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Abstra
t: This paper deals with the repli
a pla
ement problem on fully homogeneous treenetworks known as the Repli
a Pla
ement optimization problem. The 
lient requests areknown beforehand, while the number and lo
ation of the servers are to be determined. Weinvestigate the latter problem using the Closest a

ess poli
y when adding QoS and bandwidth
onstraints. We propose an optimal algorithm in two passes using dynami
 programming.Key-words: Repli
a pla
ement, tree networks, Closest poli
y, quality of servi
e, bandwidth
onstraints.
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Politique Optimale Closest ave
 Qualité de Servi
e etBande-passante pour le Pla
ement de Répliques dans desReséaux en ArbresRésumé : Dans 
e papier, nous traitons le problème du pla
ement de répliques dans desréseaux en arbres 
omplètement homogènes, 
onnu sous le nom du problème d'optimisationde Repli
a Pla
ement. Les requêtes des 
lients sont 
onnus a priori, mais le nombreet les empla
ements des serveurs restent à déterminer. Nous étudions 
e dernier problèmeen utilisant la politique d'a

ès Closest , en ajoutant de la qualité de servi
e et des limita-tions de bande-passante. Nous proposons un algorithme optimal en deux passes qui utilise laprogrammation dynamique.Mots-
lés : Pla
ement de répliques, réseaux en arbres, politique Closest , qualité de servi
e,limitation de bande-passante.



Optimal Closest Poli
y with QoS and Bandwidth Constraints 31 Introdu
tionThis paper deals with the problem of repli
a pla
ement in tree networks with Quality ofServi
e (QoS) guarantees and bandwidth 
onstraints. Informally, there are 
lients issuingseveral requests per time-unit, to be satis�ed by servers with a given QoS and respe
ting thebandwidth limits of the inter
onne
tion links. The 
lients are known (both their position inthe tree and their number of requests), while the number and lo
ation of the servers are tobe determined. A 
lient is a leaf node of the tree, and its requests 
an be served by one orseveral internal nodes. Initially, there are no repli
as; when a node is equipped with a repli
a,it 
an pro
ess a number of requests, up to its 
apa
ity limit (number of requests served bytime-unit). Nodes equipped with a repli
a, also 
alled servers, 
an only serve 
lients lo
ated intheir subtree (so that the root, if equipped with a repli
a, 
an serve any 
lient); this restri
tionis usually adopted to enfor
e the hierar
hi
al nature of the target appli
ation platforms, wherea node has knowledge only of its parent and 
hildren in the tree. Every 
lient has some QoS
onstraints: its requests must be served within a limited time, and thus the servers handlingthese requests must not be too far from the 
lient.The rule of the game is to assign repli
as to internal nodes so that some optimizationfun
tion is minimized and QoS as well as bandwidth 
onstraints are respe
ted. Typi
ally, thisoptimization fun
tion is the total utilization 
ost of the servers. We restri
t the problem tothe most popular a

ess poli
y 
alled Closest , where ea
h 
lient is allowed to be served onlyby the 
losest repli
a in the path from itself up to the root.In this paper we study this optimization problem, 
alled Repli
a Pla
ement, and werestri
t the QoS in terms of number of hops. This means for instan
e that the requests of a
lient who has a QoS range of 5 must be treated by one of the �rst �ve internal nodes on thepath from the 
lient up to the tree root.We point out that the distribution tree (
lients and nodes) is �xed in our approa
h. Thiskey assumption is quite natural for a broad spe
trum of appli
ations, su
h as ele
troni
, ISP,or VOD servi
e delivery. The root server has the original 
opy of the database but 
annotserve all 
lients dire
tly, so a distribution tree is deployed to provide a hierar
hi
al and dis-tributed a

ess to repli
as of the original data. On the 
ontrary, in other, more de
entralized,appli
ations (e.g. allo
ating Web mirrors in distributed networks), a two-step approa
h isused: �rst determine a �good� distribution tree in an arbitrary inter
onne
tion graph, andthen determine a �good� pla
ement of repli
as among the tree nodes. Both steps are inter-dependent, and the problem is mu
h more 
omplex, due to the 
ombinatorial solution spa
e(the number of 
andidate distribution trees may well be exponential).Many authors deal with the Repli
a Pla
ement optimization problem. Most of thepapers neither deal with QoS nor with bandwidth 
onstraints. Instead they 
onsider averagesystem performan
e as total 
ommuni
ation 
ost or total a

essing 
ost. Please refer to [2℄ fora detailed des
ription of related work with no QoS 
onstraints.Cidon et al [3℄ studied an instan
e of Repli
a Pla
ement with multiple obje
ts, whereall requests of a 
lient are served by the 
losest repli
a (Closest poli
y). In this work, theobje
tive fun
tion integrates a 
ommuni
ation 
ost, whi
h 
an be seen as a substitute forQoS. Thus, they minimize the average 
ommuni
ation 
ost for all the 
lients rather thanensuring a given QoS for ea
h 
lient. They target fully homogeneous platforms sin
e thereare no server 
apa
ity 
onstraints in their approa
h. A similar instan
e of the problem hasbeen studied by Liu et al [6℄, adding a QoS in terms of a range limit, and whose obje
tiveis to minimize the number of repli
as. In this latter approa
h, the servers are homogeneous,RR n° 0123456789



4 V. Rehn-Sonigoand their 
apa
ity is bounded. Both [3, 6℄ use a dynami
 programming algorithm to �nd theoptimal solution.Some of the �rst authors to introdu
e a
tual QoS 
onstraints in the problem were Tangand Xu [7℄. In their approa
h, the QoS 
orresponds to the laten
y requirements of ea
h 
lient.Di�erent a

ess poli
ies are 
onsidered. First, a repli
a-aware poli
y in a general graph withheterogeneous nodes is proven to be NP-
omplete. When the 
lients do not know where therepli
as are (repli
a-blind poli
y), the graph is simpli�ed to a tree (�xed routing s
heme) withthe Closest poli
y, and in this 
ase again it is possible to �nd an optimal dynami
 programmingalgorithm.Bandwidth limitations are taken into a

ount when Karlsson et al [5, 4℄ 
ompare di�erentobje
tive fun
tions and several heuristi
s to solve NP-
omplete problem instan
es. They donot take QoS 
onstraints into a

ount, but instead integrate a 
ommuni
ation 
ost in theobje
tive fun
tion as was done in [3℄. Integrating the 
ommuni
ation 
ost into the obje
tivefun
tion 
an be viewed as a Lagrangian relaxation of QoS 
onstraints. Please refer to [1℄ formore related work dealing with QoS 
onstraints.In this paper we propose an e�
ient algorithm 
alled Optimal Repli
a Pla
ement(ORP) to determine optimal lo
ations for pla
ing repli
as in the Repli
a Pla
ement prob-lem in
luding QoS and bandwidth. Our work provides a major extension of the algorithmof Liu et al [6℄, whi
h was already mentioned above. Liu et al [6℄ proposed an algorithmPla
e-repli
a to �nd an optimal set of repli
as on homogeneous data grid trees in
ludingQoS 
onstraints in terms of distan
e but without bandwidth 
onstraints. Our approa
h leadsto two important extensions. First of all, we separate the set of 
lients from the set of servers,while Liu et al suppose 
lients to be servers with a double fun
tionality. Our model 
ansimulate the latter model while the 
onverse is not true. Indeed, we 
an model 
lient-servernodes by inserting a �
tive node before the 
lient whi
h 
an take the role of a server. Theapproa
h of Liu et al in 
ontrast does not o�er the possibility to model 
lients without serverfun
tionality.Our se
ond major 
ontribution is the introdu
tion of bandwidth 
onstraints. This is animportant modi�
ation of the requirements as QoS and bandwidth are of a 
ompletely di�erentnature. QoS is a 
onstraint that belongs to a node lo
ally, hen
e ea
h 
lient has to 
ope with itsown limitation. Bandwidth 
onstraints in 
ontrast have a global in�uen
e on the resour
es asa link may be shared by multiple 
lients and 
onsequently all of them are 
on
erned. Thereforeit is not obvious whether the problem with these 
ompletely di�erent 
onstraint types wouldremain polynomial or would be
ome NP-hard.The rest of the paper is organized as follows. Se
tion 2 introdu
es our main notationsused in Repli
a Pla
ement problems. Se
tion 3 is dedi
ated to the presentation of ourpolynomial algorithm: the proper terminology of the algorithm is introdu
ed in Se
tion 3.0.1.The subse
tions 3.1 and 3.3 treat the di�erent phases and explaining examples 
an be foundin Se
tions 3.2 and 3.4. Complexity is subje
t of Se
tion 3.5, whereas optimality is proven inSe
tion 3.6. Se
tion 4 summarizes our work.2 NotationsThis se
tion familiarizes with our basi
 notations. We 
onsider a distribution tree T whosenodes are partitioned into a set of 
lients C and a set of internal nodes N (N ∩ C = ∅). The
lients are leaf nodes of the tree, while N is the set of internal nodes. Let r be the root of theINRIA
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r

r
+

0

TFigure 1: Appearan
e of T ∗tree. The set of tree edges (links) is denoted as L. Ea
h link l owns a bandwidth limit BW(l)that 
an not be ex
eeded.A 
lient v ∈ C is making wv requests per time unit to a database. Ea
h 
lient has torespe
t its personal Quality of Servi
e 
onstraints (QoS), where q(v) indi
ates the range limitin hops for v upwards to the root until a database repli
a has to be rea
hed. A node j ∈ Nmay or may not have been provided with a repli
a of the database. Nodes equipped with arepli
a (i.e. servers) 
an pro
ess up to W requests per time unit from 
lients in their subtree.In other words, there is a unique path from a 
lient v to the root of the tree, and ea
h node inthis path is eligible to pro
ess all the requests issued by v when provided with a repli
a. Wedenote by R ⊆ N the entire set of nodes equipped with a repli
a.3 Optimal Repli
a Pla
ement Algorithm (ORP)In this se
tion we present ORP , an algorithm to solve the Repli
a Pla
ement problemusing the Closest poli
y with QoS and bandwidth 
onstraints. For this purpose, we modifyan algorithm of Lin, Liu and Wu [6℄. Their algorithm Pla
e-repli
a is used on homogeneous
onditions with QoS 
onstraints but without bandwidth restri
tions. To be able to use thealgorithm, we have to modify the original platform. We transform the tree T in a tree T ∗by adding a new root r+ as father of the original root r (see Figure 1). r+ is 
onne
ted to
r via a link l0, where BW(l0) = 0. As the bandwidth is limited to 0, no requests 
an passabove r, so that this arti�
ial transformation for 
omputation purposes 
an be adapted to anytree-network.A further, only formal transformation, 
onsists in the suppression of 
lients from thetree and hen
e the 
onsideration of their parents as leaves in the following way (Figures 2and 3 give an illustration): for every parent v who has only leaf-
hildren v1, .., vn (i.e., allits 
hildren are 
lients), we assign the sum of the requests of the vj as its requests w(v), i.e.,
w(v) =

∑

1≤j≤n w(vj). The asso
iated QoS is set to (min1≤j≤n q(vj))−1. This transformationis possible, as we use the Closest poli
y and hen
e all 
hildren have to be treated by thesame server. From those parents who have some leaf-
hildren v1, .., vn, but also non-leaf
hildren vn+1, .., vm, the 
lients 
an not be suppressed 
ompletely. In this 
ase the leaf-
hildren
v1, .., vn are 
ompressed to one single 
lient c with requests w(c) =

∑

1≤j≤n w(vj) and QoSq(c) = min1≤j≤n q(vj). On
e again this 
ompression is possible due to the restri
tion on theClosest a

ess poli
y.RR n° 0123456789



6 V. Rehn-Sonigo
v1 vj

v

w(v1) w(vj) w(vn)q(v1) q(vj) q(vn)

vn(a) Node v before suppressionof 
lients.
v

w(v) =
∑

1≤j≤n w(vj)
(min1≤j≤n q(vj))− 1(b) Node v after suppressionof 
lients.Figure 2: Suppression of 
lients

v

v1 vn

w(vn)w(v1)q(v1) q(vn)(a) Node v before 
ompressionof its 
lients.
v

c

w(c) =
∑

1≤j≤n
w(vj)q(c) = min1≤j≤n q(vj)(b) Node v after 
ompressionof its 
lients.Figure 3: Compression of 
lients.ORP works in two phases. In the �rst phase so 
alled Contribution Fun
tions are 
omputedwhi
h will serve in the se
ond phase to determine the optimal repli
a pla
ements. In thefollowing some new terms are introdu
ed and then the two phases are des
ribed in detail.3.0.1 TerminologyWorking with a tree T ∗ with root r+, we note t(v) the subtree rooted by node v, and t′(v) =

t(v) − v, i.e. the forest of trees rooted at v's 
hildren. The i'th an
estor of node v, traversingthe tree up to the root, is denoted by a(v, i).Using these notations, we denote m(T ∗) the minimum 
ardinality set of repli
as that hasto be pla
ed in tree T su
h that all requests 
an be treated by a maximum pro
essing 
apa
ityof W (respe
ting QoS and bandwidth 
onstraints). In the same manner m(t(v)) denotes theminimum number of repli
as that has to be pla
ed in t′(v), su
h that the remaining requestson node v are within W . For this purpose we de�ne a 
ontribution fun
tion C. C(v, i) denotesthe minimum workload on node a(v, i) 
ontributed by t(v) by pla
ing m(t(v)) repli
as in t′(v)and none on a(v, j) for 0 ≤ j < i. The 
omputation and an illustrating example are presentedbelow (Cf. Se
tion 3.2 and Se
tion 3.4). But before we need a last notation. The set e(v, i)denotes the 
hildren of node v that have to be equipped with a repli
a su
h that the remainingrequests on node a(v, i) are within W , there are exa
tly m(t(v)) repli
as in t′(v) and noneINRIA
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v

t
′(v)

r
+

a(v, 1)

a(v, i)

Figure 4: Clari�
ation of the terminology.on a(v, j) for 0 ≤ j < i and the 
ontribution t(v) on a(v, i) is minimized. The 
omputationformula is also given below. Of 
ourse the 
ompression of leaves is not possible if a 
lient vof the original tree T is 
onne
ted to its father via a 
ommuni
ation link l that has a lowerbandwidth than v requests (BW(l) < w(v)). In this 
ase we know a priori that there is nosolution to our problem as v's requests 
an not be treated.3.1 Phase 1: Bottom up 
omputation of set e, amount m and 
ontributionfun
tion CThe 
omputation of e, m and C is a bottom up pro
ess, distinguishing two 
ases.1. v is a leaf:In this 
ase we do not need e and m and we 
an dire
tly 
ompute the 
ontributionfun
tion. C(v, i) is w(v) when (i ≤ q(v) ∧w(v) ≤ minBW path[v → a(v, i)]), and in�nityotherwise.We point out that there is no solution if any of the leaves has more requests than W orif the bandwidth of any of the 
lients to its parent is not su�
iently high.2. v is an internal node with 
hildren v1, . . . , vn:
i = 0: If the 
ontribution on v of its 
hildren, i.e. the in
oming requests on v is biggerthan the pro
essing 
apa
ity of inner nodes W , we know we have to pla
e somerepli
as on the 
hildren to bound the in
oming requests on W . To �nd out whi
h
hildren have to be equipped with a repli
a, we take a look at the C(vj , 1)-valuesof the 
hildren. The set e(v, 0) is used to store the vj's that are determined to beequipped with a repli
a. Hen
e the pro
edure is the following:� e(v, 0) = ∅� while(∑vj /∈e(v,0) C(vj, 1) > W )add vj ∈ N with biggest C(vj, 1) to e(v, 0)Note that the set N used in the pro
edure still 
orresponds to the set of internalnodes of the original tree T . So we 
an add leaf nodes of T ∗ that are inner nodesin T , but we 
an not add 
ompressed 
lient nodes. Note furthermore that there isno 
lient that is added to e(v, 0). Besides we remark that there is no valid solutionwithin W and the present QoS and bandwidth 
onstraints, when all 
hildren vj ∈ NRR n° 0123456789



8 V. Rehn-Sonigoof v are equipped with a repli
a and the in
oming requests do not �t in W . Of
ourse this holds also true in the 
ase i > 0. Subsequently, the value of m(t(v)) isdetermined easily: m(t(v)) =
∑

1≤j≤n m(t(vj))+ |e(v, 0)|. We remind that m(t(v))indi
ates the minimum number of repli
as that have to be pla
ed in t′(v) to keepthe number of 
ontributed requests inferior to W . Finally, the 
omputation of the
ontribution fun
tion :
C(v, 0) =

∑

vj /∈e(v,0)

C(vj , 1).
i > 0: Treating node v, we want to 
ompute the 
ontribution on a(v, i). As for i = 0,we start 
omputing the set e(v, i):� e(v, i) = ∅� while(∑vj /∈e(v,i) C(vj, i + 1) > W )add vj ∈ N with biggest C(vj, i + 1) to e(v, i)The 
omputation of the 
ontribution fun
tion follows a similar prin
iple:

C(v, i) =

{

∑

vj /∈e(v,i) C(vj, i + 1), if |e(v, i)| = |e(v, 0)|

∞, otherwise (1)
C(v, i) is set to ∞, when the number of |e(v, 0)| repli
as pla
ed among the 
hildrenof v is not su�
ient to keep the 
ontributed requests on a(v, i) within W .3.2 Example of Phase 1Consider the tree in Figure 5 and a pro
essing 
apa
ity of inner nodes �xed to W = 15. Thetree has already been transformed. So nodes x and y are 
ompressed 
lient-leaves (grey s
aledin the �gure), whereas all other leaves 
orrespond to servers (former inner nodes, hen
e nodesthat are within N ). We start with the 
omputation of all C(v, i)-values of all leaves. Leaf lfor example has C(l, 0) = 3 as it holds 3 requests. As the link from l to e has a bandwidthof 4, and the QoS is 2, the requests of l 
an as
ent to node e and hen
e the 
ontribution of

l's requests on node e, C(l, 1), is 3. In the same manner, C(l, 2), i.e. the 
ontribution of l'srequests on node b is 3 as well. But then the QoS range is ex
eeded and hen
e the requestsof l 
an not be treated higher in the tree. Consequently the 
ontributions on nodes a and a+(C(l, 3) and C(l, 4)) are set to in�nity. Another example: Leaf i owns 7 requests, but the linkfrom i to its parent c has a lower bandwidth, and hen
e the 
ontribution of i on c, C(i, 1),has to be set to in�nity. The whole 
omputation table for the leaf-
ontributions is given inTable 1.Table 2 is used for the 
omputation of e, m and C values of inner nodes. During the
omputation pro
ess it is �lled by main 
olumns, where one main 
olumn 
onsists of all innernodes of the same level in the tree. So we start with node e. The 
ontribution of its 
hild
l, C(l, 1), is 3 as we 
omputed in Table 1. And as it is the only 
hild, we have that the
ontributed requests on e are less than the pro
essing 
apa
ity W whi
h is �xed to 15 andhen
e we do not need to pla
e a repli
a on the 
hild l of e to minimize the 
ontribution on
e. Corresponding we get m(t(e)) = 0, i.e. we do not need to pla
e a repli
a in the subtree
t′(e), and a 
ontribution C(e, 0) = 3. e(e, 1) and C(e, 1) are 
omputed in the same manner,taking into a

ount C(l, 2). Computing e(e, 2), i.e. the nodes that have to be equipped withINRIA
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q=4q=3Figure 5: Examplel f x m n h i o p k y
C(v, 0) 3 4 3 2 5 8 7 4 12 3 8
C(v, 1) 3 4 3 2 5 8 ∞ 4 12 ∞ 8
C(v, 2) 3 ∞ ∞ 2 ∞ 8 ∞ 4 12 ∞ 8
C(v, 3) ∞ ∞ ∞ 2 ∞ ∞ ∞ 4 12 ∞ ∞
C(v, 4) ∞ ∞ ∞ ∞ ∞Table 1: Computation of C(v, i)-values of leaves.a repli
a if we want to minimize the 
ontribution on node a(e, 2) = a by pla
ing repli
as onthe 
hildren of e but none on e up to a. For this purpose we use C(l, 3), the 
ontribution of

l on a and remark that it is in�nity. Hen
e we have ∞ > W = 15 and so we have to equip lwith a repli
a, and as now the set e(e, 2) has a higher 
ardinality than e(e, 0), we know thatthis solution is not optimal anymore and we set the 
ontribution of C(e, 2) to in�nity (Eq. 1).Taking a look at node j: In the 
omputation of e(j, 0), we have a total 
ontribution of its
hildren of 16, whi
h ex
eeds the pro
essing power of W = 15 (bandwidth and QoS are notrestri
ting here). So we know that we have to equip one of the 
hildren with a repli
a, and we
hoose the one with the highest 
ontribution on j: node p. Consequently, we get m(t(j)) = 1as we have to pla
e one repli
a on the 
hildren. The 
ontribution C(j, 0) 
onsists in the 4remaining 
ontributed requests of node o. On
e we have �nished all 
omputations for thislevel, we start with the 
omputations of the next level, whi
h 
an be found in the next main
olumn of the table. Let us treat exmplarily node c. The sum of its 
hildren's 
ontributionsis C(x, 1) + C(g, 1) + C(h, 1) + C(i, 1) = ∞ as C(g, 1) = C(i, 1) = ∞. So we add g and ito e(c, 0) to lower the 
ontributions to C(x, 1) + C(h, 1) = 11 whi
h �ts in the pro
essingpower of W = 15. The out
ome of this is m(t(c)) = 2 and the remaining requests lead to
C(c, 0) = 11.3.3 Phase 2: Top down repli
a pla
ementThe se
ond phase uses the pre
omputed results of the �rst phase to de
ide about the nodes onwhi
h to pla
e a repli
a. The goal is to pla
e m(T ∗) = m(t(r+)) repli
as in t′(r+). Note thatthis means that there is no repli
a on r+ and hen
e only the original tree T will be equippedwith repli
as. If the workload on node r is within W , we have a feasible solution.RR n° 0123456789



10 V. Rehn-Sonigoe g j b 
 d a a+

e(v, 0) ∅ ∅ {p} ∅ {g, i} {k} {b, c} {a}
m(t(v)) 0 0 1 0 2 2 6 7
C(v, 0) 3 7 4 9 11 12 12 ∞

e(v, 1) ∅ {n} {p} {e} {g, i} {k} {b, c, d}
C(v, 1) 3 ∞ 4 ∞ ∞ 12 ∞
e(v, 2) {l} {n} {p} {e, f} {g, i} {j, k}
C(v, 1) ∞ ∞ 4 ∞ ∞ ∞
e(v, 3) {l} {m,n} {o, p}
C(v, 1) ∞ ∞ ∞Table 2: Computation of e, m and C for internal nodes.Phase 2 is a re
ursive approa
h. Starting with i = 0 on node v = r+, all nodes that arewithin e(v, i) are equipped with a repli
a. In this top down approa
h, i indi
ates the distan
eof node v to its �rst an
estor up in the tree that is equipped with a repli
a and hen
e theset e(v, i) denotes the set of 
hildren of v that have to be equipped with a repli
a in order tominimize the 
ontribution of v on a(v, i). Next the pro
edure is 
alled re
ursively with theappropriate index i. Algorithm 1 gives the pseudo-
ode for the top down pla
ement phase,whi
h is the same as the one in [6℄.pro
edure Pla
e-repli
a (v, i)beginif v ∈ C thenreturn;endpla
e a repli
a at ea
h node of e(v, i);forall c ∈ 
hildren(v) doif c ∈ e(v, i) thenPla
e-repli
a(
,0);elsePla
e-repli
a(
,i+1);endendend Algorithm 1: Top down repli
a pla
ement3.4 Example of Phase 2We start with the results of Phase 1 (Cf. Table 1 and 2) and 
all then the pro
edure Pla
e-repli
a (Algorithm 1) with (a+, 0). a+ is not a leaf, so we pla
e a repli
a on its 
hild a, as

a ∈ e(a, 0) and then re
all the pro
edure with (a, 0). This time we pla
e repli
as on b and cand 
all the pro
edure with values (b, 0), (c, 0) and (d, 1). We have to in
rement i to 1 whenwe treat node d, as we already know that we will not equip d with a repli
a, and hen
e the
hildren of d might give their 
ontribution dire
tly to a. So we have to examine whi
h of the
hildren of d have to be equipped with a repli
a, to minimize the 
ontribution on a. This isstored in the e(vj , 1)-values of all 
hildren vj of d. So every time we do not pla
e a repli
a onINRIA
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y with QoS and Bandwidth Constraints 11PR(a+,0)
→ aPR(a,0)
→ b,
PR(b,0) PR(
,0) PR(d,1)

→ g,i → kPR(e,1) PR(f,1) PR(g,0) PR(h,2) PR(i,0) PR(j,2) PR(k,0)ret ret ret → p retPR(l,2) PR(m,1) PR(n,0) PR(o,3) PR(p,0)ret ret ret ret retTable 3: S
heme on the re
ursive 
alls of the pro
edure Pla
e-repli
aa node and des
ent to its 
hildren, we in
rease the distan
e-indi
ator i to the �rst repli
a that
an be found the way up to the root. The re
ursive pro
edure 
all for the entire example isgiven in Table 3.4. PR(x,i) stands for the 
all of Pla
e-repli
a with parameters (x,i) and → xindi
ates that node x is equipped with a repli
a.3.5 ComplexityLet us take a look on the 
omplexity of ORP . For ea
h node v we have to 
ompute e, m and
C values. So the 
omputation requires n log n, if v has n 
hildren and if we sort the C valuesfrom all of v's 
hildren. We have to do at most L sorting, where L is the maximum range limitamong all nodes. So at all the 
omputation 
omplexity for the values for one node is Ln log n,and we get a total 
omplexity of LN log N , where N is the number of nodes in the tree.3.6 OptimalityIn this se
tion we prove optimality of our algorithm ORP by re
ursion over levels. For thispurpose we apply a theorem introdu
ed by Liu et al [6℄ and presented below as Theorem 1. Liuet al used this theorem in order to prove the existen
e of an optimal solution on a homogeneousdata grid tree under QoS 
onstraints. As the theorem does not take into a

ount if there areany 
onstraints like QoS or bandwidth, we 
an adopt it for our problem.Theorem 1. Consider a data grid tree T , a node v in T with 
hildren v1, .., vn and a workload
W . There exists a repli
a set R so that |R| = m(T ), R minimizes the total workload due to Rfrom t′(v) on a(v, i) for i ≥ 1, and |R ∩ t′(vj)| = m(t(vj)).In other words, Theorem 1 guarantees that for a tree T with �xed pro
essing 
apa
ity Wthere exists a repli
a set R whose 
ardinality is the minimum number of repli
as that has tobe pla
ed in t′(r) (where r is the root of T ), su
h that the remaining requests on r are within
W . Furthermore for a node v with 
hildren v1, ..., vn, due to R the workload on a an
estor
a(v, i) of v is minimized and the number of repli
as that are pla
ed in the subtree t′(vj) isminimal.Proof. We 
an use the same arguments as Liu et al as we did not 
hange the de�nition of
m-values but the 
onstraints on m. By de�nition of m(t(vj)), we know that this is the minimalnumber of repli
as that has to be pla
ed in t′(vj) su
h that the 
ontribution on vj is withinRR n° 0123456789
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level ilevel i+1

0

r+

r

v

v1 vj vn

t(v1) t(vj) t(vn)

a(v, l)

Figure 6: Indu
tion over levels.
W . Hen
e |R ∩ t′(vj) 
an not be less than m(t(vj)) be
ause otherwise the 
ontribution on vjwould ex
eed W . On the other side in any optimal solution for t(vj), we 
an not pla
e morerepli
as in t′(vj) than m(t(vj)) and than one more on vj . The resulting 
ontribution on a(v, i)de
reases at most when pla
ing the repli
a on vj.Theorem 2. Algorithm ORP returns an optimal solution to the Repli
a Pla
ement prob-lem with �xed W , QoS and bandwidth 
onstraints, if there exists a solution.Proof. We perform an indu
tion over levels to prove optimality. We 
onsider any tree T ∗ ofhight n + 1 and start at level 0, whi
h 
onsists in the arti�
ial root r+ (Cf. Figure 6).level 0: Using Theorem 1, we know that there exists an optimal solution R0 for our tree (i.e.,a set R of repli
as whose 
ardinality is m(T ∗)) su
h that |R0∩ t′(r)| = m(t(r)). We have

m(T ∗) = m(t(r)) + |e(r+, 0)| by de�nition of e(r+, 0). Hen
e e(r+, 0) = {r} if and onlyif r ∈ R0. This is exa
tly how the algorithm pursuits.level i → i+1: We assume that we have pla
ed the repli
as from level 0 to level i (withAlgorithm 1) and that there exists an optimal solution Ri with these repli
as. We furthersuppose that for ea
h node v in level i it holds |Ri ∩ t′(v)| = m(t(v)). Let us 
onsidera node v in level i with 
hildren v1, .., vn and we de�ne l := min{k ≥ 0|a(v, k) ∈ Ri}.In the next step of the algorithm we equip the elements of e(v, l) with a repli
a. Wehave m(t(v)) =
∑

1≤j≤n m(t(vj)) + |e(v, 0)|, i.e. the minimal number of repli
as in thesubtrees t′(vj) and the minimal number of repli
as on the 
hildren of v that have tobe pla
ed to keep the 
ontributed requests on v within W . By de�nition of e(v, l) wehave that |{j ∈ {1, .., n}|vj ∈ Ri}| ≥ |e(v, l)| and we also have |e(v, l)| = |e(v, 0)| as the
ontribution C(v, l) is �nite and Ri a solution. For the inequality, there is even equalitybe
ause otherwise there would exist a j su
h that |t′(vj) ∩ Ri| < m(t(vj)), whi
h isimpossible. With this equality, we 
an repla
e the 
hildren of v that are in Ri by the
hildren of v that are in e(v, l) 
reating a solution Ri+1. So Ri+1 is also an optimalINRIA
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y with QoS and Bandwidth Constraints 13solution, be
ause |Ri| = |Ri+1| (we did not 
hange the nodes of the other levels) andthe 
ontribution of t(v) on a(v, l) has at most de
reased. Furthermore for every node v′at level i+1 we have |Ri+1 ∩ t′(v′)| = m(t(v′)).So the last solution Rn that we get in the indu
tion step n is optimal and it 
orrespondsto the solution that we obtain by our algorithm.4 Con
lusionIn this paper we dealt with the Repli
a Pla
ement optimization problem with QoS andbandwidth 
onstraints. We restri
ted our resear
h on Closest/Homogeneous instan
es. Wewere able to proove polinomiality and proposed the optimal algorithm ORP . This algorithmextends an existing algorithm in two important areas. First the set of 
lients and the setof servers 
an be distin
t now and does not require ex
lusively double-fun
tionality nodesanymore. The other major 
ontribution is the expansion to the interplay of di�erent nature
onstraints. QoS, whi
h is a proper 
onstraint for ea
h 
lient, and bandwidth, a global resour
elimitation, subordinate to a 
ommon optimization fun
tion. This a

omplishment 
ompletesfurthermore the study on 
omplexity of Closest/Homogeneous in tree networks.Referen
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