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d Ì �!qrs]z d
s]t¯t]qr^�¨]z�_`_�t�lnu¡_�zd¥]Ò����Ó�LqTs]z

d = 2 Ì p*_�¬vw7zn_���u¡_�t�l �)l�znqrs��T_Mz�¬¡_p�hkp*¬¡_)�k_��]¬¡s�j��!_�lnu¢ln_)lxw�u¡¬¢¬¡_"!  a�_)�]z�qT¨]¬¡\�^5_)_oj}l$¤Óqrzml�_�^5_�t�l�¬¡u#��w�s§�]z�qT¨�¬¢\M^`_)�]_�jmqrs�j × �rz�wT�][]_5¬¢_��¬¢s�j��]_�t�jn_ Ì _�lOw5�k_Mj�wT�]�]¬¡u¡pMw�lnu¡qTt!j�]z�w�lnu%$�s]_Mj &OqTs�j$����^5qTt�lnz�qTt!j $rs�_��!qrs]z�s]t§�Tzxw���[]_5�'��t(��zxw�¬ Ì °Ñ¸¿°É¸ d

t)� _Mjml$��wrj Ë yåZ��LqTs�z d ≥ 3
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jn[]qrzml�_Mjml�p*hkp*¬¡_�u¡t£ln[]_7�Tzxw��][  Z[]_)�Tq�w�¬{qT¤�ln[]uvj$�!w��L_�z�uvj�lnq�u¡t]u¢lnuvw�ln_�w�t�wT¬¢�rqTz�uªl�[]^5u¡p�jmlns��]h¦qT¤l�[]_$�r_�t]_Mz�wT¬¢u¡©Mw�lnu¡qTt8q�¤1ln[�u¡j�t�w�l�s]zxw�¬µ�]z�qT¨�¬¢_M^Ýu¡t8ln[]_�zn_ow�¬¡^.qT¤{��w�zxw�^5_*l�_�z�u¢©M_M��p*qr^`��¬¢_�Òiu¢l}h  c�qTz�_��zn_op*uvjm_M¬¢h Ì ln[]_��]z�qT¨]¬¡_�^. �_$jmlns��]h)u¡jO�k_*¥�t�_M�8wTj�¤Óqr¬¢¬¡q� ;j �

°�²´³µ²´¶�·µ¶ ¸L·µº¿¼�½¿¾»À]ÁÆÂ»Ä °�²´³µ²´¶�·µ¶«Å5Ç�¼»½,Ç�Ç
≥d È °É¸¿°�Å d Ê�C ç u#�T_MtÉw£�rz�wT�][ G =

(V, E)
w�t����!q�jmu¢lnu#�T_�u¢t�ln_M�T_Mz�j

d
wTt��

k Ì k ¨L_�u¡t]�)l�[]_��!w�zxw�^5_*l�_�z Ì ln[�_��]z�qT¨]¬¡_�^Íuvj;l�q7px[]_op�B
 �[]_*l�[]_�z1l�[]_�z�_�_*Òku¡jml�j1wdjms�¨�jm_�l

S ⊆ V Ì  �u¢ln[ |S| ≤ k Ì jns�px[$l�[�w�l G[S]
[�wTj�^5u¡t]u¢^�s]^��k_M�Tz�_�_

w�l;¬¡_Mwrj}l
d 

D�_Mjnuv�k_Mj��T_�t�_�zxw�¬¡u¢©Mu¢t]�8l�[]_��ru¢znln[§��znqr¨]¬¢_M^ Ì qrs]z�^5qTlnu#�Ww�lnu¡qTt�j$¤ÓqTz`j}l�s��khiu¢t��Uln[]uvj��]znqr¨]¬¡_�^«w�z�_
l�[]_;¤Óqr¬¢¬¡q� �u¡t]�rj � Ë u¡z�jml Ì ln[�_O�]z�qT¨]¬¡_�^Øuvj�p�¬¢q�jm_M¬¢h`zn_M¬¡w�ln_o�`lnq$l�[]_d �_M¬¢¬Lj}l�s��ku¡_M�7Å5Ç]³�Î�Ç k Ï ¸¿·µºL¼�½¿¾»À]Á��znqr¨]¬¢_M^FE�fi_Mp�qTt��]¬¢h Ì ¤Óznqr^/�]zxwTp�l�u¡pMw�¬1w��]��¬¢uvp�w�lnu¡qTt�j Ì ln[]_5�]z�qT¨�¬¢_M^Ðu¡j�^5q�l�u���w�ln_M� ¨ihUuªlxj�p*¬¡qrjn_`p�qTt ×t�_Mp�l�u¢qrt�l�q)Z»zxw�G)p ç znqiqr^`u¡t]�5y{z�qT¨]¬¡_�^ H® _�¨]z�u¢_�H�h)_*Òk�]¬vw�u¡t7ln[]_ojm_dl} �q5p�qTt]t�_Mp�l�u¢qrt�j �

I Z[]_$Å5Ç]³»ÎMÇ k Ï ¸L·»ºL¼�½¿¾»À]Á��]znqr¨]¬¡_�^ � ® _�¥�zxj}l��k_*¥!t]_dln[]_��k_�t!jmu¢l}h�q�¤�w��Tzxw���[ G = (V, E) Z[]_J���-45,��
! 1q�¤
G Ì ρ(G)

u¡j,u¢l�j»_M�k�r_Mj × l�q × �T_Mzml�u¡p�_MjLz�w�lnu¡q Ì ln[�w�l»u¡j ρ(G) := |E|
|V |  c�qTz�_��r_�t]_Mz�wT¬¢¬¡h Ì¤ÓqTz�w�tih8jms]¨!jm_�l

S ⊂ V Ì  �_�p�wT¬¢¬K�9��4(,��
! $q�¤ S Ì ρG(S)
qrz�jnu¢^5�]¬¡h

ρ(S) Ì ln[�_��k_Mt�jmu¢l}h8q�¤{l�[]_u¢t!�ks�p*_o���Tzxw��][�qTt
S Ì u  _  ρ(S) := ρ(G[S])  Z[�_d��znqr¨]¬¢_M^ uvj¤ÓqTz�^�s]¬vw�l�_M��wTj�¤Óqr¬¢¬¡q� ;j �

Å5Ç]³�Î�Ç
k Ï ¸L·»ºL¼�½¿¾»À]Á��AÅ k

¸4! � ç u#�T_Mt�w�Tzxw��][ G = (V, E) Ì ¥�t���w�jns]¨�jn_*l S q�¤ �T_Mzml�u¡p�_Mj Ì �u¢ln[
|S| = k Ì jms!px[�l�[�w�l ρ(S)

uvj^�w�Òku¢^5u¡©�_o� 
Ë u¢zxj}l$qT¤wT¬¢¬ Ì t�q�ln_5l�[�w�l &Oy × [�w�zx�kt]_ojnj�qT¤$Å k

¸§_owTjnu¢¬¡hU¤ÓqT¬¡¬¢q� ;j�¤Óz�qT^ [�w�zx�kt]_ojnj�qT¤ Û Ù�²ÓÜ�·µÇ b�t�ln[�_Oq�l�[]_�z�[�w�t!� Ì u¢¤µ �_O�kq$t]qTlå¥]Ò5l�[]_Ojnu¢©M_Oq�¤ S Ì ln[�_�t�¥�t!�ku¢t���w$�k_Mt�jn_Mjml�jns]¨]�Tzxw���[`qT¤ Gzn_o�ks�p�_MjHl�q�ln[�_d°§¾ML Ï�N Ù�Â�OÍ°�²´³ Ï�Û ·µÚ7��znqr¨]¬¢_M^ Ì w�t!�5[]_�t�p�_Op�wTt�¨!_�jmqr¬��r_M�`u¢t��!qr¬¢hit]qr^`uvw�¬lnu¡^5_ Ì jn_�_�a�[�wT�kln_MzKP5q�¤ Ô¡Õ P Ö ¤ÓqTz�^5qTz�_��k_*lxw�u¡¬¡j &;q�   �_�jn[]q�  []q�  c¯fkc æ d

uvjzn_M¬¡w�ln_M��lnq)Å
k
¸  fis��]�!q�jm_� �_�w�z�_�¬¡qiq9Biu¢t���¤Óqrz;w�t�u¢t��]s�p*_o�jms�¨]�Tzxw��][

G[S]
q�¤Hjmu¡©�_$w�l;^5qrjml

k
wTt��� �uªl�[U�k_�t�jnu¢l}h7w�l;¬¡_Mwrj}l

ρ  � tUwT�]�]uªl�u¢qrt8wrjnjns]^5_�ln[!w�l
S
uvj^5u¢t�u¢^�w�¬ Ì u  _  t]q�jms]¨!jm_�lqT¤ S

[�wTj�k_Mt�jnuªl}h)�rzn_ow�l�_�z�ln[�wTt
ρ(S) {Ë u¡zxj}l�q�¤1w�¬¡¬ Ì t�q�ln_dl�[�w�l_��r_�z�h �T_Mzml�_*Ò¦q�¤

G[S]
[�wTj��k_��rzn_M_)w�l$¬¡_MwTjml

ρ/2  Z�q�jm_M_�ln[]uvj Ì qr¨�jm_Mz��r_`ln[�w�l�u¢¤�l�[]_�z�_)uvj$w�T_Mzml�_*Ò
v
 �uªl�[��k_��rzn_M_5jmlnz�uvp�ln¬¡h jn^�w�¬¡¬¢_Mz�ln[�wTt

ρ/2 Ì ln[�_�t§z�_�^5q �iu¢t]� v
¤Óz�qT^

S
zn_ojms]¬¢l�j$u¢t§w

jms�¨]�Tzxw��][5qT¤,�]_�t�jnuªl}h��Tz�_Mw�ln_�z1l�[�w�t
ρ(S)

w�t��5w$jn^�w�¬¡¬¢_Mz{jmu¡©�_ Ì p�qTt�lnzxwT�kuvp�l�u¢t���l�[]_;^5u¡t]u¢^�wT¬¢u¢l}hq�¤
S  fi_op*qrt��k¬¡h Ì u¢¤� �_5[�w �r_�w�t£u¢t!�ks�p*_o�£jms]¨��Tzxw��][ G[S]
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Z[]_$Å5Ç]³»ÎMÇ
k Ï ¸L·µº¿¼»½¿¾»À�Á��]z�qT¨�¬¢_M^Æ[�wTj�w�lmlnzxwTp*ln_o��w`¬¢qTl�q�¤�w�lml�_�t�lnu¡qTt�^�w�u¡t]¬¢h)u¡t8w��]�]z�qWÒku ×^�w�lnu¡qTtUwT¬¢�rqTz�uªl�[]^�j Ì jn_�_ Ô ��ÖAÌ,Ô�WÖ ÌµÔ¡Õ � Ö wTt�� Ô � Ö ¤ÓqTz�^5qTz�_��k_*lxw�u¡¬¡j 

I Z»zxw�G)p��Tz�qiqT^5u¡t]�Ou¡t5qT�kl�u¡pMw�¬kt]_�l} �qrz�Bkj�u¡j1l�[]_�]z�qip�_Mj�j�q�¤¿��wTp�Biu¡t]�djn_��r_�zxw�¬ijm^�wT¬¢¬il�z�w�G�p H�q� ;ju¢t�l�q�¬¡wTzn�r_�z$s�t]uªlxj Ì  �[]uvpx[�p�wTt§¨!_�ln[]_Mt��]z�qkp*_Mj�jn_M�£wTj�jmu¡t]�T¬¡_�_�t�l�uªl�u¢_oj ¯Ë qTz$_�Ò]w�^5�]¬¡_ Ì u¢t�wt]_*l} �qTz2B¦s�jmu¡t]��¨Lq�l�[§lnu¡^5_ × �ku#��uvjnu¢qrt�w�t��§ w �T_M¬¢_Mt]��l�[ × �ku��iuvjmu¡qTt¦^�s�¬ªl�u¢�]¬¡_*Òku¡t]� Ì H�q� ;j� �[]uvpx[w�z�_d�]_Mjmlnu¡t]_M��lnq5w�p�qT^5^5qTt7t]qk�k_dpMw�t7¨!_��]skl�qrt)ln[�_�j�w�^5_d �w �r_�¬¡_�t]�Tln[ Ì w�¬¡¬¡q� �u¢t]��ln[]_M^Ælnq¨!_`�kz�qT�]�L_M��¨ih�w�jmu¡t]�T¬¡_�qT�]lnuvp�w�¬�wT�]� × �kz�qT��^�s�¬ªl�u¢�]¬¡_*Òk_Mz  Z[]_$qr¨k|}_Mp*lnu#�T_oj�q�¤H�Tz�qiqT^5u¡t]��w�z�_lnq`u¢^5�]z�q �T_�¨�w�t!�k �u¡�kln[�sklnu¡¬¢u¡©Mw�lnu¡qTt�w�t��)lnq`^`u¡t]u¡^5u¢©M_�l�[]_d_�$�s]u¡�]^5_�t�l;p*qrjmlq�¤µl�[]_�t�_*l} �qTz2B � t ® æ c±qT�]lnuvp�w�¬�t]_*l} �qTz2Bkj Ì ln[]_�^`q�j}l�wTpMp*_��]ln_M�Up�znu¢ln_Mznu¡qTtUuvj�l�q�^5u¡t]u¢^5u¡©�_�ln[]_�t�s�^�¨L_�zOqT¤_�¬¡_Mp*lnz�qTt]uvp$l�_�z�^5u¢t�w�lnu¡qTt�j Ì t�wT^5_�¬¡h8ln[]_5tis]^�¨L_�z�qT¤f�b &O�åZ�~ æ c¯j  fi_�_ Ô � Ö ¤Óqrz�w7�T_Mt]_�zxw�¬jms�z��r_�hÉqTt �rznqiqr^`u¡t]�  � l8[�wTj7¨!_M_�t zn_op*_�t�l�¬¢hÑ�]z�q �T_M�Ñl�[�w�l 
!������� 1��2� ���?�4 1Cu¡t qT�kl�u¡pMw�¬
t]_*l} �qTz2Bkjp�w�t7¨!_�z�_M�]s�p*_o���ñ^`qk�ks�¬¢q5�LqT¬¡h�¬¡qT��w�z�uªl�[]^5u¡p;¤ñwTp*lnqTzxj !{l�q)Å

k
¸ Ì qrz_�$�s]u#�WwT¬¢_Mt�ln¬¡h�lnq°Ñ¸¿°?Å

d Ì jn_�_ Ô¡Õ*Ö  � t�¤ñwrp�l Ì u¢t �Tzxw��][¯ln[]_MqTz�_*l�u¡pMw�¬�ln_�z�^�j Ì l�[]_5�]z�qT¨]¬¡_�^/pMw�t¯¨L_`lnzxw�t�jn¬vw�ln_o�
lnq���wTzml�uªl�u¢qrt]u¡t]��qT¤»l�[]_�_M�k�r_MjqT¤�w`�Tu#�T_Mt�z�_�$�s]_Mjml��Tzxw��][7u¢t�l�q5jns]¨]�rz�wT�][�jj�w�lnuvjm¤Óh�u¡t]��p*_Mzmlxw�u¡t
¬¢q�wT� p�qTt�jmlnzxw�u¡t�l�j Ì w�t�� ln[]_¦qT¨]|}_Mp�l�u��r_�uvj�l�q?^5u¡t]u¢^5u¡©�_ ln[]_ lnqTl�wT¬�tis]^�¨!_Mz7qT¤ �T_Mzml�u¡p�_Mj)qT¤ln[]_ jms]¨��Tzxw��][�j`qT¤�l�[]_���wTzml�uªl�u¢qrt �� _Mt�p*_ Ì u¡tÑln[]uvj�p�qTt�ln_�Òil Ì ��w�znlnu¢lnu¡qTt]u¡t]�§w£�Tu#�T_MtÑjn_*l)qT¤_M�k�r_Mj� �[]u¡¬¢_d^5u¢t]u¡^5u¢©Mu¢t���l�[]_Ol�q�lxw�¬¿tis]^�¨L_�z�q�¤ �r_�znlnuvp*_oj{uvj� �[�_�z�_ Ì ln[]_�Å k

¸7qTz�_�$�s]u#��w�¬¡_�t�ln¬¡h
°Ñ¸¿°?Å

d

�]z�qT¨]¬¡_�^.p�qT^5_Mju¡t�lnq��]¬vwWhkj 
yHw�zxw�^5_�ln_�z�u¡©�_M�¯a�qr^5�]¬¢_�Òkuªl}h8uvj�w�zn_op*_�t�l�w��]�]z�qrwrpx[�lnq8�k_MwT¬� �u¢ln[�u¡t�lnzxwTp*l�w�¨�¬¢_`p*qT^5�]s]l�w�l�u¢qrt�w�¬

��znqr¨]¬¢_M^�j1[�w �iu¢t]��jnqT^5_��w�zxw�^5_*l�_�zxj�ln[�w�låp�w�t`¨L_�zn_M¬¡w�lnu#�T_�¬¡h$jn^5wT¬¢¬k �u¢ln[5z�_Mjn�!_op�l1lnq�l�[]_�u¡t]�]sklåjnu¢©M_ Z[�u¡jHwTzn_owO[�wrj1¨!_M_�t��k_��T_�¬¡qT�L_M��_*Òiln_Mt�jnu��r_�¬¡h��ks]z�u¢t���l�[]_�¬vwTjmlH�]_Mp�wr�k_ �Ë qrz{�k_Mp�u¡jnu¢qrt���znqr¨]¬¢_M^�j� �u¢ln[u¡t]�]s]lOjmu¡©�_
n Ì wTt��8w��!w�zxw�^5_*l�_�z k Ì ln[�_��TqrwT¬¿u¡j�l�q)�k_Mjnu¢�rt�wTt�wT¬¢�rqTz�uªl�[]^  �u¢ln[8z�s]t�lnu¡^`_ f(k)nO(1) �[�_�z�_

f
u¡j�w�¤Ós]t�p*lnu¡qTt£q�¤

k
w�¬¡qTt�_  yåznqr¨]¬¢_M^�j�[!w ��u¡t]�8jms!px[¦wTt¦wT¬¢�rqTz�uªl�[]^Ðw�z�_`j�w�uv��l�q8¨!_`¥]Òk_M�

�!w�zxw�^5_*l�_�z�l�z�wrp�l�wT¨]¬¡_ � Ë yåZ5!  Z[]_Mzn_Uuvj�w�¬vjmq�w£l�[]_�qrznh%q�¤���wTz�wT^`_�ln_Mznu¡©�_o�%u¡t�lnzxwTp*l�w�¨�u¢¬¡uªl}h%s�jnu¢t]� �[�u¡px[Uqrt]_�pMw�tUuv�k_�t�lnu¢¤ÓhU��wTz�wT^`_�ln_Mznu¡©�_o�7��znqr¨]¬¢_M^�j�ln[!w�ldwTzn_�s]t]¬¡u�Br_�¬¡h�l�q7wT�]^`u¢lO¥�Òi_o�U��wTz�wT^`_�ln_Mz
l�z�wrp�lxw�¨]¬¡_¯w�¬¡�Tqrznu¢ln[�^5j  Z[]_Mzn_�uvj�w?[]u¡_�zxw�zxpx[�h?q�¤$u¡trl�z�wrp�lxw�¨]¬¡_���wTz�wT^`_�ln_Mznu¡©�_o�%��znqr¨]¬¢_M^�p�¬¡wrjnjn_Mj
wT¨!q �r_ Ë yåZ Ì ln[]_�u¡^5�!qrzmlxw�t�l�qTt]_oj�w�z�_ �

Ë yåZ ⊆
c Ô¡Õ*Ö ⊆ ®�Ô¢Õ�Ö ⊆ c Ô � Ö ⊆ ®�Ô � Ö ⊆ · · · ⊆ ®�Ô y Ö ⊆ � y

Z[�_�¨!qiq9B�¨ih æ q� �t]_�h�w�t�� Ë _�¬¡¬¢q� ;j Ô � Ö �]z�q ��uv�k_oj�w5�Tqiqk�7u¡t�lnz�qk�ks�p�l�u¢qrt�lnq5ln[�_�lnqr�]u¡p$q�¤H��w�zxw�^5_ ×l�_�z�u¢©M_M��p�qT^5�]¬¡_*Òku¢l}h  Z[]_`�]z�u¢t�p�u¢�!w�¬1w�t�wT¬¢qr�Ts]_�q�¤{l�[]_`p�¬¡wrjnjnuvp�w�¬�u¢t�l�z�wrp�l�wT¨]u¡¬¢u¢l}hUp*¬vwTj�j &Oy uvj ®�Ô¢Õ�ÖAÌ �[�u¡px[Ñu¡j5w£jmlnz�qTt]�£w�t�wT¬¢qr�Ts]_ Ì ¨!_op�wTs�jm_Uw¯¤Ós]t��]wT^5_�t�l�wT¬��]znqr¨]¬¡_�^±p*qr^5�]¬¢_�ln_�¤ÓqTz ®�Ô¡Õ*Ö uvj�ln[]_ k Ï¸LÚ¿Ç�À���¾�Ù�Ú,²´³»¼���½LÂ�º!Ù�Ç]¶/Ä�Â»½��5Â�³��»ÇkÚ,Ç]½,¶�²´³µ²ÓÎ�Ú¿² -�� ·µ½,²´³�¼Ø°�¾ - Á»²´³µÇ�Î �Ó �u¢ln[Ñs]t]¬¡u¢^5u¢ln_M�t�qTt��k_�ln_Mzn^5u¡t]u¡jn^ wTt���w�¬¡�][�wT¨!_�l�jnu¢©M_"!�Erln[�u¡j�p*qT^5�]¬¡_*l�_�t]_ojnj{zn_ojms]¬¢l{�]z�q �iu¡�k_oj{w�t�wTt�w�¬¡qT�rs]_q�¤�a�qiq9B4� j
Z[�_�qTz�_�^3u¢t§p*¬vwTj�jnu¡pMw�¬Hp*qr^`��¬¢_�Òiu¢l}h  ~Æp�qTt �T_Mt]u¡_�t�l$jmqrs]z�p�_�qT¤ ®�Ô¡Õ*Ö¡× [�w�zx�kt]_ojnjdz�_M�ks�p*lnu¡qTt�j�uvj��]z�q ×�iuv�k_M��¨ih�ln[�_�z�_Mjns]¬¢l1ln[�w�l

k ×nÛ Ù�²ÓÜ�·µÇ�uvjHp*qr^`��¬¢_�ln_�¤ÓqTz ®�Ô¡Õ*Ö  Z[]_�]z�u¡t�p*u¡��w�¬��m �qTz2B�u¡t]�dw�¬¡�TqTz�u¢ln[]^5uvp � wWh�q�¤Hjn[]q� �u¢t���l�[�w�lOw`��wTz�wT^5_*ln_Mznu¡©�_o�)�]z�qT¨�¬¢_M^ u¡j;s]t]¬¡u�Br_�¬¡h)lnq5¨L_�¥]Òk_M� × ��wTz�wT^`_�ln_Mz�l�z�wrp�lxw�¨]¬¡_�u¡jl�q5�]znq �r_ ®�Ô¡Õ*Ö¡× [!w�zx�kt]_Mj�j  Z[]_�u¡^5�!qrzmlxw�t�l�]znqr�!_Mzml}h�qT¤�w`��wTz�wT^`_�ln_Mznu¡©�_o�)z�_M�ks�p*lnu¡qTt�¨!_�l} �_M_�t���w ×zxw�^5_�ln_�z�u¡©�_M�`�]z�qT¨�¬¢_M^5j
Π
wTt��

Π′ uvj{l�[�w�l�ln[]_�u¢t��]skl (x, k)
l�q

Π
jm[]qrs]¬v�5¨!_�lnzxw�t�jm¤ÓqTz�^5_M��lnq�u¢t��]skl

(x′, k′)
¤ÓqTz

Π′ Ì jmq�ln[�w�l1ln[]_z�_Mp*_Mu��iu¡t]�d��w�zxw�^5_*l�_�z k′ uvjHwO¤Ós�t�p�l�u¢qrt�qrt]¬¢h�qT¤�l�[]_��w�zxw�^5_*l�_�z k
¤Óqrz1ln[]_

jnqTs�z�p�_;�]z�qT¨]¬¡_�^  Z[]_;l�u¢^5_�l�w9BT_�t)¤ÓqTz�zn_o�ks�p�l�u¢qrt�p*qrs]¬v��¨!_ f(k)nO(1)  �[]_Mzn_ f
u¡jw$¤Ós]t�p�l�u¢qrt�qT¤

k
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wT¬¢qrt]_ �Ë qrz;zn_op*_MtrlO�]_��T_M¬¢qr�]^5_�t�l�j�jn_�_$ln[]_�¨Lqiq9Bkj�¨ih Ë ¬¡s]^Íw�t�� ç z�qT[]_ Ô¡ÕTÕ�Ö w�t���¨ih�&;u¡_M�k_Mzn^5_�u¡_�z
Ô¡Õ WÖA� t�ln[]_�¥�zxj}l��w�znl�qT¤µln[�u¡j���wT�!_Mz� �_�jn[]q� Éln[!w�lO°Ñ¸¿°?Å

d

uvj�t]q�l�¥]Òk_M���!w�zxw�^5_*l�_�z{l�z�wrp�lxw�¨]¬¡_O¨ih
jn[]q� �u¡t]�)u¢l�lnq�¨L_ ®�Ô¢Õ�Ö¢× [�wTz���¤Óqrz�wTtih d ≥ 3

u¢t �T_�t�_�zxw�¬��Tzxw��][�j  � t¯�T_Mt]_�zxw�¬»ln[]_5��wTz�wT^5_*ln_Mznu¡©�_o�z�_M�]s�p�l�u¢qrt�j{w�z�_5�r_�z�h�jmlnz�u¢t]�r_�t�l{¨L_Mp�wTs�jn_;q�¤,��wTz�wT^`_�ln_Mz{�]z�_Mjn_�z.��u¡t]��z�_�$�s]u¡zn_M^`_Mt�l�j{qT¤¿ln[]_;z�_M�]s�p�l�u¢qrt
wTt��5z�_�$�s]u¡zn_ojåw�¬¡q�l�q�¤¿ln_opx[]t]uvp�w�¬Lp�wTzn_  b�s]z�zn_o�ks�p*lnu¡qTt�uvjå¨�wrjm_o�5qTt�w$t]_� C^5_*l�[]qk�kqT¬¡qT�rh�_M^`_Mzn�ru¢t��u¡t��!w�zxw�^5_*l�_�z�u¢©M_M��p*qr^5�]¬¢_�Òkuªl}h�jnq`pMw�¬¡¬¢_o� �?6 � 
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! ��4�wTt���[�wrj���znq �r_M�s!jm_�¤Ós]¬�u¡t jn[]q� �u¡t]�0��w�z�u¡qTs�jO�]znqr¨]¬¡_�^�j�l�q�¨L_ ®�Ô¡Õ*Ö¡× [!w�zx�8zn_op*_�t�l�¬¢h Ô � ÖAd® _$¥�zxj}l�jm�L_�¬¡¬1qTskl�w�jmln_M�¨ih£j}l�_�����znqkp*_o�ks]z�_5lnq s�jm_)ln[]uvj�^5_�ln[]qk�kqr¬¢qr�Th¦ �[]u¡px[�p�qTs]¬v�§¨L_�s�jn_M�§wrj�w�ln_�^5�]¬vw�l�_�¤ÓqTz�¤Óskl�s]zn_
��s]zn�Lqrjn_Mj  Z[]_Mt� �_$_*Òk_�^5�]¬¡u¢¤Óh8ln[]uvjO^5_�ln[]qk�kqr¬¢qr�Th� �uªl�[Uln[]_�zn_o�ks�p*lnu¡qTtU¤Óqrz�°Ñ¸,°�Å d

�]znqr¨]¬¡_�^�j b�s�z�zn_o�ks�p�l�u¢qrt7uvj�z�qT¨]s!j}l;u¡t�ln[]_$jn_�t�jn_dln[�w�lO^�w�tih�jnu¢^5u¡¬¡wTz��]z�qT¨]¬¡_�^�j�p�wTt8¨!_$jn[]q� �t7lnq�¨L_ ®�Ô¢Õ�Ö¢×[!w�zx�� �u¢ln[`|}s�jml;^5u¢t]qrz�^5qi�]uª¥!pMw�l�u¢qrt�j ~;¤´ln_�z5jn[]q� �u¢t��¦°Ñ¸¿°?Å
d

l�q¯¨L_ ®�Ô¡Õ*Ö¡× [�wTz��¦u¡t��T_Mt]_�zxw�¬å�Tzxw��][�j Ì  �_�¤Óqip�s�j$qrt��Tzxw���[£p�¬¡wrjnjn_Mj �[�_�z�_�l�[]_��]z�qT¨]¬¡_�^Ýp�w�t8¨L_$jm[�q� �t�l�q`¨L_ Ë yåZ  � t�l�[]_$jm_op*qrt����!w�znlqT¤�l�[]_���wT�!_Mz� �_$jn[]q�  l�[�w�l°É¸¿°�Å
d

�]z�qT¨]¬¡_�^�j;wTzn_�¥]Òk_o�U��w�zxw�^5_�ln_�zl�z�wrp�lxw�¨]¬¡_$qTt�wT¬¢¬��Tzxw��][!j_*Ò]p*¬¡s��ku¡t]��w5¥�Òi_o�8^5u¢t]qrz
M Ì �[�u¡px[Uu¡tU��w�znlnuvp*s�¬¡wTz�^`_ow�t�j�ln[�w�lOln[�_Mjn_��]znqr¨]¬¡_�^�j;w�z�_ Ë yåZ:qTt8�]¬vw�t!w�z;�rz�wT�][�j�w�t!�8�Tzxw��][�j �u¢ln[¨LqTs�t��k_M�7�T_Mtis�j  b�s]z�wT¬¢�rqTz�uªl�[]^�j�s!jm_��khit�wT^`uvpd�]z�qT�Tzxw�^5^5u¡t]��q �r_�z��Tzxw��][�j� �u¢ln[�¨!qrs]t��k_o�7lnz�_�_ × �uv�il�[ w�t!��w)¤Ó_M ��k_M_���z�_Mjns]¬¢l�jdp*qTt!p*_�z�t]u¡t]�)l�[]_5p*¬¡u#$�s]_`�k_Mp�qT^5�!q�jmu¢lnu¡qTt¯q�¤

M × ^5u¢t]qrz;¤Óz�_�_��Tzxw��][�j�]_��T_M¬¢qr�!_o�)¨ih)��qr¨!_Mzmlxjmqrt7w�t!�7fi_Mh�^5qrs]zu¢t�ln[]_Mu¢z ç zxw��][�cUu¡t]qTz�Z[]_MqTz�h Ô¡Õ � ÖA{Ë u¡t�w�¬¡¬¢h Ì  �_d �qrs]¬v�¬¡u�BT_5lnq�jmlnz�_Mj�j�l�[�w�l�qrs]z$�khit�wT^`uvp5�]z�qT�rz�wT^`^5u¡t]�8q �T_Mzd�rz�wT�][�j� �u¢ln[§¨LqTs]t!�k_M� �ñ¬¢qkp�wT¬%!�lnz�_�_� �uv�il�[
uvj6�T_Mznh��r_�t]_Mznuvp�w�t���p�wTt7[!w�t��k¬¡_$w�tih0��wTznuvw�l�u¢qrt�j�qTt8�k_��rzn_M_dp�qTt�jmlnzxw�u¡t�l�jjms�¨]�Tzxw��][��]z�qT¨]¬¡_�^Æ �u¢ln[
jnu¡^`��¬¢_�px[�wTt]�T_oj � _*l

G
¨!_)w��Tzxw���[ �® _�s�jn_ V (G)

wTt��
E(G)

lnqU�k_Mt]q�l�_�l�[]_ �T_Mzml�u¡p�_Mj�w�t!�¯l�[]_�_M�]�T_MjdqT¤
Gz�_Mjn�L_Mp�l�u��r_�¬¡h ® _�jmu¡^5�]¬¡h� �z�u¢ln_ V

wTt��
E
u¢¤Hln[]_��Tzxw��][8uvjOp*¬¡_MwTz�¤Óz�qT^Ýln[]_`p*qTt�l�_*Òil �Ë qrz V ′ ⊆ V �_��k_�¥�t]_�w�t �4 ��6 ����� ,�657�1��2�2�(&

G[V ′] = (V ′, E′) Ì  �[]_�z�_ E′ = {uv ∈ E : u, v ∈ V ′}  � _*l
v ∈ V Ì  �_��k_Mt]q�l�_�¨ih N(v)

ln[]_"4��� 1�&572����&(��� � qT¤
v Ì t�wT^5_�¬¡h N(v) = {u ∈ V : uv ∈ E}  Z[]_������,-����4��� 1�&572����&(��� �

N [v]
qT¤

v
uvj

N(v) ∪ {v}  � t¦l�[]_)jnwT^5_` wWhU �_)�k_*¥�t�_ N [S]
¤ÓqTz

S ⊆ Vwrj
N [S] = ∪v∈SN [v]

w�t!�
N(S) = N [S] \ S �® _��k_�¥�t]_`ln[�_ ����1������)q�¤ �r_�znln_�Ò v

u¡t
G
wTj�l�[]_

tis]^�¨!_Mz�q�¤��T_Mzml�u¡p�_Mj�u¢t!p*uv�k_�t�l�lnq
v
u¡t

G  &Ow�^5_M¬¢h Ì d(v) = |{u ∈ V (G) : uv ∈ E(G)}| 
� � ������� � ���1���	��
��� ; 20���¦���,	å
���68�*�*��
! 9�$#��
	��
�

d
#����

d ≥ 3

� t�ln[]uvj�jn_Mp*lnu¡qTt� �_$�ru��r_�w ®�Ô¡Õ*Ö¡× [!w�zx�kt]_Mj�j�z�_M�ks!p�lnu¡qTt�¤ÓqTz�°É¸¿°�Å d  D�_�¤ÓqTz�_ Ì  �_$¤Óqrzn^�wT¬¢¬¡h��]_*¥�t]_�!w�zxw�^5_*l�_�z�u¢©M_M�)z�_M�]s�p�l�u¢qrt�j �
�ß������ � �ñã������ ��


Π, Π′ 7��8
!@A�/�5���2���+�-
 �-��������A���2�97����-�?, ���	� ,��� J
�&5��

Π
 ,���6 45 #-�����?�  J�	��45 ���� �

�2�2��6 �- 7�����
��
Π′  # 
'&(�����F ,���4 ��� 1������
�& �

Φ
@ &  ��& 
!����4(,'#-�����?,

(x, k)
�45
 �

(x′, g(k))
�4 
 ��+�

f(k)|x|α ! @ &(����� f, g : N → N
�����+����7-�
!������ #�6 4 ��
  ��4(,?��4��

α
 ,0� ����4(,�
���45
 �4������5��4��9��45
��<#

k !
,��"
'&(��


(x, k) ∈ Π
 #	��4 �F��45�  " #

(x′, g(k)) ∈ Π′ �#" �����
(x, k)

��4��
(x′, k′)

�����0�45,�
 ��4�����,0�<#
Π��4��

Π′ ����,!�5� �-
!�$ ���  ��

��� õ�RP1����-S



� �����J�?�4*����	� ) ��6
� )�� ) ��6 ����72&

b�s]zz�_M�ks!p�lnu¡qTt�u¡j�¤Óz�qT^Ý°�·»Ù�Ú,² Ï�Û Â»ÙiÂ�½ Û Ù�²ÓÜ�·µÇ Ì  �[]uvpx[�uvj Bit]q� �t�lnq`¨!_ ®�Ô¡Õ*Ö¡× p�qT^5�]¬¡_*ln_ Ô¡Õ � Ö�ñ¨ihdw�jmu¡^5�]¬¢_åzn_o�ks�p�l�u¢qrt�¤Óz�qT^ ln[]_�qTzx�ku¢t!w�z�h Û Ù�²ÓÜ»·µÇ(!µw�t!��u¡j�¨�wTjn_M��qrt�ln[]_�^5_*ln[�qi�]qT¬¡qT�Th Bit]q� �t$wTj�06 � 
! � ��������� �2� 1�� ��� �����-,��-4*
���
  ��4  Z[]_�°?·µÙ�Ú,² Ï�Û Â�Ù�Â�½ Û Ù�²ÓÜ»·»Ç)�]z�qT¨�¬¢_M^ u¡jO�k_*¥�t�_M��wTj�¤ÓqT¬¡¬¡q� ;j �°�·µÙ*Ú¿² Ï - Â�ÙiÂ»½ Û Ù�²ÓÜ»·»Ç C�� t]��skl � w��rz�wT�][ G
lnqT�r_*l�[]_�zd �uªl�[¦w7�]z�qT�L_�z

k × p�qT¬¡qTz�u¢t��)q�¤�ln[]_�T_Mzml�u¡p�_Mjq�¤
G  Z[]_���znqr¨]¬¢_M^ uvj���w�zxw�^5_�ln_�z�u¡©�_M��¨ih k �� s�_Mjmlnu¡qTt � � jl�[]_�z�_$w k × p*¬¡u#$�s]_�u¡t Gp*qrt�jmuvjmlnu¡t]�5q�¤1_*Ò]wTp*ln¬¡h�qTt]_ �r_�znln_*Ò)qT¤�_owTpx[�p*qT¬¡qTz��

a�qrt�jnu¡�k_Mz{w�t`u¢t!j}lxw�t�p�_
G = (V, E)

qT¤µ°?·µÙ�Ú,² Ï.- Â»ÙiÂ�½ Û Ùr²ÓÜ�·µÇ� �uªl�[�uªlxj �T_Mzml�u¡p�_MjHp�qT¬¡qTz�_M�$ �u¢ln[5l�[]_jn_*l;qT¤{p*qT¬¡qTzxj
{c1, · · · , ck}  � _�l V [ci]

�k_Mt]q�l�_�ln[]_�jn_*l�q�¤��T_�znlnuvp*_oj�q�¤Hp*qr¬¢qrz
ci  � _*l e = {u, v}

¨L_
wTt8_M�k�r_dqT¤

G
 �u¢ln[

u ∈ V [ci]
wTt��

v ∈ V [cj ] Ì wTt�� i < j å® _�¥�zxj}l;z�_��]¬vwTp�_�_MwTpx[Ujns�px[�_M�k�r_ e
¨ih

w�� × p�u¢zxp*s]u¢l Ì l�[�w�l;uvj� �_�zn_M�]¬vwTp*_ e
¨ih�l} �q�w�zxp�j

ef = (u, v)
w�t��

eb = (v, u)  Z[�_$w�zxp ef = (u, v)�ñzn_ojm�  eb = (v, u)
!d �u¢¬¡¬H¨!_�pMw�¬¡¬¢_o�"#-����@A�������ñzn_ojm�  7�������@A������!  D�h w�¨]s�jn_`q�¤�t�q�l�w�lnu¡qTt Ì  �_5w�¬vjmqpMw�¬¡¬¿ln[]uvj;�ku¡�Tzxw���[
G  � _*l E[ci, cj ]

¨L_�ln[�_$jm_�l;q�¤�wTz�pMj
e = (u, v) Ì  �u¢ln[ u ∈ V [ci]

w�t!�
v ∈ V [cj ] Ì¤Óqrz

1 ≤ i 6= j ≤ k 1® _�w�¬vjmq`wTj�jms]^5_�ln[�w�l |V [ci]| = N
¤ÓqTz�wT¬¢¬

i Ì w�t��)ln[�w�l |E[ci, cj ]| = M
¤ÓqTz�w�¬¡¬

i 6= j Ì u  _   �_�wTj�jms]^5_�l�[�w�l;l�[]_�p�qT¬¡qTz;p�¬¡wrjnjn_Mj�qT¤ G Ì wTt��Uw�¬vjmq5l�[]_�wTz�p�jn_*lxj;¨L_*l} �_�_�t8l�[]_�^ Ì [�w �T_s�t]uª¤Óqrzn^ jmu¡©�_oj 5Ë qrz�w8jnu¢^5�]¬¡_d|}s�jmlnu¢¥!p�w�lnu¡qTt¦q�¤�ln[]uvj�wTj�jms�^`�]lnu¡qTt Ì  �_5p�w�t¦z�_M�ks�p�_�°�·µÙ�Ú,² Ï.- Â�Ù�Â�½
Û Ù�²ÓÜ�·µÇ7lnq�u¢l�jn_�¬¢¤ Ì lxw�Biu¡t]�)w�s]t]u¡qTtUqT¤ k!

�kuvjÓ|}qru¢t�l�p�qT�]u¡_Mj�qT¤
G Ì qrt]_�¤ÓqTz;_owTpx[8�L_�z�^�sklxw�lnu¡qTtUqT¤1ln[]_p�qT¬¡qTz�jn_*l � t�l�[]uvj�^5_�ln[]qk�kqr¬¢qr�Th Ì ln[]_d¨�wrjmuvp�_�t!p*qk�ku¡t]�$¨]z�u¡p�Bkj�p*qTz�z�_Mjn�!qrt��`lnq�wTz�pMj{qT¤ G  �[�u¡px[) �_�pMw�¬¡¬ ��� �

1 �9� 1���
 �ñu¢t£qrs]z$z�_M�ks�p*lnu¡qTt Ì ln[]_ojm_)wTzn_5�rz�wT�][�j�q�¤z�_��Ts�¬¡wTz��]_��Tz�_�_ d − 1 Ì  �[]uvpx[£ �_5z�_��]z�_Mjn_�t�l�¨ih
Cex

¤ÓqTz
x ∈ {f, b} Ì jn_�_�fis]¨�jn_Mp*lnu¡qTt�j$� ¡Õ w�t!� �  �'! $® _`�r_�t]_Mz�wT¬¢¬¡h8[�w �T_�ln[]z�_�_0Biu¢t!�]jdq�¤å��wT�k�r_*l�jl�[�w�l �_�p�wT¬¢¬	�»ß 8 ß ��� �ñã�� Ì�
 ã��ß � ß � � ß�wTt��07 �k�o� � ç wT�k�r_*l  Z[]_ojm_�w�z�_OwT¬¢¬¿_�t��Tu¡t]_�_Mzn_o�5lnqr�T_*l�[]_�zl�q5�T_*l;wTt7q �r_�zxw�¬¡¬!z�_M�ks!p�lnu¡qTt��rwr�k�T_�l¤ÓqTz�ln[]_���znqr¨]¬¢_M^  � t�l�[]_�qT�kl�u¢^�wT¬µjmqr¬¢skl�u¢qrt)l�q5ln[]_��]z�qT¨]¬¡_�^ Ìl�[]_��»ß 8 ß ��� �ñã���� �]ä�� ß � _�t!jms]z�_Mjdl�[�w�l������������ ��� �!�"�$#%�'&(��)(&$�*�du¡j�jm_M¬¢_op�ln_o�§w�^5qTt��8wTz�p`��wT�k�r_*l�j

p�qTz�zn_ojm�LqTt!�ku¢t��5lnq7wTz�pMj��Tqru¢t���¤Óznqr^Ðp*qT¬¡qTz�p*¬vwTj�jm_oj
V [ci]

l�q�w�t�q�ln[�_�z�p�qT¬¡qTzdp*¬vwTj�j
V [cj ]  � _*l V [ci]¨L_�w)¥�Òi_o� p�qT¬¡qTz�p*¬vwTj�j  Z[]_ 
 ã��ß � ß � � ß+� �]ä,� ß � ^�w�Br_Mj�jns]zn_�ln[!w�l�ln[]_�qrskl × �Tqru¢t��7w�zxp�jO¤Óz�qT^

V [ci] Ì p*qTz�z�_Mjn�!qrt��ku¡t]��lnq�ln[]_�jn_�¬¡_Mp�l�_M�7w�zxp��rwr�k�T_�l�j Ì [�w �r_�w�p*qT^5^5qTt �T_�znln_�Ò�u¢t V [ci]  Z[�w�luvj�wT¬¢¬l�[]_�w�zxp�jp*qrznz�_Mjn�LqTt��ku¡t]��lnq�ln[]_ojm_�jn_�¬¡_Mp�l�_M��w�zxpO��wT�k�r_*lxj-�$./�0�1�!�2�43-56#%��.7��81�/39�0.:�<;!�$#=�2�*�">?�
V [ci] @Ë u¡t�w�¬¡¬¡h Ì 7 �k�M� �A� �]ä,� ß � _Mt�jns]zn_ojHl�[�w�luª¤µ �_O[!w �T_Ojn_�¬¡_Mp*ln_M��w�t)w�zxp���wT�k�r_*l�p�qTz�zn_ojm�LqTt��]u¢t]��l�q�wTt

wTz�p
(u, v)

¤Óz�qT^
V [ci]

l�q
V [cj ]

ln[]_Mt�ln[]_�w�zxp�rwT�]�T_*låjn_�¬¡_Mp*ln_o�`¤Óznqr^
V [cj ]

lnq
V [ci]

p*qTz�z�_Mjn�!qrt��]j�lnq
(v, u)  Z[�w�l�uvj�B�����8C��5 ef

�0��)
eb

�$#D�E3F�$� �4�*�2�4):�2�$&$�G��8!�$# @ � t� �[�w�l�¤Óqr¬¢¬¡q� ;j Ì  �_�jm[]q� ?[]q� £lnq�wT�k[�_�z�_l�q$l�[]u¡j��T_Mt]_�zxw�¬Lj}l�z�w�ln_M�Th5w�t���qr¨kl�wTu¢t7w�zn_o�ks�p*lnu¡qTt�¤Óz�qT^.°�·»Ù�Ú,² Ï.- Â»ÙiÂ»½ Û Ù�²ÓÜ»·µÇ5lnq5°É¸¿°�Å d

¤ÓqTz
d ≥ 3  Z»q�jmu¡^5�]¬¢u¢¤ÓhUl�[]_���zn_ojm_Mtrlxw�l�u¢qrt Ì  �_�¥�z�jml��k_Mj�p*z�u¢¨L_�qrs]z�zn_o�ks�p*lnu¡qTt�u¡t �k_�l�wTu¢¬vj�¤ÓqTzdln[]_5p�wrjm_
d = 3  Z[]_�z�_�$�s]u¡z�_M�)^5qk�ku¢¥!p�w�lnu¡qTt�j�¤Óqrzln[]_$pMwTjn_ d ≥ 4

u¡j�ln[]_Mt�_�Òk�]¬¡wTu¢t�_M�7u¢t�fis]¨!jm_op�lnu¡qTt��  � 
HJIFK LAMONQPSRUTWVYX-Z/[(T]\^:_`T�a2X-ZbMOZ:NdceMf\ N:Z:R	[][+ghR	[]^:i2Tkj�XS\+T�l:RmVYMO[0R

d = 3

® _U[�w �r_ k(k − 1)
p*¬¡s�jmln_Mz�j5qT¤d��wT�k�r_*l�j  b�t]_Up*¬¡s�jmln_�z�_owTpx[%¤ÓqTz5l�[]_¯jn_*l�q�¤�w�zxp�j E[ci, cj ] Ì ¤ÓqTz

1 ≤ i 6= j ≤ k  ��_M^`_M^�¨L_�z�ln[�w�l�wTt¯w�zxp a ∈ E[ci, cj ]
u¡j�¤Óqrzn w�zx��uª¤

i < j Ì w�t��¯u¡j�¨�wrp�B� w�zx��uª¤
i > j 
n�ã � â �]�Wä �µß 8 ß �T� �ñã��+� �]ä,� ß �r�¹� ¤

i < j � Ë qTz{_owTpx[�w�zxp ef = (u, v) ∈ E[ci, cj ]
 �_�[�w �T_;w�p�hip�¬¢_

Cef

qT¤�¬¡_�t]�Tln[
2 + 2(k − 2) + 3

 �uªl�[��T_�znln_�Ò7jn_*l �

�&" � �'�
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�)�657�1������(&"�8���97������ �

I ,��-��� ��
  ��4 $�����
  ���-, �
ef

s1 Ì ef
s2 Ì w�t!� ef

s3

E

I ��� &(������4 ��� $ ����
! �2�-, �
ef

ch1r, e
f
ch2r Ì ¤ÓqTz;w�¬¡¬ r ∈ {1, . . . , k}

wTt��
r 6= i, j

E]wTt��
I �	��
 ��& $ ����
  ���-, �

ef
m1

w�t��
ef

m2 &Oq� É �_dwT�]��w�t]_�  �r_�znln_*Ò
Aci,cj

Ì wTt���p*qrt]t]_Mp*l�u¢lål�q�w�¬¡¬!ln[]_djm_M¬¢_op�lnu¡qTt �r_�znlnuvp*_oj{q�¤,l�[]_�p�hkp*¬¡_Mj Cef¤Óqrz»w�¬¡¬
e ∈ E[ci, cj ]  � t�qTln[]_Mzµ �qTzx�]j Ì  �_{wr�]��w�¬¡¬�ln[�_{_M�k�r_Mj,qT¤iln[]_H¤Óqrzn^ {Aci,cj

, ef
s1}, {Aci,cj

, ef
s2} ÌwTt��

{Aci,cj
, ef

s3}
 �[]_�z�_

ef ∈ E[ci, cj ]
wTt��

ef
s1 Ì ef

s2

w�t!�
ef

s3

w�z�_`qTt
Cef  Z[�u¡j�p�qT^5�]¬¡_*ln_ojdln[]_p�qTt�jmlnz�s�p*lnu¡qTt�qT¤{ln[]_�¤ÓqTz� w�zx��jm_M¬¢_op�l�u¢qrt��rwr�k�T_�l�¨L_*l} �_�_�t

ci

w�t��
cj Ì w�t!�� �_�p�wT¬¢¬1u¢l Si,j  ��_op�wT¬¢¬l�[�w�l

i < j 
� �]��� â �k��ä �µß 8 ß �T� �Eã���� �]ä,� ß �r�«� ¤

i > j � Ë qTz�_Mwrpx[¦wTz�p eb = (u, v) ∈ E[ci, cj ]
 �_5[�w �r_`w

p�hkp*¬¡_
Ceb

q�¤1¬¢_Mt]��l�[
2 + 2(k − 2) + 3

 �u¢ln[��r_�znln_*Ò�jm_�l �
I ,��-��� ��
  ��4 $�����
  ���-, �

eb
s1 Ì eb

s2 Ì w�t!� eb
s3

E

I ��� &(������4 ��� $ ����
! �2�-, �
eb

ch1r, e
b
ch2r Ì ¤ÓqTz;w�¬¡¬ r ∈ {1, . . . , k}

wTt��
r 6= i, j

E]wTt��
I �	��
 ��& $ ����
  ���-, �

eb
m1

w�t��
eb

m2 &Oq� Ñ �_Owr�]�5w�t]_�  �r_�znln_*Ò
Aci,cj

wTt���wT�]��wT¬¢¬�ln[]_O_M�k�r_Mj1¤Óz�qT^Øuªlålnq�wT¬¢¬�ln[]_djm_M¬¢_op�lnu¡qTt9�r_�znlnuvp*_Mj
qT¤�p�hip�¬¢_oj

Ceb

 �[�_�z�_
eb ∈ E[ci, cj ]  � t£qTln[]_Mz� �qrz��]j Ì wrj�u¢t¦ln[�_��]zn_��iu¢qrs�j�p�wrjm_ Ì  �_)wr�]�¦w�¬¡¬Hln[]__o�k�T_oj

{Aci,cj
, eb

s1}, {Aci,cj
, eb

s2} Ì w�t�� {Aci,cj
, eb

s3}
 �[]_Mzn_

e ∈ E[ci, cj ] Ì wTt�� eb
s1 Ì eb

s2

w�t��
eb

s3wTzn_�qTt
Ceb  Z[]u¡j�p�qT^5�]¬¡_*l�_Mj�ln[]_�p�qTt�jmlnz�s�p�l�u¢qrt�qT¤»ln[�_d¨!wTp�Bi �wTz���jm_M¬¢_op�lnu¡qTt7�rwr�k�T_�l�w�t!�� �_dpMw�¬¡¬,uªl

Si,j  ��_op�w�¬¡¬¿ln[!w�l i > j
w�t!�7jnq`ln[]_Mzn_�uvjt]q�p*qrtk¤Ós�jnu¢qrt� �u¢ln[�l�[]_�¬¡wrj}l;�k_�¥�t]u¢lnu¡qTt 


 ã`��ß � ß � � ß � �]ä,� ß �T� Ë u¢Ò�wTt i Ì 1 ≤ i ≤ k  � _*l;s�j�p�qTt�jnuv�k_�z;wT¬¢¬¿l�[]_$jm_M¬¢_op�l�u¢qrt���wT�k�r_*lxj�qT¤�l�[]_¤Óqrzn^
Si,p Ì p ∈ {1, · · · , k}

w�t��
p 6= i �Ë qTzOwTtih u ∈ V [ci] Ì w�t��8wTt�h�l} �q�u¡t��kuvp*_oj 1 ≤ p 6= q ≤ k Ì

p 6= i Ì q 6= i
 �_�wT���)l} �q�t�_�  �r_�znlnuvp*_oj

upq

w�t!�
uqp Ì w�t!�7w`t]_M �_M�]�T_ {upq, uqp} HË qrz�_��r_�z�h)w�zxp

e = (u, v) ∈ E[ci, cp] Ì  �u¢ln[ u ∈ V [ci] Ì  �_O�]u¡p�B�ln[�_�p*hkp�¬¢_ Cex Ì x ∈ {f, b}
�k_��L_�t��]u¢t]��qTt� �[]_�ln[]_Mz

e
uvj)¤Óqrzn w�zx�ÑqTz7¨�wTp�Bi w�zx� Ì w�t�� wr�]�Él} �q�_M�]�T_Mj7q�¤�l�[]_�¤Óqrzn^ {ech1q, upq}

wTt��
{ech2q, upq} fku¢^5u¡¬¡wTzn¬¡h Ì ¤ÓqrzOw�t8w�zxp e = (u, w) ∈ E[ci, cq] Ì  �uªl�[ u ∈ V [ci] Ì  �_��]u¡p�B�ln[]_$p�hkp*¬¡_ Cex Ì x ∈ {f, b} ÌwTt���wT�]�7l} �q�_o�k�T_oj

{ech1p, uqp}
w�t��

{ech2p, uqp} Ì jn_�_ Ë u¡�Ts]z�_ ÕT
7 �k�M� � � ��ä�� ß �T� Ë qrz�ln[]_$l} �q)wTz�pMj ef = (u, v)

w�t!�
eb = (v, u) Ì  �_$p�qTt�jnu¡�]_�z�l�[]_�l} �q)p*hkp*¬¡_Mj

Cef

wTt��
Ceb

p*qrznz�_Mjn�!qrt��ku¡t]��lnq
ef
w�t��

eb  &;q�  Ì  �_�wT�]��l} �qdt�_�  �r_�znlnuvp*_oj e∗
wTt��

e∗ Ì w0�+��
 �2& �4 1��� 1��
{e∗, e∗} Ì w�t!��w�¬¡¬ål�[]_�_M�k�r_Mj�q�¤;l�[]_�¤Óqrzn^ {ef

m1, e
∗} Ì {ef

m2, e
∗} Ì {eb

m1, e∗}
w�t��

{eb
m2, e∗} �[�_�z�_

ef
m1 Ì ef

m2

w�z�_d^5w�l�px[��T_Mzml�u¡p�_Mj�qTt
Cef Ì w�t�� eb

m1 Ì eb
m2

w�z�_�^�w�l�px[ �T_Mzml�u¡p�_Mj�qTt
Ceb Z[]uvj;p�qT^5�]¬¡_*ln_oj�ln[]_$p�qTt�jmlnz�s�p�l�u¢qrt�qT¤1wT¬¢¬¿l�[]_��rwT�]�T_*lxj Ì jn_�_ Ë u¢�rs]z�_ ÕTH® _$pMw�¬¡¬¿ln[]uvj�Tzxw��][ GG &Oq�  Ì  �_$jn[]q� Cl�[]_$�k_Mjnu¡zn_o��z�_M�ks!p�lnu¡qTt7ln[�znqrs]�T[8w5jm_"$rs�_�t�p�_dqT¤1jnu¡^`��¬¢_$p�¬¡wTu¢^�j 
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es1
f

ech2q
f

ech1k
f

ech2k
f

em1
f

em2
f

es3
f

es2
f

e

e f

e*

ech11
f

ech21
f

ech1q
f

es1
b

es2
b

es3
b

ech11
b

ech21
b

ech1k
b

ech2k
b

em1
b

e b
m2*

Aci cp, Acp ci,

C e bC

e' fC

e'' fC

e' bC

e'' bC

pqu

qpu

ech2pech1p

Aci cq,

ech2pech1p

_ _
^ ^

e xC e xC_
^

Ë u¡�Ts�zn_ Õ � ç wr�k�T_�l�s�jm_o��u¡t�ln[]_�z�_M�]s�p�l�u¢qrt7qT¤�l�[]_��]z�q�qT¤�qT¤�Z[]_MqTz�_�^ Õ

� � ãµã�� �(� _�l
ω
¨L_�w�^�s]¬¢lnu × p*qT¬¡qTz�p*¬¡u#$�s]_�q�¤»jnu¢©M_ k

u¡t
G  &;q� Ñ¤Óqrz�_��T_�z�h`_M�k�r_ e ∈ E(ω) Ì jn_�¬¡_Mp*lål�[]_p�qTz�zn_ojm�LqTt!�ku¢t���p*hkp�¬¢_oj

Cef Ì Ceb

u¢t
GG  � _*l;s�j;�]_*¥�t]_ S

wTj�¤Óqr¬¢¬¡q� ;j

S =
⋃

e∈ω,x∈{f,b}

NGG
[V (Cex )]

 �[�_�z�_
N [A]

uvj1ln[]_Os]t]u¡qTt5q�¤
A
w�t���wT¬¢¬il�[]_;t]_Mu¢�r[�¨LqTz�[]qiqk��qT¤ �r_�znlnuvp*_oj1u¢t

A  � låuvj{jmlnzxw�u¡�T[�lm¤Óqrzn w�zx�l�q�px[]_Mp�B�l�[�w�l
GG[S]

u¡j�w
3 × zn_M�Ts]¬vw�zjns]¨]�Tzxw���[7qT¤ GG  �
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J
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'&(�
�� �������,

Cex
! x ∈ {b, f} !

���������-,!�(��4����4 1"
��"��� � 1 �9��1 ��
 , �
� � ãµã�� � Ë u¡z�jml�qT¤Ow�¬¡¬ Ì u¢¤�jns�px[?w¯jns]¨]�rz�wT�][�qT¤ GG

u¡trl�_�zxjm_op�lxj�w p*hkp*¬¡_
Cex

l�[]_�t%uªl5^�s!j}l�p*qrtrlxw�u¡t
wT¬¢¬�q�¤{u¢l�j �r_�znlnuvp*_Mj  fi_Mp�qTt��k¬¡h Ì u¢¤� �_�z�_�^5q �T_$wT¬¢¬�ln[�_ �T_Mzml�u¡p�_Mjdp*qrznz�_Mjn�!qrt��ku¡t]�5lnq�_M�]�T_���wT�k�r_*lxj;u¡t
GG Ì ln[]_Mt¦ln[]_5z�_�^�w�u¡t]u¡t]�7�rz�wT�][¯uvj�w�¤ÓqTz�_Mjml  � _�t�p�_ Ì ln[]_ojm_�l} �q�¤ñwrp�l�j�l�qT�T_�ln[]_Mz�u¢^5�]¬¡h�l�[�w�l$w�tih

�&" � �'�
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jns]¨]�rz�wT�][8q�¤
G (G)

q�¤{^5u¡t]u¢^�s]^Ð�k_��rzn_M_$w�ld¬¢_owTjml;ln[]z�_�_�jm[]qrs]¬v�Uu¢t�l�_�zxjm_op�l�w�lO¬¢_owTjmlOqTt�_�p*hkp*¬¡_
Cexp�qTz�zn_ojm�LqTt!�ku¢t��$lnq)wTt�wTz�pd��wT�k�r_*l Ì wTt���[�_�t�p�_$p*qTt�lxw�u¡t�j Cex  �
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GG
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 ���45,0�3,�657�19���2�5& �$# ,�����
k′ = (3k + 1)k(k − 1) !

��4��F�$#?�?�4*��?6 � ���!19�����
��
A������,�
8
'& ����� ! 
�&5�-4 G

&(� , � �?6 � 
! � ������������� k � ���  � 65�	�
� � ãµã�� � � _�l

H = G[S]
¨L_�w�jns]¨]�rz�wT�][£q�¤�jmu¡©�_

k′ wTt��£ �u¢ln[§^5u¢t�u¢^�s]^ �k_��rzn_M_)w�l�¬¡_Mwrj}l�l�[]zn_M_ &Oq�  Ì ¨ih)a�¬¡wTu¢^Æ� Ì S ^�s�jml�p�qTt�l�wTu¢t)wT¬¢¬�ln[]_5�r_�znlnuvp*_oj{q�¤µw$p�hkp*¬¡_Op*qrznz�_Mjn�!qrt��ku¡t]�dlnq$qrt]_OwTz�p��wT�k�r_*l 
Ë s]znln[]_Mz�^5qrzn_ Ì t�q�lnuvp*_�ln[!w�l�qTt�p�_� �_d[�w �T_dw �r_�znln_*Ò�qT¤�w`p*hkp*¬¡_�u¡t S Ì ln[]_Mt�wT¬¢¬Lln[�_ �r_�znlnuvp*_ojåqT¤»ln[�u¡jp�hkp*¬¡_�wTt���ln[]_Mu¢z;t�_�u¡�T[i¨!qrz�j�¨L_�¬¡qTt]�`l�q

S
l�q�_�t�jns]z�_�l�[]_$�k_M�Tz�_�_�p*qTt!�kuªl�u¢qrt7u¡t

H H® u¢ln[]qrskl;¬¢q�jnjqT¤�r_�t]_Mz�wT¬¢u¢l}h Ì ¬¡_*l Cef

¨!_åln[]uvj�p*hkp*¬¡_ Ì w�t!�$jms��]�!q�jm_{ln[�w�l�u¢l�¨L_�¬¡qTt]��jµl�q�ln[]_��rwr�k�T_�l Si,j Ì u  _ e ∈ E[ci, cj ]wTt��
i < j  &;qTlnuvp*_5ln[!w�l Ì ¨ih¯p*qrt�jmlnz�s�p�l�u¢qrt Ì u¢l$¤ÓqTzxp*_oj�jmqr^`_5qT¤�l�[]_�q�l�[]_�z �r_�znlnuvp*_Mjdl�qU¨!_M¬¢qrt]��lnq

S �Ë u¢zxjml Ì u¢l�jO^�w�l�px[��r_�znlnuvp*_Mj�¤Óqrz�p�_�ln[]_�p*hkp*¬¡_ Ceb

q�¤
Sj,i

l�q�¨!_�u¢t
S  Z[]_$p�qT[]_Mzn_Mt�p*_ �r_�znlnuvp*_MjqT¤

Cef

¤ÓqTzxp*_
S
lnq7p�qTt�l�wTu¢t w�l�¬¡_Mwrj}l�qTt]_`p*hkp*¬¡_�u¡t

Si,l Ì ¤ÓqTz�w�¬¡¬ l ∈ {1, · · · , k}, l 6= i  Z[�_�h8u¢t¯lns]z�t¤Óqrz�p�_
S
l�q¯p*qrt�l�w�u¡t£w�l$¬¡_MwTjml$qTt�_)p*hkp*¬¡_�u¢t§_owTpx[¦q�l�[]_�z$��wT�k�r_*l

Sp,q

¤ÓqTz$wT¬¢¬
p 6= q ∈ {1, . . . , k} Z[�_djn_�¬¡_Mp*lnu¡qTt �r_�znlnuvp*_oj�qT¤»_Mwrpx[7jns�px[7p�hkp*¬¡_�u¡t

Sp,q

¤ÓqTzxp*_
S
l�q`p�qTt�l�wTu¢t

Ap,q  D�skl¨!_op�wTs�jm_dq�¤�qTs]zp�qTt��]uªl�u¢qrtUqTt8ln[�_�jmu¡©�_�q�¤
S
�
|S| = k′ ! Ì  �_�pMw�tU_owTjnu¢¬¡h7px[]_op�B�l�[�w�l� �_�pMw�t�jn_�¬¡_Mp*lOqTt]¬¡h�qTt]_$p�hip�¬¢_��wT�k�r_*l�¤Óznqr^ _owTpx[$qT¤]ln[�_���wT�k�r_*l�j

Sp,q  � _*l E′ ¨L_ål�[]_jm_�l�qT¤�_M�k�r_Mj�u¢t E(G)
p*qrznz�_Mjn�LqTt��ku¡t]��l�qdwTz�p

p�hkp*¬¡_Mj��rwr�k�T_�l�j�jm_M¬¢_op�ln_o��u¡t
S �Ë u¡z�jmlHq�¤!wT¬¢¬ Ì ¨L_MpMw�s�jn_�qT¤�l�[]_^5w�l�px[+�T_Mzml�u¡p�_Mj Ì qTt�p�_ ef ∈ E′ u¢l1¤ÓqTzxp*_Mj

eb ∈ E′  b�t�l�[]_�qTln[]_Mz�[!w�t�� Ì ¨L_MpMw�s�jn_ S
u¡jd^5u¢t�u¢^�s]^ Ì ¤ÓqTzd_MwTpx[ i ≤ k Ì wT¬¢¬�l�[]_`p�qTz�zn_ojm�LqTt!�ku¢t��wTz�pMj1u¢t

E′ ¤Óz�qT^ V [ci]
lnq$qTln[]_Mz

V [cp]
� jå[�w �T_;w�p�qT^5^5qTt �T_Mzml�_*Ò`u¢t

V [ci]  Z�q�jn_�_ln[�u¡j Ì ¬¡_*l�s�jHlxw�Br_l} �q�w�zxp�j
e = (u, v) ∈ (E[ci, cp]∩E′)

w�t!�
e′ = (u′, w) ∈ (E[ci, cq]∩E′)  &;q� %ln[]_�¤Óqrs]z �r_�znlnuvp*_Mj

upq Ì uqp Ì u′
pq

wTt��
u′

qp

¨!_M¬¢qrt]��lnq
S  � ¤ u

uvj��ku�2¿_�z�_�t�l;¤Óz�qT^
u′ ln[]_Mt�uªld �qrs]¬v�7u¡^5�]¬¡h7l�[�w�l S

[�wTj
w�l�¬¡_Mwrj}l

2
_�¬¡_�^5_Mtrlxjå^5qrzn_�l�[�w�t�ln[]_d_*Òk�L_Mp*ln_M��jmu¡©�_

k′ Ì  �[]uvpx[) �qTs]¬v�)p�qTt�lnzxwT�kuvp�l�ln[]_dp*qrt��ku¢lnu¡qTt)qrtl�[]_�jnu¡©�_dq�¤
S  ~;¬¡¬Lln[]_ojm_O¤ñwTp*l�jålnqT�r_*l�[]_�z�u¢^5�]¬¡h5ln[�w�l G[V (E′)]

¤ÓqTz�^�j�w�^�s]¬¢lnu × p�qT¬¡qTz�_M� k × p*¬¡u#$�s]_�u¢tl�[]_�qTz�u¡�Tu¡t�w�¬¿�Tzxw���[
G  �

a�¬vw�u¡^�j Õ w�t�����lnqT�r_*l�[]_�z�hiu¡_�¬v� �
� ��ßiã � ß � ��°É¸¿°�Å

3
 , ®�Ô 1 Ö � &(�������

� t�l�[]_$t]_�Ò�ldjms]¨!jm_op�lnu¡qTt Ì  �_�jm[]q�  []q�  lnq�^5qk�kuª¤Óh7ln[�_$�]z�q�qT¤�qT¤{Z[]_�qrzn_M^ Õ ¤ÓqTz;¬vw�z��T_Mz ��w�¬¡s]_Mj�qT¤
d 
HJI H LAR	Z:RU\�MOiFa��UaFZQP�T�lQR����2K
	���lQMf\ N/ZQR	[][ XSj������

d

j�XS\
d ≥ 4

� _�z�_ Ì  �_��T_�t�_�zxw�¬¡u¢©M_)ln[�_7z�_M�ks!p�lnu¡qTt%�Tu#�T_Mt�u¢tCfis]¨!jm_op�lnu¡qTtÉ�U¤Óqrz d ≥ 4  Z[�_�^�wTu¢t%u¡�k_ow¯uvj�lnqpx[!w�t]�r_�l�[]_)z�qT¬¡_�q�¤ln[�_�p*hkp*¬¡_Mj
Ce

¨ih£w
(d − 1) × zn_M�Ts]¬vw�z��rz�wT�][ qT¤;w��]�]z�qT��znuvw�l�_5jnu¡©�_ �® _�jm[�q� ¨L_�¬¡q� :w�¬¡¬µln[�_�t]_op*_Mj�j�w�z�h�px[�w�t��T_Mju¡tUl�[]_�p*qrt�jmlnz�s�p�l�u¢qrt�qT¤1ln[]_��rwT�]�T_*lxj�lnq)_Mt�jns]zn_$ln[�w�l;ln[]_`jnwT^5_

��znqiq�¤�¤ÓqTz
d = 3

 �qrz�Bkj�¤ÓqTz
d ≥ 4 � _*ls�j{lxw�Br_

C
lnq�¨L_�w

(d− 1) × z�_��rs]¬vw�zH�Tzxw���[�q�¤»jnu¢©M_ (d− 1) + (d− 1)(k− 2) + d  ~Oj�¨L_*¤ÓqTz�_ Ì �_�zn_M�]¬vwTp*_�_owTpx[8_M�k�r_
e
¨ih)l} �q�w�zxp�j

ef
w�t!�

eb �Ë qrz�_Mwrpx[�wTz�p ex ∈ E[ci, cj ] Ì  �_�wr�]�8w�p*qT�ih)qT¤
C Ì l�[�w�l; �_�p�w�¬¡¬ Cex Ì  �u¢ln[��r_�znln_*Ò�jm_�l �

��� õ�RP1����-S
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I ,��-��� ��
  ��4 $�����
  ���-, �
ex

s1 Ì ex
s2, · · · , ex

sd

E

I ��� &(������4 ��� $ ����
! �2�-, �
ex

ch1r, · · · , ex
ch(d−1)r Ì ¤ÓqTz;w�¬¡¬ r ∈ {1, . . . , k} Ì r 6= i, j

E]w�t��
I �	��
 ��& $ ����
  ���-, �

ex
m1, · · · , ex

m(d−1) 
�»ß 8 ß ��� �ñã��7� ��ä�� ß �M� � ã �

d ≥ 4
� ®� ¬  �  jns]�]�Lqrjn_�l�[�w�l x = f  ~Oj�¨L_*¤Óqrzn_ Ì  �_5wT���¯w��T_�znln_�Ò

Aci,cj
Ì w�t!�§¤ÓqTz5w�¬¡¬w�zxp ef ∈ E[ci, cj ]

 �_�wT�]�%w�¬¡¬ål�[]_�_M�k�r_Mj�¤Óznqr^
Aci,cj

l�q w�¬¡¬�ln[]_8jm_M¬¢_op�l�u¢qrt�r_�znlnuvp*_oj�qT¤�l�[]_��Tzxw���[
Cef H® _$w���w�u¡t7pMw�¬¡¬¿ln[]uvj��rwr�k�T_�l Si,j 


 ã`��ß � ß � � ß+� �]ä,� ß � � ã �
d ≥ 4

� Ë u¢Ò w�t i Ì 1 ≤ i ≤ k  &Oq� �¬¡_*l$p*qrt�jnu¡�k_Mz�w�¬¡¬1ln[]_�jn_�¬¡_Mp�l�u¢qrt��wT�k�r_*lxj�qT¤»l�[]_�¤ÓqTz�^
Si,p Ì p ∈ {1, · · · , k}

w�t!�
p 6= i 

Ë qTzUw�tih u ∈ V [ci] Ì wTt�� w�tihÉl} �q?u¡t��kuvp*_oj p 6= q ≤ k Ì p, q 6= i Ì  �_ wr�]��w%t]_M Ð_M�k�r_
{upq, uqp} ÑË qTz5_��r_�z�h�w�zxp e = (u, v) ∈ E[ci, cp] Ì  �uªl�[ u ∈ V [ci] Ì  �_7��u¡p�B§l�[]_U�Tzxw���[ Cex Ì
x ∈ {f, b} Ì �k_��L_�t!�ku¢t��UqTt¦[]q�  e

u¡j�¤Óqrzn w�zx��qrz�¨�wTp�Bi w�zx� Ì w�t��£wr�]� d − 1
_o�k�T_oj�q�¤�ln[]_5¤Óqrzn^

{ech1q, upq}, {ech2q, upq}, . . . , {ech(d−1)q, upq}  fku¢^5u¡¬¡wTzn¬¡h�¤Óqrz�w�t§_o�k�T_ e = (u, w) ∈ E[ci, cq ] Ì �u¢ln[
u ∈ V [ci] Ì  �_£�]uvp�BCl�[]_§�Tzxw��][ Cex Ì x ∈ {f, b} Ì w�t!� wr�]� d − 1

_M�k�r_Mj�q�¤`ln[�_ ¤Óqrzn^
{ech1p, uqp}, . . . , {ech(d−1)p, uqp} 
7 �k�M� � � �]ä�� ß � � ã �

d ≥ 4
� Ë qrz;ln[�_$l} �q)w�zxp�j ef = (u, v)

wTt��
eb = (v, u) Ì  �_�p�qTt�jnuv�k_�zOln[]_l} �q��Tzxw���[�j

Cef

wTt��
Ceb

p*qrznz�_Mjn�LqTt��ku¡t]�`lnq
ef
w�t!�

eb  &Oq�   �_�wr�]�Uw�^�w�lxpx[]u¢t��)_M�k�r_ {e∗, e∗}wTt��¦wT�]�¦w�¬¡¬1ln[]_�_o�k�T_oj�q�¤�ln[]_5¤Óqrzn^
{ef

m1, e
∗}, . . . , {ef

m(d−1), e
∗}
w�t!�

{eb
m1, e∗}, . . . , {e

b
m1, e∗} �[�_�z�_

ef
mi Ì eb

mi

wTzn_d^�w�l�px[ �T_Mzml�u¡p�_MjqT¤
Cef

w�t!��qT¤
Ceb

zn_ojm�L_Mp*lnu#�T_�¬¡h Z[]uvjdp*qT^5�]¬¡_*l�_Mj;ln[]_`p*qTt!j}l�zns�p*lnu¡qTt  � ldu¡jOt]q�l �T_�z�h�[!w�zx��lnq�jn_�_�l�[�w�l�w��]z�qiq�¤{jmu¡^5u¢¬vw�z;lnq)l�[�w�lqT¤;Z[]_�qrzn_M^ Õ p�qTs]¬v�£¨!_��Tu#�T_�t§¨ih£jm[�q� �u¢t]�8l�[�w�l G Ì wTt§u¢t!j}lxw�t�p�_)q�¤�^�s�¬ªl�u × p*qr¬¢qrz�p*¬¡u#$�s]_ Ì [!wTj$w^�s]¬¢lnu × p�qT¬¡qTz�_M��p�¬¢u%$�s]_7qT¤�jnu¢©M_ k
uª¤�w�t��?qTt]¬¡h§uª¤

GG

[�wrj5w jns]¨]�rz�wT�][�q�¤djmu¡©�_
k′ = dk + 1

 �u¢ln[
^5u¡t]u¡^�s]^ �k_��rzn_M_

d  D�_MpMw�s�jn_�qT¤�¬vwTp�B�qT¤1jn��wrp*_ Ì  �_�|}s�jmlOj}lxw�ln_dl�[]_�¤ÓqT¬¡¬¢q� �u¡t]�`ln[]_MqTz�_�^ 
� ��ßiã � ß ��� °É¸¿°�Å

d

 , ®�Ô 1 Ö � &5������#-��� ����� d ≥ 3
�

� ¤� �_dzn_M�]¬vwTp*_Oln[]_�z�_�$�s]u¡zn_M^5_�t�l�qT¤»¥�t��]u¢t]�5w�t7u¢t!�ks�p*_o�7jns]¨]�rz�wT�][)qT¤�jmu¡©�_�w�l^5qrjml
k
q�¤��]_��Tz�_�_

w�lå¬¡_MwTjml
d
u¢t7°É¸¿°�Å

d

 �uªl�[5ln[]_�zn_"$rs�u¢z�_�^5_�t�l{qT¤L¥!t��ku¡t]��w
d × z�_��rs]¬vw�z���u¡t��ks!p*_M��jns]¨]�rz�wT�][�� �Óz�_Mjn� ��jms�¨]�Tzxw��][���!

H
qT¤

G
qT¤¿jnu¢©M_;w�l{^5qrjml

k Ì  �_��r_*l�°�� Ï d Ï�� ¸ � �Óz�_Mjn�  ° Ï d Ï�� ¸ � !1�]z�qT¨]¬¡_�^  &;qTlnuvp*_l�[�w�l�ln[]_`^5u¢t�u¢^�s]^/jms�¨]�Tzxw��][UqT¤å�k_��rzn_M_�w�l�¬¡_MwTjml
d
u¡tUln[]_`�]z�qiq�¤ñjOqT¤åZ[]_�qrzn_M^�j Õ w�t��(��lns]z�t�j

qrskl;l�q�¨L_�w�tUu¡t��ks!p*_M�¯jms]¨��Tzxw��][8q�¤Hz�_��rs]¬¡wTzO�k_M�Tz�_�_
d
u¢t

GG  ~Ojdw)p*qrt�jm_"$�s]_�t�p�_� �_�qT¨klxw�u¡tUln[]_¤Óqr¬¢¬¡q� �u¡t]�`p�qTz�qT¬¡¬¡wTznh �

 ã � ã 8 8ñ�k� à�� °�� Ï d Ï�� ¸ � ��4���° Ï d Ï�� ¸ � ����� ®�Ô 1 Ö � &5�����J#-��� ����� d ≥ 3

�

	 � � � ���*0$���1�x
�&8�	+ #�����
 �1���8&7+� ��
�&��É�0	��*4��7����� �*2����1+
� t�ln[]uvj�jn_Mp*lnu¡qTt� �_�jn[]q� Øln[�w�l)°É¸¿°�Å

d

u¡j Ë yåZØ¤ÓqTz5w�¬¡¬�ln[]_7�Tzxw��][�j$_*Ò]p*¬¡s��ku¡t]� w�¥]Òk_M�§^5u¡t]qTz
M 1® _O¥!z�jml��ru��r_;t]_Mp�_Mj�jnwTznh5�k_�¥�t]u¢lnu¡qTt�j�z�_�$�s]u¡zn_o�`lnq�[!w�t��k¬¡_�ln[]_ojm_dp*¬vwTj�jm_ojåqT¤µ�Tzxw��][�jåu¢t�ln[]_dt]_�Ò�l

�&" � �'�
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jns]¨�jn_Mp*lnu¡qTt§w�t!�¦ln[]_Mt§u¢t£l�[]_�¤ÓqT¬¡¬¡q� �u¢t]��jns]¨�jn_Mp*lnu¡qTt�j$ �_)�ru��r_�qTs]z���w�zxw�^5_*l�znu¡©�_o� wT¬¢�rqTz�uªl�[]^�jd¤ÓqTz
°É¸¿°�Å

d

¤Óqrz;w�tih
d ≥ 3 

�JIFK �Y\�R	i a�� aFZ:M,\a2R	[
~ 
!����� � ��� �������5� ,��
! ��45q�¤�w��Tzxw���[ G = (V, E)

u¡jw���w�u¡z
(T,X ) Ì  �[]_Mzn_ T = (I, F )

u¡j�w�lnz�_�_ Ì wTt��
X = {Xi}, i ∈ I

u¡j;w�¤ñwT^`u¡¬¡h�q�¤1jms�¨�jm_�l�j�qT¤
V (G) Ì p�w�¬¡¬¡_M� 72� 1�,w�t���u¡t��k_�Òi_o��¨ih�ln[]_�t]qk�k_ojq�¤

T Ìjns�px[7ln[�w�l
ÕT _Mwrpx[��r_�znln_*Ò v ∈ V

wT�]�!_ow�zxj�u¢tUw�l�¬¡_Mwrj}l;qrt]_�¨�w�� Ì u  _  ⋃
i∈I Xi = V

E
�  ¤ÓqTz�_owTpx[ v ∈ V

l�[]_$jm_�l;q�¤�t]qk�k_Mj�u¡t��k_�Òk_M�7¨�h
{i | i ∈ I, v ∈ Xi}

¤Óqrzn^�j�w5jns]¨klnz�_�_�qT¤
T
E

� �Ë qrz�_MwTpx[�_M�]�T_ e = (x, y) ∈ E Ì l�[]_�z�_�uvj�w�t i ∈ I
jms�px[7ln[!w�l

x, y ∈ Xi 
Z[�_>@  ��
�& qT¤�w�l�zn_M_ × �k_Mp�qT^5�Lqrjnuªl�u¢qrt Ì �k_Mt]q�l�_M��¨ih w((T,X ))

_�$�s�wT¬¡j
maxi∈I{|Xi| − 1}  Z[]_
!����� � @  ��
'&�q�¤ G Ì �k_�t]qTln_o�7¨ih tw(G) Ì uvjl�[]_�^5u¢t]u¡^�s�^. �uv�iln[8q�¤Hw�lnz�_�_ × �k_op*qr^`�Lqrjnu¢lnu¡qTt�qT¤ G Z[]uvj��k_*¥�t�uªl�u¢qrt�q�¤klnz�_�_ ×  �uv�il�[$p�w�t�¨L_�_Mt��T_Mt]_�zxw�¬¡u¢©M_M��lnq;l�w�Br_{u¡trl�qOwTpMp*qrs]t�lµln[]_å¬¢qkp�wT¬T�]z�qT�L_�znlnu¡_MjqT¤

G
w�t���uvj»pMw�¬¡¬¢_o�	��� �2��� 
 ����� � @  ��
'&  Z»q��k_*¥�t�_åu¢l»¤ÓqTz�^�w�¬¡¬¢h� �_å¥�z�jml»t]_M_M��l�qO�k_�¥�t]_ r × t]_�u¡�T[i¨LqTz�[]qiqk�qT¤ �T_Mzml�u¡p�_MjOq�¤

G  Z[]_ �� ,�
 ��4��2� dG(u, v)
¨!_�l} �_M_�tUl} �q �r_�znlnuvp*_Mj

u
w�t��

v
qT¤

G
uvjOl�[]_`¬¢_Mt]��l�[¯q�¤

l�[]_�jm[]qrzml�_Mjml���w�ln[7u¢t
G
¤Óz�qT^

u
l�q

v HË qrz r ≥ 1 Ì w r �
4��� 1�&572����&(��� ��q�¤�w �T_�znln_�Ò

v ∈ V
uvj�k_*¥�t�_M�

wrj
Nr

G(v) = {u | dG(v, u) ≤ r}  Z[�_ ��� �2���*
!����� � @  ��
'&�q�¤µw��rz�wT�][ G
uvj{w�¤Ós�t�p�l�u¢qrt

ltwG : N → N �[�u¡px[ lnq�_��r_�z�hUu¢t�ln_M�T_Mz
r ∈ N

wTj�jmqkp�u¡w�ln_MjOln[�_`^�w�Òiu¡^�s�^Ðlnz�_�_ ×  �uv�iln[ q�¤w�t r × t]_Mu¢�r[�¨LqTz�[]qiqk��qT¤�r_�znlnuvp*_oj�qT¤
G Ì u  _ 

ltwG(r) = max
v∈V (G)

{tw(G[Nr
G(v)])}.

~ �Tzxw��][Up�¬¡wrjnj
G
[�wTj	7���6 4������3���	�����/
!����� � @  ��
�& Ì u¢¤{l�[]_�z�_$_*Òkuvj}lxj�w�¤Ós]t�p�l�u¢qrt f : N → N

jns�px[
l�[�w�l�¤ÓqTz�_Mwrpx[)�Tzxw��][

G ∈ G Ì wTt��5¤Óqrz�_owTpx[)u¡t�ln_��r_�z r ∈ N Ì  �_�[�w �T_ ltwG(r) ≤ f(r) {Ë qrz�w��Tu#�T_�t¤Ós�t�p�l�u¢qrt
f : N → N Ì Gf

uvj�l�[]_�p�¬¡wrjnjOq�¤{w�¬¡¬»�rz�wT�][�j
G
qT¤{¬¢qkp�wT¬µl�zn_M_ ×  �u¡�il�[�w�ld^`q�j}l f Ì u  _  jms�px[l�[�w�l

ltwG(r) ≤ f(r)
¤ÓqTz�_��T_Mznh

r ∈ N  fk_�_ Ô � Ö wTt�� Ô¢Õ � Ö ¤Óqrz�^`qrzn_��k_�l�w�u¡¬vj 
�JI H LA\�M��/l/[�� a2T�l	� X�^:Z:N:R	N�
 XJ_ MOi� \�RUR
� � aFNQT l��
Z�q§qT¨]l�w�u¡tÉqTs]z�z�_Mjns]¬¢l�j Ì  �_Ut]_M_M�%ln[�_U¤ÓqT¬¡¬¢q� �u¡t]�£¬¡_�^5^�w£ �[]u¡px[C�ru��r_Mj`l�[]_8lnu¡^5_¯p*qr^`��¬¢_�Òiu¢l}h?qT¤¥!t��ku¡t]��w$jn^�w�¬¡¬¢_oj}l�u¢t!�ks�p*_o�)jns]¨]�Tzxw���[�q�¤»�k_M�Tz�_�_Ow�l�¬¡_MwTjml

d
u¢t7�Tzxw��][�j{ �uªl�[�¨LqTs]t��]_M�5l�zn_M_ ×  �u¡�il�[ 

��ß � ��� � � ��

G

7�� � 1������(&=��4
n

$ ����
  ���-,%@ �
�& �+
 ����� � �9� �������(��,��
  ��4 �$# @  ��
�&=��
A�+� ,�

t
��4��

d
7��F� �(��,��
!�$�� �45
 �!1 ��� ��� &(��4 @A� �2��4 ���
'&(������4 �=�=,��	��������,�
 �4���6 ���2�=,�657�1��2�2�(& �<#3�9��19����� ��


���2��,�

d
�4

G
��� ��4(,�@A�-�%4 �+ #%4 �	,�6 ��&",�657!19�����(&>�����
 , �4>
 ��+�

O((d + 1)t(t + 1)d2

n)
�

� � ãµã�� � � _�l
(T,X )

¨L_)ln[�_)�Tu#�T_Mt l�zn_M_ × �k_Mp�qT^5�Lqrjnuªl�u¢qrt �® _�jns]�]�Lqrjn_�ln[�w�l T
u¡j�w8znqiqTln_M� l�zn_M_ ÌwTt���ln[�w�l�ln[]_$�k_op*qr^`�Lqrjnu¢lnu¡qTt�u¡j 4* �2� Ì  �[]uvpx[8^5_Mw�t!j �

I ~;tih�t�qi�]_d[!wTj�w�l;^5q�j}ll} �q5px[�u¢¬v�kz�_�tME

��� õ�RP1����-S
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I Ë qrz;w�tih)t]qk�k_ t
 �uªl�[�_�Ò]wTp�l�¬¢h)l} �q�px[]u¡¬¡�]zn_Mt

t1
wTt��

t2 Ì  �_�[�w �T_ Xt = Xt1 = Xt2

E

I Ë qrz�w�tih¦t]qk�k_ t
 �u¢ln[�_�Ò]wTp�l�¬¢h qTt]_7px[]u¢¬v�

s
 �_)[!w �T_

Xt ⊂ Xs

wTt��
|Xs| = |Xt| + 1 Ì qTz

Xs ⊂ Xt

w�t!�
|Xt| = |Xs| + 1 &Oq�l�_�l�[�w�låjns�px[5w��k_Mp�qT^5�!q�jmu¢lnu¡qTt5w�¬¡ wWhij�_*Òkuvj}lxjHw�t��`p�wTt�¨L_¤ÓqTs�t��`u¢t`¬¢u¡t]_ow�z1lnu¡^5_ Ì w�t���u¢t`¤ñwrp�lH �_pMw�t�jns]�]�Lqrjn_�l�[�w�l

|V (T )| = O(n)  ~�jåu¢lu¡j�s�jns�w�¬Lu¢t7w�¬¡�TqTz�u¢ln[]^�j{¨!wTjn_M�5qTt)lnz�_�_��]_Mp*qr^5�!q�jmu¢lnu¡qTt�j Ì �_��]z�qT�Lqrjn_�wU�khit�w�^5uvp5�]znqr�Tzxw�^5^5u¢t���wT�]�]z�qrwTpx[¦¨�wrjm_o� qrt¦ln[]uvj��k_op*qr^`�Lqrjnu¢lnu¡qTt Ì  �[]u¡px[§w�l$ln[]__Mt��7_�u¢ln[]_Mz���znqk�ks�p�_Mjw`p*qTt�t]_Mp*ln_M��jns]¨]�Tzxw���[)q�¤
G
q�¤�^`u¡t]u¡^�s]^ �k_��rzn_M_�w�l¬¡_Mwrj}l

d
w�t���q�¤1jmu¡©�_�w�l

^5q�j}l
k Ì qrz��k_Mp�u¡�k_ojln[!w�l G

�kqi_oj�t]q�l�[�w �r_�w�tih)jms!px[8jns]¨]�rz�wT�][ &Oq� Éln[�w�l�l�[]_Ol�zn_M_��k_op*qr^`�Lqrjnu¢lnu¡qTt)uvj�znqiq�l�_M� Ì  �_�p�wTt�jn�!_ow�B5q�¤µl�[]_�jms]¨��Tzxw��][)�k_�¥�t]_o�)¨ih5ln[]_jns]¨kl�zn_M_Oz�qiq�ln_o��w�l�t]qk�k_
i  cUqTz�_O��zn_op*uvjm_M¬¢h Ì ¤Óqrz�w�tih5t]qk�k_ i

qT¤
T Ì ¬¢_�l Yi

¨L_�ln[]_�jm_�l�qT¤»w�¬¡¬ �r_�znlnuvp*_Mj
l�[�w�l$wT�]�!_ow�z�_�u¢ln[�_�z�u¡t

Xi

qTz�u¡t
Xj

¤ÓqTz$jnqT^5_`�]_Mj�p*_�t!�]w�t�l
j
q�¤

i �æ _�t]qTln_�¨ih G[Yi]
ln[]_5�rz�wT�][

u¡t��ks!p*_M��¨ih�l�[]_�t]qk�k_Mju¡t
Yi &Oq�ln_$ln[�w�l;uª¤

i
uvj;w5t]qk�k_�u¡t�ln[]_$lnz�_�_$w�t!�

j1
wTt��

j2
w�z�_�l} �q�px[]u¡¬¡�]zn_Mt Ì ln[�_�t Yj1

w�t!�
Yj2

w�z�_
�]u¡jñ|}qTu¡t�l�_*Ò]p�_��kl�¤ÓqTz �T_�znlnuvp*_ojHu¡t

Xi Ì u  _  Yj1 ∩Yj2 = Xi  ~ {0, 1, 2, 3, . . . , d} × p*qr¬¢qrznu¡t]��qT¤)�T_�znlnuvp*_oju¡t
Xi

u¡jdw�¤Ós]t!p�lnu¡qTt
ci : Xi → {0, 1, . . . , d − 1, d}  � _*l supp(c) = {v ∈ Xi| c(v) 6= 0}

¨L_�l�[]_
,�6����(����
µq�¤

c 
Ë qTzOwTt�h7jms�px[ {0, 1, . . . , d} × p*qT¬¡qTz�u¡t]� c

q�¤��T_Mzml�u¡p�_Mju¡t
Xi Ì ¬¢_�l a(i, c)

¨L_�ln[]_$^5u¡t]u¡^�s]^ jmu¡©�_�qT¤
wTt�u¡t��ks�p�_M�7jms]¨��Tzxw��][

H(i, c)
q�¤

G[Yi] Ì  �[]uvpx[�[�wrj�k_��rzn_M_ c(v)
¤ÓqTz�_��r_�z�h

v ∈ Xi

 �u¢ln[
c(v) 6= d ÌwTt����k_M�Tz�_�_�w�l�¬¡_Mwrj}l

d
qrt�u¢l�j`q�l�[]_�z �T_�znlnuvp*_oj  &;qTln_7ln[�w�l H(i, c) ∩ Xi = supp(c)  � ¤Ojms!px[?wjns]¨]�rz�wT�][7�]q�_ojt]q�l;_�Òku¡jml Ì  �_$�k_*¥!t]_ a(i, c) = +∞ 

® _��]_��T_M¬¢qr��z�_Mp*s�z�jnu��r_5¤ÓqTz�^�s]¬vwTj$¤ÓqTz a(i, c)  � t�ln[]_�¨�wTjn_7pMwTjn_ Ì i
u¡j5w�¬¡_Mw�¤;q�¤�l�[]_�l�zn_M_7�k_ ×p�qT^5�Lqrjnuªl�u¢qrt  � _Mt�p*_ Yi = Xi �® _� �qrs]¬¡�?¬¢u�BT_7lnq Bit]q�  ln[�_8jnu¡©�_�q�¤;l�[]_8^`u¡t]u¡^�s]^(u¢t��]s�p*_o�

jns]¨]�rz�wT�][� �u¢ln[Ñ�]z�_Mj�p*z�u¢¨L_M�%�k_��rzn_M_Mj Ì ¨]skl5ln[]uvj5uvj�_�Ò]wTp�l�¬¢h |supp(c)|
uª¤

G[supp(c)]
jnw�lnuvj}¥!_Mj�ln[]_

�]_��Tz�_�_�p*qrt��ku¢lnu¡qTt�j Ì w�t!�7uvj +∞
uª¤Hu¢lO�kqi_Mjt]qTl � t8l�[]_�z�_Mp�s]z�jnu#�T_�p�wrjm_ Ì t]qk�k_ i
[�wTjOw�lO¬¡_Mwrj}l;qrt]_�px[]u¡¬¡� �® _��kuvjmlnu¡t]�Ts]uvjn[�p�wTjn_Mj Ì �k_M�!_Mt��ku¡t]�)qrtl�[]_$jnu¢©M_dqT¤»l�[]_�¨�w��5qT¤

i
wTt��7uªlxj�tis]^�¨L_�z�qT¤1px[]u¡¬v�kzn_Mt �

I ~Oj�jms�^`_5¥!z�jml�ln[�w�l i
[�wTj�qrt]¬¡h�qTt]_�px[]u¡¬v� Ì j�wWh j Ì Xi ⊂ Xj Ì w�t!� jnq |Xj | = |Xi| + 1

w�t��
Xi = Xj \ {v}

¤Óqrz�jmqr^`_ �T_Mzml�_*Ò
v  ~O¬¡jnq Ì Yi = Yj Ì jnu¢t!p*_ Xi

�]q�_oj`t]q�l)wT���?w�tih§t]_M �T_Mzml�u¡p�_Mj  a�qrt�jnu¡�k_Mz�w�p�qT¬¡qTz�u¢t�� c : Xi → {0, 1, . . . , d}  a�qrt�jmuv�k_Mz�ln[]_`l} �q8p�qT¬¡qTz�u¢t��rj c0 :
Xj → {0, 1, . . . , d}

w�t��
c1 : Xj → {0, 1, . . . , d}

qT¤
Xj Ì �k_�¥�t]_M�¯wTjO¤ÓqT¬¡¬¢q� ;j � c0 = c1 = cqTt

Xi Ì wTt�� c0(v) = 0 Ì c1(v) = d  Z[]_Mt� �_�¬¢_�l a(i, c) = min{a(j, c0), a(j, c1)} 
I &;q� �wrjnjns]^5_�ln[�w�l i

[�wrjdqTt]¬¡hUqTt]_5px[]u¡¬¡� Ì jnwWhUwT�rw�u¡t j Ì w�t!��l�[�w�l |Xj | = |Xi| − 1
w�t��¦jmq

Xj ⊂ Xi

w�t!�
Xj = Xi \{v}

¤ÓqTz�jmqr^`_1�T_�znln_�Ò
v  ~;¬vjmq Ì Yj = Yi \{v}  � _*l c

¨L_�w$p�qT¬¡qTz�u¢t]�
q�¤

Xi  � l;uvj;p*¬¡_MwTz�l�[�w�l�l�[]_�qTt�¬¢h)t�_�u¡�T[i¨!qrs]zxj�qT¤ v
u¢t

G[Yi]
w�z�_�w�¬¡zn_owT�kh�u¡t

Xi 
�

� ¤
c(v) ≥ 1 Ì ¤ÓqTz�w�tih�p*qr¬¢¬¡_Mp*lnu¡qTt A

q�¤
c(v)

_M�]�T_Mj�u¡t
G[Xi]

p*qTt�t]_Mp*lnu¡t]�
v
l�q��r_�znlnuvp*_Mj

v1, . . . , vc(v) Ì  �u¢ln[ c(vi) ≥ 1
�ñt]q�l�_�l�[�w�l;jns�px[8w`p�qT¬¡¬¢_op�l�u¢qrt�^�wWh�t]q�l�_�Òiuvjml�w�l;w�¬¡¬%! Ì  �_p�qTt�jnuv�k_�zåln[]_�p*qr¬¢qrznu¡t]�

cA
q�¤

Xj

wTj{¤ÓqT¬¡¬¢q� ;j � cA(vi) = c(vi)− 1
¤Óqrz�w�tih

1 ≤ i ≤ c(v) ÌwTt��
cA(w) = c(w)

¤Óqrz;w�tih�q�l�[]_�z �r_�znln_�Ò
w  Z[]_�t8 �_��k_*¥�t�_

a(i, c) = min
A

{a(j, cA)} + 1

�&" � �'�
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�

� ¤
c(v) = 0 Ì  �_�jnu¡^`��¬¢h��]_*¥�t]_ a(i, c) = a(j, c) 

&;qTln_�ln[!w�l; �_d[!w �T_�w�l;^5qrjml
(t)d+1 px[]qTuvp*_oj�¤ÓqTz;jns�px[�w5p�qT¬¡¬¢_op�lnu¡qTt A 

I � t�l�[]_�¬¡wrj}l�p�wrjm_ Ì  �_�p�w�t�jms��]�!q�jm_�ln[!w�l i
[�wTj�l} �q�px[]u¡¬v�kzn_Mt

j1
w�t��

j2 Ì w�t!�7jnq Xi = Xj1 =
Xj2  � _�l c

¨!_8w¯p�qT¬¡qTz�u¢t]�¯q�¤
Xi Ì l�[]_�t supp(c) ⊂ Xi

u¡j���w�znl�qT¤�ln[]_8jns]¨]�Tzxw���[§ �_�w�z�_
¬¢qiq�B�u¡t]�8¤Óqrz �Ë qTz�w�tih �r_�znln_*Ò v ∈ Xi Ì  �_�pMw�¬vp*s]¬vw�l�_5ln[]_7�k_��rzn_M_ dG[Xi](v) 8® _7jms]���!q�jm_ln[�w�l

v
[�wTj;�]_��Tz�_�_

dv
1 , d

v
2

u¢t
H ∩ G[Yj1 ], H ∩ G[Yj2 ]

�
H
uvjl�[]_�jns]¨]�rz�wT�][7 �_�wTzn_�¬¡qiq9Biu¢t��

¤ÓqTz !  Z[]_Mjn_�k_��rzn_M_�jn_�$�s]_�t!p*_Mj�jn[]qTs]¬v�$¨L_�u¢t5jms!px[�w; wWhdlnqd�Ts�wTz�wTt�ln_�_åln[]_�k_M�Tz�_�_�p�qTt��]uªl�u¢qrtqTt
v
u¡^5�!q�jm_o�U¨ih�l�[]_`p�qT¬¡qTz�u¢t��

c  � t�qTln[]_MzO �qTzx�]j Ì u¢¤ c(v) ≤ d − 1
ln[]_Mt¯ �_�jn[]qTs]¬v�U[�w �r_

dv
1 + dv

2 − dG[Xi] = c(v) Ì wTt��%uª¤ c(v) = d Ì ln[]_Mt dv
1 + dv

2 − dG[Xi] ≥ d  � �r_�z�h�jms�px[jm_"$�s]_�t�p�_
D = {dv

1, d
v
2| v ∈ Xi}

qrt �T_�znlnuvp*_oj;qT¤
Xi

�k_*l�_�z�^`u¡t]_oj;l} �q�p*qr¬¢qrznu¡t]��j
cD1
wTt��

cD2q�¤
Xj1

wTt��
Xj2

z�_Mjn�!_op�lnu#�T_M¬¢h 7Ë qTz$_owTpx[§jms!px[¦�!w�u¡z$q�¤�p*qr¬¢qrznu¡t]�rj Ì ¬¡_*l H1
wTt��

H2
¨L_�ln[]_

^5u¢t]u¡^�s�^¹jns]¨]�rz�wT�][�jd �uªl�[¦ln[]_ojm_��k_M�Tz�_�_�p*qrt�j}l�z�wTu¢t�lxj�u¡t
G[Yj1 ]

w�t!�
G[Yj2 ]

zn_ojm�L_Mp*lnu#�T_�¬¡h Z[]_�t
H1 ∪ H2

jnw�lnuvj}¥�_oj�ln[]_$�]_��Tz�_�_�p�qTt�jmlnzxw�u¡t�l�j�u¢^5�Lqrjn_M�7¨ih
c 1® _$�k_*¥�t�_

a(i, c) = min
D

{|H | | H = H1 ∪ H2}

¤ÓqTz`w�¬¡¬��k_M�Tz�_�_)�kuvjmlnz�u¢¨]s]lnu¡qTt�j`wTj�w�¨Lq �T_ UË qTz�_��T_Mznh �T_Mzml�_*Ò  �_�[!w �T_)w�l`^5qrjml d2 �!q�jnjnu¡¨]¬¢_�k_��rzn_M_¯px[]qru¡p�_Mj�¤Óqrz
dv
1

w�t��
dv
2 �® _¯[!w �T_¯wT¬¡jnq |Xi| ≤ t + 1  Z[]uvj)u¡^`��¬¢u¡_Mj�ln[�w�l7l�[]_^5u¢t]u¡^�s�^Ýuvj�l�w9BT_�t�q �T_Mz�w�l�^5qrjml

(t + 1)d2 p*qr¬¢qrznu¡t]�rj 
~�j»l�[]_�jmu¡©�_�q�¤!qTs]z�lnz�_�_ × �k_op*qr^`�Lqrjnu¢lnu¡qTt�uvj�¬¡u¡t]_MwTz�qrt n Ì  �_�pMw�t��]_*ln_Mzn^5u¡t]_w�¬¡¬rl�[]_ �WwT¬¢s�_Mj a(i, c)¤ÓqrzO_��T_�z�h

i ∈ V (T )
w�t!�8_��T_Mznh8p*qr¬¢qrznu¡t]��qT¤

Xi

u¡tUlnu¡^5_�¬¡u¢t]_ow�z�u¢t
n  &;q� :zn_�lns]z�t8ln[�_�^5u¢t�u¢^�s]^��wT¬¢s]_5qT¤

a(i, c)
p�qT^5�]skl�_M�¯¤ÓqTz$wT¬¢¬{p�qT¬¡qTz�u¢t]��j

c Ì ��w�¬¡s]_Mj�u¡t¯l�[]_)jn_*l {0, d}
wTj�jmu¡�Tt�u¢t]�8w�l�¬¡_Mwrj}l�qTt�_

t�qTt × ©�_Mznq+��w�¬¡s]_  Z[]_�lnu¡^5_��k_M�!_Mt��k_�t!p*_$qrt t
¤ÓqT¬¡¬¡q� ;j¤Óznqr^ l�[]_$jmu¡©�_�qT¤H¨�w���j�w�t��7ln[�_�px[]qTuvp*_oj �_

^�wr�k_�s�jmu¡t]�`ln[�_$p*qT¬¡qTz�u¡t]�rj  �

� ��ßiã � ß ��� °É¸¿°�Å
d

 , � � ���	�5���2���+�-
 �-�3
 ��� �-
 �97����F��4
Gf

#-���F�����
d ≥ 3

��4 ��
'&(�F��� 1������
�& �
��6 45, �4=
 ��+�

O((d + 1)f(2k)(f(2k) + 1)d2

n2)
�

� � ãµã�� � ç u#�T_Mt$ln[�_�u¡t]�]skl1�Tzxw���[ G = (V, E) ∈ Gf Ì  �_{¥�zxjml�t]qTlnuvp*_�ln[�w�l�u¢¤]l�[]_�z�_�_�Òku¡jml�j�w�t�u¢t��]s�p*_o�jns]¨]�rz�wT�][
H
q�¤

G
q�¤åjnu¡©�_�w�lO^5qrjml

k
 �u¢ln[¯�k_M�Tz�_�_�w�lO¬¡_MwTjml

d
ln[]_Mt

H
p*qrs]¬v�8¨!_`jms]���!q�jm_o��lnq�¨L_

p�qTt]t�_Mp�l�_M�  fi_Mp�qTt��k¬¡h Ì u¢¤� �_0B�t�q� Ãw �r_�znln_*Ò v
qT¤

H
l�[]_�t

H
uvj�p*qTt�lxw�u¡t]_M�Uu¡t

Nr
G[v]

 �[�u¡px[¦[�wTj
�]u¡wT^`_�ln_Mz�w�l�^`q�j}l

2k  &;q� Ñln[]_Mzn_O_*Òku¡jml�j{ln[]_d�k_Mjnu¡zn_o� H
uª¤»wTt��5qTt]¬¡h`uª¤,l�[]_�z�_;_*Òkuvj}lxjåw

v ∈ V
jns�px[

l�[�w�l
H
uvj;p*qrtrlxw�u¡t]_M�7u¡t

Nr
G[v]  fiq`lnq)jnqT¬#�T_�ln[]_���znqr¨]¬¢_M^. �_d¥�t��7lnz�_�_ × �k_op*qr^`�Lqrjnu¢lnu¡qTt�qT¤ Nr

G[v]¤Óqrz�w�¬¡¬
v ∈ V

qT¤� �uv�iln[
f(2k)

u¡t8�!qr¬¢hit]qr^5u¡wT¬!l�u¢^5_$wTt��)l�[]_�t8z�s]t7ln[]_�w�¬¡�Tqrznu¢ln[�^Æq�¤ � _�^5^�w Õ lnqqr¨kl�wTu¢t7ln[�_$�k_Mjnu¢z�_M�7z�_Mjns]¬ªl  �

Z[]_d¤Ós]t!p�lnu¡qTt
f(k)

uvj8B�t�q� �t)lnq`¨L_
3k Ì Cggk

wTt��
b(b− 1)k−1 ¤Óqrz���¬¡wTt�w�z�Tzxw���[�j Ì �Tzxw���[�jåqT¤�r_�tis�j

g
w�t��5�rz�wT�][�j1qT¤,�]_��Tz�_�_;w�lå^5qrjml

b
zn_ojm�L_Mp*lnu#�T_M¬¢h Ô � Ì�Õ � ÖA � _�z�_ Cg

uvjåw�p�qTt�jml�wTtrl��k_��L_�t��]u¢t]�
qrt]¬¡h�qrt��T_�tis�j

g
qT¤,ln[]_��Tzxw��][  &;q� Cwrjåw�t�_owTjnh`p�qTz�qT¬¡¬¡wTznh$lnq�Z[]_MqTz�_�^ �� �_O[�w �r_ln[]_O¤ÓqT¬¡¬¢q� �u¡t]� 
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 ã � ã 8 8ñ�k� à�� °É¸¿°�Å
d

�2��4>7��%,���� $ ���3�4
O((d + 1)6k(6k + 1)d2

n2) ! O((d + 1)2Cggk(2Cggk +

1)d2

n2)
��4��

O((d+1)2b(b−1)k−1

(2b(b−1)k−1+1)d2

n2)

 ��+���4%������4����81������(& , ! 19���2�5& ,J�$#�1 ��456 ,

g
��4 � 19���2�5& ,?�$#?�9��1��2�2�0��
 �	��,�


b
���-,!�(� ��
 �$��-�  ��

�JI �
M
� � a ZQXS\ j�\�RUR7PS\�M��<l:[

� t ln[�u¡j�jns]¨�jn_Mp*lnu¡qTt¦ �_5�T_Mt]_�zxw�¬¡u¡©�_$l�[]_�z�_Mjns]¬ªlxjdq�¤ål�[]_5¬¡wrj}l$jns]¨�jn_Mp*lnu¡qTt lnq�ln[]_�p�¬¡wrjnjdq�¤
M × ^5u¡t]qTz¤Óz�_�_��rz�wT�][�j  Z�q5�]z�_Mjn_�t�lln[]_�z�_Mjns]¬¢l�j Ì  �_d¥�zxj}l�u¡t�lnz�qi�]s�p*_�w�¬¡¬,l�[]_�zn_"$rs�u¢z�_M���k_*¥!t]uªl�u¢qrt�j 

�ß������ � �ñã�� ��� Û Ùr²ÓÜ�·µÇ Ï ¸L·µ¶�Î Ê � ��

G1 = (V1, E1)

��4��
G2 = (V2, E2)

7�� 
!@A�?�� ,������45
 1������(& , !
��4��

k ≥ 0
��4 �45
 ��1���� ��� ���

i = 1, 2 !
����


Wi ⊂ Vi
! #-����� � ���  � 65� �$#?,����� h

��4 �F����

G′

i

7��	
'&(�
19�����(&���7-
 ���4 ����#������

Gi

7- +�2�-�+� $��4 1 �	,���
8�$# ��� 1��-,�� �5� ,�,� 7��  "����� 
  ��#������ 
'&(� �-�  � 65� Gi[Wi]
�

� ��

F : W1 → W2

7��3�=7� ��� �-
! ��4 7��-
!@A���-4
W1

��4��
W2

� �0�3��� �A4��3
�&5�
h � p*¬¡u#$�s]_ × jns]^ ���+
'&(�

h × jms]^ �$#
G1

��4��
G2

! �9��4���
 ���+7- G1 ⊕h,F G2
! ���J,����� �  G1 ⊕G2

 # 
'&(�����  ,J4 � �2��4 #�6 ,� ��4 ! ��,

'&(� 1��2�2�(&"�97�
 ���4����?7- %
 �4���4 1 
�&5�K6 4* ��4"�<#

G′
1

��4 �
G′

2

7- % ���-4*
  #� ��4 1
w ∈ W1

@ �
'&
F (w) ∈ W2

!
��4��07- ?�����	� $ �4 1+������
�&5���06 � 
! �����%��� 1��-, � � &(� ��+��1 �-, �$#�
�&5� $ ����
  ���-,J�$#

W1
��4 �

W2
�4

Gi⊕G2 , ���������2�3
'&(�O|}qTu¡t �$# 
'&(� ,�6 � �

® _�z�_�^�w�z2B�l�[�w�l ⊕ uvj;t]qTlO �_�¬¡¬��k_�¥�t]_M�MEL�ku�2¿_�z�_�t�l�px[]qru¡p�_Mj�qT¤
G′

i

w�t��7l�[]_�¨]u |}_Mp*lnu¡qTt
F
p*qrs]¬v�

�ru��r_��ku�2L_Mzn_Mt�l�p*¬¡u#$�s]_ × jns]^�j  ~�jn_�$�s]_Mt�p*_$qT¤ h × jns]^�j Ì t]q�ldt]_Mp�_Mj�jnwTznu¡¬¡h�s]t]u%$�s]_ Ì  �[]uvpx[�z�_Mjns]¬ªl�u¢t¯w�rz�wT�][
G Ì u¡j;pMw�¬¡¬¢_o�7w ���  � 65� � ,�6 � ��� �2�����5� ,��
! ��4¦q�¤

G 
�ß������ � �ñã�� ���

h
á ��ß �k� 8 à%ß �¯� ß ä�ä��k��8 ß ������� � �
	 � ��


Σ
7����=,�6 �'#-�����F@ �
'& 7���6 4������� �- ������-,

C1, . . . , Ch

��� 19���2�5&
G

 ,
h � 4��������  3�-�+7��2���9��7-���0�4 Σ !  # G

&5� , �+,�657-,��-

X

�$# ,�����	��
8�	��,�

h !������������wT�]u¡p�_Mj ! ,�6 ��&F
'&(��
 
'&(�����?����� ���(��,�,� 7��  "������
! �0,�657�19���2�5& ,

G0, . . . , Gh

�$#
G \ X

,�6 �2& 
�&5��

���

G \ X = G0 ∪ · · · ∪ Gh
!

� �
G0

 , ���	7����9���97����?�4
Σ ! @A� � � ��4 �-�+7��2�����4 1"�<#

G0
!

� �
G1, . . . , Gh

�����K�5�����@  ,��+�� ,������4*
 !
 �A#-���

1 ≤ · · · ≤ h ! ����
 Ui := {ui1 , . . . , uimi
} = V (G0) ∩ V (Gi)

! Gi

&5� ,?� �(��
�&>�9� �������(��,� �
  ��4
(Bij), 1 ≤ j ≤ mi)

�$#%@  ��
�&=��
8�	��,�

h
,�6 ��&F
'&(��


�$� �"#-���
1 ≤ i ≤ h

��4���#-���
1 ≤ j ≤ mi

@A� &5� $��
uj ∈ Bij

�$7 �"#-���
1 ≤ i ≤ h ! @A� &(� $ � V (G0) ∩ Ci = {ui1 , . . . , uimi

}
��4��3
�&5�8�5���4*
 ,

ui1 , . . . , uimi���9�5�����?��4
Ci

�4=
�&  , �����9��� �$���
�&5�-�% #%@A� @A��� � ����� �9��@  ,��	��� ��4*
  � ����� �9��@  ,�� ���
Z[]_�p�¬¡wrjnj�q�¤��Tzxw��][!j

h × t�_Mw�z�¬¡h`_M^�¨L_M�]��w�¨]¬¡_�u¢t8w$¥�Òi_o�7jns]zn¤ñwTp�_ Σ
[�wTj�¬¡u¢t]_ow�z¬¡qipMw�¬Llnz�_�_ ×  �uv�il�[w�¤´ln_Mz�zn_M^`q �iu¡t]��ln[]_$jn_*l�q�¤Hw���u¡p�_Mj  &Oq�  l�[]_�zn_ojms�¬ªl�q�¤H��qr¨!_Mzmlxjmqrt�wTt���fk_�hi^5qTs]z�uvj�wTj�¤Óqr¬¢¬¡q� ;j �

� ��ßiã � ß ����� ��ã � ß �W�M� ã�� � � ä �µß�à � ã �»��� ����� 	 � ��� � $��-�� 19���2�5&
M


�&5�-�2� �2�9 ,�
 , ��4��45
 ��1����
h ! �9� �(��4����4 1���45�  F��4 
�&5�?,��� �3�$#

M ! ,�6 �2&=
'&(��
�� $��-�� +19���2�5& ��� ��� 65���4 1
M

� ,0�"�0�4���� ����4 7��
��7-
 ���4 ���"7� ���  � 65�?,�6 �?,%�<#?�����9���?��
 �+� ,�
 h

#������ 1������(& , 
�&5��
 ����4 72�
h � 4��������  3�-�+7��2���9���"�4 �

,�6 �'#-� �2�
Σ
�4�@ &  �2&

M
�2��4=4 ��
87��0�-�+7����9�9��� �
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&Oq�ln_�l�[�w�lOjns�px[8w5p*¬¡u#$�s]_$�k_op*qr^`�Lqrjnu¢lnu¡qTt7pMw�t8¨L_�¤ÓqTs]t��7u¡t��LqT¬¡hit]qT^5uvw�¬¿l�u¢^5_ Ì jm_M_ Ô�WÖ � _*l
G
¨!_`w

M × ^5u¡t]qTzO¤Ózn_M_��rz�wT�][ Ì wTt�� (T,B = {Bt}) Ì w�p*¬¡u%$rs�_ × �k_Mp�qT^5�!q�jmu¢lnu¡qTt8qT¤ G
�Tu#�T_Mt

¨ih¯Z[�_�qTz�_�^ P8wTt�� qT¨klxw�u¡t]_M� u¢t£�LqT¬¡hit]qT^5uvw�¬1lnu¡^5_�s�jnu¢t]��l�[]_�zn_ojms�¬ªl�u¡t Ô�WÖ �ç u��r_�t ln[]uvj�z�qiq�ln_o�l�zn_M_
T Ì  �_��k_�¥�t]_ At := Bt ∩ Bp(t)

 �[]_�z�_
p(t)

uvjln[�_�s]t]u%$rs�_���w�z�_�t�l�q�¤�ln[]_ �r_�znln_�Ò
t
u¡t

T Ì w�t��
Ar = ∅  � _�l B̂t

¨L_5ln[]_��rz�wT�][ qr¨kl�wTu¢t�_M� ¤Óznqr^
Bt

¨ih wr�]�ku¡t]�Uw�¬¡¬H�!q�jnjnu¢¨�¬¢_�_o�k�T_oj�¨!_�l} �_M_�t¦ln[]_�r_�znlnuvp*_ojåqT¤
At

wTt���wT¬¡jnq�¨L_*l} �_�_Mt)l�[]_*�T_�znlnuvp*_ojåqT¤
As Ì ¤ÓqTz�_MwTpx[�px[]u¡¬¡� s

q�¤
t Ì ^�w�Biu¡t]� At

w�t!�
As

� j
wrj�p*¬¡u#$�s]_oj  � t�ln[�u¡j wWh Ì G ¨!_op*qT^5_oj�w

h × p�¬¢u%$�s]_�jms�^.q�¤�ln[]_��rz�wT�][�j B̂t Ì wTpMp*qTzx�ku¡t]�$l�q5ln[]_�wT¨!q �r_l�zn_M_
T
w�t��UpMw�tUw�¬vjmq�¨L_,�iu¡_� �_M�UwTjOw`lnz�_�_ × �k_op*qT^5�Lqrjnuªl�u¢qrt8�Tu#�T_�t8¨ih (T,B = {Bt}) Ì  �[�_�z�_$_Mwrpx[

B̂t

uvj
h × t]_ow�z�¬¢h5_M^�¨L_M�]�]wT¨]¬¡_�u¢t8w5jms]zn¤ñwTp�_ Σ

u¡t� �[�u¡px[
M
p�wTt7t�q�l�¨!_�_M^�¨L_M�]�]_M�  � _*l Xt

¨L_�ln[]_
jn_*l�q�¤µw��]uvp*_oj{qT¤

B̂t  Z[]_�t |Xt| ≤ h Ì wTt�� B̂t \Xt

[�wrj{¬¡u¢t�_Mw�z�¬¢qkpMw�¬kl�zn_M_ ×  �u¡�il�[  D�h Gt

 �_O�k_�t�q�ln_
l�[]_$jns]¨]�Tzxw���[�u¡t��ks�p�_M��¨ih�w�¬¡¬)�T_Mzml�u¡p�_Mj�q�¤

Bt ∪s Bs Ì s ¨L_�u¡t]�)w5�k_Mj�p*_Mt��]w�t�l�q�¤ t
u¡t

T ~O�rw�u¡t§l�q¦jnu¢^5�]¬¡u¢¤Óh£ln[]_7�]zn_ojm_Mt�l�w�l�u¢qrt Ì []_Mzn_7 �_7�Tu#�T_�l�[]_7��znqiq�¤;qT¤OZ[]_�qrzn_M^  ¤ÓqTz�ln[�_�pMwTjn_
d = 3  ��_op�w�¬¡¬!ln[�w�l� �_Ow�z�_O¬¡qiq9Biu¡t]��¤ÓqTz�w�jns]¨�jn_*l�q�¤ �r_�znlnuvp*_Mj S Ì qT¤»jmu¡©�_dw�l�^`q�j}l k Ì  �[]uvpx[)u¢t!�ks�p*_ojw`�rz�wT�][

H = G[S]
qT¤�^5u¡t]u¢^�s]^Ý�]_��Tz�_�_�w�l¬¡_Mwrj}ll�[]zn_M_ b�s]z�w�¬¡�TqTz�u¢ln[]^ p�qTt�jnu¡jml�jqT¤�l} �q5¬¢_��T_M¬µq�¤H�khit�w�^5uvpd�]znqr�Tzxw�^5^5u¢t��  Z[]_�lnqr�8¬¢_��T_�¬,qT¤1�]h�t!w�^5u¡p��znqr�Tzxw�^5^5u¢t]�duvj{q �T_Mz1ln[]_dp*¬¡u#$�s]_;�]_Mp*qr^5�!q�jmu¢lnu¡qTt)wTt��` �uªl�[]u¢t�_MwTpx[�jns]¨]�]z�qT¨�¬¢_M^5j{q�¤¿ln[]uvjå�]h�t!w�^5u¡p

��znqr�Tzxw�^5^5u¢t]� Ì  �_)¤Óqkp*s!j$qTt�ln[]_7u¢t��]s�p*_o��jms�¨]�Tzxw��][§qT¤�ln[]_��T_Mzml�u¡p�_Mj�u¡t Bt  b�s]z$¥!z�jml�¬¡_��r_�¬åqT¤�]h�t!w�^5u¡p���znqr�Tzxw�^5^5u¢t]�`p*qr^`��skln_ojln[]_�^`u¡t]u¡^�s]^ jmu¡©�_�qT¤1w�jns]¨]�rz�wT�][�q�¤
Gt

 �u¢ln[�w�jn_*l;q�¤1�Tu#�T_Mt
�]_��Tz�_�_dp*qrt�j}l�z�wTu¢t�lxj{qTt�ln[]_*�r_�znlnuvp*_Mjåq�¤

At  Z[]_Mjn_dp�qTt�jmlnzxw�u¡t�l�j�wTj�¨!_�¤ÓqTz�_�z�_���zn_ojm_Mtrl�ln[]_��k_M�Tz�_�_OqT¤_owTpx[ �r_�znln_*Ò5q�¤
At

u¢t�ln[]_djms�¨]�Tzxw��][
Ht := Gt[St] Ì ln[]_�lnzxwTp�_;q�¤ H u¢t

Gt Ì  �[]_Mzn_ St = S ∩V (Gt)wTt��
Ht = H∩Gt  ~Ot�u¡t�ln_��rz�wT¬r�!w�znl�qT¤]ln[]uvj�l} �q�¬¡_��r_�¬k�khit�w�^5uvpå��znqr�Tzxw�^5^5u¢t]�Ou¡j1wdp*qT^�¨]u¡t�w�l�qTz�u¡wT¬¨LqTs�t���qrt$l�[]_lnz�_�_ ×  �uv�iln[`wTjHwO¤Ós]t�p*lnu¡qTt`q�¤!�!w�zxw�^5_*l�_�z�¤ÓqTzH_Mwrpx[�qT¤ Bt Ì w�¤´ln_Mz1 �_[�w �r_å¨L_�_�t�wT¨]¬¢_�lnqz�_�^5q �r_wT�]uvp*_Mj

Xt

¤Óznqr^
Bt

¨�h�^�w�Biu¢t��$w�¬¡¬]�!q�jnjnu¡¨]¬¢_;px[�qTuvp*_Mj{u¢t� �[]uvpx[`ln[]_Mh`pMw�t5u¡trl�_�zxwTp*l{ �uªl�[�ln[]_
�]_Mjnu¢z�_M��jmqr¬¢s]lnu¡qTt  Z[]_�t]_�Òil�l} �q5¬¢_M^5^5wrj�w�z�_�s�jm_o��¬vw�l�_�zl�q�qT¨klxw�u¡t�l�[]u¡jOp*qT^�¨]u¡t�w�l�qTz�u¡wT¬L¨LqTs�t�� 
��ß � ��� � � ��


H = G[S]
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G
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B̂t[S ∩ Bt]
 ,

����454�� ��
���� �
Z[�_$�]z�q�qT¤1¤ÓqT¬¡¬¢q� ;j;¤Óznqr^.l�[]_��]z�qT�L_�znlnu¡_Mj;q�¤Hlnz�_�_ × �]_Mp*qr^5�!q�jmu¢lnu¡qTtUw�t!��ln[]_�¤ñwTp�l�ln[�w�l At

wTt��
As

� j
wTzn_�p*¬¡u%$rs�_Mj�u¡t

B̂t Ì []_Mzn_ s
uvj�px[]u¡¬¡��qT¤

t
u¡t

T 
��ß � ��� � � ��


H = G[S]
7��0
�&5�	�0�45��06 � �2��454 � ��
 �2�3,�657�1��2�2�(& �<#

G
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'& ����� � � &5� ,�657�19���2�5&
B̂t[St ∩ Bt \ Xt]

&(��,?��
A�+� ,�

3h + 1

����4*4�� �-
 ��� �������(��4���45
 , �
� � ãµã�� � � _�l

C1, . . . , Cr

¨!_7ln[]_�p*qrt]t]_Mp*ln_o�§p*qT^5�LqTt]_Mt�l�j�q�¤
B̂t[St ∩ Bt \ Xt] ¯® _7�]z�q �T_5l�[�w�lu¢l$uvj�u¢^5�Lqrj�jmu¡¨]¬¡_`lnqU[�w �r_

r > 3h + 1  fis��]�!q�jm_5l�[]_)p*qrt �T_�zxjn_ 5Ë qTz�_owTpx[ �T_Mzml�_*Ò v
qT¤

Xt ∩ St Ì �u¢ln[Ñ�k_��rzn_M_
dv

u¡t
Ht Ì ¬¢_�l bv

¨!_7ln[�_7^5u¡t]u¢^�s]^±qT¤
dv

w�t��
3  a�[]qiqrjn_7w�l`^5qrjml b

p*qTt�t]_Mp*ln_M�
p�qT^5�LqTt]_Mtrlxj Ì p*q �r_�z�u¢t]��w�lå¬¢_owTjml b

t]_�u¡�T[i¨LqTzxjHq�¤
v
u¡t

Ht 1® _�w�¬vjmq$wr�]�`ln[]_�p*qTt�t]_Mp*ln_M��p�qT^5�LqTt]_Mtrl �[�u¡px[)p�qTt�l�wTu¢t�jåw�¬¡¬kln[]_ �T_Mzml�u¡p�_Mj1q�¤
At \Xt

�
At

¤Óqrzn^�j{w�p*¬¡u#$�s]_;u¡t
B̂t

!  � _*l A
¨L_�ln[]_Os]t]u¡qTt�q�¤µwT¬¢¬

l�[]_ �r_�znlnuvp*_oj�q�¤Hl�[]_Mjn_�px[]q�jm_MtUp*qTt�t]_Mp*ln_M�¯p*qT^5�LqTt]_Mt�l�j ;Ë qTz�_Mwrpx[�px[]u¢¬v� s
q�¤

t
 �u¢ln[

As ∩ A 6= ∅ Ì �_�u¢t]¤Ó_�zln[!w�l
As \ Xt ⊂ A Ì jnu¡t�p*_ As

¤Óqrzn^�jw�p*¬¡u%$rs�_du¡t
B̂t  � _*l;s�j�lxw�BT_dl�[]_�s]t]u¡qTt�q�¤Hw�¬¡¬¿ln[]_ojm_�r_�znlnuvp*_oj�u¡t

Ss Ì (Xt ∪ A) ∩ St Ì w�t�� S \ St  � _�l H ′ ¨!_�l�[]_�u¡t��ks�p�_M��jms]¨��Tzxw��][�qTt7ln[]_ojm_*�r_�znlnuvp*_Mju¡t
G å® _$p*¬vw�u¡^ l�[�w�l H ′ [�wTj^5u¡t]u¡^�s]^Í�k_��rzn_M_�w�l;¬¡_MwTjmlln[]z�_�_  Z[]uvj� �u¡¬¢¬��Tu#�T_�w5p*qTt�l�z�wr�ku¡p*lnu¡qTt � t!�k_�_o� Ì wrjnjns]^5u¡t]� r > 3h + 1 Ì  �_5[�w �r_ |H ′| < |H | Ì ¨!_op�wTs�jm_5l�[]_�z�_)w�z�_)jnqT^5_9�T_�znlnuvp*_oj�q�¤ Ht

��� õ�RP1����-S
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 �[�u¡px[8w�z�_�u¢tUjnqT^5_�p*qTt�t]_Mp*ln_M��p*qr^5�!qrt]_�t�l
Ci

 �[]uvpx[��kq�t�q�l�u¢t�l�_�zxjm_op�l
H ′  Z»q5�]z�q �T_�ln[]_$p�¬¡wTu¢^ Ì¥!z�jml$t]q�l�_�ln[!w�l$l�[]_��k_M�Tz�_�_5q�¤�_Mwrpx[ �T_�znln_�Ò

v
q�¤

Xt ∩ V (H ′)
u¡t

H ′ uvj�w�l$¬¢_owTjml�ln[]z�_�_  Z[�u¡j�u¡j¨L_MpMw�s�jn_
v
[!wTj{�k_M�Tz�_�_�w�l{¬¡_Mwrj}l

bv

u¡t
H ′

t  � ¤ dv < 3 Ì l�[]_�t v
jm[�qTs]¬v�`¨!_;u¡t

At

�ñuª¤,t]qTl Ì v [�wTjå�k_��rzn_M_
dv < 3

u¡t
H Ì  �[]uvpx[¯uvj�u¢^5�Lqrj�jmu¡¨]¬¡_"! Ì w�t��¯[]_�t�p�_ v

u¡j�p*qrt]t]_op�ln_o��l�q�w�l�¬¢_owTjml
3 − dv

�T_Mzml�u¡p�_Mjdu¡t
S \ St  D�skl S \ St

uvj�u¡t�p*¬¡s��k_o� u¡t
H ′ Ì w�t��¦jnq7_��T_�z�h �T_Mzml�_*Ò�qT¤ Xt ∩ H ′ [�w �T_`�k_��rzn_M_`w�l�¬¡_Mwrj}ll�[]z�_�_�u¡t

H ′  &;q�  Ì  �_��]znq �r_`ln[�w�l�_��r_�z�h�q�l�[]_�z,�r_�znln_�Ò¯q�¤ H ′ [�wTj$wT¬¡jnqU�k_��rzn_M_)w�l$¬¡_Mwrj}l�l�[]zn_M_ Z[�u¡jOu¡jl�znu#�iu¡wT¬¢¬¡h)l�zns�_�¤ÓqTz�l�[]_,�r_�znlnuvp*_Mj;q�¤
H \ Ht Ì ¨L_Mp�wTs�jn_$q�¤ At ∩ H ⊂ H ′  � �T_Mh��r_�znln_*Ò�u¢t A[!wTjl�[]_�j�w�^5_��k_M�Tz�_�_�u¡tU¨!qTln[

H ′ w�t�� H  Z[]_�zn_owTjnqTt7¤ÓqTz�l�[]u¡jOu¡j;ln[�w�l A
uvjl�[]_�s]t�u¢qrtUq�¤{jmqr^5_

p�qTt]t�_Mp�l�_M��p�qT^5�!qrt]_�t�lxj{w�t��5t�q �T_�znln_�Ò�qT¤,w
A
u¡j{lnq�p�qTt]t�_Mp�l�_M�`l�q�w�tih�qTln[]_Mz �T_Mzml�_*Ò`u¢t)wTt�h`q�l�[]_�z

p�qT^5�LqTt]_Mtrl  Z[]uvj��]z�q �T_MjOln[!w�l�_��r_�z�h �r_�znln_�Ò�u¢t A
[!wTj��k_��rzn_M_`w�l�¬¢_owTjml

3
u¢t

H ′  Z�q�p�qTt�p�¬¢s!�k_ Ì �_5�]z�q �T_�ln[�w�l�ln[]_�z�_Mjml�q�¤�ln[]_ �r_�znlnuvp*_Mj�qT¤
H ′ Ì u  _  l�[]_ �T_Mzml�u¡p�_Mjdq�¤ H ′ \ (A ∪ (H \ Ht)) Ì w�¬vjnq[!w �T_5�k_��rzn_M_5w�l$¬¢_owTjml�ln[]z�_�_5u¡t

H ′  �;_�^5_�^�¨!_Mz�ln[�w�l�w�¬¡¬Hln[]_ojm_ �r_�znlnuvp*_ojdwTzn_5u¡t§jmqr^`_ Ss Ì ¤ÓqTz s Ìjns�px[5l�[�w�l
As

[�wTj�w�t]qrt�_�^5�kl}h`u¢t�ln_Mz�jn_Mp*lnu¡qTt� �u¢ln[
A 1® _Op�¬¡wTu¢^Øl�[�w�l�wT¬¢¬�ln[]_ojm_1�T_�znlnuvp*_ojH[�w �r_�ln[]_j�w�^5_��]_��Tz�_�_�u¡tU¨Lq�ln[

H
w�t��

H ′  Z�q)�]z�q �T_�l�[]u¡j Ì t]q�l�_�ln[�w�l H ′ ∩ As = H ∩ As

¤Óqrz�wT¬¢¬�jms�px[
s � t!�k_�_o� Ì As \ Xt ⊂ A Ì wTt��¯jnq As ⊂ A ∪ Xt  � _�l u

¨L_5jns�px[¯w��T_Mzml�_*Ò �® _5p�wTt jns]�]�Lqrjn_�l�[�w�l
u /∈ Xt  � ¤ u ∈ As

ln[]_Mt�p*¬¡_MwTzn¬¡h
u ∈ A Ì w�t���jnq� �_Ow�z�_;�kqTt�_  � ¤ u ∈ Ss \A Ì ln[]_Mt�_��T_Mznh�t]_�u¡�T[i¨LqTzqT¤

u
uvj�u¡t

Hs  D�skl Hs ⊂ H ′ w�t���jmq5 �_�w�z�_��]qTt]_  �

® _��k_�¥�t]_�w �����������4 1$qT¤
At

lnq�¨L_�w`¤Ós]t�p*lnu¡qTt
c : At ∩ S → {0, 1, 2, 3} åË qTz i < 3 Ì c(v) = i^5_ow�t�j�l�[�w�l;l�[]_ �T_Mzml�_*Ò

v
[�wTj��]_��Tz�_�_

i
u¡t8ln[�_$jms]¨��Tzxw��][

Ht

qT¤
Gt

ln[�w�lO �_�wTzn_�¬¡qiq9Biu¢t��5¤ÓqTz;w�t!�
c(v) = 3

^5_MwTt�jOln[�w�l
v
[�wrj��k_M�Tz�_�_`w�l�¬¡_Mwrj}l�ln[]z�_�_`u¡t

Ht  D�h a(t, c)
 �_`�k_�t]qTln_�ln[]_`^5u¢t]u¡^�s�^

jnu¡©�_�q�¤1w`jns]¨]�rz�wT�][�qT¤
Gt

 �uªl�[�l�[]_��]z�_Mj�p*z�u¢¨L_M�7�k_��rzn_M_MjwTpMp*qTzx�ku¡t]��lnq
c
u¡t

At  &;q�   �_��k_ojnp�znu¡¨!_l�[]_$�ku�2L_Mzn_Mt�l�jmln_M��j�qT¤�qTs�z;w�¬¡�TqTz�u¢ln[]^ ��_op*s]zxjnu��r_�¬¡h Ì j}lxw�znlnu¡t]�)¤Óz�qT^Íl�[]_5¬¢_ow �T_oj;q�¤
T
lnq7ln[�_�z�qiq�l Ì ¤Óqrzd_owTpx[�t�qi�]_ t ∈ V (T )

wTt�� � ã �
ß��Lß � à � ã 8 ã � � � �

c
ã��

At Ì  �_dp*qT^5�]s]ln_ a(t, c)
¨�wTjn_M�5qrt)l�[]_1��w�¬¡s]_ojåqT¤

a(s, c)
 �[�_�z�_

s
uvj�w�px[]u¢¬v�

qT¤
t
qrz�j}l�qTz�_

a(t, c) = +∞
uª¤�t]q�jms!px[7jns]¨]�Tzxw���[�_*Òku¢l�j 1® _��k_ojnp�znu¡¨!_�ln[�_ ��wTznu¡qTs�jjmln_M��j�u¢t �Tqr¬��r_M�u¡tUp*qr^`��sklnu¡t]�

a(t, c)
¤Óqrz;w�¥]Òk_M�8p*qr¬¢qrznu¡t]�

c 
�Óu ! ® _`�Ts�_Mj�j�w�jms�¨�jm_�l Rt ⊆ Xt \ At

jms�px[�ln[�w�l
Rt ⊆ St �® _�[�w �r_�w�l�^5qrjml 2h

px[�qTuvp*_Mj;¤ÓqTz
Rt �ñu¢u ! Ë qrzH_MwTpx[+�T_Mzml�_*Ò v

u¡t
Rt Ì  �_�Ts]_ojnj1 �[�_*ln[�_�z v

uvjHwT�W|mwrp*_Mtrl1l�q�w �r_�znln_*Ò$qT¤
Bt\(Rt∪At) Ì u  _  �_�ln_oj}l�w�¬¡¬�ln[]_�l} �q�p*qr¬¢qrznu¡t]�rj

γ : Rt → {0, 1}
jms�px[¯ln[�w�l

γ(v) = 1
^`_ow�t�j

v
u¡j�wT��|mwTp*_Mt�l

lnq�w+�T_Mzml�_*Ò)q�¤
Bt \ (Rt ∪At)  Z[]_�tis]^�¨L_�z�qT¤�jns�px[7p�qT¬¡qTz�u¢t��rj�u¡j�w�l^5q�j}l 2h {Ë qrzw�¥]Òk_o�p*qr¬¢qrznu¡t]�

γ Ì  �_��rs]_Mj�j�qTt]_ �T_�znln_�Ò�u¡t Bt \ (Rt ∪ At)
 �[]uvpx[� �_�jns]�]�]�Lqrjn_$l�q�¨L_�u¡t

St Ì ¤ÓqTz_Mwrpx[Uq�¤1ln[]_ �T_Mzml�_*Ò
v
u¡t

Rt Ì jms!px[7l�[�w�l γ(v) = 1 ;Ë qTz;_owTpx[�p*qr¬¢qrznu¡t]� γ Ì  �_$[�w �T_$w�lO^5qrjml
nh
px[]qru¡p�_Mj�¤ÓqrzHln[]_�t�_�  �T_Mzml�u¡p�_Mj1 �[]uvpx[�p*qTs�¬¡�`¨L_;u¢t!p*¬¡s��k_M�5u¡t

St  � ¤,w*�r_�znln_�Ò�[�wTj γ(v) = 0 Ìuªl�uvj�t]q�l�w�¬¡¬¢q� �_M��lnq`¨!_�wT�W|mwrp*_Mtrl�lnq5w�tih9�T_Mzml�_*Ò�q�¤
Bt

¨L_Mjnuv�k_Ol�[]_*�T_Mzml�u¡p�_Mj�u¢t
At ∪Rt  � _*l

Dγ
t

¨L_�ln[]_ojm_�t]_M �¬¢h�px[]qrjn_�t��T_Mzml�u¡p�_Mj�w�ll�[]u¡j;¬¢_��T_�¬ 
�Óu¡u¢u ! &;q�   �_)zn_M^5q �T_)w�¬¡¬{l�[]_ �r_�znlnuvp*_oj�q�¤

Xt

¤Óznqr^
Bt  � _M^`^�w���_�t�jns]z�_Mj�l�[�w�l�ln[]_7u¢t��]s�p*_o��Tzxw��][

B̂t[St ∩Bt \Xt]
[�wrj�w�l�^5qrjml

3h+ 1
p�qTt]t]_op�l�_M��p�qT^5�LqTt]_Mtrlxj  &;q� C �_O�rs]_Mj�jåln[]_ojm_p*qrt]t]_Mp*ln_o�Up*qT^5�LqTt]_Mt�l�j;qT¤

B̂t[St ∩ Bt \ Xt]
¨ih��Ts]_ojnjnu¢t��)w �T_Mzml�_*Ò�¤Óz�qT^Ýln[�_Mjn_�p*qrt]t]_Mp*ln_o�

�&" � �'�
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p*qr^`�LqTt�_�t�l�j�u¡t
Bt \ Xt  fiu¡t�p�_$ �_�t�_�_M�7l�q)px[]qiqrjn_�w�l;^5qrjml 3h + 1

�T_Mzml�u¡p�_Mj�ln[�u¡jO �wWh Ì  �_[�w �T_�w�l^5q�j}l
(3h + 1)n3h+1 t]_M  px[]qru¡p�_Mj  � _*l�l�[]_Mjn_�t]_� �¬¡h�px[]q�jm_Mt��r_�znlnuvp*_oj�¨L_ F γ

t

w�t!�

Rγ
t = Rt ∪ Dγ

t ∪ F γ
t ∪ {v ∈ At \ Xt | c(v) 6= 0}.

� _�l
G∗

t

¨!_�ln[]_`�Tzxw���[�u¡t��ks!p*_M�¯¨ih�l�[]_
k × t]_Mu¢�r[i¨!qrzn[]qiqk��q�¤åwT¬¢¬��T_Mzml�u¡p�_Mj�qT¤ Rγ

t

u¡t
B̂t \ Xt Ìu  _  G∗

t = (B̂t \ Xt)[N
k(Rγ

t )] 
�ñu���!7�åwTpx[8p*qrt]t]_op�ln_o��p�qT^5�!qrt]_�t�lq�¤

G∗
t

[�wTj�kuvw�^5_*l�_�z�w�l^5qrjml
2k
u¡t

B̂t \Xt  ~�j B̂t \Xt

[�wTj
¨!qrs]t��k_o��¬¡qkp�wT¬rl�zn_M_ ×  �u¡�kln[ Ì l�[]u¡j1u¡^5�]¬¡u¢_oj�ln[�w�l G∗

t

[�wrj�lnz�_�_ ×  �uv�iln[�¨!qrs]t��k_o��¨ih$wO¤Ós]t�p�l�u¢qrt�qT¤
k  D�h�l�[]_�zn_ojms]¬¢l1q�¤ æ _�^�w�u¡t]_�w�t!� � w�|}u¡wT�T[�wWhiu Ô P Ö Ì l�[]u¡j�¤Ós]t!p�lnu¡qTt`u¡t�l�[]_���zn_���u¡qTs!j�jml�w�ln_�^5_Mtrlp�wTt7¨L_$px[]qrjn_�t7lnq�¨L_�¬¢u¡t]_ow�z 

� ��! � t¦ln[]uvj�j}l�_��£ �_�¥!z�jml�¥�t��£w7lnz�_�_ × �k_op*qT^5�Lqrjnuªl�u¢qrt (Tγ , {Up})
q�¤

G∗
t  &Oq�  jnu¢t!p*_ As ∩ G∗

tu¡j�w�p*¬¡u%$rs�_�u¢l$w��]�L_MwTz�j�u¢t¦w�¨!w���q�¤{l�[]u¡jdl�zn_M_ × �k_Mp�qT^5�Lqrjnuªl�u¢qrt  � _�l�l�[]_5t]qk�k_5zn_M�]zn_ojm_Mt�lnu¡t]�ln[]uvj¨�wT��u¡t�l�[]uvj�lnz�_�_d¨!_
p  &Oq�   �_�^�w�Br_dw`t]_M  ¨�wT�`p�qTt�l�wTu¢t]u¡t]��ln[]_*�r_�znlnuvp*_Mj�q�¤ As ∩G∗

tw�t��7^�w�Br_du¢l;w`¬¢_ow�¤�qT¤�l�[]_dlnz�_�_
Tγ

¨ih�wT���ku¢t��5w`t]qk�k_�wTt��7p�qTt]t�_Mp�l�u¢t���l�[]uvjt]qk�k_�lnq
p  D�hw�¨]s!jm_�qT¤�t]qTl�w�lnu¡qTt Ì ¨ih s

 �_��]_�t]qTln_�ln[�u¡j��ku¡jmlnu¡t]�rs]u¡jn[]_o�7¬¡_Mw�¤1p�qTt�l�wTu¢t�u¢t]�`l�[]_�¨�w��
As ∩ G∗

t ® _dw�¬vjmq$wr�]��w�¬¡¬]l�[]_5�r_�znlnuvp*_Mj{q�¤ At

lnq�w�¬¡¬]ln[�_O¨�wT�rjHqT¤Ll�[]uvj{l�zn_M_ × �k_Mp�qT^5�!q�jmu¢lnu¡qTt` �[]uvpx[�qTt]¬¡hu¢t!p*z�_MwTjn_MjHln[]_d¨�w��$jnu¡©�_O¨ih5w�l�^`q�j}l
h  &;q� É �_�wT�]�]¬¡h`w$�]h�t!w�^5u¡pO�]z�qT�Tzxw�^5^5u¡t]��w�¬¡�TqTz�u¢ln[]^jmu¡^5u¢¬vw�z;lnq5ln[�_�qTt]_� �_�s�jn_M�7¤ÓqTzl�[]_$¨LqTs]t��]_M��¬¢qkpMw�¬,l�zn_M_ ×  �u¡�il�[Up�wTjn_  �;_�^5_�^�¨!_Mz�ln[�w�l�¤ÓqTz_Mwrpx[7px[]u¡¬¡�

s
q�¤

t Ì  �_d[�w �T_�w�¬¢_ow�¤»u¡t�l�[]uvj��k_Mp�qT^5�!q�jmu¢lnu¡qTt7 �uªl�[�l�[]_�¨�w�� As ∩G∗
s  Z[]_�w�u¡^u¡j�l�q`¥�t��8w�t7u¢t��]s�p*_o��jns]¨]�rz�wT�][� �[�u¡px[�zn_ojm�L_Mp*l�jw�¬¡¬¿ln[�_�px[�qTuvp*_Mj� �_�^5wr�k_�w�l�_MwTzn¬¡u¡_�zj}l�_���j

w�¨Lq �T_ Ì w�t��7 �[]uvpx[7[�wrj�ln[]_�^5u¡t]u¡^�s]^Íjmu¡©�_ 
® _�jml�w�znl�¤Óznqr^ l�[]_d¬¢_ow �T_Mjåq�¤µl�[]uvj��]_Mp*qr^5�!q�jmu¢lnu¡qTt Tγ

w�t!�)�Tq�lnq�uªlxj�z�qiq�l  ~�l�ln[]uvj��!qru¢t�l �_[�w �T_$wT¬¢¬»ln[]_ �WwT¬¢s�_Mj¤Óqrz
a(s, c′) Ì ¤ÓqTzdw�¬¡¬µ�Lqrj�jmu¡¨]¬¡_�p*qr¬¢qrznu¡t]�rj c′

q�¤
As Ì  �[]_Mzn_ s

uvjOw�px[]u¡¬¡�8qT¤
t
�Ó¨L_MpMw�s�jn_$q�¤H¥!z�jmlO¬¡_��T_M¬»qT¤å�khit�w�^5uvp��]z�qT�Tzxw�^5^5u¡t]� !  &Oq�  lnq�p�qT^5�]skl�_ a(t, c) Ì  �_�wT�]�]¬¡hln[]_��khit�w�^5uvp5�]z�qT�Tzxw�^5^5u¡t]�Uw�¬¡�TqTz�u¢ln[]^ q�¤ � _M^`^�w Õ  �u¢ln[£l�[]_)z�_Mjmlnz�u¡p*lnu¡qTt¦ln[!w�l$¤Óqrz�_Mwrpx[�� ,�
!�4 196  ,<&5����¬¢_ow�¤

s
q�¤µl�[]u¡j��]_Mp*qr^5�!q�jmu¢lnu¡qTt Ì  �_d[�w �T_dw�¬¡zn_owT�kh�w�¬¡¬¿ln[�_ ��wT¬¢s]_oj a(s, c)

¤ÓqTz�w�¬¡¬
p*qr¬¢qrznu¡t]�rj�qT¤

As ∩ G∗
s

�ñ �_)_�Òiln_�t!�¯l�[]uvj�p*qr¬¢qrznu¡t]�7lnq¯wT¬¢¬
As

¨ih¯�Tu#�iu¢t��7l�[]_)©M_�z�q ��wT¬¢s]_oj�lnq�T_Mzml�u¡p�_Mj{qT¤
As \G∗

s

!  &Oq�ln_;ln[�w�låln[�_OqTt�¬¢h5�ku�2L_Mzn_Mt�p*_;¨L_*l} �_�_Mt5ln[]uvj��khit�w�^5uvp��]z�qT�Tzxw�^5^5u¡t]�w�t��7l�[]_�qTt]_�qT¤»ln[�_ � _�^5^�w Õ u¡j�l�[]_� wWh� �_�u¡t]u¢lnuvw�¬¡u¢©M_�l�[]_�¬¡_Mw �T_oj�q�¤�ln[]_�l�zn_M_ 
� ��u !���_*l�s]z�t)ln[�_O^5u¢t�u¢^�s]^ jmu¡©�_�q�¤»w�jms]¨��Tzxw��][� �u¢ln[�l�[]_��k_��rzn_M_Op*qrt�j}l�z�wTu¢t�l

c
qTt

At Ì wT^`qrt]��wT¬¢¬ln[]_$jns]¨]�rz�wT�][�j� �_�¤ÓqTs]t���ln[�u¡j� wWh  � _*l a(t, c)
¨!_�l�[]u¡j^5u¡t]u¡^�s]^ 

� �iu¢u ! � ¤å¤ÓqrzdjnqT^5_+�T_�znln_�Ò
t
w�t�� w7p�qT¬¡qTs]z�u¡t]�

c : At → {0, 3} Ì  �_�[!w �T_ 1 ≤ a(t, c) ≤ k Ì z�_*l�s]z�tQ5Ç!Î  � ¤1t]q�l Ì  �_�p�qTt�p�¬¢s!�k_dln[�w�lOjms�px[8w5jms�¨]�Tzxw��][8�kqi_Mjt�q�l;_*Òkuvj}l 
Z[�u¡j�p*qr^`��¬¢_�ln_Mj{ln[]_��k_ojnp�znu¡�klnu¡qTt�qT¤,ln[]_dw�¬¡�Tqrznu¢ln[]^  &;q� É �_��kuvjnp�s�j�j{l�[]_;l�u¢^5_�p�qT^5�]¬¡_*Òku¢l}h`qT¤,ln[]_wT¬¢�rqTz�uªl�[]^  � _*l CM

¨!_�l�[]_Op�qTt�jml�wTtrlå�]_��L_�t��ku¡t]�$qrt]¬¡h�qrt`¬¡u¡t]_MwTz{¬¢qkpMw�¬]l�zn_M_ ×  �u¡�kln[5q�¤¿ln[�_Ojms�zm¤ñwrp*_Mju¡t) �[]uvpx[
M
p�wTt�t]q�l�¨!_�_�^�¨!_o�]�k_M� {Ë qTz�_Mwrpx[5¥]Òk_M��p*qr¬¢qrznu¡t]� c Ì  �_;t]_�_o� 4CM k(CM k +1)9n4h+1l�u¢^5_�l�q`qr¨kl�wTu¢t

a(t, c)
 �[]_�z�_

t ∈ T  &;q�  Ì jnu¢t�p�_dln[]_�tis]^�¨!_Mz�q�¤Hp*qT¬¡qTz�u¡t]��qT¤�_owTpx[ At

u¡j�w�l�^`q�j}l
4h Ì wTt���jmu¡©�_�qT¤»ln[�_$p*¬¡u#$�s]_ × �k_op*qr^`�Lqrjnu¢lnu¡qTt�u¡j O(n) Ì  �_��T_*ll�[]_�¤ÓqT¬¡¬¢q� �u¡t]�`ln[�_�qTz�_�^ �

��� õ�RP1����-S
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d ≥ 3
�

� ���$2 	��*4�+»���$2
� t8l�[]uvj���w��L_�z� �_�u¡t�lnz�qk�ks�p*_o� Ì c¯f]c æ d

�]z�qT¨]¬¡_�^ Ì w5�T_�t�_�zxw�¬¡u¢©ow�lnu¡qTt7q�¤1¥�t��]u¢t]�7jm[]qrzml�_Mjml;p*hkp*¬¡_$u¡tw��Tzxw��][ w�t�� j}l�s��ku¡_M� uªld¤Óznqr^Íln[]_9�iu¡_� Ã�LqTu¡t�ldqT¤å��w�zxw�^5_�ln_�z�u¡©�_M�Up�qT^5�]¬¡_*Òku¢l}h �® _5jn[]q� �_M�8l�[�w�ll�[]_�c¯f]c æ d

uvj ®�Ô¡Õ*Ö¡× [!w�zx�8u¢tU�r_�t]_Mz�wT¬µs]t��ku¡z�_Mp�l�_M�8�rz�wT�][�j¤Óqrz d ≥ 3
w�t!�8�rw �T_d¥]Òk_o�U��w�zxw�^5_�ln_�z

l�z�wrp�lxw�¨]¬¡_{w�¬¡�Tqrznu¢ln[]^�j¿ �[]_Mt�ln[]_åu¢t]��skl��rz�wT�][� wTjµ_�u¢ln[]_Mzµq�¤k¨LqTs]t��]_M��¬¡qipMw�¬Tlnz�_�_ ×  �uv�iln[�qTz»_*Ò]p*¬¡s��k_o�w�¥]Òk_M�5^5u¢t�qTz
M 1® _O¨L_�¬¡u¢_��T_�l�[�w�l�qTs]z�w�¬¡�TqTz�u¢ln[]^5uvp�u¢t�uªl�u¡w�lnu¡qTt�jå �u¢¬¡¬�l�znu¡�T�r_�zH¤Ós�zml�[]_�z�zn_ojm_ow�zxpx[�qrtl�[]_$�]z�qT¨�¬¢_M^  Z[]uvj; �u¡¬¢¬�[]_�¬¡�Us�j�u¡tUs]t��]_�zxj}lxw�t��ku¡t]��t]qTlOqTt�¬¢h�ln[]uvjO��znqr¨]¬¢_M^.¨]s]l�w�¬vjmq5l�[]_�p�¬¢q�jm_M¬¢hz�_�¬vw�l�_M�?�]znqr¨]¬¡_�^±qT¤ æ k

f  Z[]_8��wTz�wT^`_�ln_Mznu¡©�_o�£lnzxwTp*l�w�¨�u¢¬¡uªl}h?q�¤Ol�z�w�G�p7�Tz�qiqT^5u¡t]�¯�]z�qT¨�¬¢_M^(j}l�u¢¬¡¬
z�_�^�wTu¢t�j�qr�!_Mt 
�5��� ��ãiâ 8 ß ä�� ß � ß � ��� Z[]_Uw�skl�[]qTzxj` �qrs]¬v��¬¡u�Br_7l�q¦ln[�wTt(B?c {Ë _�¬¡¬¢q� ;j Ì f  y��Mzn_Mt]t]_Mj�wTt�� æ�� q9Bkjn[rlxw�t]q �`¤Óqrz�u¢t�jnu¡�T[�lm¤Ós]¬¡¬»�kuvj�p*s�j�jmu¡qTt!j 
� ��#���1��2�	���+

Ô¢Õ�Ö b  ~O^`u¡t]u Ì f  y���z�_�t�t]_Mjdw�t�� �  fkw�s  "?������4��-,�,	��4 � � ������� �9��+��
! ��4 �$# � �2�����	� �������0�4 1 !�Ow��]�LqTznl;�k_$��_Mpx[�_�zxpx[]_ � &�� � ~ Ì ���r��� Ì jns]¨]^5uªlnln_o� 
Ô � Ö �  ~;t!�k_�zxjm_Mt Ì �A�4����4 1 ����� 1 � ��4�� ,��+����� ���-45,-� ,�657�1������(& , Ì [�lnln� ��
�
 w�z � u#� � p�j 
 �i�������T��� � ÕTÌ�T�T�i� Ì jms�¨]^5uªlnln_M� 
Ô � Ö D  a�[�qTz Ì c TË _M¬¢¬¡q� ;j Ì c  ~  �;w���w�t Ì �  �Ow�©��rqTt Ì�Ë� ��q�jnwT^5qTt��`w�t��5f  fit�u¢z  a�qTt�t]_Mp*ln_M�`p*qr¬ ×qrznu¡t]��p*qr^5�]¬¢_�lnu¡qTt�¤ÓqTzH�r_�t]_Mz�wT¬k�Tzxw��][�j � wT¬¢�rqTz�uªl�[]^�j�wTt��`p*qT^5�]¬¡_*Òku¢l}h  � ���	���������4 1�,{a�b�a�b�b &�T�T�i� Ì fi�]z�u¢t��T_�z ×� _�z�¬¡wT� Ì � � ��
 6 ����� ��
��-, �4 ��������6 
 �-� ) �- ��4 ��� Ì ���r��� Ì l�q5wT�]�L_Mw�z 
Ô P Ö � �æ _�^�w�u¡t]_ Ì c  Z  � w�u |mw��r[�wWhiu Ì�� � 6 �$������-4��2� �$# � �	����� � ������@  ��
'& ��4�� � �4������ � �	�����
�(������@  ��
'&=��4��+�
 , �J� 1 �����
'& �0 � �8�9� �  ����
! ��4(, Ì ���T�r�

�&" � �'�
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Ô �Ö � {æ _M^5wTu¢t�_ Ì c  Z  � w�|}u¡wT�T[�wWhiuåwTt����  a  ��wW w�zxw�¨!wWhrwTjn[]u Ì �J� 1 �����
'& �0 ��� �����(&�� �4����� &5�2���� ��A.0� �2�����5� ,��
! ��4 ! � �9� ��������+��
! ��4"��4��0�����������4 1 Ì � t$yåznqkp*_M_M�ku¡t]��q�¤iln[]_8Pr��ln[$~Ot]tis�w�¬� �å�{�?fihi^5�!q�jmu¡s]^�qrt Ë qTt���w�lnu¡qTt!j1q�¤»a�qT^5�]skl�_�zåfkp�u¢_Mt�p*_ � Ë b�af�! Ì y1wT�T_oj��r��� × �9Pr� Ì bdp*lnqT¨L_�z�T�T� k
Ô � Ö � !ç`�æ q� �t]_�h�wTt���c  � �Ë _�¬¡¬¢q� ;j  �K�������+�-
 ������ ���=�����������2���
   fi�]z�u¢t]�r_�z × � _Mzn¬vw�� Ì!Õ ��� �]
Ô � Ö � �æ s]lml�w5wTt���&  ��qTs!j<B�wTj Ì � �2�����J19�������0�4 13�4��	.�� 4���
 @A��� � , � �K� ,�
K��4���#�6 
 6 ��� Ì � �{�{�&O_*l} �qTz2B Ì � � Ì &  � Ì yHw��T_oj Pr� ×  � Ì ���T��� 
Ô � Ö�æ� �{�]��jmln_Mu¢t Ì .  ���+�-
 ���0��4 ��� ����� � @  ��
'&=�4�� �4 ��� � ����� ,���� � ���2�5& � ���0��  �-, Ì ~;¬¡�TqTz�u¢ln[]^5uvp�w Ì
� � �ñ� × P ! Ì �r� �� � �]ÕrÌ ���r�T� 

Ô ��Ö���]Ë _Mu¢�r_dwTt�� ç` ��qTznl�j�w�z�©Ow�t!� æ� y�_M¬¢_M� Ì � &(�J.?��4(,�� k � )*657�1��2�2�(&+� ���97������ Ì ~O¬¢�rqTz�uªl�[]^5u¡pMw Ì
�
	 Ì t  � Ì P Õ � � Pi� ÕTÌ ���r� ÕT

Ô¡Õ � Ö c LË _�¬¡¬¢q� ;j Ì�æ� � _�z�^`_M¬¢u¡t�w�t!� Ë� ��qrj�w�^5qrt��  b�t8ln[�_�¥]Òk_M� × ��wTz�wT^`_�ln_Mz�u¢t�lnzxwTp*l�wT¨]u¢¬¡u¢l}h7w�t!�l�z�wrp�lxw�¨]u¡¬¢u¢l}h)qT¤�^�s]¬ªl�u¢��¬¢_ × u¡t�ln_�z.��w�¬,�rz�wT�][��]z�qT�L_�znlnu¡_Mj  c�wTt�s!jnp�znu¡�kl Ì �T�T�i� 
Ô¡ÕTÕ�Ö � �Ë ¬¡s]^ÝwTt��7c !ç znqr[]_ Ì ���������	��
���������������������������
! � &(������ Ì fi�]z�u¢t]�r_�z × � _Mzn¬vw�� Ì �T�T�r� 
Ô¡Õ � Ö c ¿ç z�qT[]_ Ì � � �2��� �(����� � @  ��
'& ! � � �-� 65������� �4 ����,0��4�� � ������� �9��+��
! ��4 �J� 1������
�& � , Ì a�qT^�¨]u ×t!w�lnqrznuvp�w Ì � � Ì t  P Ì � Õ � � �T��� Ì �T�T�r� 
Ô¡Õ � Ö f  ��[�q�l Ì� 6 � �4 1 ��6 
 � ��� ¸ #-��� 19���2�5& �?�4 � 7- ,�� ��
  ��4 ! �9��4(,��-,�
	,�657�19���2�5& ��4�� 7� �(����
 �
 �

���  � 65� ÌLË b�af Ì,Õ �T� �LÕ P kÌ ���T�9P
Ô¡Õ P Ö �  � � wW �¬¡_�z Ì �����+7-�4 ��
 ���� ��� � � 
 ��0�����
! ��4���� ��
 @A��� � ,?��4����=��
!���� ��, ! � qr¬ªl Ì ��u¡t]_M[�w�znl�w�t!�

® u¡t�jmlnqrt ÌµÕ	� ��� 
Ô¡Õ �Ö �  &;u¡_M�k_Mzn^5_�u¡_�z Ì �-4 $��
���
  ��4 
�� �A � �����K�������	��
 �-� �J� 1 �����
'& �?, ��bOÒi¤ÓqTzx� � t]u��r_�zxjmu¢l}h£y{z�_Mj�j Ì�T�T�r� 
Ô¡Õ � Ö &  ��qT¨L_�znl�jnqTt¦w�t��¯y  fi_�hi^5qTs�z Ì � �����(& �?�4 ����,�� ! � � �-� 65���4 1>�?������4����%19�����(& Ì �  a�qr^�¨ Z[�_�qTz�h Ì fk_�z�u¢_ojKD Ì � � Ì t  � Ì � � �¿ÕTÕ P Ì�Õ � � � 
Ô¡Õ � Ö &  �;qT¨L_�znl�jnqTt�w�t!�Uy  fi_Mhi^`qrs]z Ì �8�2�2�(&=�0�4�����,����� ! � � ��� 65���4 1 �"4���4 � ������4���� 19���2�5& ! � a�qr^�¨  Z[]_�qrznh Ì fk_�z�u¢_ojKD Ì � � � Õ	��� � ! Õ�� �r� 
����2�
���2�
�+
� � � �M� ã ä ����� �ñã�� �
� n ���µß ä � �k����� ß � ß � � �µá � ���]�T�M�k� � 8 � � àÑã���°É¸¿°�Å d

� ã �
d ≥ 3

�
� ¢Õ ç wr�k�T_�l�a�qTt�jmlnz�s�p�l�u¢qrt�wTt�� � w�zx�kt]_ojnj��;_Mjns]¬ªl�¤Óqrzln[]_�a�wrjm_ d = 3 ������d� �
�  � ç _Mt]_�zxw�¬¡u¡©�u¡t]�`ln[]_ ®�Ô¡Õ*Ö¡× [�wTz��]t]_Mj�j�q�¤å°Ñ¸¿°?Å d

¤ÓqTz
d ≥ 4 �����������d� �

��� õ�RP1����-S



�T� �����J�?�4*����	� ) ��6
� )�� ) ��6 ����72&

� n � � ��8 � ã � � � � ��� �Aã � � ����� � � â�� � ��� � �'8 ��ä ß ä 7 � ��ã ��� ���
� ¢Õ yåzn_M¬¢u¡^5u¢t�wTznu¡_Mj ����������d����������d�����������d�«ÕrÕ�  � ç zxw���[�j �uªl�[ D�qrs]t��k_o� � qkp�w�¬µZ�z�_�_ × ® uv�iln[ � �����d�����������d�«ÕrÕ�  � M × ^5u¢t�qTz�¤Ózn_M_��Tzxw��][!j ������d����������d�����������d�«Õ P

� 
 ã�� � 8 ��� �Eã�� ���

�&" � �'�



Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)84�6����� �������	� @ >?�0# > � @ 56#

ISSN 0249-6399


	Introduction
	Fixed Parameter In-Tractability of MSMDd for d3
	Gadget Construction and Hardness Result for the Case d=3
	Generalizing the W[1]-hardness of MSMDd for d4

	FPT algorithms for Graphs with Excluded Minors
	Preliminaries
	Graphs with Bounded Local Tree-Width:
	M-minor free graphs

	Conclusion

