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[]\M^`_�a�bdc/egfihkjmln\M^`_oj�p*qr^`^�s]t]uvp�wTtrlxj
y{znqT|}_*lxj�c�~�f�a�bdZ�Z
�

�;w����!qrzml;�k_�z�_Mpx[]_Mz�px[�_�tL�1�W�o�W�8e��Ts�t]_$���T�i�de��T�`��w��r_Mj

�����M�����]�T�T��� t�ln[]uvj$��wT�!_Mz���_�u�t]u�lnuvw�ln_)ln[]_�j}l�s��kh q�¡
¢�t��]u�t]�£w�t¤u�t��ks�p�_M��jns]¥]�rz�wT�][ q�¡Ojnu�¦M_�w�l
^5q§j}l

k
��u¨l�[�^5u�t]u�^�s�^©�]_��Tz�_�_7w�l�ª�_Mwrj}l

d «­¬ _7pMw�ª�ª{ln[�u�j��]z�qT¥]ª�_�^¯®�°²±³°²´�µ³´·¶Lµ¹¸Lº�»½¼¹¾]¿ÁÀ�Â
®?°²±³°²´Oµ¹´ÄÃ`Å!º¹»,Å]Å

≥d Æ ®Ç¶½®�Ã d È «;É qrz d = 2 Ê u¨ldp*qTz�z�_Mjn�!qrt��]j
l�q�¢�t��ku�t]��w�jm[]qrzml�_MjmlOp*hkp*ª�_$qT¡l�[]_`�Tzxw��][ « Z
[]_`�]z�qT¥]ª�_�^ËuvjÌj}l�znqrt]�Tª�h8zn_Mª�w�ln_M�Ulnq7ln[]_�Ã5Å]±¹ÍMÅ
k Î ¶½µ³¸Lº�»½¼¹¾]¿��]znqr¥]ª�_�^Ïw�t��­u�jdqT¡

u�t§ln_Mzn_oj}l�u�t���z�wrp�lnuvp�wTª,w��]�]ª�uvp�w�l�u�qrt�j «
¬ _$jm[�q��Cln[�w�l
ln[]_�®Ð¶,®Ð¶ d

uvj�¢]Ñk_M�7��wTz�wT^`_�ln_Mz�u�t§lnzxwTp�lxw�¥]ª�_�¡ÒqTz
d ≥ 3

u�t7�r_�t]_Mz�wTª½�Tzxw��][�j�¥ih
jn[]q���u�t]�Ìu¨lHl�q�¥!_ ¬�Ó�Ô�Õ�Ö [�w�zx��¥§h`wÌzn_o�ks�p*lnu�qTt`¡Òznqr^×®�µ¹Ø�Ù,° Î�Ú À¹ØiÀ�» Ú Ør°ÒÛ�µ³Å « b�t`ln[�_;w�ª��TqTz�u�ln[]^5uvpjnuv�k_ Ê ��_
jm[]q���ln[�w�l�l�[]_
�]z�qT¥]ª�_�^Áuvj�¢]Ñk_M����w�zxw�^5_�ln_�z�l�z�wrp�l�wT¥]ª�_�u�t��rz�wT�][�j���[]uvpx[�_�Ñkp�ª�s!�k_M��^5u�t]qrz�jwTt��Ð�Tzxw��][!j���u�ln[C¥LqTs�t��k_M�Ðª�qkp�w�ª
l�zn_M_ Ö ��u��kln[ « � tÇ��wTzml�u�p�s]ªvw�z Ê l�[]u�j)u�^5�]ª�u�_oj5ln[!w�l�ln[�_��]z�qT¥]ª�_�^uvj�¢]Ñk_M���!w�zxw�^5_*l�_�z$l�z�wrp�lxw�¥]ª�_�u�t?�]ªvw�t!w�z`�Tzxw��][�j Ê �Tzxw��][!j$q�¡�¥!qrs]t��k_o���T_Mtis�j�wTt��¤�rz�wT�][�j$��u�ln[¥LqTs�t��k_M��^�w�Ñku�^�s]^Ü�k_��rzn_M_ «ÝUÞ§ß½à�á�â ��ã��T� yHw�zxw�^5_*l�_�z�u�¦M_M�$p�qT^5�]ª�_*Ñku�l}h Ê�É yäZ�wTª��rqTz�u¨l�[]^�j Ê�å _�t�jn_�jns]¥]�rz�wT�][�j Ê�æ z�wT�][�^5u�t]qTzxj Ê�{Ñkp�ª�s!�k_M��^5u�t�qTz «
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 ��� _�¥]skl��k_�p�_*l�wTzml�u�p�ª�_5_Mjml���� u�t§l�znqk�ks]u�z�_�_*l���� �*l�s��ku�_�z$ª�_��]z�qT¥]ª�\�^5_)jns]u���wTtrl Ê wT�]�!_Mª��®Ç¶½®�Ã
d ��� l�wTtrl;�kqrt]t���s]t7�rz�wT�][]_ G Ê l�znqrs��T_Mzäª�_���ª�s�j��L_*l�u¨l;jnqTs�j Ö �rz�wT�][]_;u�t��ks�u¨l;wWhrwTt§läª�_Ì�k_M�Tz��^5u�t]u�^�s]^3wTs­^5qTu�t�j

d Ê �!qrs]z d
s]t­t]qr^�¥]z�_`_�t§lnu�_�zd¢]Ñ����Ò�LqTs]z

d = 2 Ê p*_�ªvw7zn_��§u�_�t§l �)l�znqrs��T_Mz�ª�_p�hkp*ª�_)�k_��]ª�s�j��!_�lnu�ln_)lxw�u�ª�ª�_"! « a�_)�]z�qT¥]ª�\�^5_)_oj}l$¡Òqrzml�_�^5_�t§l�ª�u#��w�s¤�]z�qT¥�ª�\M^`_)�]_�jmqrs�j Ö �rz�wT�][]_5ª�_��ª�s�j��]_�t�jn_ Ê _�lOw5�k_Mj�wT�]�]ª�u�pMw�lnu�qTt!j
�]z�w�lnu%$§s]_Mj «&OqTs�j$����^5qTt§lnz�qTt!j $rs�_��!qrs]z�s]t¤�Tzxw���[]_5�'��t(��zxw�ª Ê ®Ð¶½®Ç¶ d

t)� _Mjml$��wrj É yäZ��LqTs�z d ≥ 3
_�t

��znqrs���w�t§l*$§s)� u�ªH_Mjml��]s]zÌ�!qrs]z�ª�w�p*ªvwTj�jn_ ¬�Ó�Ô*Õ �k_ojÌ�]z�qT¥]ª�\�^5_Mj���wTz�wT^+��lnz�u#$§s]_oj « � w�z��o�ks�p*lnu�qTt­_oj}l¡ðwTu¨l�_,�`��w�znlnu�z;�ks8�]z�qT¥]ª�\�^5_��k_�ªvw Ú Ø§°ÒÛ�µ³Å£®?µ³Ø�Ù,° Î.- À�Ø§À�»�/]Å «{å s8�!qru�t§lO�k_ �is]_�w�ª��Tqrznu�ln[�^`u%$§s]_ Êqrt¤�]z�qTs��r_0$rs�_)ª�_��]znqr¥]ª�\�^5_)_Mjml É yäZ �LqTs]z�ª�wUp�ª�wrjnjn_��k_oj$�rz�wT�][]_MjÌ^5u�t]_�s�z Ö _*Ñ]p*ª�s�j�_*l�ªvw�p*ªvwTj�jn_�]_Mj��Tzxw��][]_oj{�k_�ª�wTzn�r_�s]zäwTzn¥LqTz�_Mj�p*_Mt§ln_�ª�qipMw�ª�_�^5_�t§lä¥LqTz�t��M_ « �{t)��wTzml�u�p�s]ª�u�_Mz Ê p*_op*u½����^5qTt§l�zn_1$§s]_�ª�_��znqr¥]ª�\M^5_d_oj}l É yäZ �LqTs]z;�]u324��z�_�t§ln_oj;p*ªvwTj�jn_Mj��k_��rz�wT�][]_Mj � ª�_oj��Tzxw���[]_Mj��]ªvw�t�wTu�z�_Mj Ê ª�_Mj
�Tzxw���[]_Mj��k_�r_�t]z�_d¥!qrznt�� Ê _*l;ª�_Mj��rz�wT�][]_oj��]_Ì�]_��Tz.�Ì¥!qrznt(� Ê,«�«M«�«b�t8qT¥]lnu�_�t§l;w�s�j�jmu³�]_Mj
z.�Mjns]ª¨lxw�lxj�w�t�wTª�qr�Ts]_oj��LqTs�z5$rs�_�ª%$rs�_Mj6��w�z�u�w�lnu�qTt�j
�ks8�]z�qT¥�ª�\M^`_ «7�â �o� à �'8 
 � � a�qT^5�]ª�_*Ñku¨l.�5��w�zxw�^9�*l�znu%$§s]_ Ê ~Oª��rqTz�u¨l�[]^5_ É yäZ Ê fkqTs�j Ö �rz�wT�][]_`�k_�t�jn_ Ê cUu�t�_�s]z$�k_�rz�wT�][]_ «
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� tUqrs]z�¢�zxjml�p*qrs]z�jn_ÌqTt�wTª��rqTz�u¨l�[]^�j Ê l�[]_�¢�zxjml;¡Ò_��:�Tzxw���[8wTª��rqTz�u¨l�[]^�j
��_�ª�_ow�z�t8wTzn_�¥�zn_owT�il�[8¢�z�jml Öjn_MwTz�px[ �

BFS
! Ê �k_M�kln[�¢!z�jml Ö jm_ow�zxpx[ � DFS

! Ê wTt��`lnq�ln_oj}lä��[�_*ln[�_�z
w��Tzxw��][5uvjäwrp*hkp*ª�u�p;s�jmu�t]� BFS «Z
[�_�t8��_�^5q �r_dqrt8lnq�^5qTz�_�p*qr^`��ª�_�Ñ�w�ª��Tqrznu�ln[�^5j�wTt���ª�_ow�z�t8[]q�� l�q�¢�t��7ln[�_+,��	��������,�
8,�657�1������(&
�=#>�9��19�����?��
@���2��,�
0
!AB� Ê u « _ « ��_�wTzn_8lxw�ª�Ciu�t]�%w�¥LqTskl�w¤�LqTª�hit]qT^5uvw�ª�l�u�^5_£w�ª��TqTz�u�ln[]^ l�q¤¢�t��Cw
jn[]qrzml�_Mjml�p*hkp*ª�_�u�t ln[]_7�Tzxw��][ « Z
[]_)�Tq§w�ª{qT¡�ln[]uvj$�!w��L_�z�uvj�lnq�u�t]u�lnuvw�ln_�w�t�wTª��rqTz�u¨l�[]^5u�p�jmlns��]h£qT¡l�[]_$�r_�t]_Mz�wTª�u�¦Mw�lnu�qTt8q�¡1ln[�u�j�t�w�l�s]zxw�ª³�]z�qT¥�ª�_M^Üu�t8ln[]_�zn_ow�ª�^.qT¡{��w�zxw�^5_*l�_�z�u�¦M_M��p*qr^`��ª�_�Ñiu�l}h « c�qTz�_��zn_op*uvjm_Mª�h Ê ln[]_Ì�]z�qT¥]ª�_�^.��_$jmlns��]h)u�jO�k_*¢�t�_M�8wTj�¡Òqrª�ª�q��;j �

®�°²±³°²´�µ³´ ¶Lµ³¸½º�»½¼¹¾]¿ÄÀ¹Â ®�°²±³°²´�µ³´©Ã5Å�º¹»,Å�Å
≥d Æ ®Ç¶½®�Ã d È�D æ u#�T_MtÇw �rz�wT�][ G =

(V, E)
w�t����!q§jmu�lnu#�T_�u�t§ln_M�T_Mz�j

d
wTt��

k Ê k ¥L_�u�t]�)l�[]_��!w�zxw�^5_*l�_�z Ê ln[�_��]z�qT¥]ª�_�^Ëuvj;l�q7px[]_op�C
��[]_*l�[]_�z1l�[]_�z�_�_*Ñku�jml�j1wdjms�¥�jm_�l

S ⊆ V Ê ��u�ln[ |S| ≤ k Ê jns�px[$l�[�w�l G[S]
[�wTj�^5u�t]u�^�s]^��k_M�Tz�_�_

w�l;ª�_Mwrj}l
d «

E�_Mjnuv�k_Mj��T_�t�_�zxw�ª�u�¦Mu�t]�8l�[]_��ru�znln[¤��znqr¥]ª�_M^ Ê qrs]z�^5qTlnu#�Ww�lnu�qTt�j$¡ÒqTz`j}l�s��khiu�t��Uln[]uvj��]znqr¥]ª�_�^©w�z�_
l�[]_;¡Òqrª�ª�q���u�t]�rj � É u�z�jml Ê ln[�_O�]z�qT¥]ª�_�^×uvj�p�ª�q§jm_Mª�h`zn_Mª�w�ln_o�`lnq$l�[]_d��_Mª�ªLj}l�s��ku�_M�7Ã5Å]±�Í�Å k Î ¶½µ³¸Lº�»½¼¹¾]¿��znqr¥]ª�_M^GF�fi_Mp�qTt��]ª�h Ê ¡Òznqr^/�]zxwTp�l�u�pMw�ª1w��]��ª�uvp�w�lnu�qTt�j Ê ln[]_5�]z�qT¥�ª�_M^Ïu�jÌ^5q�l�u���w�ln_M� ¥ihUu¨lxj�p*ª�qrjn_`p�qTt Öt�_Mp�l�u�qrt�l�q)Z¹zxw�H)p æ znqiqr^`u�t]�5y{z�qT¥]ª�_�^ «H¬ _�¥]z�u�_�I�h)_*Ñk�]ªvw�u�t7ln[]_ojm_dl}��q5p�qTt]t�_Mp�l�u�qrt�j �

J Z
[]_$Ã5Å]±¹ÍMÅ k Î ¶Lµ¹¸Lº�»½¼¹¾]¿��]znqr¥]ª�_�^ � ¬ _�¢�zxj}l��k_*¢!t]_dln[]_Ì�k_�t!jmu�l}h�q�¡�w��Tzxw���[ G = (V, E) «Z
[]_K���-45,�
�
! 1q�¡
G Ê ρ(G)

u�j,u�l�j¹_M�k�r_Mj Ö l�q Ö �T_Mzml�u�p�_MjLz�w�lnu�q Ê ln[�w�l¹u�j ρ(G) := |E|
|V | « c�qTz�_��r_�t]_Mz�wTª�ª�h Ê¡ÒqTzÌw�tih8jms]¥!jm_�l

S ⊂ V Ê ��_�p�wTª�ªL�9��4(,�
�
! $q�¡ S Ê ρG(S)
qrz�jnu�^5�]ª�h

ρ(S) Ê ln[�_��k_Mt�jmu�l}h8q�¡{l�[]_u�t!�ks�p*_o���Tzxw��][�qTt
S Ê u « _ « ρ(S) := ρ(G[S]) « Z
[�_d��znqr¥]ª�_M^ uvj
¡ÒqTz�^�s]ªvw�l�_M��wTj�¡Òqrª�ª�q��;j �

Ã5Å]±�Í�Å
k Î ¶Lµ¹¸Lº�»½¼¹¾]¿��AÃ k

¶4! � æ u#�T_Mt�w
�Tzxw��][ G = (V, E) Ê ¢�t���w�jns]¥�jn_*l S q�¡ �T_Mzml�u�p�_Mj Ê��u�ln[
|S| = k Ê jms!px[�l�[�w�l ρ(S)

uvj
^�w�Ñku�^5u�¦�_o� «
É u�zxj}l$qT¡
wTª�ª Ê t�q�ln_5l�[�w�l &Oy Ö [�w�zx�kt]_ojnjÌqT¡$Ã k

¶¤_owTjnu�ª�hU¡ÒqTª�ª�q��;j�¡Òz�qT^ [�w�zx�kt]_ojnjÌqT¡ Ú Ø§°ÒÛ�µ³Å «b�t�ln[�_Oq�l�[]_�z�[�w�t!� Ê u�¡³��_O�kq$t]qTlä¢]Ñ5l�[]_Ojnu�¦M_Oq�¡ S Ê ln[�_�t�¢�t!�ku�t���w$�k_Mt�jn_Mjml�jns]¥]�Tzxw���[`qT¡ Gzn_o�ks�p�_MjHl�q�ln[�_d®¤¼NM Î�O Ø§À�PË®�°²± Î�Ú µ³Ù7��znqr¥]ª�_M^ Ê w�t!�5[]_�t�p�_Op�wTt�¥!_�jmqrª��r_M�`u�t��!qrª�hit]qr^`uvw�ªlnu�^5_ Ê jn_�_�a�[�wT�kln_MzLQ5q�¡ Ó�Ô Q Õ ¡ÒqTz�^5qTz�_��k_*lxw�u�ª�j «&;q�� ��_�jn[]q�� []q�� c­fkc å d

uvj
zn_Mª�w�ln_M��lnq)Ã
k
¶ « fis��]�!q§jm_Ì��_�w�z�_�ª�qiq9Ciu�t���¡Òqrz;w�t�u�t��]s�p*_o�jms�¥]�Tzxw��][

G[S]
q�¡Hjmu�¦�_$w�l;^5qrjml

k
wTt�����u¨l�[U�k_�t�jnu�l}h7w�l;ª�_Mwrj}l

ρ « � tUwT�]�]u¨l�u�qrt8wrjnjns]^5_Ìln[!w�l
S
uvj
^5u�t�u�^�w�ª Ê u « _ « t]q�jms]¥!jm_�l
qT¡ S

[�wTj
�k_Mt�jnu¨l}h)�rzn_ow�l�_�z�ln[�wTt
ρ(S) «{É u�zxj}l�q�¡1w�ª�ª Ê t�q�ln_dl�[�w�l_��r_�z�h �T_Mzml�_*Ñ£q�¡

G[S]
[�wTj��k_��rzn_M_)w�l$ª�_MwTjml

ρ/2 « Z�q�jm_M_�ln[]uvj Ê qr¥�jm_Mz��r_`ln[�w�l�u�¡�l�[]_�z�_)uvj$w�T_Mzml�_*Ñ
v
��u¨l�[��k_��rzn_M_5jmlnz�uvp�lnª�h jn^�w�ª�ª�_MzÌln[�wTt

ρ/2 Ê ln[�_�t¤z�_�^5q �iu�t]� v
¡Òz�qT^

S
zn_ojms]ª�l�j$u�t¤w

jms�¥]�Tzxw��][5qT¡,�]_�t�jnu¨l}h��Tz�_Mw�ln_�z1l�[�w�t
ρ(S)

w�t��5w$jn^�w�ª�ª�_Mz{jmu�¦�_ Ê p�qTt§lnzxwT�kuvp�l�u�t���l�[]_;^5u�t]u�^�wTª�u�l}hq�¡
S « fi_op*qrt��kª�h Ê u�¡���_5[�w �r_�w�t u�t!�ks�p*_o� jms]¥��Tzxw��][ G[S]
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Z
[]_$Ã5Å]±¹ÍMÅ
k Î ¶Lµ³¸½º¹»½¼¹¾�¿��]z�qT¥�ª�_M^Ä[�wTj�w�lmlnzxwTp*ln_o��w`ª�qTl�q�¡�w�lml�_�t§lnu�qTt�^�w�u�t]ª�h)u�t8w��]�]z�qWÑku Ö^�w�lnu�qTtUwTª��rqTz�u¨l�[]^�j Ê jn_�_ Ó ��ÕAÊ,Ó�
WÕ Ê³Ó�Ô : Õ wTt�� Ó � Õ ¡ÒqTz�^5qTz�_��k_*lxw�u�ª�j «

J Z¹zxw�H)p��Tz�qiqT^5u�t]�Ou�t5qT�kl�u�pMw�ªkt]_�l}��qrz�Ckj�u�j1l�[]_
�]z�qip�_Mj�j�q�¡½��wTp�Ciu�t]�djn_��r_�zxw�ªijm^�wTª�ªil�z�w�H�p I�q��;ju�t§l�q�ª�wTzn�r_�z$s�t]u¨lxj Ê ��[]uvpx[�p�wTt¤¥!_�ln[]_Mt��]z�qkp*_Mj�jn_M� wTj�jmu�t]�Tª�_�_�t§l�u¨l�u�_oj «­É qTz$_�Ñ]w�^5�]ª�_ Ê u�t�wt]_*l}��qTz2C£s�jmu�t]��¥Lq�l�[¤lnu�^5_ Ö �ku#�§uvjnu�qrt�w�t��¤�
w �T_Mª�_Mt]��l�[ Ö �ku��iuvjmu�qTt£^�s�ª¨l�u��]ª�_*Ñku�t]� Ê I�q��;j���[]uvpx[w�z�_d�]_Mjmlnu�t]_M��lnq5w�p�qT^5^5qTt7t]qk�k_dpMw�t7¥!_Ì�]skl�qrt)ln[�_Ìj�w�^5_d��w �r_�ª�_�t]�Tln[ Ê w�ª�ª�q���u�t]��ln[]_M^Älnq¥!_`�kz�qT�]�L_M��¥ih�w�jmu�t]�Tª�_�qT�]lnuvp�w�ª�wT�]� Ö �kz�qT��^�s�ª¨l�u��]ª�_*Ñk_Mz « Z
[]_$qr¥k|}_Mp*lnu#�T_oj�q�¡H�Tz�qiqT^5u�t]��w�z�_lnq`u�^5�]z�q �T_�¥�w�t!�k��u��kln[�sklnu�ª�u�¦Mw�lnu�qTt�w�t��)lnq`^`u�t]u�^5u�¦M_�l�[]_d_�$§s]u��]^5_�t§l;p*qrjml
q�¡³l�[]_�t�_*l}��qTz2C «� t ¬ å c¯qT�]lnuvp�w�ª�t]_*l}��qTz2Ckj Ê ln[]_�^`q§j}lÌwTpMp*_��]ln_M�Up�znu�ln_Mznu�qTtUuvj�l�q�^5u�t]u�^5u�¦�_�ln[]_�t§s�^�¥L_�zOqT¡_�ª�_Mp*lnz�qTt]uvp$l�_�z�^5u�t�w�lnu�qTt�j Ê t�wT^5_�ª�h8ln[]_5tis]^�¥L_�z�qT¡
f�b &O�äZ�~ å c­j « fi_�_ Ó � Õ ¡ÒqrzÌw7�T_Mt]_�zxw�ªjms�z��r_�hÇqTt �rznqiqr^`u�t]� « � l8[�wTj7¥!_M_�t zn_op*_�t§l�ª�hÐ�]z�q �T_M�Ðl�[�w�l 
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d Ê jn_�_ Ó�Ô*Õ « � t�¡ðwrp�l Ê u�t �Tzxw��][­ln[]_MqTz�_*l�u�pMw�ª�ln_�z�^�j Ê l�[]_5�]z�qT¥]ª�_�^/pMw�t­¥L_`lnzxw�t�jnªvw�ln_o�
lnq���wTzml�u¨l�u�qrt]u�t]��qT¡¹l�[]_�_M�k�r_Mj
qT¡�w`�Tu#�T_Mt�z�_�$§s]_Mjml��Tzxw��][7u�t§l�q5jns]¥]�rz�wT�][�j
j�w�lnuvjm¡Òh§u�t]��p*_Mzmlxw�u�t
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®Ð¶½®?Ã

d
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��znqr¥]ª�_M^�j1[�w �iu�t]�ÌjnqT^5_
��w�zxw�^5_*l�_�zxj�ln[�w�läp�w�t`¥L_�zn_Mª�w�lnu#�T_�ª�h$jn^5wTª�ªk��u�ln[5z�_Mjn�!_op�l1lnqÌl�[]_�u�t]�]skläjnu�¦M_ «Z
[�u�jHwTzn_owO[�wrj1¥!_M_�t��k_��T_�ª�qT�L_M��_*Ñiln_Mt�jnu��r_�ª�h��ks]z�u�t���l�[]_�ªvwTjmlH�]_Mp�wr�k_ «�É qrz{�k_Mp�u�jnu�qrt���znqr¥]ª�_M^�j���u�ln[u�t]�]s]lOjmu�¦�_
n Ê wTt��8w��!w�zxw�^5_*l�_�z k Ê ln[�_��TqrwTª½u�j�l�q)�k_Mjnu��rt�wTt�wTª��rqTz�u¨l�[]^ ��u�ln[8z�s]t§lnu�^`_ f(k)nO(1)��[�_�z�_

f
u�j�w�¡Òs]t�p*lnu�qTt q�¡

k
w�ª�qTt�_ « yäznqr¥]ª�_M^�j�[!w �§u�t]�8jms!px[£wTt£wTª��rqTz�u¨l�[]^Ïw�z�_`j�w�uv��l�q8¥!_`¢]Ñk_M�

�!w�zxw�^5_*l�_�z�l�z�wrp�l�wT¥]ª�_ � É yäZ5! « Z
[]_Mzn_Uuvj�w�ªvjmq�w l�[]_�qrznh%q�¡���wTz�wT^`_�ln_Mznu�¦�_o�%u�t§lnzxwTp*l�w�¥�u�ª�u¨l}h%s�jnu�t]���[�u�px[Uqrt]_�pMw�tUuv�k_�t§lnu�¡ÒhU��wTz�wT^`_�ln_Mznu�¦�_o�7��znqr¥]ª�_M^�j�ln[!w�ldwTzn_�s]t]ª�u�Cr_�ª�h�l�q7wT�]^`u�lO¢�Ñi_o�U��wTz�wT^`_�ln_Mz
l�z�wrp�lxw�¥]ª�_­w�ª��Tqrznu�ln[�^5j « Z
[]_Mzn_�uvj�w?[]u�_�zxw�zxpx[§h?q�¡$u�trl�z�wrp�lxw�¥]ª�_���wTz�wT^`_�ln_Mznu�¦�_o�%��znqr¥]ª�_M^�p�ª�wrjnjn_Mj
wT¥!q �r_ É yäZ Ê ln[]_�u�^5�!qrzmlxw�t§l�qTt]_oj�w�z�_ �

É yäZ ⊆
c Ó�Ô*Õ ⊆ ¬�Ó�Ô�Õ ⊆ c Ó � Õ ⊆ ¬�Ó � Õ ⊆ · · · ⊆ ¬�Ó y Õ ⊆ � y
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[�_�¥!qiq9C�¥ih å q���t]_�h�w�t�� É _�ª�ª�q��;j Ó ��Õ �]z�q �§uv�k_oj�w5�Tqiqk�7u�t§lnz�qk�ks�p�l�u�qrt�lnq5ln[�_�lnqr�]u�p$q�¡H��w�zxw�^5_ Öl�_�z�u�¦M_M��p�qT^5�]ª�_*Ñku�l}h « Z
[]_`�]z�u�t�p�u��!w�ª1w�t�wTª�qr�Ts]_�q�¡{l�[]_`p�ª�wrjnjnuvp�w�ª�u�t§l�z�wrp�l�wT¥]u�ª�u�l}hUp*ªvwTj�j &Oy uvj ¬�Ó�Ô�ÕAÊ��[�u�px[Ðu�j5w jmlnz�qTt]� w�t�wTª�qr�Ts]_ Ê ¥!_op�wTs�jm_Uw­¡Òs]t��]wT^5_�t§l�wTª��]znqr¥]ª�_�^¯p*qr^5�]ª�_�ln_�¡ÒqTz ¬�Ó�Ô*Õ uvj�ln[]_ k Î¶LÙ½Å�¾���¼�Ø�Ù,°²±¹º���»LÀ�¸!Ø§Å]´/Â§À¹»��5À�±��¹ÅkÙ,Å]»,´�°²±³°ÒÍ�Ù½° -�� µ³»,°²±�º×®�¼ - ¿¹°²±³Å�Í �Ò��u�ln[Ðs]t]ª�u�^5u�ln_M�t�qTt��k_�ln_Mzn^5u�t]u�jn^ wTt���w�ª��][�wT¥!_�l�jnu�¦M_"!�Frln[�u�j�p*qT^5�]ª�_*l�_�t]_ojnj{zn_ojms]ª�l{�]z�q �iu��k_oj{w�t�wTt�w�ª�qT�rs]_
q�¡�a�qiq9C4� j
Z
[�_�qTz�_�^3u�t¤p*ªvwTj�jnu�pMw�ªHp*qr^`��ª�_�Ñiu�l}h « ~Äp�qTt �T_Mt]u�_�t§l$jmqrs]z�p�_�qT¡ ¬�Ó�Ô*Õ�Ö [�w�zx�kt]_ojnjdz�_M�ks�p*lnu�qTt�jÌuvj��]z�q Ö�iuv�k_M��¥ih�ln[�_�z�_Mjns]ª�l1ln[�w�l

k ÖnÚ Ø§°ÒÛ�µ³Å�uvjHp*qr^`��ª�_�ln_�¡ÒqTz ¬�Ó�Ô*Õ « Z
[]_
�]z�u�t�p*u���w�ª��m��qTz2C§u�t]�dw�ª��TqTz�u�ln[]^5uvp! �
wWh�q�¡Hjn[]q���u�t���l�[�w�lOw`��wTz�wT^5_*ln_Mznu�¦�_o�)�]z�qT¥�ª�_M^ u�j;s]t]ª�u�Cr_�ª�h)lnq5¥L_Ì¢]Ñk_M� Ö ��wTz�wT^`_�ln_Mz�l�z�wrp�lxw�¥]ª�_Ìu�jl�q5�]znq �r_ ¬�Ó�Ô*Õ�Ö [!w�zx�kt]_Mj�j « Z
[]_�u�^5�!qrzmlxw�t§l
�]znqr�!_Mzml}h�qT¡�w`��wTz�wT^`_�ln_Mznu�¦�_o�)z�_M�ks�p*lnu�qTt�¥!_�l}��_M_�t���w Özxw�^5_�ln_�z�u�¦�_M�`�]z�qT¥�ª�_M^5j
Π
wTt��

Π′ uvj{l�[�w�l�ln[]_�u�t��]skl (x, k)
l�q

Π
jm[]qrs]ªv�5¥!_�lnzxw�t�jm¡ÒqTz�^5_M��lnq�u�t��]skl

(x′, k′)
¡ÒqTz

Π′ Ê jmq�ln[�w�l1ln[]_
z�_Mp*_Mu��iu�t]�d��w�zxw�^5_*l�_�z k′ uvjHwO¡Òs�t�p�l�u�qrt�qrt]ª�h�qT¡�l�[]_
��w�zxw�^5_*l�_�z k
¡Òqrz1ln[]_

jnqTs�z�p�_;�]z�qT¥]ª�_�^ « Z
[]_;l�u�^5_�l�w9CT_�t)¡ÒqTz�zn_o�ks�p�l�u�qrt�p*qrs]ªv��¥!_ f(k)nO(1) ��[]_Mzn_ f
u�j
w$¡Òs]t�p�l�u�qrt�qT¡
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wTª�qrt]_ «�É qrz;zn_op*_MtrlO�]_��T_Mª�qr�]^5_�t§l�j�jn_�_$ln[]_�¥Lqiq9Ckj�¥ih É ª�s]^Ëw�t�� æ z�qT[]_ Ó�ÔTÔ�Õ w�t���¥ih�&;u�_M�k_Mzn^5_�u�_�z
Ó�Ô 
WÕA«� t�ln[]_�¢�zxj}l
��w�znl�qT¡³ln[�u�j���wT�!_Mz���_�jn[]q��Çln[!w�lO®Ð¶½®?Ã

d

uvj�t]q�l�¢]Ñk_M���!w�zxw�^5_*l�_�z{l�z�wrp�lxw�¥]ª�_O¥ih
jn[]q���u�t]�)u�lÌlnq�¥L_ ¬�Ó�Ô�Õ�Ö [�wTz���¡ÒqrzÌwTtih d ≥ 3

u�t �T_�t�_�zxw�ª��Tzxw��][�j « � t­�T_Mt]_�zxw�ª¹ln[]_5��wTz�wT^5_*ln_Mznu�¦�_o�z�_M�]s�p�l�u�qrt�j{w�z�_5�r_�z�h�jmlnz�u�t]�r_�t§l{¥L_Mp�wTs�jn_;q�¡,��wTz�wT^`_�ln_Mz{�]z�_Mjn_�z.�§u�t]�Ìz�_�$§s]u�zn_M^`_Mt§l�j{qT¡½ln[]_;z�_M�]s�p�l�u�qrt
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 ��4�wTt���[�wrj���znq �r_M�s!jm_�¡Òs]ª�u�t jn[]q���u�t]�0��w�z�u�qTs�jO�]znqr¥]ª�_�^�j�l�q�¥L_ ¬�Ó�Ô*Õ�Ö [!w�zx�8zn_op*_�t§l�ª�h Ó : ÕA«d¬ _$¢�zxj}lÌjm�L_�ª�ª1qTsklÌw�jmln_M�¥ih j}l�_�����znqkp*_o�ks]z�_5lnq s�jm_)ln[]uvj�^5_�ln[]qk�kqrª�qr�Th£��[]u�px[�p�qTs]ªv�¤¥L_�s�jn_M�¤wrj�w�ln_�^5�]ªvw�l�_�¡ÒqTz�¡Òskl�s]zn_
��s]zn�Lqrjn_Mj « Z
[]_Mt���_$_*Ñk_�^5�]ª�u�¡Òh8ln[]uvjO^5_�ln[]qk�kqrª�qr�Th���u¨l�[Uln[]_�zn_o�ks�p*lnu�qTtU¡ÒqrzÌ®Ð¶,®�Ã d

�]znqr¥]ª�_�^�j «b�s�z�zn_o�ks�p�l�u�qrt7uvj�z�qT¥]s!j}l;u�t�ln[]_$jn_�t�jn_dln[�w�lO^�w�tih�jnu�^5u�ª�wTz��]z�qT¥]ª�_�^�j�p�wTt8¥!_$jn[]q���t7lnq�¥L_ ¬�Ó�Ô�Õ�Ö[!w�zx����u�ln[`|}s�jml;^5u�t]qrz�^5qi�]u¨¢!pMw�l�u�qrt�j «~;¡²ln_�z5jn[]q���u�t��£®Ð¶½®?Ã
d

l�q­¥L_ ¬�Ó�Ô*Õ�Ö [�wTz��£u�t��T_Mt]_�zxw�ªä�Tzxw��][�j Ê ��_�¡Òqip�s�j$qrt��Tzxw���[ p�ª�wrjnjn_Mj��[�_�z�_�l�[]_��]z�qT¥]ª�_�^Üp�w�t8¥L_$jm[�q���t�l�q`¥L_ É yäZ « � t�l�[]_$jm_op*qrt����!w�znl
qT¡�l�[]_���wT�!_Mz���_$jn[]q�� l�[�w�l®Ç¶½®�Ã
d

�]z�qT¥]ª�_�^�j;wTzn_Ì¢]Ñk_o�U��w�zxw�^5_�ln_�z
l�z�wrp�lxw�¥]ª�_$qTt�wTª�ª��Tzxw��][!j
_*Ñ]p*ª�s��ku�t]��w5¢�Ñi_o�8^5u�t]qrz
M Ê��[�u�px[Uu�tU��w�znlnuvp*s�ª�wTz�^`_ow�t�j�ln[�w�lOln[�_Mjn_��]znqr¥]ª�_�^�j;w�z�_ É yäZ:qTt8�]ªvw�t!w�z;�rz�wT�][�j�w�t!�8�Tzxw��][�j
��u�ln[¥LqTs�t��k_M�7�T_Mtis�j « b�s]z�wTª��rqTz�u¨l�[]^�j�s!jm_��khit�wT^`uvpd�]z�qT�Tzxw�^5^5u�t]��q �r_�z��Tzxw��][�j���u�ln[�¥!qrs]t��k_o�7lnz�_�_ Ö��uv�il�[ w�t!��w)¡Ò_M���k_M_���z�_Mjns]ª�l�jdp*qTt!p*_�z�t]u�t]�)l�[]_5p*ª�u#$§s]_`�k_Mp�qT^5�!q§jmu�lnu�qTt­q�¡

M Ö ^5u�t]qrz;¡Òz�_�_��Tzxw��][�j�]_��T_Mª�qr�!_o�)¥ih)��qr¥!_Mzmlxjmqrt7w�t!�7fi_Mh§^5qrs]z
u�t�ln[]_Mu�z æ zxw��][�cUu�t]qTz�Z
[]_MqTz�h Ó�Ô � ÕA«{É u�t�w�ª�ª�h Ê ��_d��qrs]ªv�ª�u�CT_5lnq�jmlnz�_Mj�jÌl�[�w�l�qrs]z$�khit�wT^`uvp5�]z�qT�rz�wT^`^5u�t]�8q �T_Mzd�rz�wT�][�jÌ��u�ln[¤¥LqTs]t!�k_M� �ðª�qkp�wTª%!Ìlnz�_�_���uv�il�[
uvj6�T_Mznh��r_�t]_MznuvpÌw�t���p�wTt7[!w�t��kª�_$w�tih0��wTznuvw�l�u�qrt�j�qTt8�k_��rzn_M_dp�qTt�jmlnzxw�u�t§l�j
jms�¥]�Tzxw��][��]z�qT¥]ª�_�^Ä��u�ln[
jnu�^`��ª�_�px[�wTt]�T_oj «� _*l
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¥!_)w��Tzxw���[ «�¬ _�s�jn_ V (G)

wTt��
E(G)

lnqU�k_Mt]q�l�_�l�[]_ �T_Mzml�u�p�_MjÌw�t!�­l�[]_�_M�]�T_MjdqT¡
Gz�_Mjn�L_Mp�l�u��r_�ª�h «
¬ _�jmu�^5�]ª�h���z�u�ln_ V

wTt��
E
u�¡Hln[]_��Tzxw��][8uvjOp*ª�_MwTz�¡Òz�qT^Üln[]_`p*qTt§l�_*Ñil «�É qrz V ′ ⊆ V��_��k_�¢�t]_�w�t 
�4 ��6 ����� ,�657�1��2�2�(&

G[V ′] = (V ′, E′) Ê ��[]_�z�_ E′ = {uv ∈ E : u, v ∈ V ′} « � _*l
v ∈ V Ê ��_��k_Mt]q�l�_�¥ih N(v)

ln[]_"4���
 1�&572����&(��� � qT¡
v Ê t�wT^5_�ª�h N(v) = {u ∈ V : uv ∈ E} « Z
[]_������,-����4���
 1�&572����&(��� �

N [v]
qT¡

v
uvj

N(v) ∪ {v} « � t£l�[]_)jnwT^5_`�
wWhU��_)�k_*¢�t�_ N [S]
¡ÒqTz

S ⊆ Vwrj
N [S] = ∪v∈SN [v]

w�t!�
N(S) = N [S] \ S «�¬ _��k_�¢�t]_`ln[�_ ����1������)q�¡ �r_�znln_�Ñ v

u�t
G
wTj�l�[]_

tis]^�¥!_Mz�q�¡��T_Mzml�u�p�_Mj�u�t!p*uv�k_�t§l�lnq
v
u�t

G « &Ow�^5_Mª�h Ê d(v) = |{u ∈ V (G) : uv ∈ E(G)}| «
� � ������� � ���1���	��
��
� < 20���£���,	ä
���68�*�*��
! 9�$#��
	��
�

d
#����

d ≥ 3

� t�ln[]uvj�jn_Mp*lnu�qTt���_$�ru��r_�w ¬�Ó�Ô*Õ�Ö [!w�zx�kt]_Mj�j�z�_M�ks!p�lnu�qTt�¡ÒqTzÌ®Ç¶½®�Ã d « E�_�¡ÒqTz�_ Ê ��_$¡Òqrzn^�wTª�ª�h��]_*¢�t]_�!w�zxw�^5_*l�_�z�u�¦M_M�)z�_M�]s�p�l�u�qrt�j �

�Þ������ � �ðâ������ ��


Π, Π′ 7��8
!AB�/�5���2���+�-
 �-��
������B���2�97����-�@, ���	� ,��� K
�&5��

Π

 ,���6 45
 #-�����@�  K�	��45 ���� �

�2�2��6 �-
 7�����
��
Π′ 
 # 
'&(�����G
 ,���4 ��� 1�����
�
�& �

Φ
A & 
 ��& 
!����4(,'#-�����@,

(x, k)

�45
 �

(x′, g(k))

�4 
 
��+�

f(k)|x|α ! A &(����� f, g : N → N
�����+����7-
�
!������ #�6 4 ��
 
 ��4(,@��4��

α

 ,0� ����4(,�
���45
 
�4������5��4��9��45
��=#

k !
,��"
'&(��


(x, k) ∈ Π

 #	��4 �G��45�  "
 #

(x′, g(k)) ∈ Π′ �#" �����
(x, k)

��4��
(x′, k′)

�����0
�45,�
 ��4�����,0�=#
Π��4��

Π′ ����,!�5�!�-
!
�$ ���  ��
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b�s]z
z�_M�ks!p�lnu�qTt�u�j�¡Òz�qT^Ü®�µ¹Ø�Ù,° Î�Ú À¹ØiÀ�» Ú Ø§°ÒÛ�µ³Å Ê ��[]uvpx[�uvj Cit]q���t�lnq`¥!_ ¬�Ó�Ô*Õ�Ö p�qT^5�]ª�_*ln_ Ó�Ô � Õ�ð¥ihdw�jmu�^5�]ª�_äzn_o�ks�p�l�u�qrt�¡Òz�qT^ ln[]_�qTzx�ku�t!w�z�h Ú Ø§°ÒÛ¹µ³Å(!³w�t!�Ìu�j�¥�wTjn_M�ÌqrtÌln[]_�^5_*ln[�qi�]qTª�qT�Th Cit]q���t$wTj�06 � 
!
 � ��������� �2� 1�� ��� �����-,��-4*
���
 
 ��4 « Z
[]_�®?µ³Ø�Ù,° Î�Ú À�Ø§À�» Ú Ø§°ÒÛ¹µ¹Å)�]z�qT¥�ª�_M^ u�jO�k_*¢�t�_M��wTj�¡ÒqTª�ª�q��;j �®�µ³Ø*Ù½° Î - À�ØiÀ¹» Ú Ø§°ÒÛ¹µ¹Å D�� t]��skl � w��rz�wT�][ G
lnqT�r_*l�[]_�zd��u¨l�[£w7�]z�qT�L_�z

k Ö p�qTª�qTz�u�t��)q�¡�ln[]_�T_Mzml�u�p�_Mj
q�¡
G « Z
[]_���znqr¥]ª�_M^ uvj���w�zxw�^5_�ln_�z�u�¦�_M��¥ih k «�� s�_Mjmlnu�qTt � � j
l�[]_�z�_$w k Ö p*ª�u#$§s]_Ìu�t Gp*qrt�jmuvjmlnu�t]�5q�¡1_*Ñ]wTp*lnª�h�qTt]_ �r_�znln_*Ñ)qT¡�_owTpx[�p*qTª�qTz��

a�qrt�jnu��k_Mz{w�t`u�t!j}lxw�t�p�_
G = (V, E)

qT¡³®?µ³Ø�Ù,° Î.- À¹ØiÀ�» Ú Ør°ÒÛ�µ³Å���u¨l�[�u¨lxj �T_Mzml�u�p�_MjHp�qTª�qTz�_M�$��u�ln[5l�[]_jn_*l;qT¡{p*qTª�qTzxj
{c1, · · · , ck} « � _�l V [ci]

�k_Mt]q�l�_Ìln[]_�jn_*l�q�¡��T_�znlnuvp*_oj�q�¡Hp*qrª�qrz
ci « � _*l e = {u, v}

¥L_
wTt8_M�k�r_dqT¡

G
��u�ln[

u ∈ V [ci]
wTt��

v ∈ V [cj ] Ê wTt�� i < j «ä¬ _�¢�zxj}l;z�_��]ªvwTp�_Ì_MwTpx[Ujns�px[�_M�k�r_ e
¥ih

w�� Ö p�u�zxp*s]u�l Ê l�[�w�l;uvj���_�zn_M�]ªvwTp*_ e
¥ih�l}��q�w�zxp�j

ef = (u, v)
w�t��

eb = (v, u) « Z
[�_$w�zxp ef = (u, v)�ðzn_ojm� « eb = (v, u)
!d��u�ª�ªH¥!_�pMw�ª�ª�_o�"#-����AB�������ðzn_ojm� « 7�������AB������! « E�h w�¥]s�jn_`q�¡�t�q�l�w�lnu�qTt Ê ��_5w�ªvjmqpMw�ª�ª½ln[]uvj;�ku��Tzxw���[
G « � _*l E[ci, cj ]

¥L_Ìln[�_$jm_�l;q�¡�wTz�pMj
e = (u, v) Ê ��u�ln[ u ∈ V [ci]

w�t!�
v ∈ V [cj ] Ê¡Òqrz

1 ≤ i 6= j ≤ k «1¬ _�w�ªvjmq`wTj�jms]^5_�ln[�w�l |V [ci]| = N
¡ÒqTz�wTª�ª

i Ê w�t��)ln[�w�l |E[ci, cj ]| = M
¡ÒqTz�w�ª�ª

i 6= j Ê u « _ « ��_�wTj�jms]^5_Ìl�[�w�l;l�[]_�p�qTª�qTz;p�ª�wrjnjn_Mj�qT¡ G Ê wTt��Uw�ªvjmq5l�[]_�wTz�p�jn_*lxj;¥L_*l}��_�_�t8l�[]_�^ Ê [�w �T_s�t]u¨¡Òqrzn^ jmu�¦�_oj «5É qrzÌw8jnu�^5�]ª�_d|}s�jmlnu�¢!p�w�lnu�qTt£q�¡�ln[]uvj�wTj�jms�^`�]lnu�qTt Ê ��_5p�w�t£z�_M�ks�p�_�®�µ³Ø�Ù,° Î.- À�Ø§À�»
Ú Ø§°ÒÛ�µ³Å7lnq�u�l�jn_�ª�¡ Ê lxw�Ciu�t]�)w�s]t]u�qTtUqT¡ k!

�kuvjÒ|}qru�t§l�p�qT�]u�_Mj�qT¡
G Ê qrt]_Ì¡ÒqTz;_owTpx[8�L_�z�^�sklxw�lnu�qTtUqT¡1ln[]_p�qTª�qTz�jn_*l «� t�l�[]uvj�^5_�ln[]qk�kqrª�qr�Th Ê ln[]_d¥�wrjmuvp�_�t!p*qk�ku�t]�$¥]z�u�p�Ckj�p*qTz�z�_Mjn�!qrt��`lnq�wTz�pMj{qT¡ G ��[�u�px[)��_�pMw�ª�ª ��� �

1 �9� 1���
 �ðu�t qrs]z$z�_M�ks�p*lnu�qTt Ê ln[]_ojm_)wTzn_5�rz�wT�][�jÌq�¡
z�_��Ts�ª�wTzÌ�]_��Tz�_�_ d − 1 Ê ��[]uvpx[ ��_5z�_��]z�_Mjn_�t§l�¥ih
Cex

¡ÒqTz
x ∈ {f, b} Ê jn_�_�fis]¥�jn_Mp*lnu�qTt�j$� «�Ô w�t!� � « �'! «$¬ _`�r_�t]_Mz�wTª�ª�h8[�w �T_�ln[]z�_�_0Ciu�t!�]jdq�¡ä�§wT�k�r_*l�jl�[�w�l
��_�p�wTª�ª��¹Þ 8 Þ ��� �ðâ�� Ê	� â�
�Þ � Þ � � Þ�wTt��07 �k�o� 
 æ wT�k�r_*l « Z
[]_ojm_Ìw�z�_OwTª�ª½_�t��Tu�t]_�_Mzn_o�5lnqr�T_*l�[]_�zl�q5�T_*l;wTt7q �r_�zxw�ª�ª!z�_M�ks!p�lnu�qTt��rwr�k�T_�l
¡ÒqTz�ln[]_���znqr¥]ª�_M^ « � t�l�[]_�qT�kl�u�^�wTª³jmqrª�skl�u�qrt)l�q5ln[]_Ì�]z�qT¥]ª�_�^ Êl�[]_��¹Þ 8 Þ ��� �ðâ���
 �]ã�� Þ � _�t!jms]z�_Mjdl�[�w�l������������ ����� �!�#"$�&%'��('%#�)�du�j�jm_Mª�_op�ln_o�¤w�^5qTt��8wTz�p`�§wT�k�r_*l�j

p�qTz�zn_ojm�LqTt!�ku�t��5lnq7wTz�pMj��Tqru�t���¡Òznqr^Ïp*qTª�qTz�p*ªvwTj�jm_oj
V [ci]

l�q�w�t�q�ln[�_�z�p�qTª�qTzdp*ªvwTj�j
V [cj ] « � _*l V [ci]¥L_�w)¢�Ñi_o� p�qTª�qTz�p*ªvwTj�j « Z
[]_ � â�
�Þ � Þ � � Þ*
 �]ã+� Þ � ^�w�Cr_MjÌjns]zn_�ln[!w�lÌln[]_�qrskl Ö �Tqru�t��7w�zxp�jO¡Òz�qT^

V [ci] Ê p*qTz�z�_Mjn�!qrt��ku�t]�Ìlnq�ln[]_Ìjn_�ª�_Mp�l�_M�7w�zxp��rwr�k�T_�l�j Ê [�w �r_�w�p*qT^5^5qTt �T_�znln_�Ñ�u�t V [ci] « Z
[�w�l
uvj�wTª�ªl�[]_�w�zxp�j
p*qrznz�_Mjn�LqTt��ku�t]��lnq�ln[]_ojm_�jn_�ª�_Mp�l�_M��w�zxpO�§wT�k�r_*lxj,�#-.�/�0� �1�32,45"$�	-6��70�.28�/-9�;: �#"<�1�)�!=>�
V [ci] ?É u�t�w�ª�ª�h Ê 7 �k�M� 
@
 �]ã+� Þ � _Mt�jns]zn_ojHl�[�w�l
u¨¡³��_O[!w �T_Ojn_�ª�_Mp*ln_M��w�t)w�zxp��§wT�k�r_*l�p�qTz�zn_ojm�LqTt��]u�t]�Ìl�q�wTt

wTz�p
(u, v)

¡Òz�qT^
V [ci]

l�q
V [cj ]

ln[]_Mt�ln[]_�w�zxp
�rwT�]�T_*läjn_�ª�_Mp*ln_o�`¡Òznqr^
V [cj ]

lnq
V [ci]

p*qTz�z�_Mjn�!qrt��]j�lnq
(v, u) « Z
[�w�l�uvj�A�����7B��4

ef
�/��(

eb
�#"C�D2E�#� �3�)�1�3(9�1�#%#�F��7 �#" ? � t���[�w�l�¡Òqrª�ª�q��;j Ê ��_�jm[]q��?[]q�� lnqÌwT�k[�_�z�_l�q$l�[]u�j��T_Mt]_�zxw�ªLj}l�z�w�ln_M�Th5w�t���qr¥kl�wTu�t7w�zn_o�ks�p*lnu�qTt�¡Òz�qT^.®�µ¹Ø�Ù,° Î.- À¹ØiÀ¹» Ú Ø§°ÒÛ¹µ³Å5lnq5®Ç¶½®�Ã d

¡ÒqTz
d ≥ 3 « Z¹q�jmu�^5�]ª�u�¡ÒhUl�[]_���zn_ojm_Mtrlxw�l�u�qrt Ê ��_�¢�z�jml��k_Mj�p*z�u�¥L_�qrs]zÌzn_o�ks�p*lnu�qTt�u�t �k_�l�wTu�ªvj�¡ÒqTzdln[]_5p�wrjm_
d = 3 « Z
[]_�z�_�$§s]u�z�_M�)^5qk�ku�¢!p�w�lnu�qTt�j�¡Òqrz
ln[]_$pMwTjn_ d ≥ 4

u�j�ln[]_Mt�_�Ñk�]ª�wTu�t�_M�7u�t�fis]¥!jm_op�lnu�qTt�� « � «
GIHEJ K@LNMPORQTSVUXW,Y.Z'S\[�]9^_S	`1W,YaLNY9McbdLe[�M9Y9Q�Z\Z*fgQ�Z\]9h1Sji�WR[*S	k9QlUXLNZ/Q

d = 3

¬ _U[�w �r_ k(k − 1)
p*ª�s�jmln_Mz�j5qT¡d�§wT�k�r_*l�j « b�t]_Up*ª�s�jmln_�z�_owTpx[%¡ÒqTz5l�[]_­jn_*l�q�¡�w�zxp�j E[ci, cj ] Ê ¡ÒqTz

1 ≤ i 6= j ≤ k « ��_M^`_M^�¥L_�z�ln[�w�lÌwTt­w�zxp a ∈ E[ci, cj ]
u�j�¡Òqrzn�
w�zx��u¨¡

i < j Ê w�t��­u�j�¥�wrp�C§�
w�zx��u¨¡
i > j «
m�â � á �]�Wã �³Þ 8 Þ �T� �ðâ��*
 �]ã+� Þ �r�·� ¡

i < j � É qTz{_owTpx[�w�zxp ef = (u, v) ∈ E[ci, cj ]
��_�[�w �T_;w�p�hip�ª�_

Cef

qT¡�ª�_�t]�Tln[
2 + 2(k − 2) + 3

��u¨l�[��T_�znln_�Ñ7jn_*l �

ÿ# � ÿ$�
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J ,��-���!��
 
 ��4 $�����
 
 ���-, �
ef

s1 Ê ef
s2 Ê w�t!� ef

s3

F

J ��� &(������4 ��� $ ����
!
 �2�-, �
ef

ch1r, e
f
ch2r Ê ¡ÒqTz;w�ª�ª r ∈ {1, . . . , k}

wTt��
r 6= i, j

F]wTt��
J �	��
 ��& $ ����
 
 ���-, �

ef
m1

w�t��
ef

m2 «&Oq��Ç��_dwT�]��w�t]_�� �r_�znln_*Ñ
Aci,cj

Ê wTt���p*qrt]t]_Mp*l�u�läl�q�w�ª�ª!ln[]_djm_Mª�_op�lnu�qTt �r_�znlnuvp*_oj{q�¡,l�[]_�p�hkp*ª�_Mj Cef¡Òqrz¹w�ª�ª
e ∈ E[ci, cj ] « � t�qTln[]_Mz³��qTzx�]j Ê ��_{wr�]�Ìw�ª�ª�ln[�_{_M�k�r_Mj,qT¡iln[]_H¡Òqrzn^ {Aci,cj

, ef
s1}, {Aci,cj

, ef
s2} ÊwTt��

{Aci,cj
, ef

s3}
��[]_�z�_

ef ∈ E[ci, cj ]
wTt��

ef
s1 Ê ef

s2

w�t!�
ef

s3

w�z�_`qTt
Cef « Z
[�u�j�p�qT^5�]ª�_*ln_ojdln[]_p�qTt�jmlnz�s�p*lnu�qTt�qT¡{ln[]_�¡ÒqTz��
w�zx��jm_Mª�_op�l�u�qrt��rwr�k�T_�l�¥L_*l}��_�_�t

ci

w�t��
cj Ê w�t!����_�p�wTª�ª1u�l Si,j « ��_op�wTª�ªl�[�w�l

i < j «
� �]��� á �k��ã �³Þ 8 Þ �T� �Eâ���
 �]ã+� Þ �r�©� ¡

i > j � É qTz�_Mwrpx[£wTz�p eb = (u, v) ∈ E[ci, cj ]
��_5[�w �r_`w

p�hkp*ª�_
Ceb

q�¡1ª�_Mt]��l�[
2 + 2(k − 2) + 3

��u�ln[��r_�znln_*Ñ�jm_�l �
J ,��-���!��
 
 ��4 $�����
 
 ���-, �

eb
s1 Ê eb

s2 Ê w�t!� eb
s3

F

J ��� &(������4 ��� $ ����
!
 �2�-, �
eb

ch1r, e
b
ch2r Ê ¡ÒqTz;w�ª�ª r ∈ {1, . . . , k}

wTt��
r 6= i, j

F]wTt��
J �	��
 ��& $ ����
 
 ���-, �

eb
m1

w�t��
eb

m2 «&Oq��Ð��_Owr�]�5w�t]_�� �r_�znln_*Ñ
Aci,cj

wTt���wT�]��wTª�ª�ln[]_O_M�k�r_Mj1¡Òz�qT^×u¨lälnq�wTª�ª�ln[]_djm_Mª�_op�lnu�qTt9�r_�znlnuvp*_Mj
qT¡�p�hip�ª�_oj

Ceb

��[�_�z�_
eb ∈ E[ci, cj ] « � t qTln[]_Mz���qrz��]j Ê wrjÌu�t£ln[�_��]zn_��iu�qrs�j�p�wrjm_ Ê ��_)wr�]�£w�ª�ªHln[]__o�k�T_oj

{Aci,cj
, eb

s1}, {Aci,cj
, eb

s2} Ê w�t�� {Aci,cj
, eb

s3}
��[]_Mzn_

e ∈ E[ci, cj ] Ê wTt�� eb
s1 Ê eb

s2

w�t��
eb

s3wTzn_�qTt
Ceb « Z
[]u�j�p�qT^5�]ª�_*l�_Mj�ln[]_�p�qTt�jmlnz�s�p�l�u�qrt�qT¡¹ln[�_d¥!wTp�Ci��wTz���jm_Mª�_op�lnu�qTt7�rwr�k�T_�l�w�t!����_dpMw�ª�ª,u¨l

Si,j « ��_op�w�ª�ª½ln[!w�l i > j
w�t!�7jnq`ln[]_Mzn_�uvj
t]q�p*qrtk¡Òs�jnu�qrt���u�ln[�l�[]_�ª�wrj}l;�k_�¢�t]u�lnu�qTt «

� â_
�Þ � Þ � � Þ 
 �]ã+� Þ �T� É u�Ñ�wTt i Ê 1 ≤ i ≤ k « � _*l;s�j�p�qTt�jnuv�k_�z;wTª�ª½l�[]_$jm_Mª�_op�l�u�qrt��§wT�k�r_*lxj�qT¡�l�[]_¡Òqrzn^
Si,p Ê p ∈ {1, · · · , k}

w�t��
p 6= i «�É qTzOwTtih u ∈ V [ci] Ê w�t��8wTt§h�l}��q�u�t��kuvp*_oj 1 ≤ p 6= q ≤ k Ê

p 6= i Ê q 6= i
��_�wT���)l}��q�t�_�� �r_�znlnuvp*_oj

upq

w�t!�
uqp Ê w�t!�7w`t]_M��_M�]�T_ {upq, uqp} «HÉ qrz�_��r_�z�h)w�zxp

e = (u, v) ∈ E[ci, cp] Ê ��u�ln[ u ∈ V [ci] Ê ��_O�]u�p�C�ln[�_�p*hkp�ª�_ Cex Ê x ∈ {f, b}
�k_��L_�t��]u�t]��qTt���[]_�ln[]_Mz

e
uvj)¡Òqrzn�
w�zx�ÐqTz7¥�wTp�Ci�
w�zx� Ê w�t�� wr�]�Çl}��q�_M�]�T_Mj7q�¡�l�[]_�¡Òqrzn^ {ech1q, upq}

wTt��
{ech2q, upq} «fku�^5u�ª�wTznª�h Ê ¡ÒqrzOw�t8w�zxp e = (u, w) ∈ E[ci, cq] Ê ��u¨l�[ u ∈ V [ci] Ê ��_Ì�]u�p�C�ln[]_$p�hkp*ª�_ Cex Ê x ∈ {f, b} ÊwTt���wT�]�7l}��q�_o�k�T_oj

{ech1p, uqp}
w�t��

{ech2p, uqp} Ê jn_�_ É u��Ts]z�_ ÔT«
7 �k�M� 
 
 ��ã�� Þ �T� É qrz�ln[]_$l}��q)wTz�pMj ef = (u, v)

w�t!�
eb = (v, u) Ê ��_$p�qTt�jnu��]_�z�l�[]_�l}��q)p*hkp*ª�_Mj

Cef

wTt��
Ceb

p*qrznz�_Mjn�!qrt��ku�t]��lnq
ef
w�t��

eb « &;q�� Ê ��_�wT�]��l}��qdt�_�� �r_�znlnuvp*_oj e∗
wTt��

e∗ Ê w0�+��
 �2& 
�4 1��� 1��
{e∗, e∗} Ê w�t!��w�ª�ªäl�[]_�_M�k�r_Mj�q�¡;l�[]_�¡Òqrzn^ {ef

m1, e
∗} Ê {ef

m2, e
∗} Ê {eb

m1, e∗}
w�t��

{eb
m2, e∗}��[�_�z�_

ef
m1 Ê ef

m2

w�z�_d^5w�l�px[��T_Mzml�u�p�_Mj�qTt
Cef Ê w�t�� eb

m1 Ê eb
m2

w�z�_Ì^�w�l�px[ �T_Mzml�u�p�_Mj�qTt
Ceb «Z
[]uvj;p�qT^5�]ª�_*ln_oj�ln[]_$p�qTt�jmlnz�s�p�l�u�qrt�qT¡1wTª�ª½l�[]_Ì�rwT�]�T_*lxj Ê jn_�_ É u��rs]z�_ ÔT«H¬ _$pMw�ª�ª½ln[]uvj
�Tzxw��][ GG «&Oq�� Ê ��_$jn[]q��Cl�[]_$�k_Mjnu�zn_o��z�_M�ks!p�lnu�qTt7ln[�znqrs]�T[8w5jm_"$rs�_�t�p�_dqT¡1jnu�^`��ª�_$p�ª�wTu�^�j «

� 8E� � � � � �-

G

7�����4 
�4(,�
 ��4��2�?�$#)®�µ¹Ø�Ù,° Î.- À¹ØiÀ¹» Ú Ør°ÒÛ�µ³Å ! ��4�� GG

7���
�&5� 1��2�2�(& AB�
����4 �,�
!��6 �-
 ��� �97�� $�� � � #
G

&5� ,3�G�06 � 
 
 � ������������� k � �-� 
 � 65�+
'&(��4 GG

&5� ,3�
3 �
����1�6 �����@,�657�19���2�5& �$#0,�
����

k′ = (3k + 1)k(k − 1)
�
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es1
f

ech2q
f

ech1k
f

ech2k
f

em1
f

em2
f

es3
f

es2
f

e

e f

e*

ech11
f

ech21
f

ech1q
f

es1
b

es2
b

es3
b

ech11
b

ech21
b

ech1k
b

ech2k
b

em1
b

e b
m2*

Aci cp, Acp ci,

C e bC

e' fC

e'' fC

e' bC

e'' bC

pqu

qpu

ech2pech1p

Aci cq,

ech2pech1p

_ _
^ ^

e xC e xC_
^

É u��Ts�zn_ Ô � æ wr�k�T_�l�s�jm_o��u�t�ln[]_�z�_M�]s�p�l�u�qrt7qT¡�l�[]_��]z�q§qT¡�qT¡�Z
[]_MqTz�_�^ Ô

� � â³â�� �(� _�l
ω
¥L_�w�^�s]ª�lnu Ö p*qTª�qTz�p*ª�u#$§s]_�q�¡¹jnu�¦M_ k

u�t
G « &;q��Ð¡Òqrz�_��T_�z�h`_M�k�r_ e ∈ E(ω) Ê jn_�ª�_Mp*läl�[]_p�qTz�zn_ojm�LqTt!�ku�t���p*hkp�ª�_oj

Cef Ê Ceb

u�t
GG « � _*l;s�j;�]_*¢�t]_ S

wTj�¡Òqrª�ª�q��;j

S =
⋃

e∈ω,x∈{f,b}

NGG
[V (Cex )]

��[�_�z�_
N [A]

uvj1ln[]_Os]t]u�qTt5q�¡
A
w�t���wTª�ªil�[]_;t]_Mu��r[§¥LqTz�[]qiqk��qT¡ �r_�znlnuvp*_oj1u�t

A « � läuvj{jmlnzxw�u��T[§lm¡Òqrzn�
w�zx�l�q�px[]_Mp�C�l�[�w�l
GG[S]

u�j�w
3 Ö zn_M�Ts]ªvw�z
jns]¥]�Tzxw���[7qT¡ GG « �

� 8E� � ��� �K4* ",�657�19���2�5& �$#
GG

�=#+�0
�45
��06 � �9��19�����3��
K������,�
K
�& �����	,�&(��6 ���
����45
 ��
�4 ��4�� �$#	
'&(�
�� �������,

Cex
! x ∈ {b, f} !

���������-,!�(��4���
�4 1"
��"��� � 1 �9��1 ��
 , �
� � â³â�� � É u�z�jml�qT¡Ow�ª�ª Ê u�¡�jns�px[?w­jns]¥]�rz�wT�][�qT¡ GG

u�trl�_�zxjm_op�lxj�w p*hkp*ª�_
Cex

l�[]_�t%u¨l5^�s!j}l�p*qrtrlxw�u�t
wTª�ª�q�¡{u�l�j �r_�znlnuvp*_Mj « fi_Mp�qTt��kª�h Ê u�¡���_�z�_�^5q �T_$wTª�ª�ln[�_ �T_Mzml�u�p�_Mjdp*qrznz�_Mjn�!qrt��ku�t]�5lnq�_M�]�T_��§wT�k�r_*lxj;u�t
GG Ê ln[]_Mt£ln[]_5z�_�^�w�u�t]u�t]�7�rz�wT�][­uvj�w�¡ÒqTz�_Mjml « � _�t�p�_ Ê ln[]_ojm_�l}��q�¡ðwrp�l�j�l�qT�T_�ln[]_MzÌu�^5�]ª�h�l�[�w�l$w�tih

ÿ# � ÿ$�



���������	��
�����
���������������������
�
! "�$#%
'&(�%)*�+�������-,�
/.0��1��2�2�3����45,�
!����
�45
�)�657�1������(&"�8���97������ �

jns]¥]�rz�wT�][8q�¡
G (G)

q�¡{^5u�t]u�^�s]^Ï�k_��rzn_M_$w�ldª�_owTjml;ln[]z�_�_�jm[]qrs]ªv�Uu�t§l�_�zxjm_op�l�w�lOª�_owTjmlOqTt�_�p*hkp*ª�_
Cexp�qTz�zn_ojm�LqTt!�ku�t��$lnq)wTt�wTz�pd�§wT�k�r_*l Ê wTt���[�_�t�p�_$p*qTt§lxw�u�t�j Cex « �

� 8E� � ��� � # GG

�2��45
 ��
�45,0�3,�657�19���2�5& �$# ,�
����
k′ = (3k + 1)k(k − 1) !

��4��G�$#@�@
�4*
��@6 � ���!19�����
��
B������,�
8
'& ����� ! 
�&5�-4 G

&(� , � �@6 � 
!
 � ������������� k � ��� 
 � 65�	�
� � â³â�� � � _�l

H = G[S]
¥L_�w�jns]¥]�rz�wT�][ q�¡�jmu�¦�_

k′ wTt�� ��u�ln[¤^5u�t�u�^�s]^ �k_��rzn_M_)w�l�ª�_Mwrj}l�l�[]zn_M_ «&Oq�� Ê ¥ih)a�ª�wTu�^Ä� Ê S ^�s�jml�p�qTt§l�wTu�t)wTª�ª�ln[]_5�r_�znlnuvp*_oj{q�¡³w$p�hkp*ª�_Op*qrznz�_Mjn�!qrt��ku�t]�dlnq$qrt]_OwTz�p
�§wT�k�r_*l «
É s]znln[]_Mz�^5qrzn_ Ê t�q�lnuvp*_�ln[!w�l�qTt�p�_���_d[�w �T_dw �r_�znln_*Ñ�qT¡�w`p*hkp*ª�_�u�t S Ê ln[]_Mt�wTª�ªLln[�_ �r_�znlnuvp*_ojäqT¡¹ln[�u�jp�hkp*ª�_ÌwTt���ln[]_Mu�z;t�_�u��T[i¥!qrz�j�¥L_�ª�qTt]�`l�q

S
l�q�_�t�jns]z�_�l�[]_$�k_M�Tz�_�_Ìp*qTt!�ku¨l�u�qrt7u�t

H «H¬ u�ln[]qrskl;ª�q§jnj
qT¡�r_�t]_Mz�wTª�u�l}h Ê ª�_*l Cef

¥!_äln[]uvj�p*hkp*ª�_ Ê w�t!�$jms��]�!q§jm_{ln[�w�l�u�l�¥L_�ª�qTt]�§j³l�q�ln[]_��rwr�k�T_�l Si,j Ê u « _ e ∈ E[ci, cj ]wTt��
i < j « &;qTlnuvp*_5ln[!w�l Ê ¥ih­p*qrt�jmlnz�s�p�l�u�qrt Ê u�l$¡ÒqTzxp*_oj�jmqr^`_5qT¡�l�[]_�q�l�[]_�z �r_�znlnuvp*_Mjdl�qU¥!_Mª�qrt]��lnq

S «�É u�zxjml Ê u�l�jO^�w�l�px[��r_�znlnuvp*_Mj�¡Òqrz�p�_Ìln[]_�p*hkp*ª�_ Ceb

q�¡
Sj,i

l�q�¥!_�u�t
S « Z
[]_$p�qT[]_Mzn_Mt�p*_ �r_�znlnuvp*_Mj
qT¡

Cef

¡ÒqTzxp*_
S
lnq7p�qTt§l�wTu�t w�l�ª�_Mwrj}l�qTt]_`p*hkp*ª�_�u�t

Si,l Ê ¡ÒqTzÌw�ª�ª l ∈ {1, · · · , k}, l 6= i « Z
[�_�h8u�t­lns]z�t¡Òqrz�p�_
S
l�q­p*qrt§l�w�u�t w�l$ª�_MwTjml$qTt�_)p*hkp*ª�_�u�t¤_owTpx[£q�l�[]_�z$�§wT�k�r_*l

Sp,q

¡ÒqTz$wTª�ª
p 6= q ∈ {1, . . . , k} «Z
[�_djn_�ª�_Mp*lnu�qTt �r_�znlnuvp*_oj�qT¡¹_Mwrpx[7jns�px[7p�hkp*ª�_�u�t

Sp,q

¡ÒqTzxp*_
S
l�q`p�qTt§l�wTu�t

Ap,q « E�skl
¥!_op�wTs�jm_dq�¡�qTs]zp�qTt��]u¨l�u�qrtUqTt8ln[�_�jmu�¦�_�q�¡
S
�
|S| = k′ ! Ê ��_�pMw�tU_owTjnu�ª�h7px[]_op�C�l�[�w�l���_�pMw�t�jn_�ª�_Mp*lOqTt]ª�h�qTt]_$p�hip�ª�_�§wT�k�r_*l�¡Òznqr^ _owTpx[$qT¡]ln[�_��§wT�k�r_*l�j

Sp,q « � _*l E′ ¥L_äl�[]_
jm_�l�qT¡�_M�k�r_Mj�u�t E(G)
p*qrznz�_Mjn�LqTt��ku�t]��l�qdwTz�p

p�hkp*ª�_Mj��rwr�k�T_�l�j�jm_Mª�_op�ln_o��u�t
S «�É u�z�jmlHq�¡!wTª�ª Ê ¥L_MpMw�s�jn_�qT¡�l�[]_
^5w�l�px[+�T_Mzml�u�p�_Mj Ê qTt�p�_ ef ∈ E′ u�l1¡ÒqTzxp*_Mj

eb ∈ E′ « b�t�l�[]_�qTln[]_Mz�[!w�t�� Ê ¥L_MpMw�s�jn_ S
u�jd^5u�t�u�^�s]^ Ê ¡ÒqTzd_MwTpx[ i ≤ k Ê wTª�ª�l�[]_`p�qTz�zn_ojm�LqTt!�ku�t��wTz�pMj1u�t

E′ ¡Òz�qT^ V [ci]
lnq$qTln[]_Mz

V [cp]
� jä[�w �T_;w�p�qT^5^5qTt �T_Mzml�_*Ñ`u�t

V [ci] « Z�q�jn_�_
ln[�u�j Ê ª�_*l�s�jHlxw�Cr_l}��q�w�zxp�j
e = (u, v) ∈ (E[ci, cp]∩E′)

w�t!�
e′ = (u′, w) ∈ (E[ci, cq]∩E′) « &;q��%ln[]_�¡Òqrs]z �r_�znlnuvp*_Mj

upq Ê uqp Ê u′
pq

wTt��
u′

qp

¥!_Mª�qrt]��lnq
S « � ¡ u

uvj��ku�2½_�z�_�t§l;¡Òz�qT^
u′ ln[]_Mt�u¨ld��qrs]ªv�7u�^5�]ª�h7l�[�w�l S

[�wTj
w�l�ª�_Mwrj}l

2
_�ª�_�^5_Mtrlxjä^5qrzn_�l�[�w�t�ln[]_d_*Ñk�L_Mp*ln_M��jmu�¦�_

k′ Ê ��[]uvpx[)��qTs]ªv�)p�qTt§lnzxwT�kuvp�l�ln[]_dp*qrt��ku�lnu�qTt)qrtl�[]_�jnu�¦�_dq�¡
S « ~;ª�ªLln[]_ojm_O¡ðwTp*l�jälnqT�r_*l�[]_�z�u�^5�]ª�h5ln[�w�l G[V (E′)]

¡ÒqTz�^�j�w�^�s]ª�lnu Ö p�qTª�qTz�_M� k Ö p*ª�u#$§s]_�u�tl�[]_�qTz�u��Tu�t�w�ª½�Tzxw���[
G « �

a�ªvw�u�^�j Ô w�t�� :�lnqT�r_*l�[]_�z�hiu�_�ªv� �
� 
�Þiâ � Þ � ��®Ç¶½®�Ã

3

 , ¬�Ó 1 Õ � &(�������

� t�l�[]_$t]_�Ñ§ldjms]¥!jm_op�lnu�qTt Ê ��_�jm[]q�� []q�� lnq�^5qk�ku¨¡Òh7ln[�_$�]z�q§qT¡�qT¡{Z
[]_�qrzn_M^ Ô ¡ÒqTz;ªvw�z��T_Mz ��w�ª�s]_Mj�qT¡
d «
GIH G K@Q�Y9QT[	LNhE`��T`EYPO�S	kPQ����1J
	���kPLe[�M.YPQ�Z\Z WRi�
���
��

d

i�WR[
d ≥ 4

� _�z�_ Ê ��_��T_�t�_�zxw�ª�u�¦M_)ln[�_7z�_M�ks!p�lnu�qTt%�Tu#�T_Mt�u�tCfis]¥!jm_op�lnu�qTtÇ�U¡Òqrz d ≥ 4 « Z
[�_�^�wTu�t%u��k_ow­uvj�lnqpx[!w�t]�r_�l�[]_)z�qTª�_�q�¡
ln[�_�p*hkp*ª�_Mj
Ce

¥ih w
(d − 1) Ö zn_M�Ts]ªvw�z��rz�wT�][ qT¡;w��]�]z�qT��znuvw�l�_5jnu�¦�_ «�¬ _�jm[�q��¥L_�ª�q��:w�ª�ª³ln[�_�t]_op*_Mj�j�w�z�h�px[�w�t��T_Mj
u�tUl�[]_�p*qrt�jmlnz�s�p�l�u�qrt�qT¡1ln[]_��rwT�]�T_*lxj�lnq)_Mt�jns]zn_$ln[�w�l;ln[]_`jnwT^5_

��znqiq�¡�¡ÒqTz
d = 3

��qrz�Ckj�¡ÒqTz
d ≥ 4 «� _*l
s�j{lxw�Cr_

C
lnq�¥L_�w

(d− 1) Ö z�_��rs]ªvw�zH�Tzxw���[�q�¡¹jnu�¦M_ (d− 1) + (d− 1)(k− 2) + d « ~Oj�¥L_*¡ÒqTz�_ Ê��_Ìzn_M�]ªvwTp*_Ì_owTpx[8_M�k�r_
e
¥ih)l}��q�w�zxp�j

ef
w�t!�

eb «�É qrz�_Mwrpx[�wTz�p ex ∈ E[ci, cj ] Ê ��_�wr�]�8w�p*qT�ih)qT¡
C Ê l�[�w�l;��_�p�w�ª�ª Cex Ê ��u�ln[��r_�znln_*Ñ�jm_�l �
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J ,��-���!��
 
 ��4 $�����
 
 ���-, �
ex

s1 Ê ex
s2, · · · , ex

sd

F

J ��� &(������4 ��� $ ����
!
 �2�-, �
ex

ch1r, · · · , ex
ch(d−1)r Ê ¡ÒqTz;w�ª�ª r ∈ {1, . . . , k} Ê r 6= i, j

F]w�t��
J �	��
 ��& $ ����
 
 ���-, �

ex
m1, · · · , ex

m(d−1) «
�¹Þ 8 Þ ��� �ðâ��6
 ��ã�� Þ �M� � â �

d ≥ 4
� ¬�« ª « � « jns]�]�Lqrjn_�l�[�w�l x = f « ~OjÌ¥L_*¡Òqrzn_ Ê ��_5wT���­w��T_�znln_�Ñ

Aci,cj
Ê w�t!�¤¡ÒqTz5w�ª�ª
w�zxp ef ∈ E[ci, cj ]

��_�wT�]�%w�ª�ªäl�[]_�_M�k�r_Mj�¡Òznqr^
Aci,cj

l�q w�ª�ª�ln[]_8jm_Mª�_op�l�u�qrt�r_�znlnuvp*_oj�qT¡�l�[]_��Tzxw���[
Cef «H¬ _$w��§w�u�t7pMw�ª�ª½ln[]uvj��rwr�k�T_�l Si,j «

� â_
�Þ � Þ � � Þ*
 �]ã+� Þ � � â �
d ≥ 4

� É u�Ñ w�t i Ê 1 ≤ i ≤ k « &Oq���ª�_*l$p*qrt�jnu��k_Mz�w�ª�ª1ln[]_�jn_�ª�_Mp�l�u�qrt�§wT�k�r_*lxj�qT¡¹l�[]_Ì¡ÒqTz�^
Si,p Ê p ∈ {1, · · · , k}

w�t!�
p 6= i «

É qTzUw�tih u ∈ V [ci] Ê wTt�� w�tihÇl}��q?u�t��kuvp*_oj p 6= q ≤ k Ê p, q 6= i Ê ��_ wr�]��w%t]_M�Ï_M�k�r_
{upq, uqp} «ÐÉ qTz5_��r_�z�h�w�zxp e = (u, v) ∈ E[ci, cp] Ê ��u¨l�[ u ∈ V [ci] Ê ��_7��u�p�C¤l�[]_U�Tzxw���[ Cex Ê
x ∈ {f, b} Ê �k_��L_�t!�ku�t��UqTt£[]q�� e

u�jÌ¡Òqrzn�
w�zx��qrzÌ¥�wTp�Ci�
w�zx� Ê w�t�� wr�]� d − 1
_o�k�T_ojÌq�¡�ln[]_5¡Òqrzn^

{ech1q, upq}, {ech2q, upq}, . . . , {ech(d−1)q, upq} « fku�^5u�ª�wTznª�h�¡Òqrz�w�t¤_o�k�T_ e = (u, w) ∈ E[ci, cq ] Ê��u�ln[
u ∈ V [ci] Ê ��_ �]uvp�CCl�[]_¤�Tzxw��][ Cex Ê x ∈ {f, b} Ê w�t!� wr�]� d − 1

_M�k�r_Mj�q�¡`ln[�_ ¡Òqrzn^
{ech1p, uqp}, . . . , {ech(d−1)p, uqp} «
7 �k�M� 
 
 �]ã�� Þ � � â �

d ≥ 4
� É qrz;ln[�_$l}��q)w�zxp�j ef = (u, v)

wTt��
eb = (v, u) Ê ��_�p�qTt�jnuv�k_�zOln[]_l}��q��Tzxw���[�j

Cef

wTt��
Ceb

p*qrznz�_Mjn�LqTt��ku�t]�`lnq
ef
w�t!�

eb « &Oq�� ��_�wr�]�Uw�^�w�lxpx[]u�t��)_M�k�r_ {e∗, e∗}wTt��£wT�]�£w�ª�ª1ln[]_�_o�k�T_ojÌq�¡�ln[]_5¡Òqrzn^
{ef

m1, e
∗}, . . . , {ef

m(d−1), e
∗}
w�t!�

{eb
m1, e∗}, . . . , {e

b
m1, e∗}��[�_�z�_

ef
mi Ê eb

mi

wTzn_d^�w�l�px[ �T_Mzml�u�p�_Mj
qT¡
Cef

w�t!��qT¡
Ceb

zn_ojm�L_Mp*lnu#�T_�ª�h «Z
[]uvjdp*qT^5�]ª�_*l�_Mj;ln[]_`p*qTt!j}l�zns�p*lnu�qTt « � ldu�jOt]q�l �T_�z�h�[!w�zx��lnq�jn_�_�l�[�w�lÌw��]z�qiq�¡{jmu�^5u�ªvw�z;lnq)l�[�w�lqT¡;Z
[]_�qrzn_M^ Ô p�qTs]ªv� ¥!_��Tu#�T_�t¤¥ih jm[�q���u�t]�8l�[�w�l G Ê wTt¤u�t!j}lxw�t�p�_)q�¡�^�s�ª¨l�u Ö p*qrª�qrz�p*ª�u#$§s]_ Ê [!wTj$w^�s]ª�lnu Ö p�qTª�qTz�_M��p�ª�u%$§s]_7qT¡�jnu�¦M_ k
u¨¡Ìw�t��?qTt]ª�h¤u¨¡

GG

[�wrj5w jns]¥]�rz�wT�][�q�¡djmu�¦�_
k′ = dk + 1

��u�ln[
^5u�t]u�^�s]^ �k_��rzn_M_

d « E�_MpMw�s�jn_�qT¡�ªvwTp�C�qT¡1jn��wrp*_ Ê ��_�|}s�jmlOj}lxw�ln_dl�[]_Ì¡ÒqTª�ª�q���u�t]�`ln[]_MqTz�_�^ «
� 
�Þiâ � Þ ��� ®Ç¶½®�Ã

d


 , ¬�Ó 1 Õ � &5������#-��� ����� d ≥ 3
�

� ¡���_dzn_M�]ªvwTp*_Oln[]_Ìz�_�$§s]u�zn_M^5_�t§l�qT¡¹¢�t��]u�t]�5w�t7u�t!�ks�p*_o�7jns]¥]�rz�wT�][)qT¡�jmu�¦�_Ìw�l
^5qrjml
k
q�¡��]_��Tz�_�_

w�läª�_MwTjml
d
u�t7®Ç¶½®�Ã

d

��u¨l�[5ln[]_�zn_"$rs�u�z�_�^5_�t§l{qT¡L¢!t��ku�t]��w
d Ö z�_��rs]ªvw�z���u�t��ks!p*_M��jns]¥]�rz�wT�][�� �Òz�_Mjn� «��jms�¥]�Tzxw��][���!

H
qT¡

G
qT¡½jnu�¦M_;w�l{^5qrjml

k Ê ��_��r_*l�®�� Î d Î�� ¶ � �Òz�_Mjn� « ® Î d Î�� ¶ � !1�]z�qT¥]ª�_�^ « &;qTlnuvp*_l�[�w�l�ln[]_`^5u�t�u�^�s]^/jms�¥]�Tzxw��][UqT¡ä�k_��rzn_M_�w�lÌª�_MwTjml
d
u�tUln[]_`�]z�qiq�¡ðjOqT¡äZ
[]_�qrzn_M^�j Ô w�t��(��lns]z�t�j

qrskl;l�q�¥L_�w�tUu�t��ks!p*_M�­jms]¥��Tzxw��][8q�¡Hz�_��rs]ª�wTzO�k_M�Tz�_�_
d
u�t

GG « ~Ojdw)p*qrt�jm_"$§s]_�t�p�_���_�qT¥klxw�u�tUln[]_¡Òqrª�ª�q���u�t]�`p�qTz�qTª�ª�wTznh �
� â � â 8 8ð�k� ß�� ®�� Î d Î�� ¶ � ��4���® Î d Î�� ¶ � ����� ¬�Ó 1 Õ � &5�����K#-��� ����� d ≥ 3

�

	 � � � ���*0$���1�x
�&8�	+ #�����
 �1���8&7+
� ��
�&��Ç�0	��*4��7����� �*2����1+
� t�ln[]uvj�jn_Mp*lnu�qTt���_�jn[]q��×ln[�w�l)®Ç¶½®�Ã

d

u�j É yäZ×¡ÒqTz5w�ª�ª�ln[]_7�Tzxw��][�j$_*Ñ]p*ª�s��ku�t]� w�¢]Ñk_M�¤^5u�t]qTz
M «1¬ _O¢!z�jml��ru��r_;t]_Mp�_Mj�jnwTznh5�k_�¢�t]u�lnu�qTt�j�z�_�$§s]u�zn_o�`lnq�[!w�t��kª�_�ln[]_ojm_dp*ªvwTj�jm_ojäqT¡³�Tzxw��][�jäu�t�ln[]_dt]_�Ñ§l

ÿ# � ÿ$�
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/.0��1��2�2�3����45,�
!����
�45
�)�657�1������(&"�8���97������ ÔrÔ

jns]¥�jn_Mp*lnu�qTt¤w�t!�£ln[]_Mt¤u�t l�[]_�¡ÒqTª�ª�q���u�t]��jns]¥�jn_Mp*lnu�qTt�j$��_)�ru��r_�qTs]z���w�zxw�^5_*l�znu�¦�_o� wTª��rqTz�u¨l�[]^�jd¡ÒqTz
®Ç¶½®�Ã

d

¡Òqrz;w�tih
d ≥ 3 «

�IHEJ �X[	Q�h `�� `EY9L+[�`1Q�Z
~ 
!����� � ��� �������5� ,�
�
!
 ��45q�¡�w��Tzxw���[ G = (V, E)

u�j
w���w�u�z
(T,X ) Ê ��[]_Mzn_ T = (I, F )

u�j�w�lnz�_�_ Ê wTt��
X = {Xi}, i ∈ I

u�j;w�¡ðwT^`u�ª�h�q�¡1jms�¥�jm_�l�j�qT¡
V (G) Ê p�w�ª�ª�_M� 72� 1�,
w�t���u�t��k_�Ñi_o��¥ih�ln[]_�t]qk�k_oj
q�¡

T Êjns�px[7ln[�w�l
ÔT« _Mwrpx[��r_�znln_*Ñ v ∈ V

wT�]�!_ow�zxj�u�tUw�l�ª�_Mwrj}l;qrt]_Ì¥�w�� Ê u « _ « ⋃
i∈I Xi = V

F
� « ¡ÒqTz�_owTpx[ v ∈ V

l�[]_$jm_�l;q�¡�t]qk�k_Mj�u�t��k_�Ñk_M�7¥§h
{i | i ∈ I, v ∈ Xi}

¡Òqrzn^�j�w5jns]¥klnz�_�_ÌqT¡
T
F

: «�É qrz�_MwTpx[�_M�]�T_ e = (x, y) ∈ E Ê l�[]_�z�_�uvj�w�t i ∈ I
jms�px[7ln[!w�l

x, y ∈ Xi «
Z
[�_?A 
 ��
�& qT¡�w�l�zn_M_ Ö �k_Mp�qT^5�Lqrjnu¨l�u�qrt Ê �k_Mt]q�l�_M��¥ih w((T,X ))

_�$§s�wTª�j
maxi∈I{|Xi| − 1} « Z
[]_
!����� � A 
 ��
'&�q�¡ G Ê �k_�t]qTln_o�7¥ih tw(G) Ê uvj
l�[]_�^5u�t]u�^�s�^.��uv�iln[8q�¡Hw�lnz�_�_ Ö �k_op*qr^`�Lqrjnu�lnu�qTt�qT¡ G «Z
[]uvj��k_*¢�t�u¨l�u�qrt�q�¡klnz�_�_ Ö ��uv�il�[$p�w�t�¥L_�_Mt��T_Mt]_�zxw�ª�u�¦M_M��lnq;l�w�Cr_{u�trl�qOwTpMp*qrs]t§l³ln[]_äª�qkp�wTªT�]z�qT�L_�znlnu�_MjqT¡

G
w�t���uvj¹pMw�ª�ª�_o�	��� �2��� 
 ����� � A 
 ��
'& « Z¹q��k_*¢�t�_äu�l¹¡ÒqTz�^�w�ª�ª�h���_ä¢�z�jml¹t]_M_M�Ìl�qO�k_�¢�t]_ r Ö t]_�u��T[i¥LqTz�[]qiqk�qT¡ �T_Mzml�u�p�_MjOq�¡

G « Z
[]_ ��
 ,�
 ��4��2� dG(u, v)
¥!_�l}��_M_�tUl}��q �r_�znlnuvp*_Mj

u
w�t��

v
qT¡

G
uvjOl�[]_`ª�_Mt]��l�[­q�¡

l�[]_Ìjm[]qrzml�_Mjml���w�ln[7u�t
G
¡Òz�qT^

u
l�q

v «HÉ qrz r ≥ 1 Ê w r �
4���
 1�&572����&(��� ��q�¡�w �T_�znln_�Ñ

v ∈ V
uvj
�k_*¢�t�_M�

wrj
Nr

G(v) = {u | dG(v, u) ≤ r} « Z
[�_ ��� �2���*
!����� � A 
 ��
'&Ìq�¡³wÌ�rz�wT�][ G
uvj{wÌ¡Òs�t�p�l�u�qrt

ltwG : N → N��[�u�px[ lnq�_��r_�z�hUu�t§ln_M�T_Mz
r ∈ N

wTj�jmqkp�u�w�ln_MjOln[�_`^�w�Ñiu�^�s�^Ïlnz�_�_ Ö ��uv�iln[ q�¡
w�t r Ö t]_Mu��r[§¥LqTz�[]qiqk��qT¡�r_�znlnuvp*_oj�qT¡
G Ê u « _ «

ltwG(r) = max
v∈V (G)

{tw(G[Nr
G(v)])}.

~ �Tzxw��][Up�ª�wrjnj
G
[�wTj	7���6 4������3���	�����/
!����� � A 
 ��
�& Ê u�¡{l�[]_�z�_$_*Ñkuvj}lxj�w�¡Òs]t�p�l�u�qrt f : N → N

jns�px[
l�[�w�l�¡ÒqTz�_Mwrpx[)�Tzxw��][

G ∈ G Ê wTt��5¡Òqrz�_owTpx[)u�t§ln_��r_�z r ∈ N Ê ��_�[�w �T_ ltwG(r) ≤ f(r) «{É qrz�w��Tu#�T_�t¡Òs�t�p�l�u�qrt
f : N → N Ê Gf

uvj�l�[]_�p�ª�wrjnjOq�¡{w�ª�ª¹�rz�wT�][�j
G
qT¡{ª�qkp�wTª³l�zn_M_ Ö ��u��il�[�w�ld^`q§j}l f Ê u « _ « jms�px[l�[�w�l

ltwG(r) ≤ f(r)
¡ÒqTz�_��T_Mznh

r ∈ N « fk_�_ Ó � Õ wTt�� Ó�Ô � Õ ¡Òqrz�^`qrzn_Ì�k_�l�w�u�ªvj «
�IH G K@[	L��.k.Z�� `1S	k	� W�]9Y9M9Q�M�
 WI^ LNh
� [	QTQ
� � `EMPS k��
Z�q¤qT¥]l�w�u�tÇqTs]z�z�_Mjns]ª�l�j Ê ��_Ut]_M_M�%ln[�_U¡ÒqTª�ª�q���u�t]� ª�_�^5^�w ��[]u�px[C�ru��r_Mj`l�[]_8lnu�^5_­p*qr^`��ª�_�Ñiu�l}h?qT¡¢!t��ku�t]��w$jn^�w�ª�ª�_oj}l�u�t!�ks�p*_o�)jns]¥]�Tzxw���[�q�¡¹�k_M�Tz�_�_Ow�l�ª�_MwTjml

d
u�t7�Tzxw��][�j{��u¨l�[�¥LqTs]t��]_M�5l�zn_M_ Ö ��u��il�[ «

��Þ � ��� � � ��

G

7�� � 1������(&>��4
n

$ ����
 
 ���-,%A 
�
�& �+
 ����� � �9�!�������(��,�
�
 
 ��4 �$# A 
 ��
�&>��
B�+� ,�

t
��4��

d
7��G� �(��,�
�
!
�$�� 
�45
 �!1 ��� ��� &(��4 AB� �2��4 ��
�
'&(������4 �>�>,��	��������,�
 
�4���6 ���2�>,�657�1��2�2�(& �=#3�9��19����� ��


���2��,�

d

�4

G
��� ��4(,�AB�-�%4 �+
 #%4 �	,�6 ��&",�657!19�����(&?����
�
 , 
�4?
 
��+�

O((d + 1)t(t + 1)d2

n)
�

� � â³â�� � � _�l
(T,X )

¥L_)ln[�_)�Tu#�T_Mt l�zn_M_ Ö �k_Mp�qT^5�Lqrjnu¨l�u�qrt «�¬ _�jns]�]�Lqrjn_�ln[�w�l T
u�j�w8znqiqTln_M� l�zn_M_ ÊwTt���ln[�w�l�ln[]_$�k_op*qr^`�Lqrjnu�lnu�qTt�u�j 4*
 �2� Ê ��[]uvpx[8^5_Mw�t!j �

J ~;tih�t�qi�]_d[!wTj�w�l;^5q§j}l
l}��q5px[�u�ªv�kz�_�tNF

��� ô�SN,�T+���%--U�/-V�W��
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J É qrz;w�tih)t]qk�k_ t
��u¨l�[�_�Ñ]wTp�l�ª�h)l}��q�px[]u�ª��]zn_Mt

t1
wTt��

t2 Ê ��_�[�w �T_ Xt = Xt1 = Xt2

F

J É qrz�w�tih£t]qk�k_ t
��u�ln[�_�Ñ]wTp�l�ª�h qTt]_7px[]u�ªv�

s
��_)[!w �T_

Xt ⊂ Xs

wTt��
|Xs| = |Xt| + 1 Ê qTz

Xs ⊂ Xt

w�t!�
|Xt| = |Xs| + 1 «&Oq�l�_�l�[�w�läjns�px[5wÌ�k_Mp�qT^5�!q§jmu�lnu�qTt5w�ª��
wWhij�_*Ñkuvj}lxjHw�t��`p�wTt�¥L_
¡ÒqTs�t��`u�t`ª�u�t]_ow�z1lnu�^5_ Ê w�t���u�t`¡ðwrp�lH��_pMw�t�jns]�]�Lqrjn_�l�[�w�l

|V (T )| = O(n) « ~�jäu�l
u�j�s�jns�w�ªLu�t7w�ª��TqTz�u�ln[]^�j{¥!wTjn_M�5qTt)lnz�_�_��]_Mp*qr^5�!q§jmu�lnu�qTt�j Ê��_��]z�qT�Lqrjn_�wU�khit�w�^5uvp5�]znqr�Tzxw�^5^5u�t���wT�]�]z�qrwTpx[£¥�wrjm_o� qrt£ln[]uvj��k_op*qr^`�Lqrjnu�lnu�qTt Ê ��[]u�px[¤w�l$ln[]__Mt��7_�u�ln[]_Mz���znqk�ks�p�_Mj
w`p*qTt�t]_Mp*ln_M��jns]¥]�Tzxw���[)q�¡
G
q�¡�^`u�t]u�^�s]^ �k_��rzn_M_�w�l
ª�_Mwrj}l

d
w�t���q�¡1jmu�¦�_Ìw�l

^5q§j}l
k Ê qrz��k_Mp�u��k_oj
ln[!w�l G

�kqi_oj�t]q�l�[�w �r_�w�tih)jms!px[8jns]¥]�rz�wT�][ «&Oq��Çln[�w�l�l�[]_Ol�zn_M_��k_op*qr^`�Lqrjnu�lnu�qTt)uvj�znqiq�l�_M� Ê ��_�p�wTt�jn�!_ow�C5q�¡³l�[]_Ìjms]¥��Tzxw��][)�k_�¢�t]_o�)¥ih5ln[]_jns]¥kl�zn_M_Oz�qiq�ln_o��w�l�t]qk�k_
i « cUqTz�_O��zn_op*uvjm_Mª�h Ê ¡Òqrz�w�tih5t]qk�k_ i

qT¡
T Ê ª�_�l Yi

¥L_�ln[]_Ìjm_�l�qT¡¹w�ª�ª �r_�znlnuvp*_Mj
l�[�w�l$wT�]�!_ow�zÌ_�u�ln[�_�z�u�t

Xi

qTzÌu�t
Xj

¡ÒqTz$jnqT^5_`�]_Mj�p*_�t!�]w�t§l
j
q�¡

i «�å _�t]qTln_�¥ih G[Yi]
ln[]_5�rz�wT�][

u�t��ks!p*_M��¥ih�l�[]_�t]qk�k_Mj
u�t
Yi «&Oq�ln_$ln[�w�l;u¨¡

i
uvj;w5t]qk�k_�u�t�ln[]_$lnz�_�_$w�t!�

j1
wTt��

j2
w�z�_Ìl}��q�px[]u�ª��]zn_Mt Ê ln[�_�t Yj1

w�t!�
Yj2

w�z�_
�]u�jð|}qTu�t§l�_*Ñ]p�_��kl�¡ÒqTz �T_�znlnuvp*_ojHu�t

Xi Ê u « _ « Yj1 ∩Yj2 = Xi « ~ {0, 1, 2, 3, . . . , d} Ö p*qrª�qrznu�t]��qT¡)�T_�znlnuvp*_oju�t
Xi

u�jdw�¡Òs]t!p�lnu�qTt
ci : Xi → {0, 1, . . . , d − 1, d} « � _*l supp(c) = {v ∈ Xi| c(v) 6= 0}

¥L_�l�[]_
,�6����(����
³q�¡

c «
É qTzOwTt§h7jms�px[ {0, 1, . . . , d} Ö p*qTª�qTz�u�t]� c

q�¡��T_Mzml�u�p�_Mj
u�t
Xi Ê ª�_�l a(i, c)

¥L_Ìln[]_$^5u�t]u�^�s]^ jmu�¦�_�qT¡
wTt�u�t��ks�p�_M�7jms]¥��Tzxw��][

H(i, c)
q�¡

G[Yi] Ê ��[]uvpx[�[�wrj
�k_��rzn_M_ c(v)
¡ÒqTz�_��r_�z�h

v ∈ Xi

��u�ln[
c(v) 6= d ÊwTt����k_M�Tz�_�_�w�l�ª�_Mwrj}l

d
qrt�u�l�j`q�l�[]_�z �T_�znlnuvp*_oj « &;qTln_7ln[�w�l H(i, c) ∩ Xi = supp(c) « � ¡Ojms!px[?wjns]¥]�rz�wT�][7�]q§_oj
t]q�l;_�Ñku�jml Ê ��_$�k_*¢!t]_ a(i, c) = +∞ «

¬ _��]_��T_Mª�qr��z�_Mp*s�z�jnu��r_5¡ÒqTz�^�s]ªvwTj$¡ÒqTz a(i, c) « � t�ln[]_�¥�wTjn_7pMwTjn_ Ê i
u�j5w�ª�_Mw�¡;q�¡�l�[]_�l�zn_M_7�k_ Öp�qT^5�Lqrjnu¨l�u�qrt « � _Mt�p*_ Yi = Xi «�¬ _���qrs]ª��?ª�u�CT_7lnq Cit]q�� ln[�_8jnu�¦�_�q�¡;l�[]_8^`u�t]u�^�s]^(u�t��]s�p*_o�

jns]¥]�rz�wT�][���u�ln[Ð�]z�_Mj�p*z�u�¥L_M�%�k_��rzn_M_Mj Ê ¥]skl5ln[]uvj5uvj�_�Ñ]wTp�l�ª�h |supp(c)|
u¨¡

G[supp(c)]
jnw�lnuvj}¢!_Mj�ln[]_

�]_��Tz�_�_Ìp*qrt��ku�lnu�qTt�j Ê w�t!�7uvj +∞
u¨¡Hu�lO�kqi_Mj
t]qTl «� t8l�[]_�z�_Mp�s]z�jnu#�T_�p�wrjm_ Ê t]qk�k_ i
[�wTjOw�lOª�_Mwrj}l;qrt]_�px[]u�ª�� «�¬ _��kuvjmlnu�t]�Ts]uvjn[�p�wTjn_Mj Ê �k_M�!_Mt��ku�t]�)qrtl�[]_$jnu�¦M_dqT¡¹l�[]_�¥�w��5qT¡

i
wTt��7u¨lxj�tis]^�¥L_�z�qT¡1px[]u�ªv�kzn_Mt �

J ~Oj�jms�^`_5¢!z�jmlÌln[�w�l i
[�wTjÌqrt]ª�h�qTt]_�px[]u�ªv� Ê j�wWh j Ê Xi ⊂ Xj Ê w�t!� jnq |Xj | = |Xi| + 1

w�t��
Xi = Xj \ {v}

¡Òqrz�jmqr^`_ �T_Mzml�_*Ñ
v « ~Oª�jnq Ê Yi = Yj Ê jnu�t!p*_ Xi

�]q§_oj`t]q�l)wT���?w�tih¤t]_M��T_Mzml�u�p�_Mj « a�qrt�jnu��k_Mz�w�p�qTª�qTz�u�t�� c : Xi → {0, 1, . . . , d} « a�qrt�jmuv�k_MzÌln[]_`l}��q8p�qTª�qTz�u�t��rj c0 :
Xj → {0, 1, . . . , d}

w�t��
c1 : Xj → {0, 1, . . . , d}

qT¡
Xj Ê �k_�¢�t]_M�­wTjO¡ÒqTª�ª�q��;j � c0 = c1 = cqTt

Xi Ê wTt�� c0(v) = 0 Ê c1(v) = d « Z
[]_Mt���_Ìª�_�l a(i, c) = min{a(j, c0), a(j, c1)} «
J &;q���wrjnjns]^5_�ln[�w�l i

[�wrjdqTt]ª�hUqTt]_5px[]u�ª�� Ê jnwWhUwT�rw�u�t j Ê w�t!��l�[�w�l |Xj | = |Xi| − 1
w�t��£jmq

Xj ⊂ Xi

w�t!�
Xj = Xi \{v}

¡ÒqTz�jmqr^`_1�T_�znln_�Ñ
v « ~;ªvjmq Ê Yj = Yi \{v} « � _*l c

¥L_�w$p�qTª�qTz�u�t]�
q�¡

Xi « � l;uvj;p*ª�_MwTz�l�[�w�l�l�[]_�qTt�ª�h)t�_�u��T[i¥!qrs]zxj�qT¡ v
u�t

G[Yi]
w�z�_Ìw�ª�zn_owT�kh�u�t

Xi «
�

� ¡
c(v) ≥ 1 Ê ¡ÒqTzÌw�tih�p*qrª�ª�_Mp*lnu�qTt A

q�¡
c(v)

_M�]�T_Mj�u�t
G[Xi]

p*qTt�t]_Mp*lnu�t]�
v
l�q��r_�znlnuvp*_Mj

v1, . . . , vc(v) Ê ��u�ln[ c(vi) ≥ 1
�ðt]q�l�_�l�[�w�l;jns�px[8w`p�qTª�ª�_op�l�u�qrt�^�wWh�t]q�l�_�Ñiuvjml�w�l;w�ª�ª%! Ê ��_p�qTt�jnuv�k_�zäln[]_Ìp*qrª�qrznu�t]�

cA
q�¡

Xj

wTj{¡ÒqTª�ª�q��;j � cA(vi) = c(vi)− 1
¡Òqrz�w�tih

1 ≤ i ≤ c(v) ÊwTt��
cA(w) = c(w)

¡Òqrz;w�tih�q�l�[]_�z �r_�znln_�Ñ
w « Z
[]_�t8��_��k_*¢�t�_

a(i, c) = min
A

{a(j, cA)} + 1

ÿ# � ÿ$�
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� ¡
c(v) = 0 Ê ��_Ìjnu�^`��ª�h��]_*¢�t]_ a(i, c) = a(j, c) «

&;qTln_Ìln[!w�l;��_d[!w �T_Ìw�l;^5qrjml
(t)d+1 px[]qTuvp*_oj�¡ÒqTz;jns�px[�w5p�qTª�ª�_op�lnu�qTt A «

J � t�l�[]_Ìª�wrj}l�p�wrjm_ Ê ��_Ìp�w�t�jms��]�!q§jm_�ln[!w�l i
[�wTj�l}��q�px[]u�ªv�kzn_Mt

j1
w�t��

j2 Ê w�t!�7jnq Xi = Xj1 =
Xj2 « � _�l c

¥!_8w­p�qTª�qTz�u�t]�­q�¡
Xi Ê l�[]_�t supp(c) ⊂ Xi

u�j���w�znl�qT¡�ln[]_8jns]¥]�Tzxw���[¤��_�w�z�_
ª�qiq�C§u�t]�8¡Òqrz «�É qTz�w�tih �r_�znln_*Ñ v ∈ Xi Ê ��_�pMw�ªvp*s]ªvw�l�_5ln[]_7�k_��rzn_M_ dG[Xi](v) «8¬ _7jms]���!q§jm_ln[�w�l

v
[�wTj;�]_��Tz�_�_

dv
1 , d

v
2

u�t
H ∩ G[Yj1 ], H ∩ G[Yj2 ]

�
H
uvj
l�[]_�jns]¥]�rz�wT�][7��_�wTzn_�ª�qiq9Ciu�t��

¡ÒqTz ! « Z
[]_Mjn_
�k_��rzn_M_�jn_�$§s]_�t!p*_Mj�jn[]qTs]ªv�$¥L_�u�t5jms!px[�w;�
wWhdlnqd�Ts�wTz�wTt§ln_�_äln[]_
�k_M�Tz�_�_�p�qTt��]u¨l�u�qrtqTt
v
u�^5�!q§jm_o�U¥ih�l�[]_`p�qTª�qTz�u�t��

c « � t�qTln[]_MzO��qTzx�]j Ê u�¡ c(v) ≤ d − 1
ln[]_Mt­��_�jn[]qTs]ªv�U[�w �r_

dv
1 + dv

2 − dG[Xi] = c(v) Ê wTt��%u¨¡ c(v) = d Ê ln[]_Mt dv
1 + dv

2 − dG[Xi] ≥ d « � �r_�z�h�jms�px[jm_"$§s]_�t�p�_
D = {dv

1, d
v
2| v ∈ Xi}

qrt �T_�znlnuvp*_oj;qT¡
Xi

�k_*l�_�z�^`u�t]_oj;l}��q�p*qrª�qrznu�t]�§j
cD1
wTt��

cD2q�¡
Xj1

wTt��
Xj2

z�_Mjn�!_op�lnu#�T_Mª�h «7É qTz$_owTpx[¤jms!px[£�!w�u�z$q�¡�p*qrª�qrznu�t]�rj Ê ª�_*l H1
wTt��

H2
¥L_�ln[]_

^5u�t]u�^�s�^·jns]¥]�rz�wT�][�jd��u¨l�[£ln[]_ojm_��k_M�Tz�_�_�p*qrt�j}l�z�wTu�t§lxj�u�t
G[Yj1 ]

w�t!�
G[Yj2 ]

zn_ojm�L_Mp*lnu#�T_�ª�h «Z
[]_�t
H1 ∪ H2

jnw�lnuvj}¢�_oj�ln[]_$�]_��Tz�_�_�p�qTt�jmlnzxw�u�t§l�j�u�^5�Lqrjn_M�7¥ih
c «1¬ _$�k_*¢�t�_

a(i, c) = min
D

{|H | | H = H1 ∪ H2}

¡ÒqTz`w�ª�ª��k_M�Tz�_�_)�kuvjmlnz�u�¥]s]lnu�qTt�j`wTj�w�¥Lq �T_ «UÉ qTz�_��T_Mznh �T_Mzml�_*Ñ ��_�[!w �T_)w�l`^5qrjml d2 �!q§jnjnu�¥]ª�_�k_��rzn_M_­px[]qru�p�_Mj�¡Òqrz
dv
1

w�t��
dv
2 «�¬ _­[!w �T_­wTª�jnq |Xi| ≤ t + 1 « Z
[]uvj)u�^`��ª�u�_Mj�ln[�w�l7l�[]_^5u�t]u�^�s�^Üuvj�l�w9CT_�t�q �T_Mz�w�l�^5qrjml

(t + 1)d2 p*qrª�qrznu�t]�rj «
~�j¹l�[]_�jmu�¦�_�q�¡!qTs]z�lnz�_�_ Ö �k_op*qr^`�Lqrjnu�lnu�qTt�uvj�ª�u�t]_MwTz�qrt n Ê ��_�pMw�t��]_*ln_Mzn^5u�t]_
w�ª�ªrl�[]_ �WwTª�s�_Mj a(i, c)¡ÒqrzO_��T_�z�h

i ∈ V (T )
w�t!�8_��T_Mznh8p*qrª�qrznu�t]��qT¡

Xi

u�tUlnu�^5_�ª�u�t]_ow�z�u�t
n « &;q��:zn_�lns]z�t8ln[�_�^5u�t�u�^�s]^��wTª�s]_5qT¡

a(i, c)
p�qT^5�]skl�_M�­¡ÒqTz$wTª�ª{p�qTª�qTz�u�t]�§j

c Ê ��w�ª�s]_MjÌu�t­l�[]_)jn_*l {0, d}
wTj�jmu��Tt�u�t]�8w�l�ª�_Mwrj}l�qTt�_

t�qTt Ö ¦�_Mznq+��w�ª�s]_ « Z
[]_Ìlnu�^5_��k_M�!_Mt��k_�t!p*_$qrt t
¡ÒqTª�ª�q��;j
¡Òznqr^ l�[]_$jmu�¦�_�qT¡H¥�w��§j�w�t��7ln[�_�px[]qTuvp*_oj
��_

^�wr�k_Ìs�jmu�t]�`ln[�_$p*qTª�qTz�u�t]�rj « �

� 
�Þiâ � Þ ��� ®Ç¶½®�Ã
d
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O((d + 1)f(2k)(f(2k) + 1)d2

n2)
�

� � â³â�� � æ u#�T_Mt$ln[�_�u�t]�]skl1�Tzxw���[ G = (V, E) ∈ Gf Ê ��_{¢�zxjml�t]qTlnuvp*_�ln[�w�l�u�¡]l�[]_�z�_�_�Ñku�jml�j�w�t�u�t��]s�p*_o�jns]¥]�rz�wT�][
H
q�¡

G
q�¡äjnu�¦�_�w�lO^5qrjml

k
��u�ln[­�k_M�Tz�_�_�w�lOª�_MwTjml

d
ln[]_Mt

H
p*qrs]ªv�8¥!_`jms]���!q§jm_o��lnq�¥L_

p�qTt]t�_Mp�l�_M� « fi_Mp�qTt��kª�h Ê u�¡���_0C§t�q��Áw �r_�znln_*Ñ v
qT¡

H
l�[]_�t

H
uvj�p*qTt§lxw�u�t]_M�Uu�t

Nr
G[v]

��[�u�px[£[�wTj
�]u�wT^`_�ln_Mz�w�l�^`q§j}l

2k « &;q��Ðln[]_Mzn_O_*Ñku�jml�j{ln[]_d�k_Mjnu�zn_o� H
u¨¡¹wTt��5qTt]ª�h`u¨¡,l�[]_�z�_;_*Ñkuvj}lxjäw

v ∈ V
jns�px[

l�[�w�l
H
uvj;p*qrtrlxw�u�t]_M�7u�t

Nr
G[v] « fiq`lnq)jnqTª#�T_�ln[]_���znqr¥]ª�_M^.��_d¢�t��7lnz�_�_ Ö �k_op*qr^`�Lqrjnu�lnu�qTt�qT¡ Nr

G[v]¡Òqrz�w�ª�ª
v ∈ V

qT¡���uv�iln[
f(2k)

u�t8�!qrª�hit]qr^5u�wTª!l�u�^5_$wTt��)l�[]_�t8z�s]t7ln[]_�w�ª��Tqrznu�ln[�^Äq�¡ � _�^5^�w Ô lnqqr¥kl�wTu�t7ln[�_$�k_Mjnu�z�_M�7z�_Mjns]ª¨l « �

Z
[]_d¡Òs]t!p�lnu�qTt
f(k)

uvj8C§t�q���t)lnq`¥L_
3k Ê Cggk

wTt��
b(b− 1)k−1 ¡Òqrz���ª�wTt�w�z
�Tzxw���[�j Ê �Tzxw���[�jäqT¡�r_�tis�j

g
w�t��5�rz�wT�][�j1qT¡,�]_��Tz�_�_;w�lä^5qrjml

b
zn_ojm�L_Mp*lnu#�T_Mª�h Ó � Ê�Ô � ÕA« � _�z�_ Cg

uvjäw�p�qTt�jml�wTtrl��k_��L_�t��]u�t]�
qrt]ª�h�qrt��T_�tis�j

g
qT¡,ln[]_��Tzxw��][ « &;q��Cwrjäw�t�_owTjnh`p�qTz�qTª�ª�wTznh$lnq�Z
[]_MqTz�_�^ :���_O[�w �r_
ln[]_O¡ÒqTª�ª�q���u�t]� «

��� ô�SN,�T+���%--U�/-V�W��
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O((d+1)2b(b−1)k−1

(2b(b−1)k−1+1)d2
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G′

i

w�t��7l�[]_�¥]u |}_Mp*lnu�qTt
F
p*qrs]ªv�

�ru��r_��ku�2L_Mzn_Mt§l�p*ª�u#$§s]_ Ö jns]^�j « ~�jn_�$§s]_Mt�p*_$qT¡ h Ö jns]^�j Ê t]q�ldt]_Mp�_Mj�jnwTznu�ª�h�s]t]u%$§s]_ Ê ��[]uvpx[�z�_Mjns]ª¨l�u�t­w�rz�wT�][
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&Oq�ln_Ìl�[�w�lOjns�px[8w5p*ª�u#$§s]_$�k_op*qr^`�Lqrjnu�lnu�qTt7pMw�t8¥L_Ì¡ÒqTs]t��7u�t��LqTª�hit]qT^5uvw�ª½l�u�^5_ Ê jm_M_ Ó�
WÕ «� _*l
G
¥!_`w

M Ö ^5u�t]qTzO¡Òzn_M_��rz�wT�][ Ê wTt�� (T,B = {Bt}) Ê w�p*ª�u%$rs�_ Ö �k_Mp�qT^5�!q§jmu�lnu�qTt8qT¡ G
�Tu#�T_Mt

¥ih­Z
[�_�qTz�_�^ Q8wTt�� qT¥klxw�u�t]_M� u�t �LqTª�hit]qT^5uvw�ª1lnu�^5_�s�jnu�t]��l�[]_�zn_ojms�ª¨l�u�t Ó�
WÕ «�æ u��r_�t ln[]uvj�z�qiq�ln_o�l�zn_M_
T Ê ��_��k_�¢�t]_ At := Bt ∩ Bp(t)

��[]_�z�_
p(t)

uvj
ln[�_�s]t]u%$rs�_���w�z�_�t§l�q�¡�ln[]_ �r_�znln_�Ñ
t
u�t

T Ê w�t��
Ar = ∅ « � _�l B̂t

¥L_5ln[]_��rz�wT�][ qr¥kl�wTu�t�_M� ¡Òznqr^
Bt

¥ih wr�]�ku�t]�Uw�ª�ªH�!q§jnjnu�¥�ª�_�_o�k�T_ojÌ¥!_�l}��_M_�t£ln[]_�r_�znlnuvp*_ojäqT¡
At

wTt���wTª�jnq�¥L_*l}��_�_Mt)l�[]_*�T_�znlnuvp*_ojäqT¡
As Ê ¡ÒqTz�_MwTpx[�px[]u�ª�� s

q�¡
t Ê ^�w�Ciu�t]� At

w�t!�
As

� j
wrj�p*ª�u#$§s]_oj « � t�ln[�u�j
�
wWh Ê G ¥!_op*qT^5_oj�w

h Ö p�ª�u%$§s]_�jms�^.q�¡�ln[]_��rz�wT�][�j B̂t Ê wTpMp*qTzx�ku�t]�$l�q5ln[]_�wT¥!q �r_l�zn_M_
T
w�t��UpMw�tUw�ªvjmq�¥L_,�iu�_���_M�UwTjOw`lnz�_�_ Ö �k_op*qT^5�Lqrjnu¨l�u�qrt8�Tu#�T_�t8¥ih (T,B = {Bt}) Ê ��[�_�z�_$_Mwrpx[

B̂t

uvj
h Ö t]_ow�z�ª�h5_M^�¥L_M�]�]wT¥]ª�_�u�t8w5jms]zn¡ðwTp�_ Σ

u�t���[�u�px[
M
p�wTt7t�q�l�¥!_�_M^�¥L_M�]�]_M� « � _*l Xt

¥L_Ìln[]_
jn_*l�q�¡³w��]uvp*_oj{qT¡

B̂t « Z
[]_�t |Xt| ≤ h Ê wTt�� B̂t \Xt

[�wrj{ª�u�t�_Mw�z�ª�qkpMw�ªkl�zn_M_ Ö ��u��il�[ « E�h Gt

��_O�k_�t�q�ln_
l�[]_$jns]¥]�Tzxw���[�u�t��ks�p�_M��¥ih�w�ª�ª)�T_Mzml�u�p�_Mj�q�¡

Bt ∪s Bs Ê s ¥L_�u�t]�)w5�k_Mj�p*_Mt��]w�t§l�q�¡ t
u�t

T «~O�rw�u�t¤l�q£jnu�^5�]ª�u�¡Òh ln[]_7�]zn_ojm_Mt§l�w�l�u�qrt Ê []_Mzn_7��_7�Tu#�T_�l�[]_7��znqiq�¡;qT¡OZ
[]_�qrzn_M^ 
 ¡ÒqTz�ln[�_�pMwTjn_
d = 3 « ��_op�w�ª�ª!ln[�w�l���_Ow�z�_Oª�qiq9Ciu�t]��¡ÒqTz�w�jns]¥�jn_*l�q�¡ �r_�znlnuvp*_Mj S Ê qT¡¹jmu�¦�_dw�l�^`q§j}l k Ê ��[]uvpx[)u�t!�ks�p*_ojw`�rz�wT�][

H = G[S]
qT¡�^5u�t]u�^�s]^Ü�]_��Tz�_�_�w�l
ª�_Mwrj}l
l�[]zn_M_ «b�s]z�w�ª��TqTz�u�ln[]^ p�qTt�jnu�jml�j
qT¡�l}��q5ª�_��T_Mª³q�¡H�khit�w�^5uvpd�]znqr�Tzxw�^5^5u�t�� « Z
[]_Ìlnqr�8ª�_��T_�ª,qT¡1�]h§t!w�^5u�p��znqr�Tzxw�^5^5u�t]�duvj{q �T_Mz1ln[]_dp*ª�u#$§s]_;�]_Mp*qr^5�!q§jmu�lnu�qTt)wTt��`��u¨l�[]u�t�_MwTpx[�jns]¥]�]z�qT¥�ª�_M^5j{q�¡½ln[]uvjä�]h§t!w�^5u�p

��znqr�Tzxw�^5^5u�t]� Ê ��_)¡Òqkp*s!j$qTt�ln[]_7u�t��]s�p*_o��jms�¥]�Tzxw��][¤qT¡�ln[]_��T_Mzml�u�p�_Mj�u�t Bt « b�s]z$¢!z�jml�ª�_��r_�ªäqT¡�]h§t!w�^5u�pÌ��znqr�Tzxw�^5^5u�t]�`p*qr^`��skln_oj
ln[]_�^`u�t]u�^�s]^ jmu�¦�_�qT¡1w�jns]¥]�rz�wT�][�q�¡
Gt

��u�ln[�w�jn_*l;q�¡1�Tu#�T_Mt
�]_��Tz�_�_dp*qrt�j}l�z�wTu�t§lxj{qTt�ln[]_*�r_�znlnuvp*_Mjäq�¡

At « Z
[]_Mjn_dp�qTt�jmlnzxw�u�t§l�j�wTj�¥!_�¡ÒqTz�_�z�_���zn_ojm_Mtrl�ln[]_Ì�k_M�Tz�_�_OqT¡_owTpx[ �r_�znln_*Ñ5q�¡
At

u�t�ln[]_djms�¥]�Tzxw��][
Ht := Gt[St] Ê ln[]_�lnzxwTp�_;q�¡ H u�t

Gt Ê ��[]_Mzn_ St = S ∩V (Gt)wTt��
Ht = H∩Gt « ~Ot�u�t§ln_��rz�wTªr�!w�znl�qT¡]ln[]uvj�l}��q�ª�_��r_�ªk�khit�w�^5uvpä��znqr�Tzxw�^5^5u�t]�Ou�j1wdp*qT^�¥]u�t�w�l�qTz�u�wTª¥LqTs�t���qrt$l�[]_
lnz�_�_ Ö ��uv�iln[`wTjHwO¡Òs]t�p*lnu�qTt`q�¡!�!w�zxw�^5_*l�_�z�¡ÒqTzH_Mwrpx[�qT¡ Bt Ê w�¡²ln_Mz1��_
[�w �r_ä¥L_�_�t�wT¥]ª�_�lnqz�_�^5q �r_
wT�]uvp*_Mj

Xt

¡Òznqr^
Bt

¥§h�^�w�Ciu�t��$w�ª�ª]�!q§jnjnu�¥]ª�_;px[�qTuvp*_Mj{u�t���[]uvpx[`ln[]_Mh`pMw�t5u�trl�_�zxwTp*l{��u¨l�[�ln[]_
�]_Mjnu�z�_M��jmqrª�s]lnu�qTt « Z
[]_�t]_�Ñil�l}��q5ª�_M^5^5wrj�w�z�_Ìs�jm_o��ªvw�l�_�z
l�q�qT¥klxw�u�t�l�[]u�jOp*qT^�¥]u�t�w�l�qTz�u�wTªL¥LqTs�t�� «
��Þ � ��� � � ��


H = G[S]
� ����4*4��!��
���� 
�4���6 ���2�G,�657�19���2�5& �$#

G
� � &(�+,�657�19���2�5&

B̂t[S ∩ Bt]

 ,

����454��!��
���� �
Z
[�_$�]z�q§qT¡1¡ÒqTª�ª�q��;j;¡Òznqr^.l�[]_��]z�qT�L_�znlnu�_Mj;q�¡Hlnz�_�_ Ö �]_Mp*qr^5�!q§jmu�lnu�qTtUw�t!��ln[]_�¡ðwTp�l�ln[�w�l At

wTt��
As

� j
wTzn_Ìp*ª�u%$rs�_Mj�u�t

B̂t Ê []_Mzn_ s
uvj�px[]u�ª���qT¡

t
u�t

T «
��Þ � ��� � � ��


H = G[S]
7��0
�&5�	�0
�45
��06 � �2��454 � ��
 �2�3,�657�1��2�2�(& �=#

G
�$#@�@
�4*
��@6 � ����1������ ��


���2��,�
 
'& ����� � � &5� ,�657�19���2�5&
B̂t[St ∩ Bt \ Xt]

&(��,@��
B�+� ,�

3h + 1

����4*4��!�-
 ��� �������(��4���45
 , �
� � â³â�� � � _�l

C1, . . . , Cr

¥!_7ln[]_�p*qrt]t]_Mp*ln_o�¤p*qT^5�LqTt]_Mt§l�j�q�¡
B̂t[St ∩ Bt \ Xt] «­¬ _7�]z�q �T_5l�[�w�lu�l$uvj�u�^5�Lqrj�jmu�¥]ª�_`lnqU[�w �r_

r > 3h + 1 « fis��]�!q§jm_5l�[]_)p*qrt �T_�zxjn_ «5É qTz�_owTpx[ �T_Mzml�_*Ñ v
qT¡

Xt ∩ St Ê��u�ln[Ð�k_��rzn_M_
dv

u�t
Ht Ê ª�_�l bv

¥!_7ln[�_7^5u�t]u�^�s]^¯qT¡
dv

w�t��
3 « a�[]qiqrjn_7w�l`^5qrjml b

p*qTt�t]_Mp*ln_M�
p�qT^5�LqTt]_Mtrlxj Ê p*q �r_�z�u�t]��w�läª�_owTjml b

t]_�u��T[i¥LqTzxjHq�¡
v
u�t

Ht «1¬ _�w�ªvjmq$wr�]�`ln[]_�p*qTt�t]_Mp*ln_M��p�qT^5�LqTt]_Mtrl��[�u�px[)p�qTt§l�wTu�t�jäw�ª�ªkln[]_ �T_Mzml�u�p�_Mj1q�¡
At \Xt

�
At

¡Òqrzn^�j{w�p*ª�u#$§s]_;u�t
B̂t

! « � _*l A
¥L_�ln[]_Os]t]u�qTt�q�¡³wTª�ª

l�[]_ �r_�znlnuvp*_oj�q�¡Hl�[]_Mjn_�px[]q§jm_MtUp*qTt�t]_Mp*ln_M�­p*qT^5�LqTt]_Mt§l�j «;É qTz�_Mwrpx[�px[]u�ªv� s
q�¡

t
��u�ln[

As ∩ A 6= ∅ Ê��_Ìu�t]¡Ò_�z
ln[!w�l
As \ Xt ⊂ A Ê jnu�t�p*_ As

¡Òqrzn^�j
w�p*ª�u%$rs�_du�t
B̂t « � _*l;s�j�lxw�CT_dl�[]_�s]t]u�qTt�q�¡Hw�ª�ª½ln[]_ojm_�r_�znlnuvp*_oj�u�t

Ss Ê (Xt ∪ A) ∩ St Ê w�t�� S \ St « � _�l H ′ ¥!_Ìl�[]_�u�t��ks�p�_M��jms]¥��Tzxw��][�qTt7ln[]_ojm_*�r_�znlnuvp*_Mju�t
G «ä¬ _$p*ªvw�u�^ l�[�w�l H ′ [�wTj
^5u�t]u�^�s]^Ë�k_��rzn_M_�w�l;ª�_MwTjml
ln[]z�_�_ « Z
[]uvj���u�ª�ª��Tu#�T_�w5p*qTt§l�z�wr�ku�p*lnu�qTt «� t!�k_�_o� Ê wrjnjns]^5u�t]� r > 3h + 1 Ê ��_5[�w �r_ |H ′| < |H | Ê ¥!_op�wTs�jm_5l�[]_�z�_)w�z�_)jnqT^5_9�T_�znlnuvp*_ojÌq�¡ Ht

��� ô�SN,�T+���%--U�/-V�W��
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��[�u�px[8w�z�_Ìu�tUjnqT^5_�p*qTt�t]_Mp*ln_M��p*qr^5�!qrt]_�t§l
Ci

��[]uvpx[��kq�t�q�l�u�t§l�_�zxjm_op�l
H ′ « Z¹q5�]z�q �T_�ln[]_$p�ª�wTu�^ Ê¢!z�jml$t]q�l�_�ln[!w�l$l�[]_��k_M�Tz�_�_5q�¡�_Mwrpx[ �T_�znln_�Ñ

v
q�¡

Xt ∩ V (H ′)
u�t

H ′ uvj�w�l$ª�_owTjml�ln[]z�_�_ « Z
[�u�j�u�j¥L_MpMw�s�jn_
v
[!wTj{�k_M�Tz�_�_�w�l{ª�_Mwrj}l

bv

u�t
H ′

t « � ¡ dv < 3 Ê l�[]_�t v
jm[�qTs]ªv�`¥!_;u�t

At

�ðu¨¡,t]qTl Ê v [�wTjä�k_��rzn_M_
dv < 3

u�t
H Ê ��[]uvpx[­uvjÌu�^5�Lqrj�jmu�¥]ª�_"! Ê w�t��­[]_�t�p�_ v

u�jÌp*qrt]t]_op�ln_o��l�q�w�l�ª�_owTjml
3 − dv

�T_Mzml�u�p�_Mjdu�t
S \ St « E�skl S \ St

uvjÌu�t�p*ª�s��k_o� u�t
H ′ Ê w�t��£jnq7_��T_�z�h �T_Mzml�_*Ñ�qT¡ Xt ∩ H ′ [�w �T_`�k_��rzn_M_`w�lÌª�_Mwrj}ll�[]z�_�_�u�t

H ′ « &;q�� Ê ��_��]znq �r_`ln[�w�l�_��r_�z�h�q�l�[]_�z,�r_�znln_�Ñ­q�¡ H ′ [�wTj$wTª�jnqU�k_��rzn_M_)w�l$ª�_Mwrj}l�l�[]zn_M_ «Z
[�u�jOu�j
l�znu#�iu�wTª�ª�h)l�zns�_�¡ÒqTz�l�[]_,�r_�znlnuvp*_Mj;q�¡
H \ Ht Ê ¥L_Mp�wTs�jn_$q�¡ At ∩ H ⊂ H ′ « � �T_Mh��r_�znln_*Ñ�u�t A[!wTj
l�[]_�j�w�^5_��k_M�Tz�_�_�u�tU¥!qTln[

H ′ w�t�� H « Z
[]_�zn_owTjnqTt7¡ÒqTz�l�[]u�jOu�j;ln[�w�l A
uvj
l�[]_�s]t�u�qrtUq�¡{jmqr^5_

p�qTt]t�_Mp�l�_M��p�qT^5�!qrt]_�t§lxj{w�t��5t�q �T_�znln_�Ñ�qT¡,w
A
u�j{lnq�p�qTt]t�_Mp�l�_M�`l�q�w�tih�qTln[]_Mz �T_Mzml�_*Ñ`u�t)wTt§h`q�l�[]_�z

p�qT^5�LqTt]_Mtrl « Z
[]uvjÌ�]z�q �T_MjOln[!w�l�_��r_�z�h �r_�znln_�Ñ�u�t A
[!wTjÌ�k_��rzn_M_`w�l�ª�_owTjml

3
u�t

H ′ « Z�q�p�qTt�p�ª�s!�k_ Ê��_5�]z�q �T_�ln[�w�l�ln[]_�z�_Mjml�q�¡�ln[]_ �r_�znlnuvp*_MjÌqT¡
H ′ Ê u « _ « l�[]_ �T_Mzml�u�p�_Mjdq�¡ H ′ \ (A ∪ (H \ Ht)) Ê w�ªvjnq[!w �T_5�k_��rzn_M_5w�l$ª�_owTjmlÌln[]z�_�_5u�t

H ′ « �;_�^5_�^�¥!_MzÌln[�w�l�w�ª�ªHln[]_ojm_ �r_�znlnuvp*_ojdwTzn_5u�t¤jmqr^`_ Ss Ê ¡ÒqTz s Êjns�px[5l�[�w�l
As

[�wTj�w�t]qrt�_�^5�kl}h`u�t§ln_Mz�jn_Mp*lnu�qTt���u�ln[
A «1¬ _Op�ª�wTu�^×l�[�w�l�wTª�ª�ln[]_ojm_1�T_�znlnuvp*_ojH[�w �r_�ln[]_j�w�^5_��]_��Tz�_�_�u�tU¥Lq�ln[

H
w�t��

H ′ « Z�q)�]z�q �T_Ìl�[]u�j Ê t]q�l�_�ln[�w�l H ′ ∩ As = H ∩ As

¡Òqrz�wTª�ª�jms�px[
s «� t!�k_�_o� Ê As \ Xt ⊂ A Ê wTt��­jnq As ⊂ A ∪ Xt « � _�l u

¥L_5jns�px[­w��T_Mzml�_*Ñ «Ì¬ _5p�wTt jns]�]�Lqrjn_�l�[�w�l
u /∈ Xt « � ¡ u ∈ As

ln[]_Mt�p*ª�_MwTznª�h
u ∈ A Ê w�t���jnq���_Ow�z�_;�kqTt�_ « � ¡ u ∈ Ss \A Ê ln[]_Mt�_��T_Mznh�t]_�u��T[i¥LqTzqT¡

u
uvj�u�t

Hs « E�skl Hs ⊂ H ′ w�t���jmq5��_�w�z�_Ì�]qTt]_ « �

¬ _��k_�¢�t]_�w ����������
�4 1$qT¡ At

lnq�¥L_�w`¡Òs]t�p*lnu�qTt
c : At ∩ S → {0, 1, 2, 3} «äÉ qTz i < 3 Ê c(v) = i^5_ow�t�j�l�[�w�l;l�[]_ �T_Mzml�_*Ñ

v
[�wTj��]_��Tz�_�_

i
u�t8ln[�_$jms]¥��Tzxw��][

Ht

qT¡
Gt

ln[�w�lO��_ÌwTzn_Ìª�qiq9Ciu�t��5¡ÒqTz;w�t!�
c(v) = 3

^5_MwTt�jOln[�w�l
v
[�wrj��k_M�Tz�_�_`w�l�ª�_Mwrj}l�ln[]z�_�_`u�t

Ht « E�h a(t, c)
��_`�k_�t]qTln_�ln[]_`^5u�t]u�^�s�^

jnu�¦�_Ìq�¡1w`jns]¥]�rz�wT�][�qT¡
Gt

��u¨l�[�l�[]_��]z�_Mj�p*z�u�¥L_M�7�k_��rzn_M_Mj
wTpMp*qTzx�ku�t]��lnq
c
u�t

At « &;q�� ��_Ì�k_ojnp�znu�¥!_l�[]_$�ku�2L_Mzn_Mt§l�jmln_M��j�qT¡�qTs�z;w�ª��TqTz�u�ln[]^ «��_op*s]zxjnu��r_�ª�h Ê j}lxw�znlnu�t]�)¡Òz�qT^Ël�[]_5ª�_ow �T_oj;q�¡
T
lnq7ln[�_�z�qiq�l Ê ¡Òqrzd_owTpx[�t�qi�]_ t ∈ V (T )

wTt�� � â �
Þ��LÞ � ß � â 8 â � � � �

c
â��

At Ê ��_dp*qT^5�]s]ln_ a(t, c)
¥�wTjn_M�5qrt)l�[]_1��w�ª�s]_ojäqT¡

a(s, c)
��[�_�z�_

s
uvj�w�px[]u�ªv�

qT¡
t
qrz�j}l�qTz�_

a(t, c) = +∞
u¨¡�t]q�jms!px[7jns]¥]�Tzxw���[�_*Ñku�l�j «1¬ _��k_ojnp�znu�¥!_�ln[�_ ��wTznu�qTs�j
jmln_M��j�u�t �Tqrª��r_M�u�tUp*qr^`��sklnu�t]�

a(t, c)
¡Òqrz;w�¢]Ñk_M�8p*qrª�qrznu�t]�

c «
�Òu ! ¬ _`�Ts�_Mj�j�w�jms�¥�jm_�l Rt ⊆ Xt \ At

jms�px[�ln[�w�l
Rt ⊆ St «�¬ _�[�w �r_�w�lÌ^5qrjml 2h

px[�qTuvp*_Mj;¡ÒqTz
Rt «�ðu�u ! É qrzH_MwTpx[+�T_Mzml�_*Ñ v

u�t
Rt Ê ��_
�Ts]_ojnj1��[�_*ln[�_�z v

uvjHwT�W|mwrp*_Mtrl1l�qÌw �r_�znln_*Ñ$qT¡
Bt\(Rt∪At) Ê u « _ «��_�ln_oj}lÌw�ª�ª�ln[]_�l}��q�p*qrª�qrznu�t]�rj

γ : Rt → {0, 1}
jms�px[­ln[�w�l

γ(v) = 1
^`_ow�t�j

v
u�jÌwT��|mwTp*_Mt§l

lnq�w+�T_Mzml�_*Ñ)q�¡
Bt \ (Rt ∪At) « Z
[]_Ìtis]^�¥L_�z�qT¡�jns�px[7p�qTª�qTz�u�t��rj�u�j�w�l
^5q§j}l 2h «{É qrz
w�¢]Ñk_o�p*qrª�qrznu�t]�

γ Ê ��_��rs]_Mj�j�qTt]_ �T_�znln_�Ñ�u�t Bt \ (Rt ∪ At)
��[]uvpx[���_�jns]�]�]�Lqrjn_$l�q�¥L_�u�t

St Ê ¡ÒqTz_Mwrpx[Uq�¡1ln[]_ �T_Mzml�_*Ñ
v
u�t

Rt Ê jms!px[7l�[�w�l γ(v) = 1 «;É qTz;_owTpx[�p*qrª�qrznu�t]� γ Ê ��_$[�w �T_$w�lO^5qrjml
nh
px[]qru�p�_Mj�¡ÒqrzHln[]_�t�_�� �T_Mzml�u�p�_Mj1��[]uvpx[�p*qTs�ª��`¥L_;u�t!p*ª�s��k_M�5u�t

St « � ¡,w*�r_�znln_�Ñ�[�wTj γ(v) = 0 Êu¨l�uvj�t]q�l�w�ª�ª�q���_M��lnq`¥!_ÌwT�W|mwrp*_Mtrl�lnq5w�tih9�T_Mzml�_*Ñ�q�¡
Bt

¥L_Mjnuv�k_Ol�[]_*�T_Mzml�u�p�_Mj�u�t
At ∪Rt « � _*l

Dγ
t

¥L_Ìln[]_ojm_Ìt]_M��ª�h�px[]qrjn_�t��T_Mzml�u�p�_Mj�w�l
l�[]u�j;ª�_��T_�ª «
�Òu�u�u ! &;q�� ��_)zn_M^5q �T_)w�ª�ª{l�[]_ �r_�znlnuvp*_oj�q�¡

Xt

¡Òznqr^
Bt « � _M^`^�w�:�_�t�jns]z�_MjÌl�[�w�l�ln[]_7u�t��]s�p*_o�

�Tzxw��][
B̂t[St ∩Bt \Xt]

[�wrj�w�l�^5qrjml
3h+ 1

p�qTt]t]_op�l�_M��p�qT^5�LqTt]_Mtrlxj « &;q��C��_O�rs]_Mj�jäln[]_ojm_p*qrt]t]_Mp*ln_o�Up*qT^5�LqTt]_Mt§l�j;qT¡
B̂t[St ∩ Bt \ Xt]

¥ih��Ts]_ojnjnu�t��)w �T_Mzml�_*Ñ�¡Òz�qT^Üln[�_Mjn_�p*qrt]t]_Mp*ln_o�

ÿ# � ÿ$�
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p*qr^`�LqTt�_�t§l�j�u�t
Bt \ Xt « fiu�t�p�_$��_�t�_�_M�7l�q)px[]qiqrjn_Ìw�l;^5qrjml 3h + 1

�T_Mzml�u�p�_Mj�ln[�u�jO��wWh Ê ��_[�w �T_�w�l
^5q§j}l
(3h + 1)n3h+1 t]_M� px[]qru�p�_Mj « � _*l�l�[]_Mjn_�t]_���ª�h�px[]q§jm_Mt��r_�znlnuvp*_oj�¥L_ F γ

t

w�t!�

Rγ
t = Rt ∪ Dγ

t ∪ F γ
t ∪ {v ∈ At \ Xt | c(v) 6= 0}.

� _�l
G∗

t

¥!_�ln[]_`�Tzxw���[�u�t��ks!p*_M�­¥ih�l�[]_
k Ö t]_Mu��r[i¥!qrzn[]qiqk��q�¡äwTª�ª��T_Mzml�u�p�_Mj�qT¡ Rγ

t

u�t
B̂t \ Xt Êu « _ « G∗

t = (B̂t \ Xt)[N
k(Rγ

t )] «
�ðu���!7�äwTpx[8p*qrt]t]_op�ln_o��p�qT^5�!qrt]_�t§l
q�¡

G∗
t

[�wTj
�kuvw�^5_*l�_�z�w�l
^5qrjml
2k
u�t

B̂t \Xt « ~�j B̂t \Xt

[�wTj
¥!qrs]t��k_o��ª�qkp�wTªrl�zn_M_ Ö ��u��kln[ Ê l�[]u�j1u�^5�]ª�u�_oj�ln[�w�l G∗

t

[�wrj�lnz�_�_ Ö ��uv�iln[�¥!qrs]t��k_o��¥ih$wO¡Òs]t�p�l�u�qrt�qT¡
k « E�hÌl�[]_�zn_ojms]ª�l1q�¡ å _�^�w�u�t]_�w�t!� � w�|}u�wT�T[�wWhiu Ó Q Õ Ê l�[]u�j�¡Òs]t!p�lnu�qTt`u�t�l�[]_���zn_��§u�qTs!j�jml�w�ln_�^5_Mtrlp�wTt7¥L_$px[]qrjn_�t7lnq�¥L_Ìª�u�t]_ow�z «

� ��! � t£ln[]uvj�j}l�_�� ��_�¢!z�jmlÌ¢�t�� w7lnz�_�_ Ö �k_op*qT^5�Lqrjnu¨l�u�qrt (Tγ , {Up})
q�¡

G∗
t « &Oq�� jnu�t!p*_ As ∩ G∗

tu�j�w�p*ª�u%$rs�_�u�l$w��]�L_MwTz�j�u�t£w�¥!w���q�¡{l�[]u�jdl�zn_M_ Ö �k_Mp�qT^5�Lqrjnu¨l�u�qrt « � _�l�l�[]_5t]qk�k_5zn_M�]zn_ojm_Mt§lnu�t]�ln[]uvj
¥�wT��u�t�l�[]uvj�lnz�_�_d¥!_
p « &Oq�� ��_�^�w�Cr_dw`t]_M� ¥�wT�`p�qTt§l�wTu�t]u�t]��ln[]_*�r_�znlnuvp*_Mj�q�¡ As ∩G∗

tw�t��7^�w�Cr_du�l;w`ª�_ow�¡�qT¡�l�[]_dlnz�_�_
Tγ

¥ih�wT���ku�t��5w`t]qk�k_�wTt��7p�qTt]t�_Mp�l�u�t���l�[]uvj
t]qk�k_Ìlnq
p « E�hw�¥]s!jm_�qT¡�t]qTl�w�lnu�qTt Ê ¥ih s

��_Ì�]_�t]qTln_Ìln[�u�j��ku�jmlnu�t]�rs]u�jn[]_o�7ª�_Mw�¡1p�qTt§l�wTu�t�u�t]�`l�[]_�¥�w��
As ∩ G∗

t «¬ _dw�ªvjmq$wr�]��w�ª�ª]l�[]_5�r_�znlnuvp*_Mj{q�¡ At

lnq�w�ª�ª]ln[�_O¥�wT�rjHqT¡Ll�[]uvj{l�zn_M_ Ö �k_Mp�qT^5�!q§jmu�lnu�qTt`��[]uvpx[�qTt]ª�hu�t!p*z�_MwTjn_MjHln[]_d¥�w��$jnu�¦�_O¥ih5w�l�^`q§j}l
h « &;q��Ç��_�wT�]�]ª�h`w$�]h§t!w�^5u�pO�]z�qT�Tzxw�^5^5u�t]��w�ª��TqTz�u�ln[]^jmu�^5u�ªvw�z;lnq5ln[�_�qTt]_���_�s�jn_M�7¡ÒqTz
l�[]_$¥LqTs]t��]_M��ª�qkpMw�ª,l�zn_M_ Ö ��u��il�[Up�wTjn_ « �;_�^5_�^�¥!_Mz�ln[�w�l�¡ÒqTz_Mwrpx[7px[]u�ª��

s
q�¡

t Ê ��_d[�w �T_Ìw�ª�_ow�¡¹u�t�l�[]uvj��k_Mp�qT^5�!q§jmu�lnu�qTt7��u¨l�[�l�[]_Ì¥�w�� As ∩G∗
s « Z
[]_�w�u�^u�j�l�q`¢�t��8w�t7u�t��]s�p*_o��jns]¥]�rz�wT�][���[�u�px[�zn_ojm�L_Mp*l�j
w�ª�ª½ln[�_Ìpx[�qTuvp*_Mj���_Ì^5wr�k_�w�l�_MwTznª�u�_�z
j}l�_���j

w�¥Lq �T_ Ê w�t��7��[]uvpx[7[�wrj�ln[]_�^5u�t]u�^�s]^Ëjmu�¦�_ «
¬ _Ìjml�w�znl�¡Òznqr^ l�[]_dª�_ow �T_Mjäq�¡³l�[]uvj��]_Mp*qr^5�!q§jmu�lnu�qTt Tγ

w�t!�)�Tq�lnq�u¨lxj�z�qiq�l « ~�l�ln[]uvj��!qru�t§l
��_[�w �T_$wTª�ª¹ln[]_ �WwTª�s�_Mj
¡Òqrz
a(s, c′) Ê ¡ÒqTzdw�ª�ª³�Lqrj�jmu�¥]ª�_�p*qrª�qrznu�t]�rj c′

q�¡
As Ê ��[]_Mzn_ s

uvjOw�px[]u�ª��8qT¡
t
�Ò¥L_MpMw�s�jn_$q�¡H¢!z�jmlOª�_��T_Mª¹qT¡ä�khit�w�^5uvp��]z�qT�Tzxw�^5^5u�t]� ! « &Oq�� lnq�p�qT^5�]skl�_ a(t, c) Ê ��_�wT�]�]ª�hln[]_��khit�w�^5uvp5�]z�qT�Tzxw�^5^5u�t]�Uw�ª��TqTz�u�ln[]^ q�¡ � _M^`^�w Ô ��u�ln[ l�[]_)z�_Mjmlnz�u�p*lnu�qTt£ln[!w�l$¡Òqrz�_Mwrpx[��
 ,�
!
�4 196 
 ,=&5���Ìª�_ow�¡

s
q�¡³l�[]u�j��]_Mp*qr^5�!q§jmu�lnu�qTt Ê ��_d[�w �T_dw�ª�zn_owT�kh�w�ª�ª½ln[�_ ��wTª�s]_oj a(s, c)

¡ÒqTz�w�ª�ª
p*qrª�qrznu�t]�rjÌqT¡

As ∩ G∗
s

�ð��_)_�Ñiln_�t!�­l�[]uvj�p*qrª�qrznu�t]�7lnq­wTª�ª
As

¥ih­�Tu#�iu�t��7l�[]_)¦M_�z�q ��wTª�s]_ojÌlnq�T_Mzml�u�p�_Mj{qT¡
As \G∗

s

! « &Oq�ln_;ln[�w�läln[�_OqTt�ª�h5�ku�2L_Mzn_Mt�p*_;¥L_*l}��_�_Mt5ln[]uvj��khit�w�^5uvp��]z�qT�Tzxw�^5^5u�t]�w�t��7l�[]_�qTt]_ÌqT¡¹ln[�_ � _�^5^�w Ô u�j�l�[]_��
wWh���_�u�t]u�lnuvw�ª�u�¦M_�l�[]_�ª�_Mw �T_oj�q�¡�ln[]_Ìl�zn_M_ «
� �§u !���_*l�s]z�t)ln[�_O^5u�t�u�^�s]^ jmu�¦�_�q�¡¹w�jms]¥��Tzxw��][���u�ln[�l�[]_Ì�k_��rzn_M_Op*qrt�j}l�z�wTu�t§l

c
qTt

At Ê wT^`qrt]��wTª�ªln[]_$jns]¥]�rz�wT�][�j���_Ì¡ÒqTs]t���ln[�u�j��
wWh « � _*l a(t, c)
¥!_Ìl�[]u�j
^5u�t]u�^�s]^ «

� �iu�u ! � ¡ä¡ÒqrzdjnqT^5_+�T_�znln_�Ñ
t
w�t�� w7p�qTª�qTs]z�u�t]�

c : At → {0, 3} Ê ��_�[!w �T_ 1 ≤ a(t, c) ≤ k Ê z�_*l�s]z�tR5Å!Í « � ¡1t]q�l Ê ��_Ìp�qTt�p�ª�s!�k_dln[�w�lOjms�px[8w5jms�¥]�Tzxw��][8�kqi_Mj
t�q�l;_*Ñkuvj}l «
Z
[�u�j�p*qr^`��ª�_�ln_Mj{ln[]_Ì�k_ojnp�znu��klnu�qTt�qT¡,ln[]_dw�ª��Tqrznu�ln[]^ « &;q��Ç��_��kuvjnp�s�j�j{l�[]_;l�u�^5_�p�qT^5�]ª�_*Ñku�l}h`qT¡,ln[]_wTª��rqTz�u¨l�[]^ « � _*l CM

¥!_�l�[]_Op�qTt�jml�wTtrlä�]_��L_�t��ku�t]�$qrt]ª�h�qrt`ª�u�t]_MwTz{ª�qkpMw�ª]l�zn_M_ Ö ��u��kln[5q�¡½ln[�_Ojms�zm¡ðwrp*_Mju�t)��[]uvpx[
M
p�wTt�t]q�l�¥!_�_�^�¥!_o�]�k_M� «{É qTz�_Mwrpx[5¢]Ñk_M��p*qrª�qrznu�t]� c Ê ��_;t]_�_o� 4CM k(CM k +1)9n4h+1l�u�^5_Ìl�q`qr¥kl�wTu�t

a(t, c)
��[]_�z�_

t ∈ T « &;q�� Ê jnu�t�p�_dln[]_�tis]^�¥!_Mz�q�¡Hp*qTª�qTz�u�t]��qT¡�_owTpx[ At

u�j�w�l�^`q§j}l
4h Ê wTt���jmu�¦�_�qT¡¹ln[�_$p*ª�u#$§s]_ Ö �k_op*qr^`�Lqrjnu�lnu�qTt�u�j O(n) Ê ��_Ì�T_*l
l�[]_Ì¡ÒqTª�ª�q���u�t]�`ln[�_�qTz�_�^ �

��� ô�SN,�T+���%--U�/-V�W��
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d ≥ 3
�

� ���$2 	��*4�+¹���$2
� t8l�[]uvj���w��L_�z���_�u�t§lnz�qk�ks�p*_o� Ê c­f]c å d

�]z�qT¥]ª�_�^ Ê w5�T_�t�_�zxw�ª�u�¦ow�lnu�qTt7q�¡1¢�t��]u�t]�7jm[]qrzml�_Mjml;p*hkp*ª�_$u�tw��Tzxw��][ w�t�� j}l�s��ku�_M� u¨ld¡Òznqr^Ëln[]_9�iu�_��Á�LqTu�t§ldqT¡ä��w�zxw�^5_�ln_�z�u�¦�_M�Up�qT^5�]ª�_*Ñku�l}h «�¬ _5jn[]q���_M�8l�[�w�ll�[]_�c­f]c å d

uvj ¬�Ó�Ô*Õ�Ö [!w�zx�8u�tU�r_�t]_Mz�wTª³s]t��ku�z�_Mp�l�_M�8�rz�wT�][�j
¡Òqrz d ≥ 3
w�t!�8�rw �T_d¢]Ñk_o�U��w�zxw�^5_�ln_�z

l�z�wrp�lxw�¥]ª�_{w�ª��Tqrznu�ln[]^�j½��[]_MtÌln[]_äu�t]��skl��rz�wT�][��
wTj³_�u�ln[]_Mz³q�¡k¥LqTs]t��]_M�Ìª�qipMw�ªTlnz�_�_ Ö ��uv�iln[ÌqTz¹_*Ñ]p*ª�s��k_o�w�¢]Ñk_M�5^5u�t�qTz
M «1¬ _O¥L_�ª�u�_��T_�l�[�w�l�qTs]z�w�ª��TqTz�u�ln[]^5uvp�u�t�u¨l�u�w�lnu�qTt�jä��u�ª�ª�l�znu��T�r_�zH¡Òs�zml�[]_�z�zn_ojm_ow�zxpx[�qrtl�[]_$�]z�qT¥�ª�_M^ « Z
[]uvj;��u�ª�ª�[]_�ª��Us�j�u�tUs]t��]_�zxj}lxw�t��ku�t]��t]qTlOqTt�ª�h�ln[]uvjO��znqr¥]ª�_M^.¥]s]l�w�ªvjmq5l�[]_�p�ª�q§jm_Mª�hz�_�ªvw�l�_M�?�]znqr¥]ª�_�^¯qT¡ å k

f « Z
[]_8��wTz�wT^`_�ln_Mznu�¦�_o� lnzxwTp*l�w�¥�u�ª�u¨l}h?q�¡Ol�z�w�H�p7�Tz�qiqT^5u�t]�­�]z�qT¥�ª�_M^(j}l�u�ª�ª
z�_�^�wTu�t�j�qr�!_Mt «
�5��� ��âiá 8 Þ ã�� Þ � Þ � ��� Z
[]_Uw�skl�[]qTzxj`��qrs]ªv��ª�u�Cr_7l�q£ln[�wTt(C?c «{É _�ª�ª�q��;j Ê f « y��Mzn_Mt]t]_Mj�wTt�� å�«� q9Ckjn[rlxw�t]q �`¡Òqrz�u�t�jnu��T[§lm¡Òs]ª�ª¹�kuvj�p*s�j�jmu�qTt!j «
� ��#��
�1��2�	���+

Ó�Ô�Õ b « ~O^`u�t]u Ê f « y���z�_�t�t]_Mjdw�t�� � « fkw�s « "@������4��-,�,	��4 � � ������� �9
��+��
!
 ��4 �$# � �2�����	� �������0
�4 1 !�Ow��]�LqTznl;�k_$��_Mpx[�_�zxpx[]_ � &�� � ~ Ê ���r�§� Ê jns]¥]^5u¨lnln_o� «
Ó � Õ � « ~;t!�k_�zxjm_Mt Ê �B
�4���
�4 1 ����� 1 � ��4�� ,��+����� ���-45,-� ,�657�1������(& , Ê [§lnln� ��
�
 w�z � u#� � p�j 
 �i���§���9:§� � ÔTÊ�T�T�i� Ê jms�¥]^5u¨lnln_M� «
Ó : Õ E « a�[�qTz Ê c «TÉ _Mª�ª�q��;j Ê c « ~ « �;w��§w�t Ê � « �Ow�¦��rqTt Ê�É�« ��q§jnwT^5qTt��`w�t��5f « fit�u�z « a�qTt�t]_Mp*ln_M�`p*qrª Öqrznu�t]��p*qr^5�]ª�_�lnu�qTt�¡ÒqTzH�r_�t]_Mz�wTªk�Tzxw��][�j � wTª��rqTz�u¨l�[]^�j�wTt��`p*qT^5�]ª�_*Ñku�l}h « � ���	��������
�4 1�,{a�b�a�b�b &�T�T�i� Ê fi�]z�u�t��T_�z Ö
� _�z�ª�wT� Ê � �!��
 6 ����� ��
��-, 
�4 ��������6 
 �-� ) �-
 ��4 ��� Ê ���r�§� Ê l�q5wT�]�L_Mw�z «
Ó Q Õ � «�å _�^�w�u�t]_ Ê c « Z « � w�u |mw��r[�wWhiu Ê�� � 6 
�$������-4��2� �$# � �	����� � ������A 
 ��
'& ��4�� � 
�4������ � �	�����
�(������A 
 ��
'&>��4��+
�
 , �K� 1 ����
�
'& �0
 � �8�9� � 
 ����
!
 ��4(, Ê ���T��:

ÿ# � ÿ$�
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Ó 
�Õ � «{å _M^5wTu�t�_ Ê c « Z « � w�|}u�wT�T[�wWhiuäwTt���� « a « ��wW�
w�zxw�¥!wWhrwTjn[]u Ê �K� 1 ����
�
'& �0
 ��� �����(&�� 
�4����� &5�2���� ��B.0�!�2�����5� ,�
�
!
 ��4 ! � �9� ������
��+��
!
 ��4"��4��0����������
�4 1 Ê � t$yäznqkp*_M_M�ku�t]��q�¡iln[]_8Q � ln[$~Ot]tis�w�ª� �ä�{�?fihi^5�!q§jmu�s]^�qrt É qTt���w�lnu�qTt!j1q�¡¹a�qT^5�]skl�_�zäfkp�u�_Mt�p*_ � É b�a
f�! Ê y1wT�T_oj � :§� Ö � Q �]Ê bdp*lnqT¥L_�z�T�T� 
k«
Ó ��Õ � «!æ`«�å q���t]_�h�wTt���c « � «�É _�ª�ª�q��;j « �L�������+�-
 ����
�� ���>�����������2��
�
  « fi�]z�u�t]�r_�z Ö � _Mznªvw�� Ê!Ô ��� �]«
Ó � Õ � «�å s]lml�w5wTt���& « ��qTs!j=C�wTj Ê � �2�����K19�������0
�4 13
�4��	.�� 4���
 AB��� � , � �L� ,�
L��4���#�6 
 6 ��� Ê � �{�{�&O_*l}��qTz2C Ê � � Ê & « ��Ê yHw��T_oj Q ��Ö 
��]Ê ���T�§� «
Ó � Õ�å�« �{�]��jmln_Mu�t Ê . 
 ���+�-
 ���0��4 ��� ����� � A 
 ��
'&>
�4�� 
�4 ��� � ����� ,���� � ���2�5& � ���0
�� 
 �-, Ê ~;ª��TqTz�u�ln[]^5uvp�w Ê
� � � : Ö Q ! Ê �r� 
�� � �]ÔrÊ ���r�T� «

Ó ��Õ���«]É _Mu��r_dwTt�� æ`« ��qTznl�j�w�z�¦Ow�t!� å�« y�_Mª�_M� Ê � &(�K.@��4(,�� k � )*657�1��2�2�(&+� ���97������ Ê ~Oª��rqTz�u¨l�[]^5u�pMw Ê
�
	 Ê t « : Ê Q Ô � � Qi� ÔTÊ ���r� ÔT«

Ó�Ô � Õ c «LÉ _�ª�ª�q��;j Ê�å�« � _�z�^`_Mª�u�t�w�t!� É�« ��qrj�w�^5qrt�� « b�t8ln[�_�¢]Ñk_M� Ö ��wTz�wT^`_�ln_Mz�u�t§lnzxwTp*l�wT¥]u�ª�u�l}h7w�t!�l�z�wrp�lxw�¥]u�ª�u�l}h)qT¡�^�s]ª¨l�u���ª�_ Ö u�t§ln_�z.��w�ª,�rz�wT�][��]z�qT�L_�znlnu�_Mj « c�wTt§s!jnp�znu��kl Ê �T�T�i� «
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