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∣

∣

∣
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∣

∣

∣

∣
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∣
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∣
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−
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−
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∣
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∣
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´±¨tb0SUXDSUXWi���SQb6m<¨&b0SUX�b0h�XcX¡ika
k
ªI�$ika0i�b0i�df�²b0SUXDa0ef«>¢¶b0h�XcXD«Q`¸w��kXW��XW�°myh�zfXWh�zfm���d b�m²b0SUX�SUXWi���SQb

i|�w<d�«�X�zfmydUX�i�d�b0i�VDX
O(2k−i)

�R&SQeUa/b0SUX�|cmyV�xf�kXM¦>i�b±`�m<¨tb0SUXDw<����myh0i�b0SfV ika ∑

iO(2k−i) = O(2k)��Sfik|�SOVDX�w<dUa[b0S w<bKi�bKh0efdUa+��i�dUX�w<h[b0i�VDX6i�d�b0SUX6dQefV�«�XWh/m<¨�dUm1zfXca���°myeO|�w<dOa�XcX6w<d¹XM¦fw<V�xf�kX�m<¨qw<d
XM¦fXc|Wefb0ikmyd²m<¨¬b0SUX/w<����myh0i�b0SfV myd� U��efh�X/�$�sKxfxf��`$i�df��b0SUX/aFw<VDX+ikzfX�wya�ª _1i�V�i���w<h0��`�ª>b�Xca�b0i�df��i£¨
w6b0h�XcX[m<¨
SUXWi���SQb

k
ika�a0b0h�mydf����`�« w<��w<dU|cXcz²|�w<d²«�X/zfmydUX/i�d�b0i�VDX

O(2k)
w<dUz�a0i�¯�X

O(k2)
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i���efh�XC�$¤
o�¦fw<V�xf�kX{m<¨Ib0SUX{XM¦>Xc|Wefb0ikmyd�m<¨Ib0SUX{w<����myh0i�b0SfV b0S w<btzfXc|WikzfXca&i£¨�w�b0h�XcX[ika°« w<��w<dU|cXczµ°´±d�b0Sfika
x w<h0b0ik|Wef��w<hK|�wya�X�ª>b0SUX/b0h�XcX/ika�dUmyb�« w<��w<dU|cXcz�a0i�dU|cX/V¡w ¦��»� �±¢¶V�i�d �»� � � �>

� 34	���5����������+��! ��	�	��

uIXWb�eUa�h�Xc|�w<���qb0SUX�zfXM Udfi�b0ikmyd m<¨Kw²VDXc|�S w<dfik|�w<���qmyh�zfa�¤
w

ika�w�VDXc|�S w<dfik|�w<���qmyh�zº��i�b0S�a0�kmyx�X
α
i£¨

b0SUXWh�XCXM¦>ika0b
φ ∈ [0, 1)

a0eU|�S²b0S w<b�¤

for all i : wi = b(i+ 1)α + φc − biα + φc.

_1b0efh0V�i�w<d��tmyh�zfaC|�w<d¹«©X�w<�ka�m�zfXM UdUXcz�wyaCw<x©XWh0ikm$z>ik|�« w<��w<dU|cXcz¹�qmyh�zfa/myhCwya[VDXc|�S w<dfik|�w<���tmyh�zfa
m<¨Ki�h0h�w<b0ikmyd w<�Ka0�kmyx©X�º´§dºb0SfikaDx w<h0b�ª��qX²��i�����a�XcX�b0S w<b��qX�S w���X�b0SUX�a�w<VDX�XcjQefi���w<�kXWdU|cX�xfh�myx�XWh0b0ikXca
«�XWb±�qXcXWdOa0b0h�mydf����`�« w<��w<dU|cXcz�b0h�XcXcaKw<dUz�VDXc|�S w<dfik|�w<��b0h�XcXca³

���(�����
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"�½$#&%(' � '@Á)% �f,D* � \pXc|�S w<dfik|�w<�°b0h�XcX���,0/�8.�
�

A 6 �V�H� 6 � 8Z3 ��
�;�
��CU��� 6 �����{3 = �:
��g� 6 8.X α 6 =u= 3������S��	3^�:


n T
∃φn ∈ [0, 1[ ∀k : h(A[n,k]) = b(2k − 1)α + φnc or ∃φn ∈ [0, 1[ ∀k : h(A[n,k]) = d(2k − 1)α− φne.

´±¨
b0SUXCdUm1zfX
n
m<¨�w<d²VDXc|�S w<dfik|�w<�
b0h�XcXC��XWh0i£  Xca+b0SUX/h�XW��w<b0ikmyd

∀k : h(A[n,k]) = b(2k − 1)α + φc
ª

b0Sfika�dUm$zfX[ika�a�w<ikz�i�d>¨ XWh0ikmyhKm<¨�xfS wya�X
φ
�´±d�¨¶wy|Wb&i�b�ika�w<d�w<«feUa�X/m<¨¥dUmyb�w<b0ikmyd²b�m�a�wc`�a�m�«©Xc|�w<eUa�X{b0SUXWh�X

|cmyef�kz�XM¦>ika0b
φ1

w<dUz
φ2

a0eU|�S�b0S w<b{¨»myhCw<���
k
¤
h(A[n,k]) = b(2k − 1)α + φ1c = b(2k − 1)α + φ2c


j[m��qXW��XWhtb�m�a�i�V�xf��i£¨@`�b0SUX+dUmyb�w<b0ikmydIªQ��SUXWd�b0SUX�xfS wya�XKm<¨¬wCa0ef«>¢¶b0h�XcX+ika°a�w<ikz¡b�mC«�X

φ
ª1i�bq|cmyef�kz¡«©XKw<dQ`

φ
b0S w<b��qmyhk>a�
uIXWb[eUa[|�w<���

frac(x)
b0SUX�¨@h�wy|Wb0ikmyd w<�¥x w<h0b{m<¨qw�h�X�w<�
dQefV6«©XWh

x
w<dUz��kXWb[eUaK�km1m�k�w<b[b0SUX�a�Xcj1eUXWdU|cX

(

frac(2kα− α+ φ)
)

k

�´±¨�b0Sfika�a�XcjQeUXWdU|cXC|�w<d�«�XCw<h0«fi�b0h�w<h0i���`�|W�km�a�X{b�m
0
ª>b0Sfika�VDX�w<dUa+b0S w<b�i£¨

ψ > φ
ª

b0SUXWh�X+XM¦>ika0b�a
k
a�eU|�S¡b0S w<b

b(2k −1)α+ψc > b(2k −1)α+φc
 ® dDb0SUX+myb0SUXWh°S w<dUzµªQi£¨µb0Sfika�a�Xcj1eUXWdU|cX

|�w<d)«�Xpw<h0«fi�b0h�w<h0i���`�|W�km�a�X²b�m
1
ª&i£¨

ψ < φ
ª&b0SUXWd b0SUXWh�X�XM¦>ika0b�a

k
a0eU|�S b0S w<b

b(2k − 1)α + ψc <
b(2k − 1)α+ φc


R&SUXWh�XM¨»myh�X�ª�w�xfS wya�X

φ
ika�efdfikj1eUX 6 � (

frac((2k − 1)α+ φ)
)

k

ika+w<h0«fi�b0h�w<h0i���`²|W�km�a�X{b�m
0
w<dUz

1


Y[m��-�kXWb�eUa�|�w<���
α1, α2, . . . , αn, · · · ∈ {0; 1}N

b0SUXOa�Xcj1eUXWdU|cXpm<¨�z>i���i�b�a�m<¨
α
i�d)« wya�XO� w<dUz

x1, . . . , xn, . . .
b0SUX+a�Xcj1eUXWdU|cX+m<¨¬z>i���i�b�atm<¨

α−φ
i�d¡« wya�XK�>�s V�ef��b0i�xf��ik|�w<b0ikmyd�«1`

2k |cmyh0h�Xca�x©mydUzfatb�m
w�a0Sfi£¨ b+m<¨�b0SUXCz>i���i�b�aK«Q`

k
&´±¨

x1, . . . , xk

zfm$Xca�dUmyb[XWdUz²��i�b0S�dUXWi�b0SUXWh{w<d�i�d> Udfi�b�X6dQefV6«©XWh{m<¨
0
dUmyh

w<d²i�d> Udfi�b�X�a�Xcj1eUXWdU|cXCm<¨
1 � ª (frac((2k − 1)α + φ)

)

k

ika+w<h0«fi�b0h�w<h0i���`�|W�km�a�X/b�m
0
myh

1
VDX�w<dUa+b0S w<b�¨»myh

w<���
n
ª b0SUXWh�X�XM¦>ika0b�a

k
a0eU|�SOb0S w<b

αk, . . . , αk+n−1 = x1, . . . , xn

�\Omyh�XCxfh�Xc|Wika�XW��`�ª i£¨�¨»myhKw<���
n
ª b0SUXWh�X

XM¦>ika0b�a
m > n

w<dUz
k > 0

a0eU|�S b0S w<b
xm = 0

�@h�Xca�xI 	��/w<dUz
αk, . . . , αk+m−1 = x1, . . . , xm−1, 1�@h�Xca0xI

x1, . . . , xm−1, 0
�Mªfb0SUXWd (

frac((2k − 1)α+ φ)
)

k

ika+w<h0«fi�b0h�w<h0i���`²|W�km�a�X{b�m
0


R&S1eUa��qXCS wc��XCb�m�z>ika�b0i�df��efika0S²b0Sfh�XcXC|�wya�Xca³¤

� ´±¨
α
ika�w6dQefV�«�XWh+a0eU|�S�b0S w<b+w<���� Udfi�b�X{«fi�d w<h0`�a�XcjQeUXWdU|cXca+w<xfx�X�w<h�i�d�b0SUX{«fi�d w<h0`�XM¦>x w<dUa0ikmyd²m<¨

α
ª©b0SUXWd�¨»myh[w<���
xfS wya�X

φ
ª�b0SUXWd

φ
ika+efdfikj1eUX�[´±dpx w<h0b0ik|Wef��w<h�ªIw<���4�	3���;b�����-9:;���
�������XWh0i£¨@`²b0Sfika

xfh�myx�XWh0b±`�w<dUz��qX?k1dUm³� b0S w<b�w<��VDm�a�btXW��XWh0`�dQefV�«�XWh�i�d
[0, 1]

ikatdUmyh0V¡w<�¶ª>a�XcX�� �I!��»w�dQefV6«©XWh�ika
dUmyh0V¡w<��i£¨�w<���Ia�XcjQeUXWdU|cXca�m<¨¥�kXWdf��b0S

k
w<xfx�X�w<h���i�b0S²h�w<b�X

2−k i�d�b0SUX/«fi�d w<h0`�XM¦>x w<dUa0ikmyd²m<¨
α
�M

� ´±¨
α ∈ Q

ª©b0SUXWd�b0SUX�a�Xcj1eUXWdU|cX
frac((2k − 1)α + φ)

) ika[x©XWh0ikm$z>ik|�w<dUz¹b0SUXWh�X�w<h�X�dUm�xfS wya�X
φa�eU|�S²b0S w<b

φ
ika�efdfikj1eUX�

� ´±¨
α
ikaqdUXWi�b0SUXWh�h�w<b0ikmyd w<�µdUmyh�S wya&b0SUX[xfh�myx�XWh0b±`�b0S w<b�w<���µ«fi�d w<h0`�a�Xcj1eUXWdU|cXca�w<xfx©X�w<h&i�d

α
ª$b0SUXWd

a�myVDX
φ
|�w<d�«©X{efdfikj1eUX�w<dUz�a�myVDXCmyb0SUXWh�a+V¡wc`�dUmyb� �Umyh+XM¦Uw<V�xf�kX�ªfi£¨

α
ika�b0SUX/dQefV6«©XWh�¤

α = 0.101100111000111100001111100000 . . . ,

b0SUXWdOi£¨
frac(α − φ) = 0

ª
φ
ika+efdfikj1eUX�ª���Sfi��kX

φ1
w<dUz

φ2
a0eU|�Spb0S w<b

frac(α − φ1) = 0.10100w<dUz
frac(α− φ2) = 0.1010

w<h�XCXcj1efi���w<�kXWdQb�

´±¨/mydUX² f¦>Xca�b0SUX�zfXWdUa�i�b±`
α

w<dUz b0SUX�xfS wya�X
φn

m<¨�X�wy|�S�dUm$zfX�ª&b0SUXWh�X²ika�w<b¡VDm�a0b�mydUX²V¡w<b�|�Sfi�df�
VDXc|�S w<dfik|�w<��b0h�XcX�{R&SUX� Uh�a0b[h�Xca0ef��b[m<¨�b0Sfika[x w<h0b{ikaKb�m¡xfh�m³��X6b0S w<b[i£¨°�tX6|�SUm1m�a�X�b0SUX�zfXWdUa0i�b±`

α
w<dUz

b0SUX/xfS wya�X
φ0

m<¨¥b0SUX/h�m$myb�ª>b0SUXWh�XCXM¦$ika�b�a�mydUX�w<dUz�mydf��`�mydUX{VDXc|�S w<dfik|�w<�
b0h�XcX�
\Omyh�Xcm���XWh�i�d�myefh6zfXM Udfi�b0ikmydIª��tX�w<���km³� a�myVDX¡dUm$zfXca�b�m�«©X 6 � = 
H� 6 3�� �@��Sfik|�S�VDX�w<dUa�b0S w<b6i�b6ika

m<¨°b0SUX�¨ myh0V
∀k : h(A[n,k]) = b(2k − 1)α + φc

�[w<dUzpa�myVDX�dUm$zfXca[b�m¡«�Xb��9 K 
�� 6 3�� �@��Sfik|�S¹VDX�w<dUa
�������	��
�������������
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 � � ���@� ����� �����! ���#"%$ �'& "%�)(+*��,�.- � ��������� � �,/0
1�+23��$

x1, x2, . . . , = x1, xl, 1, 0, 0, 0, . . . 4����
1� � �+
 � �5����
1�
`

frac((2k
− 1)α + φ)

´

k

�,�6
1�  �����7
%���,/�89��/,":���;��"
1
��$<$="�6
/,/

m 4 ���������;��>��,�?���
k
� � �@�A����
%�

αk, . . . , αk+n−1 = x1, . . . , xl, 0, 0, 0, . . . , 0

���������������
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h(A[n,k]) = d(2k − 1)α+φe
�M��¸XK��i����©a�XcXKb0S w<bti£¨�wCdUm$zfX�i£¨¬i�d>¨»XWh0ikmyh�ª$i�b�a°b§�qm�|�Sfi��kz>h�XWd���i����©«©X{w<�ka�m

i�d>¨»XWh0ikmyh�
� � Á���Á � ' � '@Á	% �f,��i,���
H8

α ∈ [0, 1], φ ∈ [0, 1[
L

��CE
H�
�
W 6 ��8D�R��9U� 6 GM9g
R;�
��CE��� 6 ������8.��
�
 A 3 = ��
H�g� 6 8.X α ���)� 6 � 6 8 6 ��� K CE�@�M
 φ0
L�1}C 6 ��C ;�
���g� T

∀k : h(A[0,k]) = b(2k − 1)α + φc.

�{�3^3 = L � ak�XWb�|�S
�[´§b{ika{« wya�Xcz¹myd¹a�myVDX�h�XW��w<b0ikmydUaCmyd¹h�myefdUz>i�df��¨@efdU|Wb0ikmydUa/b0S w<b/��i����¥xfh�m³��X�b0S w<b/i£¨&w
dUm$zfX{S wyaKw�xfS wya�X

φ
ª>b0SUX/xfS wya�Xca+m<¨
i�b�a�b§�qm�|�Sfi��kz>h�XWdOw<h�X/ f¦>Xczµ

��½ � � � �i,��i,���
H8
x ∈ R c 8DCE
��

⌈

dxe

2

⌉

=

⌈

x

2

⌉

� � �
⌈

bxc

2

⌉

=

⌊

x+ 1

2

⌋

�@� �

⌊

bxc

2

⌋

=

⌊

x

2

⌋

�»� �

⌊

dxe

2

⌋

=

⌈

x− 1

2

⌉

.
�»� �

�{�3^3 = LKuIXWb p = dxe
w<dUz

θ = x− p ∈ [0; 1[
°´±¨

x = p
ª���ika�|W�kX�w<h0��`�b0h0eUX� ® b0SUXWh0��ika�X�¤

⌈

dxe

2

⌉

=

⌈

p+ 1

2

⌉

=

{

p+1
2 if p is odd

p
2 + 1 if p is even.

⌈

x

2

⌉

=

⌈

p+ θ

2

⌉

=















⌈

p+1
2 + θ−1

2

⌉

= p+1
2 if p is odd

⌈

p+2
2 + θ−1

2

⌉

= p
2 + 1 if p is even.

���(�����
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R¬m¡a0SUm�� �UªU�kXWb
p = dxe

w<dUz
θ = x− p ∈ [0; 1[

q´¶¨
θ 6= 0

¤
⌈

bxc

2

⌉

=

⌈

dx− 1e

2

⌉

=

⌈

x− 1

2

⌉

=

⌊

x− 1

2
+ 1

⌋

=

⌊

x+ 1

2

⌋

.

´±¨
θ = 0

ªf�kXWb
x = 2q


⌈

bxc

2

⌉

= q,

⌊

x+ 1

2

⌋

=

⌊

q +
1

2

⌋

= q.

R&SUXCaFw<VDX{xfh�m1m<¨¥SUmy�kzfa�¨»myh�b0SUXCmyb0SUXWh�i�dUXcj1e w<��i�b0ikXca�
�{�3^3 = L��e%�'�� � ½:%�½ ��� , uIXWb

A
«©XCw�VDXc|�S w<dfik|�w<��b0h�XcXca+m<¨¥zfXWdUa0i�b§`

α


R&SUX���w<«©XW�tm<¨�b0SUXDh�m$myb�ika
bα + φc

a�m�i�b�ika�|cmyV�xf�kXWb�XW��` zfXWb�XWh0V�i�dUXczº«Q`
α
w<dUz

φ
�sKa

A
ika�w

VDXc|�S w<dfik|�w<�&b0h�XcX�ª¥i�b�a6b±�tmO|�Sfi��kz>h�XWd��@dUmyb�Xcz
A1

w<dUz
A2
��w<h�X�w<�ka�m²VDXc|�S w<dfik|�w<��b0h�XcXca� �¸X�|�w<���

φ1w<dUz
φ2

b0SUXWi�hCxfS wya�X�w<dUz¸a0i�dU|cXDb0SUXDb0h�XcX�ika�dUmyd>¢¶xf��w<d w<h�ª���i�b0SUmyefb6�km1m�a�XDm<¨t��XWdUXWh�w<��i�b§`�ª¥�qX�wya�a0efVDX
b0S w<b

φ1 ≤ φ2
/\pmyh�Xcm³��XWh/�qX�wya�a0efVDX�b0S w<b{b0SUX�h�m$myb{ika{m<¨°b0SUX6¨ myh0V

h(A[n,k]) = b(2k − 1)α + φc� myb0SUXWh0��ika�X�ª �qX&n"eUa0b&h�XWxf��wy|cX
b
«Q`

d
�M

φ

φ1 φ2

uIXWb&eUa&|cmyV�xfefb�X{b0SUXKdQefV�«�XWh�a
φ1

w<dUz
φ2

«Q`¡|cmyV�xfefb0i�df�
h(A[r,k+1])

¨ h�myV b§�qm�z>i��µXWh�XWdQb&�tw�`$a³¤

∀k : b(2k+1 − 1)α+ φc = b(2k − 1)α+ φ1c + b(2k − 1)α + φ2c + bα+ φc.
´±¨µb0SUX�b±�tm�|�Sfi��kz>h�XWd�w<h�X�i�d>¨»XWh0ikmyh�ª>wya

0 ≤ φ1 ≤ φ2 ≤ 1
ªQ�tX+��myb

0 ≤ φ2 −φ1 ≤ 1
w<dUz¡b0SUXWd�b0SUXWh�X

XM¦>ika0b�a
c = 0

myh
1
a0eU|�S²b0S w<b�¤

b(2k − 1)α+ φ1c ≤ b(2k − 1 + φ2)c + c.
´±¨&mydUX¡|�Sfi��kz ika/i�d>¨ XWh0ikmyh�w<dUz�b0SUXDmyb0SUXWh�mydUX�ika�a0efx�XWh0ikmyh�ª��qX�h�XWV¡w<hk�b0S w<bCb0Sfika�dQefV6«©XWh

c
a0b0i����

XM¦>ika0b�a�w<dUz6i�b�zfm$Xca¥dUmyb�|�S w<df��X&b0SUX&XWdUz�m<¨ b0SUXtxfh�m1m<¨0
´±d�¨¶wy|Wb
i£¨�b0SUXqh�m$myb¥ika
i�d>¨ XWh0ikmyh�ª�i�b�a¥b§�qm/|�Sfi��kz>h�XWd
|�w<d²«�X/XM¦$xfh�Xca�a�Xcz²wya�i�d>¨»XWh0ikmyh+|�Sfi��kz>h�XWdpb�m1mf

R&S1eUa�¤

���������������
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⌊

(2k − 1)α+ φ1

⌋

=

⌊

b(2k+1 − 1)α + φc − bα+ φc

2

⌋

.

_$m�b0SUX[mydf��`¡jQeUXca�b0ikmyd�h�XWV¡w<i�dfi�df��ikat��SUXWb0SUXWh�myhtdUmyb ⌊

b(2k+1−1)α+φc−bα+φc
2

⌋ |�w<d�«©XK��h0i�b0b�XWd²wya
⌊

(21k − 1)α + φ1

⌋ w<dUz ⌈

b(2k+1−1)α+φc−bα+φc
2

⌉ |�w<d�«©X{��h0i�b"¢±XWdpwya ⌊

(2k − 1)α+ φ2

⌋ 
ht`¡�kXWV�V¡w��> �>ª>�tX{|�w<d²|cmyV�xfefb�X{b0SUX[¨ my���km³��i�df��b�w<«fef��w<h�b0S w<b�a0SUm���a&eUa�z>i��µXWh�XWdQb���w<��eUXcat¨»myh

φ1w<dUz
φ2

zfXWx�XWdUz>i�df�¡myd�b0SUX/i�dfi�b0i�w<�
φ
¤

φ

α+φ
2 − bα+ φc α+φ+1

2 − bα+ φc

bα+ φc < 1 bα + φc ≥ 1
ª

φ1
α+φ

2
α+φ+1

2

ª

φ2
α+φ−1

2
α+φ

2



vKXWV¡w<hk¡b0S w<b&i£¨¬b0SUX[h�m1mybtikati�d>¨ XWh0ikmyh&i�b�a&b§�qm�|�Sfi��kz>h�XWd²|�w<d�«�XKXM¦>xfh�Xca�a�Xcz�wyati�d>¨»XWh0ikmyhtdUm$zfXcat��i�b0S
xfS wya�X�Xcj1e w<�ka{b�m�b0SUX���w<��eUXca{i�d¹b0SUX�xfh�XW�1ikmyeUa{b�w<«fef��w<h��R&S w<b{VDX�w<dUa/b0S w<b{i£¨&w�|�Sfi��kz>h�XWd¸ika[i�d>¨»XWh0ikmyh
w<dUz²mydUX/m<¨¥i�b�a+|�Sfi��kz²a0efx�XWh0ikmyh�ªfi�b�|�w<d²«�X/XM¦$xfh�Xca�a�Xcz²wya+w�i�d>¨»XWh0ikmyh�dUm1zfX/b�m$mf

uIXCeUa&¨ m$|WeUa�myd²b0SUXCa�Xc|cmydUz²|cmy��efV�d �@b0SUX/h�Xca0b�ika+a0i�V�i���w<h��
bα+ φc < 1

⌈

b(2k+1 − 1)α + φc − bα+ φc

2

⌉

=

⌈

b(2k+1 − 1)α+ φc

2

⌉

�¶� �

=

⌈

d(2k+1 − 1)α+ φe

2
− 1

⌉

� � �

=

⌈

(2k+1 − 1)α + φ− 1

2

⌉

� � �

=

⌊

(2k+1 − 1)α + φ− 1

2
+ 1

⌋

� 	�� �

=

⌊

(2k − 1)α +
φ+ α+ 1

2

⌋

.
� 	 	��

�}pao ��w � x�t�� � � � ��� � t �Er � � t ��� r ��� � t4v�� ��� w � r�r-y � � r w�� r y � � r
´§dºb0Sfika�a�Xc|Wb0ikmydIª��qX���i�����a0SUm³� b0S w<b�i£¨Kb0SUX�zfXWdUa0i�b§` ika�i�h0h�w<b0ikmyd w<�¶ª&wpa�b0h�mydf����` « w<��w<dU|cXcz b0h�XcX�ikaDw
VDXc|�S w<dfik|�w<�
b0h�XcX��R&Sfika�h�Xca�ef��b+|�w<d�«©X/XM¦>xfh�Xca�a�Xcz²«Q`�b0SUX{¨ my���km³��i�df�¡xfh�myx�m�a0i�b0ikmydI

���(�����
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� � Á���Á � ' � '@Á	% �f, ��,���
H8
A
��
�� 6 � A � 6 8a
R� 6 �	����X�8.�
�
^LN 6PO � = A 6 ��;�
��CU��� 6 ������8DCE
�� A 6 ���H8.�53��:[��YXB����J���	��
��LN 6D6PO � = A 6 �?�H8.�53��:[��YX ����J���	��
��e���	�`�	3�84�5�$8 6 3��)��� c 8DCg
�� A 6 �0�b;�
�HCU��� 6 �����(8.�
�
 LN 6D6D6dO � = A 6 �?��8.�3��:[��YXB���������	��
�e���	�b���8 6 3��	��� c A 6 ��9U��8 6 ;b��8a
��YX�;�
�HCU��� 6 ������L

� SUXWdp�tX�a�wc`²b0S w<bCw¡b0h�XcX���XWh0i£  Xca{w¡xfh�myx�XWh0b±`
P
9U�Y8 6 ;b��8a
��YXyª©b0S w<b{VDX�w<dUa[b0S w<b{b0SUXWh�X6XM¦>ika0b�a/w

K
a0eU|�S b0S w<b6X�wy|�Sºa0ef«>¢¶b0h�XcXca�m<¨

A
��Sfik|�S h�m1myb�i£¨�m<¨�SUXWi���S1b

k > K
ª
k
��XWh0i£  Xca6b0SUX�xfh�myx�XWh0b±`��´±d

b0S w<b[x w<h0b0ik|Wef��w<h[|�wya�X�ª��qX6a�wc`�b0S w<b/w�b0h�XcX�ika+ef��b0i�V¡w<b�XW��`�VDXc|�S w<dfik|�w<�¥i£¨°w<���
m<¨�i�b�a[a0ef«>¢¶b0h�XcXcaKm<¨�h�m$myb
m<¨¥SUXWi���SQbKa�efx©XWh0ikmyh�b�m¡w�|cXWh0b�w<i�d

K
w<h�X/VDXc|�S w<dfik|�w<��b0h�XcXca³

uIXWb+eUa�«©XW��i�d�b0SUX{xfh�m1m<¨¥«Q`�b0Sfika& Uh�a0b+�kXWV�V¡w>
��½ � � � �i,���, � = A 6 �n��;�
��CU��� 6 ������8.��
�
 c 8DCE
�� A 6 ����8.�3��:[��PX�����J���	��
�:L
�{�3^3 = LKuIXWb A «�XCw�VDXc|�S w<dfik|�w<�
b0h�XcXCw<dUz��kXWb

k, q ∈ N
ª
k ≤ q

�uIXWb��km$m�k�w<b�b0SUXCjQe w<d1b0i�b±`�¤

x(n, n′, k, q) = |h(A[n,k]) − h(A[n,q])| − |h(A[n′,k]) − h(A[n′,q])|.

Z[a0i�df�¹b0SUX��qXW���£¢Zk$dUm���d�¨»myh0V�ef��w
x − x′ − 1 < bxc − bx′c < x − x′ + 1

ª��qX�|�w<d���h0i�b�X�b0SUX
¨»my���km���i�df��Xcj1e w<��i�b0ikXca�¤

x(n, n′, k, q) = b(2k − 1)α + φnc − b(2q − 1)α + φnc − b(2k − 1)α+ φn′c + b(2q − 1)α + φn′c,

< (2k − 1)α+ φn − (2q − 1)α − φn − (2k − 1)α− φn′ + b(2q − 1)α+ φn′ + 2,

< 2

x(n, n′, k, q) > −2.

\Omyh�Xcm���XWh�ª©wya
x(n, n′, k, q)

ika+w<d�i�dQb�XW��XWh�¤
|x(n, n′, k, q)| ≤ 1

b0S w<b�xfh�m1m<¨�b0SUX{�kXWV�V¡w>
uIXWb+dUm�� xfh�m$m<¨
b0SUXCh�Xc|Wi�xfh�m1|�w<�
m<¨�b0SUX/�kXWV�V¡w>¤

��½ � � � �f,��f,0��
H8
A
��
e�F��8.�3��:[��YX\���������	��
� 8.�
�
 1 6 8DC �:
��g� 6 8.X α 1}C 6 ��C ����� �)3�8���
 1&� 6 8 8a
�� �@�

p

2k−2q

N
p, k, q ∈ N O L��CE
H�
A 6 �n��;�
��CU��� 6 ������8.��
�
^L

�{�3^3 = L � ak�XWb�|�S
�KR&SUX6 Uh�a0b[x©myi�d1b[ika/w¡h�w<b0SUXWh/z>i�h�Xc|Wb{|cmydUa�XcjQeUXWdU|cX�m<¨�b0SUX�zfXM Udfi�b0ikmyd¸m<¨°VDXc|�S w<dfik|�w<�
b0h�XcXca��s[a&¨»myh+b0SUX�a�Xc|cmydUz²x�myi�dQb�ª��kXWb

τ
«�X�w�h�X�w<��dQefV�«�XWh/w<dUz

n
wDdUm1zfX��s&b��kX�wya�bKmydUX�m<¨�b0SUX�b±�qm

¨»my���km���i�df�¡xfh�myx�XWh0b0ikXca�ika�b0h0eUX�¤

� ¨»myh+w<���
k
¤
h(A[n,k]) ≤ b(2k − 1)α+ τc

ª

� ¨»myh+w<���
k
¤
h(A[n,k]) ≥ b(2k − 1)α+ τc


R�m¹xfh�m���X�b0Sfika�ª°wya�a0efVDX�b0S w<b�i�b�ika�dUmyb�b0h0eUX� R&SUXWd b0SUXWh�X�XM¦>ika0b�a

k, q
a0eU|�S�b0S w<b

h(A[n,k]) <

b(2k − 1)α+ τc
w<dUz

h(A[n,k+q]) > b(2k+q − 1)α + τc
� myh+b0SUXCmyxfx©m�a�i�b�X��M

´§d/b0S w<b¬|�wya�X�¤
h(A[n,k+q])−h(A[n,k]) ≤ 2+b(2k+q−1)α+φc−b(2k−1)α+φc > 1+(2k+q−2k)α��Sfik|�Sp�1ikmy��w<b�Xca�b0SUX{¨ myh0V6ef��w�my«fb�w<i�dUXcz²i�d �»� �M

uIXWb+eUa�zfXM UdUX/b0SUX/d1efV�«�XWh
φ
wya&¨ my���km³��a�¤

φ = inf
τ

{

For all k : h(A[n,k]) ≤ b(2k − 1)α+ τc
}

.

���������������
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R&SUXWd²�tX/S wc��XC¨ myh+w<���
k
¤

h(A[n,k]) ≤ (2k − 1)α+ φ ≤ h(A[n,k]) + 1.

´±¨
α /∈ { p

2k−2q , p, k, q ∈ N}
ª$b0SUXWd

(2k − 1)α+ φ
ika�w<d�i�dQb�XW��XWh�¨ myh�w<b&VDm�a0b�mydUX

k0
��{XWx�XWdUz>i�df�

myd²b0SUX/��w<��eUX/i�d
k0
¤�i£¨

h(A[n,k0]) = (2k0 − 1)α + φ
ªUb0SUXWd�¨ myh+w<���

k
¤
h(A[n,k]) = b(2k − 1)α+ φc


® b0SUXWh0��ika�X{¨»myhKw<���

k
¤
h(A[n,k]) = d(2k − 1)α+ φ− 1e


Y[m�� ��S w<b{S w<xfx©XWdUa[i£¨

α
«�XW�kmydf��a{b�m

{ p

2k−2q , p, k, q ∈ N} � R&SUX6h�Xca0ef��b{ika{jQefi�b�X�z>i��µXWh�XWdQbCw<dUz
wyaK�qXC��i����¥a�XcX�ª�a0i�dU|cXCb0SUXWh�X6i�b+�tmyhk$aR9:��8 6 ;��$8a
��PX��s |cmyefd1b�XWh�XM¦fw<V�xf�kX�ikaKb0SUXCb0h�XcX���Sfik|�S¹dUm1zfXca[w<h�X
��w<«�XW�kXcz�«1`

1
XM¦f|cXWxfbq¨»myh�mydUX[��w<«©XW�kXcz�«Q`��>�R&Sfika&b0h�XcX{ika&|W�kX�w<h0��`�a0b0h�mydf����`�« w<��w<dU|cXcz���i�b0S�zfXWdUa0i�b±`

1«fefb�ika�dUmyb�VDXc|�S w<dfik|�w<�¶qsKd²myb0SUXWh+mydUX/ika�b0SUX/b0h�XcX/zfXWxfik|Wb�Xcz²i�d� U��efh�X � ��Sfik|�S�S wya+zfXWdUa0i�b±`
1/3


��½ � � � �i,��	,���
H8

A
��
V����8.�3��:[��PX ���������	��
��8.��
�
^L

��CE
H�
A 6 �n��9U�Y8 6 ;b��8a
��YX�;�
��CU��� 6 �����JL

�{�3^3 = LKsKaK¨»myh[b0SUX���wya0bCwya�a�XWh0b0ikmydIª�b0SUX�a�w<VDX�wya+¨»myh{b0SUX�xfh�XW�1ikmyeUa{x�myi�dQb/SUmy�kzfa{efd1b0i���b0SUX�¨¶wy|Wb{b0S w<b
b0SUXWh�X/ika+w<b�VDm�a�b�i�dQb�XW��XWh

k0
a0eU|�S²b0S w<b

(2k
0 − 1)α + φ ∈ N


Y[m�� �qX6wya�a0efVDXCb0S w<bKb0SUXWh�X�XM¦>ika0b�a

k0, k1
a0eU|�S�b0S w<b

(2ki − 1)α + φ ∈ N
� myb0SUXWh0��ika�X6�qX���mDb�m

b0SUXCXWdUz�m<¨¥b0SUX/xfh�m$m<¨¥m<¨ �@i�i � �M
s z>i�h�Xc|WbK|cmyV�xfefb�w<b0ikmydO�kX�wyzfa�b�m

α /∈ { p

2k−2q , p, k, q ∈ N}
w<dUz²b0S1eUa+b0SUXWh�X�XM¦$ika0b

p
w<dUz

q0 < q1a0eU|�S²b0S w<b
α =

p

2q0 − 2q1
,GCD(p, 2q0 − 2q1) = 1.

s�|c|cmyh�z>i�df�Db�m�b0SUXK¨»myh0V�ef��w��>ª>b0Sfika&VDX�w<dUa&b0S w<b
h(A[n,q1])− h(A[n,q1])

XcjQe w<�ka
p− 1

ª
p
myh
p+ 1


htefb�wya/b0SUX�b0h�XcX�ika�a0b0h�mydf����`p« w<��w<dU|cXczµª�b0SUXWh�XD|�w<d¸dUmyb/«�X�i�d�b0SUX�b0h�XcX�b§�qm²a�ef«>¢¶b0h�XcXcaC��i�b0S¸��w<��eUXca
p − 1

w<dUz
p + 1

�sKa�a0efVDX�b0SUXWh�X�ika
q1 − q0

myb0SUXWh/x w<i�h0��ika�X�z>ika»n"myi�d1bCa0ef«>¢¶b0h�XcXca/��i�b0S���w<��eUX
p + 1

ª
b0SUXWd�b0SUXWh�X/�tmyef�kz�«©X[b§�qmDm<¨¥b0SUXWV ¨ myh���Sfik|�S²b0SUX{h�m$myb�a&��i����I«©X/w<b�SUXWi���S1b

h
w<dUz

h+ (q1 − q0) ∗ nw<dUz�b0SUX{V�i�dfi�V¡w<�
a0ef«>¢¶b0h�XcX/b0S w<b+|cmyd1b�w<i�dUa+b0Sfika�b§�qm�a0ef«>¢¶b0h�XcXca��qmyef�kz��1ikmy��w<b�XCb0SUX[¨ myh0V6ef��w¡�>
R&S1eUaCef��b0i�V¡w<b�XW��`�ª�w<����a�ef«>¢¶b0h�XcXcaC|cmyh0h�Xca0x�mydUz>i�df�²b�m

h(A[n,q1]) − h(A[n,q1])
��i�����b�w@k�X�b0SUX���w<��eUX

p
 �Umyh�b0SUXCh�Xca0b�m<¨
b0SUXCxfh�m1m<¨0ª>�qX�wya�a0efVDX{b0S w<b+myefh�b0h�XcX/��XWh0i£  Xca+b0Sfika�xfh�myx�XWh0b±`�
Y[m��Cªf�kXWb+eUa�h�Xc|�w<���Ib0S w<b�¨»myh+w<���

k
¤

h(A[n,k]) ≤ (2k − 1)α+ φ ≤ h(A[n,k]) + 1.

´±¨�b0SUXWh�X6w<h�X/b§�qm�i�dQb�XW��XWh�a
k0, k1

a0eU|�Spb0S w<b
(2ki − 1)α + φ ∈ N

�qX�S wc��X 2k1−2k0

2q0−2q1
p ∈ N

tR&SQeUa
2k1−2k0

2q0−2q1 ∈ N
�´±¨&�tXD��h0i�b�X

x = q1 − q0
w<dUz

y = k1 − k0
ª
y = px + r

�
0 ≤ r < x

�Mª¬�tX¡S w���X�¤
2k1−2k0

2q0−2q1
= 2k0−q0 2x−1

2y−1

��Sfik|�S�i�V�xf��ikXca 2x−1
2y−1 ∈ N

ª 2x−1
2y−1 = 2r 2px−1

2x−1 + 2r−1
2x−1 ∈ N

ª�a�m
r = 0

w<dUz
q0 − q1

z>i��$ikzfXca
k1 − k0


s[a�¨»myhKw<���

n′
¤
h(A[n′,q1]) − h(A[n′,q0]) = p

ªfi£¨
h(A[n,k0]) = (2k0 − 1)α + φ

b0SUXWd
h(A[n,k1]) =

(2k1 − 1)α + φ
w<dUz�b0SUXWd�¨»myh+w<���

k
¤

h(A[n,k]) = b(2k − 1)α + φc.

´±¨
h(A[n,k0]) = (2k0 − 1)α + φ− 1

b0SUXWd
h(A[n,k1]) = (2k1 − 1)α + φ− 1

w<dUz²b0SUXWd�¨»myhKw<���
k
¤

h(A[n,k]) = d(2k − 1)α + φe

���(�����
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R&Sfika6b0h�XcX¡ika6h�w<b0ikmyd w<�&��i�b0SºzfXWdUa0i�b§`
1/3

ª¥��Sfik|�S�VDX�w<dUa�b0S w<b�w<���°¨ my���km³��i�df�¹a�ef«>¢¶b0h�XcXca�m<¨�SUXWi���S1b
2b0S w<b/�qX�|�w<d¹dUmybCa�XcX�w<h�X�b0h�XcXca/��i�b0S¸mydUX

1
w<dUzOb±�qm

0
 ® dUX�|�w<d¹��XWh0i£¨@`Omyd�b0SUX�xfik|Wb0efh�X�b0S w<b{b0SUX

«�XW��i�dfdfi�df�²m<¨tb0Sfika{b0h�XcX�ika/a0b0h�mydf����`O« w<��w<dU|cXcz¸w<dUz¸wya{i�bC|cmydQb0i�d1eUXcaC��i�b0S¸zfXWdUa0i�b§`OXM¦Uwy|Wb0��`
1/3

ªµb0SUX
��SUmy�kX/b0h�XcX/ika+a0b0h�mydf����`�« w<��w<dU|cXczµ
j[m��qXW��XWh�b0Sfika/b0h�XcX�ika{ef��b0i�V¡w<b�XW��`¹VDXc|�S w<dfik|�w<�°«fefb/dUmyb/VDXc|�S w<dfik|�w<�°«�Xc|�w<eUa�X�m<¨qb0SUX�b§�qm²a�ef«>¢¶b0h�XcXca
m<¨�SUXWi���S1b

2
a0efh0h�myefdUzfXcz�«Q`�«f��eUX/|Wi�h�|W�kXca+w<h�X{dUmyb&VDXc|�S w<dfik|�w<�¶t´±¨¬b0SUXW`��tXWh�X{VDXc|�S w<dfik|�w<�¶ª �qX{�qmyef�kz

S wc��X
α = 1/3

w<dUz�w
φ
a�eU|�S¡b0S w<b

b3α+φc = 2
w<dUzDb0SUXWd

φ = 1
��Sfik|�S�|cmyd1b0h�wyz>ik|Wb�aqb0SUXKzfXM Udfi�b0ikmydI

\Omyh�Xcm���XWh�ª�i£¨��qX��km$m�k�w<bKb0SUX�a0ef«>¢¶b0h�XcX�m<¨°h�m$myb
0
ª�i�bKika/w<�ka�m�dUmyb[VDXc|�S w<dfik|�w<��a0i�dU|cX6�qX��qmyef�kzOS w���X

bα+ φc = 0
w<dUz

b7α + φc = 3
��Sfik|�S�ika�i�V�x�m�a�a0i�«f�kX�

s

h

h h

h

h h
�
i���efh�X � ¤�o¥¦Uw<V�xf�kX�m<¨+w�h�w<b0ikmyd w<�tb0h�XcXD��Sfik|�S ika6a0b0h�mydf����`�« w<��w<dU|cXcz�w<dUz¸ef��b0i�V¡w<b�XW��`¸VDXc|�S w<dfik|�w<�
«fefb�dUmyb�VDXc|�S w<dfik|�w<�¶

sK��b0SUmyef��S²�qX�|�w<d�|�S w<h�wy|Wb�XWh0i�¯�X6a0b0h�mydf����`�« w<��w<dU|cXcz�b0h�XcXca�ªfi�b�ika�a�b0i����¬w<d²myx©XWd�j1eUXca0b0ikmyd�b�mD|�S w<h"¢
wy|Wb�XWh0i�¯�XC« w<��w<dU|cXcz�b0h�XcXca�tR&SUX{ Uh�a0bKw<dUa0�tXWh+ika+b0S w<b�b0SUXWh�X�XM¦>ika0b�a�myVDX/b0h�XcXca+b0S w<b[w<h�X/« w<��w<dU|cXcz�«fefb
dUmybKa�b0h�mydf����`�« w<��w<dU|cXczµ �¸XC��i���X�w<dpXM¦Uw<V�xf�kXC��i�b0Sp U��efh�X �D��SUXWh�X�b0Sfika+xfik|Wb0efh�X�ikaKb0SUXC«�XW��i�dfdfi�df�
m<¨�w�h�w<b0ikmyd w<�¬b0h�XcX/��i�b0S�zfXWdUa�i�b±`

3/7


R&SUX�xfh�XW�$ikmyeUa[XM¦Uw<V�xf�kX�a0SUm���a/w¡h�w<b0ikmyd w<�
b0h�XcX���Sfik|�SOika[« w<��w<dU|cXczO«fefb[dUmyb[a0b0h�mydf����`�« w<��w<dU|cXcz
«fefb�wya��tX�S wc��X�a�XcXWdIª°h�w<b0ikmyd w<�+b0h�XcXca�wyz>V�i�bDVDmyh�X²XM¦f|cXWxfb0ikmydUaDb0S w<d)i�h0h�w<b0ikmyd w<�KmydUXca�<j[m��tXW��XWh�ª
b0SUXWh�X�w<h�X�V�ef��b0i�xf�kX�XM¦Uw<V�xf�kXca�m<¨Kb0h�XcXca�b0S w<bDw<h�X�i�h0h�w<b0ikmyd w<��«fefb�dUmyb�a0b0h�mydf����` « w<��w<dU|cXczµ�_1eU|�S)w
|cmydUa0b0h0eU|Wb0ikmydpika�VDmyh�X/i�dQ��my����Xczµ

���������������
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�
i���efh�X �>¤�htXW��i�dfdfi�df��m<¨Kw�« w<��w<dU|cXczºb0h�XcX�m<¨+zfXWdUa�i�b±`
3/7

��Sfik|�S�ika�dUmyb�a0b0h�mydf����` « w<��w<dU|cXcz �»w<dUz
b0SQeUaCdUmydOVDXc|�S w<dfik|�w<� �M�R&Sfika/b0h�XcX�ika{h�w<b0ikmyd w<�¶¤Ki�b{S wyan��a0ef«>¢¶b0h�XcXcaCm<¨tSUXWi���SQb

3
�@b0SUX

3
��h0i�b0b�XWd myd

b0SUX� U��efh�X��M�R&SfikaCb0h�XcX¡ika/dUmyb�a0b0h�mydf����`¹« w<��w<dU|cXczºa0i�dU|cX�i�d¸b0SUX�xfik|Wb0efh�X¡b±�tm²dUmyd>¢¶h�myefb�Xczºa0ef«fb0h�XcXca
��i�b0S¸��w<dUz���mydUa[h�Xca0xI/w<h�X�Sfi���Sf��i���S1b�Xczµ�s[a+b0Sfika[b0h�XcX�ika[h�w<b0ikmyd w<�¶ª�i�bKika[dUmyb[ef��b0i�V¡w<b�XW��`Oa0b0h�mydf����`
« w<��w<dU|cXcz�XWi�b0SUXWh�ª a0i�dU|cX{b0SUX/Sfi���Sf��i���SQb�XczpVDmyb0i£¨»a+w<h�X/h�XWx�X�w<b�Xcz�w<d�i�d> Udfi�b�XCd1efV�«�XWhKm<¨¥b0i�VDXca�

�¸X{�&w<dQb�b�m�«fefi��kz²w�a0b0h�mydf����`�« w<��w<dU|cXcz�b0h�XcX{��i�b0S²zfXWdUa0i�b±`
α
i�h0h�w<b0ikmyd w<�I��Sfik|�S�h�m1myb&ika&��w<«�XW���kXcz

«Q`
0
w<dUz¸S wyaCb±�tm�|�Sfi��kz>h�XWd ��Sfik|�Sºw<h�XDVDXc|�S w<dfik|�w<�qb0h�XcXca6m<¨�zfXWdUa0i�b±`

α
w<dUz�h�Xca0x�Xc|Wb0i���XDxfS wya�Xca

φw<dUz
φ+ a



0

α, φ α, φ+ a
R&SUX¡b±�qmOa0ef«>¢¶b0h�XcXca6��i�b0S xfS wya�Xca

(φ)
w<dUz

(φ + a)
w<h�XD« w<��w<dU|cXcz m<¨�zfXWdUa0i�b§`

α
ª
��Sfik|�S VDX�w<dUa

b0S w<bK¨ myh{w<���
n > 0

ª�b0SUXW`�a�w<b0ika0¨@`�b0SUX6h�XW��w<b0ikmyd
b(2k − 1)αc ≤ h(A[n,k]) ≤ b(2k − 1)αc + 1

+R&S1eUa
b0SUX���SUmy�kX�b0h�XcX6ika{« w<��w<dU|cXcz 6 = ���	�e3����YX 6 = w<���¥b0SUX�a0ef«>¢¶b0h�XcXca{«�XW��i�dfdfi�df��w<b{b0SUX6h�m$myb{a�w<b0ika"  Xca[b0SUX
h�XW��w<b0ikmydI¤

b(2k − 1)αc ≤ h(A[0,k]) ≤ b(2k − 1)αc + 1.
� 	�� �

s[a�b0SUX{b±�tm¡|�Sfi��kz>h�XWd¹w<h�X/VDXc|�S w<dfik|�w<�¶ª �qX/S w���X

h(A[0,k]) = b(2k−1 − 1)α + φc + b(2k−1 − 1)α + φ+ ac

uIXWbqeUa�dUm³��|�w<���
z = (2k −1)α

ª
y1 = (2k−1−1)α+φ

ª
y2 = (2k−1−1)α+φ+a


R&SUX�h�XW��w<b0ikmyd
	���b0S w<b��tX/�tw<d1b+b�m�«�X/a�w<b0ika"  Xcz²|�w<d�«�X{��h0i�b0b�XWdOwya

0 ≤ by1c + by2c − bzc ≤ 1

�¸X/S w���X

z = (2k − 1)α

= 2(2k−1 − 1)α + α

= y1 + y2 − 2φ− a+ α.

���(�����
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uIXWb
x = by1c

��¸X/S w���X/b0SUX{¨»my���km���i�df��Xcj1e w<��i�b0ikXca�¤

y1 = n+ x

y2 = n+ x+ a

z = 2n+ 2x− 2φ+ α.

�{XWx�XWdUz>i�df�¡myd
x+ a

��h�X�w<b�XWhKmyh��kXca�a�b0S w<d
1
ª>b0SUX/h�XW��w<b0ikmyd�ika+a�w<b0ika"  Xcz�i£¨

(x+ a < 1 and − 1 ≤ 2x− 2φ+ α < 1) or (x+ a ≥ 1 and 0 ≤ 2x− 2φ+ α < 2).

�fh�myV b0SUXca�X/i�dUXcj1e w<��i�b0ikXca�ªf�qXC��XWb���h�XW��w<b0ikmydUa�¤

2(1 − a) − 2φ+ α ≤ 1

−1 ≤ −2φ+ α

2 − 2φ+ α ≤ 2

0 ≤ 2(1 − a) − 2φ+ α.

�fh�myV b0SUXca�X/h�XW��w<b0ikmydUa�ªf�tX/��XWb�b0S w<b�b0SUXCb0h�XcX{ika�« w<��w<dU|cXcz 6 = ���	� 3����YX 6 =
α

2
≤ φ ≤

α+ 1

2
and

α+ 1

2
≤ φ+ a ≤

α+ 2

2
.

� 	^� �

sKd²XM¦fw<V�xf�kX�m<¨¥a0eU|�Spw�b0h�XcX{ika�xfik|Wb0efh�Xcz² U��efh�X
	��>

�
i���efh�X 	��>¤{o¥¦fw<V�xf�kX�m<¨�w�« w<��w<dU|cXcz�b0h�XcX���i�b0S�i�h0h�w<b0ikmyd w<�°zfXWdUa0i�b±`
3/7 + ε

��Sfik|�S ika{dUmybCa0b0h�mydf����`
« w<��w<dU|cXczµt´±b�ika�dUmybKa0b0h�mydf����`�« w<��w<dU|cXcz²«�Xc|�w<eUa�XCm<¨¥b0SUXCb±�tmDSfi���Sf��i���S1b�Xczpa0ef«>¢¶b0h�XcXca6�R&SUXC|�Sfi��kz>h�XWd
m<¨¥b0SUX/h�m1myb�S w���X/xfS wya�Xca

0.6
w<dUz

0.8
a�m�b0SUXW`�aFw<b0ika"¨@`�o�j1e w<b0ikmyd 	^�>
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�
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0
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�� K 
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��� v � �_vat�� � r ��� � t_v�� ��� w � r-r-yUp
Z[a0i�df��b0SUX[|cmydUa0b0h0eU|Wb0i���X{zfXM Udfi�b0ikmydIª>i�bqikaq��XWh0`¡X�wya0`�b�m�«fefi��kz�w/xfh�XM f¦�m<¨�w�VDXc|�S w<dfik|�w<�µb0h�XcX[m<¨µ Udfi�b�X
�kXWdf��b0SI

� s  Udfi�b�X6a0b0h�mydf����`�« w<��w<dU|cXczpb0h�XcX�m<¨�SUXWi���SQb
k
|�w<dp«©X/«fefi���b[i�d���i�dUX�w<hKb0i�VDX�i�dpb0SUXCd1efV�«�XWh[m<¨

dUm$zfX
n = 2k − 1



� R&SUXC��w<«©XW�¬m<¨�w�dUm$zfX/m<¨
SUXWi���S1b
k
|�w<d²«�X/|cmyV�xfefb�Xcz²i�d���i�dUX�w<h+b0i�VDX{i�d

k


� ���O� ½ � Á�� � ½ ����� %�' ��� �©��� ½Q½ � �§Á �
φ = 0

,t´±b
a�XcXWVDa¬S w<h�z6b�m[XWdQefVDXWh�w<b�Xtb0SUX°d1efV�«�XWh�m<¨�a0b0h�mydf����`
« w<��w<dU|cXcz²b0h�XcXca³ R&SUX/dQefVDXWh�w<b0ikmydO��ika0b�a0b�w<h0b�a���i�b0S

2, 6, 20, 57, 158, 428, 1076, 2640, 6198, 14362, 32894, 73242, . . .

s[a&¨»myh�VDXc|�S w<dfik|�w<��b0h�XcXca���i�b0S�xfS wya�X
φ = 0

ªfi£¨�mydUXC|�w<���ka
Ck

b0SUX/d1efV�«�XWhKm<¨�a0eU|�Spb0h�XcXca+m<¨�a0i�¯�X
k
ª$w�b0h�XcX[|cmyh0h�Xca0x©mydUzfat«fi n0Xc|Wb0i���XW��`¡b�m�wCa�Xcj1eUXWdU|cX

(b(2q − 1)αc)
�R&SUXWd�b0SUX+d1efV�«�XWh�m<¨Ib0h�XcXca&XcjQe w<�ka

b0SUX/d1efV�«�XWhKm<¨¥b0i�VDXca�b0SUX/��i�dUXCm<¨�a0�kmyx�X
α
b�myeU|�SUXca{w<d�i�dQb�XW��XWhKdQefV6«©XWh[m<¨
b0SUX{¨»myh0V

(2q − 1, p)


Ck = Ck−1 + 2k − 2 −
∑

q | k
k/q is prime

(2q − 2).

R�m�XWdUz¹b0Sfika{x w<h0b�ªµdUmyb0ik|cX�b0S w<b{b±�qm²VDXc|�S w<dfik|�w<��b0h�XcXca/��i�b0S¹b0SUX�a�w<VDX�zfXWdUa0i�b§`¹w<h�X���XWh0`¹|W�km�a�X�
sK�ka�mfª&b±�tm VDXc|�S w<dfik|�w<�/b0h�XcXca¡��i�b0S z>i���XWh�XWd1b�zfXWdUa�i�b0ikXca�n"eUa0b�S wc��X¹w¹ Udfi�b�XpdQefV�«�XWh�m<¨{¨»wy|Wb�myh�a�i�d
|cmyV�VDmydI
� � Á���Á � ' � '@Á	% �i,	�i,0��
H8

A
���	�

B
��
B8.143];�
��CU��� 6 �����u8.��
�
��^L\��
H8 S(A)

���	�
S(B)

��
e8DCE
��M
H8�3 =8DCE
 6 �n��
�� K 
�M8 6 >@
R��9���l 8.�
�
��MLN 6PO � = 8DCE
V��
��g� 6 8 6 
��03 = A ���	�
B
����
V8DCE
��M��;�
 c 8DCE
H� S(A) = S(B)

L
N 6D6PO � = 8DCE
V��
H�g� 6 8 6 
��n���
V� 6 � 
���
��-8 c 8DCE
H� S(A) ∩ S(B) 6 � A � 6 8a
^L

�}p�� ��w � x�t�� � � � ��� � t �Er � w � r�r-y � � r �(w � � � v � t
� � Á���Á � ' � '@Á	% �f,�
f,���
H8

A
��
���;b
���CU��� 6 �����(8.�
�
����	� k ≥ 0

L
N 6PO ��CE
���
�
W 6 ��8D�R��84;�3���8 k + 1

��9���l�8.��
�
�3 = CE
 6 [@C:8 kN 6D6PO �]3��
3�>@
�� c 6 = α 6 � 6 �����8 6 3��	��� c 8DCE
�� 8DCE
0��9U;b��
��V3 = ��9g�Hl�8.��
�
�� 6 �0
W$�$�M8.�YX k + 1
L

�{�3^3 = LKuIXWb A «�X�wDVDXc|�S w<dfik|�w<��b0h�XcX6m<¨qzfXWdUa�i�b±`
α
w<dUz��kXWb

k ≤ 0
{s�|c|cmyh�z>i�df��b�m�b0SUX�xfh�myx�m�a0i�b0ikmyd

�> �>ª©b0SUX�a0ef«>¢¶b0h�XcX
A[n,k]

zfXWx©XWdUzfa{mydf��`pmydOi�b�a[xfS wya�X
φn

{´±dp¨¶wy|Wb�ª�b0Sfika{a0ef«>¢¶b0h�XcX�zfXWx�XWdUzfa{mydf��`pmyd
b0SUX/��w<��eUXca

b(2i − 1)α + φnc


�Umyh[w<���
i ≤ k

w<dUz
φ ≤ 1

ª>�qX�|�w<d�zfXM UdUX{¨ efdU|Wb0ikmydUa
hi(.)

hi(φ) = b(2i − 1)α+ φc.

R&SUXca�X�w<h�X{i�dU|Wh�X�wya�i�df�D¨ efdU|Wb0ikmydUa�b�w@k1i�df�¡i�dQb�XW��XWh+��w<��eUXca+w<dUz
hi(1) − hi(0) = 1


R&S1eUa�b0SUX

k−
b0efxf�kX

(h1(φ), . . . , hk(φ))
|�w<d²b�w@k�XCw<b�VDm�a�b

k + 1
�yw<��eUXca+w<dUz²b0SUXWh�X�w<h�XCw<b�VDm�a0b

k + 1
a0ef«>¢¶b0h�XcXca�

\Omyh�Xcm���XWh�i£¨
α
ikati�h0h�w<b0ikmyd w<�¶ªfb0SUX{b0h�XcX{S wya�w<d�i�h0h�w<b0ikmyd w<�IzfXWdUa0i�b±`�w<dUz�b0SUXWd�i�b�ikatdUmyb�h�w<b0ikmyd w<�Ia�m

b0SUXWh�X{w<h�X[w<bt�kX�wya0b
k+1

b0h�XcXcaqm<¨�SUXWi���SQb
k
��Sfik|�S�VDX�w<dUatb0S w<btb0SUX+b0h�XcXKS wya&XM¦fwy|Wb0��`

k+1
a0ef«>¢¶b0h�XcXca

m<¨¥SUXWi���SQb
k


���(�����
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s[a�a0SUm���d i�d�b0SUX�xfh�XW�1ikmyeUa�a�Xc|Wb0ikmydIª�i£¨[wpb0h�XcX�S wya
k
¨¶wy|Wb�myh�a�m<¨[a0i�¯�X

k
ª�i�b�ika�h�w<b0ikmyd w<�¶ R&SQeUa

a0b0h�mydf����`�« w<��w<dU|cXcz¡b0h�XcXcaqm<¨µi�h0h�w<b0ikmyd w<��zfXWdUa0i�b±`¡w<h�X+b0h�XcXca���i�b0S¡V�i�dfi�V¡w<��|cmyV�xf�kXM¦>i�b±`���¸X k$dUm���b0S w<b
i�d�b0SUX�|�wya�X�m<¨©�qmyh�zfa�ª$w<x©XWh0ikm$z>ik|&« w<��w<dU|cXcz��qmyh�zDw<h�X�XM¦Uwy|Wb0��`��qmyh�zfa���i�b0SD|cmyV�xf�kXM¦>i�b±`

n+1
SUm³�qXW��XWh

b0Sfika�ika�dUmyb�b0SUXC|�wya�X/SUXWh�X��� �I!¬��i���Xca+a�myVDXCXM¦fw<V�xf�kXcaKm<¨
xf��w<d w<h/_1b0efh0V�i�w<d�b0h�XcXca�ª�w<��b0SUmyef��Spa�myVDXCm<¨
b0SUXca�Xca�XM¦Uw<V�xf�kXca+zfm�dUmyb+�qmyhk�i�d²b0SUX{dUmyd>¢¶xf��w<d w<hK|�wya�X�ªfV¡w<dQ`�zfmf

��� � 6 = 3���; 8.��
�
���¤&|cmydUa0ikzfXWh0i�df��w��qmyh�z
w
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