
HAL Id: inria-00153052
https://inria.hal.science/inria-00153052v1
Submitted on 8 Jun 2007 (v1), last revised 11 Jun 2007 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Stability and Synchronization in Neural Fields
Olivier Faugeras, François Grimbert, Jean-Jacques Slotine

To cite this version:
Olivier Faugeras, François Grimbert, Jean-Jacques Slotine. Stability and Synchronization in Neural
Fields. [Research Report] 2007. �inria-00153052v1�

https://inria.hal.science/inria-00153052v1
https://hal.archives-ouvertes.fr


appor t  
de  r ech er ch e 

IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
??

??
--

F
R

+
E

N
G

Thème BIO

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Stability and Synchronization in Neural Fields

Olivier Faugeras — François Grimbert — Jean-Jacques Slotine

N° ????

Juin 2007





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������
	
������������������������������������
��� ���"!$#&%����'	)(*��#+	,�.- ∗

/�02143�14576�8:9;�<=576>9@? † A 8�6B9@CEDGFH12?.I�6J12KMLN576JO ‡ AEP 5Q9@C�R P 9@S7TU;�5V?�WX04F=OJ12C�5 §
Y�Z\[,]�^�_�`badcfehgQikjl[
]m^
i&nporqtsrqGuGorv7w\^,i

x:y q>zk^�j{a{|QgQibib}
^
~��>�\� q y j+|\^ y ^
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i

�������B�J��t�G��� ^,w y�� sE�p^
sr|\i �>y ^ � �)or�hjl^ y ^
ikjlor�\u�q � jlorqG�)��q y ]mqV|\^
srs�or�\u�] � � y qGib�
q � or� ��>y jli�qG� jlZ\^
�,q y jl^�¡Mor�h¢hqts�¢Qo��pu�ib^�¢h^ y�� s � q � w\s � jlorqG�\i�qG���\^,w y qG�\i
£Es�o�¤h^��
q y jlo�� � s �>y ^ � i
¥�YX¦§q��,s � ibib^
i�qG���\^,w y�� s
�^
sr|�^Jv7w � jlo�qG�\i �>y ^��,qt�pibo�|\^ y ^
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Z � ¢QorqGw y
qG��jlZ\^,ib^��p^
sr|\i�ori�|\^
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�,qG] � wQjl^
|¬q,¢h^ y�� �,qG] �@� �
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£�or�h¢hqGs©¢h^,i'i �� �
^ � �p|)jlo�]m^¯¢ �>y gQo��\u\£ � qGik«

ibo�nps�g��\qG�Q«ikgQ]m]m^�j y or�t£�or�hj y�� «�
q y jlor� � sE�,qG�\�\^
�
jlo©¢Qo�jªg°¤G^ y �\^
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¥�± qt�7j y o©npw\jlo�qG�\i�� y qG]²¦+Z\o©jl^¯] � jbjl^ y
� ®=^ y ^
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�7jl^
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jlorqG�°nH^�jª¦§^
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ib^
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�\^,qGw\i�or� � wQjli
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jlo�qG�\i
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s�gMikj � nps�^G£�jlZ � j'ori�jlq�i � g)o��\|p^ � ^,�\|\^
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�hjli �>y ^ �py ^
ib^
�7jl^
|�jlq¯ors�srw\ikj y�� jl^µjlZp^µjlZ\^,q y gG¥�½{�
or] � q y j � �hj'�
qG�hj y o�npwQjlorqG�)qG��qGw y ¦§q y ¤Mori�jlZ\^ �>�\� sro�� � jlo�qG�)qG�§jlZ\^¯jlZ\^
q y gMqt���,qt] �� �
j'q � ^ y�� jlq y i
or� ��¾ ors©n=^ y j�i �� �,^�jlq.jlZ\^ �\y qtnpsr^
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ikjlorqG�\i � ik¤h^,|.nVg��p^
w y qGib�
or^
�p�
^�]mqV|\^
srs�^ y i
¥
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w y�� sV�p^
sr|\i
£Gor�hjl^
u y qt«|\o�®=^ y ^,�hjlo � sQ^,v7w � jlorqt�pi
£t�,qt] �� �
j�q � ^ y�� jlq y i
£ ¾ ors�n=^ y j�i �� �
^G£
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£�
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¥
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w y qG� � wQ¡�qt® y ^
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sro�ib^ y |\^,i �@�By jlor^
i�] � � y qGib�
qt«
� orv7w\^,i�|\w��,q y jl^�¡�� � ori � �7j{or�hjl^ y ¢h^
�po y{� srw\ibor^
w y i � q � w\s � jlorqG�\i{|\^'�\^
w y qt�p^
i
£=�,qt]m]m^'sr^
i � o y ^,i{�
q y «
jlor� � sr^
i
¥ a��.�
qG�\ibor|\[ y ^{|p^
wQ¡��
s � ibib^,i�|�� }Jv7w � jlo�qG�\i§|p^{��Z � ] � i��\^
w y qt� � w\¡@£Vn � ib},^
i y ^,i � ^
�
jlo©¢h^
]m^,�hj
ibw y sr^ � qtjl^,�hjlo�^,s�^�j¯s�� � ��jlo�¢Qo©jl}G¥ � ^��
qG] � q y jl^
]m^
�7jmi �� jlo�qt«2jl^,] � q y ^,s�|\^��
^
im��Z � ] � im^
ikj¯|\},� y o�j
�@�By |\^,i¯}Jvhw � jlorqG�\i�or�hjl}
u y qt«|\o�®=} y ^,�hjlor^
srs�^,i¯�\qG�Q«sror�\} � o y ^
i
¥ � ^�jl^ y ]m^�or�hjl},u y�� s2£&� � s��,w\sr}�ibw y wp�\^
�@�By jlor^µ�,qG] �@� �
jl^�|\^
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£p� � o©j�or�hjl^ y ¢h^
�po y |\^
i��\qJg � wQ¡�|\^��
qG�\�p^
��jlo�¢Qo©jl}�o��7j y�� «�,q y jlo�� � sr^

|p} � ^,�\| � �hjli'|pw)jl^,] � i'^�j�|\^�s�� ^,i �� �
^G£�^
j�ut},�\} y�� sr^
]m^
�7j'�pqt� ikgQ]m}�j y oévhwp^
i
¥ � ^,i'�,qt�7j y o©npw\jlo�qG�\i
�py q,¢h^,� � �hj:|p^�s � ] � jlo�[ y ^§nps � �\��Z\^&ibqG�hj �\y orib^
i:^
�m�
qG] � jl^ ��>y w\��jl^ y ]m^�|�� ^
�7j y }
^�^
¡Vjl} y or^
w y ^G¥��^,i
�pqt�\«s�or�\} �>y o�jl}
i+iboruG]mq��| � sr^
i�ibqG�hj�or�hj y qV|\w\o�jl^
i ��>y s ��y ^
s � jlo�qG��^
�hj y ^�sr^
i � q>jl^,�hjlor^
sri+|\^�]�^,]�n y�� �\^
]mqJgh^
�\i�^
j+sr^
i+j � wQ¡.|p^�|\}
��Z �>y uG^�or�\ikj � �hj � �\}
i
¥�� y�� �
^��m|\^
i�]m}�jlZpq7|p^
i+|�� � � � s©gQib^���qG�\��jlorqG�\�\^,s�sr^t£
qG��� �By�� �
jl} y orib^�s�� ^�¡Qorikjl^
�\�,^�^�j�s�� w\�\or�
o�jl}�|�� w\�\^mibqGsrwQjlo�qG�����
^
iµ}Jvhw � jlorqG�\i � qtw y |\^,iµ^
�7j y }
^
i�v7w\^
s�«
�,qG�pv7w\^
i
£@Z\qG]mqGuG[
�\^,i�¹4o2¥ ^G¥�£=o��p|\} � ^,�\| � �hjl^,i�|\^�s � ¢ �By o � npsr^�|�� ^
i �� �
^>º�^
j�srqV� � sr^
]m^
�hj{Z\qG]mqGuG[
�\^,i
¥
� � �piNjlqGw\i§�
^,i � � i
£QqG��|\qG�\�\^{|\^,i �,qG�\|\o�jlo�qG�\i§ibwQ»¯i � �hjl^
i�ibw y sr^
i§��qt�p��jlorqt�pi |\^{�
qG�\�\^,��jlo�¢Qo©jl} � qGw y
v7w\^�sr^
i�ibqGsrwQjlo�qG�\i�ibqGo�^,�hj � nibqtsrw\]m^
�7j�ikj � npsr^
i
£:��� ^,ikjb«��B«|po y ^.or�\|\} � ^
�\| � �7jl^
i�|\^.s�� }�j � j�or�\o�jlo � s§|\w
��Z � ] � ¥³± ^
i¯�,qt�p|\o©jlorqG�\i � q y jl^
�hj�ibw y |p^
i�q � } y�� jl^
w y i¯�,qG] �@� �
jli¯|\}���\o�i � �@�By jlo y |\^,i¯�\qJg � wQ¡
|p^��
qG�\�\^,��jlo�¢Qo©jl}G£N|p^
i¯iborut]mq��|\^
i¯^�j¯|\^
i¯�
qG�\ikj � �hjl^,i¯|\^.jl^
] � i¯� �>y�� �
jl} y orikjlorv7w\^,im|\^
i � qtjl^
�hjlor^
sri
� qtikjb«ikgQ� �>� jloév7w\^
i
¥!��^
i�^�¡Q^
] � sr^
i��7w\]m} y oév7w\^
i�ibqG�hj �\y }
ib^,�hjl}
i � qtw y ors�srw\ikj y ^ y s � jlZ\},q y o�^G¥�¶{�\^
�,qG�hj y o©nwQjlo�qG��or] � q y j � �hjl^�|\^��\qtj y ^µj y�� ¢ � orsX^
ikj�s�� �>�\� sro�� � jlorqG��|\^�s � jlZ\},q y or^�|\^,i+q � } y�� jl^
w y i&�,qt]�«
�@� �
jli:ibw y w\�¯^
i �� �,^+|\^ ¾ o�s�n=^ y j � w\¡ �\y qtnpsr[
]m^,i:|p^+��Z � ] � i �\^
w y qG� � wQ¡=£Qv7w\op|\qG�\�p^+|\^
i y } � qG�\ib^
i
] � jlZ\},] � jloév7w\^
i&ibor] � s�^,i � wQ¡�v7w\^
ikjlorqG�\i � qtib},^
i ��>y s�^,i&]mqV|\},s�ori � jl^
w y i+^
���p^
w y qGib�
or^
�p�
^
i
¥
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w y qG� � wQ¡=£§},v7w � jlo�qG�\i¯o��7jl}
u y qt«|\o©®H} y ^
�7jlo�^,s�sr^
i
£§q � } y�� jl^
w y im�,qt] �� �
jli
£
^,i �� �
^,i&|\^ ¾ o�s�n=^ y j,£\ikj � no�sro©jl}G£\ikgQ�\��Z y qG�\ori � jlorqG�H£] � ibib^,i+�\^,w y qG� � s�^,i
£p�,qGs�qG�\�\^,i&�
q y jlor� � s�^,i
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/ ^�]mqV|\^,s �\^
w y�� s �p^
sr|\i � i��
qG�hjlor�7w\qGw\im�\^�jª¦§q y ¤Qi'qG�+�
q y jlo�� � s w\�\o�jli
£ � �\| ��qV�
w\i�qG�¬jlZ\^ � npors�o�jªg
qG�XjlZ\^,ib^µw\�po©jli�jlq�ikgQ�\��Z y qG�\or·
^t¥ / ^�jlZ\^ y ^
��q y ^µ^,] � Z � ibo�·,^µori�jlZ\^µ|QgQ� � ]mor�
i � �\|�i �� jlorqt«2jl^
] � q y�� s
nH^
Z � ¢Qo�qGw y ¥
± q y jlor� � sUw\�\o�jli �>y ^�nw\o�s�j�� y qG] � s�qV� � sU|\^,ib� y o � jlo�qG��qG��jlZ\^�|QgQ� � ]�or�
i�qt� � �Vw\]�n=^ y qG��o��7jl^ y�� ��jlor�\u
�p^
w y qG� � q � w\s � jlo�qG�\i
£7� � srsr^
| ��#0%1����	324��+5+)#0+76*8 �:9£G¦+Z\^ y ^�jlZ\^�i �� jlo � s\ikj y wp��jlw y ^&qt�@jlZ\^&�
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jl^
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w y�� s7] � ibiXn � ib^,|��
qGsrw\]m��]mqV|\^
shoriXjlZ � j�qG�\� � �\ib^
� � �p| ~ o�j 6�8 ��9
n � ib^,|�qt��jlZ\^{q y o�uGor� � s¦§q y ¤¯qG� � q � ^,i � � eVo�s�¢ � £&B � � ~ q>jbjl^ y | � ] � �\|��
qGsrs�^ � utwp^
i 6*8�C £\�t�Q£\�ED�9¥E½
�,qG] � s�^
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s7� � ��n=^N��qtwp�\|�or� 6�8 ��92¥GF�q y ^ y ^ � sro�ikjlor�N]mqV|\^,s�i
� � �°n=^m|\^ y o�¢h^
|M� y qG]¿^�¡ � ^ y o�]m^
�7j � sE�
qG�\�\^,��jlo�¢Qo©jªg°ikjlw\|\or^
i
£�ibw\��Z � iµjlZ\^mqt�p^�ibZpq,¦+�)o����puGw y ^ 8 ¥
Y�Zpo�i{�puGw y ^t£ � | �>� jl^,|�� y qG] 6*8�H 92£Hori�n � ib^,|°qt��jlZ\^�¦§q y ¤�qG�:½{s�^
¡�Y�Z\qG]mibqG� � �\|°�
qGsrs�^ � uGw\^,i 6 �h��9¥
`üj�ibZ\qJ¦+i�jlZ\^�s�qV� � sE�
qG�\�\^,��jlo�¢Qo©jªg�u y��>� Z�qG� ibo©¡ � q � w\s � jlo�qG�\iµqG�N�\^,w y qG�\i � �\|�� � �°n=^'jlZpqtwputZ7jµqG�
� i � ]�qV|\^,sHqG� � �
qGs�wp]����
qG] �\y oribo��\u¯ibo©¡�o��7jl^ y�� ��jlor�\um�\^
w y�� sU] � ibib^
i
¥
e7w\��ZM�
qGsrw\]m�\i �>y ^�jlZp^
� � ibib^,]�nps�^,|Mi �� jlo � srs�g�jlq���q y ]²jlZ\^m�\^
w y�� sE�p^
sr|H£U¦+Zpo���ZMo�i�]m^ � �7jµjlq

y ^ �\y ^
ib^,�hj � ] � � y qGib�,q � o�� ��>y j�qG�EjlZ\^'�p^
qV�
q y jl^�¡=£=^G¥ u\¥ � ¢Qoribw � s �>y ^ � ibwp��Z � i<B 8 ¥�± qt�p�\^
�
jlo�qG�\i
nH^�jª¦§^
^,���
qGsrw\]m�\i �By ^�o��7j y�� «�,q y jlo�� � s ¹4u y�� g.] � jbjl^ y ºN�,qG�\�\^
�
jlo�qG�\i
¥§± qG�\�p^
��jlorqG�\i+] � |\^µ¢Qo � ¦+Z\o©jl^
] � jbjl^ y ¦+o©jlZH£V^t¥ u\¥�£7ibwp��Z¯¢Qoribw � s �>y ^ � i � i:jlZ\^ � � � q y B�� �>y ^ � s�ibq��,qG�\ibo�|p^ y ^
|¯or��qtw y ]mqV|\^,s�i
£7nwQj
�>y ^µj y ^ � jl^
| � i&or� � wQj�IBqGwQj � w\j�vhw � �7jlo©jlor^
i
¥

Y�Z\^ y ^ �>y ^ � j.s�^ � ikj�jlZ y ^,^ y ^ � ibqt�pi�¦+Zhg*¦§^�jlZ\or�Q¤*jlZ\o�i�ori�jlZ\^ y ^
sr^�¢ � �hj�u y�� �7w\s �By o�jªg*jlq¬|\q
]mqV|\^,s�sro��pu
J ~ ^ � s�orikjlor��]mqV|\^,s�sro��pu�qG� � ] � � y qGib�
q � or� ��>y j�qG��jlZ\^�n y�� o�� � j'jlZ\^�ib� � sr^�qt��jlZp^��p^
w y qG� o�i
ikjlorsrs|\o©»¯�,w\s©j§�¸q y qtn7¢Qo�qGw\i �,qG] � s�^
¡Vo�jªg y ^ � ibqG�\i
¥ ehj �>y jlor�\u�� y qG] ]m^
ibqGib�,q � o���npw\ors�|\or�\u�npsrqV�l¤Qi
sro�¤G^¯�p^
w y�� s:] � ibib^
i
£�|p^
ib� y o�n=^,|�nVg°jlZ\^ � ¢h^ y�� uG^ � ��jlo�¢Vo�jªg�qG� jlZ\^
o y �\^,w y qG�\i
£�ori�jlZ\^ y ^
��q y ^ �
y ^ � ibqt� � ns�^���Z\qGo��,^t¥

J / Z\ors�^KF L � � �\| ib� � s � LML � y ^
�,q y |\o��puti�]mqtikjls�g)uGo�¢G^ � npw\s�¤)iborut� � s qG� � �
q y jlor� � s �>y ^ � £
]'w\s�jlo�«^
sr^
��j y qV|\^ y ^
�
q y |\or�\uGi
£ or� ¢Vo�j y q�^�¡ � ^ y o�]m^,�hjlimqG� � Z �>y ] � �
qGsrqtuGor� � srs©g j y ^ � jl^
| n y�� or�
ibsror�
^
i � �\|m�\^
¦*o�] � uGo��pu�jl^
��Z\�\oév7w\^
iEsro©¤h^&^�¡Vj y o��pibo���q � jlor� � sQor] � utor�\u�� � � �\y qJ¢Qo�|p^ � i �@� jlo � s�s�g
|p^�j � o�sr^
|.|\^
ib� y o � jlo�qG�.qG�X�\^
w y�� sH] � ibib^,i§|\gV� � ]mor�
i&o�� � ] � � y qGib�
q � or� ��>y j�qG�UjlZ\^{n y�� o��.sro�¤G^
� � �>y ^ � ¥

J Y�Zp^{�
qGs�wp]���I �>y ^ � ib� � sr^
i��
q yby ^
i � qG�\|�jlq � ¢ � o�s � npsr^{srqV� � s=�
qG�\�\^,��jlo�¢Vo�jªg¯| � j � ¥E`ª�\|\^,^
|H£QjlZ\^
ib^
�>y ^�qtn\j � o��\^,|°n7g � ¢h^ y�� uGor�\u�qt��srqV� � s � q � w\s � jlo�qG�\i�qt�N�\^,w y qG�\i�¦§^m� � ��jlZ\or�Q¤°qG� � iµ�\^,w y�� s
] � ibib^
i
¥ _�^
ibor|\^,i
£§srqV� � s&�
qG�\�\^,��jlo�¢Qo©jªg ori¯ibw �\� qtib^,| jlq�n=^�i �� jlo � s�s�g o��h¢ �>y o � �hj¯¦+o�jlZ\or� � �
�>y ^ � ¥

/ ^¯�\qJ¦ �\y ^,ib^
�hj � ut^,�\^ y�� s ] � jlZ\^,] � jlor� � sN� y�� ]m^
¦§q y ¤)��q y �\^
w y�� sN�p^
sr|¬]mq7|p^
srs�or�\u�jlZ � j � u y ^
^,i
¦+o�jlZMjlZ\^¯or|\^ � i'qG�§w\ibor�\u � ¢h^ y�� uG^¯|\^,ib� y o � jlo�qG�\i'qG�§�\^,w y qG� � s � ��jlo�¢Qo©jªg � �\|¬i �� jlo � sNo��7¢ �>y o � �\�,^¯qG�
jlZp^�srqV� � sU�
qG�\�\^,��jlo�¢Vo�jªg � � y qGibi&jlZp^{�^
sr|H¥
`ª�¬ib^
�
jlo�qG� �.¦§^�|\^,ib� y o�n=^¯jlZ\^�srqV� � s � �\| i �� jlo � s ]mqV|\^,s�i�qt�&�\^
w y�� s ] � ibib^
i � �\| |\^ y o©¢h^¯jlZ\^

^Jv7w � jlo�qG�\iNjlZ � j§uGqJ¢h^ y ��jlZ\^
o y i �� jlorq>«2jl^,] � q y�� s@¢ �>y o � jlorqG�\i
¥E`ª��ib^,��jlorqG� , ¦§^ � � � s�gQ·
^�jlZ\^ �\y qtnpsr^
]
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L2/3-E

L5-E

L4-E

L5-I

L4-I

L2/3-I

� oruGw y ^ 8 ¨:½ ibo�] � sro©�^
|�]mqV|\^,sHqG��srqV� � sH�,q y jlo�� � sUor�hjl^ y�� ��jlorqG�\i�n � ib^
|�qG��ibo©¡��\^
w y qt� � q � wps � jlorqt�pi
¥
Y�Zpo�i{s�qV� � s��,qt�p�\^
�
jlo©¢Qo�jªg�u y��>� Z�� � ��n=^�ib^,^
� � i � ]mqV|\^,s�qt� � �
q y jlo�� � sX�
qGsrw\]m���
qG] � qGib^
|°qt�Eibo�¡
or�hjl^ y�� �
jlo��pu��p^
w y�� sU] � ibib^,i
¥ Y�Z\^ y ^ �>y ^�jlZ y ^,^µs � gh^ y i&�,q yby ^,i � qG�\|\or�\u�jlqm�,q y jlor� � sUs � gh^ y i+`b` IB`b`b`�£\`�B
� �\| B�£ � �\| jª¦§q�jªg � ^
i�qG���\^
w y qG�\i�¹4^�¡Q�
o�j � jlq y g¬qG�\^,i�o�� y ^
| � �p| or�\Z\o�npo©jlq y g qG�\^,i�or� ns�w\^>º�or�
^ � ��Z�qG�XjlZ\^
ib^�s � gh^ y i
¥NY�Zp^�ibo�·,^�qG�UjlZ\^ �>yby qJ¦+i�uGo�¢h^
i � �.o�|\^ � qG�UjlZ\^�ikj y ^,�\utjlZ�qG�UjlZp^{�,qt�p�\^
�
jlo©¢Qo�jªg
nH^�jª¦§^
^,� � q � w\s � jlo�qG�\i
¥NY�Zpo�i&�puGw y ^�ori � | �>� jl^,|�� y qG] 6�8 H 92¥
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qG��jlZ\^'^�¡Qo�ikjl^,�\�
^ � �p|�w\�\oév7w\^
�\^,ibi{qG��jlZ\^'ib]�qVqtjlZ�ut^,�\^ y�� s � �\|�Zpqt]mqGuG^
�\^,qGw\i{ibqGs�wQjlorqG�\i{qG��jlZ\^
ib^
^Jv7w � jlo�qG�\i
¥�`ª�°ib^,��jlorqG����¦§^�ikjlwp|Qg�jlZ\^�ikj � npors�o�jªg�qG�EjlZ\^,ib^�ibqGsrwQjlorqt�pi{¦+o©jlZ y ^
i � ^,��j{jlq�jlZ\^�o��po©jlo � s
�,qG�\|\o�jlo�qG�\i
¥�`ª��ib^
��jlorqG� H ¦§^ ^�¡Vjl^
�\|�jlZ\ori � � � s�gQibo�i�jlq�jlZ\^ ikj � npo�sro�jªg�qG�QjlZ\^ Z\qG]mqGuG^
�\^,qtwpi�ibqGs�wQjlorqG�\i
£
¦+Zp^
� jlZ\^
g ^�¡Qo�ikj,¥ `ª�dib^
��jlorqG� �¬¦§^ y ^�¢Qo�ibo�j�jlZ\^M��w\�\�
jlo�qG� � sµ� y�� ]m^�¦§q y ¤ qG�'qGw y�� � � s©gQibori � �\|
^
¡Vjl^
�\| qGw y¯y ^
ibw\s�jlimjlq��pqt�\«ib]�qVqtjlZ*��w\�\�
jlo�qG�\im¦+o©jlZ jlZ\^�^�®=^,��j�jlZ � j¯¦§^�� � � |po�ib�,w\ibi¯i �@� jlo � s�s�g
srqV� � sEikj � npors�o�jªg � �p|MikgQ�\��Z y qG�\or· � jlo�qG�)qG� �\^
w y�� sN] � ibib^,i
¥�`ª�Mib^
�
jlo�qG� ��¦§^ �py ^
ib^
�7j � �7w\]�n=^ y qG�
�Vw\]m^ y or� � sU^�¡ � ^ y ^ y or]m^
�hjli�jlqmors�srw\ikj y�� jl^�jlZ\^µjlZ\^
q y g � �\|��,qt�p�
srw\|\^�or��ib^
�
jlo�qG� DV¥

� � �.# � �¯��#+	,-

/ ^�|po�ib�,w\ibi�s�qV� � s � �\|�i �� jlo � sX]�qV|\^,s�i
¥

����� �	��
����������������
����
/ ^N�
qG�\ibor|\^ y

n
or�hjl^ y�� �
jlo��\u � q � wps � jlorqt�pi�qG�Q�\^,w y qG�\i�ibw\��Z � i�jlZ\qGib^NibZpq,¦+��o����puGw y ^ 8 ¥�Y�Z\^ �¸qGsrs�qJ¦&«

or�\u�|\^ y o©¢ � jlorqG��ori�npw\ors©j � �¸jl^ y L y ]m^
�hj y qGwQj � i y ^�¢Qo�^
¦ 6 D:9¥ / ^ �
qG�\ibor|\^ y jlZ � j�^ � ��Z��\^,w y�� s � q � w\s � jlo�qG�
i
ori�|\^,ib� y o�n=^
|°n7g�o©jli � ¢h^ y�� uG^m]m^
]�n y�� �\^ � qtjl^
�7jlo � s

Vi(t)
q y nVg°o©jli � ¢G^ y�� ut^mo��\ikj � �hj � �\^,qGw\iµ� y «

or�\u y�� jl^
νi(t)
£XjlZ\^ y ^,s � jlorqG��nH^�jª¦§^
^,��jlZ\^mjª¦§q�vhw � �7jlo©jlor^
i�n=^
or�\u�qt� jlZ\^¯��q y ]

νi(t) = Si(Vi(t))6�8�, £Q�:9£7¦+Zp^ y ^
Si
ori§iborut]mqGor| � s4¥NY�Z\^{�¸wp�\��jlorqG�\i

Si, i = 1, · · · , n i � jlorib�ég¯jlZ\^���qGs�srqJ¦+o��pu �\y q � ^ y jlo�^,ior�hj y qV|\w\�,^
|�or��jlZ\^
�.Á����! �  �Å�� �V¥ 8 '?��� ��	 	

i = 1, · · · , n � Si
�����

S′i
����##"���+5���%$�#K����� �5��%&����#5�'&)(�# ������#

Sim =
supx Si(x)

�
Sm = maxi Sim

�
S′im = supx S

′
i(x)

�����
DSm = maxi S

′
im

& ' � ����	 	@� �+* #���#-,(��#
DSm

��+ ��1#������ ��������	 2 ����0�/.
diag(S′im)

&
� ^,w y qG�\i or� � q � w\s � jlorqG�

j
�>y ^��
qG�\�p^
��jl^,|¯jlq'�\^
w y qt�pi or� � q � w\s � jlorqG�

i
¥E½dibor�\uGs�^ � �
jlo�qG� � qtjl^,�hjlo � s

� y qG]¼�\^,w y qG�\i{or� � q � wps � jlorqt�
j
o�i{ib^,^
� � i �m� qtikjb«ikgQ� �>� jlor� � q>jl^,�hjlo � s

PSPij(t − s)
n7g��\^,w y qG�\i

or� � q � w\s � jlorqG�
i
£U¦+Zp^ y ^

s
oriµjlZ\^�jlor]m^�qG�NjlZ\^mi � o�¤h^mZ\o©jbjlor�\u.jlZp^�jl^ y ]mo�� � s � �\|

t
jlZ\^�jlor]m^ � �¸jl^ y

jlZp^�i � o�¤G^G¥ / ^��\^,uGs�^,��j�jlZ\^�|\^,s � gQi�|pw\^�jlq'jlZ\^µ|\o�ikj � �\�,^�j y�� ¢h^,s�sr^
|�|\qJ¦+��jlZp^ � ¡VqG�.n7g�jlZ\^µi � o©¤h^,i
¥
½{ibibw\]mo��pu+jlZ � j�jlZ\^ � qGikjb«ikgV� �B� jlo�� � qtjl^
�hjlo � s�i�ibw\] s�or�\^ �By s�gG£>jlZp^ � ¢h^ y�� uG^N]m^
]�n y�� �\^ � qtjl^,�hjlo � s

qG� � q � w\s � jlo�qG�
i
ori

Vi(t) =
∑

j,k

PSPij(t− tk)

¦+Zp^ y ^�jlZ\^�ibwp] orimj � ¤h^
�*qJ¢G^ y jlZp^ �>yby o�¢ � s&jlo�]m^
i�qG��jlZ\^�i � o©¤h^
i �\y qV|\w\�,^
| nVg jlZ\^��\^,w y qG�\i¯or�
� q � w\s � jlorqG�

j
¥�Y�Z\^'�Vw\]�n=^ y qG�:i � o©¤h^,i �Byby o�¢Qo��pu¯nH^�jª¦§^
^,�

t
� �\|

t + dt
o�i
νj(t)dt

¥{Y�Z\^ y ^
��q y ^�¦§^
Z � ¢h^

Vi(t) =
∑

j

∫ t

t0

PSPij(t− s)νj(s) ds =
∑

j

∫ t

t0

PSPij(t− s)Sj(Vj(s)) ds,

q y £p^,v7w\o�¢ � sr^
�hjls�g

νi(t) = Si


∑

j

∫ t

t0

PSPij(t− s)νj(s) ds
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Y�Zp^
PSPij
i�� � �M|p^ � ^,�\|MqG�)ib^�¢h^ y�� sE¢ �>y o � npsr^
i�or�Mq y |\^ y jlq � �
�,qtwp�hj��¸q y'� | �>� j � jlorqt�U£�sr^ �>y �\or�\u\£

^
jl��¥
¥
¥
Y�Zp^ y ^ �>y ^µjª¦§qm] � o���ibo�] � sro��¸gQo��pu � ibibw\] � jlorqt�pi&jlZ � j �>�\� ^ �>y or��jlZ\^µsro�jl^ y�� jlw y ^ 6 D:9 � �\|�gQo�^,s�|.jª¦§q
|po©®=^ y ^
�hj+]mqV|\^,s�i
¥

��������� ��� Á
	@Å #é�J��� Á7Ã ���p� Á Æ � Å Æ Á #
Y�Zp^ � ibibw\] � jlorqG�H£E] � |\^�o�� 6*8 �:92£Eo�i�jlZ � j�jlZ\^ � qtikjb«ikgQ� �>� jlor� � qtjl^,�hjlo � sNZ � i�jlZ\^�i � ]m^�ibZ �B� ^¯�\q
] � jbjl^ y ¦+Z\or��Z �\y ^,ikgV� �B� jlo�� � q � w\s � jlo�qG�M� � w\ib^,|�o�j,£UjlZ\^�iboruG� � �\| � ] � sro�jlw\|\^m] � g°¢ �By g�jlZpqtwputZU¥
Y�Zpo�i+s�^ � |\i�jlq�jlZ\^ y ^,s � jlorqt�

PSPij(t) = wijPSPi(t).
`ª�
wij > 0

jlZ\^ � q � w\s � jlorqG�
j
^
¡V�,o©jl^,i � q � wps � jlorqt�

i
¦+Zp^ y ^ � i+o©j+or�\Z\o�npo�jli&o�j&¦+Z\^,�

wij < 0
¥

� o�� � srs©gh£�o�� ¦§^ � ibibwp]�^mjlZ � j
PSPi(t) = kie

−t/τiY (t)
¹�¦+Z\^ y ^

Y
oriµjlZp^ ¾ ^ � ¢Voribor|\^m|\o�ikj y o�npwQ«

jlorqG�@º�£\q y ^Jv7w\o©¢ � s�^,�hjls©g�jlZ � j

τi
dPSPi(t)

dt
+ PSPi(t) = kiτiδ(t),

¹�hº

¦§^�^
�\|�w � ¦+o©jlZ.jlZp^µ��qtsrsrq,¦+or�\u¯ikgVikjl^,] qG��q y |po�� �>y g.|\o�®=^ y ^,�hjlo � sX^,v7w � jlo�qG�\i

dVi(t)

dt
+
Vi(t)

τi
= ki

∑

j

wijSj(Vj(t)) + Iiext(t),
¹ , º

jlZ � j¯|\^,ib� y o�n=^
imjlZp^�|\gV� � ]mor��n=^
Z � ¢Qorqtw y qt� � �
q y jlo�� � s&�
qGs�wp]��U¥ / ^�Z � ¢h^ � |\|p^
| � �*^
¡7jl^ y � � s
�,w yby ^
�7j

Iext(t)
jlqm]mq7|p^
sHjlZ\^µ�\qG�Q«srqV� � sU�,qt�p�\^
�
jlo�qG�\i+qG� � q � wps � jlorqt�

i
¥

/ ^�o��7j y q7|pw\�
^§jlZ\^
n×n ] � j y or�
^,i W ibw\��Z�jlZ � j Wij = kiwij

£ � �\|�jlZ\^���w\�\��jlorqG�
S
£
Rn → Rnibwp��Z�jlZ � j

S(x)
oriNjlZp^+¢h^
�
jlq y qG�U�
qVq y |\or� � jl^
i

Si(xi)
¥ / ^ y ^�¦ y o�jl^�¹ , ºEor��¢h^
��jlq y �¸q y ] � �\|�qtn\j � or�

jlZp^���qGs�srqJ¦+o��pumikgQikjl^
] qt�
n
q y |\or� �>y g.|\o�®=^ y ^,�hjlo � sU^,v7w � jlorqG�\i

V̇ = −LV + WS(V) + Iext,
¹4�7º

¦+Zp^ y ^
L
ori&jlZ\^µ|\o � uGqt� � sX] � j y o�¡

L = diag(1/τi)
¥

�������� ��� Á ��t�  �	� � ÂHÃ ���� Á Æ � Å Æ Á #
Y�Zp^ � ibibw\] � jlo�qG�°ori+jlZ � j�jlZ\^�ibZ �>� ^�qG� �¯x e x |p^ � ^,�\|\i�qG�\s�g�qG��jlZ\^�� � jlw y ^'qG��jlZ\^ �\y ^,ikgQ� �>� jlo��
�,^
srs4£\jlZ � j&ori

PSPij(t) = wijPSPj(t).
½{i � n=qJ¢G^°¦§^°ibw �p� qGib^�jlZ � j

PSPi(t)
i � jlorik�p^
i.jlZ\^°|\o�®=^ y ^,�hjlo � s�^,v7w � jlorqG� ¹�hº � �p| |\^���\^�jlZ\^

� �
jlo©¢Qo�jªg�jlq�n=^

Aj(t) =

∫ t

t0

PSPj(t− s)νj(s) ds.
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½ ibo�]mors �>y |p^ y o�¢ � jlo�qG�.gQor^
sr|\i�jlZ\^��¸qGsrs�qJ¦+or�\umib^
j+qt�
n
q y |\or� �>y g.|\o�®=^ y ^,�hjlo � sU^,v7w � jlorqG�\i

dAi(t)

dt
+
Ai(t)

τi
= kiSi


∑

j

wijAj(t) + Iiext(t)


 , i = 1, · · · , n.

/ ^�or�\�,s�w\|p^µjlZ\^
ki
i+or�.jlZ\^µiboruG]mqtor|\i

Si
£pib^�j

Wij = wij
£ � �\| y ^
¦ y o©jl^µjlZ\o�i&or��¢h^
��jlq y ��q y ]

Ȧ = −LA + S(WA + Iext),
¹ H º

��� � � 
���� �����+
����#� ������
����
/ ^��\qJ¦ �
qG]�npor�\^�jlZ\^,ib^'s�qV� � s�]mqV|\^
sri+jlq��¸q y ] � �,qG�hjlo��Vw\w\] qG�E�,qtsrw\]m�\i
£=^G¥ u\¥r£@or��jlZ\^'� � ib^'qG� �
]mqV|\^,s�qG� � iboruG�\o��p� � �hj ��>y j

Ω
qG��jlZ\^'�,q y jl^
¡=¥ �py qG] �\qJ¦ qt��¦§^'�
qG�\ibor|\^ yµ� �
qG] �� ��j�ibw\npib^�j

ΩqG�
Rq
£
q = 1, 2, 3

¥NY�Z\ori+^
�\�,qt] �� ibib^,i+ib^�¢h^ y�� sU� � ib^
i+qG��or�hjl^ y ^
ikj,¥
/ Zp^
�

q = 1
¦§^°|\^ � s�¦+o�jlZ qt�p^�«|\or]m^
�\iborqG� � s��\^
w y�� s{�p^,s�|\i
¥ LE¢h^,� jlZ\qGw\uGZ jlZpo�i �B�p� ^ �>y i

jlq°n=^.qG��s�or]mo©jl^,| nporqGs�qGuGo�� � s§or�hjl^ y ^
ikj,£No�j�orimqG�\^.qG�&jlZp^.]�qGikj�¦+or|\^,s©g ikjlw\|po�^,| � � ib^,i�n=^
� � w\ib^.qG�
o�jli y ^,s � jlo�¢G^�] � jlZ\^
] � jlo�� � sNibor] � s�or�
o�jªg � �\|)nH^
� � w\ib^�qG�§jlZ\^�or�\ibo�uGZhjli�qG�\^�� � �¬u � or�¬qG� jlZp^�]mq y ^
y ^ � s�orikjlo���ibo©jlw � jlorqG�\i
¥
/ Zp^
�

q = 2
¦§^+|\orib�
wpibi �\y q � ^ y jlo�^,i:qG�=jª¦§q>«|po�]m^
�pibo�qG� � s@�\^
w y�� sp�p^
sr|\i
¥:Y�Z\oriNori � ^ y Z �>� i ]�q y ^

or�hjl^ y ^
ikjlor�\um� y qG] � npo�qGsrqGutor� � s � qGo��7j+qt��¢Qo�^
¦dibor�\�
^
Ω
� � �.n=^�¢Qor^�¦§^
| � i ��� or^
�,^µqG���
q y jl^
¡�¦+Z\^ y ^

jlZp^µjlZ\o y |�|\or]m^
�\iborqG�H£@o�jli�jlZ\or�l¤Q�\^,ibi
£ori+�\^,utsr^
�
jl^
|H¥§Y�Z\o�i�� � ib^�Z � i y ^
�
^,o©¢h^,|.nVg�� �>y s�^,ibi � jbjl^
�hjlorqG�
jlZ � ��jlZ\^ �\y ^
¢Qo�qGw\i+qG�\^t£ �\y qtn � nps�g�n=^,� � w\ib^µqG��jlZ\^µor�\� y ^ � ib^
|�] � jlZ\^
] � jlo�� � sH|\o�»¯�
w\s�jªgG¥

� o�� � srs©g
q = 3

� s�srqJ¦+iµw\i�jlq�|\orib�
w\ibi �\y q � ^ y jlor^
iµqG�:¢GqGsrw\]m^
i�qt� �\^
w y�� sE] � ibib^,i
£X^t¥ u\¥'�
q y jlor� � s
ibZp^
^�jli�¦+Zp^ y ^�jlZp^
o y jlZ\o���¤Q�\^
ibi+o�i&j � ¤h^
��or�hjlq � �,�
qGw\�hj 6�8 D7£ , 92¥

Y�Z\^ y ^
ibwps©jli jlZ � j �>y ^ �\y ^
ib^,�hjl^
|.o���jlZ\ori ��>� ^ y+�By ^{or�\|\^ � ^
�p|\^
�hj&qt�
q
¥ � ^�¢h^ y jlZ\^
sr^
ibi
£V¦§^{Z � ¢h^

� utqVqV|°� y ikj �B�p�\y qJ¡Vor] � jlo�qG�MqG� ��y ^ � sE�,q y jlo�� � s �>y ^ � ¦+o�jlZ
q = 2
£ � �\|M�
q y jlor� � s�|p^ � jlZMuGo©¢h^
��n7g

jlZp^�or�\|\^
¡
i = 1, · · · , n qG�&jlZ\^��
qG�\ibor|\^ y ^,| �
q y jlo�� � s � q � w\s � jlorqG�H£:��qtsrsrq,¦+or�\u�jlZ\^�or|\^ � qG� � �p^
sr|�,qG] � qtib^,|�qG���,qGs�w\]m�\i
£q y ^,v7w\o�¢ � sr^
�hjls�gG£pqG��or�hjl^ y �
qG�\�\^,��jl^
|��
q y jlo�� � sHs � gh^ y i
¥

/ ^m�pq>jl^
V(r, t)

¹ y ^,i � ^
�
jlo©¢h^
s�g
A(r, t)

º�jlZ\^
n
«|po�]m^
�pibo�qG� � sNikj � jl^m¢G^,��jlq y'� j�jlZ\^ � qtor�hj

r
qG�

jlZp^��
qG�hjlor�7w\w\] � �\| � j'jlor]�^
t
¥ / ^�o��7j y q7|pw\�
^¯jlZp^

n × n ] � j y o�¡)��w\�\��jlorqG� W(r, r′, t)
¦+Z\or��Z

|p^
ib� y o�n=^,i�Z\qJ¦ jlZp^§�\^
w y�� sQ] � ibi � j � qGo��hj
r′
or���pw\^,�\�
^,i�jlZ � j � j � qGo��hj

r
� j�jlor]m^

t
¥GF�q y ^ �\y ^,�
orib^
s�gG£

Wij(r, r
′, t)
|\^,ib� y o�n=^
i Z\qJ¦ � q � w\s � jlo�qG�

j
� j � qGo��7j

r′
o����w\^
�\�,^
i � q � wps � jlorqt�

i
� j � qGo��7j

r
� j jlo�]m^

t
¥ / ^µ� � s�s

W
jlZp^µ�
qG�\�p^
��jlo�¢Qo©jªg.] � j y o�¡.�¸w\�p��jlorqt�U¥ LNv7w � jlorqG�)¹4�7º � � ���\qJ¦dn=^�^�¡Vjl^
�\|p^
|.jlq

Vt(r, t) = −LV(r, t) +

∫

Ω

W(r, r′, t)S(V(r′, t)) dr′ + Iext(r, t),
¹�hº

� �\|�^,v7w � jlo�qG�)¹ H ºNjlq

At(r, t) = −LA(r, t) + S

(∫

Ω

W(r, r′, t)A(r′, t)) dr′ + Iext(r, t)

)
.

¹ü�tº
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D '?��%���#�����+���� �0�
2 ��#������ ��	����� ��#

½ i � ^
�
o � sV� � ib^N¦+Z\or��Z�¦+orsrshn=^ �
qG�\ibor|\^ y ^
|'s � jl^ y ori�¦+Z\^,�
W
o�i�j y�� �\ibs � jlo�qG�'or�h¢ �>y o � �7j,£

W(r, r′, t) =
W(r − r′, t)

¥ / ^�uGo©¢h^�n=^
srqJ¦ ibwQ»¯�,o�^,�hj��
qG�\|\o�jlo�qG�\iµqt�
W
� �\|

Iext
��q y ^,v7w � jlorqt�pim¹�Gº � �p|*¹ü�tº

jlq�n=^�¦§^,s�s�«|\^���\^
| � �p|�ikjlwp|Qg�jlZ\^
o y ibqGs�wQjlorqG�\i
¥

� � �.�
-H��#&��� #$����� %�������%�#&��#+-X- ���*� -U�'	�%��������

`ª��jlZ\o�i ib^,��jlorqG�¯¦§^{|\^ � s¦+o©jlZ�jlZ\^ �\y qtnpsr^
] qG�=jlZ\^{^�¡Qorikjl^
�\�,^ � �\|�w\�\oévhwp^
�\^,ibi§qG� � ibqGs�w\jlo�qG��jlq.¹�Gº
� �\| ¹ü�tº§��q y�� uGo�¢G^,��ib^
j�qG��or�\o�jlo � sX�
qG�\|po©jlorqG�\i
¥§¶{�\sro©¤h^ �\y ^
¢VorqGw\i � wQjlZ\q y i 6�8 �Q£�\£=� 8 9X¦§^��
qG�\ibor|\^ y
jlZp^�� � ib^µqG� � �\^
w y�� sH�p^,s�|.¦+o©jlZ.jlZ\^µ^�®H^
��j�jlZ � j�¦§^µZ � ¢h^�jlq�w\ib^�jlZ\^�jlqVqGs�i&qG���¸w\�p��jlorqt� � s � � � s�gQibo�i
jlqm��Z �>y�� ��jl^ y o�·,^�jlZ\^,o y&�\y q � ^ y jlo�^,i
¥
/ ^{ikj �>y j§¦+o�jlZ�jlZ\^ � ibibw\] � jlo�qG�.jlZ � j jlZp^{ikj � jl^{¢G^,��jlq y i

V
� �p|

A
�>y ^�|\o©®H^ y ^
�7jlo � npsr^�¹ y ^,i � ^
�
«

jlo�¢h^
s�g��
qG�hjlor�7w\qGw\i�º+��w\�\��jlorqG�\i{qG��jlZp^�jlor]m^.¹ y ^,i � ^
�
jlo©¢h^
s�g�jlZ\^'i �� �
^Bº�¢ �>y o � npsr^t¥�Y�Z\ori{ori��
^ y j � or�\s�g
y ^ � ibqt� � ns�^�or� jl^ y ]mi�qG�+jlZ\^.jl^
] � q y�� s§¢ �>y o � jlorqG�\i�n=^
� � wpib^�¦§^ �>y ^�^
ibib^,�hjlo � srs©g ]mqV|\^
sro��pu�s �>y ut^
� q � w\s � jlorqG�\i{qG�E�\^,w y qG�\i � �p|�|\q��\qtj�^�¡ � ^,��j�jlq¯n=^ � ns�^'jlq y ^ �\y ^,ib^
�hj{jlor]m^�j y�� �\ibor^
�hjli
¥�`üj�o�i{� �>y
sr^
ibi y ^ � ibqt� � ns�^�o��.jl^ y ]mi&qt��jlZ\^µi �� jlo � sU|\^ � ^
�\|p^
�\�
g�ibo��p�
^µqG�\^�ibZ\qGw\sr| � srs�qJ¦³�\^,w y�� sH] � ibib^
i � �
«
jlo�¢Qo©jªgmjlq�n=^�i �@� jlo � s�s�g¯|\orikj y o©npw\jl^
|�or� � srqV� � srs©gm�pqt�\«ib]�qVqtjlZ�� � ibZ\orqG��¦+o©jlZ �>y ^ � i qG�UZ\qG]mqtuG^,�\^
qGw\i
�,q y jlo�� � s � ��jlo�¢Qo©jªg�ib^ ��>y�� jl^
|�n7g�ib]mqVqtjlZ�n=qGw\�\| �By or^
i
¥�½�]mq y ^�ut^,�\^ y�� s � ibibw\] � jlorqG��o�i �\y q � qGib^
|
or�Mib^,��jlorqt� �7¥�_�wQj�o©j�jlw y �\i�qGwQj�jlZ � j�]mqtikj'qG�NjlZp^mu y qGw\�\|Q¦§q y ¤�� � �Mn=^m|\qG�\^¯or��jlZ\^mib^
jbjlo��pu�qG�
�,qG�hjlo��Vw\qGw\i&��w\�\�
jlo�qG�\i
¥

� ^
j F n=^¯jlZ\^�ib^�j Cn(Ω)
qG�§jlZ\^¯�,qG�hjlo��Vw\qGw\i'��w\�\�
jlo�qG�\i'� y qt]

Ω
jlq
Rn
¥�Y�Z\ori'o�i � _ � � � ��Z

i �@� �,^��¸q y jlZ\^µ�pq y ] ‖V‖n,∞ = max1≤i≤n supr∈Ω |Vi(r)| £pib^
^ �>�\� ^,�\|\o�¡.½'¥ / ^�|\^,�\qtjl^�n7g J
�

�,s�qGib^,|�o��7jl^ y ¢ � sUqG�XjlZ\^ y ^ � sUs�or�\^��
qG�hj � or�\or�\u¯�Q¥
/ ^�¦+orsrsHib^
¢G^ y�� sHjlo�]m^,i&�\^
^,|.jlZp^���qGs�srqJ¦+o��pu

�NÁ ������� ��� (�#$�1� $�# ��1#
	)��	 	*� *(�
� � � ��#���%���	@��� #�+	����A��	 	
x, y ∈ F ����� r′ ∈ Ω

‖S(x(r′))−S(y(r′))‖∞ ≤ DSm‖x(r′)−y(r′)‖∞
����� ‖S(x)−S(y)‖n,∞ ≤ DSm‖x−y‖n,∞.

� ������	 ¥
S
orimib]mqVq>jlZ ibq�¦§^�� � � � ^ y ��q y ] � ·
^ y qtjlZQ«q y |\^ y Y � gQsrq y ^
¡ �� �\ibo�qG� ¦+o©jlZ or�hjl^,u y�� s

y ^,] � or�\|\^ y £Q¦ y o�jl^

S(x(r′))− S(y(r′)) =

(∫ 1

0

DS(y(r′) + ζ(x(r′)− y(r′))) dζ

)
(x(r′)− y(r′)),

� �\|U£Qn=^,� � w\ib^�qG��s�^,]�] � ½'¥ 8 � �\|�|\^
�p�\o�jlo�qG���V¥ 8

‖S(x(r′))− S(y(r′))‖∞ ≤
∫ 1

0

‖DS(y(r′) + ζ(x(r′)− y(r′)))‖∞ dζ ‖x(r′)− y(r′)‖∞ ≤

DSm‖x(r′)− y(r′)‖∞.
Y�Zpo�i �\y qJ¢h^
i&jlZ\^�� y ikj+or�\^Jvhw � sro�jªgG¥NY�Z\^�ib^
�
qG�\|���qGs�srqJ¦+i&or]m]�^,|\o � jl^,s©gh¥

Ú�ô�õUÚ�Þ
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����� � 
���
 � ��� �'� � ���������
½ �¸wp�\��jlorqG�

V(t)
orimjlZ\qGw\uGZhj�qG� � i � ] �>�\� or�\u

V : J → F � �\| ^,v7w � jlorqt�pi�¹�Gº � �\| ¹ü�Gº �By ^��q y ] � srs�g y ^,� � ikj � i � ��or�\o�jlo � sH¢ � s�w\^ �\y qtnpsr^
]�¨
{

V′(t) = f(t,V(t))
V(0) = V0

¹�DGº

¦+Zp^ y ^
V0
ori � �°^
sr^
]m^,�hjµqG� F � �\|�jlZ\^���w\�\�
jlo�qG� f � y qG] J × F ori�^,v7w � s�jlq fv |\^
�p�\^,|�n7g�jlZ\^y oruGZhjlZ � �\|�ibor|\^�qG�§¹�Gº�¨

fv(t,x)(r) = −Lx(r) +

∫

Ω

W(r, r′, t)S(x(r′)) dr′ + Iext(r, t) ∀x ∈ F , ¹ C º

q y jlq
fa
|\^
�p�\^,|.nVg�jlZp^ y orutZ7jlZ � �\|�ibo�|\^�qG��¹ü�Gº�¨

fa(t,x)(r) = −Lx(r) + S

(∫

Ω

W(r, r′, t)x(r′) dr′ + Iext(r, t)

)
∀x ∈ F . ¹ 8 �7º

/ ^�Z � ¢h^µjlZ\^
	 � Å�
�Å �  �  �Å�� � � �� 	 ��1# 	���	 	�� *(� � �K�-* �4��� "�����1#�+�#�+$����# +)���� + , #5�

� &�� �1#A�5���3��#5�)��%$��
�� 	5%&����������
W
� + � �

C(J; Cn×n(Ω× Ω))
�

� &�� �1#A# .E��#0�0����	G�0%1�0��#����
Iext

�
+ � �
C(J; Cn(Ω))

�

��1#�� ��1#K24� "'"��
� ��+
fv
�����

fa
����# 	5����2

J × F ��� F � �5������ ��%���%1+�� ������� � "�+)�����
� ���5������ ��%���%&+*(��� ��#0+ "�#5�)�(���4��1#0�
� +)#5������� ��� ��%&2 #0��� � %1��� 	)���02�	�� *(�
��K��#0+ "�#5�)�(��� ��1#�,(�0+5���
Cn×n(Ω×Ω)

�����

Cn(Ω)
����#A��# , ��#5�4�
� � "'"�#0����� .���� &

� ������	 ¥ � ^�j
t ∈ J
� �\|

x ∈ F ¥ / ^µor�hj y qV|\w\�,^�jlZ\^�] �B�p� o��pu

gv : (t,x)→ gv(t,x)
ibw\��Z�jlZ � j

gv(t,x)(r) =

∫

Ω

W(r, r′, t)S(x(r′)) dr′

gv(t,x)
ori�¦§^,s�s§|p^��p�\^,| ��q ym� srs

r ∈ Ω
n=^
� � wpib^t£:jlZ � �Q¤Qi'jlq�jlZ\^�� y ikjmZhg � qtjlZ\^,ibo�i
£No�jmo�i�jlZ\^.or�Q«

jl^,u y�� s qG��jlZ\^��,qt�7jlo��7wpqtwpi��¸wp�\��jlorqG�
W(r, ., t)S(x(.))

qG� � �
qG] �� ��j�|\qG] � o��H¥ � q ym� s�s
r′ ∈ Ω

£
W(., r′, t)S(x(r′))

ori&�,qG�hjlo��Vw\qGw\i'¹�� y ikj+Zhg � qtjlZ\^,ibo�i � u � or�@º � �\|.¦§^�Z � ¢h^�¹4s�^,]m] � ½'¥ 8 º

‖W(r, r′, t)S(x(r′))‖∞ ≤ ‖W(., ., t)‖n×n,∞‖S(x(r′))‖∞.
eVo��\�,^ ‖S(x(.))‖∞

ori�n=qGw\�\|p^
|H£Go�j�ori�or�hjl^
u y�� npsr^§or�
Ω
� �\|'¦§^��
qG�\�
srw\|\^§jlZ � j

gv(t,x)
o�i��
qG�hjlor�7w\qGw\i

qG�
Ω
¥NY�Zp^
��o�j+o�i+^ � ikg.jlq�ib^
^µjlZ � j

fv(t,x)
ori&¦§^
srsH|\^
�p�\^,| � �\|�n=^,s�qG�\uGi&jlq F ¥
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2 ��#������ ��	����� ��#

� ^
j&w\i �\y qJ¢h^µjlZ � j
fv
o�i+�
qG�hjlor�7w\qGw\i
¥

fv(t,x)− fv(s,y) = −L(x− y) +

∫

Ω

(W(·, r′, t)S(x(r′))−W(·, r′, s)S(y(r′))) dr′

+ Iext(·, t)− Iext(·, s)

= −L(x− y) +

∫

Ω

(W(·, r′, t)−W(·, r′, s))S(x(r′)) dr′

+

∫

Ω

W(·, r′, s)(S(x(r′))− S(y(r′)) dr′ + Iext(·, t)− Iext(·, s)

`üj+�¸qGsrs�qJ¦+i+� y qG] s�^,]�] � , ¥ 8 jlZ � j

‖fv(t,x)− fv(s,y)‖n,∞ ≤ ‖L‖∞ ‖x− y‖n,∞ + |Ω|Sm‖W(·, ·, t)−W(·, ·, s)‖n×n,∞+

|Ω| ‖W(·, ·, s)‖n×n,∞DSm ‖x− y‖n,∞ + ‖Iext(·, t)− Iext(·, s)‖n,∞.
_�^,� � w\ib^EqG�7jlZ\^EZhg � qtjlZ\^
ib^,iH¦§^:� � �µ��Z\qVqtib^ |t−s| ib] � srsG^
�pqtwputZ�ibq�jlZ � j ‖W(·, ·, t)−W(·, ·, s)‖n×n,∞� �\| ‖Iext(·, t)− Iext(·, s)‖n,∞

�>y ^ �>y npo�j y��>y o�s�g.ib] � s�s2¥&e7or]�ors �By s�gG£@ibo��p�
^
W
o�i+�,qG�hjlo��Vw\qGw\i�qt��jlZ\^

�,qG] �@� �
j�or�hjl^ y ¢ � s
J
£Uo�jµo�i{nHqtwp�\|\^
|°jlZ\^ y ^ � �\| ‖W(·, ·, s)‖n×n,∞ ≤ w > 0

��q yµ� srs
s ∈ J
¥�Y�Z\ori

�py q,¢h^,i�jlZ\^��
qG�hjlor�7w\o�jªg.qG�
fv
¥

`üj&��qGs�srqJ¦+i&� y qG] jlZ\^ �\y ^�¢Qorqtwpi&or�\^,v7w � sro©jªg�jlZ � j

‖fv(t,x)− fv(t,y)‖n,∞ ≤ ‖L‖∞ ‖x− y‖n,∞ + |Ω| ‖W(·, ·, t)‖n×n,∞DSm ‖x− y‖n,∞,
� �\|°n=^
� � w\ib^ ‖W(·, ·, t)‖n×n,∞ ≤ w > 0

��q y�� s�s
t
i�or�

J
£=jlZ\ori �\y qJ¢h^
i{jlZ\^ � o � ib��Z\o©jl·��
qG�hjlor�7w\o�jªg

qG�
fv
¦+o©jlZ y ^
i � ^,��j&jlqmo©jli&ib^,�
qG�\| �>y uGw\]m^
�hj,£pwp�\o���q y ]ms©g.¦+o©jlZ y ^,i � ^
�
j�jlq�jlZ\^µ� y ikj,¥

½ ¢h^ y g.ibo�]mors �>y+�py q7qG� �>�\� sro�^,i�jlq
fa
¥

/ ^��
qG�hjlor�7w\^�¦+o�jlZ�jlZ\^ �\y qVqG��jlZ � j+jlZ\^ y ^�^
¡Qo�ikjli � w\�\oév7w\^�ibqtsrwQjlorqG��jlqmjlZ\^ � npikj y�� �
j�o��po©jlo � sH¢ � s�w\^
�py q>ns�^,]$¹�DGº or��jlZ\^�jª¦§qm� � ib^,i&qG��o��hjl^ y ^
ikj,¥
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V0
����#0+ " &

A0
����	 F ��1#���#A�
+��K%1��� ��%�#�+)��	@%1������ V

����#�+ " &
A
� � ��#-,(��#5� ��� �K+5%��0�
����#0� $���	 ��	

J
�5��������� ���
� �

� �������5������
��%���%1+5	������ �<#0��#����� ���)	*# � ��	 ��1#�����+5��5�����M�
���
�����	 $���	@%�# "�������	�#02 ��� � 	����
f = fv

����#0+ " &
f = fa

� &

� ������	 ¥�½{s�s=�
qG�\|\o�jlo�qG�\i�qG�UjlZ\^ x o�� �>y |Q« � or�\|\^,s	�G�UjlZ\^
q y ^,] qt�.|\o�®=^ y ^,�hjlo � s=^,v7w � jlorqG�\i§or�._ � � � ��Z
i �@� �,^
i 6 �7£ 8 9 �>y ^µi � jlo�ik�^
|H£pZp^
�\�,^�jlZ\^ �\y q � qGibo©jlorqG�H¥
Y�Zpo�iµibqGs�w\jlo�qG�H£X|p^��p�\^,|�qG�°jlZ\^mibwQnpor�hjl^ y ¢ � s

J
qG�
R
� � ��or��� � �
j�n=^�^
¡7jl^,�\|\^,|�jlq.jlZ\^�¦+Z\qGsr^ y ^ � s

sror�\^ � �\|�¦§^µZ � ¢h^µjlZ\^
	 � Å�
�Å �  �  �Å�� � ��
 � 	 ��1# 	���	 	�� *(� � �K�-* �4��� "�����1#�+�#�+$����# +)���� + , #5�

� &�� �1#A�5���3��#5�)��%$��
�� 	5%&����������
W
� + � �

C(R; Cn×n(Ω× Ω))
�

� &�� �1#A# .E��#0�0����	G�0%1�0��#����
Iext

�
+ � �
C(R; Cn(Ω))

�
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V0

����#0+ " &
A0
�K� � F ��1#0�5# �
+��K%&��� ��%�#A+)��	@%3�� ��� V

����#�+ " &
A
� � ��# , ��#5�

���
R
����� �5������ ��%���%&+0	@� ��� �<#0��#����� ���)	*# � ��	4��1# ���0+0������)�<�
���
�����	 $���	�%�# "������)	*#�2 ��� � 	)���

f = fv����#�+ " &
f = fa

� &
� ������	 ¥�`ª��jlZ\^,q y ^,] _�¥ 8 qt� �B�p� ^
�\|po©¡�_{£H¦§^ �\y qJ¢h^'jlZ\^�^
¡Qo�ikjl^,�\�
^�qt� � �
qG�\ikj � �hj

τ > 0
ibw\��Z

jlZ � j��¸q y�� �hgMor�\o�jlo � s �,qt�p|\o©jlorqG�
(t0,V0) ∈ R × F £�jlZp^ y ^�o�i � w\�porv7w\^�ibqGsrwQjlorqt� |\^
�p�\^
| qG�)jlZ\^�,s�qGib^,|�o��7jl^ y ¢ � s

[t0− τ, t0 + τ ]
¥ / ^�� � �mjlZ\^,���
qJ¢h^ y jlZp^ y ^ � ssro��p^+¦+o�jlZ¯ibw\��Z�o��hjl^ y ¢ � sri � �p|¯�p� � srs©g

qtn\j � or�.jlZ\^�utsrqtn � sU^�¡Qorikjl^
�\�,^ � �p|�wp�\orv7w\^,�\^
ibi+qG�XjlZp^µibqGs�w\jlo�qG��qG�XjlZ\^�o��po©jlo � sH¢ � srw\^ �\y qtnpsr^
]�¥

��� � � � � ����
���
 � �#� �'� � ���������
½ Zpqt]mqGuG^
�\^,qGw\i�ibqtsrwQjlorqG�.jlq�¹�hº q y ¹ü�tº ori � ibqtsrwQjlorqG�

U
jlZ � j+|pq7^,i&�pq>j�|\^ � ^
�\|�w � qt��jlZ\^µi �@� �,^

¢ �>y o � npsr^
r
£E��q y�� uGo�¢h^
� Z\qG]mqGuG^
�\^,qtwpi�or� � wQj

Iext(t)
� �p| � �
qG�\ikj � �hj�or�\o©jlo � s �
qG�\|\o�jlorqt�

U0
¥°`ª�

ibwp��Z � ibqtsrwQjlorqG�
U(t)
^
¡Qo�ikjli
£\jlZ\^
��o©j+i � jlorik�p^
i&jlZp^µ��qtsrsrq,¦+or�\u¯^,v7w � jlo�qG�

U′(t) = −LU(t) +

∫

Ω

W(r, r′, t)S(U(t)) dr′ + Iext(t),

or�.jlZ\^�� � ib^µqG��¹�hº � �p|

U′(t) = −LU(t) + S

(∫

Ω

W(r, r′, t)U(t) dr′ + Iext(t)

)
,

or�.jlZ\^�� � ib^µqG��¹ü�Gº�¥NY�Z\^µor�hjl^
u y�� s ∫
Ω

W(r, r′, t)S(U(t)) dr′
ori&^Jv7w � s=jlq

(∫
Ω

W(r, r′, t) dr′
)

S(U(t))
¥EY�Zp^�o��hjl^,u y�� s ∫

Ω
W(r, r′, t)U(t) dr′

o�i&^Jv7w � sHjlq
(∫

Ω
W(r, r′, t) dr′

)
U(t)
¥¯Y�Z\^�g°]'w\ikj�n=^mor�\|\^ � ^
�\|\^,�hj�qG�NjlZ\^ � qGibo©jlorqG�

r
¥ ¾ ^
�\�,^ � �\^
�,^
ibi �>y g

�,qG�\|\o�jlo�qG����q y jlZ\^µ^
¡Vorikjl^
�p�
^µqG� � Z\qG]�qGuG^
�p^
qGw\i+ibqtsrwQjlorqG��ori&jlZ � j
∫

Ω

W(r, r′, t) dr′ = W(t),
¹ 8�8 º

¦+Zp^ y ^�jlZp^
n× n ] � j y o©¡ W(t)

|\qV^
i&�\qtj+|\^ � ^
�p|�qG�.jlZp^µi �� jlo � sX�
qVq y |\o�� � jl^
r
¥

`ª��jlZ\^Ni � ^,�
o � s7� � ib^N¦+Z\^ y ^
W(r, r′, t)

o�i�j y�� �\ibs � jlorqG��o��7¢ �>y o � �hj,£
W(r, r′, t) ≡W(r−r′, t)

£BjlZ\^
�,qG�\|\o�jlo�qG��oriE�\qtj�i � jlorik�p^
|mo���uG^
�\^ y�� sVn=^
� � w\ib^�qt�pjlZ\^ n=q y |\^ y qG�

Ω
¥�`ª� � srsQ� � ib^,i
£tjlZ\^�Z\qG]mqtuG^,�\^
qGw\i

ibqGsrwQjlorqt�pi&i � jlorib�ég�jlZ\^�|\o©®H^ y ^
�7jlo � sU^Jvhw � jlorqG�

U′(t) = −LU(t) + W(t)S(U(t)) + Iext(t),
¹ 8 �hº

��q y ¹�Gº � �\|
U′(t) = −LU(t) + S

(
W(t)U(t)) + Iext(t)

)
,

¹ 8�, º
��q y ¹ü�Gº�£\¦+o©jlZ�o��po©jlo � sU�
qG�\|\o�jlorqt�

U(0) = U0
£ � ¢h^
�
jlq y qG�

Rn
¥NY�Zp^µ��qtsrsrq,¦+or�\u �\y q � qGibo©jlorqG��uGo©¢h^
i �

ibw\»m�,o�^,�hj��
qG�\|\o�jlo�qG����q y jlZ\^µ^
¡Qo�ikjl^,�\�
^�qt� � Z\qG]mqtuG^,�\^
qGw\i+ibqGsrwQjlorqt�U¥
��� Á7Å � Á � � ���� 	 ��1# # .���#0�0����	 ��%&�0��#����

Iext(t)
����� ��1# �5������#��)�� $ ���K24����0� .
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����#��5������
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J
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� ������	 ¥�Y�Z\^ �\y qVqG�Eori � � �B�p� s�or� � jlorqG��qG� ± � wp��Zhg � i�jlZ\^,q y ^
]¼qG��|\o�®=^ y ^
�hjlo � s�^Jvhw � jlorqG�\i
¥µ± qG�Q«
ibor|\^ y jlZ\^µ] �>�\� or�\u

fhv : Rn × J→ Rn |\^
�p�\^
|�n7g

fhv(x, t) = −Lx + W(t)S(x) + Iext(t)

/ ^�Z � ¢h^

‖fhv(x, t)− fhv(y, t)‖∞ ≤ ‖L‖∞‖x− y‖∞ + ‖W(t)‖∞‖S(x)− S(y)‖∞
`üj:��qGs�srqJ¦+iE� y qG] sr^
]m] � , ¥ 8 jlZ � j ‖S(x)−S(y)‖∞ ≤ DSm‖x−y‖∞

� �p|H£hibor�\�
^
W
oriE�,qt�7jlo��7wpqtwpi

qG�.jlZp^µ�
qG] �� ��j+or�hjl^ y ¢ � s
J
£o©j+ori�nHqtwp�\|\^
|�jlZ\^ y ^µn7g

w > 0
� �p|

‖fhv(x, t)− fhv(y, t)‖∞ ≤ (‖L‖∞ + wDSm)‖x− y‖∞
��q y�� srs

x
£
y
qG�
Rn
� �\| � srs

t ∈ J
¥�½ ibo�]mors �>y��\y qVqG� �B�p� s�or^
iµjlqM¹ 8 , º � �\|°jlZ\^��,qG�\�
srw\iborqt�MqG�:jlZ\^

�py q � qtibo�jlorqt���¸qGsrs�qJ¦+i
¥
½{i�o�� �\y q � qGibo�jlo�qG� , ¥ �Q£XjlZ\oriµ^
¡Qo�ikjl^,�\�
^ � �\|Mw\�\oévhwp^
�\^,ibi y ^,ibw\s©j�^�¡Vjl^
�p|\i�jlq.jlZp^�¦+Zpqtsr^�jlo�]m^ y ^ � s
sror�\^µor�

I
� �\|

W
�>y ^µ�
qG�hjlor�7w\qGw\i�qt� R ¥Y�Z\ori�Z\qG]mqtuG^,�\^
qGw\i�ibqGsrwQjlorqt��� � ��nH^�ib^
^
� � i�|\^
ib� y o©no��\u � ikj � jl^'¦+Z\^ y ^'jlZ\^��,qGs�w\]m�\iµqG�EjlZ\^

�,qG�hjlo��Vw\w\] �>y ^�ikgQ�\��Z y qG�\o�·,^
|H¨MjlZ\^
g y ^
�
^,o©¢h^�jlZ\^�i � ]m^°or� � wQj
Iext(t)

� �p| �\y qV|\wp�
^�jlZ\^�i � ]m^
qGwQj � wQj

U(t)
¥

��� � ��� � 
 � 
���� ����� ��� � ��� � ��
������

Ω = Rq

½ iborut�po©�p� � �hj � ]mqGw\�hj{qt��¦§q y ¤�Z � i+n=^
^,��|\qG�\^�qG��^,v7w � jlorqG�\i&qG��jlZ\^µjªg � ^�¹�hº§q y ¹ü�tº or��jlZp^�� � ib^
qG� � qG�\^�«|po�]m^
�pibo�qG� � sNo��\�p�\o�jl^m�
qG�hjlor�7w\wp].£

Ω = R
£Xq y'� jª¦§qt«|\or]�^,�\iborqt� � sNor�Q�p�\o�jl^m�,qG�hjlo��Vw\w\]�£

Ω = R2 ¥NY�Zp^ y ^ � |\^ y ori y ^
��^ yby ^,|�jlq�jlZ\^ y ^
¢Qo�^
¦ �@�B� ^ y i§nVgKL y ]�^,�hj y qGwQj 6 D:9 � �\|�nVg�± qVqt]�n=^,i 6@H 9� i�¦§^,s�s � i&jlq 6 �G�V£ 8E8 £@� H 92¥
_�^
ibor|\^µjlZ\^�� � ��j&jlZ � j � ��or�Q�p�\o�jl^��
q y jl^�¡�o�i+wp� y ^ � sro�ikjlor�t£jlZ\^�� � ib^

Ω = Rq
y�� orib^
i�ibqG]m^�] � jlZQ«

^,] � jlor� � s�vhwp^
ikjlorqt�pi
¥+`ª�\|\^
^,|H£jlZ\^���Z\qGo��,^'qt��jlZ\^���w\�\�
jlo�qG� � s�i �� �
^ F o�i �\y qtnps�^,] � jlor�t¥+½ � � jlw y�� sor|\^ � ¦§qGw\s�|�n=^�jlq���Z\qVqtib^ F = L2 £jlZ\^'i �� �
^'qG�Eilv7w �>y ^�«or�hjl^,u y�� npsr^'�¸wp�\��jlorqG�\i
¥+`ª��¦§^'] � ¤h^�jlZpo�i
��Z\qGo��,^�¦§^�or]m]�^,|\o � jl^,s©g*^
�\�,qGw\�hjl^ y jlZ\^ �\y qtnps�^,] jlZ � j¯jlZ\^�Zpqt]mqGuG^
�\^,qGw\i�ibqGs�w\jlo�qG�\i°¹4�,qG�\ikj � �hj
¦+o�jlZ y ^
i � ^,��j&jlqmjlZ\^�i �� �
^�¢ �>y o � ns�^>º |\q¯�\qtj&nH^
srqt�pumjlq�jlZ � j+i �� �
^G¥ ½ �¸w y jlZ\^ y |\o�»m�,w\s�jªg.ori&jlZ � j
S(x)
|\qV^
iµ�\qtjµo���uG^,�\^ y�� s�n=^
srqG�\u�jlq F or� x |pq7^,i
¥�½{iµibZ\qJ¦+��or��jlZ\ori �>y jlo��,s�^G£=jlZ\^,ib^�|\o�»¯�
w\s�jlor^
i¢ � �\o�ibZ�o��

Ω
ori+�
qG] �� ��j,¥

� ���������
	,�������� ���.#���#&��#&����	 -U�'	�%����
���

/ ^.or�h¢h^
ikjloru � jl^�jlZ\^.ikj � nporsro©jªg qG� � ibqGs�w\jlo�qG� jlq*¹�Gº � �p|³¹ü�tº'�¸q y�� uGo�¢h^
� or� � wQj
Iext
¥ / ^�uGo�¢G^

ibw\»m�,o�^,�hj��,qG�\|\o�jlo�qG�\i��¸q y jlZp^�ibqGs�wQjlorqG�)jlq�n=^�or�\|\^ � ^
�\|\^,�hj�qG��jlZ\^�or�\o©jlo � s �
qG�\|\o�jlorqt�pi
¥ / ^¯� y ikj
�,qG�\ibo�|p^ y jlZ\^�ut^,�\^ y�� sU� � ib^�n=^,�¸q y ^µs�qVqt¤Qo��pu � j � � �>�\�\y qJ¡Qo�] � jlo�qG��qG�XjlZp^µ�
qG�h¢hqGsrwQjlo�qG��� � ib^G¥
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/ ^�|p^��p�\^ � �7wp]�nH^ y qG��] � j y or�
^,i � �p|�sror�\^ �>y q � ^ y�� jlq y i�jlZ � j �>y ^�w\ib^
��w\sUo���jlZ\^�ib^,v7w\^,s
�.Á����! �  �Å�� �\¥ 8 � #��

Wcm = WDSm Wmc = DSmW
�����

WL
cm = L−1/2WcmL−1/2 WL

mc = L−1/2WmcL
−1/2

�M����+�����#�� ��	@+)�4��1# 	@�
��#����A� "�#0���������0+��(������#5�
gm

� �����
hm
��#-,(��#5� ��� F �

gm(x)(r, t) =

∫

Ω

Wcm(r, r′, t)x(r′) dr′ ∀x ∈ F ,
�����

hm(x)(r, t) =

∫

Ω

Wmc(r, r
′, t)x(r′) dr′ ∀x ∈ F ,

��+ * #�	 	G��+
gLm
�����

hLm
��1��� ����#A�5����+0��0%��)��#�� 	5����2

WL
cm

�����
WL

mc

�(�5#0+ "�#5�)��%$�#�	��'&
/ ^�ikj �>y j&¦+o�jlZ � sr^
]m] � ¥
�NÁ ����� 
 �� ( �
�� ��1#<��� "�����1#�+)#0+ ��	�"���� "���+5��� ��� � & � �G��1#$� "�#����������0+

gm
�
gLm

�
hm

�(�����
hLm
����#

�5��2#"����)� � "�#0���������0+ 	5����2 F ��� F 	����A#������ ��
2 #
t ∈ J

&
� ������	 ¥�Y�Z\ori§o�i � |\o y ^,��j �>�\� sror� � jlo�qG��qG�HjlZ\^+jlZp^
q y gmqG� �py ^
|\Zpqtsr] � i�o��hjl^,u y�� s=^,v7w � jlo�qG�\i 6 ��92¥ / ^

�py q,¢h^�o©j+��q y
gLm
¥

_�^
� � w\ib^�qG��jlZ\^�Zhg � qtjlZ\^
ibori 8 o�� �\y q � qGibo©jlorqG� , ¥Ë�V£ � j�^ � ��Z*jlor]m^�or�\ikj � �hj
t
or�

J
£

Wcm
o�i

�,qG�hjlo��Vw\qGw\i.qG� jlZ\^°�
qG] �� ��j�ib^�j
Ω × Ω

£+jlZ\^ y ^,�¸q y ^�o�j.ori.w\�\or��q y ]ms�g �
qG�hjlor�7w\qGw\i
¥ ¾ ^
�\�,^t£+��q y
^ � ��Z

ε > 0
jlZ\^ y ^�^�¡Qorikjli

η(t) > 0
ibw\��Z°jlZ � j ‖r1 − r2‖ ≤ η(t)

or] � s�or^
iµjlZ � j ‖Wcm(r1, r
′, t) −

Wcm(r2, r
′, t)‖∞ ≤ ε

��q y�� srs
r′ ∈ Ω
£ � �p|H£p��q y�� srs

x ∈ F
‖gm(x)(r1, t)− gm(x)(r2, t)‖∞ ≤ ε|Ω|‖x‖n,∞

Y�Zpo�i+ibZ\qJ¦+i�jlZ � j&jlZp^µor] � uG^
gm(B)

qG� � �7g�nHqtwp�\|\^
|�ibwQnib^�j
B
qt� F ori+^,v7w\or�
qG�hjlor�7w\qGw\i
¥e7or]�ors �By s�gG£>o��7¦§^:ib^�j

w(t) = ‖Wcm(., ., t)‖n×n,∞
£J¦§^EZ � ¢h^ ‖gm(x)(r, t)‖∞ ≤ w(t)|Ω|‖x‖n,∞

¥
Y�Zpo�i{ibZ\qJ¦+i{jlZ � j{��q y ^�¢h^ y g

r ∈ Ω
£=jlZ\^'ib^�j {y(r),y ∈ gm(B)} £=o�i�nHqtwp�\|\^
|°o�� Rn £=Zp^
�\�,^ y ^,s � «jlo�¢h^
s�g��
qG] �� ��j,¥ �py qt]¼jlZ\^�½ y ·
^,s �>«½{ib�
qGsroXjlZ\^
q y ^,].£=¦§^'�
qG�\�,s�wp|\^�jlZ � j{jlZ\^'ibwQnpib^�j

gm(B)
qt� Fori y ^
s � jlo©¢h^,s©g.�
qG] �� ��j+��q y�� s�s

t ∈ J
¥N½{�\|�ibqmjlZ\^µq � ^ y�� jlq y o�i+�
qG] �� ��j,¥

Y�Z\^µi � ]m^ �\y qVqG� �>�\� s�or^
i&jlq
gLm
£
hm
£ � �p|

hLm
¥

Y�q�ikjlw\|Qg�jlZ\^�ikj � nporsro©jªg�qG�XibqGsrwQjlorqt�pi�qG� ¹�Gº � �p|M¹ü�tºNo©j&ori§�,qG�h¢h^
�\or^
�hj�jlq�w\ib^ � �.or�\�\^ y��\y qV|\wp��j�qG�
F ¥µ`üj{jlw y �\i�qGwQj{jlZ � j{jlZ\^�� � jlw y�� s�o��p�\^ y « �\y qV|\wp��j�¦+o�srs �@� ¢h^'jlZ\^�u y qtwp�\|°��q y jlZ\^'uG^
�p^ y�� s�or· � jlorqG�or�.ib^
�
jlo�qG���V¥ / ^{jlZ\^ y ^,�¸q y ^��
qG�\ibor|\^ y jlZ\^ �\y ^
« ¾ o�s�n=^ y j�i �� �
^ G |\^
�p�\^,|.qt� F nVg¯jlZ\^µw\ibw � sHo��\�p^ y�py q7|pw\��j

〈x, y〉 =

∫

Ω

x(r)Ty(r) dr

/ ^��\qtjl^ ‖x‖n,2 jlZ\^'�
q yby ^
i � qt�p|\o��pu��pq y ]¼jlq�|po�ikjlor�\uGw\oribZ�o�j{� y qG] ‖x‖n,∞ £=ib^
^ �>�\� ^
�p|\o©¡�½'¥�`üjori{^ � ikg�jlq�ibZ\qJ¦ jlZ � j � srs �\y ^
¢VorqGw\ibs�g�|p^��p�\^,|�q � ^ y�� jlq y i �>y ^ � sribq��
qG] �� ��j�q � ^ y�� jlq y i�� y qt] G jlq
G ¥ / ^�Z � ¢h^µjlZ\^

õ�õ Û�N\èBêlò0O�ù,ë�æ
í�ì�î
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�NÁ ����� 
 � �
gm

�
gLm

�
hm

�7�����
hLm
���5#A����2#"����)�7� "�#����������0+ 	��5��2 G ��� G 	����A#���������
24# t ∈ J

&
� ������	 ¥ / ^µuGo©¢h^µjlZ\^ �\y qVqG���¸q y

gm
¥

Y�Z\^'or|\^,�hjlo©jªg�] �B�p� o��pu
x → x

� y qG] F jlq G o�i��
qG�hjlor�7w\qGw\iµibo��\�,^ ‖x‖n,2 ≤
√
n|Ω| ‖x‖n,∞

¥
± qG�\ibor|\^ y �pq,¦

gm
� i � ] �>�\� or�\u�� y qt] G jlq F ¥+½{i�or��jlZ\^ �\y qVqG��qG��s�^,]m] � �Q¥ �V£@�¸q y ^ � ��Z ε > 0jlZp^ y ^:^
¡Vorikjli

η(t) > 0
ibw\��Z�jlZ � j ‖r1−r2‖ ≤ η(t)

or] � s�or^
i ‖Wcm(r1, r
′, t)−Wcm(r2, r

′, t)‖∞ ≤ ε��q y�� srs
r′ ∈ Ω

¥°Y�Z\^ y ^,�¸q y ^¯jlZp^
i
jlZ �
qVq y |\o�� � jl^

gim(x)(r1, t) − gim(x)(r2, t)
i � jlorik�p^
i�¹ü± � w\��ZhgV«

eV��Zh¦ �>y ·��o��\^Jv7w � s�o�jlo�^,i�º�¨

|gim(x)(r1, t)− gim(x)(r2, t)| ≤
∑

j

∫

Ω

|Wcm, ij(r1, r
′, t)−Wcm, ij(r2, r

′, t)| |xj(r′)| dr′ ≤

ε
∑

j

∫

Ω

|xj(r′)| dr′ ≤ ε
√
|Ω|
∑

j

(∫

Ω

|xj(r′)|2 dr′
)1/2

≤ ε
√
n |Ω|‖x‖n,2,

� �\| jlZp^.or] � uG^
gm(B)

qG� � �hg n=qGw\�\|\^,| ib^
j
B
qG� G o�i¯^,v7w\or�
qG�hjlor�7w\qGw\i
¥ e7or]mo�s �>y s©gh£ or�+¦§^�ib^
j

w(t) = ‖Wcm(., ., t)‖n×n,∞
or�

Ω× Ω
£p¦§^�Z � ¢G^ |gim(x)(r, t)| ≤ w(t)

√
n |Ω| ‖x‖n,2

¥ Y�Z\^�i � ]m^
y ^ � ibqt�po��\u � i&or�.sr^
]m] � �Q¥ ��ibZ\qJ¦+i�jlZ � j�jlZ\^µq � ^ y�� jlq y

x→ gm(x)
� y qG] G jlq F ori&�
qG] �� ��j � �\|ibor�\�,^�jlZ\^�o�|\^,�hjlo�jªg�� y qG] F jlq G ori&�,qt�7jlo��7wpqtwpi
£ x→ gm(x)

ori&�
qG] �� ��j+� y qG] G jlq G ¥Y�Z\^µi � ]m^ �\y qVqG� �>�\� s�or^
i&jlq
gLm
£
hm
£ � �p|

hLm
¥

/ ^{jlZp^
� �\y qV�
^,^
|.¦+o©jlZ.jlZp^µ��qtsrsrq,¦+or�\u
�NÁ ����� 
 �	
 � �1#A��� � ��� ��� ��	 ��1#A� "�#����������

gm
��	 G � + ��1#A� "�#���������� g∗m

��# , ��#5� ���

g∗m(x)(r, t) =

∫

Ω

WT
cm(r′, r, t)x(r′) dr′

� � �
+$� �5��2�"������7� "�#���������� &
� ������	 ¥{Y�Zp^ � |>zkqtor�hj,£Hor�Eo�j�^�¡Qorikjli
£=ori{|\^
�p�\^
|�n7g�jlZ\^'�,qG�\|\o�jlo�qG� 〈gm(x), y〉 = 〈x, g∗m(y)〉 ��q y� srs
x, y
or� G ¥ / ^�Z � ¢h^

〈gm(x), y〉 =

∫

Ω

y(r)T
(∫

Ω

Wcm(r, r′, t)x(r′) dr′
)
dr =

∫

Ω

x(r′)T
(∫

Ω

WT
cm(r, r′, t)y(r) dr

)
dr′,

� y qG] ¦+Zpo���Z�jlZ\^��
qG�\�,s�wpibo�qG���¸qGsrs�qJ¦+i
¥{eVo��\�,^ G ori��\qtj �¯¾ o�s�n=^ y j{i �� �
^�jlZ\^ � |tzÝqGor�hj{qt� � �,qG] �@� �
jq � ^ y�� jlq y ori��\qtj��\^
�,^
ibi �>y ors©g*�,qt] �� �
j,¥ _�wQj¯jlZp^ �\y qVqt�µqt�µ�
qG] �� ��jl�\^,ibi�qG�
gm
or� sr^
]m] � �Q¥ ,

^
¡Vjl^
�\|\i&^ � ibo�s�g�jlq
g∗m
¥

eVo�]mors �>y ^�¡ �\y ^
ibiborqG�\i �B�p� s©g.jlq
gL ∗m
£
h∗m
� �\|

hL ∗m
¥

/ ^��pq,¦ ikj � jl^ � ��o�] � q y j � �hj y ^,ibw\s©j+qG��jlZ\ori&ib^,��jlorqt�U¥
��� Á7Å � Á � 
 ��� � +5%�� ��� #���� �5��������� ��� 	)��� ��1#$+0�����0�	@��� ��	$�4+)��	@%1������ ��� ��� ���
+

∥∥gLm
∥∥
G < 1

*(�1#���# ‖.‖G
�
+ ��1#�� "�#���������� �����02 &

Ú�ô�õUÚ�Þ



���������
	��
������������������������������������� �
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� ������	 ¥ � ^�j+w\i&�pq>jl^
S
jlZ\^µ��w\�\��jlorqG�

DS−1
m S
� �\| y ^�¦ y o�jl^µ^,v7w � jlorqG�)¹�Gº � i&��qGs�srqJ¦+i

Vt(r, t) = −LV(r, t) +

∫

Ω

Wcm(r, r′, t) S(V(r′, t)) dr′ + Iext(r, t).

� ^�j
U
n=^'o©jli�w\�\oév7w\^'ibqGsrwQjlorqt��¦+o�jlZ�or�\o©jlo � s��,qG�\|\o�jlo�qG�\i

U(0) = U0
£ � ��^
sr^
]m^
�7j�qt� G ¥ � ^
j � s�ibq

V
n=^µjlZ\^�w\�\oév7w\^�ibqGs�w\jlo�qG��qG��jlZ\^�i � ]m^�^Jvhw � jlorqG�.¦+o�jlZ�|po©®=^ y ^
�hj�or�\o©jlo � sU�
qG�\|po©jlorqG�\i

V(0) = V0
£

� �\qtjlZ\^ y ^
sr^
]m^
�7j+qt� G ¥ / ^�or�hj y qV|\w\�,^µjlZ\^µ�p^�¦³��w\�\��jlorqG� X = V −U
¦+Z\o���Z�i � jlorik�p^,i

Xt(r, t) = −LX(r, t) +

∫

Ω

Wcm(r, r′, t) H(X,U)(r′, t) dr′ = −LX(r, t) + gm(H(X,U))(r, t)
¹ 8 �7º

¦+Zp^ y ^ jlZ\^§¢h^
�
jlq y
H(X,U)

oriEuto�¢h^
��n7g
H(X,U)(r, t)) = S(V(r, t))−S(U(r, t)) = S(X(r, t)+

U(r, t))− S(U(r, t))
¥N± qG�\ibor|\^ y �\qJ¦djlZp^µ��w\�\��jlorqG� � s

V (X) =
1

2
〈X, X 〉

`üjli{jlor]�^�|\^ y o�¢ � jlo�¢h^�o�i 〈X, Xt 〉
¥ / ^ y ^ � s � �
^

Xt
n7g�o�jli{¢ � s�wp^�� y qG]´¹ 8 �Vº&or��jlZ\ori{^
¡ �\y ^
ibiborqG��jlq

qtn\j � or�

dV (X)

dt
= −〈X, LX 〉+ 〈X, gm(H(X,U)) 〉 =

−
〈
,L1/2X, L1/2X

〉
+
〈

L1/2X, gLm(L1/2H(X,U))
〉

� ^�j
Y = L1/2X

¥:¶{ibor�\u¯s�^,]�] � , ¥ 8 £Q¦§^µ¦ y o�jl^

H(X,U) = DmX,

¦+Zp^ y ^ Dm ori � |\o � uGqG� � s�] � j y o�¡.¦+Z\qGib^'|\o � utqG� � s�^,s�^,]�^,�hjli �>y ^�n=^
jª¦§^
^
��� � �p| 8 ¥ F°w\s©jlo � s�gQo��\unHq>jlZ�ibor|\^
i&¦+o�jlZ
L1/2 ¦§^µqtn\j � o��

L1/2H(X,U) = DmL1/2X = DmY,

� �\|�jlZ\^ y ^,�¸q y ^
∣∣∣
〈

Y, gLm(L1/2H(X,U))
〉∣∣∣ ≤ ‖Y‖n,2

∥∥∥gLm(L1/2H(X,U))
∥∥∥
n,2
≤

‖Y‖n,2
∥∥gLm

∥∥
G

∥∥∥L1/2H(X,U)
∥∥∥
n,2
≤ ‖Y‖2n,2

∥∥gLm
∥∥
G

� �\|�jlZ\^µ�,qt�p�
srw\ibo�qG����qtsrsrq,¦+i
¥
/ ^��pq,¦ uGo©¢h^ � ibwQ»¯�
or^
�7j+�,qt�p|\o©jlorqG���¸q y jlZ\^�ikj � no�sro©jªg.qG� � ibqGsrwQjlorqt��jlq�¹ü�Gº�¥
��� Á7Å � Á � 
 ��� � +5%�� ��� #���� �5��������� ��� 	)��� ��1#$+0�����0�	@��� ��	$�4+)��	@%1������ ��� ��� ���
+

∥∥hLm
∥∥
G < 1

õ�õ Û�N\èBêlò0O�ù,ë�æ
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� ������	 ¥ � ^�j
U
n=^�jlZ\^µw\�porv7w\^�ibqtsrwQjlorqG��qG�§¹ü�Gº:¦+o�jlZ � ��^�¡Vjl^ y � � sH�,w yby ^
�hj

Iext(r, t)
� �\|�o��\o�jlo � s

�,qG�\|\o�jlo�qG�\i
U(0) = U0

¥ ½{i.o�� jlZ\^ �\y qVqG�µqG�µjlZ\^
q y ^,] �\¥ H ¦§^°or�hj y qV|\w\�,^�jlZp^��\^�¦²�¸wp�\��jlorqG�
X = V − U

£N¦+Z\^ y ^
V
ori�jlZ\^�w\�\oév7w\^�ibqtsrwQjlorqG� qG�+jlZp^�i � ]�^�^Jvhw � jlorqG� ¦+o�jlZ |\o�®=^ y ^,�hj¯o��\o�jlo � s

�,qG�\|\o�jlo�qG�\i
¥ / ^�Z � ¢h^

Xt(r, t) = −LX(r, t) + S

(∫

Ω

W(r, r′, t)V(r′, t) dr′ + Iext(r, t)

)
−

S

(∫

Ω

W(r, r′, t)U(r′, t) dr′ + Iext(r, t)

) ¹ 8�H º

¶{ibor�\u�jlZ\^�o�|\^ � or�.jlZ\^ �\y qVqt��qG��sr^
]m] � , ¥ 8 £\jlZ\ori&^,v7w � jlo�qG��� � �.n=^ y ^
¦ y o©jbjl^,� � i

Xt(r, t) = −LX(r, t) +

(∫ 1

0

DS
(∫

Ω

W(r, r′, t)U(r′t) dr′ + Iext(r, t)+

ζ

∫

Ω

W(r, r′, t)X(r′, t) dr′
)
dζ

)(∫

Ω

W(r, r′, t)X(r′, t) dr′
)

/ ^�wpib^µjlZ\^µi � ]m^��¸wp�\��jlorqG� � s � i+o���jlZ\^ �\y qVqt��qG�XjlZp^
q y ^
] �\¥ H

V (X) =
1

2
〈X, X 〉 .

`üjli�jlor]m^µ|\^ y o©¢ � jlo©¢h^µo�i y ^ � |\ors�g�qtn\j � or�\^
|�¦+o�jlZ.jlZ\^�Z\^
s � qt��^,v7w � jlorqG�M¹ 8�H º

dV (X)

dt
= −〈X, LX 〉+ 〈X, Dmhm(X) 〉 ,

¦+Zp^ y ^ Dm o�i+|\^
�p�\^
|�n7g

Dm(U,X, r, t) =
∫ 1

0

DS
(∫

Ω

W(r, r′, t)U(t) dr′ + Iext(r, t) + ζ

∫

Ω

W(r, r′, t)X(r′, t) dr′
)
DS−1

m dζ,

� |\o � uGqG� � s§] � j y o©¡M¦+Zpqtib^.|\o � uGqG� � s§^
sr^
]m^
�hjli �>y ^�n=^�jª¦§^,^
� � � �\| 8 ¥ / ^ y ^
¦ y o©jl^ dV (X)
dt

or� �
ibsrorutZ7jls©g.|\o�®=^ y ^,�hj�] � �\�p^ y £por�hj y qV|\w\�,o��\umjlZ\^µq � ^ y�� jlq y

hLm

dV (X)

dt
= −

〈
L1/2X, L1/2X

〉
+
〈
DmL1/2X, hLm(L1/2X)

〉
,

� ^�jbjlor�\u
Y = L1/2X

£h� y qG] jlZ\^�± � w\��ZhgV«Ýe7��Zh¦ �>y ·��Gor�\^Jvhw � sro�jªg � �\|�jlZ\^ �py q � ^ y jªg'qG� Dm ¦§^�qtn\j � or�
∣∣〈DmY, hLm(Y)

〉∣∣ ≤ ‖DmY‖n,2 ‖hLm(Y)‖n,2 ≤ ‖Y‖n,2 ‖hLm(Y)‖n,2
½{�p|�ibor�\�
^ ‖hLm(Y)‖n,2 ≤ ‖hLm‖G ‖Y‖n,2

£ � ibwQ»¯�
or^
�7j��
qG�\|\o�jlo�qG�M��q y dV (X)
dt

jlq.n=^m�\^,u � jlo�¢h^mo�i
jlZ � j ‖hLm‖G < 1

¥
� qtjl^µjlZ � j ‖gLm‖G = ‖gLm‖L2

� �\| ‖hLm‖G = ‖hLm‖L2

n7g�|p^
�\ibo�jªg�qG� G or� L2 ¹4ib^,^�ib^,��jlorqt�°�hº�¥§`ª��>�\� ^
�\|\o�¡.½�£\¦§^�ibZ\qJ¦ Z\qJ¦djlqm�
qG] � wQjl^�ibw\��Z�q � ^ y�� jlq y �\q y ]�i
¥

Ú�ô�õUÚ�Þ
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� � � �	��
��� ��� � � ��������� ������

`ª� jlZ\^�� � ib^°¦+Z\^ y ^

W
ori.j y�� �\ibs � jlorqG� o��h¢ �>y o � �hj�¦§^�� � � qtn\j � or� � ibsro�uGZhjls�g ^ � ibor^ y jlq ^
¡ � s�qGo�j

ibw\»m�,o�^,�hjµ�,qt�p|\o©jlorqG�°�¸q y jlZ\^�ikj � npo�sro�jªg�qt�:jlZ\^�ibqGs�wQjlorqG�\i{jlZ � ��o���jlZ\^'jlZ\^,q y ^
]mi��\¥ H � �\|°�\¥ �7¥ / ^
� y ikj��,qt�pibo�|\^ y jlZp^.� � ib^.qG� � uG^
�p^ y�� s§�
qG] �� ��j

Ω
� �p|¬jlZp^
� jlZ\^�� � ib^�¦+Z\^ y ^

Ω
o�i � � or�hjl^ y ¢ � s2¥

Y y�� �\ibs � jlorqG��or�h¢ �>y o � �\�
^�]m^ � �\i jlZ � j
W(r + a, r′+ a, t) = W(r, r′, t)

��q y�� srs
a
£Qibq'¦§^�� � ��¦ y o©jl^

W(r, r′, t) = W(r−r′, t)
¥ ¾ ^
�p�
^

W(r, t)
]'w\ikjEnH^§|\^���\^
|��¸q yN� srs

r ∈ Ω̂ = {r−r′, with r, r′ ∈
Ω} � �\|�¦§^&ibw �p� qGib^&o©j:�,qt�7jlo��7wpqtwpi:qG� Ω̂

��q y ^ � ��Z
t
¥

Ω̂
ori � ikgQ]m]m^�j y or�§¦+o�jlZ y ^
i � ^
��jEjlq�jlZ\^�q y orutor�

���,qt] �� �
j+ibwQnpib^�j�qG�
Rq
¥


 ������ � Á �XÁ �B� #
Ω

/ ^µ�\qtjl^
1A
jlZ\^���Z �>y�� �
jl^ y orikjlo�����w\�\�
jlo�qG��qG��jlZ\^�ibwQnib^�j

A
qG�
Rq
� �\|

M∗ = M
T jlZ\^��
qG�>zkw\u � jl^

j y�� �\i � qtib^�qG�XjlZ\^��
qG] � sr^�¡.] � j y o�¡
M
¥

/ ^ �py q,¢h^µjlZ\^µ��qGs�srqJ¦+o��\u
��� Á7Å � Á � 
 ���� 	 ��1#�#0� ��#�� $���	�%�#�+A��	 ��1#��$#��02A��� ��� 2 ����0�/.

W̃∗(f , t) W̃(f , t)
¹ 8 �hº

���5# +0��0����� 	@� 	*#0+5+$��1��� � 	)���A��	 	
f ∈ Rq ��������	 	 t ∈ J

�M��1#�� ��1#$+5��+5��#�2 ��� ���
+ ���0+)��	@%3��#�	�� +0�����)	*# &

W̃(f , t)
�
+ ��1# '?��%1�0� #�� �������+ 	)���02 *(��� ��#�+ "�#5��� ���4��1#$+ "�����# $����0�����)	*#

r
��	

1bΩ(r) WL
cm(r, t)

�

W̃(f , t) =

∫

bΩ
WL

cm(r, t)e−2iπr·f dr

� ������	 ¥ / ^ �\y qJ¢h^+jlZp^&jlZp^
q y ^
] ��q y
W̃(f , t) =

∫
bΩ WLT

cm (−r, t)e−2iπr·f dr
£VjlZ\^ � qGw y or^ y j y�� �\ik«

��q y ] qG�
1bΩ(r) WLT

cm (−r, t)
£�n=^,� � w\ib^�¦§^�|p^ � s+¦+o�jlZ

gL ∗m
or� jlZ\^���qtsrsrq,¦+or�\u �py q7qG�ª¥ Y�Z\^
� jlZ\^

jlZp^
q y ^
] � � jlw y�� s�s�g�Z\qGsr|\i&��q y
W̃(f , t) =

∫
bΩ WL

cm(r, t)e−2iπr·f dr
ibo��p�
^�jlZ\^µ�
q yby ^
i � qt�p|\o��pu�� � ]�«

orsro�^,i:qG� ¾ ^ y ]mo©jlo � �¯] � j y or�
^,iN�¸q y n=qtjlZ¯|\^���\o©jlorqG�\iNqG�
W̃
Z � ¢h^&jlZp^+i � ]�^�i � ^,��j y�� s �py q � ^ y jlor^
i
¥EY�Z\^

�py q7qG� �\y qV�,^
^
|pi&^
¡ � �
jls©g � i�jlZ � j+qG��jlZ\^
q y ^
] �\¥ H ¥ / ^µZ � ¢h^
〈

Y, gLm(L1/2H(X,U))
〉

=
〈
gL ∗m (Y), DmY

〉

Y�Zp^ y ^
��q y ^�jlZ\^µ�,qt�p|\o©jlorqG�
‖gL ∗m (Y)‖2n,2 < ‖Y‖2n,2ori&ibwQ»¯�
or^
�7j+jlqm^
�\ibw y ^µjlZ\^µ�p^
u � jlo©¢Qo�jªg�qG�

dV (X)/dt
¥

� q y�� s�sU¢G^,��jlq y
Z
or�
Rq
£\¦§^µZ � ¢h^

Z∗ W̃∗(f , t) W̃(f , t) Z < Z∗ Z ∀f , ∀t ∈ J,

jlZ � �\¤Vi�jlq�jlZ\^�Zhg � qtjlZ\^
ibori+qt��jlZ\^µjlZ\^
q y ^
]�¥ ¾ ^
�\�,^

Ỹ∗(f , t) W̃∗(f , t) W̃(f , t) Ỹ(f , t) < Ỹ∗(f , t) Ỹ(f , t) ∀f , ∀t ∈ J,

õ�õ Û�N\èBêlò0O�ù,ë�æ
í�ì�î



8 D '?��%���#�����+���� �0�
2 ��#������ ��	����� ��#

¦+Zp^ y ^
Ỹ(f , t)

oriNjlZp^ � qGw y or^ y j y�� �pib�¸q y ] qG�
1Ω Y
£7¦+Zpo���Z�oriN¦§^,s�s=|\^
�p�\^
| � �\|�n=^,s�qG�\uGi jlq

L2
n(Rq)¹ x s � �\��Z\^ y ^
s�� i�jlZp^
q y ^
]�º�¥ / ^µor�hjl^
u y�� jl^�jlZ\^ �\y ^�¢QorqGw\i&or�\^Jvhw � sro�jªg�or�

Rq
� �p|�qtn\j � or�

‖W̃ Ỹ‖2Rq,n,2 < ‖Ỹ‖2Rq,n,2.Y�Zp^
�H£ xE�By ib^
¢ � s�� i&jlZ\^
q y ^,] uGo�¢h^
i'¹
?
|p^
�\qtjl^
i�jlZp^µi �� jlo � sX�
qG�h¢hqGs�wQjlorqG�@º

‖1bΩ WLT
cm (−., t) ? 1Ω Y(., t)‖2Rq,n,2 < ‖1Ω Y(., t)‖2Rq,n,2,

� y qG] ¦+Z\o���Z ‖gL ∗m (Y)‖2n,2 < ‖Y‖2n,2
��qGs�srqJ¦+i
¥

Y�Zp^�� � ib^�qG�UjlZp^ � ��jlo�¢ � jlo�qG�Q«2n � ib^,|.]mq7|p^
s=� � ��n=^ � |\| y ^,ibib^
|�o�� � ibor]mo�s �>y � � ibZ\orqG�H¥ / ^�Z � ¢h^{jlZp^
��� Á7Å � Á � 
 ��� � 	 ��1#�#0� ��#�� $���	�%�#�+A��	 ��1#��$#��02A��� ��� 2 ����0�/.

W̃∗(f , t) W̃(f , t)
���5# +0��0����� 	@�A	*#�+5+ ��1��� � 	���� ��	 	

f
��������	 	

t ∈ J
��1#0����1# +���+0��#02 ��� � �
+ ����+���	�%1��#)	@� +5�����)	*# &

W̃(f , t)�
+ ��1# '?��%1�0� #��$��5���3+ 	)���02 ��	
WL

mc(r, t)
*(��� ��#�+ "�#5��� ���4��1#$+ "�����# $����0������	*#

r
&

� ������	 ¥*Y�Z\^ �\y qVqG����qGs�srqJ¦+imjlZ � j¯qG�+jlZ\^,q y ^
] �\¥ � � �\| jlZ\^,� ^
¡ � s�qGo�jli�jlZ\^ y ^,s � jlorqG� n=^
jª¦§^
^,�
�,qG�h¢hqtsrwQjlorqG� � �\| � qGw y or^ y j y�� �pib�¸q y ] � �\| xE�>y ib^�¢ � s�� i y ^,s � jlorqt��n7g.^
¡ �py ^
ibibor�\u�jlZ\^��
qG�\ikj y�� or�hj

‖hLm(Y)‖2n,2 < ‖Y‖2n,2or�.jlZ\^ � qGw y or^ y |\qG] � or�H¥

Y�Zp^
ib^�jª¦§q�jlZ\^,q y ^
]mi �>y ^�ibqt]m^
¦+Z � j�w\�\i � jlo�ib� � ��jlq y g�ibo��p�
^�jlZp^�g y ^ � s � �
^ � �,qG�\|\o�jlo�qG��jlZ � j�]'w\ikj
nH^§i � jlorik�p^
|mqJ¢h^ yN� �
qGw\�7j � ns�^&ib^�j,£GjlZ\^�i � ^
�
j y w\] qG� � �
qG] �� ��j:q � ^ y�� jlq y £ � iEor��jlZ\^,q y ^
]miE�\¥ H � �\|
�\¥ �V£\nVg � �
qG�\|\o�jlo�qG��jlZ � j+]'w\ikj+nH^�i � jlorik�p^
|�q,¢h^ y{� �
qG�hjlor�7w\w\]�¥ � qG�\^�jlZ\^,s�^,ibi&qG�\^�] � g��
qG�\ibor|\^ y
jlZ � j{jlZp^��
qG] � wQj � jlo�qG��qt�:jlZ\^ � qGw y or^ y j y�� �\ib��q y ]mi�qG�EjlZ\^�] � j y o©¡Q^
i

WL
cm

� �\|
WL

mc

�>y ^�^ � ibo�^ y
jlZ � ��jlZ � j+qt��jlZ\^�i � ^
�
j y�� qG�XjlZ\^�q � ^ y�� jlq y i

gLm
� �\|

hLm
£\npwQj+ib^,^�ib^
�
jlo�qG��½'¥


 �����
Ω
 ��� �  -� � Á � 	 � #

`ª��jlZ\^�� � ib^µ¦+Z\^ y ^
Ω
ori � ��or�hjl^ y ¢ � s4£o2¥ ^G¥ � ��o��7jl^ y ¢ � sUqG�

R
¹
q = 1
º�£ ����>y�� srsr^
srqtu y�� ] ¹

q = 2
º�£pq y

����>y�� srsr^
sr^ � o � ^
|¬¹
q = 3
º�£Q¦§^µ� � ��ikj � jl^�|\o�®=^ y ^,�hj&ibw\»m�,o�^,�hj��
qG�\|\o�jlo�qG�\i
¥ / ^�� � � � s�¦ � gQi � ibibw\]m^

jlZ � j
Ω
o�i§jlZ\^

q
«|po�]m^
�pibo�qG� � sHor�hjl^ y ¢ � s

[0, 1]q
n7g �B�p� s©gQor�\u � � � »¯�\^���Z � �\uG^�qG�X�
qVq y |\o�� � jl^,i
¥:Y�Z\^

�,qG�\�\^
�
jlo©¢Qo�jªg�] � j y o©¡
W
oriµ|\^��p�p^
|�qG�

J × [−1, 1]q
� �\|�^�¡Vjl^
�p|\^
|°jlq �

q
« � ^ y o�qV|\or���¸w\�p��jlorqt��qG�

� ^ y orq7|piN��qG�
J×Rq ¥Ne7or]�ors �By s�gG£hjlZp^&ikj � jl^�¢h^
�
jlq y i V � �\| A

� iE¦§^,s�s � iEjlZ\^+^�¡Vjl^ y � � s\�
w yby ^,�hj
Iext|p^��p�\^,|�qG�

J × [0, 1]q
�>y ^'^�¡Vjl^,�\|\^
|�jlq

q
« � ^ y orqV|\or����w\�\�
jlo�qG�\i�qG��jlZ\^'i � ]�^ � ^ y orq7|pi{q,¢h^ y

J × Rq

nVg �@� |p|\o��pu'jlZ\^
] ¦+o�jlZ�·
^ y qti§or�¯jlZ\^��,qG] � s�^,]�^,�hj�o���jlZ\^{o��hjl^ y ¢ � s
[−1, 1]q

qt�HjlZ\^{o��hjl^ y ¢ � s
[0, 1]q
¥

G o�i&�pq,¦³jlZ\^�i �� �
^ L2
n(2)
qG��jlZ\^µilv7w �>y ^�o��7jl^
u y�� nps�^

q
« � ^ y orqV|\or���¸w\�p��jlorqt�pi&qt� � ^ y o�qV|\i{�V¥

/ ^�|\^��p�p^�jlZ\^��¸w\�p��jlorqt�pi
ψm(r) ≡ e−πi(r1m1+···+rqmq),

��q y
m ∈ Zq � �\|��
qG�\ibor|\^ y jlZ\^�] � j y o�¡

W̃(m)
¦+Z\qGib^�^
sr^
]m^,�hjli �>y ^�uto�¢h^
�.nVg

w̃ij(m) =

∫

[0,2]q
wij(r)ψm(r) dr 1 ≤ i, j ≤ n.

/ ^ y ^,� � srsHjlZ\^

Ú�ô�õUÚ�Þ



���������
	��
������������������������������������� �
�"!$#�%&����	�'(��#)	*��+ 8�C

�.Á����! �  �Å�� �\¥ C � �1#$24����0� .
W̃(m)

�
+ ��1#
m
�� #�	*#�2 #0��� ��	 ��1# '?��%1�0� #��$+)#0�0��#�+ ��	 ��1#�"�#0�0���������

2 ����0� . 	5%&���)�� ���
W(r)

&

Y�Zp^�jlZ\^,q y ^,]mi&�Q¥©� � �\|��\¥�D'� � �.n=^µikj � jl^,|�o���jlZ\ori+� y�� ]m^�¦§q y ¤=¥
��� Á7Å � Á � 
 ����� � 	 ��1#A#�� �>#�� $���	@%�#0+A��	 ��1#��$#��02A��� ��� 2 ����0�/.

W̃∗(m, t) W̃(m, t)
¹ 8 �Gº

���5#K+0��0� �)� 	@� 	*#�+�+ ��1��� � 	���� ��	 	
m ∈ Zq ����� ��	 	 t ∈ J

� ��1#�� ��1# +5��+5��#�2 ��� � � �5#0+ " & � � � � �
+
����+)��	@%1��#)	@�4+5�����)	*# &

W̃(m, t)
� + ��1#

m
��"#)	*#02 #���� ��	 ��1#<'?��%&�0��#�� +)#��0� #�+$��	<��1#

q
� "�#��0� �:��� � 2 ����0�/.

	5%&���)�� ���
WL

cm(r, t)
����#�+ " &

WL
mc(r, t)

� *(�
�� "�#��0������+ � ���M��
24#
t
&

� ���������
	,�������� ���.# ����� � ��#&��#&��%�- -U�'	�%��������

/ ^:�p^�¡Vj�o��7¢G^,ikjlo�u � jl^:jlZp^Nikj � npors�o�jªg�qG� � Zpqt]mqGuG^
�\^,qGw\i�ibqGsrwQjlorqt��jlq�¹�hº � �\|�¹ü�Gº�¥�½{i�o���jlZ\^ �\y ^
¢Qo�qGw\i
ib^,��jlorqG�.¦§^µ|\orikjlor�\uGw\o�ibZ�jlZ\^µuG^,�\^ y�� s � �p|��,qG�h¢hqtsrwQjlorqG��� � ib^
i
¥

����� �	��
 ��
���
 � ��� ������

Y�Zp^�Z\qG]mqGut^,�\^
qGw\i§ibqGs�w\jlo�qG�\i �>y ^{��Z �>y�� ��jl^ y o�·,^
|¯n7gmjlZ\^{� � �
j jlZ � jNjlZ\^
g �>y ^{i �� jlo � srs©g��
qG�\ikj � �hj � j
^ � ��Z¯jlor]m^�or�\ikj � �hj,¥ / ^{�
qG�\ibor|\^ y jlZ\^{ibwQnpi �� �
^ Gc qG� G qG�=jlZp^��
qG�\ikj � �hj���w\�\��jlorqG�\i
¥ / ^�Z � ¢h^�jlZ\^��qGs�srqJ¦+o��pu
�NÁ ����� ����� Gc � + � �5��2�"�	*#)��# 	�� ��#5��� +5%���+ "����5#$��	 G & �?�1# ������1� �>������	�"���� � #��)������ � "�#0�5������� PGc	5����2 G ��� Gc

�
+$��# ,(��#5� ���

PGc(x) = x =
1

|Ω|

∫

Ω

x(r) dr

� �1# ������1� �>������	��5��2#"�	*#�24#���� G⊥c
��	 Gc

�
+ ��1# +5%���+�#)� ��	 	5%&���)�� ����+ ��	 G ��1���?�1� $�#<� � #���� � $�#0��� �># &� �1#A������1� �>������	 "���� � #5���������� � "�#���������� PG⊥c
� +$#���%���	 ���

Id− PGc

& (�#���	@+)� �1� $�#

PG⊥c Mx = MPG⊥c x ∀x ∈ G, M ∈Mn×n
¹ 8 DGº

� ������	 ¥�Y�Zp^��,qG�\ikj � �hj���w\�\�
jlo�qG�\i �By ^��,s�^ �By s�g)o�� G ¥�½{�hg ± � w\��Z7g)ib^Jv7w\^
�\�,^�qG�&�
qG�\ikj � �hjli�o�i�,qG�h¢h^ y uGo��pu{jlq � �,qG�\ikj � �hj:Z\^
�p�
^ Gc ori:�
srqtib^,|�or��jlZ\^ �\y ^�« ¾ ors�n=^ y j:i �� �
^ G ¥�Y�Zp^ y ^
��q y ^§jlZ\^ y ^�^�¡Qorikjli� �Mq y jlZ\qGutqG� � s �\y qtzÝ^,��jlorqt��q � ^ y�� jlq y � y qG] G jlq Gc ¦+Z\or��ZMori�s�or�\^ �>y £X�,qG�hjlo��Vw\qGw\i
£�qG�Nwp�\o©j��\q y ]�£� qtibo�jlo�¢G^ � �\|�ib^
sr�é« � |>zkqGo��7j,¥ PGc(x)
o�i�jlZ\^�]mor�\o�]'w\] ¦+o©jlZ y ^
i � ^
��jEjlq{jlZ\^§�,qG�\ikj � �hjE¢h^
��jlq y

a
qG�pjlZ\^

or�hjl^,u y�� s ∫
Ω
‖x(r)− a‖2 dr ¥NY � ¤Qor�\u'jlZp^�|\^ y o�¢ � jlo�¢h^{¦+o©jlZ y ^,i � ^
�
j�jlq a

£V¦§^µqtn\j � or��jlZ\^µ�\^
�,^
ibi �>y g
�,qG�\|\o�jlo�qG�

∫

Ω

(x(r)− a) dr = 0

� ÇQÍNØtÖ�Ð�äkäkÕBÎ2Ð�ÒÖ�à
ÒÈBÉËÊ=ÉËÊ@ÒÈBÖ�ÑBÎ2Í�ã4ÖkäÝÒÉËÍ�Û&Í�Û&ÒÈJÖ�äÝÓËÍ�ÊÕJÎ2Ö�Í�ñ G⊥c ÉËÛ&ÒÈBÖ�äÝÓËÍ�ÊÕJÎ2Ö�Í�ñ G ÌXÈBÉËäªÈ&ÉËÊ@ÒÈBÖ���ÉËÓËØtÖkÎ4Ò=Ê2ÑBÐ�äkÖ
L2
n(Ω) ó

õ�õ Û�N\èBêlò0O�ù,ë�æ
í�ì�î



�t� '?��%���#�����+���� �0�
2 ��#������ ��	����� ��#

� �\|¯Z\^
�p�
^
amin = x

¥ ± qt�7¢G^ y ib^
s�gG£
x−amin

ori:q y jlZ\qGuGqG� � s\jlq Gc ibor�\�,^
∫

Ω
(x(r)−amin)b dr = 0��q y�� s�s

b ∈ Gc
¥

� ^
j
y ∈ G £ ∫

Ω
x y(r) dr = x

∫
Ω

y(r) dr = 0
��q y�� srs

x ∈ Gc
or� � �p|�qG�\s©g�o��

y ∈ G⊥c
¥

� o�� � srs©g
PG⊥c Mx = Mx−Mx = Mx−Mx = M(x− x) = MPG⊥c x

/ ^ �By ^¯�pq,¦ y ^ � |\g°jlq �py q,¢h^¯jlZp^mjlZ\^
q y ^
]$qG�MjlZ\^�ikj � npo�sro�jªgMqt�§jlZ\^¯Z\qG]mqtuG^,�\^
qGw\i'ibqGs�w\jlo�qG�\i�jlq
¹�hº�¥
��� Á7Å � Á � ����� 	

W
+�����
+ , #0+ � � � � �M��+5%�� ��� #����7�5�������
������ 	���� ��1# +0�����0�	@���K��	 ���1��2 � ��#���#5��%&+

+)��	@%3�� ��� ��� � � � � +���1��� ��1# �����02 ‖gL ∗m ‖G⊥c
��	A��1# ��#0+0��0���������� ��� G⊥c

��	���1#K����2#"����)� � "�#0���������

gL ∗m
�5#$	*#�+5+ ��1��� � 	����A��	 	

t ∈ J
&

� ������	 ¥�Y�Z\ori �\y qVqG�Hori or�\i � o y ^
|�n7g 6 �>��92¥ � qtjl^+jlZ � j G⊥c
ori or�h¢ �>y o � �hj n7g

g∗m
� �\|�Z\^
�\�,^+n7g

gL ∗m
¥

`ª�p|\^
^,|H£\� y qG] sr^
]m] � �Q¥ � � �\|�^Jvhw � jlorqG�)¹ 8E8 ºN¦§^µZ � ¢h^

g∗m(x) = WT
cm(t)x = 0 ∀x ∈ G⊥c

� ^�j
Vp
n=^{jlZ\^�w\�\oév7w\^�ibqGsrwQjlo�qG�.qG� ¹�hºE¦+o�jlZ.Z\qG]mqGut^,�\^
qGw\i&o�� � wQj

Iext(t)
¦+o�jlZ.or�\o©jlo � s=�,qt�p|\o©jlorqG�\i

Vp(0) = Vp0
� �p|��,qG�\ibo�|p^ y jlZ\^µo��\o�jlo � sU¢ � s�wp^ �\y qtnpsr^
]

{
X′(t) = PG⊥c

(
fv(t,PG⊥c X + PGcVp)

)

X(0) = X0

¹ 8�C º

X = PG⊥c Vp
ori � ibqGs�wQjlorqG� ¦+o�jlZ o��po©jlo � s{�
qG�\|\o�jlo�qG�

X0 = PG⊥c Vp0
ibor�\�
^ P2

G⊥c = PG⊥c
� �\|

PG⊥c Vp + PGcVp = Vp
¥:_�wQj

X = 0
ori � sribq � ibqGsrwQjlo�qG��¦+o�jlZ.or�\o�jlo � sU�,qt�p|\o©jlorqG�

X0 = 0
ibo��p�
^ Gcori �pqJ¦&«o��h¢ �>y o � �hj�nH^
� � w\ib^�qG�+¹ 8E8 º�£@jlZ � j�ori

fv(t,Gc) ⊂ Gc
£ � �\|°Z\^
�p�
^ PG⊥c (fv(t,Gc)) = 0

¥ / ^
jlZp^ y ^
��q y ^&srqVqt¤���q y§� ibwQ»¯�,o�^,�hj �,qt�p|\o©jlorqG�¯��q y jlZ\^�ikgVikjl^,] ¹ 8�C º�jlq�n=^ � npibqGs�w\jl^
s�gmikj � nps�^ � j

X = 0
¥

/ ^ �,qt�pibo�|\^ yM� u � or� jlZ\^ �¸w\�p��jlorqt� � s
V (X) = 1

2 〈X, X〉 ¦+o�jlZ jlo�]m^ |p^ y o�¢ � jlo©¢h^ dV (X)
dt =

〈X, Xt 〉
¥ / ^µibwQnikjlo©jlwQjl^

Xt
¦+o�jlZ�o�jli�¢ � srw\^�� y qG]$¹ 8�C ºN¦+Z\or��Z�� � ��n=^ y ^
¦ y o©jbjl^,� � i

Xt = PG⊥c

(
− L(PG⊥c X + PGcVp) +

∫

Ω

W(r, r′, t) S(PG⊥c X(r′, t) + PGcVp(r
′, t)) dr′

)

_�^,� � w\ib^µqG��s�^,]m] � H ¥ 8 jlZ\ori�gQor^
sr|\i

Xt = −LPG⊥c X + PG⊥c
(∫

Ω

Wcm(r, r′, t) S(PG⊥c X(r′, t) + PGcVp(r
′, t)) dr′

)

/ ^{¦ y o�jl^

S(PG⊥c X + PGcVp) = S(PGcVp) +

(∫ 1

0

DS(PGcVp + ζPG⊥c X) dζ

)
PG⊥c X,
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� �\|�ibo��\�,^
S(PGcVp) ∈ Gc

£ � �p|.nH^
� � w\ib^�qG�§¹ 8E8 º

PG⊥c
(∫

Ω

Wcm(r, r′, t) S(PG⊥c X(r′, t) + PGcVp(r
′, t)) dr′

)
=

PG⊥c

(∫

Ω

Wcm(r, r′, t)

(∫ 1

0

DS(PGcVp(r
′, t) + ζPG⊥c X(r′, t)) dζ

)
PG⊥c X(r′, t) dr′

)

/ ^�wpib^�¹ 8 Dhº � �\|.jlZp^µ� � �
j&jlZ � j PG⊥c
o�i+ib^
sr�é« � |>zkqGo��7j � �\|�or|\^
] � qtjl^
�7j&jlq�¦ y o�jl^

dV (X)

dt
= −〈PG⊥c X, LPG⊥c X〉+

〈
PG⊥c X,

(∫

Ω

Wcm(r, r′, t)

(∫ 1

0

DS(PGcVp(r
′, t)+ζPG⊥c X(r′, t)) dζ

)
PG⊥c X(r′, t) dr′

)〉

� ^�jXwpi�|\^
�\qtjl^ Dv(r′) jlZp^:|\o � uGqG� � s7] � j y o�¡
∫ 1

0
DS(PGcVp(r

′, t)+ζPG⊥c X(r′, t)) dζ
¥�`üjliX|\o � uGqt� � s

^,s�^,]m^
�hjli �>y ^�nH^�jª¦§^
^,��� � �\| 8 ¥ � ^
jbjlo��\u
Y = L1/2PG⊥c X

¦§^ y ^
¦ y o©jl^µjlZ\^ �\y ^�¢Qorqtwpi&^Jvhw � jlorqG�.or�
q � ^ y�� jlq y �¸q y ]

dV (X)

dt
= −〈Y, Y〉+

〈
Y, gLm(Dv Y)

〉

_§g�|p^��p�\o�jlorqt��qG��jlZ\^ � |>zkqGo��hj
〈
Y, gLm(Dv Y)

〉
=
〈
gL ∗m (Y) , Dv Y

〉

�py qG] jlZ\^�± � wp��ZhgV«Ýe7��Zh¦ �>y ·��o��p^,v7w � s�o�jªg
∣∣〈gL ∗m (Y) , Dv Y

〉∣∣ ≤
∥∥gL ∗m (Y)

∥∥
n,2
‖Dv Y‖n,2 ≤

∥∥gL ∗m (Y)
∥∥
n,2
‖Y‖n,2 ,

� �\|�ibo��\�,^
∥∥gL ∗m (Y)

∥∥
n,2
≤ ‖gL ∗m ‖G⊥c ‖Y‖n,2 ,jlZp^��,qG�\�
srw\iborqt���¸qGsrs�qJ¦+i
¥

� qtjl^mjlZ � j ‖gL ∗m ‖G⊥c = ‖gLm‖L2
0

n7gM|\^,�\ibo�jªg�qG� G⊥c
o��

L2
0

£�¦+Z\^ y ^
L2

0

ori�jlZ\^¯ibw\npi �� �
^�qG�
L2 qG�·,^ y q�]m^ � ����w\�\�
jlo�qG�\i
¥ / ^�ibZ\qJ¦ or� �>�\� ^
�p|\o©¡�½ Z\qJ¦³jlqm�
qG] � wQjl^�jlZpo�i+�\q y ]�¥

/ ^ �py q,¢h^ � ibor]�ors �By jlZ\^,q y ^,] o���jlZ\^�� � ib^µqG��¹ü�tº�¥
��� Á7Å � Á � ��� � � 	

W
+�����
+ , #0+ � � � � �M��+5%�� ��� #����7�5�������
������ 	���� ��1# +0�����0�	@���K��	 ���1��2 � ��#���#5��%&+

+)��	@%3�� ���"��� ��� � �
+ ��1��� ��1#<�����02 ‖hLm‖G⊥c
��	 ��1#<��#�+0��0� �)�� ���"��� G⊥c

��	 ��1# �5��2�"������(� "�#0���������
hLm�5#$	*#�+5+ ��1��� � 	����A��	 	

t ∈ J
&

� ������	 ¥ Y�Zp^ �\y qVqG��o�i�ibor]mo�s �>y jlqmjlZ � j�qG��jlZ\^
q y ^
] H ¥ �V¥ / ^��,qG�\ibo�|p^ y
Ap
jlZ\^�wp�\orv7w\^�ibqGs�w\jlo�qG�

jlq*¹ü�tº�¦+o©jlZ Z\qG]mqGut^,�\^
qGw\imor� � wQj
Iext(t)
£:or�\o©jlo � s��
qG�\|\o�jlo�qG�\i

Ap(0) = Ap0
£ � �\| �,qG�\ibo�|p^ y jlZ\^

or�\o�jlo � sH¢ � srw\^ �\y qtnpsr^
]
{

A′(t) = PG⊥c
(
fa(t,PG⊥c A + PGcAp)

)

A(0) = A0

¹�t�hº
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A = PG⊥c Ap
ori � ibqGs�w\jlo�qG��¦+o©jlZmo��\o�jlo � sp�
qG�\|\o�jlo�qG�\i

A0 = PG⊥c Ap0
ibor�\�
^ PG⊥c Ap+PGcAp = Ap

¥
_�wQj

A = 0
ori � s�ibq � ibqGs�wQjlorqG�m¦+o©jlZ¯o��po©jlo � sp�
qG�\|po©jlorqG�\i

A0 = 0
ibo��\�,^ Gc ori �q,¦&«or�h¢ �By o � �hjNnH^
� � w\ib^qG�¯¹ 8E8 º�£�jlZ � j�ori

fa(t,Gc) ⊂ Gc
£ � �\| Z\^,�\�
^ PG⊥c (fa(t,Gc)) = 0

¥ / ^�jlZp^ y ^
��q y ^�srqVqt¤*�¸q y��
ibw\»m�,o�^,�hj��
qG�\|\o�jlo�qG����q y jlZ\^µikgQikjl^,]$¹ 8�C ºNjlq�n=^ � npibqGsrwQjl^
s�g.ikj � npsr^ � j

A = 0
¥

± qG�\ibo�|p^ y+� u � or��jlZ\^{��w\�\��jlorqG� � s
V (A) = 1

2 〈A, A〉 ¦+o�jlZ�jlor]m^{|p^ y o�¢ � jlo©¢h^ dV (A)
dt = 〈A, At 〉

¥
/ ^�ibw\npikjlo©jlw\jl^

At
¦+o�jlZ�o�jli�¢ � s�w\^�� y qG]$¹�t�7º:¦+Z\or��ZH£w\ibor�\u�¹ 8�8 º�£\� � ��n=^ y ^�¦ y o�jbjl^
� � i

At =

PG⊥c

(
−L(PG⊥c A+PGcAp)+S

(∫

Ω

W(r, r′, t)PG⊥c A(r′, t) dr′ + W(t)PGcAp + Iext(t)

))

/ ^'|\q � � y ikjb«q y |\^ y Y � gQs�q y ^
¡ �@� �pibo�qG��¦+o�jlZ°o��7jl^
u y�� s y ^
] � o��p|\^ y qG�EjlZp^
S
jl^ y ] � �p|°or�hj y qV|\w\�
^

jlZp^�q � ^ y�� jlq y
hm
¨

S

(∫

Ω

W(r, r′, t)PG⊥c A(r′, t) dr′ + W(t)PGcAp + Iext(t)

)
= S

(
W(t)PGcAp + Iext(t)

)
+

(∫ 1

0

DS
(
W(t)PGcAp + Iext(t) + ζ

∫

Ω

W(r, r′, t)PG⊥c A(r′, t) dr′
)
dζ

)
hm(PG⊥c A)(r, t)

� ^�j+w\i&|p^��p�\^

Da(r, t) =

∫ 1

0

DS
(
W(t)PGcAp + Iext(t) + ζ

∫

Ω

W(r, r′, t)PG⊥c A(r′, t) dr′
)
dζ,

� |po � uGqG� � sE] � j y o�¡�¦+Z\qGib^�|\o � utqG� � sE^
sr^
]m^
�hjli �>y ^�n=^
jª¦§^
^,��� � �p| 8 ¥ � ^�jbjlor�\u
Y = L1/2PG⊥c A¦§^µ¦ y o©jl^

dV (A)

dt
= −〈Y, Y〉+

〈
Y, Da hLm(Y)

〉

� �\|�jlZ\^µ�,qt�p�
srw\ibo�qG����qtsrsrq,¦+i�� y qG] jlZ\^'± � w\��ZhgV«Ýe7��Z7¦ �By ·��o��\^Jv7w � s�o�jªg=¨
∣∣〈Y, Da hLm(Y)

〉∣∣ ≤ ‖Y‖n,2
∥∥Da hLm(Y)

∥∥
n,2
≤ ‖Y‖n,2

∥∥hLm(Y)
∥∥
n,2
≤
∥∥hLm

∥∥
G⊥c
‖Y‖2n,2

��� � �	��
��� ��� � � ��������� ������
��
/ ^�¤Q�\qJ¦ � y qt]¿jlZ\^ � � � s�gQibo�i'|\qG�\^¯or�)ib^
��jlorqG� , ¥ ��jlZ � j�jlZ\^ y ^ �By ^¯or�)uG^
�\^ y�� sN�\q�Z\qG]mqtuG^,�\^
qGw\i
ibqGsrwQjlorqt�piEjlq�¹�hº�q y ¹ü�tº�ibor�\�
^+�
qG�\|po©jlorqG��¹ 8E8 º�� � �p�\qtj:n=^+i � jlorik�p^,|H¥E`ª�\|\^
^,|�jlZ\^+or�hjl^
u y�� s ∫

Ω
W(r−

r′, t) dr′
o�i+o���ut^,�\^ y�� s � �¸w\�p��jlorqt��qt�

r
¥:_�wQj �\y q � qGibo�jlo�qG�\i , ¥ , £ , ¥ �p£�V¥ � � �\|��7¥ , ibZ\qJ¦djlZ � j&jlZ\^ y ^

^
¡Qo�ikjli � ibqGs�w\jlo�qG���¸q y�� uto�¢h^
��or�\o�jlo � sU�,qG�\|\o�jlo�qG�H¥ / ^�� � srs=jlZ\^,ib^µibqGsrwQjlo�qG�\i � ib^
w\|pq>«Zpqt]mqGuG^
�\^,qGw\i
¥
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�������� � Á �XÁ �B� #
Ω

Y�Zp^ y ^ �>y ^�^
��Zpq7^,i&qG�XjlZ\^,q y ^
]mi&�\¥©� � �p|��\¥�D'¦+Z\o���Z �By ^�ikj � jl^
|�or��jlZ\^µ��qGs�srqJ¦+o��\u
��� Á7Å � Á � ���	
 � 	

W
+)���� + , #�+ � � � � � � +�%�� ����#0��� ����������� ��� 	���� ��1# +0�������
	@��� ��	 �	"�+)#0%���� �

�1��2 � �>#0��#5��%&+ +)��	@%1������ ��� ��� � ����#0+ " & ��� � � � + ��1���M��1#�#�� �>#0� $���	@%�#�+ ��	 ��1# �$#0�02���� ��� 2 ����0�/.

W̃∗(f , t)W̃(f , t)

���5# +0��0����� 	@� 	*#0+5+���1��� � 	���� ��	 	
f 6= 0

����� ��	 	
t ∈ J

&
W̃(f , t)

� + ��1# '?��%&�0��#0�"�������+ 	����02 ��	

WL
cm(r, t)

����#�+ " &
WL

mc(r, t)
� *(�
�� ��#�+ "�#��)�M��� ��1# + "����5# $����0� ���)	*#

r
&

� ������	 ¥°Y�Z\^ �\y qVqG�&ori � � � | �B� j � jlorqG� qG��jlZ\^ �\y qVqG�¸i�qG��jlZ\^,q y ^,]mi H ¥ � � �\| H ¥ , ¥ / ^�^
¡ � s�qGo�j
� u � o��MjlZ\^ y ^
s � jlorqG��n=^
jª¦§^
^
�M�
qG�h¢hqGsrwQjlo�qG� � �\| � qtw y o�^ y j y�� �pib�¸q y ]�£ xE�>y ib^�¢ � s�� i y ^
s � jlorqG� � �\|�jlZ\^
� � ��j&jlZ � j+o��

x ∈ G⊥c
£
x̃(0) = 0

¥
Y�Zp^&qG�\s�g�|po©®=^ y ^
�\�,^�¦+o�jlZ�jlZp^
q y ^
]miN�\¥ � � �\|¯�\¥@Dµo�i:jlZ � j:jlZp^ y ^ �By ^��\q��
qG�\ikj y�� or�hjliNqG�mjlZ\^ � qGw y or^ y
j y�� �\ib��q y ]mi{qt��jlZp^��
qG�\�\^,��jlo�¢Qo©jªg�] � j y or�
^,i � j+jlZp^�q y oruGo���qG��jlZ\^'i �� jlo � s�� y ^Jvhwp^
�\�,o�^,i � s � �\^t¥{Y�Zpo�i
ori�|\wp^¯jlq�jlZ\^�� � ��j�jlZ � j�¦§^�qG�\s©g ;ªsrqVqt¤�= � j�jlZ\^�ibwQnpi �� �,^�qG� G qt����w\�\�
jlo�qG�\i�¦+o�jlZ)·,^ y q�i �� jlo � s� ¢h^ y�� uG^t¥

�������
Ω
 ��� �  -� � Á � 	 � #

Y�Zp^ y ^ �>y ^ � sribqm^,��Z\qV^,i&qt��jlZ\^,q y ^,] �Q¥ 8 ��or�.jlZ\^��¸qGsrs�qJ¦+or�\u
��� Á7Å � Á � ������ 	

W
+)���� + , #�+ � � � � � � +�%�� ����#0��� ����������� ��� 	���� ��1# +0�������
	@��� ��	 �	"�+)#0%���� �

�1��2 � �>#0��#5��%&+ +)��	@%1������ ��� ��� � ����#0+ " & ��� � � � + ��1���M��1#�#�� �>#0� $���	@%�#�+ ��	 ��1# �$#0�02���� ��� 2 ����0� �5#�+

W̃∗(m, t)W̃(m, t)

���5#�+0��0����� 	�� 	*#�+5+���1��� � 	)��� ��	 	
m 6= 0 ∈ Zq ����� ��	 	 t ∈ J

&
W̃(m, t)

�
+���1#
m
�� #)	*#�24#���� ��	

��1# '?��%&�0��#��<+)#��0� #�+ ��	<��1#
q
� "�#0�0��������� 	5%&���)�� ���

WL
cm(r, t)

����#�+ " &
WL

mc(r, t)
� *(�
��4��#�+ "�#5���(������1#

+ "����5# $����0������	�#
r
&

� � �¯��#&���.�
� � ����#¿����#&���X�

/ ^§Z � ¢h^�|\^
¢G^,s�q � ^,|�qGw yN� � � s©gQiboriEqt��¹�hº � �p|�¹ü�GºXor��jlZ\^�_ � � � ��Z�i �� �,^ F qG��
qG�hjlor�7w\qGw\iE��w\�\�
jlo�qG�\iqG�VjlZ\^Ni �� jlo � sh�,q7q y |\or� � jl^
r
^�¢h^
��jlZ\qGw\uGZµ¦§^ Z � ¢h^Nw\ib^,| � ikj y w\�
jlw y ^NqG� �\y ^
« ¾ o�s�n=^ y j�i �� �,^ G qt��jlq �qG�@o©j,¥E_§w\jEjlZ\^ y ^ y ^,] � or�\iEjlZ\^&� � �
jEjlZ � jEjlZ\^&ibqGs�wQjlorqG�\i:jlZ � jE¦§^&Z � ¢h^�n=^,^
��|po�ib�,w\ibibo��pu �>y ^�ib]mqVq>jlZU£

o2¥ ^t¥r£��,qt�7jlo��7wpqtwpi�¦+o�jlZ y ^
i � ^
��j�jlq�jlZ\^�i �� �
^¯¢ �>y o � ns�^G¥�`üj'] � g�nH^¯or�hjl^ y ^,ikjlo��pu�jlq � sribq��
qG�\ibor|\^ y
�pqt�\«ib]�qVqtjlZ°ibqGs�wQjlorqG�\i
£U^t¥ u\¥�£ � or^
�,^�¦+orib^��
qG�hjlor�7w\qGw\iµibqGs�w\jlo�qG�\i{jlZ � j�� � ��nH^'|\orib�
qG�hjlor�7w\qGw\i � s�qG�\u
�,w y ¢h^
i qG�

Ω
¥E½d� � jlw y�� s@ib^�jbjlor�\u\£VuGo�¢h^
�¯jlZ\^{� � �
j jlZ � jN¦§^ �>y ^�or�hjl^ y ^,ikjl^
|�or��Z � ¢Qo��\u � ikj y w\�
jlw y ^�qG�

¾ ors�n=^ y j:i �� �,^t£7ori
L2
n(Ω)
£hjlZ\^&i �@� �,^&qG�@ilv7w �>y ^
«o��hjl^,u y�� ns�^+��w\�\�
jlo�qG�\iN� y qG]

Ω
jlq
Rn
£7ib^,^ �>�\� ^
�\|\o�¡

½'¥:`üj+o�i ��¾ o�s�n=^ y j&i �� �
^ � �\| G o�i � |\^
�\ib^�ibw\npi �� �
^G¥
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����� ������� � 
��#��
 � �#� � � ��� ��
 ��
�� � ��� � ��� � ��� � � �
Y�Zp^:jlZ\^,q y g�|\^
¢h^
srq � ^
|'o���jlZ\^ �\y ^�¢QorqGw\i�ib^
�
jlo�qG�\i�� � ��n=^ y ^ � |\ors©g�^�¡Vjl^
�\|p^
|�jlq

L2
n(Ω)
¨UjlZ\^ � � � s�gVibori

qG�QjlZp^ ikj � no�sro©jªg�qG�QjlZp^ ut^,�\^ y�� s � �\|�Z\qG]mqtuG^,�\^
qGw\i�ibqGsrwQjlorqt�pi�Z � i�n=^
^,��|pqt�p^ w\ibor�\u�jlZ\^ �py ^�« ¾ ors©n=^ y j
i �@� �,^�ikj y w\��jlw y ^�qG� G � �\| � srspjlZ\^�q � ^ y�� jlq y i:jlZ � j Z � ¢h^+n=^,^
�¯ibZ\qJ¦+��jlq�n=^��
qG] �� ��j or� G �>y ^ � s�ibq�,qG] �@� �
jµor��o©jli��
srqtibw y ^

L2
n(Ω)

6 � 9¥�Y�Z\^�qG�\s�g � qtor�hjµjlZ � jµZ � iµjlq�n=^ y ^�«2¦§q y ¤h^
|�ori�jlZp^ �\y qtnpsr^
]
qG��^�¡Qo�ikjl^,�\�
^ � �\|�w\�\oévhwp^
�\^,ibi�qG� � ibqGsrwQjlorqt� � |\| y ^,ibib^
|�o�� �\y q � qGibo©jlorqG�\i , ¥ � � �\| , ¥ , ¥NY�Z\ori � srs�qJ¦+i
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gL ∗m

����#�+ "�#5���� $�#�	@�
hLm
� +)���� + , #0+ ��1# �5�������
������ ��	K��1#����5#02

� & � ����#0+ "�#5�)��%$�#)	@� ��	 ��1#5����#02 � & � � � ��1#0� 	����A# $�#0�0� "��������� ��� ��	
Ω
� �����0�5#0+ "��������
� � 	*���5��	 	@� �1��24� �

�>#���#5��%1+ �0%1�0��#���� � �����
W
+)����
+ 	5��� � � � � � � � ��1# 	*���5��	 	@� �1��2 � ��#���#5��%&+7+���	�%1���������	 ��� � ����#�+ "�#5���� $�#)	@�

��� � � � + +0������	�# &
� ������	 ¥ `üj�ori��
sr^ �>y jlZ � j Gc ⊂ GPc

£�jlZ\^ y ^
��q y ^ GP ⊥c ⊂ G⊥c
� �\| ‖gL ∗m ‖GP ⊥c ≤ ‖gL ∗m ‖G⊥c¹ y ^,i � ^
�
jlo©¢h^,s©g ‖hLm‖GP ⊥c ≤ ‖hLm‖G⊥c

º�¥
� qtjl^�jlZ � j�^
¢G^,� or���
qG�\|po©jlorqG� ¹�G�hº�ori��\qtj�i � jlorik�p^
| n7g

W
£&o2¥ ^G¥dor�{¦§^�|\q¬�\qtj�uGw �>y�� �hjl^,^�jlZ\^

^
¡Qo�ikjl^,�\�
^�qG� � srqV� � s�s�g Z\qG]mqGuG^
�\^,qtwpi¯ibqGsrwQjlo�qG� ��q y�� uGo�¢G^,� ��>y jlo�jlo�qG�*qG�
Ω
£ ¦§^�ikjlo�srs+Z � ¢h^�jlZ\^

y ^,ibw\s�j jlZ � j,£QuGo©¢h^,�¯jlZ � j§jlZ\^{q � ^ y�� jlq y
gL ∗m
¹ y ^,i � ^
�
jlo©¢h^,s©g

hLm
º:i � jlo�ik�p^,i jlZ\^{�,qt�p|\o©jlorqG��qG�HjlZ\^,q y ^
]

H ¥ ��¹ y ^,i � ^
�
jlo©¢h^
s�g�qG�QjlZ\^
q y ^,] H ¥ , º�£>jlZ\^�� � ib^
w\|pq��Nsrq7� � s�s�g�Z\qG]�qGuG^
�p^
qGw\i�ibqGs�wQjlorqG�\i
£G�
q yby ^
i � qG�\|po��\u
jlq � s�qV� � srs�g�Z\qG]mqGuG^
�\^,qtwpi or� � wQj§�,w yby ^
�7j,£ �>y ^�ikj � nps�^G¥E½ �7w\]m^ y o�� � s@^�¡ � ] � sr^�ori uto�¢h^
�¯n=^
srqJ¦�£Vib^
^
�utw y ^ 8�, ¥

� !$% � #&�E�
� �'	M# �.� � ��	
#+-

/ ^��
qG�\ibor|\^ y jª¦§q ¹
n = 2

º'qG�\^�«|po�]m^
�pibo�qG� � s'¹
q = 1
º � q � w\s � jlorqG�\i¯qG�{�\^
w y qt�pi
£ � q � wps � jlorqt� 8

nH^
or�\u¯^�¡Q�
o�j � jlq y g � �\| � q � w\s � jlo�qG�°�mo��pZ\o©no©jlq y gG¥+Y�Z\^�ib^�j
Ω
ori�ibo�] � s�g�jlZ\^��
srqGib^
|�or�hjl^ y ¢ � s

[0, 1]
¥

/ ^��\qtjl^
x
jlZ\^�i �� jlo � sX¢ �>y o � npsr^ � �p|

f
jlZ\^�i �@� jlo � sX� y ^,v7w\^,�\��g.¢ �By o � npsr^t¥ / ^��,qG�\ibo�|p^ y � � w\ibibo � �

��w\�\�
jlo�qG�\i
£@�pq>jl^,|
Gij(x), i, j = 1, 2

£@� y qG] ¦+Z\or��Z�¦§^�|\^���\^�jlZ\^��,qG�\�\^
�
jlo©¢Qo�jªg.��w\�\�
jlo�qG�\i
¥ ¾ ^
�\�,^
¦§^�Z � ¢h^

Gij = G(0, σij)
¥ / ^��
qG�\ibor|\^ y jlZ y ^,^.� � ib^
i
¥ `ª� jlZp^�� y ikj¯� � ib^�¦§^ � ibibw\]m^�jlZ � j�jlZ\^

�,qG�\�\^
�
jlo©¢Qo�jªg�] � j y o�¡�ori�j y�� �\ibs � jlorqG�)or�h¢ �>y o � �hj.¹4ib^
^¯ib^,��jlorqG�\i��\¥Ë� � �\| H ¥Ë�hº�¥.`ª�MjlZ\^�ib^
�,qG�\|)� � ib^
¦§^ y ^,s � ¡�jlZ\o�i � ibibwp] � jlo�qG� � �p|°ikjlw\|Qg�jlZp^�ikj � no�sro©jªg�qG�EjlZp^�Z\qG]�qGuG^
�p^
qGw\iµibqGs�wQjlorqG�\i
¥'Y�Z\^�jlZ\o y |
� � ib^t£V�p� � srs©gh£V�,qJ¢G^ y i jlZ\^{� � ib^{qG�HjlZp^{s�qV� � srs©g�Z\qG]mqtuG^,�\^
qGw\i§ibqGsrwQjlorqt�pi � �\|�jlZ\^,o y ikj � npors�o�jªgG¥:`ª�¯jlZpo�i
ib^,��jlorqG�.¦§^µZ � ¢h^

S1(x) = S2(x) = 1/(1 + e−x)
¥

� ��� �	��
��� ��� � � ��������� ������

/ ^§|p^��p�\^

Wij(x, x
′) = αij Gij(x−x′)

£G¦+Z\^ y ^�jlZ\^
αij
i �>y ^ � qtibo�jlo�¢G^�¦§^,o�uGZhjli
¥:Y�Z\^��,qt�p�\^
�
jlo©¢Qo�jªg

��w\�\�
jlo�qG�\i � �\|�jlZ\^,o y � qGw y o�^ y j y�� �\ib��q y ]mi �>y ^�jlZp^
��uGo�¢G^,��n7g

Wij(x) =
αij√
2πσ2

ij

e
−
x2

2σ2
ij W̃ij(f) = αije

−2π2f2σ2
ij
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Y�Zp^µ] � j y o��,^
i
W(x)

� �\|
W̃(f)

� � �.n=^�¦ y o�jbjl^
���

W(x) =




α11√
2πσ2

11

e
−
x2

2σ2
11 − α12√

2πσ2
12

e
−
x2

2σ2
12

α21√
2πσ2

21

e
−
x2

2σ2
21 − α22√

2πσ2
22

e
−
x2

2σ2
22




W̃(f) =

[
α11e

−2π2f2σ2
11 −α12e

−2π2f2σ2
12

α21e
−2π2f2σ2

21 −α22e
−2π2f2σ2

22

]

Y�Zp^ y ^
��q y ^�¦§^µZ � ¢h^

W̃L
cm(f) =

[
α11S

′
1mτ1e

−2π2f2σ2
11 −α12S

′
2m

√
τ1τ2e

−2π2f2σ2
12

α21S
′
1m

√
τ1τ2e

−2π2f2σ2
21 −α22S

′
2mτ2e

−2π2f2σ2
22

]
,

� �\|
W̃

LT

cm (f)W̃L
cm(f)

def
= XL

cm(f) =

[
A C
C B

]
,

¦+Zp^ y ^

A = S
′ 2
1 τ1

(
α2

11τ1e
−4π2σ2

11f
2

+ α2
21τ2e

−4π2σ2
21f

2
)

B = S
′ 2
2 τ2

(
α2

22τ2e
−4π2σ2

22f
2

+ α2
12τ1e

−4π2σ2
12f

2
)
,

� �\|

C = −S′1S
′
2

√
τ1τ2

(
α21α22τ2e

−2π2(σ2
21 + σ2

22)f2
+ α12α11τ1e

−2π2(σ2
12 + σ2

11)f2
)

_§g �
qG�\ikj y w\�
jlo�qG� jlZp^.^,o�uG^
�7¢ � s�wp^
i�qG�+jlZ\ori�] � j y o�¡ �>y ^ � qtibo�jlo�¢G^G£NjlZ\^.s �>y uG^
ikj¯qG�\^G£
λmax
£Nn=^
or�\u

uGo�¢h^
�.n7g

λmax =
1

2

(
A+B +

√
(A−B)2 + 4C2

)

`ª�7j y q7|pw\�
or�\u.jlZ\^ ��>y�� ]m^�jl^ y i
A1 = (τ1S

′
1α11)2 £ A2 = (τ2S

′
2α22)2 £ r = τ1/τ2

£
x1 = α21/α11

£
x2 = α12/α22

¦§^�� � � y ^�¦ y o�jl^
A
£
B
� �\|

C
� i+��qtsrsrq,¦+i

A = A1

(
e−4π2σ2

11f
2

+
x2

1

r
e−4π2σ2

21f
2
)

B = A2

(
e−4π2σ2

22f
2

+ rx2
2e
−4π2σ2

12f
2
)
,

��� Ö�ÉËþ�ÛJÍ�Î2Ö�ñ©Í�ÎUÊÉËÜ§ÑBÓËÉËäkÉ Ò�Ô§ÒÈBÖEäÝÍ�Û�ý�Í�ÓËÕJÒÉËÍ�Û�ÌXÉ ÒÈ+ÒÈBÖ:åBÍ�ÕBÎ2ÉËÖÝÎHÒÎ2Ð�ÛJÊñ©Í�Î2Ü Í�ñ 1[−1,1](x) ó

Ú�ô�õUÚ�Þ



���������
	��
������������������������������������� �
�"!$#�%&����	�'(��#)	*��+ � C

� �\|
C = −

√
A1A2

(
x1√
r
e−2π2(σ2

21 + σ2
22)f2

+ x2

√
re−2π2(σ2

12 + σ2
11)f2

)

Y�Zp^:�\^
�,^
ibi �>y g � �p|�ibwQ»¯�,o�^,�hj��,qt�p|\o©jlorqG�µjlZ � jXjlZ\^:^
oruG^
�h¢ � s�w\^,i �>y ^:sr^
ibiXjlZ � � 8 �¸q y�� s�s
f
o�iXjlZ\^ y ^,�¸q y ^

c(f)
def
= 2−A−B −

√
(A−B)2 + 4C2 > 0 ∀f ¹�G�Gº

`üj§|p^ � ^,�\|\i§qG��jlZ\^�i �@� jlo � s=� y ^Jvhwp^
�\�
g
f
� �\|�jlZ\^{�\or�\^ �@�By�� ]m^�jl^ y i

A1
£
A2
£
x1
£
x2
£
r
£ � �\|

σ
£VjlZ\^

2× 2
] � j y o�¡

σij , i, j = 1, 2
¥

/ ^+Z � ¢G^�ibqts�¢h^
|�^,v7w � jlorqt��¹�hº�qG�
Ω = [0, 1]

¥ / ^+Z � ¢h^+i � ] � sr^
|¯jlZ\^+or�hjl^ y ¢ � s\¦+o�jlZ 8 �t� � qGor�hjli
�,q yby ^
i � qG�\|\or�\uµjlq 8 �G�µ�\^,w y�� sp] � ibib^,i
¥EY�Zp^&or� � wQj

Iext
ori:^Jvhw � s\jlq

[W1(t),W2(t)]T
£h¦+Z\^ y ^�¦+Z\^ y ^

jlZp^
Wi(t)
i
£
i = 1, 2

�>y ^ y ^ � s�or· � jlorqt�pi�qt�&or�\|\^ � ^
�p|\^
�hj�_ y q,¦+�po � ��I / o�^,�\^ y��\y qV�
^
ibib^,i�ibZ\qJ¦+� or�
�utw y ^��V¥ / ^�¤Q�\qJ¦ jlZ � j�jlZp^.ibqtsrwQjlorqG� o�im�\qtjmZ\qG]�qGuG^
�p^
qGw\im��q y jlZp^ y ^ � ibqG�\im^
¡ � qtib^,| � n=qJ¢h^t¥

W1(t)
W2(t)
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� oruGw y ^��7¨�Y�Z\^�jª¦§q��
qVq y |\or� � jl^
iµqG�NjlZ\^mo�� � wQj
Iext(t)

�>y ^ y ^ � s�or· � jlorqG�\iµqG� or�\|\^ � ^
�\|\^,�hj / or^
�\^ y
�py q7�,^
ibib^,i
¥

Y�Zpo�i�o�i�o�srs�wpikj y�� jl^,|�o����puGw y ^ , ¥�Y�Z\^mo��\o�jlo � sE�,qG�\|\o�jlo�qG�\i �By ^mZ\qG]�qGuG^
�p^
qGw\i � �\|M^,v7w � s�jlq.^,o©jlZ\^ y
(0, 0)
q y

(1,−1)
��q y'� srs:�\^
w y�� s:] � ibib^,i�ikj � jl^�¢G^,��jlq y i

V
¥�Y�Z\^m�puGw y ^¯��ibZ\qJ¦+iµjlZ\^¯ikj � npo�sro�jªg°qG�

jlZp^µ� y ikj{�
qVq y |\o�� � jl^�qG��jlZ\^�ibqGsrwQjlorqt����q y qG�\^�qt��jlZ\^�Z7w\�p| y ^
|��\^
w y�� sX] � ibib^
i
¨�ibqGs�wQjlorqG�\i+n=^
�,qG]�^
or|\^,�hjlo�� � sEor�\|\^ � ^
�\|p^
�hjls�g�qt� jlZ\^mor�\o©jlo � s:�
qG�\|po©jlorqG�\i
¥�Y�Z\^�nHq>jbjlqG]²qG� jlZ\^��puGw y ^¯ibZ\qJ¦+i�jlZ\^ � srqtj
qG��jlZ\^��¸wp�\��jlorqG�

c
|p^��p�\^,|�o�� ¹�h�tº � i � ��w\�\�
jlo�qG��qG��jlZ\^�i �� jlo � s�� y ^Jvhwp^
�\�
g

f
¥&Y�Z\^��
qG�\ikj y�� or�hj{o�i
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V1(10,t), V1(10,0)=0
V1(100,t), V1(100,0)=0
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V2(10,t), V2(10,0)=0
V2(100,t), V2(100,0)=0
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� oruGw y ^ , ¨U½{��o�srsrw\ikj y�� jlo�qG��qG�7jlZ\^E� � ��jUjlZ � jU¦+Z\^,�µjlZ\^E�,qG�\�\^
�
jlo©¢Qo�jªg{] � j y o©¡�oriUj y�� �\ibs � jlo�qG��o��h¢ �>y o � �hj
jlZp^ y ^:|\qV^
iU�\qtj�^�¡QorikjXor��ut^,�\^ y�� s � Z\qG]�qGuG^
�p^
qGw\iXibqGsrwQjlorqt�U¨UjlZ\^:�\^
w y�� sh] � ibib^,i�|\q&�pq>j�ikgV�p��Z y qG�\or·
^G¥
Y�Zp^�sr^
�¸jlZ � �\|�u y��>� Z�ibZ\qJ¦+i jlZp^�� y ikj§�,qVq y |po�� � jl^{qt�UjlZ\^�ibqGsrwQjlo�qG��¦+Z\^,�¯jlZp^{o�� � wQj � �\|�jlZ\^{o��po©jlo � s
�,qG�\|\o�jlo�qG�\i �>y ^NZpqt]mqGuG^
�\^,qGw\i
¥�Y�Zp^ y orutZ7jlZ � �\|'u y��>� Z'ibZ\qJ¦+i�jlZp^:i � ]m^ ��q y jlZp^Nib^
�,qG�\|��
qVq y |\or� � jl^t¥

i � jlorik�p^
|���q y�� srsU� y ^Jvhwp^
�\�,o�^,i
¥NY�Z\^ ��>y�� ]m^�jl^ y i �>y ^

α =

[
2 1.414

1.414 2

]
σ =

[
1 0.1

0.1 1

]
S′1m = S′2m = 0.25 τ1 = τ2 = 1

/ ^�ibZpq,¦ o��.�utw y ^ H � � � ib^�¦+Zp^ y ^�jlZp^µikj � npors�o�jªg.o�i+s�qGikj,¥NY�Z\^µ¢ � s�w\^,i&qG�XjlZ\^ ��>y�� ]�^
jl^ y i �>y ^

α =

[
565.7 565.7
565.7 565.7

]
σ =

[
0.01 0.01
0.1 0.1

]
S′1m = S′2m = 0.25 τ1 = τ2 = 1

Y�Zp^�n=qtjbjlqG] qG�NjlZ\^��utw y ^�ibZpq,¦+i�jlZ\^ � s�qtj�qG�NjlZ\^m�¸w\�p��jlorqt�
c
|\^
�p�\^
|Mor�*¹�h�Gº � i � ��w\�\��jlorqG��qG�

jlZp^�i �@� jlo � sU� y ^,v7w\^
�p��g
f
¥NY�Z\^��
qG�\ikj y�� or�hj+o�i+�\qtj+i � jlo�ik�^
| � j+s�qJ¦ i �� jlo � sU� y ^,v7w\^,�\�
or^
i
¥

� � � � � � ����
���
 � �#� �'� � ���������#�
`ª�'jlZ\^ �\y ^
¢VorqGw\i�� � ib^ jlZ\^ j y�� �\ibs � jlorqG�'or�h¢ �>y o � �p�
^§qt�\jlZ\^ �,qG�\�\^
�
jlo©¢Qo�jªg�] � j y o�¡��¸q y npor|�jlZp^ ^
¡Vorikjl^
�p�
^
qG�HZ\qG]mqGuG^
�\^,qtwpi ibqGsrwQjlo�qG�\i
¥ / ^�� � ��qtn\j � or� � �
qG�\�\^,��jlo�¢Vo�jªgm] � j y o�¡¯i � jlorib�¸gVor�\u'�
qG�\|po©jlorqG�°¹ 8E8 º�n7g
|p^��p�\or�\u

Wij(x, x
′) = ααij

Gij(x− x′)∫ 1

0
Gij(x− y) dy

i, j = 1, 2,

¦+Zp^ y ^
α
� �\|�jlZ\^

αij
i �>y ^m�
qG�\�p^
��jlo�¢Qo©jªg�¦§^,o�uGZhjli
¥mY�Zp^
ib^m�¸wp�\��jlorqG�\i �>y ^�¦§^,s�sE|\^
�p�\^,|�ibor�\�
^�jlZ\^

|p^
�\qG]mo�� � jlq y o�i��\^
¢h^ y ^Jv7w � sGjlq�� � �\|�jlZ\^ y ^
ibw\s�jlo��pu+�,qG�\�\^
�
jlo©¢Qo�jªg�] � j y o�¡�ori�o��
L2

2×2([0, 1]×[0, 1])
¥

`üj�ori�ibZ\qJ¦+� or� �puGw y ^��V¥¬Y�Z\^�¢ � srw\^
i�qG��jlZ\^ �@�By�� ]m^�jl^ y i �>y ^.uGo�¢G^,� o��d¹�EDGº�¥ xEy q � qGibo�jlo�qG� �7¥ ,
uGw �>y�� �hjl^,^
i+jlZ\^�^�¡Qo�ikjl^,�\�
^ � �\|�w\�\oév7w\^
�p^
ibi�qG� � Z\qG]mqGut^,�\^
qGw\i{ibqGs�wQjlorqG���¸q y�� ��o��po©jlo � sU�,qG�\|\o�jlo�qG�
or�

L2
2(Ω)
¥�½&�,�
q y |\or�\u�jlq�jlZp^
q y ^
] H ¥ �V£ � ibwQ»¯�,o�^,�hj��,qt�p|\o©jlorqG���¸q y jlZpo�iµibqGs�w\jlo�qG�°jlq�n=^�ikj � nps�^mo�i

jlZ � j ‖gL ∗m ‖G⊥c < 1
¥
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V1(50,t), V1(50,0)=0
V1(50,t), V1(50,0)=1
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V2(50,t), V2(50,0)=0
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� oruGw y ^µ�Q¨:½{�.orsrs�w\ikj y�� jlorqG�.qG�XjlZ\^�ikj � nporsro©jªg�qG�XjlZ\^�jª¦§q��
qVq y |\or� � jl^
i�qG�XjlZ\^µibqtsrwQjlorqG�.¦+o©jlZ y ^,i � ^
�
j
jlq�jlZ\^���Z\qGor�
^�qG�pjlZ\^�or�\o�jlo � sQ�
qG�\|po©jlorqG�H¥ ~ ^,ibw\s©jli �>y ^�ibZ\qJ¦+�m�¸q y jlZ\^��\^,w y�� sQ] � ibi H �Q¥�Y�Z\^&�¸wp�\��jlorqG�
c(f)
|\^
�p�\^,|�or�¬¹�h�tº ori&ibZ\qJ¦+� � j&jlZ\^�nHq>jbjlqG]�¥E`üj+ori � qGibo©jlo�¢h^µ��q y�� srsUi �� jlo � sX� y ^Jvhwp^
�\�,o�^,i

f
¥

/ ^�Z � ¢h^{ibqGs�¢G^,|�^,v7w � jlo�qG��¹�GºEor�
Ω = [0, 1]

¥ / ^�Z � ¢h^{i � ] � s�^,|�jlZ\^{or�hjl^ y ¢ � sp¦+o�jlZ 8 �G� � qGor�hjli
�,q yby ^
i � qG�\|\or�\u'jlq 8 �G���
qGsrw\]m�\i � �\|�ibqGs©¢h^
|�jlZ\^ y ^
ibw\s�jlor�\u�ikgQikjl^
] qG���B¡ 8 �G��q y |\o�� �By g�|\o�®=^ y ^,�hjlo � s
^Jv7w � jlo�qG�\i&w\ibor�\u4F �>� s�^G¥NY�Z\^ ��>y�� ]m^�jl^ y i �>y ^

α =

[
5.20 5.20
2.09 2.09

]
σ =

[
0.1 0.1
1 1

]
τ1 = τ2 = 1 α = 1/20

¹�EDhº

� q y jlZp^
ib^§¢ � srw\^
i�¦§^�Z � ¢h^ ‖gL ∗m ‖G⊥c ' 0.01
¥�½{s�sQq � ^ y�� jlq y �pq y ]miEZ � ¢G^§n=^,^
���,qt] � w\jl^
|�w\ibo��pu{jlZ\^

]m^
jlZ\qV|�|\^,ib� y o�n=^
|�or� �>�\� ^
�p|\o©¡�½'¥&Y�Z\^'o��\o�jlo � s��
qG�\|\o�jlorqt�pi �>y ^�| y�� ¦+� y�� �\|\qG]ms©g � �\|�or�\|\^ � ^
�Q«
|p^
�hjls�g�� y qG] jlZ\^ wp�\o���q y ] |\orikj y o©npw\jlo�qG��qG�

[−2, 2]
¥�Y�Z\^ or� � w\j

Iext(t)
o�i�^Jv7w � shjlq

[W1(t),W2(t)]T
£

¦+Zp^ y ^§jlZp^
Wi(t)
i
£
i = 1, 2

�>y ^ y ^ � s�or· � jlorqG�\iEqG�@o��p|\^ � ^,�\|\^,�hj:_ y q,¦+�po � ��I / o�^,�\^ y:�\y qV�
^,ibib^
i:ibZ\qJ¦+�
or�.�puGw y ^'�V¥
/ ^�ibZpq,¦ o�� �puGw y ^���jlZ\^�ikgQ�\��Z y qG�\or· � jlo�qG� qt�µ�¸qGw y ¹4�7w\]�n=^ y i 8 �V£��G�V£+� , � �\| C �7º�qG�{jlZ\^

ZVw\�\| y ^,|��p^
w y�� s@] � ibib^,i
¥:`ª�=¦§^{o��\� y ^ � ib^+jlZp^+¢ � srw\^�qG�
α
£VjlZ\^�ibwQ»¯�
or^
�hj��
qG�\|\o�jlorqt��¦+ors�s@^�¢h^,�hjlw � s�s�g
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� oruGw y ^ H ¨N½{��o�srs�wpikj y�� jlorqG��qG��jlZ\^�s � �l¤�qG��ikj � npors�o�jªg.qG��jlZp^µjª¦§q¯�
qVq y |\o�� � jl^,i&qG��jlZp^�ibqtsrwQjlorqG��¦+o�jlZ
y ^,i � ^
�
jNjlq�jlZp^���Zpqtor�
^{qG�=jlZ\^{o��po©jlo � s�,qt�p|\o©jlorqG�H¥ ~ ^
ibwps©jli �>y ^�ibZ\qJ¦+���¸q y jlZ\^{�\^
w y�� s@] � ibi H �V¥:Y�Z\^
��w\�\�
jlo�qG�

c(f)
|\^
�p�\^
|Mor� ¹�h�tº�ori�ibZ\qJ¦+� � jµjlZp^�nHq>jbjlqG]�¥�`üj�ori��\^,u � jlo�¢h^��¸q y'��y�� �\uG^�qG� i �� jlo � s

� y ^,v7w\^,�\�
or^
i
f
¥

�pq>j�nH^¯i � jlorik�p^,| � �\|M¦§^¯] � g�nH^ � npsr^mjlq�¦+o�jl�\^
ibi�s � �l¤�qG�§ikgQ�\��Z y qt�po�· � jlorqG�H¥�Y�Z\ori�o�i�ibZ\qJ¦+�)or�
�utw y ^$D��¸q y

α = 15
�
q yby ^
i � qt�p|\o��pu�jlq � ��q � ^ y�� jlq y �\q y ] ‖gL ∗m ‖G⊥c ' 2.62

¥
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� oruGw y ^'�V¨:Y�Z\^���qGw y ^
sr^
]m^,�hjli&qG��jlZ\^µ] � j y o�¡
W(x, x′)

o���jlZ\^�Z\qG]mqtuG^,�\^
qGw\i+� � ib^t¥

� � � � ������� ��� ��� ��� ��
���
�� �#� ��� � ��� � � �#�
/ ^ ��>y jlo�jlo�qG�

Ω = [0, 1]
or�hjlq

Ω1 = [0, 1/2[
� �\|

Ω2 = [1/2, 1]
¥ / ^�� � �°qtn\j � o�� � �
qG�\�\^,��jlo�¢Qo©jªg

] � j y o�¡�i � jlorib�égQor�\um�
qG�\|\o�jlorqt�¬¹�G�GºNn7g�|\^���\o��pu

Wij(x, x
′) =





ααij(x, x
′)

Gij(x− x′)∫ 1/2

0

Gij(x− y) dy

, x′ ∈ Ω1

ααij(x, x
′)

Gij(x− x′)∫ 1

1/2

Gij(x− y) dy

, x′ ∈ Ω2

,

¦+o�jlZ
αij(x, x

′) = αklij , x ∈ Ωk, x
′ ∈ Ωl, k, l = 1, 2

¥
Y�Zp^ y ^
ibwps©jlor�\um�,qG�\�\^
�
jlo©¢Qo�jªg�] � j y o©¡.ori&or�

L2
2×2([0, 1]× [0, 1])

¥:`üj+ori&ibZ\qJ¦+��or�.�utw y ^ C ¥
Y�Zp^�o�� � wQj

Iext(t)
ori+^Jvhw � sUjlq

[W1(t),W2(t)]T
or�

Ω1
� �\|�jlq

[W3(t),W4(t)]T
or�

Ω2
£p¦+Z\^ y ^µjlZ\^

Wi(t)
i
£
i = 1, · · · , 4 �By ^ y ^ � sro�· � jlo�qG�\i'qG��o��\|p^ � ^,�\|\^
�7j'_ y qJ¦+�\o � ��I / or^
�\^ y��\y qV�
^,ibib^
i'ibZ\qJ¦+�¬or�
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� oruGw y ^'�h¨NY�Z\^µikgQ�\��Z y qG�\or· � jlorqG��qG���¸qGw y qt�XjlZp^�Z7w\�\| y ^
|��\^
w y�� sH] � ibib^
i
¥ Y�Z\^µor� � wQj+o�i&ibZ\qJ¦+��or�
�utw y ^��V¥NY�Z\^�� y ikj+�,qt] � qG�\^,�hjli �By ^�ibZ\qJ¦+��qt��jlZ\^�s�^,�éj,£\jlZ\^µib^
�,qG�\|�qt��jlZ\^ y o�uGZhj,¥

�utw y ^ 8 �Q¥�½&�
�
q y |\or�\u{jlq �\y q � qGibo©jlorqG�¯�V¥ , jlZp^ y ^�^�¡Qorikjli � w\�porv7w\^&ibqtsrwQjlorqG��jlqm¹�Gº��¸q y:� uto�¢h^
��o��po©jlo � s
�,qG�\|\o�jlo�qG��or�

L2
2(Ω)
¥

Y�Z\^ �@�By�� ]m^�jl^ y i �>y ^

α11 =

[
5.21 0.23
0.23 5.21

]
α12 =

[
4.98 0.34
0.34 4.98

]

α21 =

[
4.75 0.45
0.45 4.75

]
α22 =

[
5.39 0.13
0.13 5.39

]

σ =

[
0.05 0.075
0.1 0.03

]
τ1 = τ2 = 1 α = 1

� q y jlZ\^,ib^{¢ � s�w\^,i§¦§^µZ � ¢h^ ‖gL ∗m ‖GP ⊥c ' 0.23
¥NY�Z\^µo��\o�jlo � sH�,qG�\|\o�jlo�qG�\i �>y ^µ| y�� ¦+� y�� �\|\qG]ms©g � �p|

or�\|\^ � ^
�p|\^
�hjls�g�� y qt] jlZp^&w\�po���q y ]�|\orikj y o�npwQjlorqt��qG�
[−10, 10]

� �\|
[−2, 2]

��q y
Ω1
� �\|¯qG�

[−20, 20]� �\|
[−2, 2]

�¸q y
Ω2
¥

/ ^�ibZ\qJ¦ or���utw y ^ 8E8 jlZp^�ikgQ�\��Z y qG�\or· � jlo�qG��qG��jª¦§q��p^
w y�� s�] � ibib^
i�¹4�7w\]�n=^ y i 8 � � �\|��G�hº§or�
Ω1
� �\|�jª¦§q��\^,w y�� s�] � ibib^,i�¹4�7wp]�nH^ y iµ� , � �\| C �7º�or�

Ω2
qG��jlZ\^�Z7wp�\| y ^
|°�\^
w y�� s�] � ibib^
i
¥�`ª��¦§^

or�\� y ^ � ib^NjlZp^N¢ � srw\^§qG�
α
£tjlZ\^§ibwQ»¯�
or^
�hj:�
qG�\|\o�jlo�qG�'¦+o�srsV^
¢G^,�hjlw � srs©g'�\qtj�n=^§i � jlo�ik�p^,| � �\|'¦§^§] � g�n=^

� npsr^�jlq�¦+o�jl�\^,ibi§s � �l¤�qt�XikgQ�\��Z y qG�\o�· � jlo�qG�H¥NY�Z\o�i�o�i§ibZpq,¦+�.or���utw y ^ 8 ����q y
α = 10

�,q yby ^,i � qG�\|\or�\u
jlq � ��q � ^ y�� jlq y �\q y ] ‖gL ∗m ‖GP ⊥c ' 2.3

¥
½{iX]�^,�hjlorqt�p^
| � jXjlZ\^N^
�\|�qG�Vib^
�
jlo�qG�'�V¥ �7£>^
¢G^,��o��VjlZp^:�
qG�\�\^,��jlo�¢Qo©jªg���w\�\�
jlo�qG��i � jlo�ik�^
iX�,qG�\|\o�jlo�qG�

¹ 8E8 º�npwQj��\qtj��
qG�\|\o�jlo�qG� ¹�G�hº � �\|�jlZ\^'q � ^ y�� jlq y
gL ∗m
i � jlo©�^
i�jlZ\^'�
qG�\|po©jlorqG��qG��jlZ\^,q y ^
] H ¥ ��nwQj

�pq>j:jlZ � jNqt�@jlZ\^
q y ^
] �V¥Ë�{jlZ\^&^
¡Qo�ikjl^,�\�
^&qt�=srqV� � s�s�g�Z\qG]mqtuG^,�\^
qGw\iNibqGs�w\jlo�qG�\iNori:�\qtj:uGw �>y�� �hjl^,^
|�nwQj
jlZp^
o y ikj � npo�sro�jªg'o�i�n=^,� � w\ib^§qG� �\y q � qGibo©jlorqG�m�7¥©�7¥�½{i�ibZ\qJ¦+��or�'�puGw y ^ 8�, jlZ\^
ib^�ibqtsrwQjlorqG�\iE� � �'n=^ ¢h^ y g
�,s�qGib^&jlqµnH^
or�\u�srqV� � srs©gmZ\qG]mqtuG^,�\^
qGw\i
¥:Y�Z\oriNori � qtjl^,�hjlo � srs©g�¢h^ y g�o��hjl^ y ^
ikjlor�\u�� y qG] jlZ\^ �>�\� sro�� � jlo�qG�
¢Qor^�¦ � qGor�hjµibor�\�
^�qG�\^�] � g�i � g�jlZ � jµor�EjlZp^�ikgQikjl^
] � |\]mo©jliµZ\qG]mqGuG^
�\^,qtwpiµibqGs�w\jlo�qG�\i � �\|�or�:jlZ\^
g
�>y ^�ikj � npsr^�o�jµ� � ��Z � ¢h^�srqV� � s�s�g�Zpqt]mqGuG^
�\^,qGw\iµibqtsrwQjlorqG�\i�¦+o©jlZ\qGwQj<;ü¤V�pq,¦+or�\u�='jlZ\^ �@�By jlo�jlorqt�U£ � �\|
jlZp^�g �>y ^µikj � npsr^t¥
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|��\^
w y�� sh] � ibib^
iX¦+Z\^
�µjlZ\^NibwQ»¯�
or^
�hj
�,qG�\|\o�jlo�qG��qt�XjlZp^
q y ^
] H ¥Ë��ori��\qtj&i � jlorik�p^
|U¥NY�Z\^µo�� � wQj+o�i�jlZ\^µi � ]�^ � i�or�.jlZ\^ �\y ^
¢Qo�qGw\i&^
¡ � ] � sr^t¥
Y�Zp^µ� y ikj{�
qG] � qG�\^
�hjli �>y ^�ibZ\qJ¦+��qG��jlZp^µ� y ikj y qJ¦�£pjlZp^�ib^,�
qG�\|�qG��jlZ\^�ib^
�,qG�\|H¥&Y�Z\^�sr^
�¸j+�puGw y ^
ibZpq,¦+i&jlZ\^��
qG] � s�^
jl^µu y��>� Z��¸q y

0 ≤ t ≤ 60s
£QjlZ\^ y o�uGZhj+�puGw y ^�o�i � ·
qVqG] qG�

10 ≤ t ≤ 60s
¥

� � �����§	
%�-������

/ ^NZ � ¢h^ ikjlwp|\o�^,|�jlZ\^ ^�¡Qorikjl^
�\�,^t£>wp�\orv7w\^,�\^
ibi
£ � �\|'ikj � npo�sro�jªg�¦+o©jlZ y ^,i � ^
�
j�jlq+jlZ\^ or�\o�jlo � s7�,qG�\|\o�jlo�qG�\i
qG� � ibqGs�w\jlo�qG�)jlq�jª¦§q�^�¡ � ] � sr^
i'qG�§�pqt�ps�or�\^ �>y or�hjl^
u y qt«|\o�®=^ y ^,�hjlo � s ^,v7w � jlo�qG�\i�jlZ � j'|\^
ib� y o©nH^mjlZ\^
i �@� jlorqt«2jl^
] � q y�� s � ��jlo�¢Vo�jªg°qt� ib^�jli�qG�N�p^
w y�� s:] � ibib^,i
¥¯Y�Z\^
ib^¯^,v7w � jlorqt�piµor�h¢hqts�¢h^mi �� �
^ � �\|�jlor]�^
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� o�uGw y ^ C ¨NY�Z\^��¸qGw y ^,s�^,]�^,�hjli+qt��jlZ\^�] � j y o�¡
W(x, x′)

o��.jlZp^µsrq7� � s�s�g.Z\qG]�qGuG^
�p^
qGw\i+� � ib^t¥

¢ �>y gVor�\u\£ � qtibibo�nps�g �\qG�Q«ikgQ]�]m^
j y o��G£+or�hj y�� «�
q y jlor� � s��,qt�p�\^
�
jlo©¢Qo�jªg ¤G^ y �\^
sri
¥ ± qG�hj y o�npwQjlorqt�pi.� y qG]
¦+Zpo©jl^:] � jbjl^ y�� ®=^ y ^
�hjli �>y ^ y ^ �\y ^
ib^,�hjl^
|�nVgµ^�¡Vjl^ y � � sho�� � wQjli
¥:e7oruG]�qGor| � sh�pqt�ps�or�\^ �>y o�jlo�^,i �>y o�ib^ � y qG]
jlZp^ y ^,s � jlorqG�'n=^
jª¦§^
^,� � ¢h^ y�� uG^�]m^
]�n y�� �\^ � q>jl^,�hjlo � sri � �\|mo��\ikj � �hj � �\^,qGw\i�� y o��\u y�� jl^
i
¥:Y�Z\^�o��hj y�� «
�,q y jlo�� � sQ�,qG�\�\^
�
jlo©¢Qo�jªg'��w\�\��jlorqG�\iEZ � ¢h^�n=^
^,��ibZpq,¦+�mjlq�� � jlw y�� srs©g�|\^
�p�\^&�
qG] �� ��j:q � ^ y�� jlq y iEqG�pjlZ\^
��w\�\�
jlo�qG� � s\i �@� �,^&qG�@o��7jl^ y ^
ikj,¥E¶{ibo��\u�]m^�jlZ\qV|\i:qG�@�¸wp�\��jlorqG� � s � � � s�gQibo�i
£h¦§^&Z � ¢h^+��Z �>y�� ��jl^ y o�·,^
|�jlZ\^
^
¡Qo�ikjl^,�\�
^G£Qw\�\oév7w\^
�p^
ibi
£ � �\|�ikj � nporsro©jªg�jlq�jlZ\^µor�\o�jlo � sU�
qG�\|\o�jlo�qG�\i&qG� � ibqGs�w\jlo�qG��qG�XjlZ\^,ib^µ^,v7w � jlorqG�\i
��q y ut^,�\^ y�� s2£GZ\qG]mqGut^,�\^
qGw\i+¹4o4¥ ^t¥�or�\|\^ � ^
�\|\^,�hjEqG�pjlZ\^§i �� jlo � sV¢ �>y o � npsr^Bº�£ � �\|�srqV� � srs©g'Z\qG]mqtuG^,�\^
qGw\i
or� � w\jli
¥:`ª� � s�sH� � ib^,i�¦§^µZ � ¢h^ �py q,¢Qor|\^
|�ibwQ»¯�
or^
�hj+�,qt�p|\o©jlorqG�\i&��q y jlZp^�ibqGsrwQjlorqt�pi�jlq�nH^ � npibqGsrwQjl^
s�g
ikj � npsr^t£tjlZ � j�ori�jlq{i � g'or�\|\^ � ^
�\|\^,�hjEqG�\jlZ\^§o��po©jlo � s7ikj � jl^§qG�\jlZ\^ �p^
sr|H¥EY�Z\^
ib^��
qG�\|\o�jlo�qG�\i�or�h¢hqGs©¢h^ jlZ\^
�,qG�\�\^
�
jlo©¢Qo�jªg��¸w\�p��jlorqt�pi
£HjlZ\^�] � ¡Qor]'w\] ibsrq � ^
iµqt�:jlZ\^�iboruG]mqtor|\i
£ � i{¦§^
srs � i�jlZ\^'jlor]m^��
qG�\ikj � �hjli
wpib^
| jlq |p^
ib� y o�n=^,| jlZ\^�jlo�]m^�¢ �>y o � jlorqG� qG��jlZ\^ � qGikjlikgQ� �>� jlor� � qtjl^,�hjlo � sri
¥ / ^�jlZ\o��\¤ jlZ � j � �
or] � q y j � �hj'�
qG�hj y o�npwQjlorqG�)qG��qGw y ¦§q y ¤Mori�jlZ\^ �>�\� sro�� � jlo�qG�)qG�§jlZ\^¯jlZ\^
q y gMqt���,qt] �� �
j'q � ^ y�� jlq y i
or� ��¾ ors©n=^ y j�i �� �,^�jlq.jlZ\^ �\y qtnpsr^
]¿qG� �\^,w y�� s��^
sr|\iµ¦+o�jlZ�jlZ\^m^
®=^
�
j�qG� �py q,¢Qor|\or�\u�¢G^ y g�ibo�] � sr^
] � jlZ\^,] � jlor� � s � �\ik¦§^ y i:jlq�jlZp^+v7w\^,ikjlo�qG�\i � ik¤h^
|�nVg�]�qV|\^,s�sr^ y iNor�m�\^,w y qGib�
or^
�\�,^t¥:Y�Z\ori �>�\� sro�� � jlo�qG�
] � g.�\qtj&n=^µsror]�o�jl^
|�jlq�jlZ\^�i � ^
�,o©�p�µjlq � o���qG�XjlZ\ori ��>� ^ y ¥
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� oruGw y ^ 8 �Q¨�Y�Z\^¯jª¦§q��
qVq y |\or� � jl^
i�qG� jlZp^¯o�� � wQj
Iext(t)

or�
Ω1
� �\|

Ω2
�>y ^ y ^ � sror· � jlo�qG�\i'qt����qGw y

or�\|\^ � ^
�p|\^
�hj / or^
�\^ y&�\y qV�
^
ibib^,i�¹
W1
� �\|

W2
�>y ^µor|\^
�7jlo�� � sHjlq�jlZ\qGib^�ibZ\qJ¦+��o����puGw y ^'�hº�¥

� ! �����µ���
����- �����"�.�'��� ������%.��� � �µ��#&���
��	

� ��� � � � � � � ��� � ��� � �#� ���#����
!� � � � � �#��� � � �#�
/ ^��pq>jl^ Mn×n

jlZp^µib^�j+qG�
n× n y ^ � sH] � j y o��,^
i
¥ / ^��
qG�\ibor|\^ y jlZ\^�] � j y o�¡.�\q y ].£

‖M‖∞ = max
i

∑

j

|Mij |

/ ^��pq>jl^
Cn×n(Ω)

jlZ\^µib^�j+qG���
qG�hjlor�7w\qGw\i+��w\�\�
jlo�qG�\i+� y qt]
Ω
jlq Mn×n

¦+o©jlZ�jlZ\^µo��Q��\o©jªg��\q y ]�¥
Y�Zpo�i+ori � _ � � � ��Z�i �@� �,^���q y jlZp^µ�\q y ] or�\|\w\�,^
|�nVg.jlZ\^µor�Q�p�\o�jªg��\q y ] qG� Mn×n

¥ � ^
j
M
n=^ � �

^,s�^,]m^
�hj+qG�
Cn×n(Ω)

£Q¦§^��\qtjl^ � �\|�|\^
�p�\^ ‖M‖n×n,∞ � i

‖M‖n×n,∞ = sup
r∈Ω

max
i

∑

j

|Mij(r)| = max
i

sup
r∈Ω

∑

j

|Mij(r)|

/ ^ � sribq.�\qtjl^
Cn(Ω)

jlZ\^�ib^
j�qt�N�,qt�7jlo��7wpqtwpiµ��w\�\��jlorqG�\iµ� y qG]
Ω
jlq
Rn
¦+o�jlZ°jlZ\^�or�Q�p�po©jªg°�\q y ]�¥

Y�Zpo�i{o�i � sribq � _ � � � ��Z�i �� �
^'�¸q y jlZ\^'�\q y ]¼or�\|\w\�,^
|�n7g�jlZ\^'or�Q�p�\o�jªg��\q y ]¼qG� Rn ¥ � ^
j x n=^ � �^,s�^,]m^
�hj+qG�
Cn(Ω)

£\¦§^µ�\qtjl^ � �p|�|p^��p�\^ ‖x‖n,∞ � i

‖x‖n,∞ = sup
r∈Ω

max
i
|xi(r)| = max

i
sup
r∈Ω
|xi(r)|
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� oruGw y ^ 8E8 ¨�Y�Z\^mikgV�p��Z y qG�\or· � jlorqt�)qt� jª¦§q��\^,w y�� sE] � ibib^
i�or�
Ω1
� �\|�jª¦§q��\^
w y�� s:] � ibib^,i�or�

Ω2
¥

Y�Zp^�or� � w\j+o�i+ibZ\qJ¦+��or�.�utw y ^ 8 �Q¥:Y�Z\^µ� y ikj+�
qG] � qG�\^
�7jli �By ^�ibZ\qJ¦+��qt��jlZ\^µs�^,�éj,£QjlZ\^µib^,�
qG�\|�qG�
jlZp^ y oruGZhj,¥

/ ^�� � ��ibor]mo�s �>y s©g�|p^��p�\^�jlZp^��\q y ] ‖.‖n×n,∞ ¹ y ^
i � ¥ ‖.‖n,∞ ºE��q y jlZ\^�i �@� �,^ Cn×n(Ω×Ω)
¹ y ^,i � ¥

Cn(Ω× Ω)
º�¥

/ ^�Z � ¢h^µjlZ\^��¸qGsrs�qJ¦+or�\u
�NÁ �����¬� ��� � � $�#0�

x ∈ Cn(Ω)
�����

M ∈ Cn×n(Ω)
* #$�1� $�#

‖M x‖n,∞ ≤ ‖M‖n×n,∞ ‖x‖n,∞
� ����#�"���#5��� +)#)	@� ��* #$�1� $�#
	����A��	 	

r ∈ Ω

‖M(r) x(r)‖∞ ≤ ‖M(r)‖∞‖x(r)‖∞
� �1# +)��24# ��#�+5%1	��+ �1��	*� 	����

Ω× Ω
�
��+0��#���� ��	

Ω
&

� ������	 ¥ � ^�j
y = M x

£\¦§^�Z � ¢h^

yi(r) =
∑

j

Mij(r)xj(r)
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� oruGw y ^ 8 �V¨EY�Z\^�s � ��¤¯qt�HikgQ�\��Z y qG�\or· � jlo�qG��qG�=jª¦§q'�\^
w y�� s@] � ibib^,i or�
Ω1
� �p|¯jª¦§q'�\^
w y�� s@] � ibib^,i or�

Ω2
¥:Y�Z\^�o�� � wQj§o�i ibZpq,¦+��o��¯�utw y ^ 8 �Q¥:Y�Z\^+� y ikj§�
qG] � qG�\^,�hjli �>y ^+ibZpq,¦+��qt��jlZ\^�s�^,�éj,£hjlZ\^�ib^,�
qG�\|
qG�.jlZp^ y orutZ7j,¥

� �\|�jlZ\^ y ^,�¸q y ^
|yi(r)| ≤

∑

j

|Mij(r)| |xj(r)| ≤
∑

j

|Mij(r)| ‖x(r)‖∞,

ibq\£\j � ¤Vor�\u�jlZ\^
maxi

‖y(r)‖∞ ≤ ‖M(r)‖∞ ‖x(r)‖∞� y qG] ¦+Z\o���Z�jlZ\^�� y ikj+ikj � jl^,]�^,�hj+^ � ibors©g��
qG]m^
i
¥
/ ^ � sribqm�,qt�pibo�|\^ y jlZp^ �\y qtn=^,�\orw\i+�\q y ] qG� Mn×n

‖M‖F =

√√√√
n∑

i,j=1

M2
ij ,

� �\|��
qG�\ibor|\^ y jlZ\^�i �� �,^
L2
n×n(Ω×Ω)

qG�=jlZ\^{�¸w\�p��jlorqt�pi � y qG]
Ω×Ω

jlq Mn×n
¦+Zpqtib^ �py qtn=^
�\orw\i

�pq y ] ori�o��
L2(Ω × Ω)

¥°`ª�
W ∈ L2

n×n(Ω × Ω)
¦§^��\qtjl^ ‖W‖2F =

∫
Ω×Ω
‖W(r, r′)‖2F dr dr′

¥
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i��,qt�p|\o©jlorqG��¹ 8E8 º�nwQj��\qtj��
qG�\|\o�jlo�qG�M¹�t�hº � �\|�jlZ\^
q � ^ y�� jlq y

gL ∗m
i � jlo©�^
i�jlZ\^¯�,qG�\|\o�jlo�qG�)qG� jlZ\^
q y ^,] H ¥Ë�V£��\qtj�jlZ � j�qG� jlZp^
q y ^
] �7¥ �V¥.Y�Z\^�o�� � wQj'o�i

srqV� � srs©g)Z\qG]mqtuG^,�\^
qGw\i
£ � i�o��¬�utw y ^ 8E8 ¥�Y�Z\^�ibqGsrwQjlorqt� o�i�ikj � npsr^t£En=^,� � w\ib^�qG��jlZ\^
q y ^,] H ¥ � � �\|
� sr]mqtikj{srqV� � s�s�g�Z\qG]mqGut^,�\^
qGw\i
¥ËY�Z\^�� y ikj{�
qG] � qG�\^,�hjli �By ^'ibZ\qJ¦+��qG��jlZ\^�s�^,�éj,£jlZ\^�ib^
�
qG�\|�qG��jlZ\^
y oruGZhj,¥
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� qtjl^.jlZ � jmjlZ\orimor] � sro�^,imjlZ � j¯^ � ��Z ^,s�^,]�^,�hj
wij , i, j = 1, · · · , n orimor� L2(Ω × Ω)

¥ / ^��\qtjl^
L2
n(Ω)
jlZ\^�ib^
j&qG��ilv7w �>y ^�«or�hjl^
u y�� npsr^µ] �>�\� or�\uGi&� y qG]

Ω
jlq
Rn
� �p| ‖x‖n,2 = (

∑
j ‖xj‖22)1/2 jlZ\^�,q yby ^
i � qG�\|\or�\u¯�\q y ].¥ / ^µZ � ¢h^µjlZ\^µ��qGs�srqJ¦+o��pu

�NÁ �����¬� �� � � $�#0�
x ∈ L2

n(Ω)
�����

W ∈ L2
n×n(Ω×Ω)

� * # ��# ,(��#
y(r) =

∫
Ω

W(r, r′)x(r′) dr′
&

� ��� + �
����# ������	 �
++* #)	 	G��# , ��#5� 	)��� ��	@2 ��+0�7��	 	
r
�
y
�
+ � �

L2
n(Ω)

����� * #$�1� $�#

‖y‖n,2 ≤ ‖W‖F ‖x‖n,2.
� ������	 ¥�e7o��p�
^m^ � ��Z

wij
o�i�or�

L2(Ω × Ω)
£
wij(r, .)

ori�o��
L2(Ω)

��q y'� s�]mqGikj � s�s
r
£UjlZ � �\¤Viµjlq

� wQnpor�\o�� i{jlZp^
q y ^
]�¥�e7q
wij(r, .)xj(.)

ori{or�hjl^
u y�� npsr^��¸q yµ� sr]�qGikj � srs
r
� y qG]¼¦+Z � j{¦§^�|\^
|pw\�
^'jlZ � j

y
ori�¦§^,s�s�«|\^
�p�\^
|��¸q y�� sr]�qGikj � s�s

r
¥ � ^�¡Vj�¦§^�Z � ¢h^

|yi(r)| ≤
∑

j

∣∣∣∣
∫

Ω

wij(r, r
′)xj(r

′) dr′
∣∣∣∣

� �\|¬¹ü± � wp��ZhgV«Ýe7��Zh¦ �>y ·Bº�¨

|yi(r)| ≤
∑

j

(∫

Ω

w2
ij(r, r

′) dr′
)1/2

‖xj‖2,

� y qG] ¦+Z\^ y ^�o©j+��qGs�srqJ¦+i�jlZ � j'¹ü± � w\��ZhgV«Ýe7��Zh¦ �>y · � u � or�H£p|\o�ib� y ^�jl^µ¢G^ y ibo�qG�@º�¨

|yi(r)| ≤


∑

j

‖xj‖22




1/2 
∑

j

∫

Ω

w2
ij(r, r

′) dr′




1/2

= ‖x‖n,2


∑

j

∫

Ω

w2
ij(r, r

′) dr′




1/2

,

� y qG] ¦+Z � j+o©j+��qGs�srqJ¦+i�jlZ � j
y
ori&or�

L2
n(Ω)
¹�jlZ � �\¤Vi � u � o���jlq � wQnpor�\o�� i+jlZ\^,q y ^,]�º � �\|

‖y‖2n,2 ≤ ‖x‖2n,2
∑

i,j

∫

Ω×Ω

w2
ij(r, r

′) dr′ dr = ‖x‖2n,2 ‖W‖2F .

� � � �	� ����� � ���#����
�� � ��� ��
�� � � �#��� � � �#�
½ w\ib^
��w\s�¢Qo�^
¦ � qGo��7j�jlZ � j�o�iµw\ib^,|�or�°jlZpo�i �>y jlo��,s�^mo�i�jlq��
qG�\ibor|\^ y jlZ\^�ikj � jl^�¢h^,��jlq y qG�:jlZ\^��\^,w y�� s
�^
sr| � i � ] �>�\� or�\u�� y qG] � �
srqGib^
|�jlo�]m^&o��hjl^ y ¢ � s

J
�
qG�hj � o��po��\uµjlZ\^�q y orutor�¯��o��hjlq�qG�\^�qG�jlZ\^�i �� �,^
i

|po�ib�,w\ibib^
|¯o��mjlZ\^ �\y ^
¢Qo�qGw\i:ib^,��jlorqG�H¥ / ^&�\qtjl^
C(J; Cn(Ω))

jlZ\^&ib^
j:qG�@�
qG�hjlor�7w\qGw\iN] �>�\� or�\uGi:� y qG]
J
jlqµjlZp^+_ � � � ��Z¯i �@� �,^

Cn(Ω)
� �\|

C(J; L2
n(Ω))
jlZp^+ib^
j qt�H�
qG�hjlor�7w\qGw\i§] �B�p� o��puti � y qG]

J
jlq�jlZ\^

¾ ors�n=^ y j'¹4Z\^
�\�,^µ_ � � � ��Z@º i �@� �,^
L2
n(Ω)
£pib^
^t£p^t¥ u\¥�£ 6 C 9¥
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� � � � � � � ��� � ������� ��� � � 
 � � � � � ��� � � �
/ ^�uGo�¢h^ � ]m^
jlZ\qV|.jlqm�
qG] � wQjl^�jlZp^µ�\q y ]mi ‖g‖G � �p| ‖g∗‖G⊥c

��q y�� ��q � ^ y�� jlq y
g
qG��jlZ\^µ��q y ]

g(x)(r) =

∫

Ω

W(r, r′) x(r′) dr′.

eVo��\�,^ G ¹ y ^
i � ^
��jlo�¢h^
s�g G⊥c
º�ori�|\^
�pib^Mo�� jlZp^ ¾ o�s�n=^ y j�i �� �
^

L2(Ω)
¹ y ^
i � ^
��jlo�¢h^
s�g

L2
0(Ω)
£�jlZ\^

ibw\npi �� �
^&qG�
L2(Ω)

qG���w\�\��jlorqG�\iE¦+o©jlZ�·
^ y q�]m^ � �=º�£t¦§^&Z � ¢h^ ‖g‖G � ‖g‖L2

� �\| ‖g∗‖G⊥c = ‖g∗‖L2
0

¥
/ ^��,qG�\ibo�|p^ y jlZ\^µ�,qt] �� �
j+ib^
sr�é« � |>zkqGo��hj�q � ^ y�� jlq y i

G = g∗g : L2 → L2

� �\|
G⊥c = g∗Pg : L2

0 → L2
0,¦+Zp^ y ^ P ori&jlZ\^µq y jlZ\qGuGqG� � s �\y q>zk^
�
jlo�qG��qG� L2

0

¥ / ^µ�
qG] � wQjl^µjlZ\^��\q y ]mi&qG��jlZp^�jª¦§qmib^,s��¸« � |>zkqtor�hj
� qtibo�jlo�¢G^�q � ^ y�� jlq y i

G
� �\|

G⊥c
£ � �p|�w\ib^µjlZ\^ y ^
s � jlorqG�\i

‖G‖L2 = ‖g‖2L2 ,

� �\|
‖G⊥c ‖L2

0
= ‖g∗P∗Pg‖L2

0
= ‖g∗P∗‖2L2

0
= ‖g∗‖2L2

0
.

� ^�j
T
n=^ � �,qt] �� �
j�ib^
sr�é« � |>zkqGo��7j � qtibo�jlo�¢G^§q � ^ y�� jlq y qt� ��¾ o�s�n=^ y j�i �� �,^ H ¥�`üjli�s �>y ut^,ikj�^
oruG^
�h¢ � s�w\^ori

λ = ‖T‖H
¥ � ^�j
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