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Di�ulté et approximation du problème de groupageRésumé : Le groupage de tra� (Traffi Grooming) est un problème important dansles réseaux optiques. Il s'agit de regrouper des signaux de faible débit en signaux de plushaut débit, ave omme objetifs d'utiliser e�aement la bande-passante et réduire le oûtdu réseau. Dans les réseaux WDM, le ritère le plus aepté est de minimiser le nombrede terminaisons életroniques, 'est à dire le nombre de "SONET Add-Drop Multiplexers"(ADMs). Dans et artile, nous étudions les topologies de l'anneau et le hemin.D'abord, nous prouvons le premier résultat d'inapproximabilité pourTraffi Groomingquand le fateur de groupage g est �xé. Plus préisément, nous prouvons que Ring TraffiGrooming pour g ≥ 1 �xé, et Path Traffi Grooming pour g ≥ 2 �xé, sont APX-omplets. En d'autres termes, es problèmes n'aeptent pas de PTAS, à moins que P = NP.Cela fournit une réponse à la onjeture de Chow et Lin (Networks, 44:194-202, 2004 ). Notreméthode est basée sur le fait que trouver le nombre maximum de triangles arête-disjointsdans un graphe (et de façon plus générale, yles de longueur 2g + 1 dans un graphe demaille 2g + 1) est APX-omplet.Nous proposons ensuite un algorithme d'approximation en temps polynomial pour Ringet Path Traffi Grooming, ave un rapport d'approximation indépendant de g. Pluspréisement, le rapport d'approximation est O(n1/3 log2 n) pour toutes les valeurs de g ≥ 1,où n est la taille du réseau. Ce résultat est utile dans les appliations, ar dans les réseaux deoeur, le fateur de groupage est généralement plus grand que la taille du réseau. Finalement,nous améliorons le rapport d'approximation sous ertaines hypothèses sur le graphe desrequêtes.Mots-lés : Algorithme d'approximation, Groupage de tra�, Réseau optique, SONETADM, Apx, PTAS, Di�ulté d'approximation



Hardness and Approximation of Tra� Grooming 31 Introdution1.1 Bakground and Problem De�nitionOptial wavelength division multiplexing (WDM) is today the most promising tehnology toaommodate the explosive growth of Internet and teleommuniation tra� in wide-area,metro-area, and loal-area networks. Using WDM, the potential bandwidth of 50 THz of a�ber an be divided into multiple non-overlapping wavelength or frequeny hannels. Sineurrently the ommerially available optial �bers an support over a hundred frequenyhannels, suh a hannel has over one gigabit-per-seond transmission speed. However, thenetwork is usually required to support tra� onnetions at rates that are lower than thefull wavelength apaity. In order to save equipment ost and improve network performane,it turns out to be very important to aggregate the multiple low-speed tra� onnetions,namely requests, into higher speed streams. Tra� grooming is the term used to arry outthis aggregation, while optimizing the equipment ost. In WDM optial networks the mostaepted riterion is to minimize the number of eletroni terminations, whih is unanimouslyonsidered as the dominant ost, rather than the number of wavelengths.SONET ring is the most widely used optial network infrastruture today. In these net-works, a ommuniation between a pair of nodes is done via a lightpath, and eah lightpathuses an Add-Drop Multiplexer (ADM ), i.e. an eletroni termination, at eah of its two end-points. If eah request uses 1
g of the apaity of a wavelength, g is said to be the groomingfator. The problem is equivalent to assigning a wavelength to eah request in suh a waythat for any wavelength and any link of the network, there an be at most g requests usingthis link on this wavelength. The aim is to minimize the total number of ADMs. In thegraph-theoretial approah that we use, the set of requests is modeled by a graph R, andeah vertex in the subgraph of R orresponding to a wavelength represents an ADM. Theproblem, in the ase where the ommuniation network is a ring, an be formally stated asfollows:Ring Traffi GroomingInput: A yle Cn on n verties (network), a graph R (set of requests) on verties of Cn,and a grooming fator g.Output: Find for eah edge r = {x, y} of R, a path P (r) in Cn between x and y, and apartition of the edges of R into subgraphs Rω, 1 ≤ ω ≤ W , suh that for eah edge e in

E(Cn) and for all ω, the number of paths P (r) using e, r being an edge of Rω, is at most g.Objetive: Minimize ∑W
ω=1 |V (Rω)|.The statement of Path Traffi Grooming is analogous, replaing Cn by Pn.Example 1 Consider a ring on �ve nodes and the omplete graph of Fig. 1 as requestgraph, and let g = 2. We exhibit two valid solutions of the problem, both using two subgraphs(i.e. two wavelengths). The seond solution is better beause it uses 9 verties instead of 10.
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4 O. Amini & S.Pérennes & I. Sau
10 ADMs

9 ADMsFigure 1: Two valid partitions of K5 when g = 2, using di�erent number of ADMs1.2 Previous Work and our ContributionThe notion of tra� grooming was introdued in [GRS98℄ for the ring topology. Sine then,tra� grooming has been widely studied in the literature (.f. [DR02, ML01, ZM03℄ forsome surveys). The problem has been proved to be NP-omplete for ring networks andgeneral g [CM00℄. Many heuristis have been done [DR01℄, but exat solutions have beenfound only for ertain values of g and for the uniform all-to-all tra� ase in unidiretionalring [BC06℄, bidiretional ring [BCMS06℄, and path topologies [BC06℄. On the other hand,there was no result on the inapproximability of the problem for �xed g ≥ 1. In [CL04℄ theauthors onjeture that Traffi Grooming is Max SNP-hard (or equivalently, APX-hard, modulo PTAS-redutions) for any �xed value of the grooming fator. We answera�rmatively to this question in Theorem 2, providing the �rst hardness result for the RingTraffi Grooming problem for �xed values of the grooming fator g.Considering g as part of the input, in [HDR06℄ it was proved that Path TraffiGrooming does not aept a onstant-fator approximation unless P = NP. For �xedvalues of g, Path Traffi Grooming was proved to be in P for g = 1 [BC06℄, but theomplexity for �xed g ≥ 2 has been an open question for a while. Reently, it has beenproved in [SUZ07℄ that Path Traffi Grooming for �xed g > 1 is NP-omplete forbounded number of wavelengths. Our method permits us to improve this result in Setion 3,by proving the APX-ompleteness of Path Traffi Grooming for any �xed g > 1 andunbounded number of wavelengths. In partiular, this extends the NP-ompleteness resultof [SUZ07℄ to the ase where the number of wavelengths is not bounded.The main ingredient of our approah is the proof of the APX-ompleteness (given inSetion 2) of the problem of �nding the maximum number of edge-disjoint triangles in agraph with bounded degree B: Maximum Bounded Edge Covering by Triangles(MECT-B for short). The proof is obtained by L-redution from Maximum BoundedCovering by 3-Sets, whih was proved to be MAX SNP-omplete in [Kan91℄. A simplemodi�ation of this tehnique permits us to prove the APX-ompleteness of �nding themaximum number of edge-disjoint odd yles of given length in a graph. This later laim is
INRIA



Hardness and Approximation of Tra� Grooming 5then used to extend our results to arbitrary values of g, see Setion 2, 3 and Appendix A,B. The design of approximation algorithms for Traffi Grooming is the topi of theseond part of this paper. We present the results for the ring topology, but the samealgorithm works also for the path topology. As we show in Setion 3, it is trivial to obtaina O(
√

g)-approximation with running time polynomial in g and n. For g = 1, the bestalgorithm in rings ahieves an approximation ratio of 10/7 [EL04℄. For general g, thebest approximation algorithm [FMSZ05℄ ahieves an approximation fator of O(log g), butthe problem is that the running time is exponential in g (that is, ng). Sine in pratialappliations SONET WDM rings are widely used as bakbone optial networks [ML01,DR02℄, the grooming fator is usually greater than the size of the network, i.e. g ≥ n. Forthose networks, the running time of this algorithm beomes exponential in n. Thus, it turnsout to be important to �nd good approximation algorithms with running time polynomialin both n and g. In Setion 4 we provide suh an approximation algorithm, onsidering gas part of the input. Our algorithm �nds a solution of Ring Traffi Grooming thatapproximates the optimal value within a fator O(n1/3 log2 n) for any g ≥ 1. To the bestof our knowledge, this is the �rst polynomial-time approximation algorithm for the RingTraffi Grooming problem with an approximation ratio whih does not depend on g.Although the performane of this algorithm seems not to be very good at �rst sight, infat we onjeture that for the general instane of the problem it is not possible to get ridof a fator nδ, for some onstant δ > 0. Finally, we show that the general sheme of thealgorithm yields a O(log2 n)-approximation if the request graph exludes a �xed graph asminor, for example if R is planar or of bounded genus. The main theoretial ontribution ofthe seond part of this paper is to relate the Traffi Grooming problem to the Dense
k-Subgraph problem [FPK01℄. We onlude by proposing some further researh diretionsto better understand the omplexity of Traffi Grooming.2 APX-ompleteness of MECT-BIn omplexity theory, the lass APX (Approximable) stands for all NP-hard optimizationproblems that an be approximated within a onstant fator. The sublass PTAS (Poly-nomial Time Approximation Sheme) ontains the problems that an be approximated inpolynomial time within a ratio 1 + ε for all onstants ε > 0. Intuitively, these problemsare the easiest ones among all NP-omplete problems. Sine, assuming P 6= NP, there isa strit inlusion of PTAS into APX (for instane, Vertex Cover ∈ APX \ PTAS), anAPX-hardness result for a problem implies the non-existene of PTAS.MECT-B has beenproved to be NP-omplete [Hol81℄, and the APX-hardness when requiring node-disjoint tri-angles was proved in [Kan91℄. The proof of the APX-hardness of MECT-B that we providean be extended to obtain the APX-ompleteness of the problem of �nding the maximumnumber of edge-disjoint yles of length 2g + 1 for any �xed g ≥ 1, as skethed in AppendixA. For onveniene, we prove the Max SNP-hardness of MECT-B, whih is known to be
RR n° 6236



6 O. Amini & S.Pérennes & I. Sauthe same as the APX-hardness modulo PTAS-redutions. MECT-B is trivially in APX,sine a simple greedy algorithm provides a 3-approximation.Theorem 1(a) MECT-B, B ≥ 10 is Max SNP-omplete. Furthermore, the problem remains MaxSNP-omplete in tripartite graphs.(b) More generally, given a (2g + 1)-partite graph G of girth 2g + 1, onsisting of (2g + 1)parts A0, . . . , A2g suh that the only edges are between Ai and Ai+1 (mod 2g +1), i =
0, . . . , 2g, and suh that all the graphs indued by V (G)\Ai in G, for all i = 0, . . . , 2g,form a forest, the problem of �nding the maximum number of edge disjoint C2g+1's in
G is APX-omplete.Proof: We give here the proof of part (a), the proof of part (b) is given in Appendix A.

L-redution from Max 3SC-B1 and L-redution to Indep. Set-B2:We de�ne h : MECT-B → Indep. Set - (3/2(B-2)) as follows: given a graph G asinstane I of MECT-B, we de�ne the following instane h(I) of Indep. Set - (3/2(B-2)):the graph h(G) ontains a node vT for every triangle T in G. There is an edge {vT0
, vT1

}in h(G) i� T0 and T1 share an edge in G. Given a solution A of h(I), we de�ne a solution
Sh(A) of I by taking the triangles orresponding to nodes in A. It is easily veri�ed that
(h, Sh) is an L-redution.Now, we de�ne f : Max 3SC-B → MECT-(3B+1) in the following way: suppose thatwe are given as instane I, a olletion C of 3-element subsets of a set X suh that everyelement of X belongs to at most B members of C. The problem for I onsists in �ndingthe maximal number OPT (I) of disjoint subsets in C. We onstrut an instane f(I) ofMECT-(3B+1), i.e. we onstrut a graph G = (V, E) in whih we ask for the maximumnumber OPT (f(I)) of edge-disjoint triangles. Let C = {c1, . . . , cr}, with |ci| = 3. Theloal replaement f substitutes for eah element ci = {x, y, z} ∈ C, the graph Gi = (Vi, Ei)depited in Fig. 2.To avoid onfusion, note by t any element in ci, i.e. t ∈ {x, y, z}. Note that, for eahelement t, the nodes t[0] and t[1], and the edge t[0]t[1] (orresponding to the thik edgesin Fig. 2) appear only one in G, regardless of the number of ourrenes of t. On theother hand, we add 9 new verties ai[j], 1 ≤ j ≤ 9 for eah subset ci, 1 ≤ i ≤ |C|. Morepreisely, G = (V, E) = ∪|C|

i=1Gi, where V =
⋃

t∈X{t[0], t[1]} ∪ ⋃|C|
i=1{ai[j] : 1 ≤ j ≤ 9} and

E =
⋃|C|

i=1 Ei.Now, given a solution A of f(I) of ost (or equivalently, size) c2, we modify in polynomialtime this solution to another equal or better solution A′ in the following way: in eah Gi,if the three triangles overing the edges x[0]x[1], y[0]y[1], and z[0]z[1] (numbered 1, 7, 13 in1Maximum Bounded Covering by 3-Sets: Given a olletion of 3-subsets of a given set, eah elementappearing in at most B subsets, �nd the maximum number of disjoint subsets.2Maximum Bounded Independent Set: Given a graph of maximum degree ≤ B, �nd a maximumindependent set.
INRIA



Hardness and Approximation of Tra� Grooming 7
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iFigure 2: Gadget used in the redution of the proof of Theorem 1Fig. 2) belong to A, we hoose the seven odd triangles of Gi to belong to A′. If not, we takethe six even triangles. Let c′2 ≥ c2 be the ost of A′. Then, we de�ne a solution Sf (A) of Iby hoosing the subset ci to be in Sf (A) if and only if A′ ontains exatly 7 triangles in Gi.We laim that the pair (f, Sf ) is an L-redution: in eah Gi there are 13 di�erent triangles,numbered from 1 to 13 in Fig. 2. The only way to hoose 7 edge-disjoint triangles in Giis by taking all the odd triangles, and thus by overing the three edges x[0]x[1], y[0]y[1],and z[0]z[1]. All other hoies of triangles yield at most 6 edge-disjoint triangles. The keyobservation is that we are able to hoose 7 triangles exatly OPT (I) times. Indeed, eahtime we hoose 7 triangles we over the edges orresponding to 3 elements of ci, and sinethe number of disjoint ci's in C is OPT (I), this an be done exatly OPT (I) times. On theother hand, one an easily see that OPT (I) ≥ |C|

3B . Hene:
OPT (f(I)) = 7 ·OPT (I)+6(|C|−OPT (I)) ≤ OPT (I)+18B ·OPT (I) = (18B+1)OPT (I)To onlude, note that if the solution Sf (A) of I has ost c1, we have OPT (I) − c1 ≤
OPT (f(I)) − c2. To see this, we observe that OPT (f(I)) = 6r + OPT (I), and also c′2 =
6r + c1, and so OPT (f(I)) − OPT (I) = c1 − c′2 ≤ c1 − c2.Both (f, Sf ) and (h, Sh) are L-redutions andMAX 3SC-B, B ≥ 3 and Indep. Set-B,
B ≥ 5 are Max SNP-omplete [Kan91℄. Thus, MECT-B, B ≥ 10 is Max SNP-omplete.To prove the last laim, note that the graph G = (V, E) used in the proof is a tripartitegraph. Indeed, it is easy to hek that the three vertex sets that de�ne the tripartition are:

V0 =

|X|
⋃

t∈X

t[0] ∪
|C|
⋃

i=1

{ai[2], ai[5]}, V1 =

|C|
⋃

i=1

{ai[1], ai[4], ai[7], ai[8], ai[9]}, and
V2 =

|X|
⋃

i=1

t[1] ∪
|C|
⋃

t∈X

{ai[3], ai[6]}.

�
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8 O. Amini & S.Pérennes & I. Sau3 APX-ompleteness of Traffi GroomingIn this setion we prove the hardness results for Ring Traffi Grooming and PathTraffi Grooming. First we prove that Ring Traffi Grooming belongs to APXwhen g is �xed. The same result holds for Path Traffi Grooming.Let us de�ne the density ρ of a graph G as its edges-to-verties ratio: ρ(G) = |E(G)|
|V (G)| .To see that Ring Traffi Grooming is in APX for any �xed g ≥ 1, we have to �nda onstant-fator approximation algorithm. We use the fat that the best possible density

ρ∗ of any subgraph used in the partition of the request graph is O(
√

g), given by (possiblya subgraph of) a irulant graph [BCMS06℄. We prove that the ost A of any solution
R1, . . . , RW is in the interval [ |E(R)|

ρ∗
, 2|E(R)|]. This learly implies that any solution hasost at most 2ρ∗ = O(

√
g) times the optimal ost. To see this, note that eah edge of Rontributes at most twie to the ost, so A ≤ 2|E(R)|. On the other hand, we have

A =

W
∑

ω=1

|V (Rω)| =

W
∑

ω=1

|E(Rω)|
ρ(Rω)

≥
W
∑

ω=1

|E(Rω)|
ρ∗

=
|E(R)|

ρ∗Thus, a O(
√

g)-approximation is obtained just by taking any partition of the request graph.Theorem 2 Ring Traffi Grooming is APX-omplete for all �xed g ≥ 1. Thus, itdoes not aept a PTAS unless P = NP.Proof: Sketh. We prove that Ring Traffi Grooming is APX-omplete even if wesuppose that the degree of the request graph is bounded by a onstant B ≥ 10. First, weprove the result for g = 1. We onsider a set of requests R made of a tripartite graph withthe three partition lasses plaed onseutively on the ring, as shown in Fig. 3a. To simplifythe presentation, suppose that R an be partitioned into triangles. In any solution, the onlypossible involved subgraphs are P2, P3, P4, and K3. It is lear that the best we an do isto groom the requests into triangles (sine triangles have the highest density) obtaining anoptimal ost of |E(R)|. From this we derive that |E(R)| is a lower bound for the number ofADMs of any solution, and that eah path used in a given solution adds an additional unityof ost. For eah solution S, the additional ost is at least 4/3 times the number of edgesovered by paths of S. This bound is tight if all the paths are P4's. Thus, the number A ofADMs used by S (i.e. the ost of S), satis�es A ≥ (1−ε)|E(R)|+ε 4
3 |E(R)| = (1+ ε

3 )|E(R)|,where ε is the perentage of edges of R not overed by triangles in S. By Theorem 2, thereexists a onstant ε0 suh that we an �nd in polynomial time at most a fration (1 − ε0) ofthe triangles of R. This means that (1 + ε0

3 )OPT is the best solution we may obtain by apolynomial-time algorithm, implying the non-existene of a PTAS.For g > 1, we take a (2g + 1)-partite graph as the request graph, in suh way that eahyle makes at least g tours around the enter of the ring. Now, we an redue the groomingproblem to the problem of �nding a maximum number of yles of length 2g + 1 in thisgraph (as in the ase g = 1). This later problem is also APX-omplete, see Theorem 1 andAppendix A. The details an be found in Appendix B. Hene, Ring Traffi Groomingis Max SNP-omplete for bounded number of requests per node B ≥ 10. �INRIA



Hardness and Approximation of Tra� Grooming 9

b)a)Figure 3: Request graph used in the proof of APX-ompleteness of Traffi Grooming:a) in the ring for g = 1; b) in the path for g = 2Theorem 3 Path Traffi Grooming is APX-omplete for any �xed g ≥ 2.Proof: Again, the result holds even for bounded number B of requests per node, B ≥ 10. Weprove the result for g = 2, proeeding for g > 2 as in the proof of Theorem 2. Consider a setof requests R made of a tripartite graph with the three partition lasses plaed onseutivelyon the path one after another, as shown in Fig. 3b. Sine eah triangle indues load 2,minimizing the number of ADMs orresponds to �nding the maximum number of edge-disjoint triangles. Therefore, it does not aept a PTAS unless P = NP. �4 Approximating Ring Tra� GroomingWe are now interested in �nding good approximation algorithms onsidering g as part ofthe input. As we saw in Setion 3, obtaining a O(
√

g)-approximation is trivial. Sinein pratial appliations SONET WDM rings are widely used as bakbone optial networks[ML01, DR02℄, the grooming fator is usually greater than the size of the network, i.e. g ≥ n.Thus, it turns out to be important to �nd approximation algorithms with an approximationratio not depending on g. A general approximation algorithm with this property is the mainresult of this setion. It provides in the worst ase a O(n1/3 log2 n)-approximation. We de-sribe it for the ring, but exatly the same arguments provide an algorithm for the path. Themain idea is to greedily �nd subgraphs with high density using approximation algorithmsfor the Dense k-Subgraph problem, whih is de�ned as follows: given a graph G and aninteger k, �nd an indued subgraph H ⊆ G on k verties with the highest density among allsubgraphs on k verties. In [FPK01℄ the authors provide a polynomial-time algorithm withapproximation ratio 2n1/3. To simplify the presentation, suppose that n = 2t for some t > 0:
RR n° 6236



10 O. Amini & S.Pérennes & I. SauAlgorithm A:Step 1) Divide the request set into log n lasses, suh that in eah lass Ci the length of therequests lies in the interval [2i, 2i+1), i = 0, . . . , log n − 1. For eah lass Ci, the ringan be divided into intervals of length 2i suh that the only requests are betweenonseutive intervals. In this way we obtain n
2i subproblems for eah lass: eah oneonsists in �nding an optimal solution in a bipartite graph of size 2 ·2i. More preisely,eah subproblem an be formulated as:Bipartite Traffi GroomingInput: A bipartite graph R, and a grooming fator g.Output: Partition of the edges of R into subgraphs Rω with at most g edges,

1 ≤ ω ≤ W .Objetive: Minimize ∑W
ω=1 |V (Rω)|.Solve all these Bipartite Traffi Grooming subproblems independently, and out-put the union of all solutions.Step 2) To solve eah Bipartite Traffi Grooming subproblem in a bipartite graph R,proeed greedily (until all edges are overed) by �nding at step i a subgraph Ri of

G \ (R1 ∪ · · · ∪ Ri−1) with at most g edges in the following way:For eah k = 2, . . . , 2g �nd a subgraph Bk of R \ (R1 ∪ · · · ∪Ri−1) using the algorithmof [FPK01℄ for the Dense k-Subgraph problem.
• If for some k∗, |E(Bk∗)| > g, and |E(Bi)| ≤ g for all i < k∗, remove |E(B∗

k)| − garbitrary edges of Bk∗ and replae B∗
k with this new graph. Stop the searh at

k∗, and output the densest graph among B2, . . . , Bk∗−1, Bk∗ .
• If not, output the densest subgraph among B2, . . . , B2g.Let OPT be the optimal solution of Ring Traffi Grooming, and let OPT1 be theost of the solution obtained by solving optimally all the subproblems generated by Step 1of Algorithm A. We prove a lemma before stating the theorem.Lemma 1 Let β be a given number. Suppose that we an �nd in any bipartite graph R onat most n verties, a subgraph with at most g edges whih has density at least 1/β times thedensity of the densest subgraph with at most g edges. Then in the greedy proedure of Step2 of Algorithm A we obtain a solution of ost OPT2 suh that OPT2 ≤ O(log n) · β ·OPT1.Proof: Let m be the number of edges of the request graph R, and let R1, R2, . . . , Rr be thesubgraphs generated in order by the above algorithm whih over all the edges, i.e. R1 isINRIA



Hardness and Approximation of Tra� Grooming 11hosen �rst, R2 is hosen seond, and so on. We will prove
∑

|V (Ri)| ≤ log(m) · β · OPT1To prove this, we �rst enumerate the edges of R in order of appearane in Ri's: all theedges in R1 will be enumerated e1, . . . , eg1
(g1 = |E(R1)| ≤ g), all the edges in R2 will beenumerated eg1+1, . . . , eg1+g2

(g2 = |E(R2)| ≤ g), and so on. Let ρi be the density of thesubgraph Ri, i.e. ρi = |E(Ri)|
|V (Ri)|

, and Σ =
∑

|V (Ri)| the total ost of the solution. For everyedge ej ∈ Ri, we de�ne c(ej) = 1
ρi
. We laim that ∑

j c(ej) = Σ. To prove this equality justnote that ∑

ej∈E(Ri)
c(ej) = |E(Ri)|

ρi
= |V (Ri)|, and so ∑

j c(ej) =
∑

i |V (Ri)| = Σ. Let usde�ne R′
i to be the union of Ri, Ri+1, . . . , Rr. We de�ne ρ′i to be the density of the densestsubgraph of R′

i ontaining at most g edges. Let us take an optimal solution for R′
i, i.e. adeomposition of R′

i into subgraphs A1, . . . , As suh that ∑s
k=1 |V (Ak)| is minimum. Let

ρ1, . . . , ρs be the density of these subgraphs. We have:
• ∀k ≤ s, ρk = dens(Ak) ≤ ρ′i: beause eah Ak is a subgraph of R′

i ontaining at most
g edges, and ρ′i is the density of the densest subgraph with at most g edges in R′

i.
• ρ′i ≤ βρi: beause we suppose that we an �nd an approximation of ρ′i up to a fator

1/β.This implies in partiular that
1

ρk

≥ 1

βρi
, and so

∑

k

|V (Ak)| =
∑

k

|E(Ak)|
ρk

≥
∑

k

|E(Ak)|
βρi

=
|E(R′

i)|
βρiBut an optimal solution for R provides a solution for R′

i of ost at least the optimal solutionfor R′
i, i.e. ∑

k |V (Ak)| ≤ OPT1. Using this in the above inequality we get 1
ρi

≤ β·OPT1

|E(R′

i)|
,and so for an edge ej ∈ Ri we have

c(ej) =
1

ρi
≤ β · OPT1

|E(R′
i)|

≤ β · OPT1

m − j + 1
, and this proves

Σ =
∑

j

c(ej) ≤ β · (
∑

j

1

m − j + 1
) · OPT1 ≤ β · log(m) · OPT1 ≤ 2β · log(n) · OPT1

�Theorem 4 Algorithm A is a polynomial-time approximation algorithm that approximatesRing Traffi Grooming within a fator O(n1/3 log2 n) for any g ≥ 1.
RR n° 6236



12 O. Amini & S.Pérennes & I. SauProof: Algorithm A returns a valid solution of Ring Traffi Grooming, beause eahrequest is ontained in some bipartite graph, and no request is ounted twie. The runningtime is polynomial in both n and g, beause we run at most 2g − 1 times the algorithmof [FPK01℄ for eah subproblem, and there are n(
∑t−1

i=0
1
2i ) − 1 = 2n − 3 subproblems. Weprove now the approximation guarantee:

• We laim that OPT1 ≤ 2 logn ·OPT . Indeed, let ci be the optimal ost of the subsetof requests of length in the interval [2i, 2i+1), i = 0, . . . , log(n)−1. It is lear that ci ≤
OPT for eah i , and thus ∑log n−1

i=0 ci ≤ log n · OPT . Finally, OPT1 ≤ 2
∑log n−1

i=0 ci,beause eah vertex is taken into aount in two subproblems.
• The greedy proedure desribed in Step 2 of Algorithm A outputs a graph whosedensity is at least 1

2n1/3
times the highest density (with at most g edges) of the updatedrequest graph. To see that, note that the optimal density is ahieved by a subgraphon at most 2g verties (it would be the ase of g disjoint edges). Then, for eah valueof k, the algorithm of [FPK01℄ �nds a 2n1/3-approximation of the maximum numberof edges of an indued subgraph on k verties3. Thus, if we take the densest subgraphamong B2, . . . , B2g (removing edges if neessary) we also obtain a 2n1/3-approximationof the highest density of a subgraph with at most g edges. Let ρk be the density of Bkbefore removing edges. The expliit formula of the highest density ρ that we outputin Step 2 of Algorithm A is:

ρ := max
k∈{2,...,2g}

min
(

ρk,
g

k

)Looking at the formula we understand why we stop at k = k∗ in the algorithm. Inother words, we have proved that we an use β = 2n1/3 in Lemma 1.
• By ombining the remarks above and Lemma 1 we obtain that the ost A returned byAlgorithm A satis�es A ≤ 2n1/3 · OPT2 ≤ 4n1/3 log n · OPT1 ≤ 8n1/3 log2 n · OPT.

�We an improve the approximation ratio of the algorithm if all the requests have shortlength ompared to the length of the ring. This situation is usual in pratial appliationssine nodes may want to ommuniate only with their nearest neighbors. Let f(n) be anyfuntion of n. If all the requests have length at most f(n), then the above algorithm providesan approximation ratio of O(f(n)1/3 log2 n). Indeed, in Step 2 of Algorithm A, we have to�nd dense subgraphs in bipartite graphs of size at most 2f(n), hene the fator 2n1/3 anbe replaed with 2(2f(n))1/3.Remark that all the instanes of Dense k-Subgraph problem in our algorithm arebipartite. Using the results of [ST05℄, it is possible to obtain a better approximation ratiowhen the request graph is bipartite and satis�es some uniform density onditions. We omitthe proof due to lak of spae.3In fat, the improved approximation ratio of the Dense k-Subgraph problem isO(nδ) for some onstant
δ < 1/3 [FPK01℄. Obviously, the same applies to our algorithm, replaing the exponent 1/3 with δ < 1/3.INRIA



Hardness and Approximation of Tra� Grooming 13Corollary 1 If the request graph R is suh that in any large enough subgraph H ⊆ R,a densest subgraph (A ∪ B, E) satis�es |A|, |B| = O(
√

g) and |E| = Ω(g), then for anyonstant ε > 0 there exists a polynomial-time algorithm for Ring Traffi Groomingwith approximation ratio O(nε log2 n).To end this setion, note that the results of [DHK05℄ show that the density an be ap-proximated within a onstant fator two in the lass of graphs exluding a �xed graph Has minor. Thus, if the request graph R is H-minor free (for instane if R is planar, or ofbounded genus,...), our algorithm ahieves an approximation fator of O(log2 n).5 Conlusions and Further ResearhThis artile deals with hardness and approximability of the Traffi Grooming problem,a entral problem in WDM optial networks. The ontribution of this work an be dividedin two main parts: On the one hand, we state the �rst hardness results for Ring TraffiGrooming and Path Traffi Grooming for �xed values of g. More preisely, we provethat Ring Traffi Grooming is APX-omplete for �xed g ≥ 1, and that Path TraffiGrooming is APX-omplete for �xed g ≥ 2. In other works, we rule out the existene ofa PTAS for �xed values of g. To prove this results we redue Ring Traffi Groomingfor g = 1 to the problem of �nding the maximum number of edge-disjoint triangles in agraph of degree bounded by B (MECT-B for short). We prove that MECT-B is APX-omplete, and we generalize this redution for Path Traffi Grooming and for all valuesof g ≥ 1. On the other hand, we provide the �rst polynomial-time approximation algorithmfor Ring and Path Traffi Grooming with an approximation ratio not depending on g,onsidering g as part of the input.There remains still a lot of work to be done. It is a hallenging open problem to losethe omplexity gap of Traffi Grooming, that is, to provide an approximation algorithmwith an approximation ratio mathing the orresponding inapproximability result. We areonvined that the inherent di�ulty of the problem resides in �nding dense subgraphswith bounded number of edges. This problem is strongly related to the problem of �ndingthe densest subgraph with bounded number of verties, whih has been reently proved tohave, essentially, the same di�ulty as the Dense k-Subgraph problem [And07℄. The non-existene of a PTAS for theDense k-Subgraph problem has been proved in [Kho04℄ involv-ing very tehnial proofs, and this is the best existing hardness result. A long-standing on-jeture laims that there exists some onstant ε > 0 suh that �nding a nε-approximation forDense k-Subgraph is NP-hard [FPK01℄. As we proved in Setion 4, an α-approximationfor Dense k-Subgraph yields a O(α log2 n)-approximation for Ring Traffi Grooming.We suspet that a similar result in the other diretion should also exist. Beause of this, weonjeture the followingConjeture 1 There exists some onstant δ > 0, suh that Ring Traffi Grooming,when g is part of the input, is hard to approximate within a fator nδ.
RR n° 6236
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16 O. Amini & S.Pérennes & I. SauA Sketh of the proof of the APX-ompleteness of �nd-ing the maximum number of odd ylesWe provide here the proof of the fat that �nding the maximum number of C2g+1's in agraph G is also APX-omplete for any �xed g > 1. In fat, we need and prove a strongerresult (part (b) of Theorem 1):Theorem 5 Given a (2g + 1)-partite graph G of girth 2g + 1, onsisting of (2g + 1) parts
A0, . . . , A2g suh that the only edges are between Ai and Ai+1 (mod 2g + 1), i = 0, . . . , 2g,and suh that all the graphs indued by V (G) \ Ai in G, for all i = 0, . . . , 2g, form a forest,the problem of �nding the maximum number of edge disjoint C2g+1's in G is APX-omplete.Proof: First, note that a greedy algorithm provides a onstant fator approximation withfator 2g + 1. Now, onsider the gadget of the proof of Theorem 1 (see Fig. 2). We modifythis gadget in suh a way that the same proof holds for C2g+1's instead of C3's (triangles),and suh that all the onditions of Theorem 5 are veri�ed. Given g > 1, we add a hainof 4g + 1 triangles between any two pair of triangles orresponding to thik edges (that is,between the edges orresponding to elements of X). Then we add g − 1 inner points to allthe edges going from up to down in the triangles. An example if shown in Fig. 4.
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4g+4

4g+5 8g+1

8g+2

8g+3

x[0] x[1] y[0] y[1] z [0] z[1]

a [g]
i

a [3g]
i

a [2(2g)g+g]
i

a [2(2g+1)g+g]
i

a [2(2g+2)g+g]
i

a [4(2g)g+g]
i

a [4(2g)g+3g]
i

i

a [2(2g)g]
i

a [4(2g)g]
i

add
inner points

g-1

a [4g]
i

a [2(2g+3)g]
iFigure 4: Adding g− 1 inner points to prove the APX-ompleteness of �nding edge-disjoint

C2g+1'sIt is easily seen that the graph built in this way is (2g + 1)-partite. Indeed, it admits apartition into (2g + 1) parts, numbered 0, . . . , 2g, whih onsist of enumerating the vertiesylially. Let A0, . . . , A2g be the di�erent parts. In suh a (2g + 1)-partition, for anyelement t ∈ X , the vertex t[0] belongs to A0, and the vertex t[1] belongs to A2g. We needthis property to ensure the onsisteny of our gadget when an element appears in more thatone subset. Note that the graph indued by V (G) \ Ai in G, for all i = 0, . . . , 2g, form aforest. At this point, one an rewrite the proof of Theorem 1 to obtain the result, just byhanging the multipliative onstants. �
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Hardness and Approximation of Tra� Grooming 17B Sketh of the proof of the APX-ompleteness of RingTraffi Grooming for g > 1We generalize the proof of the ase g = 1. Let G be a graph satisfying the onditions ofTheorem 5: G is a (2g + 1)-partite graph, onsisting of 2g + 1 parts A0, . . . , A2g suh thatthe only edges are between Ai and Ai+1 (mod 2g + 1), i = 0, . . . , 2g, and suh that thegraph indued between two onseutive parts of G forms a forest (or more generally a graphof girth at least g + 1). Again, in order to simplify the presentation suppose that this graphan be partitioned into C2g+1's.Now, let c0, . . . , c2g be a permutation of the verties of the yle C2g+1, suh that thepolygon (c0, . . . , c2g) makes g tours around the enter (for g = 1 take the triangle. For garbitrary, let ci = exp( 2igπ
2g+1 )). Now replae eah vertex ci with an interval onsisting ofverties of Ai. In this yli representation of the graph G, eah yle makes at least gtours around the origin. To see this, reall that the only possible edges are between Ai and

Ai+1 (mod 2g+1), i = 0, . . . , 2g, and also the graph indued between two onseutive partsforms a forest. This implies that every yle should interset eah Ai at least one, and sothis yle makes at least g tours around the origin, as the original yle {c0, . . . , c2g} doesso. Eah yle used in the solution should be of length exatly 2g + 1, there is no yle ofsmaller length, and longer yles use eah edge more than g times, as they make more than
g tours around the origin. Then the problem is redued to �nding edge-disjoint yles oflength 2g + 1, whih is also Max SNP-hard by Theorem 5.The proof of Theorem 2 an now be reprodued to obtain the same result for any g,replaing the fator 4

3 for g = 1 (beause the path with highest density in any solution for
g = 1 is a P4) with a fator 2g+2

2g+1 for a general g (beause the path with highest density inany solution for general g is a P2g+2).
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