
HAL Id: inria-00156747
https://inria.hal.science/inria-00156747v1
Submitted on 22 Jun 2007 (v1), last revised 28 Jun 2007 (v5)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Optimal Closest Policy with QoS and Bandwidth
Constraints for Placing Replicas in Tree Networks

Veronika Rehn-Sonigo

To cite this version:
Veronika Rehn-Sonigo. Optimal Closest Policy with QoS and Bandwidth Constraints for Placing
Replicas in Tree Networks. [Research Report] 2007. �inria-00156747v1�

https://inria.hal.science/inria-00156747v1
https://hal.archives-ouvertes.fr


in
ria

-0
01

56
74

7,
 v

er
si

on
 1

 -
 2

2 
Ju

n 
20

07

appor t  
de  r ech er ch e 

IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
??

??
--

F
R

+
E

N
G

Thème NUM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Optimal Closest Policy with QoS and Bandwidth
Constraints for Placing Replicas in Tree Networks

Veronika Rehn-Sonigo

N° ????

June 2007





Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

Optimal Closest Poliy with QoS and Bandwidth Constraintsfor Plaing Replias in Tree NetworksVeronika Rehn-SonigoThème NUM � Systèmes numériquesProjet GRAALRapport de reherhe n° ???? � June 2007 � 13 pages
Abstrat: This paper deals with the replia plaement problem on fully homogeneous treenetworks known as the Replia Plaement optimization problem. The lient requests areknown beforehand, while the number and loation of the servers are to be determined. Weinvestigate the latter problem using the Closest aess poliy when adding QoS and bandwidthonstraints. We propose an optimal algorithm in two passes using dynami programming.Key-words: Replia plaement, tree networks, Closest poliy, quality of servie, bandwidthonstraints.
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Politique Optimale Closest ave Qualité de Servie etBande-passante pour le Plaement de Répliques dans desReséaux en ArbresRésumé : Dans e papier, nous traitons le problème du plaement de répliques dans desréseaux en arbres omplètement homogènes, onnu sous le nom du problème d'optimisationde Replia Plaement. Les requêtes des lients sont onnus a priori, mais le nombreet les emplaements des serveurs restent à déterminer. Nous étudions e dernier problèmeen utilisant la politique d'aès Closest , en ajoutant de la qualité de servie et des limita-tions de bande-passante. Nous proposons un algorithme optimal en deux passes qui utilise laprogrammation dynamique.Mots-lés : Plaement de répliques, réseaux en arbres, politique Closest , qualité de servie,limitation de bande-passante.



Optimal Closest Poliy with QoS and Bandwidth Constraints 31 IntrodutionThis paper deals with the problem of replia plaement in tree networks with Quality ofServie (QoS) guarantees and bandwidth onstraints. Informally, there are lients issuingseveral requests per time-unit, to be satis�ed by servers with a given QoS and respeting thebandwidth limits of the interonnetion links. The lients are known (both their position inthe tree and their number of requests), while the number and loation of the servers are tobe determined. A lient is a leaf node of the tree, and its requests an be served by one orseveral internal nodes. Initially, there are no replias; when a node is equipped with a replia,it an proess a number of requests, up to its apaity limit (number of requests served bytime-unit). Nodes equipped with a replia, also alled servers, an only serve lients loated intheir subtree (so that the root, if equipped with a replia, an serve any lient); this restritionis usually adopted to enfore the hierarhial nature of the target appliation platforms, wherea node has knowledge only of its parent and hildren in the tree. Every lient has some QoSonstraints: its requests must be served within a limited time, and thus the servers handlingthese requests must not be too far from the lient.The rule of the game is to assign replias to internal nodes so that some optimizationfuntion is minimized and QoS as well as bandwidth onstraints are respeted. Typially, thisoptimization funtion is the total utilization ost of the servers. We restrit the problem tothe most popular aess poliy alled Closest , where eah lient is allowed to be served onlyby the losest replia in the path from itself up to the root.In this paper we study this optimization problem, alled Replia Plaement, and werestrit the QoS in terms of number of hops. This means for instane that the requests of alient who has a QoS range of 5 must be treated by one of the �rst �ve internal nodes on thepath from the lient up to the tree root.We point out that the distribution tree (lients and nodes) is �xed in our approah. Thiskey assumption is quite natural for a broad spetrum of appliations, suh as eletroni, ISP,or VOD servie delivery. The root server has the original opy of the database but annotserve all lients diretly, so a distribution tree is deployed to provide a hierarhial and dis-tributed aess to replias of the original data. On the ontrary, in other, more deentralized,appliations (e.g. alloating Web mirrors in distributed networks), a two-step approah isused: �rst determine a �good� distribution tree in an arbitrary interonnetion graph, andthen determine a �good� plaement of replias among the tree nodes. Both steps are inter-dependent, and the problem is muh more omplex, due to the ombinatorial solution spae(the number of andidate distribution trees may well be exponential).Many authors deal with the Replia Plaement optimization problem. Most of thepapers neither deal with QoS nor with bandwidth onstraints. Instead they onsider averagesystem performane as total ommuniation ost or total aessing ost. Please refer to [2℄ fora detailed desription of related work with no QoS onstraints.Cidon et al [3℄ studied an instane of Replia Plaement with multiple objets, whereall requests of a lient are served by the losest replia (Closest poliy). In this work, theobjetive funtion integrates a ommuniation ost, whih an be seen as a substitute forQoS. Thus, they minimize the average ommuniation ost for all the lients rather thanensuring a given QoS for eah lient. They target fully homogeneous platforms sine thereare no server apaity onstraints in their approah. A similar instane of the problem hasbeen studied by Liu et al [6℄, adding a QoS in terms of a range limit, and whose objetiveis to minimize the number of replias. In this latter approah, the servers are homogeneous,RR n° 0123456789



4 V. Rehn-Sonigoand their apaity is bounded. Both [3, 6℄ use a dynami programming algorithm to �nd theoptimal solution.Some of the �rst authors to introdue atual QoS onstraints in the problem were Tangand Xu [7℄. In their approah, the QoS orresponds to the lateny requirements of eah lient.Di�erent aess poliies are onsidered. First, a replia-aware poliy in a general graph withheterogeneous nodes is proven to be NP-omplete. When the lients do not know where thereplias are (replia-blind poliy), the graph is simpli�ed to a tree (�xed routing sheme) withthe Closest poliy, and in this ase again it is possible to �nd an optimal dynami programmingalgorithm.Bandwidth limitations are taken into aount when Karlsson et al [5, 4℄ ompare di�erentobjetive funtions and several heuristis to solve NP-omplete problem instanes. They donot take QoS onstraints into aount, but instead integrate a ommuniation ost in theobjetive funtion as was done in [3℄. Integrating the ommuniation ost into the objetivefuntion an be viewed as a Lagrangian relaxation of QoS onstraints. Please refer to [1℄ formore related work dealing with QoS onstraints.In this paper we propose an e�ient algorithm alled Optimal Replia Plaement(ORP) to determine optimal loations for plaing replias in the Replia Plaement prob-lem inluding QoS and bandwidth. Our work provides a major extension of the algorithmof Liu et al [6℄, whih was already mentioned above. Liu et al [6℄ proposed an algorithmPlae-replia to �nd an optimal set of replias on homogeneous data grid trees inludingQoS onstraints in terms of distane but without bandwidth onstraints. Our approah leadsto two important extensions. First of all, we separate the set of lients from the set of servers,while Liu et al suppose lients to be servers with a double funtionality. Our model ansimulate the latter model while the onverse is not true. Indeed, we an model lient-servernodes by inserting a �tive node before the lient whih an take the role of a server. Theapproah of Liu et al in ontrast does not o�er the possibility to model lients without serverfuntionality.Our seond major ontribution is the introdution of bandwidth onstraints. This is animportant modi�ation of the requirements as QoS and bandwidth are of a ompletely di�erentnature. QoS is a onstraint that belongs to a node loally, hene eah lient has to ope with itsown limitation. Bandwidth onstraints in ontrast have a global in�uene on the resoures asa link may be shared by multiple lients and onsequently all of them are onerned. Thereforeit is not obvious whether the problem with these ompletely di�erent onstraint types wouldremain polynomial or would beome NP-hard.The rest of the paper is organized as follows. Setion 2 introdues our main notationsused in Replia Plaement problems. Setion 3 is dediated to the presentation of ourpolynomial algorithm: the proper terminology of the algorithm is introdued in Setion 3.0.1.The subsetions 3.1 and 3.3 treat the di�erent phases and explaining examples an be foundin Setions 3.2 and 3.4. Complexity is subjet of Setion 3.5, whereas optimality is proven inSetion 3.6. Setion 4 summarizes our work.2 NotationsThis setion familiarizes with our basi notations. We onsider a distribution tree T whosenodes are partitioned into a set of lients C and a set of internal nodes N (N ∩ C = ∅). Thelients are leaf nodes of the tree, while N is the set of internal nodes. Let r be the root of theINRIA



Optimal Closest Poliy with QoS and Bandwidth Constraints 5
r
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TFigure 1: Appearane of T ∗tree. The set of tree edges (links) is denoted as L. Eah link l owns a bandwidth limit BW(l)that an not be exeeded.A lient v ∈ C is making wv requests per time unit to a database. Eah lient has torespet its personal Quality of Servie onstraints (QoS), where q(v) indiates the range limitin hops for v upwards to the root until a database replia has to be reahed. A node j ∈ Nmay or may not have been provided with a replia of the database. Nodes equipped with areplia (i.e. servers) an proess up to W requests per time unit from lients in their subtree.In other words, there is a unique path from a lient v to the root of the tree, and eah node inthis path is eligible to proess all the requests issued by v when provided with a replia. Wedenote by R ⊆ N the entire set of nodes equipped with a replia.3 Optimal Replia Plaement Algorithm (ORP)In this setion we present ORP , an algorithm to solve the Replia Plaement problemusing the Closest poliy with QoS and bandwidth onstraints. For this purpose, we modifyan algorithm of Lin, Liu and Wu [6℄. Their algorithm Plae-replia is used on homogeneousonditions with QoS onstraints but without bandwidth restritions. To be able to use thealgorithm, we have to modify the original platform. We transform the tree T in a tree T ∗by adding a new root r+ as father of the original root r (see Figure 1). r+ is onneted to
r via a link l0, where BW(l0) = 0. As the bandwidth is limited to 0, no requests an passabove r, so that this arti�ial transformation for omputation purposes an be adapted to anytree-network.A further, only formal transformation, onsists in the suppression of lients from thetree and hene the onsideration of their parents as leaves in the following way (Figures 2and 3 give an illustration): for every parent v who has only leaf-hildren v1, .., vn (i.e., allits hildren are lients), we assign the sum of the requests of the vj as its requests w(v), i.e.,
w(v) =

∑

1≤j≤n w(vj). The assoiated QoS is set to (min1≤j≤n q(vj))−1. This transformationis possible, as we use the Closest poliy and hene all hildren have to be treated by thesame server. From those parents who have some leaf-hildren v1, .., vn, but also non-leafhildren vn+1, .., vm, the lients an not be suppressed ompletely. In this ase the leaf-hildren
v1, .., vn are ompressed to one single lient c with requests w(c) =

∑

1≤j≤n w(vj) and QoSq(c) = min1≤j≤n q(vj). One again this ompression is possible due to the restrition on theClosest aess poliy.RR n° 0123456789



6 V. Rehn-Sonigo
v1 vj

v

w(v1) w(vj) w(vn)q(v1) q(vj) q(vn)

vn(a) Node v before suppressionof lients.
v

w(v) =
∑

1≤j≤n w(vj)
(min1≤j≤n q(vj))− 1(b) Node v after suppressionof lients.Figure 2: Suppression of lients

v

v1 vn

w(vn)w(v1)q(v1) q(vn)(a) Node v before ompressionof its lients.
v

c

w(c) =
∑

1≤j≤n
w(vj)q(c) = min1≤j≤n q(vj)(b) Node v after ompressionof its lients.Figure 3: Compression of lients.ORP works in two phases. In the �rst phase so alled Contribution Funtions are omputedwhih will serve in the seond phase to determine the optimal replia plaements. In thefollowing some new terms are introdued and then the two phases are desribed in detail.3.0.1 TerminologyWorking with a tree T ∗ with root r+, we note t(v) the subtree rooted by node v, and t′(v) =

t(v) − v, i.e. the forest of trees rooted at v's hildren. The i'th anestor of node v, traversingthe tree up to the root, is denoted by a(v, i).Using these notations, we denote m(T ∗) the minimum ardinality set of replias that hasto be plaed in tree T suh that all requests an be treated by a maximum proessing apaityof W (respeting QoS and bandwidth onstraints). In the same manner m(t(v)) denotes theminimum number of replias that has to be plaed in t′(v), suh that the remaining requestson node v are within W . For this purpose we de�ne a ontribution funtion C. C(v, i) denotesthe minimum workload on node a(v, i) ontributed by t(v) by plaing m(t(v)) replias in t′(v)and none on a(v, j) for 0 ≤ j < i. The omputation and an illustrating example are presentedbelow (Cf. Setion 3.2 and Setion 3.4). But before we need a last notation. The set e(v, i)denotes the hildren of node v that have to be equipped with a replia suh that the remainingrequests on node a(v, i) are within W , there are exatly m(t(v)) replias in t′(v) and noneINRIA
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v
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′(v)

r
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a(v, 1)

a(v, i)

Figure 4: Clari�ation of the terminology.on a(v, j) for 0 ≤ j < i and the ontribution t(v) on a(v, i) is minimized. The omputationformula is also given below. Of ourse the ompression of leaves is not possible if a lient vof the original tree T is onneted to its father via a ommuniation link l that has a lowerbandwidth than v requests (BW(l) < w(v)). In this ase we know a priori that there is nosolution to our problem as v's requests an not be treated.3.1 Phase 1: Bottom up omputation of set e, amount m and ontributionfuntion CThe omputation of e, m and C is a bottom up proess, distinguishing two ases.1. v is a leaf:In this ase we do not need e and m and we an diretly ompute the ontributionfuntion. C(v, i) is w(v) when (i ≤ q(v) ∧w(v) ≤ minBW path[v → a(v, i)]), and in�nityotherwise.We point out that there is no solution if any of the leaves has more requests than W orif the bandwidth of any of the lients to its parent is not su�iently high.2. v is an internal node with hildren v1, . . . , vn:
i = 0: If the ontribution on v of its hildren, i.e. the inoming requests on v is biggerthan the proessing apaity of inner nodes W , we know we have to plae somereplias on the hildren to bound the inoming requests on W . To �nd out whihhildren have to be equipped with a replia, we take a look at the C(vj , 1)-valuesof the hildren. The set e(v, 0) is used to store the vj's that are determined to beequipped with a replia. Hene the proedure is the following:� e(v, 0) = ∅� while(∑vj /∈e(v,0) C(vj, 1) > W )add vj ∈ N with biggest C(vj, 1) to e(v, 0)Note that the set N used in the proedure still orresponds to the set of internalnodes of the original tree T . So we an add leaf nodes of T ∗ that are inner nodesin T , but we an not add ompressed lient nodes. Note furthermore that there isno lient that is added to e(v, 0). Besides we remark that there is no valid solutionwithin W and the present QoS and bandwidth onstraints, when all hildren vj ∈ NRR n° 0123456789



8 V. Rehn-Sonigoof v are equipped with a replia and the inoming requests do not �t in W . Ofourse this holds also true in the ase i > 0. Subsequently, the value of m(t(v)) isdetermined easily: m(t(v)) =
∑

1≤j≤n m(t(vj))+ |e(v, 0)|. We remind that m(t(v))indiates the minimum number of replias that have to be plaed in t′(v) to keepthe number of ontributed requests inferior to W . Finally, the omputation of theontribution funtion :
C(v, 0) =

∑

vj /∈e(v,0)

C(vj , 1).
i > 0: Treating node v, we want to ompute the ontribution on a(v, i). As for i = 0,we start omputing the set e(v, i):� e(v, i) = ∅� while(∑vj /∈e(v,i) C(vj, i + 1) > W )add vj ∈ N with biggest C(vj, i + 1) to e(v, i)The omputation of the ontribution funtion follows a similar priniple:

C(v, i) =

{

∑

vj /∈e(v,i) C(vj, i + 1), if |e(v, i)| = |e(v, 0)|

∞, otherwise (1)
C(v, i) is set to ∞, when the number of |e(v, 0)| replias plaed among the hildrenof v is not su�ient to keep the ontributed requests on a(v, i) within W .3.2 Example of Phase 1Consider the tree in Figure 5 and a proessing apaity of inner nodes �xed to W = 15. Thetree has already been transformed. So nodes x and y are ompressed lient-leaves (grey saledin the �gure), whereas all other leaves orrespond to servers (former inner nodes, hene nodesthat are within N ). We start with the omputation of all C(v, i)-values of all leaves. Leaf lfor example has C(l, 0) = 3 as it holds 3 requests. As the link from l to e has a bandwidthof 4, and the QoS is 2, the requests of l an asent to node e and hene the ontribution of

l's requests on node e, C(l, 1), is 3. In the same manner, C(l, 2), i.e. the ontribution of l'srequests on node b is 3 as well. But then the QoS range is exeeded and hene the requestsof l an not be treated higher in the tree. Consequently the ontributions on nodes a and a+(C(l, 3) and C(l, 4)) are set to in�nity. Another example: Leaf i owns 7 requests, but the linkfrom i to its parent c has a lower bandwidth, and hene the ontribution of i on c, C(i, 1),has to be set to in�nity. The whole omputation table for the leaf-ontributions is given inTable 1.Table 2 is used for the omputation of e, m and C values of inner nodes. During theomputation proess it is �lled by main olumns, where one main olumn onsists of all innernodes of the same level in the tree. So we start with node e. The ontribution of its hild
l, C(l, 1), is 3 as we omputed in Table 1. And as it is the only hild, we have that theontributed requests on e are less than the proessing apaity W whih is �xed to 15 andhene we do not need to plae a replia on the hild l of e to minimize the ontribution on
e. Corresponding we get m(t(e)) = 0, i.e. we do not need to plae a replia in the subtree
t′(e), and a ontribution C(e, 0) = 3. e(e, 1) and C(e, 1) are omputed in the same manner,taking into aount C(l, 2). Computing e(e, 2), i.e. the nodes that have to be equipped withINRIA
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C(v, 0) 3 4 3 2 5 8 7 4 12 3 8
C(v, 1) 3 4 3 2 5 8 ∞ 4 12 ∞ 8
C(v, 2) 3 ∞ ∞ 2 ∞ 8 ∞ 4 12 ∞ 8
C(v, 3) ∞ ∞ ∞ 2 ∞ ∞ ∞ 4 12 ∞ ∞
C(v, 4) ∞ ∞ ∞ ∞ ∞Table 1: Computation of C(v, i)-values of leaves.a replia if we want to minimize the ontribution on node a(e, 2) = a by plaing replias onthe hildren of e but none on e up to a. For this purpose we use C(l, 3), the ontribution of

l on a and remark that it is in�nity. Hene we have ∞ > W = 15 and so we have to equip lwith a replia, and as now the set e(e, 2) has a higher ardinality than e(e, 0), we know thatthis solution is not optimal anymore and we set the ontribution of C(e, 2) to in�nity (Eq. 1).Taking a look at node j: In the omputation of e(j, 0), we have a total ontribution of itshildren of 16, whih exeeds the proessing power of W = 15 (bandwidth and QoS are notrestriting here). So we know that we have to equip one of the hildren with a replia, and wehoose the one with the highest ontribution on j: node p. Consequently, we get m(t(j)) = 1as we have to plae one replia on the hildren. The ontribution C(j, 0) onsists in the 4remaining ontributed requests of node o. One we have �nished all omputations for thislevel, we start with the omputations of the next level, whih an be found in the next mainolumn of the table. Let us treat exmplarily node c. The sum of its hildren's ontributionsis C(x, 1) + C(g, 1) + C(h, 1) + C(i, 1) = ∞ as C(g, 1) = C(i, 1) = ∞. So we add g and ito e(c, 0) to lower the ontributions to C(x, 1) + C(h, 1) = 11 whih �ts in the proessingpower of W = 15. The outome of this is m(t(c)) = 2 and the remaining requests lead to
C(c, 0) = 11.3.3 Phase 2: Top down replia plaementThe seond phase uses the preomputed results of the �rst phase to deide about the nodes onwhih to plae a replia. The goal is to plae m(T ∗) = m(t(r+)) replias in t′(r+). Note thatthis means that there is no replia on r+ and hene only the original tree T will be equippedwith replias. If the workload on node r is within W , we have a feasible solution.RR n° 0123456789



10 V. Rehn-Sonigoe g j b  d a a+

e(v, 0) ∅ ∅ {p} ∅ {g, i} {k} {b, c} {a}
m(t(v)) 0 0 1 0 2 2 6 7
C(v, 0) 3 7 4 9 11 12 12 ∞

e(v, 1) ∅ {n} {p} {e} {g, i} {k} {b, c, d}
C(v, 1) 3 ∞ 4 ∞ ∞ 12 ∞
e(v, 2) {l} {n} {p} {e, f} {g, i} {j, k}
C(v, 1) ∞ ∞ 4 ∞ ∞ ∞
e(v, 3) {l} {m,n} {o, p}
C(v, 1) ∞ ∞ ∞Table 2: Computation of e, m and C for internal nodes.Phase 2 is a reursive approah. Starting with i = 0 on node v = r+, all nodes that arewithin e(v, i) are equipped with a replia. In this top down approah, i indiates the distaneof node v to its �rst anestor up in the tree that is equipped with a replia and hene theset e(v, i) denotes the set of hildren of v that have to be equipped with a replia in order tominimize the ontribution of v on a(v, i). Next the proedure is alled reursively with theappropriate index i. Algorithm 1 gives the pseudo-ode for the top down plaement phase,whih is the same as the one in [6℄.proedure Plae-replia (v, i)beginif v ∈ C thenreturn;endplae a replia at eah node of e(v, i);forall c ∈ hildren(v) doif c ∈ e(v, i) thenPlae-replia(,0);elsePlae-replia(,i+1);endendend Algorithm 1: Top down replia plaement3.4 Example of Phase 2We start with the results of Phase 1 (Cf. Table 1 and 2) and all then the proedure Plae-replia (Algorithm 1) with (a+, 0). a+ is not a leaf, so we plae a replia on its hild a, as

a ∈ e(a, 0) and then reall the proedure with (a, 0). This time we plae replias on b and cand all the proedure with values (b, 0), (c, 0) and (d, 1). We have to inrement i to 1 whenwe treat node d, as we already know that we will not equip d with a replia, and hene thehildren of d might give their ontribution diretly to a. So we have to examine whih of thehildren of d have to be equipped with a replia, to minimize the ontribution on a. This isstored in the e(vj , 1)-values of all hildren vj of d. So every time we do not plae a replia onINRIA



Optimal Closest Poliy with QoS and Bandwidth Constraints 11PR(a+,0)
→ aPR(a,0)
→ b,PR(b,0) PR(,0) PR(d,1)

→ g,i → kPR(e,1) PR(f,1) PR(g,0) PR(h,2) PR(i,0) PR(j,2) PR(k,0)ret ret ret → p retPR(l,2) PR(m,1) PR(n,0) PR(o,3) PR(p,0)ret ret ret ret retTable 3: Sheme on the reursive alls of the proedure Plae-repliaa node and desent to its hildren, we inrease the distane-indiator i to the �rst replia thatan be found the way up to the root. The reursive proedure all for the entire example isgiven in Table 3.4. PR(x,i) stands for the all of Plae-replia with parameters (x,i) and → xindiates that node x is equipped with a replia.3.5 ComplexityLet us take a look on the omplexity of ORP . For eah node v we have to ompute e, m and
C values. So the omputation requires n log n, if v has n hildren and if we sort the C valuesfrom all of v's hildren. We have to do at most L sorting, where L is the maximum range limitamong all nodes. So at all the omputation omplexity for the values for one node is Ln log n,and we get a total omplexity of LN log N , where N is the number of nodes in the tree.3.6 OptimalityIn this setion we prove optimality of our algorithm ORP by reursion over levels. For thispurpose we apply a theorem introdued by Liu et al [6℄ and presented below as Theorem 1. Liuet al used this theorem in order to prove the existene of an optimal solution on a homogeneousdata grid tree under QoS onstraints. As the theorem does not take into aount if there areany onstraints like QoS or bandwidth, we an adopt it for our problem.Theorem 1. Consider a data grid tree T , a node v in T with hildren v1, .., vn and a workload
W . There exists a replia set R so that |R| = m(T ), R minimizes the total workload due to Rfrom t′(v) on a(v, i) for i ≥ 1, and |R ∩ t′(vj)| = m(t(vj)).In other words, Theorem 1 guarantees that for a tree T with �xed proessing apaity Wthere exists a replia set R whose ardinality is the minimum number of replias that has tobe plaed in t′(r) (where r is the root of T ), suh that the remaining requests on r are within
W . Furthermore for a node v with hildren v1, ..., vn, due to R the workload on a anestor
a(v, i) of v is minimized and the number of replias that are plaed in the subtree t′(vj) isminimal.Proof. We an use the same arguments as Liu et al as we did not hange the de�nition of
m-values but the onstraints on m. By de�nition of m(t(vj)), we know that this is the minimalnumber of replias that has to be plaed in t′(vj) suh that the ontribution on vj is withinRR n° 0123456789
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Figure 6: Indution over levels.
W . Hene |R ∩ t′(vj) an not be less than m(t(vj)) beause otherwise the ontribution on vjwould exeed W . On the other side in any optimal solution for t(vj), we an not plae morereplias in t′(vj) than m(t(vj)) and than one more on vj . The resulting ontribution on a(v, i)dereases at most when plaing the replia on vj.Theorem 2. Algorithm ORP returns an optimal solution to the Replia Plaement prob-lem with �xed W , QoS and bandwidth onstraints, if there exists a solution.Proof. We perform an indution over levels to prove optimality. We onsider any tree T ∗ ofhight n + 1 and start at level 0, whih onsists in the arti�ial root r+ (Cf. Figure 6).level 0: Using Theorem 1, we know that there exists an optimal solution R0 for our tree (i.e.,a set R of replias whose ardinality is m(T ∗)) suh that |R0∩ t′(r)| = m(t(r)). We have

m(T ∗) = m(t(r)) + |e(r+, 0)| by de�nition of e(r+, 0). Hene e(r+, 0) = {r} if and onlyif r ∈ R0. This is exatly how the algorithm pursuits.level i → i+1: We assume that we have plaed the replias from level 0 to level i (withAlgorithm 1) and that there exists an optimal solution Ri with these replias. We furthersuppose that for eah node v in level i it holds |Ri ∩ t′(v)| = m(t(v)). Let us onsidera node v in level i with hildren v1, .., vn and we de�ne l := min{k ≥ 0|a(v, k) ∈ Ri}.In the next step of the algorithm we equip the elements of e(v, l) with a replia. Wehave m(t(v)) =
∑

1≤j≤n m(t(vj)) + |e(v, 0)|, i.e. the minimal number of replias in thesubtrees t′(vj) and the minimal number of replias on the hildren of v that have tobe plaed to keep the ontributed requests on v within W . By de�nition of e(v, l) wehave that |{j ∈ {1, .., n}|vj ∈ Ri}| ≥ |e(v, l)| and we also have |e(v, l)| = |e(v, 0)| as theontribution C(v, l) is �nite and Ri a solution. For the inequality, there is even equalitybeause otherwise there would exist a j suh that |t′(vj) ∩ Ri| < m(t(vj)), whih isimpossible. With this equality, we an replae the hildren of v that are in Ri by thehildren of v that are in e(v, l) reating a solution Ri+1. So Ri+1 is also an optimalINRIA



Optimal Closest Poliy with QoS and Bandwidth Constraints 13solution, beause |Ri| = |Ri+1| (we did not hange the nodes of the other levels) andthe ontribution of t(v) on a(v, l) has at most dereased. Furthermore for every node v′at level i+1 we have |Ri+1 ∩ t′(v′)| = m(t(v′)).So the last solution Rn that we get in the indution step n is optimal and it orrespondsto the solution that we obtain by our algorithm.4 ConlusionIn this paper we dealt with the Replia Plaement optimization problem with QoS andbandwidth onstraints. We restrited our researh on Closest/Homogeneous instanes. Wewere able to proove polinomiality and proposed the optimal algorithm ORP . This algorithmextends an existing algorithm in two important areas. First the set of lients and the setof servers an be distint now and does not require exlusively double-funtionality nodesanymore. The other major ontribution is the expansion to the interplay of di�erent natureonstraints. QoS, whih is a proper onstraint for eah lient, and bandwidth, a global resourelimitation, subordinate to a ommon optimization funtion. This aomplishment ompletesfurthermore the study on omplexity of Closest/Homogeneous in tree networks.Referenes[1℄ A. Benoit, V. Rehn, and Y. Robert. Impat of QoS on Replia Plaement in TreeNetworks. Researh Report 2006-48, LIP, ENS Lyon, Frane, De. 2006. Available atgraal.ens-lyon.fr/~yrobert/.[2℄ A. Benoit, V. Rehn, and Y. Robert. Strategies for Replia Plaement in Tree Net-works. Researh Report 2006-30, LIP, ENS Lyon, Frane, Ot. 2006. Available atgraal.ens-lyon.fr/~yrobert/.[3℄ I. Cidon, S. Kutten, and R. So�er. Optimal alloation of eletroni ontent. ComputerNetworks, 40:205�218, 2002.[4℄ M. Karlsson and C. Karamanolis. Choosing Replia Plaement Heuristis for Wide-AreaSystems. In ICDCS '04: Proeedings of the 24th International Conferene on DistributedComputing Systems (ICDCS'04), pages 350�359, Washington, DC, USA, 2004. IEEE Com-puter Soiety.[5℄ M. Karlsson, C. Karamanolis, and M. Mahalingam. A framework for evaluating repliaplaement algorithms. Researh Report HPL-2002-219, HP Laboratories, Palo Alto, CA,2002.[6℄ P. Liu, Y.-F. Lin, and J.-J. Wu. Optimal plaement of replias in data grid environmentswith loality assurane. In International Conferene on Parallel and Distributed Systems(ICPADS). IEEE Computer Soiety Press, 2006.[7℄ X. Tang and J. Xu. QoS-Aware Replia Plaement for Content Distribution. IEEE Trans.Parallel Distributed Systems, 16(10):921�932, 2005.
RR n° 0123456789

graal.ens-lyon.fr/~yrobert/
graal.ens-lyon.fr/~yrobert/


Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université- ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau- Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)http://www.inria.fr

ISSN 0249-6399


