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b�m�©§X[b0SUX[dQefV6©§XWhKm<¦�dUm$zfXca

��w<©�XW�kXczª©Q`
1
ika�b0SUXCa0ef©> µb0h�XcX¯m<¦
h�m$myb

n
w<dUzªSUXWi���SQb

k
¢

h(A[n,k]) =
∑

i∈E[n,k]

f(i).

R&SUXCzfXWdUa�i�b°`ªm<¦�w�a�ef©> µb0h�XcX
Π(A[n,k])

©Q`�b0SUX{dQefV6©§XWh[m<¦
1
mydªi�b�a�b�myb�w<�IdQefV6©§XWh[m<¦
dUm$zfXca�¢

Π(A[n,k]) =
h(A[n,k])

2k − 1
.

�·X��&w<dQb b�m/|�w<����zfXWdUa0i�b°`�m<¦�w<d�i�d>�Udfi�b�X�b0h�XcX
A
¨�b0SUX�w���XWh�w<��X�d1efV¯©�XWhqm<¦

1
i�d�b0SUX&b0h�XcX�¬
s�|Wb0e w<����`�¨

b0Sfika&jQe w<d1b0i�b°`�ikatb0SUX+��i�V�i�b�m<¦«b0SUX{zfXWdUa0i�b¥`�m<¦�a0ef©> µb0h�XcXca�m<¦ISUXWi���S1b
k
�@i�btV�wc`�myhqV�w�`�dUmyb�XM¤>ika0b��M¬��·X

a�w�`�b0S w<b�b0SUX¯zfXWdUa0i�b°`ªm<¦ w�b0h�XcX/ika
α ∈ R 7 > ���*�a4��.�QY 7 >

∀n, lim
k→∞

Π(A[n,k]) = α.

pjq�� � � x�wby�u ��� x � s�s.z�� �Fy�� � � s
	 w x�� � u
��� s.u`zAw[x��
�Umyh��qmyh�zfa�¨£b0SUXWh�X�ika�w±a0i�V�xf�kX�zfXM�Udfi�b0ikmyd m<¦���S w<b�w±x§XWh0ikm$z>ik|��tmyh�z¹ika�¢�i�b¯ika�w��Udfi�b�X�¦ºwy|Wb�myh6b0S w<b
��
 L 

��9E��i�b�a�XW�¡¦0¬�R&SUX�|�wya�X�m<¦&b0h�XcXca¯ika�w���i�b0b0�kXDVDmyh�X�|cmyV�xf��ik|�w<b�Xcz´¬ªR&SUX�xfh�myx�XWh0b°` |�w<xfb0efh�Xcz i�d·b0SUX
zfXM�Udfi�b0ikmyd�©�XW�km�� ika�b0S w<bKw6�Udfi�b�X/d1efV¯©�XWhKm<¦
�Udfi�b�X/x w<b0b�XWh0dUa���i����«zfXM�UdUXCb0SUX/i�d>�Udfi�b�X/b0h�XcX�¬
#ª¼%$'&)( � (@À*& +	-��g-1��
I9

A
��
C� 7 � B � 7 9b
c9/��
�
_M���
C�����E�

Sn(A)
9EDF
��N
I9�4 > 9EDh
�

HI: 7 ?J���K
��*��
 �N���A���a4 >��:���m 9/�

�
���4 > A 4 > DF
 7 \ADV9 n M��
W��
��	4�9b
���Y

P (A, n)
9EDh
o�.:;<���
���4 > 9ED 7 �1�I������� U

P (A, n) = card(Sn(A)).

s¶b0h�XcX{S wya�w<���&wc`>a+w/�Udfi�b�X{d1efV¯©�XWh�m<¦
a0ef©> µb0h�XcXca�m<¦�SUXWi���SQb
k
�@©§myefdUzfXcz�©Q`

22k−1 �M¬�uIXWb n ≥ 0
¨

�qX¯|�w<��� > ���N9[4�� \��
� L DG4 > 4��6��
I� n m<¦
A

b0SUX{��h�w<xfS
Gn = (Sn, En)

zfXM�UdUXcz�©Q`�¢

� Sn

ika�b0SUXCa�XWb�m<¦£a0ef©> µb0h�XcXcaKm<¦
A

zfXM�UdUXczpw<©�m���X�¬

� w�b0efxf�kX
(F,C1, C2)

©�XW�kmydf��a�b�m
En ⊂ Sn × (Sn × Sn) 7 � b0SUXWh�XCXM¤>ika0b�a�b0Sfh�XcX/dUm$zfXca

f, c1, c2a�eU|�S�b0S w<b
c1

w<dUz
c2

w<h�XCb0SUX/b¥�qm�|�Sfi��kz>h�XWd¸m<¦
f
w<dUz

f, c1, c2
w<h�X¯h�m1myb�aKm<¦£a�ef©> µb0h�XcXca+h�Xca0x�Xc|M 

b0i���XW��` Xcj1efi��yw<�kXWd1b�b�m
F,C1, C2

¬ ³¥d b0S w<b�|�wya�X�¨q�qXpa�wc`¹b0S w<bDb0SUXWh�Xªika�w<d)Xcz>��X�¦ h�myV
F

b�m
{C1, C2}

¬
sKd±XM¤fw<V�xf�kX¯m<¦£a0eU|�Spw���h�w<xfS±ika+a0SUm���dª�U��efh�XS�
uIXWb�eUa�|cmydUa�ikzfXWh�w<d i�d>�Udfi�b�X�b0h�XcXªw<dUz��kXWb

u
©�X�wpdUm$zfX�¬ R&SUX�a0i���dfi¡� |�w<b0ikmyd)m<¦Kb0Sfika���h�w<xfS ika

b0S w<b�i¡¦Cb0SUXpa0ef©> µb0h�XcX¸m<¦¯a0i�®�X
n
|cmyh0h�Xca0x�mydUz>i�df��b�m

u
ika
F
¨�i�b�a�b°�qm�|�Sfi��kz>h�XWd¶��i����K©�X±i�d b0SUXpa�XWb

{{C1, C2}/(F,C1, C2) ∈ En}
¬��UmyhqXM¤Uw<V�xf�kX�i¡¦´b0SUX+��h�w<xfS�S wyatXM¤fwy|Wb0��`�mydUX+myefb0��myi�df��Xcz>��X�¦ºmyh�X�wy|�S

��XWh0b0ik|cXca
F
¨>b0SUXCb0h�XcX/ika&�f¤fXcz�©Q`�b0SUX/��h�w<xfSpw<dUz�i�b�a&�Uh�a�b+a0ef©> µb0h�XcX�¬

#ª¼%$'&)( � (@À*& +.-�� � v[w<b0ikmyd w<�Kb0h�XcX���-c��
I9
A
��
���� 7 � B � 7 9b
 9/��
�
^�K����
I�K

� 2 7 9ED ������� L DF����
I9�2 7 9ED k
���
�<�
��.9E�_M���
o�I� 7 �a9EDV��9 A 7 ���6�%9 7 4��*��� 7 >�7 9'�N��9 7 � > Y�4��*
W4 > 9EDF
S9ED���
�
�

HI: 7 ?J����
��.9 L �
4 L 
��I9 7 
�� U

�@i � {

P (A, n)
}

n
7 �S�
4�:V�	��

�

���������_�������N���I�����



� �1M�� �A��9�� �@M�� ��:��I���

�
i���efh�X1�>¢ s h�w<b0ikmyd w<�Ib0h�XcX¯w<dUz±i�b�a&¦ºwy|Wb�myh+��h�w<xfSI¬

�@i�i �
P (A, n) = P (A, n+ 1) > 4��14��*
 n M

�@i�i�i �
P (A, n) < n+ k− 1 > 4���4���
 n 2~DF
���
 k 7 ��9EDF
���:;<���
I��4 > � 7 � 
���
��.95�K
I9 9b
I���o� L%L 
���� 7 �;\ 7 � A

M
�|�
4_4 > M �@i �ti�V�xf��ikXca �@i�i�i �tika�|W�kX�w<h�¬

�@i�i�i �/i�V�xf��ikXca��@i�i �M¢¯i¡¦
P (A, i) < P (A, i + 1)

¦ºmyh
i < n

¨«b0SUXWd
P (A, n) ≥ n − 1 + P (A, 0) =

n− 1 + k
¨f��Sfik|�Sp|cmydQb0h�wyz>ik|Wb�a �@i�i�i �M¬

�@i�i �ti�V�xf��ikXca �@i �M¢£¦ºmyhKw<���
n
¨>�qX6|�w<d�zfXM�UdUXCb0SUX/¦ºwy|Wb�myh���h�w<xfSpm<¦

A
¬ s[a�X�wy|�SpdUm1zfX¯m<¦
b0Sfika+��h�w<xfS

ika�w¯¦ºwy|Wb�myh�m<¦
b0SUX{b0h�XcX{b0SUXWh�X{ika�w<b&�kX�wya0b�mydUX{Xcz>��X{��myi�df�Dmyefb�m<¦
X�wy|�SªdUm$zfX�¬ \Omyh�Xcm���XWh�b0SUX[d1efV¯©�XWh
m<¦�myefb0��myi�df��Xcz>��Xcatikatb0SUX+d1efV¯©�XWh�m<¦I¦ºwy|Wb�myh&m<¦«�kXWdf��b0S

n+1
a�m¯i�btika

P (A, n+1) = P (A, n)
¬�R&S1eUa

b0SUXWh�X�ikaCmydUXDw<dUz�mydf��`OmydUX�Xcz>��X���myi�df�±myefbCm<¦tX�wy|�S·dUm1zfX�¬�R&S w<bCVDX�w<dUa/b0S w<b/i¡¦t�qX�a0b�w<h0b{¦ h�myV w
��XWh0b�XM¤�m<¦�b0SUX/��h�w<xfSI¨��qXC��i����«¦ my���km²� w�zfXWb�XWh0V�i�dfika�b0ik|¯x w<b0SOa�m�b0SUXWh�XCikaKXM¤fwy|Wb0��`

P (A, n)
¦ºwy|Wb�myh�aKm<¦

�kXWdf��b0S
k ≤ n

� � À�� À � ( � (@À	& +	-��g-���
I9
A
��
����6��9 7 4��	���g9/�

�
 M�� > A DV�A�1�C��
��h� 7 9/Y α d 9EDF
�� α 7 ���6��9 7 4��	���KM

�|�
4_4 > M � a
l�XWb�|�S
�ts[a A ikath�w<b0ikmyd w<�µ¨fb0SUXWh�X/XM¤>ika0b�a
k
a0eU|�Sªb0S w<b�b0SUX[b0h�XcX{ika�|cmyV�xf�kXWb�XW��`�zfXM�UdUXczª©Q`�i�b�a

a0ef©> µb0h�XcXca
(A1, . . . , Ak)

m<¦ SUXWi���S1b
k
¬KsKa+b0SUX¯b0h�XcX6ika�h�w<b0ikmyd w<�µ¨´X�wy|�SOa�ef©> µb0h�XcX

Ai

S wyaKb°�qm�|�Sfi��kz>h�XWd
(Ai1 , Ai2)

¬��·X¯|cmydUa0ikzfXWhKw�\¸w<h
l�m��ª|�S w<i�d
(Xn)

myd±b0SUX/a�XWb
{A1, . . . , Ak}

¢

P(Xn+1 = Ai1 |Xn = Ai) = P(Xn+1 = Ai2 |Xn = Ai) =
1

2
.

s a�XcjQeUXWdU|cX
X0, . . . , Xn, . . .

zfXM�UdUXca¯w�efdfikjQeUX�x w<b0S¸i�d�b0SUX�b0h�XcX�|cmyh0h�Xca0x�mydUz>i�df�±b�mªw��qmyh�z
w��SUXWh�X

wi

ika&b0SUX[��w<©�XW��m<¦�b0SUXKh�m$myb�m<¦
Ai

¬��·X{|�w<���´zfXWdUa0i�b¥`�m<¦�b0Sfikatx w<b0Sªb0SUX{zfXWdUa0i�b¥`�m<¦«b0SUX{�tmyh�z
wi¡¦£i�b�XM¤$ika0b�a²¬

³°¦«b0SUX{\Ow<h
l�m²��|�S w<i�dªikaqi�h0h�Xcz>eU|Wi�©f�kXCw<dUzªw<x�XWh0ikm1z>ik|�¨>b0SUXWh�X{XM¤>ika0b�a
α
a0eU|�S�b0S w<b�w<����x w<b0SUa

w
S w���X

w<��VDm�a0b{a0efh�XW��`�w�zfXWdUa0i�b°`
α
|cmyh0h�Xca�x§mydUz>i�df��b�m�b0SUX6a0b�w<b0ikmyd w<h0`pz>ika0b0h0i�©fefb0ikmyd�m<¦ b0SUX6|�S w<i�dI¨���Sfik|�S¸ika

w�a�my��efb0ikmyd�m<¦ w�h�w<b0ikmyd w<�I��i�dUX�w<hKa0`$a�b�XWV w<dUzªika�b0SUXWh�XM¦ºmyh�X/h�w<b0ikmyd w<�µ¬
�kXWb{eUa[xfik|�l¸w�a�ef©> µb0h�XcX�wy|c|cmyh�z>i�df�ªb�m

Π
¬/uIXWb

w
©§X�w�h�w<dUzfmyV x w<b0S·m<¦��kXWdf��b0S

n
©�XW��i�dfdfi�df��w<b

b0SUX�h�m$mybqm<¦´b0Sfika�b0h�XcX�¬�³°b ikatw<�ka�m¯z>ika�b0h0i�©fefb�Xcz�wy|c|cmyh�z>i�df��b�m/b0SUX+a�b�w<b0ikmyd w<h0`�z>ika0b0h0i�©fefb0ikmydI¬�Y[m��)�kXWbqeUa
xfik|�lªb¥�qm�h�w<dUzfmyV x w<b0SUaKm<¦£�kXWdf��b0S

n− 1
i�d±b0SUX¯h�Xca0b+m<¦�b0SUX¯a�ef©> µb0h�XcX � z>ika n0myi�dQb+¦@h�myV b0SUX¯xfh�XW�1ikmyeUa

x w<b0S
�M¨�¬�¬�¬
sK���Km<¦/b0SUXca�X�x w<b0S w<h�Xpz>ika0b0h0i�©fefb�Xcz wy|c|cmyh�z>i�df�¹b0SUXOa0b�w<b0ikmyd w<h0` z>ika0b0h0i�©fefb0ikmydI¬ u«XWb

Ci

©�Xªb0SUX
z>ika0b0h0i�©fefb0ikmydOm<¦£b0SUXCdQefV¯©�XWh{m<¦

1
i�dOw�x w<b0S�m<¦��kXWdf��b0S

n− i
¬t³°¦
b0SUX/d1efV¯©�XWh[m<¦�w�b0h�XcX6m<¦£�kXWdf��b0S

nika�z>ika0b0h0i�©fefb�Xczpwya
Bn

¨f�tX/S wc��X/b0SUXCh�XW��w<b0ikmydI¢

h(Bn) ∼ Cn +Bn−1 +Bn−2 +Bn−3 + · · · +B1

∼ Cn + Cn−1 + 2Cn−2 + 22Cn−3 + · · · + 2n−2C1,
� 	��

���)�����



���������	��

��������
���

�����

�
�� �

�
i���efh�X�!U¢�o�¤fw<V�xf�kX�m<¦+zfXc|cmyV�x�m�a0i�b0ikmyd m<¦Kw±b0h�XcX�m<¦�SUXWi���SQb
5
i�d¹x w<b0SUa�m<¦+�kXWdf��b0S��>¨ !U¨ �>¨ �¸w<dUz 	�¬

o�wy|�Sp|cmy�kmyh+|cmyh0h�Xca0x�mydUz>i�df�Db�m�w�x w<b0SI¬

Bn

ikaKw�a0efV m<¦
Cn

b0SQeUa+i�d�wc��XWh�w<��X�¨ b0SUXCzfXWdUa0i�b°`ªm<¦
An

ika
α
¬

R&SUX&d1efV¯©�XWh m<¦
1
m<¦�b0SUX&a0ef©> µb0h�XcX�m<¦�SUXWi���S1b

2n
ika£b0SUXtd1efV¯©�XWh�m<¦

1
i�d�b0SUX&a0ef©> µb0h�XcX

An

m<¦ SUXWi���S1b
n
xf��eUa

2n b0i�VDXca&b0SUX{d1efV¯©�XWh+m<¦
1
i�d�b0SUX/a0ef©> µb0h�XcXca

(a1, . . . , a2n)
m<¦�SUXWi���S1b

n
b0S w<b+w<h�X/|�Sfi��kz>h�XWd�m<¦

An

¬�R&SQeUa+b0SUX/dQefV6©§XWh[m<¦
1
i�d
An

ika�dUXW����i���i�©f�kX¯|cmyV�x w<h�Xcz�b�m�b0SUX/dQefV6©§XWhKi�d
(a1, . . . , a2n)

¬
³°¦ b0SUX�\Ow<h
l�m²�p|�S w<i�d¸ika/w<x�XWh0ikm1z>ik|�¨§b0SUX

ai

� a/w<h�X6z>ika�b0h0i�©fefb�Xcz·wy|c|cmyh�z>i�df��b�m�b0SUX�a0b�w<b0ikmyd w<h0`���w��
w<dUz�b0SUXWdªb0SUX[dQefV¯©�XWh+m<¦

1
ika
α
¬ ³µ¦�b0SUX[|�S w<i�dªika&x§XWh0ikm$z>ik|[b0SUX{|�S w<i�dªV�i���SQb+S wc��XCw�zfXWdUa0i�b°` �ºw<dUz�i�b

ika
α
�&©fefbKw<�ka�mDV�i���SQb+dUmybKS wc��X�w�zfXWdUa0i�b°`�¨�i�d±b0S w<b+|�wya�X�¨U�qX¯aFwc`�b0S w<b

α
ika�b0SUX/x�XWh0ikm$z>ik|M °zfXWdUa0i�b°`±m<¦

b0SUX/b0h�XcX�¬q_$XcX[�U��efh�X � ¦ myh�b¥�qm�XM¤fw<V�xf�kXca�m<¦£h�w<b0ikmyd w<�«b0h�XcXca�b0S w<b+zfmDmyh�zfm�dUmyb�S w���XCzfXWdUa0i�b¥`�¬
³°¦ b0SUX6|�S w<i�d¸ikaKh�Xcz>eU|Wi�©f�kX�¨�b0SUXWdOb0SUX�w<d w<��`$a0ika{|�w<dO©§X�|�w<h0h0ikXczOeUa0i�df��b0SUX��WmydUX�a0b�XWx��¯b�Xc|�Sfdfikj1eUX

¦ºmyh�b0h�w<dUa0ikXWdQb[\Ow<h
l�m²��|�S w<i�dUa
³°¦´b0SUX�|�S w<i�d�ika h�Xcz>eU|Wi�©f�kX�¨$b0SUX�a�XWbtm<¦´i�b�a�a0b�w<b�Xcaq|�w<d�©�X�z>i��1ikzfXcz�i�d�a0ef©Ua�XWb�a

S1, . . . , Sm

myd���Sfik|�S
b0SUX�|�S w<i�d·ika[i�h0h�Xcz>eU|Wi�©f�kX�xf��eUaCw�a�XWb

O
m<¦�b0SUX�myb0SUXWh/a0b�w<b�Xca{b0S w<b/©�XW�kmydf��b�m�dUm

Si

¬Cu«XWb
αi

©§X6b0SUX
zfXWdUa0i�b¥`�m<¦£b0SUX/x w<b0SUa�i�d�b0SUX/a0ef©Ua�XWb

Si

¬
³°¦q�tXDa0b�w<h0b{i�dUa0ikzfX�w<d

Si

¨´�qXcl1dUm²� b0S w<bC�qX���i���� a0b�w�`�¦ºmyh�XW��XWh/i�d�b0Sfika
Si

¬ ��S w<b/�tX��tw<d1b¯b�m
a0SUm²��ikaCb0S w<bCi¡¦��tXDa0b�w<h0b¯myefb�a0ikzfX�b0SUXDa�XWb¯m<¦&b0SUX

Si

¨I�tXDS w���X�¦ºmyh6w<���
i
w�h�w<b0ikmyd w<�qxfh�my© w<©fi���i�b°`·m<¦

XWdUz>i�df�Di�d
Si

¬
³°¦/b0SUXWh�X±ika

l
a0b�w<b�Xca�i�d

O
¨t�qXpzfXM�UdUXpw�V�w<b0h0i¡¤

X
m<¦Ca0i�®�X

l × l
¢
Xij

ikaDb0SUX�xfh�my© w<©fi���i�b°`)m<¦
b0h�w<dUa0i�b0ikmyd�¦@h�myV

i
b�m
j
�@��Sfik|�SpXcj1e w<�kaK�>¨ 	/myh

1/2
�M¬��Umyh+X�wy|�Spi�h0h�Xcz>eU|Wi�©f�kX¯a0ef©Ua�XWb

Si

¨f�kXWb+eUa�zfXM�UdUX
ai

w���w<h0i�w<©f�kX¯w<dUzª�kXWb�eUa+zfXM�UdUX/b0SUX/��Xc|Wb�myh � m<¦�a0i�®�X
l
�
R
��SUXWh�X{¦ºmyh+w<���

o ∈ O
¢

Ro =
∑

i

P(Xn+1 ∈ Si|Xn = o)ai.

o�wy|�S
Ro

ika�w���i�dUX�w<h |cmyV6©fi�d w<b0ikmydDmyd�b0SUXta�XWb
{ai}

¬
uIXWb�eUa£zfXM�UdUX�wK��Xc|Wb�myh
P =

∑

i P(∃n/Xn ∈
Si|X0 = o)ai

��SUXWh�X
P(∃n/Xn ∈ Si|X0 = o)

b0SUX¯xfh�my© w<©fi���i�b°`pm<¦ XWdUz>i�df��i�dOw
Si

a0b�w<h0b0i�df��i�d
o
¨ i�b

a�w<b0ika"� Xca�b0SUXCXcjQe w<��i�b¥`

P = XP +R.
³¥d±myh�zfXWh�b�m�xfh�m���X¯myefh�h�Xca0ef��b�¨>�qXC�tw<dQbKb�m�xfh�m���X/b0S w<b+b0Sfika�a0`>a0b�XWV S wya+w�efdfikjQeUX¯a�my��efb0ikmyd�w<dUz

b0S w<b�b0Sfika�a�my��efb0ikmyd±ika�h�w<b0ikmyd w<�µ¬

���������_�������N���I�����



� �1M�� �A��9�� �@M�� ��:��I���

S1, α1 S2, α2

o1

o2

o3

	 	

	

1
2

1
2

1
2

1
2

R&SUXC|cmyh0h�Xca0x�mydUz>i�df��V�w<b0h0ik|cXca
X
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P
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X =
1

2





0 0 0
1 0 0
0 1 0



 R =





a1
1
2a2
1
2a2



 P =





a1
1
2(a1 + a2)
1
4(a1 + 3a2)



 .
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¢ �kXWb�eUaK|�w<���«i�b

j0
¬

�·X/S w���X ∑
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∑
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∑
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∑

j xj <
∑

j xj
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∑
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k ≥ 0 U

|h(A[n,k]) − h(A[n′,k])| ≤ 1.
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k, q ≥ 0
���	� > 4��1���E�j�	4_��
�� n, n′ U

∣

∣

∣

∣

|h(A[n,k]) − h(A[n,q])| − |h(A[n′,k]) − h(A[n′,q])|

∣

∣

∣

∣

≤ 1.
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q = 0

i�V�xf��ikXca
∣

∣

∣
h(A[n,k])−h(A[n′,k])

∣

∣

∣
≤ 1

¬��·X���i����§a�XcX�i�d�b0SUX+dUXM¤$bqx w<h0b�b0S w<bqb0SfikaqzfXM�Udfi�b0ikmyd�ika�a0b0h0ik|Wb0��`Da�b0h�mydf��XWh
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b0S w<d±i�b�a�|cmyefd1b�XWh0x w<h0b[mydª�tmyh�zfa�¬

�~qbp r]s.u`z�w x�� y�� ��� � ��� u �Fs � x � s�s
³¥dªb0Sfika�x w<h0b�¨

A
zfXWdUmyb�XcaKw�© w<��w<dU|cXcz±b0h�XcX�¬qsKat¦ºmyh�b0SUXC|�wya�X/m<¦
© w<��w<dU|cXczpa�XcjQeUXWdU|cXca²¨f�qXC|�w<dpzfXM�UdUX

b0SUXCzfXWdUa0i�b¥`ªm<¦�w�© w<��w<dU|cXcz�b0h�XcX�¬
�Umyh�w<���

n
¨
|h(A[n,k])−h(A[n′,k]| ≤ 1

b0SQeUaq¦ºmyh&w<���
k
�tX{|�w<d�zfXM�UdUX

mk

��Sfik|�S±wyatb0SUX+V�i�dfi�V6efV
m<¦
h(A[n,k])

m²��XWhKw<���
n
¬

mk ≤ h(A[n,k]) ≤ mk + 1.
s a0ef©> µb0h�XcXKm<¦�SUXWi���S1b

q+k
ika�|cmyV�x�m�a�Xcz�m<¦Iw/b0h�XcX+m<¦Ia0i�®�X

q
��Sfik|�S�S wyaq©§XWb¥�qXcXWd

mq

w<dUz
mq +1mydUXca���i�b0S

2q |�Sfi��kz>h�XWdpm<¦�a0i�®�X
k
��Sfik|�S±S w���XC©�XWb°�tXcXWd

mk

w<dUz
mk + 1

mydUXca²¬ R&SQeUa�¢

2qmk +mq ≤ mq+k ≤ 2q(mk + 1) +mq + 1.
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 α d �����E�K

�C9EDh
�zfXWdUa0i�b°` 4 > A ��:h��Df9EDV��9 > 4��W���T� n U
lim

k→∞
Π(A[n,k]) = α.
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4�?A
��
∀n, k : |h(A[n,k]) − b(2k − 1)αc| ≤ 1.

i&XM¦ºmyh�X·a0b�w<h0b0i�df�)��i�b0S b0SUX�xfh�m$m<¦"¨{�tX |�w<d h�XWV�w<h
l¶b0S w<bpb0SUX�b0h�XcX·h�XWxfh�Xca�XWd1b�Xcz ©1` �U��efh�X �>¢
101010101010101...

ika�© w<��w<dU|cXczª��i�b0S�zfXWdUa0i�b¥` 1
2

¬
�|�
4_4 > MKR&SUX6xfh�m$m<¦qa0i�V�xf��`�eUa�Xca[b0SUX�zfXM�Udfi�b0ikmyd·m<¦

mq

b�m�©§myefdUz
Π(A[n,k+q]) − Π(A[n,k])

myd¸©�myb0S
a0ikzfXca�¬

+	-&u«XWb
n
©§XCw�dUm$zfX�¨

k, q ≥ 0
¬

Z[a0i�df��b0SUXCzfXM�Udfi�b0ikmydOm<¦
mk

¨>�qX¯|�w<dª©�myefdUzªb0SUX/��w<��eUX
Π(A[n,k+q]) − Π(A[n,k])

¢

mq+k

2q+k − 1
−
mk + 1

2k − 1
≤ Π(A[n,k+q]) − Π(A[n,k]) ≤

mq+k + 1

2q+k−1 − 1
−

mk

2k − 1
.

rtmydUa0ikzfXWh0i�df��b0SUX{¦µwy|Wb�b0S w<b
2qmk +mq ≤ mq+k ≤ 2q(mk + 1) +mq + 1

¨>�qXCS wc��X

2qmk +mq

2q+k − 1
−
mk + 1

2k − 1
≤ Π(A[n,k+q]) − Π(A[n,k]) ≤

2q(mk + 1) +mq + 1

2q+k−1 − 1
−

mk

2k − 1
.

R&SUX¯w<©Ua�my��efb�X/�yw<��eUX¯m<¦
b0SUX{h0i���S1b+b�XWh0V ika
�@h�XW�Qw<h�z>�kXca�aKm<¦

q
�t|W�kX�w<h0��`ªa0V�w<���kXWh�b0S w<d

ε
wya�a�m$myd�wya

k
ika�©fi���XWdUmyef��S�a�i�dU|cX mk

2k ≤ 1
¬

R&S1eUa
(Π(A[n,k]))k

ika w{r&w<eU|�S1`�a�XcjQeUXWdU|cX�w<dUz�b0SUXWh�X&XM¤$ika0b�a
α
a�eU|�S�b0S w<b

limk→∞(Π(A[n,k]))k =
α
¬
R&Sfika+��i�V�i�b+zfm1Xca&dUmybKzfXWx§XWdUzUw<d1bKmyd

n
a0i�dU|cX/b0SUX/b0h�XcX{ika�© w<��w<dU|cXcz´¬
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�j-&u«XWb�a�dUm�� xfh�m���XCb0S w<b
|h(A[n,k]) − b(2k − 1)αc| ≤ 1

¢
�·X/S w���X/b0SUXCXcj1e w<��i�b°`

2qmk +mq ≤ mq+k ≤ 2q(mk + 1) +mq + 1.
�[i��$ikz>i�df�D©Q`

2k+q − 1
w<dUz±�km1m�l$i�df��b0SUX/��i�V�i�b�b�m²�tw<h�zfa

∞
¨>�qX/S w���X�¢

mk + α

2k
≤ α ≤

mk + 1 + α

2k
.

R&S1eUa
(2k − 1)α− 1 ≤ mk ≤ (2k − 1)α.

³°¦
A

ika�w�a0b0h�mydf����`�© w<��w<dU|cXczªb0h�XcX�¨>b0SUXWh�X{ika�w¯��XWh0`�a0i�V�i���w<ht¦ºmyh0V¯ef��w���i�dhl$i�df��i�b�a�zfXWdUa0i�b°`ªw<dUz�b0SUX
dQefV6©§XWh�m<¦

1
i�d�mydUXKm<¦«i�b�a&a0ef©> µb0h�XcX�¢£�kXWbteUa�wya�a0efVDXKb0S w<b

k > q > 0
¨$b0SUXWd�¦ myh�w<����dUm1zfX

n
¨Q�tX[S wc��X�¢

∣

∣h(A[n,k]) − h(A[n,q]) − (2k − 2q)α
∣

∣ ≤ 1.
�º� �

R&SUX+h�XWV�w<h
lyw<©f�kX+xfh�myx§XWh0b¥`�w<©§myefb�zfXWdUa�i�b°`�i�b b0S w<bqi�b�zfm1Xca dUmybqzfXWx�XWdUzfa�myd�b0SUX+a0ef©> µb0h�XcX+|�SUm�a�XWdI¢
b0SUXWh�X�XM¤>ika0b�a

α
a0eU|�S)b0S w<b�b0SUX�zfXWdUa0i�b¥`�m<¦¯w<d1` a�XcjQeUXWdU|cXpm<¦Ca0ef©> µb0h�XcXca�m<¦/i�dU|Wh�X�wya0i�df�¹SUXWi���SQb���i����

|cmydQ��XWh0��X6b�m
α
¬&Y[w<b0efh�w<����`�¨�V�w<dQ`ªb0h�XcXca[zfmDdUmyb�S w���X�wDzfXWdUa0i�b°`�¬ �Umyh{XM¤Uw<V�xf�kXCb0SUXCb0h�XcX¯��Sfik|�Sp��i�dUX

i
ikaK��w<©�XW�kXczp©Q`

i mod 2
zfm1Xca[dUmyb[S wc��X�w�zfXWdUa�i�b°`�¬¯_$XcX¯�U��efh�X � ¦ºmyh[XM¤Uw<V�xf�kXca{m<¦�b0h�XcXca[S wc�$i�df��myh

dUmybKw�zfXWdUa0i�b¥`�¬
sK�ka�mf¨QzfXc|Wikz>i�df�6i¡¦«w[�Udfi�b�X�b0h�XcX+ika © w<��w<dU|cXcz�|�w<d�©§X+zfmydUX�i�d���i�dUX�w<hqb0i�VDX�i�dDb0SUX�d1efV¯©�XWhtm<¦´dUm$zfXca

m<¦£b0SUX/b0h�XcX�¬
i�a���©�w§��w§d |fXfz �°s ��¢
l �

−
S�Xfi��IS�b �¥s �

¦ym�h�i�� 	 b�m l
V�i@d � i �����Di²d�¦�i�d�i²b�`
VDw�¤ � i ���

−
i�d�¦�i�d�i²bU`

¦ym�h�i�� 	 b�m l
�&i²a i�b i�d+�4b<S�X�b1h>X§X ©�` w��²X´�&X�� m´hQz XUh b$hfwI��X�h>a>w«�¯¨¶|�m>Vªx´e´b�X b<S�X-d§e�V�©§X�h m´¦ 	
i�d w����}ace´©

−
bfhUX´aUa �¯S«i |�S �WX§w«��X§a w´hQX2w b S�Xfi��IS�b�i ¢

¦<m
h X>w |1S b$h>X�X b�S�w§b}�KX �qi�aficbO¨ �²X�b e
a |�w£�²� n i²b§a�S�XUi��IS b^n w1d´z S�i²b�a
d�e§V�©§X�h-mI¦ d£m�z
X$a �²w
©�X��c��X´z ©�` 	
¢

i<¦ V�i:d ��n��	� S
V�i:d ��n�����S

i<¦ VDw²¤ ��n�� � S
VDw²¤ ��n�����S

i<¦ VDw²¤ ��n��
−

V�i@d���n��
��� �
hQXfb�e�h�d ¦�w �²a X

hQXfb�e hQd b�h�e�X
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³°¦tb0SUXDSUXWi���SQb6m<¦&b0SUX�b0h�XcX�ika
k
¨I�$ika0i�b0i�df�±b0SUXDa0ef©> µb0h�XcXD©Q`·w��kXW��XW��myh�zfXWh�zfm���d b�m±b0SUX�SUXWi���SQb

i|�w<d�©�X�zfmydUX�i�d�b0i�VDX
O(2k−i)

¬�R&SQeUa/b0SUX�|cmyV�xf�kXM¤>i�b°`�m<¦tb0SUXDw<����myh0i�b0SfV ika ∑

iO(2k−i) = O(2k)��Sfik|�SOVDX�w<dUa[b0S w<bKi�bKh0efdUa+��i�dUX�w<h[b0i�VDX6i�d�b0SUX6dQefV¯©�XWh/m<¦�dUm1zfXca�¬���myeO|�w<dOa�XcX6w<d¸XM¤fw<V�xf�kX�m<¦qw<d
XM¤fXc|Wefb0ikmyd±m<¦«b0SUX/w<����myh0i�b0SfV myd��U��efh�X/�$¬�sKxfxf��`$i�df��b0SUX/aFw<VDX+ikzfX�wya�¨ _1i�V�i���w<h0��`�¨>b�Xca�b0i�df��i¡¦
w6b0h�XcX[m<¦
SUXWi���SQb

k
ika�a0b0h�mydf����`�© w<��w<dU|cXcz±|�w<d±©�X/zfmydUX/i�dªb0i�VDX

O(2k)
w<dUz�a0i�®�X

O(k2)
¬
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V�i�d � 	�� � V�w�¤�� 	�� � � V�i�d � 	�� � ���>V�w�¤�� 	�� � 	 V�i�d � 	�� � ���>V�w�¤�� 	�� � 	
V�i�d �º� � � V�w�¤�� 	�� � 	 V�i�d �º� � � ���>V�w�¤�� 	�� � �
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�
i���efh�XC�$¢
o�¤fw<V�xf�kX{m<¦Ib0SUX{XM¤>Xc|Wefb0ikmydªm<¦Ib0SUX{w<����myh0i�b0SfV b0S w<btzfXc|WikzfXca&i¡¦�w¯b0h�XcX[ika�© w<��w<dU|cXcz´¬�³°d�b0Sfika
x w<h0b0ik|Wef��w<hK|�wya�X�¨>b0SUX/b0h�XcX/ika�dUmyb�© w<��w<dU|cXcz�a0i�dU|cX/V�w�¤��º� �° µV�i�d �º� � � �>¬

� 34	���5����������+��! ��	�	��

uIXWb�eUa�h�Xc|�w<���qb0SUX�zfXM�Udfi�b0ikmyd m<¦Kw±VDXc|�S w<dfik|�w<���qmyh�zfa�¢
w

ika�w�VDXc|�S w<dfik|�w<���qmyh�z¹��i�b0S�a0�kmyx�X
α
i¡¦

b0SUXWh�XCXM¤>ika0b
φ ∈ [0, 1)

a0eU|�S±b0S w<b�¢

for all i : wi = b(i+ 1)α + φc − biα + φc.

_1b0efh0V�i�w<d��tmyh�zfaC|�w<d¸©§X�w<�ka�m�zfXM�UdUXcz�wyaCw<x§XWh0ikm$z>ik|�© w<��w<dU|cXcz¸�qmyh�zfa/myhCwya[VDXc|�S w<dfik|�w<� �tmyh�zfa
m<¦Ki�h0h�w<b0ikmyd w<�Ka0�kmyx§X�¬¹³¥d¹b0SfikaDx w<h0b�¨ �qX±��i�����a�XcX�b0S w<b��qXªS w���X�b0SUXªa�w<VDXªXcjQefi���w<�kXWdU|cX�xfh�myx�XWh0b0ikXca
©�XWb°�qXcXWdOa0b0h�mydf����`�© w<��w<dU|cXczªb0h�XcXcaKw<dUz�VDXc|�S w<dfik|�w<��b0h�XcXca²¬

���)�����
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#ª¼%$'&)( � (@À*& �g-E+ � \pXc|�S w<dfik|�w<��b0h�XcX���-10�9/�

�

A 7 �W�I� 7 � 9[4 ��
�<�

��DV��� 7 �����|4 > �;
��h� 7 9/Y α 7 >v> 4������T��	4_�;


n U
∃φn ∈ [0, 1[ ∀k : h(A[n,k]) = b(2k − 1)α + φnc or ∃φn ∈ [0, 1[ ∀k : h(A[n,k]) = d(2k − 1)α− φne.

³°¦
b0SUXCdUm1zfX
n
m<¦ w<d±VDXc|�S w<dfik|�w<�
b0h�XcXC��XWh0i¡� Xca+b0SUX/h�XW��w<b0ikmyd

∀k : h(A[n,k]) = b(2k − 1)α + φc
¨

b0Sfika�dUm$zfX[ika�a�w<ikz�i�d>¦ XWh0ikmyhKm<¦�xfS wya�X
φ
¬�³°d�¦µwy|Wb&i�b�ika�w<d�w<©feUa�X/m<¦£dUmyb�w<b0ikmyd±b�m�a�wc`�a�m�©§Xc|�w<eUa�X{b0SUXWh�X

|cmyef�kz�XM¤>ika0b
φ1

w<dUz
φ2

a0eU|�S�b0S w<b{¦ºmyhCw<���
k
¢
h(A[n,k]) = b(2k − 1)α + φ1c = b(2k − 1)α + φ2c

¬
k[m��qXW��XWhtb�m¯a�i�V�xf��i¡¦@`�b0SUX+dUmyb�w<b0ikmydI¨Q��SUXWd�b0SUX�xfS wya�XKm<¦«wCa0ef©> µb0h�XcX+ika�a�w<ikz�b�mC©�X

φ
¨1i�bq|cmyef�kz�©§XKw<dQ`

φ
b0S w<b��qmyh
l>a�¬
uIXWb[eUa[|�w<���

frac(x)
b0SUX¯¦@h�wy|Wb0ikmyd w<�£x w<h0b{m<¦qw�h�X�w<�
dQefV6©§XWh

x
w<dUz��kXWb[eUaK�km1m�l�w<b[b0SUX¯a�Xcj1eUXWdU|cX

(

frac(2kα− α+ φ)
)

k

¬�³°¦�b0Sfika�a�XcjQeUXWdU|cXC|�w<dª©�XCw<h0©fi�b0h�w<h0i���`ª|W�km�a�X{b�m
0
¨>b0Sfika�VDX�w<dUa+b0S w<b�i¡¦

ψ > φ
¨

b0SUXWh�X+XM¤>ika0b�a
k
a�eU|�S�b0S w<b

b(2k −1)α+ψc > b(2k −1)α+φc
¬ ­ dDb0SUX+myb0SUXWh�S w<dUz´¨Qi¡¦´b0Sfika a�Xcj1eUXWdU|cX

|�w<d)©�Xpw<h0©fi�b0h�w<h0i���`�|W�km�a�X±b�m
1
¨&i¡¦

ψ < φ
¨&b0SUXWd b0SUXWh�X�XM¤>ika0b�a

k
a0eU|�S b0S w<b

b(2k − 1)α + ψc <
b(2k − 1)α+ φc

¬
R&SUXWh�XM¦ºmyh�X�¨�w�xfS wya�X

φ
ika�efdfikj1eUX 7 � (

frac((2k − 1)α+ φ)
)

k

ika+w<h0©fi�b0h�w<h0i���`±|W�km�a�X{b�m
0
w<dUz

1
¬

Y[m��-�kXWb�eUa�|�w<���
α1, α2, . . . , αn, · · · ∈ {0; 1}N

b0SUXOa�Xcj1eUXWdU|cXpm<¦¯z>i���i�b�a�m<¦
α
i�d)© wya�XO� w<dUz

x1, . . . , xn, . . .
b0SUX+a�Xcj1eUXWdU|cX+m<¦«z>i���i�b�atm<¦

α−φ
i�d�© wya�XK�>¬�s V¯ef��b0i�xf��ik|�w<b0ikmydª©1`

2k |cmyh0h�Xca�x§mydUzfatb�m
w�a0Sfi¡¦ b+m<¦ b0SUXCz>i���i�b�aK©Q`

k
¬&³°¦

x1, . . . , xk

zfm$Xca�dUmyb[XWdUz±��i�b0S�dUXWi�b0SUXWh{w<d�i�d>�Udfi�b�X6dQefV6©§XWh{m<¦
0
dUmyh

w<d±i�d>�Udfi�b�X�a�Xcj1eUXWdU|cXCm<¦
1 � ¨ (frac((2k − 1)α + φ)

)

k

ika+w<h0©fi�b0h�w<h0i���`�|W�km�a�X/b�m
0
myh

1
VDX�w<dUa+b0S w<b�¦ºmyh

w<���
n
¨ b0SUXWh�X¯XM¤>ika0b�a

k
a0eU|�SOb0S w<b

αk, . . . , αk+n−1 = x1, . . . , xn

¬�\Omyh�XCxfh�Xc|Wika�XW��`�¨ i¡¦�¦ºmyhKw<���
n
¨ b0SUXWh�X

XM¤>ika0b�a
m > n

w<dUz
k > 0

a0eU|�S b0S w<b
xm = 0

�@h�Xca�xI¬ 	��/w<dUz
αk, . . . , αk+m−1 = x1, . . . , xm−1, 1�@h�Xca0xI¬

x1, . . . , xm−1, 0
�M¨fb0SUXWd (

frac((2k − 1)α+ φ)
)

k

ika+w<h0©fi�b0h�w<h0i���`±|W�km�a�X{b�m
0
¬

R&S1eUa��qXCS wc��XCb�m�z>ika�b0i�df��efika0S±b0Sfh�XcXC|�wya�Xca²¢

� ³°¦
α
ika�w6dQefV¯©�XWh+a0eU|�Sªb0S w<b+w<�����Udfi�b�X{©fi�d w<h0`�a�XcjQeUXWdU|cXca+w<xfx�X�w<h�i�d�b0SUX{©fi�d w<h0`�XM¤>x w<dUa0ikmyd±m<¦

α
¨§b0SUXWd�¦ºmyh[w<���
xfS wya�X

φ
¨�b0SUXWd

φ
ika+efdfikj1eUX�¬[³°dpx w<h0b0ik|Wef��w<h�¨Iw<���5�	4���<c�����.:;<���
�������XWh0i¡¦@`±b0Sfika

xfh�myx�XWh0b°`�w<dUz��qX@l1dUm²� b0S w<b�w<��VDm�a�btXW��XWh0`�dQefV¯©�XWh�i�d
[0, 1]

ikatdUmyh0V�w<�µ¨>a�XcX�� �J"��ºw¯dQefV6©§XWh�ika
dUmyh0V�w<��i¡¦�w<���Ia�XcjQeUXWdU|cXca�m<¦£�kXWdf��b0S

k
w<xfx�X�w<h���i�b0S±h�w<b�X

2−k i�dªb0SUX/©fi�d w<h0`ªXM¤>x w<dUa0ikmyd±m<¦
α
�M¬

� ³°¦
α ∈ Q

¨§b0SUXWd�b0SUX�a�Xcj1eUXWdU|cX
frac((2k − 1)α + φ)

) ika[x§XWh0ikm$z>ik|�w<dUz¸b0SUXWh�X�w<h�X�dUm�xfS wya�X
φa�eU|�S±b0S w<b

φ
ika�efdfikj1eUX�¬

� ³°¦
α
ikaqdUXWi�b0SUXWh�h�w<b0ikmyd w<�´dUmyh�S wya&b0SUX[xfh�myx�XWh0b°`�b0S w<b�w<���´©fi�d w<h0`�a�Xcj1eUXWdU|cXca�w<xfx§X�w<h&i�d

α
¨$b0SUXWd

a�myVDX
φ
|�w<d�©§X{efdfikj1eUX¯w<dUzªa�myVDXCmyb0SUXWh�a+V�wc`�dUmyb�¬ �Umyh+XM¤Uw<V�xf�kX�¨fi¡¦

α
ika�b0SUX/dQefV6©§XWh�¢

α = 0.101100111000111100001111100000 . . . ,

b0SUXWdOi¡¦
frac(α − φ) = 0

¨
φ
ika+efdfikj1eUX�¨���Sfi��kX

φ1
w<dUz

φ2
a0eU|�Spb0S w<b

frac(α − φ1) = 0.10100w<dUz
frac(α− φ2) = 0.1010

w<h�XCXcj1efi���w<�kXWdQb�¬

³°¦/mydUX±�f¤>Xca�b0SUX�zfXWdUa�i�b°`
α

w<dUz b0SUX�xfS wya�X
φn

m<¦¯X�wy|�S�dUm$zfX�¨&b0SUXWh�X±ika�w<b�VDm�a0b�mydUX±V�w<b�|�Sfi�df�
VDXc|�S w<dfik|�w<��b0h�XcX�¬{R&SUX¯�Uh�a0b[h�Xca0ef��b[m<¦ b0Sfika[x w<h0b{ikaKb�m�xfh�m²��X6b0S w<b[i¡¦��tX6|�SUm1m�a�X�b0SUX�zfXWdUa0i�b°`

α
w<dUz

b0SUX/xfS wya�X
φ0

m<¦£b0SUX/h�m$myb�¨>b0SUXWh�XCXM¤$ika�b�a�mydUX¯w<dUzªmydf��`ªmydUX{VDXc|�S w<dfik|�w<�
b0h�XcX�¬
\Omyh�Xcm���XWh�i�d�myefh6zfXM�Udfi�b0ikmydI¨��tX�w<���km²� a�myVDX�dUm$zfXca¯b�m�©§X 7 � > 
I� 7 4�� �@��Sfik|�S�VDX�w<dUa�b0S w<b6i�b6ika

m<¦�b0SUX¯¦ myh0V
∀k : h(A[n,k]) = b(2k − 1)α + φc

�[w<dUzpa�myVDX�dUm$zfXca[b�m�©�Xc��: L 
�� 7 4�� �@��Sfik|�S¸VDX�w<dUa
�������	��

�������������

x
� ��� ����������
 � � ���A� ����� �����! ���#"%$ �'& "%� �)( �*�,+ � ��������� � �*-.
/�)01��$

x1, x2, . . . , = x1, xl, 1, 0, 0, 0, . . . 2����
/� � �)
 � �3����
/�
`

frac((2k
− 1)α + φ)

´

k

�*�4
/�  �����5
%���*-�67��-*"8���9��"
1
��$:$;"
�4

-*-

m 2 ���������9��<��*�=���
k
� � �>�?����
%�

αk, . . . , αk+n−1 = x1, . . . , xl, 0, 0, 0, . . . , 0

���������_�������N���I�����
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h(A[n,k]) = d(2k − 1)α+φe
�M¬��·XK��i����§a�XcXKb0S w<bti¡¦�wCdUm$zfX�i¡¦«i�d>¦ºXWh0ikmyh�¨$i�b�a�b¥�qm�|�Sfi��kz>h�XWd���i����§©§X{w<�ka�m

i�d>¦ºXWh0ikmyh�¬
� � À�� À � ( � (@À	& �g-��j-���
I9

α ∈ [0, 1], φ ∈ [0, 1[
M

��DF
I�

�

X 7 ��9E�S��:V� 7 HN:h
S<�

��DF��� 7 ������9/��
�
 A 4 > ��
I�h� 7 9/Y α ���*� 7 � 7 9 7 ��� L DF�A�N
 φ0
M�2~D 7 ��D <�

���h� U

∀k : h(A[0,k]) = b(2k − 1)α + φc.

�|�
4_4 > M � a
l�XWb�|�S
�[³¥b{ika{© wya�Xcz¸myd¸a�myVDX�h�XW��w<b0ikmydUaCmyd¸h�myefdUz>i�df��¦@efdU|Wb0ikmydUa/b0S w<b/��i����£xfh�m²��X�b0S w<b/i¡¦&w
dUm$zfX{S wyaKw�xfS wya�X

φ
¨>b0SUX/xfS wya�Xca+m<¦
i�b�a�b¥�qm�|�Sfi��kz>h�XWdOw<h�X/�f¤>Xcz´¬

� ¼ � � � �j-��j-���
I9
x ∈ R d 9EDF
��

⌈

dxe

2

⌉

=

⌈

x

2

⌉

� � �
⌈

bxc

2

⌉

=

⌊

x+ 1

2

⌋

�E! �
⌊

bxc

2

⌋

=

⌊

x

2

⌋

�º� �

⌊

dxe

2

⌋

=

⌈

x− 1

2

⌉

.
� � �

�|�
4_4 > MKuIXWb p = dxe
w<dUz

θ = x− p ∈ [0; 1[
¬�³°¦

x = p
¨���ika�|W�kX�w<h0��`�b0h0eUX�¬ ­ b0SUXWh0��ika�X�¢

⌈

dxe

2

⌉

=

⌈

p+ 1

2

⌉

=

{

p+1
2 if p is odd

p
2 + 1 if p is even.

⌈

x

2

⌉

=

⌈

p+ θ

2

⌉

=















⌈

p+1
2 + θ−1

2

⌉

= p+1
2 if p is odd

⌈

p+2
2 + θ−1

2

⌉

= p
2 + 1 if p is even.

���)�����
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R«m�a0SUm�� !U¨U�kXWb
p = dxe

w<dUz
θ = x− p ∈ [0; 1[

¬q³µ¦
θ 6= 0

¢
⌈

bxc

2

⌉

=

⌈

dx− 1e

2

⌉

=

⌈

x− 1

2

⌉

=

⌊

x− 1

2
+ 1

⌋

=

⌊

x+ 1

2

⌋

.

³°¦
θ = 0

¨f�kXWb
x = 2q

¬
⌈

bxc

2

⌉

= q,

⌊

x+ 1

2

⌋

=

⌊

q +
1

2

⌋

= q.

R&SUXCaFw<VDX{xfh�m1m<¦£SUmy�kzfa�¦ºmyh�b0SUXCmyb0SUXWh�i�dUXcj1e w<��i�b0ikXca�¬
�|�
4_4 > M��f&�(�� � ¼;&�¼ ��� - uIXWb

A
©§XCw�VDXc|�S w<dfik|�w<��b0h�XcXca+m<¦£zfXWdUa0i�b¥`

α
¬

R&SUX���w<©§XW�tm<¦�b0SUXDh�m$myb¯ika
bα + φc

a�mªi�b¯ika�|cmyV�xf�kXWb�XW��` zfXWb�XWh0V�i�dUXcz¹©Q`
α
w<dUz

φ
¬ªsKa

A
ika�w

VDXc|�S w<dfik|�w<�&b0h�XcX�¨£i�b�a6b°�tmO|�Sfi��kz>h�XWd��@dUmyb�Xcz
A1

w<dUz
A2
�¯w<h�X�w<�ka�m±VDXc|�S w<dfik|�w<��b0h�XcXca�¬ �·X�|�w<���

φ1w<dUz
φ2

b0SUXWi�hCxfS wya�X�w<dUz·a0i�dU|cXDb0SUXDb0h�XcX�ika¯dUmyd> µxf��w<d w<h�¨���i�b0SUmyefb6�km1m�a�XDm<¦t��XWdUXWh�w<��i�b¥`�¨£�qX�wya�a0efVDX
b0S w<b

φ1 ≤ φ2
¬/\pmyh�Xcm²��XWh/�qX�wya�a0efVDX�b0S w<b{b0SUX¯h�m$myb{ika{m<¦�b0SUX6¦ myh0V

h(A[n,k]) = b(2k − 1)α + φc� myb0SUXWh0��ika�X�¨ �qX&n"eUa0b&h�XWxf��wy|cX
b
©Q`

d
�M¬

φ

φ1 φ2

uIXWb&eUa&|cmyV�xfefb�X{b0SUXKdQefV¯©�XWh�a
φ1

w<dUz
φ2

©Q`�|cmyV�xfefb0i�df�
h(A[r,k+1])

¦ h�myV b¥�qm�z>i��´XWh�XWdQb&�tw�`$a²¢

∀k : b(2k+1 − 1)α+ φc = b(2k − 1)α+ φ1c + b(2k − 1)α + φ2c + bα+ φc.
³°¦´b0SUX�b°�tm�|�Sfi��kz>h�XWdªw<h�X�i�d>¦ºXWh0ikmyh�¨>wya

0 ≤ φ1 ≤ φ2 ≤ 1
¨Q�tX+��myb

0 ≤ φ2 −φ1 ≤ 1
w<dUz�b0SUXWd�b0SUXWh�X

XM¤>ika0b�a
c = 0

myh
1
a0eU|�S±b0S w<b�¢

b(2k − 1)α+ φ1c ≤ b(2k − 1 + φ2)c + c.
³°¦&mydUX�|�Sfi��kz ika/i�d>¦ XWh0ikmyh�w<dUz�b0SUXDmyb0SUXWh�mydUX�ika¯a0efx�XWh0ikmyh�¨��qX�h�XWV�w<h
l�b0S w<bCb0Sfika¯dQefV6©§XWh

c
a0b0i����

XM¤>ika0b�a�w<dUz6i�b�zfm$Xca£dUmyb�|�S w<df��X&b0SUX&XWdUz�m<¦ b0SUXtxfh�m1m<¦0¬
³°d�¦µwy|Wb
i¡¦�b0SUXqh�m$myb£ika
i�d>¦ XWh0ikmyh�¨�i�b�a£b¥�qm/|�Sfi��kz>h�XWd
|�w<d±©�X/XM¤$xfh�Xca�a�Xcz±wya�i�d>¦ºXWh0ikmyh+|�Sfi��kz>h�XWdpb�m1mf¬

R&S1eUa�¢

���������_�������N���I�����
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⌊

(2k − 1)α+ φ1

⌋

=

⌊

b(2k+1 − 1)α + φc − bα+ φc

2

⌋

.

_$m�b0SUX[mydf��`�jQeUXca�b0ikmyd�h�XWV�w<i�dfi�df��ikat��SUXWb0SUXWh�myhtdUmyb ⌊

b(2k+1−1)α+φc−bα+φc
2

⌋ |�w<d�©§XK��h0i�b0b�XWd±wya
⌊

(21k − 1)α + φ1

⌋ w<dUz ⌈

b(2k+1−1)α+φc−bα+φc
2

⌉ |�w<d�©§X{��h0i�b" °XWdpwya ⌊

(2k − 1)α+ φ2

⌋ ¬
it`��kXWV�V�w��>¬ �>¨>�tX{|�w<d±|cmyV�xfefb�X{b0SUX[¦ my���km²��i�df��b�w<©fef��w<h�b0S w<b�a0SUm���a&eUa�z>i��´XWh�XWdQb���w<��eUXcat¦ºmyh

φ1w<dUz
φ2

zfXWx�XWdUz>i�df��mydªb0SUX/i�dfi�b0i�w<�
φ
¢

φ

α+φ
2 − bα+ φc α+φ+1

2 − bα+ φc

bα+ φc < 1 bα + φc ≥ 1
¨

φ1
α+φ

2
α+φ+1

2

¨

φ2
α+φ−1

2
α+φ

2

¬

vKXWV�w<h
l�b0S w<b&i¡¦«b0SUX[h�m1mybtikati�d>¦ XWh0ikmyh&i�b�a&b¥�qm�|�Sfi��kz>h�XWd±|�w<d�©�XKXM¤>xfh�Xca�a�Xczªwyati�d>¦ºXWh0ikmyhtdUm$zfXcat��i�b0S
xfS wya�X�Xcj1e w<�ka{b�m�b0SUX���w<��eUXca{i�d¸b0SUX�xfh�XW�1ikmyeUa{b�w<©fef��w<h�¬�R&S w<b{VDX�w<dUa/b0S w<b{i¡¦&w�|�Sfi��kz>h�XWd·ika[i�d>¦ºXWh0ikmyh
w<dUz±mydUX/m<¦£i�b�a+|�Sfi��kz±a0efx�XWh0ikmyh�¨fi�b�|�w<d±©�X/XM¤$xfh�Xca�a�Xcz±wya+w�i�d>¦ºXWh0ikmyh�dUm1zfX/b�m$mf¬

uIXCeUa&¦ m$|WeUa�myd±b0SUXCa�Xc|cmydUz±|cmy��efV�d �@b0SUX/h�Xca0b�ika+a0i�V�i���w<h��
bα+ φc < 1

⌈

b(2k+1 − 1)α + φc − bα+ φc

2

⌉

=

⌈

b(2k+1 − 1)α+ φc

2

⌉

�µ� �

=

⌈

d(2k+1 − 1)α+ φe

2
− 1

⌉

� � �

=

⌈

(2k+1 − 1)α + φ− 1

2

⌉

� � �

=

⌊

(2k+1 − 1)α + φ− 1

2
+ 1

⌋

� 	�� �

=

⌊

(2k − 1)α +
φ+ α+ 1

2

⌋

.
� 	 	��

�~qbp ��x � y�u�� � � � ��� � u �Fs � � u ��� s ��� � u5w�� ��� x � s�s.z � � s x�� s z � � s
³¥d¹b0Sfika�a�Xc|Wb0ikmydI¨ �qX���i�����a0SUm²� b0S w<b�i¡¦Kb0SUXªzfXWdUa0i�b¥` ika�i�h0h�w<b0ikmyd w<�µ¨&wpa�b0h�mydf����` © w<��w<dU|cXcz b0h�XcX�ikaDw
VDXc|�S w<dfik|�w<�
b0h�XcX�¬ R&Sfika�h�Xca�ef��b+|�w<dª©§X/XM¤>xfh�Xca�a�Xcz±©Q`�b0SUX{¦ my���km²��i�df��xfh�myx�m�a0i�b0ikmydI¬

���)�����
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I9
A
��
�� 7 � B � 7 9b
S� 7 �	����Y�9/�

�
_MO 7QP � > A 7 ��<�

��DV��� 7 ������9EDF
�� A 7 ���I9/�64��;\��ZYC�
���K���	��

��MO 7E7QP � > A 7 �@�I9/�64��;\��ZY �
���K���	��
��f���	�a�	4�95�6�%9 7 4��*��� d 9EDh
�� A 7 �1�c<�

�IDV��� 7 �����)9/�

�
 MO 7E7E7eP � > A 7 �@��9/�
4��;\��ZYC���������	��

�f���	�c�
��9 7 4��	��� d A 7 ��:V��9 7 <c��9b
��ZY�<�

�IDV��� 7 ������M

� SUXWdp�tX�a�wc`±b0S w<bCw�b0h�XcX���XWh0i¡� Xca{w�xfh�myx�XWh0b°`
P
:V�Z9 7 <c��9b
��ZYy¨§b0S w<b{VDX�w<dUa[b0S w<b{b0SUXWh�X6XM¤>ika0b�a/w

K
a0eU|�S b0S w<b6X�wy|�S¹a0ef©> µb0h�XcXca�m<¦

A
��Sfik|�S h�m1myb¯i¡¦�m<¦�SUXWi���S1b

k > K
¨
k
��XWh0i¡� Xca6b0SUX�xfh�myx�XWh0b°`�¬�³°d

b0S w<b[x w<h0b0ik|Wef��w<h[|�wya�X�¨��qX6a�wc`ªb0S w<b/w�b0h�XcX¯ika+ef��b0i�V�w<b�XW��`�VDXc|�S w<dfik|�w<�£i¡¦�w<���
m<¦�i�b�a[a0ef©> µb0h�XcXcaKm<¦ h�m$myb
m<¦£SUXWi���SQbKa�efx§XWh0ikmyh�b�m�w�|cXWh0b�w<i�d

K
w<h�X/VDXc|�S w<dfik|�w<��b0h�XcXca²¬

uIXWb+eUa�©§XW��i�d�b0SUX{xfh�m1m<¦£©Q`�b0Sfika&�Uh�a0b+�kXWV�V�w>¬
� ¼ � � � �j-���- � > A 7 �o��<�

��DV��� 7 ������9/��
�
 d 9EDF
�� A 7 ����9/�
4��;\��QY��
���K���	��

�;M
�|�
4_4 > MKuIXWb A ©�XCw�VDXc|�S w<dfik|�w<�
b0h�XcXCw<dUzª�kXWb

k, q ∈ N
¨
k ≤ q

¬�uIXWb��km$m�lªw<b�b0SUXCjQe w<d1b0i�b°`�¢

x(n, n′, k, q) = |h(A[n,k]) − h(A[n,q])| − |h(A[n′,k]) − h(A[n′,q])|.

Z[a0i�df�¸b0SUX��qXW���¡ [l$dUm���d�¦ºmyh0V¯ef��w
x − x′ − 1 < bxc − bx′c < x − x′ + 1

¨��qX�|�w<d���h0i�b�X�b0SUX
¦ºmy���km���i�df��Xcj1e w<��i�b0ikXca�¢

x(n, n′, k, q) = b(2k − 1)α + φnc − b(2q − 1)α + φnc − b(2k − 1)α+ φn′c + b(2q − 1)α + φn′c,

< (2k − 1)α+ φn − (2q − 1)α − φn − (2k − 1)α− φn′ + b(2q − 1)α+ φn′ + 2,

< 2

x(n, n′, k, q) > −2.

\Omyh�Xcm���XWh�¨§wya
x(n, n′, k, q)

ika+w<d�i�dQb�XW��XWh�¢
|x(n, n′, k, q)| ≤ 1

b0S w<b�xfh�m1m<¦�b0SUX{�kXWV�V�w>¬
uIXWb+dUm�� xfh�m$m<¦
b0SUXCh�Xc|Wi�xfh�m1|�w<�
m<¦�b0SUX/�kXWV�V�w>¢

� ¼ � � � �g-��g-1��
I9
A
��
f�G��9/�
4��;\��ZY]���������	��

� 9/�

�
 2 7 9ED �;
��h� 7 9/Y α 2~D 7 ��D ����� �*4�9���
 2'� 7 9 9b
�� �A�

p

2k−2q

O
p, k, q ∈ N P M��DF
I�
A 7 �o��<�

��DV��� 7 ������9/��
�
_M

�|�
4_4 > M � a
l�XWb�|�S
�KR&SUX6�Uh�a0b[x§myi�d1b[ika/w�h�w<b0SUXWh/z>i�h�Xc|Wb{|cmydUa�XcjQeUXWdU|cX�m<¦ b0SUX�zfXM�Udfi�b0ikmyd·m<¦�VDXc|�S w<dfik|�w<�
b0h�XcXca�¬�s[a&¦ºmyh+b0SUX¯a�Xc|cmydUz±x�myi�dQb�¨��kXWb

τ
©�X¯w�h�X�w<��dQefV¯©�XWh/w<dUz

n
wDdUm1zfX�¬�s&b��kX�wya�bKmydUX¯m<¦�b0SUX¯b°�qm

¦ºmy���km���i�df��xfh�myx�XWh0b0ikXca�ika�b0h0eUX�¢

� ¦ºmyh+w<���
k
¢
h(A[n,k]) ≤ b(2k − 1)α+ τc

¨

� ¦ºmyh+w<���
k
¢
h(A[n,k]) ≥ b(2k − 1)α+ τc

¬
R�m¸xfh�m���X�b0Sfika�¨�wya�a0efVDX�b0S w<b�i�b�ika�dUmyb�b0h0eUX�¬ R&SUXWd b0SUXWh�X�XM¤>ika0b�a

k, q
a0eU|�S�b0S w<b

h(A[n,k]) <

b(2k − 1)α+ τc
w<dUz

h(A[n,k+q]) > b(2k+q − 1)α + τc
� myh+b0SUXCmyxfx§m�a�i�b�X��M¬

³¥d/b0S w<b«|�wya�X�¢
h(A[n,k+q])−h(A[n,k]) ≤ 2+b(2k+q−1)α+φc−b(2k−1)α+φc > 1+(2k+q−2k)α��Sfik|�Sp�1ikmy��w<b�Xca�b0SUX{¦ myh0V6ef��w�my©fb�w<i�dUXcz±i�d �º� �M¬

uIXWb+eUa�zfXM�UdUX/b0SUX/d1efV¯©�XWh
φ
wya&¦ my���km²��a�¢

φ = inf
τ

{

For all k : h(A[n,k]) ≤ b(2k − 1)α+ τc
}

.

���������_�������N���I�����



	 � �1M�� �A��9�� �@M�� ��:��I���

R&SUXWd±�tX/S wc��XC¦ myh+w<���
k
¢

h(A[n,k]) ≤ (2k − 1)α+ φ ≤ h(A[n,k]) + 1.

³°¦
α /∈ { p

2k−2q , p, k, q ∈ N}
¨$b0SUXWd

(2k − 1)α+ φ
ika�w<d�i�dQb�XW��XWh�¦ myh�w<b&VDm�a0b�mydUX

k0
¬��{XWx�XWdUz>i�df�

myd±b0SUX/��w<��eUX/i�d
k0
¢�i¡¦

h(A[n,k0]) = (2k0 − 1)α + φ
¨Ub0SUXWdª¦ myh+w<���

k
¢
h(A[n,k]) = b(2k − 1)α+ φc

¬
­ b0SUXWh0��ika�X{¦ºmyhKw<���

k
¢
h(A[n,k]) = d(2k − 1)α+ φ− 1e

¬
Y[m�� ��S w<b{S w<xfx§XWdUa[i¡¦

α
©�XW�kmydf��a{b�m

{ p

2k−2q , p, k, q ∈ N}
� R&SUX6h�Xca0ef��b{ika{jQefi�b�X�z>i��´XWh�XWdQbCw<dUz

wyaK�qXC��i����£a�XcX�¨�a0i�dU|cXCb0SUXWh�X6i�b+�tmyh
l$aS:;��9 7 <��%9b
��QY�¬�s |cmyefd1b�XWh�XM¤fw<V�xf�kX�ikaKb0SUXCb0h�XcX¯��Sfik|�S¸dUm1zfXca[w<h�X
��w<©�XW�kXcz�©1`

1
XM¤f|cXWxfbq¦ºmyh�mydUX[��w<©§XW�kXcz�©Q`��>¬�R&Sfika&b0h�XcX{ika&|W�kX�w<h0��`�a0b0h�mydf����`�© w<��w<dU|cXczª��i�b0SªzfXWdUa0i�b°`

1©fefb�ika�dUmyb�VDXc|�S w<dfik|�w<�µ¬qsKd±myb0SUXWh+mydUX/ika�b0SUX/b0h�XcX/zfXWxfik|Wb�Xcz±i�d��U��efh�X � ��Sfik|�S�S wya+zfXWdUa0i�b°`
1/3

¬
� ¼ � � � �j-��	-���
I9

A
��
W����9/�
4��;\��QY ���������	��

��9/��
�
_M

��DF
I�
A 7 �o��:V�Z9 7 <c��9b
��ZY�<�

��DV��� 7 �����KM

�|�
4_4 > MKsKaK¦ºmyh[b0SUX���wya0bCwya�a�XWh0b0ikmydI¨�b0SUX�a�w<VDX�wya+¦ºmyh{b0SUX�xfh�XW�1ikmyeUa{x�myi�dQb/SUmy�kzfa{efd1b0i���b0SUX¯¦µwy|Wb{b0S w<b
b0SUXWh�X/ika+w<b�VDm�a�b�i�dQb�XW��XWh

k0
a0eU|�S±b0S w<b

(2k
0 − 1)α + φ ∈ N

¬
Y[m�� �qX6wya�a0efVDXCb0S w<bKb0SUXWh�X¯XM¤>ika0b�a

k0, k1
a0eU|�S�b0S w<b

(2ki − 1)α + φ ∈ N
� myb0SUXWh0��ika�X6�qX¯��mDb�m

b0SUXCXWdUzªm<¦£b0SUX/xfh�m$m<¦£m<¦ �@i�i � �M¬
s z>i�h�Xc|WbK|cmyV�xfefb�w<b0ikmydO�kX�wyzfa�b�m

α /∈ { p

2k−2q , p, k, q ∈ N}
w<dUz±b0S1eUa+b0SUXWh�X¯XM¤$ika0b

p
w<dUz

q0 < q1a0eU|�S±b0S w<b
α =

p

2q0 − 2q1
,GCD(p, 2q0 − 2q1) = 1.

s�|c|cmyh�z>i�df�Db�m�b0SUXK¦ºmyh0V¯ef��w��>¨>b0Sfika&VDX�w<dUa&b0S w<b
h(A[n,q1])− h(A[n,q1])

XcjQe w<�ka
p− 1

¨
p
myh
p+ 1

¬
itefb¯wya/b0SUX�b0h�XcX�ika¯a0b0h�mydf����`p© w<��w<dU|cXcz´¨�b0SUXWh�XD|�w<d·dUmyb/©�X�i�d�b0SUX�b0h�XcX�b¥�qm±a�ef©> µb0h�XcXcaC��i�b0S·��w<��eUXca
p − 1

w<dUz
p + 1

¬�sKa�a0efVDX¯b0SUXWh�X�ika
q1 − q0

myb0SUXWh/x w<i�h0��ika�X�z>ikaºn"myi�d1bCa0ef©> µb0h�XcXca/��i�b0S���w<��eUX
p + 1

¨
b0SUXWdªb0SUXWh�X/�tmyef�kzª©§X[b¥�qmDm<¦£b0SUXWV ¦ myh���Sfik|�S±b0SUX{h�m$myb�a&��i����I©§X/w<b�SUXWi���S1b

h
w<dUz

h+ (q1 − q0) ∗ nw<dUzªb0SUX{V�i�dfi�V�w<�
a0ef©> µb0h�XcX/b0S w<b+|cmyd1b�w<i�dUa+b0Sfika�b¥�qm�a0ef©> µb0h�XcXca��qmyef�kz��1ikmy��w<b�XCb0SUX[¦ myh0V6ef��w��>¬
R&S1eUaCef��b0i�V�w<b�XW��`�¨�w<��� a�ef©> µb0h�XcXcaC|cmyh0h�Xca0x�mydUz>i�df�±b�m

h(A[n,q1]) − h(A[n,q1])
��i�����b�wAl�X�b0SUX���w<��eUX

p
¬ �Umyh�b0SUXCh�Xca0b�m<¦
b0SUXCxfh�m1m<¦0¨>�qX¯wya�a0efVDX{b0S w<b+myefh�b0h�XcX/��XWh0i¡� Xca+b0Sfika�xfh�myx�XWh0b°`�¬
Y[m��C¨f�kXWb+eUa�h�Xc|�w<���Ib0S w<b�¦ºmyh+w<���

k
¢

h(A[n,k]) ≤ (2k − 1)α+ φ ≤ h(A[n,k]) + 1.

³°¦�b0SUXWh�X6w<h�X/b¥�qm�i�dQb�XW��XWh�a
k0, k1

a0eU|�Spb0S w<b
(2ki − 1)α + φ ∈ N

�qX¯S wc��X 2k1−2k0

2q0−2q1
p ∈ N

¬tR&SQeUa
2k1−2k0

2q0−2q1 ∈ N
¬�³°¦&�tXD��h0i�b�X

x = q1 − q0
w<dUz

y = k1 − k0
¨
y = px + r

�
0 ≤ r < x

�M¨«�tX�S w���X�¢
2k1−2k0

2q0−2q1
= 2k0−q0 2x−1

2y−1

��Sfik|�S�i�V�xf��ikXca 2x−1
2y−1 ∈ N

¨ 2x−1
2y−1 = 2r 2px−1

2x−1 + 2r−1
2x−1 ∈ N

¨�a�m
r = 0

w<dUz
q0 − q1

z>i��$ikzfXca
k1 − k0

¬
s[a�¦ºmyhKw<���

n′
¢
h(A[n′,q1]) − h(A[n′,q0]) = p

¨fi¡¦
h(A[n,k0]) = (2k0 − 1)α + φ

b0SUXWd
h(A[n,k1]) =

(2k1 − 1)α + φ
w<dUzªb0SUXWdª¦ºmyh+w<���

k
¢

h(A[n,k]) = b(2k − 1)α + φc.

³°¦
h(A[n,k0]) = (2k0 − 1)α + φ− 1

b0SUXWd
h(A[n,k1]) = (2k1 − 1)α + φ− 1

w<dUz±b0SUXWdª¦ºmyhKw<���
k
¢

h(A[n,k]) = d(2k − 1)α + φe

���)�����
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R&Sfika6b0h�XcX�ika6h�w<b0ikmyd w<�&��i�b0S¹zfXWdUa0i�b¥`
1/3

¨£��Sfik|�S�VDX�w<dUa�b0S w<b�w<����¦ my���km²��i�df�¸a�ef©> µb0h�XcXca�m<¦�SUXWi���S1b
2b0S w<b/�qX�|�w<d¸dUmybCa�XcX�w<h�X�b0h�XcXca/��i�b0S·mydUX

1
w<dUzOb°�qm

0
¬ ­ dUX�|�w<d¸��XWh0i¡¦@`Omyd�b0SUX�xfik|Wb0efh�X�b0S w<b{b0SUX

©�XW��i�dfdfi�df�±m<¦tb0Sfika{b0h�XcX�ika/a0b0h�mydf����`O© w<��w<dU|cXcz·w<dUz·wya{i�bC|cmydQb0i�d1eUXcaC��i�b0S·zfXWdUa0i�b¥`OXM¤Uwy|Wb0��`
1/3

¨´b0SUX
��SUmy�kX/b0h�XcX/ika+a0b0h�mydf����`�© w<��w<dU|cXcz´¬
k[m��qXW��XWh¯b0Sfika/b0h�XcX�ika{ef��b0i�V�w<b�XW��`¸VDXc|�S w<dfik|�w<��©fefb/dUmyb/VDXc|�S w<dfik|�w<��©�Xc|�w<eUa�X�m<¦qb0SUX�b¥�qm±a�ef©> µb0h�XcXca
m<¦�SUXWi���S1b

2
a0efh0h�myefdUzfXcz�©Q`�©f��eUX/|Wi�h�|W�kXca+w<h�X{dUmyb&VDXc|�S w<dfik|�w<�µ¬t³°¦«b0SUXW`��tXWh�X{VDXc|�S w<dfik|�w<�µ¨ �qX{�qmyef�kz

S wc��X
α = 1/3

w<dUz�w
φ
a�eU|�S�b0S w<b

b3α+φc = 2
w<dUzDb0SUXWd

φ = 1
��Sfik|�S�|cmyd1b0h�wyz>ik|Wb�aqb0SUXKzfXM�Udfi�b0ikmydI¬

\Omyh�Xcm���XWh�¨�i¡¦ �qX��km$m�l�w<bKb0SUX�a0ef©> µb0h�XcX�m<¦�h�m$myb
0
¨�i�bKika/w<�ka�m�dUmyb[VDXc|�S w<dfik|�w<� a0i�dU|cX6�qX��qmyef�kzOS w���X

bα+ φc = 0
w<dUz

b7α + φc = 3
��Sfik|�S�ika�i�V�x�m�a�a0i�©f�kX�¬

s

i

i i

i

i i
�
i���efh�X � ¢�o£¤Uw<V�xf�kX�m<¦+wªh�w<b0ikmyd w<�tb0h�XcXD��Sfik|�S ika6a0b0h�mydf����`�© w<��w<dU|cXcz�w<dUz·ef��b0i�V�w<b�XW��`·VDXc|�S w<dfik|�w<�
©fefb�dUmyb�VDXc|�S w<dfik|�w<�µ¬

sK��b0SUmyef��S±�qX¯|�w<d�|�S w<h�wy|Wb�XWh0i�®�X6a0b0h�mydf����`�© w<��w<dU|cXczªb0h�XcXca�¨fi�b�ika�a�b0i����«w<d±myx§XWd�j1eUXca0b0ikmydªb�mD|�S w<h" 
wy|Wb�XWh0i�®�XC© w<��w<dU|cXcz�b0h�XcXca�¬tR&SUX{�Uh�a0bKw<dUa0�tXWh+ika+b0S w<b�b0SUXWh�X¯XM¤>ika0b�a�myVDX/b0h�XcXca+b0S w<b[w<h�X/© w<��w<dU|cXcz�©fefb
dUmybKa�b0h�mydf����`ª© w<��w<dU|cXcz´¬ �·XC��i���X�w<dpXM¤Uw<V�xf�kXC��i�b0Sp�U��efh�X �D��SUXWh�X¯b0Sfika+xfik|Wb0efh�X¯ikaKb0SUXC©�XW��i�dfdfi�df�
m<¦ w�h�w<b0ikmyd w<�«b0h�XcX/��i�b0S�zfXWdUa�i�b°`

3/7
¬

R&SUX�xfh�XW�$ikmyeUa[XM¤Uw<V�xf�kX�a0SUm���a/w�h�w<b0ikmyd w<�
b0h�XcX���Sfik|�SOika[© w<��w<dU|cXczO©fefb[dUmyb[a0b0h�mydf����`�© w<��w<dU|cXcz
©fefb�wya��tXªS wc��X�a�XcXWdI¨�h�w<b0ikmyd w<�+b0h�XcXca�wyz>V�i�bDVDmyh�X±XM¤f|cXWxfb0ikmydUaDb0S w<d)i�h0h�w<b0ikmyd w<�KmydUXca�¬=k[m��tXW��XWh�¨
b0SUXWh�Xªw<h�X�V¯ef��b0i�xf�kXªXM¤Uw<V�xf�kXca�m<¦Kb0h�XcXca�b0S w<bDw<h�X�i�h0h�w<b0ikmyd w<��©fefb�dUmyb�a0b0h�mydf����` © w<��w<dU|cXcz´¬�_1eU|�S)w
|cmydUa0b0h0eU|Wb0ikmydpika�VDmyh�X/i�dQ��my����Xcz´¬

���������_�������N���I�����
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�
i���efh�X �>¢�itXW��i�dfdfi�df��m<¦Kw�© w<��w<dU|cXcz¹b0h�XcX�m<¦+zfXWdUa�i�b°`
3/7

��Sfik|�S�ika�dUmyb�a0b0h�mydf����` © w<��w<dU|cXcz �ºw<dUz
b0SQeUaCdUmydOVDXc|�S w<dfik|�w<� �M¬�R&Sfika/b0h�XcX�ika{h�w<b0ikmyd w<�µ¢Ki�b{S wyao��a0ef©> µb0h�XcXcaCm<¦tSUXWi���SQb

3
�@b0SUX

3
��h0i�b0b�XWd myd

b0SUX��U��efh�X��M¬�R&SfikaCb0h�XcX�ika/dUmyb¯a0b0h�mydf����`¸© w<��w<dU|cXcz¹a0i�dU|cX�i�d·b0SUX�xfik|Wb0efh�X�b°�tm±dUmyd> µh�myefb�Xcz¹a0ef©fb0h�XcXca
��i�b0S·��w<dUz���mydUa[h�Xca0xI¬/w<h�X¯Sfi���Sf��i���S1b�Xcz´¬¯s[a+b0Sfika[b0h�XcX�ika[h�w<b0ikmyd w<�µ¨�i�bKika[dUmyb[ef��b0i�V�w<b�XW��`Oa0b0h�mydf����`
© w<��w<dU|cXcz�XWi�b0SUXWh�¨ a0i�dU|cX{b0SUX/Sfi���Sf��i���SQb�XczpVDmyb0i¡¦ºa+w<h�X/h�XWx�X�w<b�Xcz�w<dªi�d>�Udfi�b�XCd1efV¯©�XWhKm<¦£b0i�VDXca�¬

�·X{�&w<dQb�b�m�©fefi��kz±w�a0b0h�mydf����`�© w<��w<dU|cXcz�b0h�XcX{��i�b0S±zfXWdUa0i�b°`
α
i�h0h�w<b0ikmyd w<�I��Sfik|�Sªh�m1myb&ika&��w<©�XW���kXcz

©Q`
0
w<dUz·S wyaCb°�tm�|�Sfi��kz>h�XWd ��Sfik|�S¹w<h�XDVDXc|�S w<dfik|�w<�qb0h�XcXca6m<¦�zfXWdUa0i�b°`

α
w<dUz�h�Xca0x�Xc|Wb0i���XDxfS wya�Xca

φw<dUz
φ+ a

¬

0

α, φ α, φ+ a
R&SUX�b°�qmOa0ef©> µb0h�XcXca6��i�b0S xfS wya�Xca

(φ)
w<dUz

(φ + a)
w<h�XD© w<��w<dU|cXcz m<¦�zfXWdUa0i�b¥`

α
¨
��Sfik|�S VDX�w<dUa

b0S w<bK¦ myh{w<���
n > 0

¨�b0SUXW`�a�w<b0ika0¦@`�b0SUX6h�XW��w<b0ikmyd
b(2k − 1)αc ≤ h(A[n,k]) ≤ b(2k − 1)αc + 1

¬+R&S1eUa
b0SUX���SUmy�kX�b0h�XcX6ika{© w<��w<dU|cXcz 7 > ���	�f4����ZY 7 > w<���£b0SUX�a0ef©> µb0h�XcXca{©�XW��i�dfdfi�df��w<b{b0SUX6h�m$myb{a�w<b0ika"� Xca[b0SUX
h�XW��w<b0ikmydI¢

b(2k − 1)αc ≤ h(A[0,k]) ≤ b(2k − 1)αc + 1.
� 	�� �

s[a�b0SUX{b°�tm�|�Sfi��kz>h�XWd¸w<h�X/VDXc|�S w<dfik|�w<�µ¨ �qX/S w���X

h(A[0,k]) = b(2k−1 − 1)α + φc + b(2k−1 − 1)α + φ+ ac

uIXWbqeUa dUm²��|�w<���
z = (2k −1)α

¨
y1 = (2k−1−1)α+φ

¨
y2 = (2k−1−1)α+φ+a

¬
R&SUX�h�XW��w<b0ikmyd
	���b0S w<b��tX/�tw<d1b+b�m�©�X/a�w<b0ika"� Xcz±|�w<dª©�X{��h0i�b0b�XWdOwya

0 ≤ by1c + by2c − bzc ≤ 1

�·X/S w���X

z = (2k − 1)α

= 2(2k−1 − 1)α + α

= y1 + y2 − 2φ− a+ α.

���)�����
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uIXWb
x = by1c

¬��·X/S w���X/b0SUX{¦ºmy���km���i�df��Xcj1e w<��i�b0ikXca�¢

y1 = n+ x

y2 = n+ x+ a

z = 2n+ 2x− 2φ+ α.

�{XWx�XWdUz>i�df��myd
x+ a

��h�X�w<b�XWhKmyh��kXca�a�b0S w<d
1
¨>b0SUX/h�XW��w<b0ikmyd�ika+a�w<b0ika"� Xcz�i¡¦

(x+ a < 1 and − 1 ≤ 2x− 2φ+ α < 1) or (x+ a ≥ 1 and 0 ≤ 2x− 2φ+ α < 2).

�fh�myV b0SUXca�X/i�dUXcj1e w<��i�b0ikXca�¨f�qXC��XWb !�h�XW��w<b0ikmydUa�¢

2(1 − a) − 2φ+ α ≤ 1

−1 ≤ −2φ+ α

2 − 2φ+ α ≤ 2

0 ≤ 2(1 − a) − 2φ+ α.

�fh�myV b0SUXca�X/h�XW��w<b0ikmydUa�¨f�tX/��XWb�b0S w<b�b0SUXCb0h�XcX{ika�© w<��w<dU|cXcz 7 > ���	� 4����ZY 7 >
α

2
≤ φ ≤

α+ 1

2
and

α+ 1

2
≤ φ+ a ≤

α+ 2

2
.

� 	_� �

sKd±XM¤fw<V�xf�kX¯m<¦£a0eU|�Spw�b0h�XcX{ika�xfik|Wb0efh�Xcz±�U��efh�X
	��>¬

�
i���efh�X 	��>¢{o£¤fw<V�xf�kX�m<¦�w�© w<��w<dU|cXcz�b0h�XcX���i�b0S�i�h0h�w<b0ikmyd w<��zfXWdUa0i�b°`
3/7 + ε

��Sfik|�S ika{dUmybCa0b0h�mydf����`
© w<��w<dU|cXcz´¬t³°b�ika�dUmybKa0b0h�mydf����`�© w<��w<dU|cXcz±©�Xc|�w<eUa�XCm<¦£b0SUXCb°�tmDSfi���Sf��i���S1b�Xczpa0ef©> µb0h�XcXca6¬ R&SUXC|�Sfi��kz>h�XWd
m<¦£b0SUX/h�m1myb�S w���X/xfS wya�Xca

0.6
w<dUz

0.8
a�m�b0SUXW`�aFw<b0ika"¦@`�o j1e w<b0ikmyd 	_�>¬

¬

��� � � � � ¼^+	- 0��*4�9EDF
�� L 4A��� 7 ���K
S��4�����9/��:F�N9 7 4�� 7 ���c9/��
�
�2 7 9ED ��
I�h� 7 9/Y 3/7 + ε
2~DV4��N
��
4_4�9 7 �@������
��K
����Y

0
���	� 7 9E�o9/254C��D 7 �K���

I�]���

1<�

��DV��� 7 ������254��
�A�o2 7 9ED ��
�� L 

�N9 7 ?A
 φ 4/7

���	�
3/7

M

���������_�������N���I�����
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��� w � �`wbu�� � s ��� � u`w�� ��� x � s.s.zVq
Z[a0i�df�¯b0SUX[|cmydUa0b0h0eU|Wb0i���X{zfXM�Udfi�b0ikmydI¨>i�bqikaq��XWh0`�X�wya0`�b�m¯©fefi��kzªw/xfh�XM�f¤�m<¦�w¯VDXc|�S w<dfik|�w<�´b0h�XcX[m<¦´�Udfi�b�X
�kXWdf��b0SI¬

� s �Udfi�b�X6a0b0h�mydf����`ª© w<��w<dU|cXczpb0h�XcX¯m<¦ SUXWi���SQb
k
|�w<dp©§X/©fefi���b[i�d���i�dUX�w<hKb0i�VDX¯i�dpb0SUXCd1efV¯©�XWh[m<¦

dUm$zfX
n = 2k − 1

¬

� R&SUXC��w<©§XW�«m<¦ w�dUm$zfX/m<¦
SUXWi���S1b
k
|�w<d±©�X/|cmyV�xfefb�Xcz±i�dª��i�dUX�w<h+b0i�VDX{i�d

k
¬

� ���O� ¼ � À�� � ¼ ����� &�( ��� �§��� ¼Q¼ � �¥À �
φ = 0

-t³°b
a�XcXWVDa«S w<h�z6b�m[XWdQefVDXWh�w<b�Xtb0SUX�d1efV¯©�XWh�m<¦�a0b0h�mydf����`
© w<��w<dU|cXcz±b0h�XcXca²¬ R&SUX/dQefVDXWh�w<b0ikmydO��ika0b�a0b�w<h0b�a���i�b0S

2, 6, 20, 57, 158, 428, 1076, 2640, 6198, 14362, 32894, 73242, . . .

s[a&¦ºmyh�VDXc|�S w<dfik|�w<��b0h�XcXca���i�b0S�xfS wya�X
φ = 0

¨fi¡¦ mydUXC|�w<���ka
Ck

b0SUX/d1efV¯©�XWhKm<¦�a0eU|�Spb0h�XcXca+m<¦�a0i�®�X
k
¨$w¯b0h�XcX[|cmyh0h�Xca0x§mydUzfat©fi n0Xc|Wb0i���XW��`�b�m�wCa�Xcj1eUXWdU|cX

(b(2q − 1)αc)
¬ R&SUXWd�b0SUX+d1efV¯©�XWh�m<¦Ib0h�XcXca&XcjQe w<�ka

b0SUX/d1efV¯©�XWhKm<¦£b0i�VDXca�b0SUX/��i�dUXCm<¦�a0�kmyx�X
α
b�myeU|�SUXca{w<dªi�dQb�XW��XWhKdQefV6©§XWh[m<¦
b0SUX{¦ºmyh0V

(2q − 1, p)
¬

Ck = Ck−1 + 2k − 2 −
∑

q | k
k/q is prime

(2q − 2).

R�mªXWdUz¸b0Sfika{x w<h0b�¨´dUmyb0ik|cX�b0S w<b{b°�qm±VDXc|�S w<dfik|�w<� b0h�XcXca/��i�b0S¸b0SUX�a�w<VDX�zfXWdUa0i�b¥`¸w<h�X���XWh0`¸|W�km�a�X�¬
sK�ka�mf¨&b°�tm VDXc|�S w<dfik|�w<�/b0h�XcXca���i�b0S z>i���XWh�XWd1b�zfXWdUa�i�b0ikXca¯n"eUa0b�S wc��X¸w¸�Udfi�b�XpdQefV¯©�XWhªm<¦{¦ºwy|Wb�myh�a�i�d
|cmyV�VDmydI¬
� � À�� À � ( � (@À	& �j-	�j-1��
I9

A
���	�

B
��
C9/254^<�

��DV��� 7 �����v9/��
�
��_M]��
I9 S(A)

���	�
S(B)

��
f9EDF
��N
I9�4 >9EDF
 7 �o��
�� L 

�N9 7 ?A
S��:���m 9/�

�
��NMO 7QP � > 9EDF
W��
��h� 7 9 7 
��14 > A ���	�
B
����
W9EDF
��N��<�
 d 9EDF
I� S(A) = S(B)

M
O 7E7QP � > 9EDF
W��
I�h� 7 9 7 
��o���

W� 7 � 
���
��.9 d 9EDF
I� S(A) ∩ S(B) 7 � B � 7 9b
_M

�~q�� ��x � y�u�� � � � ��� � u �Fs � x � s�s.z � � s �)x � � � w � u
� � À�� À � ( � (@À	& �g-�
g-���
I9

A
��
���<c
���DV��� 7 �����)9/�

�
����	� k ≥ 0

M
O 7QP ��DF
���
�

X 7 ��9E�S��95<�4���9 k + 1

��:���m�9/��
�
�4 > DF
 7 \AD;9 kO 7E7QP �^4��


4�?A
�� d 7 > α 7 � 7 ���
��9 7 4��	��� d 9EDF
�� 9EDF
1��:V<c��
��W4 > ��:h�Im�9/��
�
�� 7 �1

X%�%�N9/�ZY k + 1
M

�|�
4_4 > MKuIXWb A ©�X�wDVDXc|�S w<dfik|�w<��b0h�XcX6m<¦qzfXWdUa�i�b°`
α
w<dUz��kXWb

k ≤ 0
¬{s�|c|cmyh�z>i�df�ªb�m�b0SUX¯xfh�myx�m�a0i�b0ikmyd

�>¬ �>¨§b0SUX�a0ef©> µb0h�XcX
A[n,k]

zfXWx§XWdUzfa{mydf��`pmydOi�b�a[xfS wya�X
φn

¬{³°dp¦µwy|Wb�¨�b0Sfika{a0ef©> µb0h�XcX�zfXWx�XWdUzfa{mydf��`pmyd
b0SUX/��w<��eUXca

b(2i − 1)α + φnc
¬

�Umyh[w<���
i ≤ k

w<dUz
φ ≤ 1

¨>�qX¯|�w<d�zfXM�UdUX{¦ efdU|Wb0ikmydUa
hi(.)

hi(φ) = b(2i − 1)α+ φc.

R&SUXca�X¯w<h�X{i�dU|Wh�X�wya�i�df�D¦ efdU|Wb0ikmydUa�b�wAl1i�df��i�dQb�XW��XWh+��w<��eUXca+w<dUz
hi(1) − hi(0) = 1

¬
R&S1eUa�b0SUX

k−
b0efxf�kX

(h1(φ), . . . , hk(φ))
|�w<d±b�wAl�XCw<b�VDm�a�b

k + 1
�yw<��eUXca+w<dUz±b0SUXWh�X¯w<h�XCw<b�VDm�a0b

k + 1
a0ef©> µb0h�XcXca�¬

\Omyh�Xcm���XWh�i¡¦
α
ikati�h0h�w<b0ikmyd w<�µ¨fb0SUX{b0h�XcX{S wya�w<d�i�h0h�w<b0ikmyd w<�IzfXWdUa0i�b°`ªw<dUz�b0SUXWd�i�b�ikatdUmyb�h�w<b0ikmyd w<�Ia�m

b0SUXWh�X{w<h�X[w<bt�kX�wya0b
k+1

b0h�XcXcaqm<¦�SUXWi���SQb
k
��Sfik|�S�VDX�w<dUatb0S w<btb0SUX+b0h�XcXKS wya&XM¤fwy|Wb0��`

k+1
a0ef©> µb0h�XcXca

m<¦£SUXWi���SQb
k
¬

���)�����
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s[a�a0SUm���d i�d�b0SUX�xfh�XW�1ikmyeUa�a�Xc|Wb0ikmydI¨�i¡¦[wpb0h�XcX�S wya
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