z}��xr{_���u

Y ′
bed�r{_a�o�G¾0Ã± r{dyxh��uad

G
��no�y�´d@ÈJÊ�z´�®¾�

(b)
É��®«¬d��c��uWpsdcd�rt_®�'r

Y ′bed�r{_a�o�°z©p�b���xtdªd�ËQ��z}dyuCr�±·��x�x{dc�ov��yz´u��@_az}��_°±·xtd~|�v�dyu��yn"be�o�od~p���uLr{_ad�:�uad��´dc¯�dy�5�I«_az}�´d�rt_�d
Z ′bed�r{_a�o�°z©p����y�ydy�or���Åa�}d�±·��x�xtd~�ov���z}ua�@rt_ade_az}��_°±·xtd~|�v�dyu��yn"be�o�od~p���uLr{_ad�:�uad��´dc¯�dy�8Åavar����}pt�Qr{_ad

�}�'«º±·x{dc|Cvadyu®��n@be�o�od~py¾�Ã0± rtdcx�ptzµ@��x0dy�}dy¯�dyu
G
�yno���}dcpc�aÅ®��rt_/±·x{dc|Cvadyu®��z}dcp��x{d���x{dc��rt�}nQxtd~�ov��ydc�>ÅCn

Z ′
bed�r{_a�o�G��«_az}�}d���ua�}n>rt_ad�_�z´��_/±·xtd~|�v�dyu��yn>����uCrtdyuCr0z©p0x{dc�ov®��dc�"Åqn

Y ′
bedyrt_a�o�G¾h�h±S����vax{ptd���«Çd

�y��u°���©pt�Qv�ptd�z©�odc��p0��±�Ê�va�}�8iLva�µr{zµ²³��x{z©�WiWd�r{_a�o� ÈÚÊ8i���Éhz}u�p�r{dc���W��±G��v�psr�r�«Ç�Q�}dy¯�dy�©py�I��u®�W��uWr{_ad
���C��x�psd~p�r��}dy¯�dy�5�Á«¬dQ�y��u�v�ptd@fhdy«
rt��u�zµr{dyx��'rtz}��u®p�rt�Lpt���}¯�d+z´r�z}u�p�r{dc���Æ��±¬v®psz}ua�Wr{_adQ�oz}xtd~�Ârªpt���}¯�dcxc¾
Ã0u®�>«¬d�����u�psz©�odcx
rt_ad~psd����artz}��u�p
z}uW��ptvaÅ�ptdc|CvadcuCrhpsd~�Ârtz}��u/�od~���}z´ua�e«z´rt_W��ua��u��´z}uadc��x
�axt��Åa�}dyb/¾

����� �!+-�	��. �!������
�� � �����$� �����"�"�$#%�"�	� & ')�*�,+-�/.

Ã0uW���µr{dyx{u��'r{d�bedyrt_a�o�"z}p�ady¯qz}ptdc�>Åqn>�y��u�ptz}�adyx{z´ua�ªrt_�d�be��rtx{zµ
∆
�od
:�uadc�"Åqn �

∆ =












1 0 0 · · · 0

0 −1 0

¾¾¾

0

¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾
0¾¾¾

0 (−1)N+1 0
0 · · · 0 0 (−1)N+2












(N+1)×(N+1)

,

^
_ad
L′
��u��

Z ′
iWdyrt_a�o�ap���xtdªÅ���ptdc�Æ��u�psz}bez´�©��x��ax{z´u®��z}�a�´d~p�rt�"xtdc¯�dcx{ptd�r{_ade����z}xtz}ua�"Å®dyr�«Çdcdyu

dyz}��dcuq¯H���´v�dcp���u���dyz}��dcuC¯�dc��rt��x�p�Åqn��°psz}be�a�´d>b+�'rtx{z´�bªva�µr{z´���´n�Åqn
∆
z}u�p�r{dc������±h����be�avortz}ua�Wr{_ad
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�?9
Q04A-��H�&�
�$��9

∆
�'�:�$#�	G	=I5�1�&�
�����1 �/��J" 	�"'/A�$#�	

L′
��	6�$#1�A�:��7��6�5�)�! K	L�'	�<�	��0�6���$�
	��6�$�'���1 C�( ���	6M1�1	��:4A-�

Y = Y k + ∆En
n′L′ , NPO �=Q#�	��$	

Y k
�' ��
#�	+<&�)�'��	+��4��!�)�'��	��R���S�$#�	CM1��	+�'	�<�	��J/

L′
�( ��$#�	��6�5�)�! K	E��	�<�	����6���
�
	��>�
�����D%C	C���$	C���A��T5�'���7P���="VU 	��

L = Yk − Ȳ +
(
∆En

n′

)
L′ NPOAW Q

XPY[Z\X8]
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(a)
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+1"�	!265
(b)

5
(c)+1�32

(d)
#�%��('7-.�
	!����	!�����8��9�"
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Y ′
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Z ′
��	�"
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G
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�
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AB"��C#D	!+�#��E"
����	�"�
AclL

′ = bcl , F.G�H�I
'J%�	!��	K"�%�	L��+1"��
�*>

Acl = (En
n′)T ∆A∆En

n′ = (En
n′)T ∆A∆En

n′ , F.G�G�I
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��u®�Qr{_ad�¯�d~�Ârt��x

bcl = (En
n′)T ∆(b−AYk) ,

È";q»�É
ua��rtd�rt_���rrt_ad�¯�dc��rt��x

b−AYk

z}p��x{dcptz}�ov®���I±·��x
r{_ad*:�uad��}dy¯�dy�5¾
^
_adcu+«Çd0�c��u+ps���´¯�d
rt_ad0±·���}�´�'«z}ua��z´rtdyx��'r{z´��ue��uert_�dh���C��x�psd
�}dy¯�dc�o±·��x¬����xtx{dc��rtz}��u�ÅCnªz´u�zµr{z}���´z}¸yz}ua�

L′
0 = 0

�

L′j+1 = L′j − ρ(AclL
′j − bcl) .

È";�A�É
Ê�z´u®���}�´n�«¬d��y��u�va�3���'rtdÇÅqn

Y K+∆En
n′L′

��u�rt_ad�:�uad��}dy¯�dy�5¾�^��hpt�®dcdc��va��rt_adÇx{��rtdS��±�����uq¯�dyx{��dyu®��d��
«¬d��c��u"v�ptd�^���_adcÅqnq��_�dy¯+z´rtdyx��'r{z´��u�p�¹ AH½Á��u>rt_�d*:�uad��}dy¯�dc�J¾

U�dhv�ptd�^���_adcÅCno��_adc¯ªz´rtdcx{��rtz}��u�p���u@rt_ad :�uad��´dc¯�dy�I��u®�Qps���´¯�d���u����}nCrtz©�y���}�}nª��u+rt_ad����C��x�psdh�´dc¯�dy�5�
z5¾ d�¾´�Cv�ptd
rt_ad

G
�ynq�y�´d���r{_adyu+«¬d�a�}��r�dcxtx{��x�p�¯qpSrt_adhuCv�b�Å3dyxS��±3z´rtdcx{�'r{z´��u�p�z}uQÊ�z´�®¾ 5�����u���±·xtd~|Cvadyu��yn

¯op
rt_�d�uqvab�Å3dyx���±8zµr{dyx��'rtz}��u®pz´uLÊ�z}��¾ ;�¾ § uLÊ�z}��¾ 5o�®«Çd�������z}u/x{��u��o��b��}nQ��dyuadcx{��rtd�z}uazµr{z}���Àdyx{x{��x�py�
(a)
�
(b)
�
(c)

��u��
(d)

ps_��'«\dyx{xt��x{p���Åor{��z´u�dc��Åqn
Y ′
�
L′
��u��

Z ′
bedyrt_a�o�ap��'± r{dyxªrtdyuÁ� :a± r�n�����uad

_qvau��ox{dc����u®�Wr�«¬�"_qvau®�oxtd~�
G
��no���}dcp�x{dcpt�®d~�Âr{z´¯�dy�}n�¾ § r�z©p���Åq¯qz´��v�phrt_���r�xtd~psva�´r{p���Åor{��z´uad~�°Åqn

Z ′bed�r{_a�o�/z}p
r{_ad�Å3dcpsrc��u��'« «¬d�«z´�}�À��z´¯�d�pt��bed���u����}nopsz©p¬±·��x
L′
bed�rt_��q�À¾¬Ãhu��>±·xt��b rt_�dcptd���x����a_®py�

«¬dh�y��ueptdyd0rt_���r�Å®dy±·��x{drt_�d :�x�p�r¬»���zµr{dyx��'r{z´��u�py��rt_adhxtd~psva�´r{pS��±Irt_ad
L′
bedyrt_a�o�Q�o��ua��r��}�q�.>ªÅ®dyrsrtdcx

rt_®��u>rt_a�Cpsd���Åor���z}uadc�@Åqnert_ad
Y ′
bedyrt_a�o�G�oÅavar0z´u

(c)
��u®�

(d)
�or{_ad

L′
bedyrt_a�o�>z}pptva�3dyx{z´��x�r{�ªr{_ad

Y ′
bed�r{_a�o�G¾�Ê�xt��b r{_adª�y��x{xtd~ps�3��u��az´ua�e±·x{dc|Cvadcu���n/pt�����yd@ÈÚÊ�z}��¾ ;

(c)
��u��

(d)
É��G«Çd��c��u°ptdyd�rt_���r

L′
bedyrt_a�o�/���©ps�+�c��u"xtd~�ov���d��}�'«º±·x{dc|Cvadcu���nQ��u@r{_ad*:�uad��}dy¯�dy�5�o_a�'«¬dy¯�dcxÇz´rr{�.>�d~pÇbe��xtd�z´rtdyx��'r{z´��u�p

rt��be�.>�d0z´r¬�y��bed���rt_ad�xtd~��pt��uez©p�rt_®�'r
L′
bed�r{_a�o�+z}u�r{xt�o�ov®��dcpÇps��bed0dyx{xt��x{p8Åqnªrt_adhrtx���u�ps±·��x{b+�'r{z´��u

b+�'r{xtz´
∆
ps�ez´rhxtd~|Cvaz´x{dcp
be��xtd�z´rtdyx��'r{z´��u�p
��u"r{_ad*:�uad��}dy¯�dy�Àpt�ert_���r0zµr��y��u/���}dc��xva�Lpt��bed�dyx{xt��x{p

z}u�r{xt�o�ov®��dc�>Åqn>�y����x�ptd�����xtx{dc��rtz}��u�pc¾

����� � ��� � � �"+ �$� ����� �*����� �$& �"


§ uert_�d�����vax�psd
��±G��vax�uqvabedyx{z©�y����d�o�®dcxtz}bedyuCr{��rtz}��ue��uer{_adcptdr�«¬��²³�´dc¯�dc�oz}�od~���3���}����x{z´rt_ab+p�±·��xÇ�´z}uad~��x
be�o�ody�À��xt��Åa�´dcb+py�apt��bed����a�oz´rtz}��u®���G��Å®psdcxt¯'�'r{z´��u�p¬_��H¯�d�Å3dydcu"b+���od �
��¾hlq��bedQ�y��psd~p���±0u���uo²³vauaz´±·��x{b ptva�a�3��xtr{p

X
_®�H¯�d+Å3dydyu;����u®psz©�odyx{dc�Æ±·��x�«_az©��_¿be��rtx{zµ¿Ã\z©p

����be�avartdc�>Åqn

A(X)(i, j) =
1

3

n−1∑

k=0

(xk+1 − xk)
Ci

nCj
nCk

n−1

Ci+j+k
3n−1

,
È";o��É

dcpt�®d~��z©���}�´n"«_adyuLrt_ad��oz}psrtx{z}Åavortz}��uW��±
X
z}p�pt��bed�r{_az´u��Q�´zE>�d

(I − cos)
±·vau���rtz}��uÀ�I«_az©��_L_���p

rt_ad+d
B3d~�Âr���±
�odyu®psz´±·nqz´ua�W�3��z}uCr{p
xi

���}��ptd�rt�/Å®��vau��a��xtz}dcpc¾ U�de±·��vau��Æx{dcptva�µr�p�¯�dcxtnLptz}b�z}�©��x
rt��r{_adh��xtdc¯Cz}��v®pSx{dcptva�µr�pÇ�y��u��ydyx{uaz}ua��rt_�d��y��be����x{z©ps��u�Å3d�r�«¬dydcu+rt_�d

Y ′
�
L′
��u®�

Z ′
bed�r{_a�o�ap

d�a��dc�orert_���r+pt��bedyrtz}b�d~pextd~psv��µr�pª��Åor{��z´u�dc�;ÅCn
L′
bed�r{_a�o�;ptdydcb ua��rQ��pext��Åav�psre��p�rt_a�Cpsd

��Åor���z}uadc�>Åqn+rt_ad
Z ′
bed�r{_a�o�G¾

�a¾ UÆdh���}pt��«¬��x2>�dc����uQ�ozCBIdyx{dyuCrÇ��_���z©��dcpS��±À�}dy¯�dc�}pS��±À���C��x�psd0�y��x{xtd~�Ârtz}��u®py¾ § u+��vaxÇd�o�®dcxtz}bedyuCr{pc�
«Çd�v�ptd�rt_�d�uqvab�Å3dyx0��±

G
�yno���}dcp
±·��x0¯'��x{z´��v�p
��±����a��xt�C����_ad~py¾�Ê���xr�«¬�e�´dc¯�dy���y��ptdcp

n � n′
�

(*)�W+(-,
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Ê�z´��vax{d�5���fh�q����������b��3��u�dyuCr{pc¾
(a)
�
(b)
�
(c)

��u��
(d)

pt_a�'« dyx{x{��x�ph��Åor{��z´uad~�LÅqn
Y ′
�
L′
��u��

Z ′bed�r{_a�o�ap0�'± r{dyx
r{dyuÀ� :�± r�n��a��uad�_Cv�u��ox{dc�/��u��@r�«¬��_qvau®�oxtd~�
G
��no�y�´d~p
xtd~ps�3dc��rtz}¯�dy�}n�¾

«_adyu :�u�dQ�´dc¯�dc�
n = 8

����u���«Çd@��_��C�Cpsd
n′ = 6

�
n′ = 4

��x
n′ = 2

��«¬de±·��v�u���rt_®�'r�r{_ad
xtd~psva�´r{p0��Åor���z}uadc�"Åqn

n′ = 6
��u��

n′ = 4
��x{d�|�v�zµr{d����}��ptd��a«_�z´�}d�rt_���ptd���Åor���z}uadc�/Åqn

n′ = 2��x{dua��r
��pS���q�q�@��p�r{_adh��rt_adcxSr�«¬���y��psd~py¾8Ã0be��ua��r{_ad0r{_axtdcdh��_a��z}�ydcpc�
n′ = 4

pt_a��va�©�+Å3d0r{_ad
Å®d~p�rhptz´u®��d�zµr0z©p
���q�o�>Å����©��u��yd�Å®dyr�«Çdcdyu>rt_ad��y��psr��u��/���c��vax����yn�¾
Êa��x�b�v��µr{zµ²³�´dc¯�dc�
�c��ptdcpc��«Çd"d�o�a�}��z´r�rt_ad~psd/�y��psd~p�«_adcu;«¬d"_��H¯�d@rt_ad>r�«Ç��²5�}dy¯�dy�
�y��psd

(n =
8) � (n′ = 4)

��r{_ad9:�uad/�´dc¯�dc�
n = 8

��u��;������x{ptd@�}dy¯�dy�
n′ = 4

��r{_ad"rt_ax{dydy²5�}dy¯�dy�
�y��ptd
(n = 8) � (n′ = 6) � (n′′ = 4)

�"rt_ad :�uad��}dy¯�dy�
n = 8

�3z}uCrtdcxtbedc�az}��rtd��}dy¯�dy�
n′ = 6

��u��
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Ê�z´��vax{d ;���Êax{dc|Cvadcu���nW����be�®��uadyuCr{pc¾
(a)
�
(b)
�
(c)

��u��
(d)

pt_a�'«-±·x{dc|Cvadcu���nW��Åor{��z´uad~�WÅqn
Y ′
�
L′��u®�

Z ′
bed�r{_a�o�ap0�'± r{dyx
r{dyuÀ� :�± r�n��a��uad�_Cv�u��ox{dc�"��u��>r�«¬��_qvau®�oxtd~�

G
��no�y�´d~p
xtd~ps�3dc��rtz}¯�dy�}n�¾

������x{ptd��´dc¯�dy�
n′′ = 4

����u��"rt_�d*:�¯�dy²5�}dy¯�dy�Á�c��ptd
(n = 8) � (n′ = 7) � (n′′ = 6) � (n(3) =

5) � (n(4) = 4)
�@r{_adR:�uad~p�r��´dc¯�dy�

n = 8
�®z´uCrtdcxtbed~�oz}��rtd��}dy¯�dy�©p

n′ = 7
�
n′′ = 6

�
n(3) = 5

�
��u��@rt_ad��y����x{ptdcpsr¬�}dy¯�dy�

n(4) = 4
�a«¬d :�u��>rt_�d�±·���}�´�'«z}ua�ª±Ú���Âr�p �

(a)
r{_adªbe��xtdª�´dc¯�dy�©p���x{d�v�ptdc�G�3r{_ade��x{dc�'r{dyxr{_ad+���c��vax����yn�ÈÚÅavor�rt_ad�dyx{xt��x{p���x{dªpsrtz}�´�8z}uLr{_ad

pt��b�d�b+����uaz´rtv��odHÉÂ¾
(b)

rt_ad�be��x{d��´dc¯�dy�©p
��x{d�v®psd~�G�qrt_ad�be��x{d�xtdc��va�©��x{�´ne�}�'«º±·x{dc|Cvadcu���n+be�o�odcp
��uQr{_ad*:�uad��}dy¯�dc�
��x{d�dyË+�yz´dcuCrt�}n@x{dc�ov��ydc�"��u��@rt_�d�b���xtd�x{��Åav®p�r0���}����xtz´rt_�bep
��xtd�¾
UÆd����©ps� :®u��Wr{_��'r�±·��x�dyx{xt��x{p0��u��/±·x{dc|Cvadcu���n/��Åar{��z}uad~�/ÅCn"r{_ad�r�«¬�Q�}dy¯�dy�8�y��ptd

(n = 8) �

(*)�W+(-,
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(n′ = 7)
��xtdhp{��bed���p�r{_a��ptd0��Åor{��z´uad~�+Åqn�r{_ad�:�¯�dy²5�}dy¯�dy���c��ptd

(n = 8) � (n′ = 7) � (n′′ =
6) � (n(3) = 5) � (n(4) = 4)

¾ § u���rt_adcx�«¬��x��apy�Àrt_ad+Å3dcpsr�p�r{x{��rtdc��nLz©p�rt�Wv®psdQ��p�be��uqn
z´uCrtdcxtbed~�oz}��rtd��}dy¯�dc�}p
��p
�®�Cptptz´Å��´d�¾

5�¾���u/rt_ad�Å3��rtrt��b ��± V �ynq�y�´d���«_adcuWrt_�d����C��x�psd~p�r0�}dy¯�dy� n′
±·��xhr�«Ç�Q�}dy¯�dy��z}�od~�������}����x{z´rt_ab&��x

±·��x0r{_ad�bªva�´rtz´²5�}dy¯�dy�Áz©p�psb+���}�5�®«¬dª�c��uWv�ptdªfhdy«
rt��uLz´rtdyx��'r{z´��u�p��x�pt���}¯�d�r{_adyb Dsd�a����rt�}n ��±·��x
������x{ptd��y��x{xtd~�Âr{z´��u�py¾

;®¾ § u rt_ad
Z ′

bedyrt_a�o�G�
Q0

�y��u Å3d°��Åor{��z´uad~��z´u]�¿ptz}b����´dL«
�Hn��
z5¾ d�¾´�«¬dW��u��´n�uadyd~��rt�¿��d�r
�Wpsz}bez´�©��x��y��u�psrtx{v���rtdc��b+�'r{xtz´Æ«_�z}��_¿�y��u�xtdc����z}x�dyz}��dcuq¯H���´v�dcp���u®��dyz}��dyuq¯�dc�Âr{��x�peÈ·z}u¿uad�qr
psd~�Ârtz}��uÁ�G«Çde�y��uÆv�ptdªrt_adeb+�'r{xtz´

Q0
z´uÆrt_�d��}z}uadc��x���xt��Åa�´dcb�±·��x�r{_adeua��ua�}z}uadc��x��ax{��Å��´dcb+É��

rt_qv�p�«Çd����Âr{v����}�´nW�o��u � r�_��H¯�d�rt�@v®psdelqz´u���va�©��x��S���}vad � dc�y��be�®�Cpsz´rtz}��u;ÈJl�� � É0rt�"����be�avartd
±·��x

Q0
¾

� � ���"�����"� O���()�+*>���,-�8��."�y�0!

§ u>rt_az©ppsd~�Âr{z´��uÀ�o��p¬«Çd��oz©�Q±·��x¬rt_ad��}z´uad~��xpt_����3d�x{dc�y��u�psrtx{vau���rtz}��uÀ�C«¬d�dyqrtdyu®�Q��v�x
���a�ax{������_adcpSrt�
rt_�d�ua��ua�}z}uadc��x¬z}uq¯�dcx{ptd�²Äps_®���3d����ortz}bez´¸~�'rtz}��u"be�o�ody�À��xt��Åa�´dcb$�

minJ = J (y(t)) =
pα

A ,
È";C��É

z}u"«_�z}��_
x(t)

z}p
��z´¯�dyuÀ�aptbe�C��rt_W��u®�@be��u���rt��uad�²³z}u���x{dc��psz}ua���

p =

∫ 1

0

√

x′(t)2 + y′(t)2ω(t) dt , A =

∫ 1

0

x′(t)y(t)ω(t) dt ,
È�; <CÉ

��x{d���±·��xªps�3dc�yzC:�d~�
ω(t) > 0

��u��
α > 1

�Ár{_ad@��ptdyv®�o��²³�´dcua��r{_���±
rt_ad>��x�������u���rt_�d@��ptdyv��a��²Ä��x{dc�
Å3dy�}�'«]r{_ad���x���¾�^��+b+��>�d���vax0�}zµ±·d�dc��ptz}dyx~�o«Çd���_a�q�Cpsd

α = 2
��u®�

ω(t) = 1
±·��x ∀ t

����u®�>«¬dR>qua�'«
rt_�d�b�z}uaz}b�vab&¯'���}vad�±·��x
r{_ad�ua��u��´z}uadc��x
�axt��Åa�}dybkÈ�;���É¬z©p J = 2π

ÈJpsdcd�¹ �H½G±·��x0�odyr{��z}�©p{É�¾

����� � �,�*�����"����&-
 ��& ��� & � ����� �$�

Ã0�C��z}uÀ�a«¬d���p{ptvabed�rt_���rc�a±·��xh���}�Gr{_ad�bed�r{_a�o�apy��rt_adªpt��b�d��y�}��ptptz©�y���Àpsrtdcdy�3dcpsrs²Ä�odcp{��dcuCr0zµr{dyx��'rtz}��u/z©p
�����a�´z}dc�"��u@r{_ad*:�uad��}dy¯�dy�'�

Y j+1 = Y j − ρJ ′(Y j) ,
ÈJ»���É

«_adcxtd
j = 0, 1, 2, · · · � Y 0 z©p��L��z}¯�dyu�z}uaz´rtz©���¬��vad~ptpc����u���«¬d@��p{psv�b�d>�'r j = k

«¬dQ��Åor{��z´u�r{_ad
¯'���}vadcp

Y k
��uP:�uad��}dy¯�dy�5�a��u��"���+�o�'«u"r{�e�y����x{ptd��}dy¯�dy�Gr{�+b+��>�d�pt��bed�����xtx{dc��rtz}��u�pÇrt�Q���y�ydy�}dyx��'rtd

rt_�d�����uq¯�dyx{��dyu®��dhz}uW����b��®��x{z}pt��u>«zµr{_>r{_ad�ptz´ua���´d�����x{��bed�rtdcxtz}¸c��rtz}��u@���a�ax{������_À¾
^��ÆÅ3dcpsrQd�o�a�©��z}u ��vaxez}�od~��pc��«¬d/uadyd~�¨r{_adW��������Å�z}��u¨b+�'rtx{z´ ��± J ′(Y j)

�Ç�odcua��r{dc�;Åqn
AJ ′

�
��u®�W«Çdª«z´�}��ps_��'«�z´u�psd~�Ârtz}��u 5a¾¼»�rt_ad�uqvabedyx{z}�c����xtd~psv��µr�p���xtd�¯�dyx{n/���q�o�/ÅCnWv®psz}ua�Qr{_ade��������Å�z}��u
b+�'r{xtz´

AJ ′

¾LU�dy�}�J�q«¬d0b�v®p�r
����x{dyd
r{_��'r¬z´u+��x{���Ârtz©��d���be��xtd0��± rtdcu+rt_���u+ua��r~��z´r�y��u+Å3d��azµËQ��v��µr¬��x

W�WYX�Z\[-]_^�`�a(b�c(d�e�f
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z}b��3��p{ptz´Åa�}dªrt�>�c���©��va�©�'r{d�±·��xtb+���´�}n"�C���y��Åaz©��u°be��rtx{z}�ydcp
AJ ′

�G_a�'«¬dy¯�dcxc�®Åavor�rt_�z}p�z©p�z©p�ua��r����}«¬�Hnop
uad~��dcp{p{��x{n�¾LUÆd�«z}�}�Àd�o�a�©��z}u>_��'« ��r¬r{_ad�dyu®�>��±�r{_az©p0psd~�Âr{z´��uÀ�o±·��xu��'«��o«Çd
��v�psrr{�.>�d�±·��x��x{��uCrtdc�
rt_®�'r«Çd��y��uQ��Åar{��z}uQr{_ad���������Åaz}��uQb+�'r{xtz´

AJ ′

±·��x¬r{_ad�b��o�odc�Iz´uq¯�dcx{ptd�pt_����®d�rtd~p�r�ax{��Åa�}dyb È�;���É �

J ′(Y ) = AJ ′Y − bJ ′ .
ÈJ»a�~É

Ãhp0«Çd��oz©�>±·��x
rt_�d��´z}uadc��x0ps_®���3d�²³xtd~����u®p�r{xtv���rtz}��uQ��xt��Åa�´dcb/�o«Çd��y��u"�adc����be�®�Cpsd�b+�'r{xtz´
AJ ′

z´uCrt�

AJ ′ = ΩnΛnΩT
n ,

ÈJ»���É
§ uÆrt_adQ�oz©������u����8be��rtx{zµ

Λn

�Áx{dc���8�®�Cpsz´rtz}¯�dedyz}��dcuq¯H���´v�dcp���x{d���xtx���u���dc�Lz´u�z}u���x{dc��psz}ua�@��x{�adyx~�À��u��
rt_�d�dyz}��dyuq¯�dc�Âr{��x¬b+�'rtx{z´

Ωn

z©p0������z}u@��xsr{_a������u���� �

ΩnΩT
n = ΩT

n Ωn = I .
ÈJ».5�É

f0�'« «Çd+_®�H¯�de�o��uadQ���´�8r{_adQ�ax{dy�®��x��'rtz}��uÁ�G«Çd+�y��u¿�oz}p{��v®ptp�¯'��x{z}��v�p��3��p{psz}Åa�}d+���}����x{z´rt_ab+p�±·��x�r{_ad
���C��x�psdy²5�}dy¯�dy�I����xtx{dc��rtz}��u@z}u>rt_az©pua��ua�´z}uad~��x0�y��psd�¾

��� � ���	��
����������
������������ �!���"�"�$#%�"����&(')�*�,+-�/.

Êa��x
rt_ad
Y ′
bed�rt_��q�À��«¬d�ptd�r

Y = Y k + En
n′Y ′ ,

ÈJ»�;CÉ
«_adcxtd

Y K
z©p�rt_�d�¯'���´vad���Åar{��z}uad~�°��uLrt_�d :�uade�´dc¯�dc�J�À��u��

Y ′
z}p�r{_ad+������x{ptd��}dy¯�dy�S�y��x{xtd~�Ârtz}��u°«Çd

��x{d��´�q� >Cz}ua�ª±·��x~¾
Ó¬n�v�ptz´u����y����x{ptdÇ�}dy¯�dy�a�y��x{xtd~�Ârtz}��u"ÈJ»�;�É�z´u�r{_ad��x{z´��z´u®���qua��u��´z}uadc��x��ax{��Åa�}dyb È�;���É���«¬d0�y��uªd~��ptz´�}n

��Åar{��z}u>rt_ad�±·���´�}�'«z´u���x{dy�©�'r{z´��u�pÇ±·��x
r{_ad
Y ′
�y��x{xtd~�Âr{z´��uQÅqn>��_���z´u"xtv��´d~p �

J ′(Y ′) = En
n′

T · J ′(Y ) = A′
J ′Y ′ − b′J ′ ,

ÈJ»�»�É
«_adcxtd

A′
J ′

p�r���u��ap¬±·��x
rt_ad��y����x{ptd��}dy¯�dy�À�C���y��Åaz©��u>be��rtx{zµG�oz´r{p¯'���´vad��c��u"Å®d���Åor{��z´uad~�@Åqn

A′
J ′ = En

n′

T AJ ′En
n′ ,

ÈJ».A�É
��u®�Qr{_ad�����u�p�r���uCr¯�d~�Ârt��x

b′J ′

b′J ′ = En
n′

T (bJ ′ −AJ ′Y K) ,
ÈJ»C��É

AJ ′

z}p0rt_ad���������Åaz}��u/be��rtx{zµ"��u/r{_adR:�uadª�´dc¯�dc�J¾^
_qv�p0«¬d��y��uL���C��z}u"dcbe�a�´�'n/���©��p{ptz}�c���Àpsrtdydc�®d~p�rt²
�od~pt�ydyuCrzµr{dyx��'rtz}��u®p
��u>rt_ad��y����x�ptd��}dy¯�dy�I±·��x0�y��x{xtd~�Âr{z´��u@ÅqnQz}uazµr{z}���´z}¸yz}ua�

Y ′
0 = 0

�

Y ′ ←− Y ′ − ρJ ′(Y ′) ,
ÈJ»���É

rt_�dyuL«¬dª�c��uWva�I�a�'r{dªÅqn
Y K + En

n′Y ′
��uWr{_ad :�u�d��}dy¯�dc�J¾ § rtdcx{��rtz}��u�p��uWrt_�d :�uadª�´dc¯�dc�¬È5»���Éh��u��

����xtx{dc��rtz}��u�pÇ��u"r{_ad�������x{ptd��´dc¯�dy�SÈ5»���É
�y��be�a�}d�r{d��ªr�«¬��²³�´dc¯�dc�I�y��x{xtd~�Âr{z´��uo²Jr�nq�3dhz©�odc���Á���}����xtz´rt_�b ±·��x

(*)�W+(-,
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rt_�d+ua��ua�}z}uadc��x�b��o�odc�S�ax{��Åa�}dyb/¾��h�'«Çdc¯�dyx�z´r�r{�.>�dcp�b+��uCn°zµr{dyx��'rtz}��u®p+È·_qvau��ox{dc��p�±·��x�r{_az}p�b��o�odc�
�ax{��Åa�}dybQÉ�rt�ª����_az}dy¯�d�����be�a�}d�r{d��y��uq¯�dcxt��dyu��yd�¾Á^��ªpt�®dcdc�@va�+rt_�d�x��'r{d0��±Á�y��uq¯�dcxt��dyu��yd���«¬d��c��u+v�ptd
�"Å®dyrsr{dyx�r{dc��_auaz©|Cvad��°^���_adcÅqnq��_�dy¯Lz´rtdcx{��rtz}��u�p�¹ A'½S��u�r{_ad�:�uad+�}dy¯�dc�J�ÁzJ¾ d�¾}�Áz´r�_���p�r{_ax{dyd+p�r{dy��p�±·��x
dc����_"�yno���}d �

Y j1 = Y j0 − τ1J ′(Y j0) ,

Y j2 = Y j1 − τ2J ′(Y j1) ,

Y j3 = Y j2 − τ3J ′(Y j2) ,
«_adcxtd

τi

È
i = 1, 2, 3

É��x{dª�c���©��va�©�'r{dc�L��phv�ptv�����z}u°x{dy�©�'r{z´��uL«zµr{_Lr{_adªdcz´��dyuq¯'���}vadcph��±Sr{_ad�be��rtx{zµ
J ′
¾ UÆd
uadcdc��rt��ua��r{dÇr{_��'r8r{_ad
be��rtx{zµ

AJ ′

����x{x{dcpt�®��u��apÁrt�
Y j0

��pt��«¬d�y��uª��ua�}n�v�ptd¬^���_adcÅCno��_adc¯
z´rtdyx��'r{z´��u�p
«_adcu

Y j0
z©p���}xtd~���onQ�y�´�Cpsd�rt��r���x{��d�r¯'���}vad~p
��rt_�dyx{«z}ptd�rt_ad�bed�r{_a�o�/�oz´¯�dyx{��d~py¾

����� � ��# ��&-. ����� ��
 ��� �����$� �������"�$#%�"�	��& ')���"+-��.

^
_ad
Z ′
bed�rt_��q�"��±8�y����x�ptdh�}dy¯�dc�Á����xtx{dc��rtz}��u�p�±·��x
r{_ad�ua��ua�´z}uad~��xbe�o�ody�Gz©p��z}¯�dcu>��p¬±·���}�´�'«0p��

Y = Y k + Q0E
n
n′Z ′ ,

ÈJ».<�É
«_adcxtd

Y k
z}p�rt_�d@¯'���}vad@��Åor{��z´u�dc����u�r{_ad9:�uadQ�}dy¯�dy�5�

Z ′
z}p�rt_ad"���C��x�psd+�}dy¯�dy�Ç�y��x{xtd~�Âr{z´��u�«¬d@��xtd

�}�C� >qz´ua�>±·��x~�
Q0 = ΩnPnΩT

n

�Á��u®�
Pn

z©p�rt_adQp{��bed��®dcxtbªvor{��rtz}��u°b+��rtx{zµ°��p�«Çd�v�ptdc�°±·��x��´z}uad~��x
�ax{��Åa�}dyb+pc¾ ^
_ad"z}�adc�Æ��±hr{_ad

Z ′
iWdyrt_a�o�;z}p�r{�Æx{dy¯�dyx�psdQrt_ad/����z´x{z´u��ÆÅ3d�r�«¬dydcu dyz}��dcuq¯H���´v�dcp���u��

dyz}��dcuq¯�dc��rt��x{p�ÅqnWb�va�´rtz}�a�}nCz}ua�/r{_adebe��rtx{zµ
Q0

ps�>rt_���r��}��xt��dyx�dyz}��dcuC¯'���´vad~ph�®��z}x�«zµr{_Æ_az}��_�dyx�±·x{d�²
|Cvadyu®��n"��u/rt_�dª���C��x�psd��}dy¯�dy����u��/x{dy�©�'a�'r{z´��u�p0�y��uWd�ËQ��z}dyuCr{�´n"xtdcbe�'¯�d�rt_�d�_az}��_W±·x{dc|Cvadcu���n>dyx{xt��x{p
¹¼»H½³¾
Ó¬n�v�ptz´u����y����x{ptdÇ�}dy¯�dy�a�y��x{xtd~�Ârtz}��u"ÈJ».<�É�z´u�r{_ad��x{z´��z´u®���qua��u��´z}uadc��x��ax{��Åa�}dyb È�;���É���«¬d0�y��uªd~��ptz´�}n

��Åar{��z}u>rt_ad�±·���´�}�'«z´u���x{dy�©�'r{z´��u�pÇ±·��x
r{_ad
Z ′
�y��x{xtd~�Âr{z´��u@Åqn>��_���z´u"x{va�´d~p �

J ′(Z ′) = En
n′

T ·Q0 · J ′(Y ) = A′
J ′Z ′ − b′J ′ ,

È�A���É
«_adcxtd

A′
J ′

p�r���u��ap�±·��x�rt_ad����C��x�psd�}dy¯�dy�I��������Åaz}��uebe��rtx{zµ+��±Grt_ad
Z ′
bed�r{_a�o�LÈ·«¬d�pt_���x{dr{_ad�p{��bed

ua��r{�'r{z´��u>«z´rt_
Y ′
bed�rt_��q�>±·��x0psz}be�a�´z©��z´r�naÉÂ�az´r{p
¯'���´vad��c��u"Å®d���Åor{��z´u�dc�>ÅCn

A′
J ′ = En

n′

T Q0AJ ′Q0E
n
n′ ,

È�A��~É
��u®�Qr{_ad�����u�p�r���uCr¯�d~�Ârt��x

b′J ′

b′J ′ = En
n′

T Q0(bJ ′ − AJ ′Y K) .
È�AC��É

^
_qv�p�«¬dQ�y��u�������z´u�dybe�a�}�'nLr{_adQ���©��p{ptz}�c���Spsrtdydc�®d~p�rt²³�adcp{��dyuCr�z´rtdcx{��rtz}��u�p���u�rt_ad@�y����x{ptde�´dc¯�dy�S±·��x
����xtx{dc��rtz}��u>ÅCn@z´uaz´rtz©���}z}¸yz}ua�

Z ′
0 = 0

�

Z ′ ←− Z ′ − ρJ ′(Z ′) ,
È�A 5�É

rt_�dyu¨«¬d>�c��u¿va�I�a�'r{d@Åqn
Y k + Q0E

n
n′Z ′

��u¿r{_ad :®uad@�}dy¯�dy�5¾ § rtdyx��'r{z´��u�p���u�rt_ad :�uad>�´dc¯�dy��ÈJ»���É
��u®�;�y��x{xtd~�Ârtz}��u®p���u r{_adL���C��x�psd>�´dc¯�dy��È�A.5CÉª�y��be�a�}d�r{d/��ua��r{_adyxer�«¬��²³�}dy¯�dc�¬�y��x{xtd~�Âr{z´��uo²Jr�nq�3d@z©�odc���
���}����xtz´rt_�b ±·��x�r{_ad+ua��u��´z}uadc��x�be�q�ady���ax{��Åa�}dyb/¾Q^��Lps�3dyd~��va��rt_ad+x��'r{d���±
�y��uq¯�dcxt��dyu��yd��I«¬dQ�y��u
v�ptd�^���_adcÅqnq��_�dy¯Qz´rtdcx{��rtz}��u�p�¹ A'½Á��u@r{_ad*:�uad��}dy¯�dy�5¾

W�WYX�Z\[-]_^�`�a(b�c(d�e�f
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iL��rtx{zµ
∆
z}p�ad(:�uad~�/��p

∆ =












1 0 0 · · · 0

0 −1 0

¾¾¾

0

¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾
0¾¾¾

0 (−1)N+1 0
0 · · · 0 0 (−1)N+2












(N+1)×(N+1)

,

^
_ad��y��u�psrtx{v��Âr{z´��u@z©p0��u®���}������v�p�rt��rt_ad��}z}uadc��x0�y��ptd �

Y = Y k + ∆En
n′L′ ,

È�A.;CÉ
«_adcxtd

Y k
z©p�rt_ad�¯�d~�Ârt��xÇz´rtdcx{��rtd���Åor���z}uadc�@��u+r{_ad :®uad��}dy¯�dy�5�

L′
z}p�rt_�d��y����x�ptd0�´dc¯�dc�I�y��x{xtd~�Âr{z´��u+«Çd

��x{d��´�q� >Cz}ua�ª±·��x~¾
Ó¬n�v�ptz´u����y����x{ptdÇ�}dy¯�dy�a�y��x{xtd~�Ârtz}��u"ÈJ».<�É�z´u�r{_ad��x{z´��z´u®���qua��u��´z}uadc��x��ax{��Åa�}dyb È�;���É���«¬d0�y��uªd~��ptz´�}n

��Åar{��z}u>rt_ad�±·���´�}�'«z´u���x{dy�©�'r{z´��u�pÇ±·��x
r{_ad
L′
�y��x{xtd~�Ârtz}��u>ÅqnQb+�'rtx{z´>�y���}�yva�´v®p �

J ′(L′) = En
n′

T ·∆ · J ′(Y ) = A′
J ′L′ − b′J ′ ,

È�AC»�É
«_adcxtd

A′
J ′

psr{��u��ap�±·��x�r{_ad+���C��x�psdª�´dc¯�dy�S�C���y��Åaz©��u°be��rtx{zµL��±�r{_ad
L′
bed�r{_a�o�G�Àz´r{p�¯'���}vad+�y��uÆÅ3d

��Åar{��z}uad~�@Åqn

A′
J ′ = En

n′

T ∆AJ ′∆En
n′ ,

È�A A�É
��u®�Qr{_ad�����u�p�r���uCr¯�d~�Ârt��x

b′J ′

b′J ′ = En
n′

T ∆(bJ ′ −AJ ′Y K) .
È�Aq��É

^
_qv�p�«Çd+�c��uÆ������z´uÆdybe�a�}�'nL���©��p{psz©�y����psrtdcdy�3dcpsrs²Ä�odcp{��dcu�r�z´rtdyx��'r{z´��u�p���u°rt_ad+���C��x�psdª�´dc¯�dc��±·��x�����xs²
x{dc�Âr{z´��u>ÅqnQz}uaz´rtz©���}z´¸cz´u��

L′
0 = 0

�

L′ ←− L′ − ρJ ′(L′) ,
È�A���É

rt_�dyu�«ÇdW�y��u va�I�a��rtdWÅqn
Y k + ∆En

n′L′
��u;rt_�d9:®uad/�´dc¯�dy�5¾ § r{dyx��'r{z´��u�p���u;rt_adP:�uad/�}dy¯�dy��ÈJ»���É

��u®�;�y��x{xtd~�Ârtz}��u®p���u r{_adL���C��x�psd>�´dc¯�dy��È�A��CÉª�y��be�a�}d�r{d/��ua��r{_adyxer�«¬��²³�}dy¯�dc�¬�y��x{xtd~�Âr{z´��uo²Jr�nq�3d@z©�odc���
���}����xtz´rt_�b ±·��x�r{_ad+ua��u��´z}uadc��x�be�q�ady���ax{��Åa�}dyb/¾Q^��Lps�3dyd~��va��rt_ad+x��'r{d���±
�y��uq¯�dcxt��dyu��yd��I«¬dQ�y��u
v�ptd�^���_adcÅqnq��_�dy¯Qz´rtdcx{��rtz}��u�p�¹ A'½Á��u@r{_ad*:�uad��}dy¯�dy�5¾

����� ��� � �*��� # ����� � � �$����� �$& �"


Êa��x0r{_ad�ua��ua�}z´uad~��x��axt��Åa�}dyb È";��CÉÂ�I«¬d�r{�.>�d
n = 8

±·��xhrt_ad :�uadª�´dc¯�dy�5�I��u��
n′ = 4

±·��xhrt_ad����C��x�psd
�}dy¯�dc�J¾�Ãhu��@z}u/���}�3��vax
d�o�3dyx{z´bedyuCr�py�o«¬dhr���>�dhr{_ad�±·���}�´�'«z}ua��z}uaz´rtz©���G��vadcp{p ��^
_adcu>«¬d�dy�}dy¯'�'r{dhr{_adyz}x

(*)�W+(-,
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iterations

e
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Y method

Z method

L method

Ê�z´��vax{d» � �Ç��be����xtz}ua��rt_adx{dcptva�´r{p�±·��x
Y ′
�
Z ′
��u��

L′
bed�r{_a�o�ap�±·��x8r{_ad
ua��ua�}z}uadc��x�be�o�odc�a�ax{��Åa�}dyb/¾

Ê�z´x�psrc�G«¬dªdcb����´�'n¿�H»+z´rtdyx��'r{z´��u�p���uLr{_ad�:�uad��´dc¯�dc�
È
n = 8

ÉÂ�À��u®�°pt���}¯�d�z´r�����b����´dyrtdy�}nW��u����C��x�psd
�}dy¯�dc��±·��x�Å®��rt_

Y ′
��u��

Z ′
bed�r{_a�o�apy�Àrt_adcuÆ���>Å�����>/rt_ad�:�u�d��}dy¯�dy��rt�"va�I�a�'r{d+¯'���}vadcpc�0:�u����´�}nL�o�

��u���rt_�dyx��c�Qz´rtdcx{��rtz}��u�pc¾
Y ′
bed�r{_a�o�°����uq¯�dyx{��d~p0pt�´�'«�}n¿È·z´r�psrtz}�´��u�dydc��ph_qvau��axtd~�ap���±Sz´rtdyx��'r{z´��u�phrt�

±·va�}�´n"����uC¯�dyx{��dHÉÂ�q«_az}�´d
Z ′
��u��

L′
b�dyrt_a�o�ap
��d�rr{_adyz}x
±·va�}������uq¯�dyx{��dcu���dh±·��x
r{_az}ph�y��ptd�¾

�odc��x{dydcp¬Åqn+r{_ad�b+�'rtx{z´
E8

4

�

X0 ←− E8
4X0, and Y0 ←− E8

4Y
0 .

È�A <�É

W�WYX�Z\[-]_^�`�a(b�c(d�e�f
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^���Åa�´de� � § u�zµr{z}��� �S���}vadcp

X0 � � �a¾ �C��� ��¾ ;C�.< ��¾ �
Y 0 � �a¾ �a� �a¾ �a� ��¾ ��� �

U _adcu¨«Çd>��u����´nq¸yd@��vaxªuCv�b�dcxtz©�y���Sd�o�3dyx{z´bedcu�r�py�8«¬d@�od
:�uad�Dsdyx{x{��x �ª��p�r{_ad>�oz4BIdyx{dyu��ydQÅ®dyr�«Çdcdyu
rt_�d����a�ax{�Hqz}b+�'r{z´��u J (Y )

��Åar{��z}uad~�+Åqne�azCBIdyx{dyuCr
b�dyrt_a�o�ap
�y��u��ydyx{uadc�ez}u@��vaxÇ«¬��x2>e��u��er{_ad�rtx{vad
pt���}vortz}��u J = 2π

¾
Êa��x��vax :®x{psr0uqvabedyx{z}�c���Gd�o�3dyx{z´bedcu�r�py����u"rt_ad��y����x{ptd��´dc¯�dy�5�a«¬d�dybe�a�}�'n°�~»ªz´rtdcx{��rtz}��u�p
��u>r{_ad

:�uad��}dy¯�dy�5�q��u��@pt���}¯�d�zµr0�y��be�a�}d�rtdc�´n+��u>�y����x�ptdh�}dy¯�dc��±·��x
Å®��rt_
Y ′
��u��

Z ′
bedyrt_a�o�apc�qrt_adcu>����Å�����>

rt_�d :®uad
�´dc¯�dy�Cr{��v��3�a��rtd
¯'���}vadcpc��:�u®���}�´n��o����ua��r{_adyx
�c�hzµr{dyx��'r{z´��u�py¾�UÆd���´��r�dcxtx{��x�pÁ¯op�rt_�d¬uqvabªÅ®dcx
��±az´rtdcx{��rtz}��u�p�z}u�Ê�z´�®¾�»o�H±·x{��b-z´r�«¬dÇ�c��u���Å�psdcxt¯�d�rt_®�'r��y����x{ptdS�}dy¯�dc���y��x{xtd~�Ârtz}��u®pÀb+��>�dSb�v���_ªpsb+���}�}dyx
x{dc�ov���rtz}��u¿z}u¿dyx{xt��x{p���±

Y ′
bedyrt_a�o��rt_®��u�rt_�d@��r{_adyx�r�«Ç�Wbed�r{_a�o�apc�8��u��¿�'± r{dyx�����x{x{dc�Âr{z´��u�p�rt_®�'r

Y ′
b�dyrt_a�o������uq¯�dyx{��d~p�pt�}�'«�´n¨ÈÚzµr�psrtz}�´��uadyd~�ap�_qvau��ox{dc��p���±Çz´rtdcx{��rtz}��u�p�r{�"±·va�´�}nÆ�y��uq¯�dcxt��d~É��G«_az´�}d

Z ′
��u®�

L′
b�dyrt_a�o�apª��dyr�rt_�dyz}x�±·va�}�¬�y��uq¯�dcxt��dyu��yd�±·��x�r{_az©pª�c��ptd�¾ § u¨d(BIdc��rª��±

Z ′
��u��

L′
���C��x�psd

����xtx{dc��rtz}��u�p
��xtd����}be��psrp{��bed�¾
U�d��od
:�uad���uadhr�«Ç��²5�}dy¯�dy����xt�o��d~ptpÇ��p���:®x{psrÇdcb����´�'n

35
zµr{dyx��'rtz}��u®pS��uQrt_ad�:�uad��´dc¯�dc�J��rt_adcu>�o�

5z´rtdyx��'r{z´��u�p��u>r{_adª�y����x{ptd��´dc¯�dy����u��/va�I�a��rtd�¯'���}vad~p0��u"r{_adR:�uadª�´dc¯�dc�J¾
ρ
� p0z}u/rt_ad~psd�zµr{dyx��'rtz}��u®p
��u

Å3��rt_��}dy¯�dy�©p���x{dªr���>�dyu¿��p�bªva�µr{z´���´z©�y��rtz}¯�d+z}uC¯�dyx�psd~p���±
be��oz´bªvab dyz}��dcuq¯H���´v�dcp���±¬rt_�dcptd+zµr{dyx��'rtz}��u
b+�'r{xtz©��d~py¾ § u/��vaxptdc�y��u��>d�o�3dyx{z´bedyuCr~�a«Çd�x{dy�3dc��r¬r{_ad�r�«¬��²³�´dc¯�dy�I�ax{�o��d~ptpÇrt_�xtdcd�r{z´bed~p0��u��"�'rr{_ad
dyu®����±®z´r��a����ua��r{_adyx

60
zµr{dyx��'r{z´��u�p���uªrt_ad1:�uad
�}dy¯�dy�5¾�U�d�a�´��r�dyx{xt��x{pÁ¯qp�r{_ad
uqvab�Å3dyx8��±3zµr{dyx��'r{z´��u�p

z}u�Ê�z}��¾ Ao¾ UÆdQ�c��u�psdcdªr{_��'r�±·��x����C��x�psde����xtx{dc��rtz}��u�p���±
Y ′

bedyrt_a�o���o�qdcp�ua��rt_az}ua�W���C�o�G�Á«_az´�}d
���C��x�psde����xtx{dc��rtz}��u�p���±

Z ′
��u��

L′
bed�rt_��q��p��o�/d�a��dc�´�}dyuCr����Å�py¾QÃ¬r�r{_ad :�x�p�r�Å3dy��z´u�uaz´u����Áz´r�b+�Hn

�����®d~��x0z}u°����uCrtx����oz©�Âr{z´��u>«z´rt_Wr{_ad��}z´u�dc��x�be�q�ady�Á��xt��Åa�´dcb&ptz´u®��d�dcxtx{��x�p
��Åor���z}uadc�/Åqn
L′
b�dyrt_a�o�

��x{d�psb+���}�}dyxÇrt_���u@r{_a��ptd���Åor{��z´u�dc�QÅqn
Y ′
b�dyrt_a�o�@±·��x¬rt_�z}p
ua��ua�}z´uad~��x
be�o�ody�I�ax{��Åa�}dyb/¾�f0��rtd�rt_®�'r

±·��xSrt_ad0�}z}uadc��x��y��psd«¬d0�y��u+��ua�}n���Åor{��z´u�rt_�d0d�a����r���������Åaz}��uebe��rtx{zµ
AJ ′

��u��
Q0

±·��x
Z ′
bed�r{_a�o�G�

«_az©��_/z}phua��rr{_ad��y��psd�±·��x0ua��u��´z}uadc��x��uad~py¾¬^
_qv�pz´rhz}p0ua�+«Ç��u��odcx
rt_���rhxtd~psv��µr�p��Åor���z}uadc�"ÅqnQr{_ad
L′
bedyrt_a�o�"z}prt_ad�Å3dcpsrh��be��u������´�Á�y��u�ptz©�odyx{dc�@b�dyrt_a�o�ap±·��xua��ua�´z}uad~��x
be�q�ady�À�ax{��Å��´dcbepc¾
Êax{��b rt_ad+�©��psr�d�o�®dcxtz}bedyuCrc��«Çd+�c��u¿psdcd�rt_���r�zµr�r���>�d~p�rt�q�/b+��uqnLz´rtdyx��'r{z´��u�p�rt�W����_az´dc¯�d�±·va�}�

����uq¯�dyx{��dcu���d�¾¨^Á�¿pt�®dcdc�;va�;rt_ad/x��'rtd"��±�����uC¯�dyx{��dcu���d���«Çd"v�ptd/^���_adcÅCno��_adc¯�zµr{dyx��'rtz}��u®pª��u r{_ad
:�uad��}dy¯�dc�¬È

n = 8
É0z´uÆ��vax�rt_�z´x��Ldyq�3dyx{z}b�dcuCrc¾�Ê�z´x�p�r�«¬d�dybe�a�}�'n

5
z´rtdcx{��rtz}��u�pªÈ

ρ
� p���x{dª��_���ptdyu°��p

b�v��µr{z´�a�}z©�y�'r{z´¯�d�z´uq¯�dyx�psd~p
��±8be��oz´bªvab&dcz´��dyuq¯'���}vadcp
��±8�C���y��Åaz©��u"b+�'r{xtz©��d~p{É¬��u9:®uad��}dy¯�dc��ÈÚpt�ert_®�'r
pt���}vortz}��u�p���x{d
�y�´�Cpsd
r{��d�a���ÂrS��u�dcp8z}uQps��b�d0ptdyu®psd���«_az©��_+b+��>�d~p�psv�xtd
r{_��'rÇ^���_adcÅCno��_adc¯�z´rtdyx��'r{z´��u�p
����uq¯�dyx{��d"�8psz}u���d+z}uaz´rtz©���S¯'���´vad~p���x{de¯�dcxtnLÅ®����É��Ár{_adyu�«¬dQ�y��u�dcb����´�'n

6
^���_adcÅCno��_adc¯Lz´rtdyx��'r{z´��u�p

È ��Ê�É¬��uQr{_ad*:�uad��}dy¯�dy�5�q��u��"ps���´¯�d0rt_�dyb ��u>�y����x�ptdh�}dy¯�dc�SÈ
n′ = 4

É D�dya���Âr{�´n ���$:�u����´�}n+����Å�����>er{�
rt_�d :�uadª�´dc¯�dc����u��W�o�>��ua��r{_adyx

6
^���_adyÅqno��_ady¯"z´rtdyx��'r{z´��u�pc¾ UÆdª�avor�dyx{xt��x{p�y��x{xtd~ps�3��u®�oz´u��ert�Qr{_ad

uqvab�Å3dyxh��±8zµr{dyx��'rtz}��u®p
z´uWÊ�z´�®¾¬�C¾ § r0z}p��Åq¯Cz}��v®p�r{_��'r
Z ′
��u��

L′
bed�r{_a�o�ap0�y��uq¯�dcxt��d�bªv���_"±Ú��psrtdyx~�

«_az}�´d��y��x{xtd~�Âr{z´��u>����xtx{dc��rtz}��u�pÇ��±
Y ′
bedyrt_a�o�/�o�qdcptu � r0be�.>�d���uqnQ�oz4BIdyx{dyu��yd�¾

Êax{��b&«_��'r0«¬d���Åor{��z´u"rtz}�}�Áua�'«��az´rhz©p0��ÅC¯qz}��v�p¬r{_��'r�������x{ptd�����xtx{dc��rtz}��u�p¬��±
Y ′
bed�r{_a�o�/z}p��vor

��±�rt_�d�����be�3d�r{zµr{z´��uÀ¾ § u/��vax
±·��vaxtrt_"d�o�®dcxtz}bedyuCrc��«Çd�dyCr{dyu��
Z ′
��u��

L′
bed�rt_��q��p
rt��rt_�xtdcd��´dc¯�dy�©p

(*)�W+(-,
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Single

Y method

Z method

L method

Ê�z´��vax{d1A���U�d
�ad(:�uad
��uad�r�«¬��²³�}dy¯�dc����xt�o��d~ptp���p�� :®x{psr�dcbe�a�´�'n
35
z´rtdcx{��rtz}��u�p���u�rt_ad1:�u�d¬�}dy¯�dy�5�'rt_�dyu

�o�
5
zµr{dyx��'r{z´��u�pS��uert_ad�������x{ptd�}dy¯�dc�3��u��eva�I�a�'r{dh¯'���}vad~p���uert_ad :�uadh�}dy¯�dy�5¾

ρ
� pSz}u+rt_ad~psd�zµr{dyx��'r{z´��u�p

��ueÅ3��r{_+�´dc¯�dy�©pS��xtd
r���>�dcu+��p�bªva�µr{z´���´z©�y��rtz}¯�dz}uC¯�dyx�psd~p8��±Gb+�'oz}b�vab dyz}��dyuq¯'���}vad~p���±3rt_ad~psdhzµr{dyx��'rtz}��u
b+�'r{xtz©��d~py¾ § uWrt_az©p�uqvabedyx{z}�c���Ádyo�®dcxtz}dyu��yd��I«¬d�x{dy�3dc�'r�rt_ad�r�«Ç��²5�}dy¯�dy���axt�o�ydcp{prt_�xtdcd�rtz}bedcp���u��°�'r
rt_�d�dyu®�W��±Sz´r��o�>��ua��rt_adcx

60
z´rtdcx{��rtz}��u�ph��u/r{_ad :�u�d��}dy¯�dc�J¾�Ã0u��/r{_ad����´��r�pt_a�'«0p0dcxtx{��x�pp�r���xtrtz}ua�

90
rt_>rt�

180
rt_>zµr{dyx��'r{z´��uÀ¾

È :®uadW�´dc¯�dc�
n = 8

�¬z´uCr{dyx{b�d~�oz©�'rtd"�}dy¯�dc�
n′ = 4

�¬��u������C��x�psd"�}dy¯�dc�
n′′ = 2

É�±·��xer{_ad/ua��u��´z}uadc��x
be�o�ody���axt��Åa�}dyb/¾¬Ê���x�psz}ua���}d�����x{��b�dyrtdcxtz}¸c��rtz}��uÀ�o«¬d��v�psr��oz}xtd~�Âr{�´n"dybe�a�}�'nQr�«¬�Q_qvau��ox{dc�/^���_adyÅqnC²
��_adc¯¨zµr{dyx��'r{z´��u�pWÈ ��Ê8É+��u;rt_ad :®uadW�´dc¯�dc�

n = 8
��± rtdyx+«¬dWv�ptdP:�¯�dWz´rtdcx{��rtz}��u�p/È

ρ
� p@��x{d/��_���ptdyu

��p�bªva�´rtz}�a�´z©�y��rtz}¯�d+z}uq¯�dyx�ptdcp���±
b+�'oz}b�vab dyz}��dyuq¯'���}vad~p���±��������Å�z}��u°b+�'r{xtz©��d~p{É�pt�"rt_���r���Åor���z}uadc�

W�WYX�Z\[-]_^�`�a(b�c(d�e�f
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Single

Y method

Z method

L method

Ê�z´��vax{d��%�-^Á�>ps�3dyd~�/va�Wrt_�d�x��'rtd���±S����uC¯�dyx{��dcu���d��a«Çd�v�psdª^���_adcÅqnq��_�dy¯"zµr{dyx��'rtz}��u®p�È ��Ê8Éh��u/r{_ad
:�uad@�´dc¯�dy��È

n = 8
ÉÂ¾WÊ�z´x�psr�«ÇdQdcbe�a�´�'n

5
z´rtdyx��'r{z´��u�pQÈ

ρ
� p���x{dQ��_a�Cpsdcu���p�b�v��µr{z´�a�}z©�y�'r{z´¯�dQz}uC¯�dyx�psd~p

��±¬b+�'oz´bªvab dyz}��dcuq¯H���´v�dcp���±¬�C���y��Åaz©��u°be��rtx{z}�ydcp�É0��u :�u�d��}dy¯�dy�ÈÚpt�>rt_���r�pt���}vor{z´��u�p���x{d��y�´�Cpsd�rt�
d�a���Âr8��uad~p�z}ueps��b�d
ptdyu�ptd��'«_az©��_�be�.>�d~p�ptvax{d�r{_��'rS^���_adyÅqno��_ady¯�z´rtdcx{��rtz}��u�p8����uq¯�dyx{��d��'psz}u���d¬z}uazµr{z}���
¯'���}vadcp���xtde¯�dyx{nLÅ����®ÉÂ�Àr{_adyu�«¬d+�y��u�dcb����´�'n

6
^���_adyÅqno��_adc¯Lzµr{dyx��'r{z´��u�peÈ �hÊ�É���u�rt_ad :�u�d+�´dc¯�dy�5�

��u®�Æpt���}¯�d�rt_adcbk��u����C��x�psdª�´dc¯�dc�
È
n′ = 4

É D�dyo���Âr{�´n �'� :�u®���}�´nL���>Å®����>/rt�"r{_ad�:�uade�´dc¯�dc�S��u��Æ�o�
��u���rt_�dyx

6
^���_�dyÅqno��_ady¯+z´rtdcx{��rtz}��u�pc¾

�����axt�Hoz}b+�'rtz}��u®p���x{dQ���}��ptdert�Ldyo���Âr���uadcp�z´u¨pt��bed@ptdyu�ptdQ��u®��zµr�be�.>�d~p�psv�xtder{_��'rª^���_adcÅCno��_adc¯
z´rtdyx��'r{z´��u�p
����uC¯�dyx{��d�È·ua��rtd�rt_®�'rz´u�zµr{z}���À¯'���}vadcp��xtd�¯�dcxtn+Å�����ÉÂ¾SÊ���x
r{_ad�pt��b�d�x{dc��ps��uÀ�q«Çd�uadcdc�@rt�
�o� :®¯�d

ρ
zµr{dyx��'r{z´��u�py��rt_adcu°ptzµL^���_adyÅqno��_ady¯>zµr{dyx��'r{z´��u�p�È �hÊ�É��uLrt_ad :�uad��}dy¯�dy�

n = 8
��u®�"r�«Ç�

ρ

(*)�W+(-,



���������
	��
������������
����������� ������� �"!$#&%�'(���*)+�-,.�
�0/1�2�.3
�4�(#&% ��5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

X

Y
For the method of Y

 

 

Control Poly

Bezier
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X

Y

For the method of Z

 

 

Control Poly

Bezier

Ê�z´��vax{d���� U�d��a�}��r¬rt_ad��y��uCrtx{���3�3���}nC����u"��u��"Ó
��¸yz}dyx¬�ax{��:��}d�±·��x
bed�r{_a�o�ap1J ��u�� H�¾aÊax{��b\z´rc��«Çd
�y��u@d~��ptz´�}nQpsdcdhr{_��'r¬rt_�d��y��uCrtx{���3�3���}nC����u>��Åor���z}uadc�@ÅCner{_ad H/bed�r{_a�o�@z©p¬be��x{d��Cpt�yz´�}�}��rt��xtn���Åavar
z´r
��Åar{��z}u�pptb+���}�´dcx��Åo��d~�Âr
±·vau���rtz}��u/¯'���}vadcp��u��/����uq¯�dyx{��dcpS±Ú��psrtdcxc¾

z´rtdyx��'r{z´��u�p
��u/z}uCrtdyx{bedc�oz©�'r{d��´dc¯�dy�
n = 4

��pt���}¯�d�r{_adyb&��u"rt_ad��y����x{ptd��´dc¯�dy�
n = 2

D�dyo���Âr{�´n �'�a��± rtdcx
va�I�a�'r{dc�Qrt_ad�����xtx{dc��rtz}��uLÈÚp{�H«�rt�q��r{_>���´����x{zµr{_abQÉÂ�C����Å®����>ªrt�&:�uadh�}dy¯�dy�I�o�e��ua��rt_adcxS±·��v�x¬^���_adyÅqnC²
��_adc¯+zµr{dyx��'rtz}��u®p�È �hÊ�ÉÂ¾ K���psr¬«¬d��o��r{dyu/psdyr{p¬��±�r�«Ç��^���_�dyÅqno��_ady¯ez´rtdyx��'r{z´��u�p¬��u@rt_ad :�uad��}dy¯�dc�G��u��
z}u�r{dyx{bedc�oz©�'r{d��´dc¯�dy�Áxtd~ps�3dc��rtz}¯�dy�}n��®��u��/pt���}¯�d�����xtx{dc��rtz}��u�p
�y��be�a�}d�rtdc�´n>��u"rt_�d����C��x�psd��}dy¯�dc�J¾¬Ê�z´�®¾1<
pt_a�'«0p
dyx{xt��x{p
������z}u�psr
rt_ad�uqvabªÅ®dcx0��±8z´rtdyx��'r{z´��u�pc¾�Êax{��b rt_ad�x{dcptva�´r{pc�a«¬d��y��u/ptdyd�rt_®�'r

Z ′
��u®�

L′bed�r{_a�o�ap0��x{d�d�a��dc�´�}dyuCr0«
�HnqpÇ±·��x0������x{ptd��y��x{xtd~�Âr{z´��u�py¾
Ã�a�oz´rtz}��u®���}�´n��o«Çd�_��H¯�d�b+���ad�rt_ad�±·���´�}�'«z´u��ªz}uCrtdyx{dcpsrtz}ua�e��Å®psdcxt¯'�'r{z´��u�p��

W�WYX�Z\[-]_^�`�a(b�c(d�e�f
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��¾ § u/rt_ad�r�«¬��²³�}dy¯�dc�Gz}�adc�������}����xtz´rt_ab+pc�a«_adcu/rt_adR:®uad��}dy¯�dc�
n = 8

��rt_ad�xtd~psva�´r{ph��x{d�Å®dyrsrtdcxh±·��x
rt_ad@�y����x{ptdª�}dy¯�dy�

n′ = 4
r{_���u

n′ = 2
��z´±
«¬dQ�o�Wr{_ad@p{��bed+uqvab�Å3dyx���±zµr{dyx��'r{z´��u�p���u�r{_ad

:�uade�´dc¯�dc�S��u���ps���´¯�d*Dsd�a���Ârt�}n ����u°r{_ad+���C��x�psd��´dc¯�dc�J¾eÃhp�±Ú��x���p�rt_�de�y��psr���±Ç���®dcx{��rtz}��u�p�z©p
����u®��dyx{uad~�G�ort_�d��y��psd

n′ = 2
v�psd~p�}dcp{p���3dyx��'r{z´��u�p
��u/r{_ad����C��x�psd��}dy¯�dy�Gr{_���u

n′ = 4
¾¬^
_Cv®p

rt_adcxtd�z©p
ua��rh��u>��ÅC¯qz}��v�p¬«z}uauadcx±·��x
r{_az}p0ua��ua�}z}uadc��x¬��xt��Åa�´dcb/¾
�a¾ § u�rt_ad

Z ′
��x

L′
r{_ax{dyd�²³�}dy¯�dc�Sz©�odc���Ç���}����xtz´rt_�b"��«_adcu¿rt_ad :�uadQ�}dy¯�dy�

n = 8
��z}uCrtdcxtbedc�az}��rtd

�´dc¯�dy�
n′ = 4

��u��@�y����x�ptdh�}dy¯�dc�
n′′ = 2

�C«_�dyu@«¬d����}xtd~���onev�ptdhr{x{��u�ps±·��x{be��rtz}��uQb+��rtx{z}�ydcp
Q0��x

∆
z}uLr{_ad�z´uCrtdcxtbed~�oz}��rtd��´dc¯�dc�Ár{�@be�o�ozµ±·n/r{_ad�����z}xtz}ua�>��±�dcz´��dyuq¯'���}vadcp���u��°dyz}��dyuq¯�dc�Âr{��x�py�

��u��/z}uWrt_�dª���C��x�psd��}dy¯�dy�¬ÈÚ����xtx{dc��rtz}��u�p±·��x0r{_ad�z}uCrtdcxtbedc�az}��rtd��y��x{xtd~�Ârtz}��u®p{É���«¬d��o�Qua��r�uadcdc�
rt�edybe�a�}�'n+rtx���u®p�±·��xtb+�'r{z´��u@b+�'r{xtz©��d~p

Q0
��x

∆
��u"rt_ad��y����x�ptdh�}dy¯�dc�J¾

5�¾���u¿rt_ad/Å3��rtrt��b ��± V ��no�y�´d��S«_adyu rt_ad/���C��x�psd~p�r��´dc¯�dc� n′
±·��x�r�«¬�Æ�}dy¯�dy�
z©�odc���¬���´����x{zµr{_ab

��x
n′′ = 2

±·��x�r{_adQr{_ax{dyd+�}dy¯�dc�J��«¬d@�y��u����}pt�Wv�ptd@f0dc«
rt��u�z´rtdcx{��rtz}��u�p�rt�°pt���}¯�de±·��x����C��x�psd
����x{x{dc�Âr{z´��u�pÇz´u�psrtd~���>��±�ps���´¯qz}ua�ªrt_adcb Dsd�a����rt�}n �'¾

;®¾ § u+rt_ad
Z ′
bed�r{_a�o�G�q«Çdh�c��u@���}pt��v�ptdr{_ad��C���y��Åaz©��ueb+�'r{xtz´e��±Àz}uQ��vax¬�}z´uad~��xÇb��o�odc�®��xt��Åa�´dcb

rt�/����be�avartdeb+�'rtx{z´
Q0
¾ § uÆ±Ú���Âr~�À«¬dª±·��vau��°rt_���r�zµr�dc¯�dyu�����uC¯�dyx{��d~p±Ú��psrtdcx�«_adyu�«¬dªv�ptd

rt_ad��C���y��Åaz©��uQb+��rtx{zµ@��±�r{_ad��}z´uad~��xbe�o�ody�G��xt��Åa�´dcb\rt�Q�y��be�avor{d�b+�'rtx{z´
Q0
¾

� � � N

§ r�z}p�«¬dy�}�L>qua�'«uLr{_��'r�rt_�dyx{d���xtdªr�«Ç�"b+�'����x�bªva�µr{z´��xtz©�Æb�dyrt_a�o�ap�¹}���À�H½�r{�W�odc����«z´rt_�ua��ua�´z}uad~��x
�ax{��Åa�}dyb+p��Lf0dc«
rt��ua²5bªva�µr{z´��xtz©����u�� Êav��´��Ã0�a�ax{�Hoz´b+��rtz}��u lo��_adybed¨ÈJÊoÃ�laÉ�¾Ç^
_adL���´����x{zµr{_ab+pe«Çd
v�ptdc�°z´u�psd~�Ârtz}��u 5Q±·��xhr{_adeua��u��´z}uadc��x�be�o�odc����xt��Åa�´dcb ��x{dªfhdy«
rt��u � p�bedyrt_a�o�apc�Gz´uÆrt_�z}p�����xsr~�G«Çd
�oz©pt�yv�p{p¬rt_ad��ax{��Å®��Åaz}�´z´r�n+��±������a�´nqz}ua�+ÊoÃ�l@±·��x
r{_ad�ua��ua�´z}uad~��x
be�q�ady�À�ax{��Å��´dcb"¾

�Ç��u®psz©�odyx{z}ua�+rt_�dª��xtz}��z}u�����¯�dcx{pt��uW��±Sr�«¬�@�}dy¯�dc�����´����x{zµr{_ab���±ÇÊoÃ�l/±·��x�pt���}¯qz´ua�@rt_ad�ua��ua�´z}uad~��x
�ax{��Åa�}dyb

A(Y ) = f
�

��¾��uWr{_ad :�u�dª�}dy¯�dy�
n
�3x{dy�©�'"rt_�dªua��ua�}z´uad~��x��axt��Åa�}dyb

AY j = f
Åqn/z}uazµr{z}���´z}¸yz}ua�

Y 0 �I��u��Wv�ptd
Y K

��p¬rt_ad�¯'���}vad~p
��u>rt_ad*:�u�d��´dc¯�dy�À��± rtdcxxtdc�}��o��rtz}��u�p��
�a¾��u>rt_ad��y����x�ptdh�}dy¯�dc�Á����xtx{dc��rtz}��uÀ�C«¬d�uadyd~�Qr{�Qps���´¯�dhr{_ad�±·���}�´�'«z}ua��xtd~psz©�ov����Gdc|Cv���rtz}��u��

A′(Y ′) = A′(Rn′

n Y ) + Rn′

n (f −A(Y K)) ,
È5����É

ua��r{d0_adyx{d
Y ′e

z©pSua��r¬��u@dyx{xt��xc��Å�vor¬�ª������x{ptd�²³�}dy¯�dc�a���a��xt�Hoz}be��rtz}��uÀ��rt_���rÇz©pSr{_adhx{dc��ps��u�_��'«
rt_ad�u®��bed���±�r{_az©p����´����x{zµr{_ab&ÊoÃ�lW����b�d~p
±·x{��b/�

A′
psr{��u��ap0±·��x0r{_ad�u���ua�}z´u�dc��xh���3dyx��'rt��x��u

rt_adh�y����x{ptd
�´dc¯�dy�
n′
��u®�

Rn′

n

z}p�v�psd~�e_adyx{d0��p�rt_ad0x{dcpsrtx{z©�Ârtz}��ue���®dcx{��rt��x�«_�z}��_+�ax{����d~�Âr�p8±·xt��b
rt_ad*:�u�d��}dy¯�dy�

n
rt��rt_�d�������x{ptd��´dc¯�dy�

n′
�

5�¾0Ó¬����>+rt�Qrt_adR:®uad��}dy¯�dc�
n
�®va�3���'rtd�rt_ad�¯'���´vad~p

Y K
Åqn

Y K + En
n′(Y ′ − Rn′

n Y K)
�®_�dyx{d

En
n′z}p¬r{_ad��ody��xtdcd�dc�´dc¯'�'rtz}��u/���®dcx{��rt��x~¾

(*)�W+(-,
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Êa��xÁr{_ad¬ua��ua�}z}uadc��xÁbe�o�ody�q�ax{��Åa�}dyb-v�ptz}ua��Ó¬wy¸cz´dcx��®��x���bed�r{dyx{z´¸~�'rtz}��u®py�c«Çd
�y��u�v�ptdÇ�odc��x{dyd�dc�´dc¯'�'rtz}��u
b+�'r{xtz´

En
n′

��p�rt_ad0��xt���´��ua����rtz}��u����3dyx��'rt��xSz}uert_adhÊoÃ�l+���}����xtz´rt_�b"��_a�'«Çdc¯�dcxc����p8±Ú��x¬��p�x{dcpsrtx{z©�Ârtz}��u
���3dyx��'r{��x

Rn′

n

z}ph����u®��dyx{uad~�G�ozµr0z©pz}be�®�Cptptz´Å��´d�r{����d�r Dsd�a����rGF���uad�¾Ç^
_ad���ua�}n@_a���®d�z©p¬rt�+��Åor{��z´uW�
���q�o�+�����axt�Hoz}b+�'rtz}��u�±·��xSrt_�dhx{dcpsrtx{z}��rtz}��u+���3dyx��'r{��x~¾�U�d��c��uQ���©pt���avorÇrt_az©pÇ|Cvad~p�r{z´��uQz}u�r{����u���rt_�dyx
«
�Hn��Crt_���r0z}prt_ad���d�r0��¯�dc��rt��x

Y ′
��u®�@z´rhpt��rtz©pG:®dcp

En
n′Y ′ = Y ,

È5�o�~É
«_adcxtd��

n > n′
�a±·��xd�a��be�a�}d��

n = 8
��u��

n′ = 4
�®ps�er{_ad�dy�}dy¯'�'r{z´��u/be��rtx{zµ

En
n′

z©p0�eb+�'r{xtz´>«z´rt_
(n + 1)

x{�'«-��u��
(n′ + 1)

�����}vabeuÀ¾ § rhz©p0d~��ptnQrt�Qrt_ad���Åor{��z´uWx{dcpsrtx{z©��z}��u"���3dyx��'rt��xhp{�'rtz©ps±·nCz}ua�er{_ad
±·���}�}�'«z´ua�

Rn′

n En
n′ = In′,n′ , or Rn′

n En
n′Y′ = Y′ ,

È5����É
Åavor0z´r0z©pz´be�3��p{psz}Åa�}d�rt�e��Åor���z}u

En
n′Rn′

n = In,n , or En
n′Rn′

n Y = Y ,
È5��5�É

«_az©��_Qz©p�be��x{d0x{dy�©�'r{dc�+«z´rt_@�y����x{ptd�´dc¯�dc�3�y��x{xtd~�Ârtz}��u®p���±ÁÊoÃ�lQ��u®��rtz}�´�Iua�'« _a�'«�r{����Åar{��z}u@��¯�dyx{n
���q�o�"���a�ax{�Hoz´b+��rtz}��u+±·��x0zµr0z©ppsrtz}�´�Á��u>���®dcuW|�v�dcpsrtz}��uÀ¾

§ r�z©pÇ|Cvaz´rtdhu��'r{vax{���a±·��x�v�pSrt��v�ptd0r{_ad0«¬dy�}�3�ady¯�dc�´���®d~� KÀd~��psrÇlo|Cv���x{d�È�K�laÉ8r{�������axt�Hoz}b+�'rtd
r{_ad
¯'���}vadcp¬±·��x

Y ′

min
Y ′

‖En
n′Y ′ − Y ‖ ,

È5��;CÉ

rt_®�'rÇz©p�rt�ªp{�Hnªrt_���r�rt_�dhx{dcpsrtx{z}��rtz}��u+���3dyx��'r{��xSz©p¬�od(:�u�dc�@��p�K�lI¾C^
_�z}p¬���a��xt�C����_enqz´dc�}�ap¬|Cvaz´rtdh���q�q�
�����axt�Hoz}b+�'rtz}��u®pS±·��x

Y ′
��u@r{_ad����C��x�psd��´dc¯�dc�J¾

§ u�¹ <�½�¹´�~�H½³�a�euady« xtd~p�r{xtz©�Âr{z´��u>���®dcx{��rt��x¬z©p0�ody¯�dy�}���3dc� �

Y ′ = (Bn′)−1Bn′,nY ,
È5��»�É

«_adcxtd�rt_�d�z´uq¯�dcxsr{z´Å��´d�p{|�v®��x{d�b+�'r{xtz´@z©p
��z}¯�dcu>Åqn

Bn′ =












B0
n′(t0) B1

n′(t0) B2
n′(t0) · · · Bn′

n′ (t0)

B0
n′(t1) B1

n′(t1) B2
n′(t1)

¾¾¾
¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾

¾¾¾
Bn′

−2
n′ (tn′−1) Bn′

−1
n′ (tn′−1) Bn′

n′ (tn′−1)

· · · Bn′
−2

n′ (tn′) Bn′
−1

n′ (tn′) Bn′

n′ (tn′)












(n′+1)×(n′+1)

,
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��u®�Qr{_ad�xtd~�Âr���ua��va�}��x
be��rtx{zµ

Bn′,n =












B0
n(t0) B1

n(t0) B2
n(t0) · · · Bn

n′(t0)

B0
n(t1) B1

n(t1) B2
n(t1)

¾¾¾
¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾

¾¾¾
Bn−2

n (tn′−1) Bn−1
n (tn′−1) Bn

n(tn′−1)
· · · Bn−2

n (tn′) Bn−1
n (tn′) Bn

n(tn′)












(n′+1)×(n+1)

,

pt�ert_ad�x{dcpsrtx{z}��rtz}��u"���3dyx��'r{��xz©p0�od(:®uadc�W��p
Rn′

n = (Bn′)−1Bn′,n

¾Ç^
_az©pbed�r{_a�o�/be�.>�d~ppsvax{d�rt_®�'r
Y ′(ti) = Y (ti)

±·��x0��uCn@����xtrtz´rtz}��u/psdyr {ti}i=0,1,··· ,n′

¾
Ó¬��r{_L���a�ax{������_adcp¬±·��x0r{_ad�x{dcpsrtx{z}��rtz}��uW���3dyx��'r{��x0�c��uW��z}¯�d����q�o�"���a�ax{�Hoz´b+�'r{z´��u�p¬±·��x

Y ′
±·xt��b

��v�xhuqvabedyx{z}�c���Àdyo�®dcxtz}dyu��yd@È
n = 8, n′ = 4

ÉÂ�®rt_adªxtdc�}��rtz}¯�d�dyx{x{��xÅ3d�r�«¬dydyu°¯H���´v�dcp0��± ∫ 1

0
Y (t)dt

��u
rt_�d�:®uad��}dy¯�dy�G��u®�@��uQrt_�d��y����x�ptdh�}dy¯�dc�G��x{d�|Cvaz´rtd����}��ptd�ÈÚua��r{dhr{_��'r

Y (t) =
∑n

i=0 Bi
n(t)Yi

±·��xÇr{_ad
:�uadª�´dc¯�dc����u��

Y (t) =
∑n′

i=0 Bi
n′(t)Y ′

i

±·��x�rt_ad����C��x�psd��}dy¯�dy� Éz©p���Å®��vor
0.037

�®«_az´�}d�r{_ad�x{dy�©�'r{z´¯�d
dyx{x{��xeÅ®dyr�«Çdcdyu x{dcptz}�ov®���©pª��u�rt_ad�:�u�dW�´dc¯�dy�0��u�����u�rt_�dL������x{ptd"�´dc¯�dy�0��xtdW|Cvaz´rtdW�©��x{��d¿ÈÚ���´be�Cp�r
1
É��À«_az©��_��y��uCrtx{z}Åavortd~p�rt_ad�±Ú��z´�}vax{dª±·��x�����b���vortz}ua�

A′(Rn′

n Y )
��uÆrt_ad+�y����x�ptdª�}dy¯�dy�8z´uCr{xt�o�ov��ydcp��

����be����x���Åa�}d�Åaz´�edcxtx{��x
z}u>r{_ad�ptdc����u��"p�r{dy�"��±�ÊoÃ�lI¾
§ u+r{_ad0r�«¬���}dy¯�dc�®z©�od~���I���}����x{z´rt_ab ��±À��v�x�ua��ua�´z}uad~��x�be�o�odc�3��xt��Åa�´dcb/��r{_adh�}z´u�dc��x{z}¸ydc�+���a�ax{������_

rtv�xtu�p0��vor0r{�+Å®d�z}�odcuCrtz©�y���Àrt�ert_�d����}����xtz´rt_ab ��±�ÊoÃ�l"«_adcu/rt_ad��y����x{ptd��}dy¯�dy�Àz©p0pt���}¯�d~� Dsd�a���Ârt�}n �'¾
f0��rtdªz´uL��vaxhu���ua�}z´u�dc��x�be�q�ady���axt��Åa�}dyb/��r{_adª�y����x{ptd��´dc¯�dc�Áb+�'r{xtz´

A′ = A′
J ′

¾�Ã�y�y��x��oz´u��ert�Qr{_ad
���}����xtz´rt_�b\��±�ÊoÃ�lI�a«¬d��y��u>��Åor{��z´u��

Y k ←− Y k + En
n′(Y ′ −Rn′

n Y k)

= Y k + En
n′((A′

J ′)−1(A′
J ′Rn′

n Y k + Rn′

n (f −A(Y k))) −Rn′

n Y k)

= Y k + En
n′((Rn′

n Y k + (A′
J ′)−1Rn′

n (f −A(Y k)))−Rn′

n Y k)

= Y k + En
n′((A′

J ′)−1Rn′

n (f −A(Y k))) ,

«_az©��_�z}p�r{_ad D�dya���Âr ��������x{ptd��´dc¯�dy�Spt���}¯�dcx�±·��x
Y ′

b�dyrt_a�o��«¬d�v®psd~�Æz}u¿psd~�Âr{z´��u 5/«_adcu�«Çd�r{�.>�d
Rn′

n = (En
n′)T

��psz}bez´�©��x{�}ne±·��x��r{_adyx0�y����x{ptd��y��x{xtd~�Âr{z´��u@bed�r{_a�o�apy¾

� �����>�¬�(8"#Á�����"#

§ u�rt_az©p8x{dy�3��xtrc�'r�«¬��¯H��xtz©��uCr�p���±�r{_ad��x{z´��z´u®����r�«Ç��²5�}dy¯�dy�qz}�adc���a���´����x{zµr{_ab+p�_��H¯�d¬Å®dcdyue�ax{���3��ptdc�ª��u��
rtd~p�r{dc����u¿�/�}z´u�dc��x���u����"ua��ua�}z}uadc��x�b��o�odc���ax{��Å��´dcb"¾Q^
_�dQ�od(:�u�zµr{z´��u�p�z}uC¯����}¯�d+�/�3dyx{b�vor��'rtz}��u
b+�'r{xtz´L��u��Lrt_ad�dyz}��dcuC¯�dc��rt��x�b+�'rtx{z´I¾ § u°rt_ad�ua��u��´z}uadc��x��c��ptd��®rt_az©p�x{dc|Cvaz}xtd~ph�����axt�Hoz}b+�'rtz}ua�+r{_ad
�C������Åaz©��u"be��rtx{zµG�a��u��"z}�odcuCrtz´±·nCz}ua�@��r0�´d~��psrh���a��xt�Hoz}be��rtdc�´ner{_ad�dyz}��dcuC¯�dc��rt��x�pc¾S^
_adcptd�r{��p_>op
b+�Hn
x{dy¯�d~���G����be�a�´dyQ±·��xbe��xtd�x{dc���}z©p�r{z}��be�o�ody�©py¾

f0dc¯�dcxsr{_ady�}dcp{py�qz}uWpsv���_/�����axt�Hoz}b+�'rtz}��u®pÇ�c��u"Å®d�b+���ad��qrt_�d��axtd~psdcuCrpsrtv®�on@z}u��oz©�y��rtdcp¬r{_��'rr{_ad
x{dcptva�µr{z´u��Luady«\¯'��xtz©��uCr{pc�8��u�������xsr{z}�yva�©��x{�´nÆrt_ad>be��x{d+xt��Åav�psr

Z ′
bed�r{_a�o�G�S�odybe��u�p�r{x{��rtd@ptz}��uaz4:a²

�y��uCrt�}n@psv��®dcxtz}��x����uq¯�dyx{��dcu���d��ax{���3dyxtrtz}dcpc¾

(*)�W+(-,
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¹}��½RU�¾.KS¾�Ó¬x{z´����pc� ��¾ �0¾ �0dyu®ps��uÀ�ClI¾�Ê¬¾�i°���Ç��x{bez}��>I��Ã�b�v��µr{z´��xtz©��r{vort��xtz©���5��l § Ã�i¿���S_�z´�©���odc�´��_az}���
�IÃ��®��������¾

¹¼�H½���¾ ²ÄÃ�¾ � wcptz}�awyx{zJ� �0z}dyx���x���_az©�y�������ortz}b�vab�²�lq_����®dLÃh�´����x{zµr{_ab+pQghptz´u�� �Sb�Å3dc�a�adc� Ó¬dy¸cz´dcxQ���'²
x{��b�dyrtdcxtz}¸c��rtz}��u�pc�z´u���� # �(����� !�� )+�
� ! � ,�%&'(��� �0�
���(� ��� �1� ���# ��� �?� ����� !����"!��?������!�� /1���.3
�4�
# %
!�� ,���� � � ��� !��������\%����
	 �&�(���� ��� !�����	������
� �
��%(��	�� /
	�� �
� ��� ! !�� #������
!��0, ��	1/1� ����� � � !�� �2,�%�	}�
�Çz´beuad���Ó
��x���dy�}��u®�a�o����� 5a¾

¹ 5'½���¾ ²ÄÃ�¾ � wcptz©�owyx{zJ�8Ã�¾ � dcxt¯qz}dyvoG� �0z}dyx���x���_az©�y����iWdyrt_a�o�ap�±·��xªlo_����3d"���or{z´bez}¸c�'r{z´��u�z´u¨Ã
dcxt�o�onC²
u���bez©�yp � § �yb�v��µr{z´�}dy¯�dy���®��x���bed�r{xtz©� � §s§ �~b�v��µr{z´�}dy¯�dy����xtd~����u®�ozµr{z´��uadyx�pc� § uCrtx{�o�ov���rtz}��u�rt�����ortz}bez´¸~�'²
rtz}��u+��u��eiWv��µr{z}�oz©p{��z}�a�´z}u���xtn � d~psz}��uÀ�CÃ0�a���´z©�y��rtz}��u�p8r{��Ã
dyx{��u���vortz©�yp���u��e^Áv�xtÅ3��b+����_�z´uadcxtn�� ����u
����x{be��u § u®p�r{zµr{vortd���iL��x{��_ A�²{�~�a�������.Aa¾h_�rtrt�������'«««
²³pt���Á¾ z}uax{z}��¾ ±·x �H�������}d!�����fhÊ�l"�'�adcptz}�odcxtz´²
¯�>qz �����.Aa¾ �I�q±�¾

¹ ;�½���¾ ²ÄÃ�¾ � wcptz©�owyx{zJ�CÓ�¾�Ã0Å3��v��S�®iL���s�+��u��+Ã�¾��C��u\>'����f0d~p�r{dc�+��u��Qlqdy�´± ²ÄÃh�a���ortz}¯�d0Ó¬wy¸cz´dcx�����x���b�²
d�rtdcxtz}¸c��rtz}��u�p�±·��xÇlq_®���3d����or{z´bez}¸c�'r{z´��uÀ���®¾ �Ç��be�avorc¾C�S_qnopy¾}� �����5¾C����;��Cf0��¾®���C�a�À¾®���H�H²{�-5a����iL�Hn
�����q�q¾

¹¼»H½���¾ ²ÄÃ�¾ � wcptz}�awyx{zJ��^�«¬��²³�´dc¯�dy�qz©�odc�������}����xtz´rt_�b-±·��x�����x{��b�dyrtx{z}�
pt_����3d
���or{z´bez}¸c��rtz}��uÀ���Sxt�o��¾'��± § u�r~¾
�Ç��uo±�¾aÃ�o¯'��u���d~p
z´uWf0v�b�dcxtz©�y���ÀiL�'r{_adyb+��rtz©�ypc�aiW��p{���'«���lqdc�ortdcb�Å3dyx��-A'²��H�q�q�a�Á¾ A�»'²³�.;�¾

¹ A'½���¾ ²ÄÃ�¾ � wcptz}�awyx{zJ�CiW�o�owy�}dcpS�az}p{��x{d�r�p8d�rÇp{��_adywcb+��p8z´rtwyx��'r{zµ±Úp�²³���a�a�}z}�c�'rtz}��ue��vaª���}����xtz´rt_abed~p8b�va�´rtz´²
��x{z´�}�´d~p¬d�r0b�v��µr{z}�o��b+��z}uadcpc� � ���hi �ÇlI�®�8��xtz©pc�G� <.<��a¾

¹ �~½���¾ ²ÄÃ�¾ � wcptz}�awyx{zÁ��u��W�®¾ ²5�8¾ H3���´w~psz}��� § uq¯�dyx�psd�lq_����®de���ortz}bez´¸~�'rtz}��u/�Sx{��Å��´dcbeph��u��/Ã0���a�´z©�y��rtz}��u
rt�+Ã0z}xs±·��z´�©pc� �Ç��uCrtx{���À��u�� �ÇnqÅ3dyx{u��'r{z}�cpy� �����J¾\5.;��afh��¾À���������C»o¾

¹ �'½ ��¾ �h¾ �0dcu�ps��uÀ��iWv��µr{z´��xtz©�@bedyrt_a�o�ap
±·��xua��u��´z}uadc��x
�axt��Åa�}dyb+p ����u"�'¯�dyx{¯qz´dc«��q��������¾
¹ <'½�Ó�¾3ÃhÅ®��v �S��iL�'�s�G�3��¾ ²ÄÃ�¾ � w~psz©�owyx{z5�3^�¾3^�¾ � ���0KS¾3Êa��v�xtbedyuCr~�3Ã�¾ ����ÅaÅ����J�IÃ�¾I�C��u\>'�a�3iWva�´rtz´²
�´dc¯�dy��lCr{x{��rtdy��z´d~p���u�� �hnqÅaxtz©�°iLd�rt_��q��ph±·��x�lo_����3d+���artz}b�z}¸c��rtz}��u���u��ÆÃ0�a�a�}z©�y�'r{z´��u�p�rt�/Ã
dyx{��²
�onqu���bez©�yp���u®��iLd�r{����Êa��xtbez}ua����z´u+� �S¯����´vartz}��u���xtn°��u�� � dyrtdcxtbez}uaz}psrtz©�+iWdyrt_a�o�ap�±·��x � dcptz´��uÀ�
���ortz}bez}p{�'r{z´��u ��u�� �Ç��uCrtx{���¬«z´rt_;Ãh�a�a�}z}�c�'r{z´��u�pªrt� § u��ov�psrtx{z}�����u���lq�o��z}d�r{���Ç��xt��Åa�´dcb+p �Ç��uo²
±·dyx{dyu��ydQÈ ��g��� � �Çf�������»�É��aiWvauaz©��_���dyx{b+��uqno��¾�lo��_az}�}�´z}ua��� U�¾ �h����ptd��a�®¾��Sx{z©��voG� ��¾�Ó
��z}dyx
È·dc�azµr{��x�p{É�� § loÓ
f�� 5�²³���'²Ä�a�H��»�5.;�²��o��lqdc�ortdcb�Å3dyx��~�'²{� ;e�����C»o¾

¹}�c�'½�Ó�¾cÃhÅ®��v �S�qiL�'�s�G�'�®¾ ²ÄÃ�¾ � w~psz©�owyx{z5�HÃ�¾ ����ÅaÅ®���5�~Ã¨Ê�va�}�´n�iWva�´rtz}�}dy¯�dc����u���Ã�a���artz}¯�d�Ãh�´����x{zµr{_ab
±·��xh����x{��b�dyrtdcxtz}¸yd~�Llq_����3de���artz}b�z}¸c��rtz}��uÀ�3z}u�� �Svax{���3dc��u°iWva�´rtz}��x{z}� �Ç��uo±·dyx{dyu®��d�� ��i�� �����C»o�
lo��_ady¯�dyuaz}ua��dyuÀ�o^
_ad�fhd�rt_�dyx{�}��u��apc��lqdy�or{dybªÅ®dcx����H²I5��ª������»a¾

¹}����½ ��¾�HIz´�}�´��Å®dcx��8lq��± r�«
��x{d
b+��uqv����a±·��xÇl�Ç� § � �o¾ 5a��^�dc��_�uaz}�c�����0dy�3��xtr�f0��¾�^�0���'²{��� § uo±·��x{b+�'r{z4>I�
g0uaz}¯�dcx{ptzµr�#'rÓ
�HnCx{dyvart_À���������a¾
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Single

Z method

L method

Ê�z´��vax{d < ��U�dd�qr{dyu��
Z ′
��u®�

L′
bed�r{_a�o�ap�z}u�r{��rt_ax{dyd�}dy¯�dy�©pÈ :�u�d0�´dc¯�dc�

n = 8
��z}uCrtdcxtbedc�az}��rtd�}dy¯�dc�

n′ = 4
�®��u��/���C��x�psd��}dy¯�dc�

n′′ = 2
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