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A PROOF OF A RECURSION FOR BESSEL MOMENTS

JONATHAN M. BORWEIN AND BRUNO SALVY

ABSTRACT. We provide a proof of a conjecture in [2] on the existence and form
of linear recursions for moments of powers of the Bessel function Kj.

1. INTRODUCTION

The aim of this note is two-fold. First, we shall give a prove a conjecture of [3, 2]
concerning the existence of a recurrence in k > 0 satisfied by the integrals

oo 1 [ & dx1dxsy - - - dz,

R /0 a '/0 (coshzy + - - - + coshay, )F+1’

for n =1,2,.... These integrals naturally arose during the analysis of parts of the
Ising theory of solid-state physics [3]. In [2] only the first four cases of Theorem 1
below were proven and the proofs relied on the ability to express the corresponding
integrals in (3) as Meijer G-functions, something which fails for n > 4.

A second aim is to advertise the power of current symbolic computational tools
and related algorithmic developments to settle such questions. For this reason we
give quite detailed exposition of the methods entailed.

Our main result (Theorem 1) is better phrased in terms of

nll'(k+1)
271

(1) ka = Cn,k-

Theorem 1 (Linear Recursion). For any fized n € N, the sequence ¢y enjoys a
linear recurrence with polynomial coefficients of the form

(2) (k+1)"epr+ > Paj(k)ennys =0,
2<j<n
J even

with deg P, ; <n+1— 7.

Substituting (1) and simplifying by n!I'(k + 1)/2" yields

(k+ 1" Cok+ Y Pujlk)(k+5)(k+5—1)(k+1)Chisj =0,
2<j<n
j even
which is [2, Conjecture 1], with extra information added on the origin of the linear
factors for the recurrence in C, j.
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2 JONATHAN M. BORWEIN AND BRUNO SALVY

. The starting point of our proof is the integral representation [2, Eq. (8)]

+oo
3) e = / * Ko()" dt,
0

where K is the modified Bessel function on which much information is to be found
in [1, Ch. 9]. The key properties of K that we will use are as follows. First

Ko(t) _ / e—tcosh(m) dr
0

which explains how the integrals in (3) arise. Moreover, we have

— a linear differential equation: (0% — #?)Kq(t) = 0 with 0 := td/dt;

— the behaviour at the origin: Ko(t) ~ —Int, t — 0;

— and behaviour at infinity: Ko(t) ~ \/m/2te™t, t — +o0.
These last two properties show that the integral (3) converges for any complex k
subject to Rk > —1 where it defines an analytic function of k. The recurrence
of Theorem 1 then gives the integral a meromorphic continuation to the whole
complex plane with poles at the negative integers.

2. EXISTENCE OF A RECURRENCE

The theory of D-finite series leads to a direct proof of the existence of a recurrence
such as (2) in a very general setting, together with an algorithm.

Recall that a power series is called D-finite when it satisfies a linear differential
equation with polynomial coefficients. A good introduction to the basic properties
of these series is given in [9]. What makes these series appealing from the algorith-
mic point of view is that they live in finite-dimensional vector spaces and thus many
of their properties can be explicitly computed by linear algebra in finite dimensions.
In this setting, the following proposition is easily obtained. It is a generalization of
our main Theorem 1, except for the absence of degree bounds.

Proposition 1. Assume that f(t) obeys a homogeneous linear differential equation
ar () (1) + - + ao(t) (1) = 0,

with polynomial coefficients a;(t) in C[t]. For a fired n € N\ {0}, let T be a path
in C such that for any k € N the integrals

I ::/t’ff(t)"dt
r

converge and the limits of the integrand at both endpoints coincide. Then the se-
quence {I.} obeys a linear recurrence with coefficients that are polynomial in n
and k and which can be computed given the coefficients a;’s.

We give the proof in two steps. The first one is classical and can be found for
instance in [9, Thm.6.4.9].

Lemma 1. D-finite series form an algebra over the rational functions.

This means that any polynomial in D-finite series with rational function coef-
ficients defines a series that is itself D-finite. In particular K satisfies a linear
differential equation.
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Proof. The proof is effective. The difficult part is the product. The derivatives
of two D-finite functions f and ¢ live in finite-dimensional vector spaces gener-
ated by f,...,f" Y and g,...,¢g"* 1. Therefore by repeated differentiation the
derivatives of a product h := fg can be rewritten as linear combinations of the
terms (Vg 0 <i <7 0<j < s which generate a vector space of dimension
at most rs. It follows that the rs + 1 successive h®) | k = 0,...,rs are linearly
dependent. A linear dependency between them can be found as the kernel of the
linear map (Mg, ..., Ars) — Xoh + -+ + Arsh("®). Any such linear dependency is a
linear differential operator annihilating fg. O

The corresponding algorithm is implemented, among other places, in the Maple
package gfun [8].
Example 1. Here is how the function gfun[poltodiffeq] is invoked to compute
a differential equation for Kj:
> eqKO:=t*diff (t*diff (y(t),t),t)-t " 2*y(t);

caK0 = t(-2y(0) + Ly(0) - Py(o)
VA2 at’
> gfu? [poltodiffeg] (y(t) "4, [eqgKO], [yg(t)] ,y(£))=0;
t4ﬁy(t) + 10t3%y(t) — (20t* — 25t2)%y(t)
3 d2 4 2 d 3
— (1206% = 15t) 5y (t) + (64¢" — 1526% + 1) —y(#) + (128¢° - 321)y(t) = 0

Example 2. Here are the corresponding steps of the calculation for the smaller
example K2:
h=KZ K =2K(K}), h' =2K?—2t""K(K}+2KZ,
) = 6t KP + 42+t ) KoK} — 2t ' K2,

where whenever possible we have replaced K] by Ko —t 'K{. Then we find the
vector (—4t, 1 — 42, 3t, %) in the kernel of

10 2 —2t~1
0 2 —2t7! 4(2+t7?)
00 2 —6t~1

This vector then produces a differential equation satisfied by K3:
2y 3) 4 3ty” + (1 — 4?)y’ — 4ty = 0.

Proof. (continued) The second step of the proof of Proposition 1 starts by expand-
ing the differential equation for h := f™ as

> dijt'hY) =
0]

for scalars d; j. This is then multiplied by t* and integrated along I'. Use of the
convergence hypotheses then allows us to deduce that

(4) Zd” / t*+H ) g = 0.
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Now, integration by parts gives

/tk“’h(ﬂ') dt = t’“*ih(j*l)‘ —(k+z‘)/tk“’*1h<ﬂ'*1> dt,
r . L r
0

— (k= i)k =i+ 1) (k=4 = Doy,

the last equality following by induction. Adding the contributions of all the terms
in (4) finally yields the desired recurrence over Ij. O

Example 3. For h:= K2, the computation gives

+oo
/ tRH2p) 4 3tk Ip o (tF — 4t 2 — 4t R dt = 0,
0

whence

(=k =2)(=k = 1)(=k)cop—1 +3(=k = 1)(—k)ca,p1
+ (—k)cgp—1 — 4(=k — 2)ca k41 — 4ea g+ = 0.
Once simplified, this reduces to
(5) Ak 4+ 1)cg k41 = ka1

Mellin transform. As the proof indicates, Proposition 1 is not restricted to integer
values of k. In particular, the method gives a difference equation for the Mellin
transform

h*(s) := /;OO tLh(t) dt

provided the appropriate convergence properties are satisfied. This difference equa-
tion then gives a meromorphic continuation in the whole complex plane. The most
basic example is T'(s): starting from the elementary differential equation y' +y =0
for h(t) = exp(—t) leads to the classical functional equation T'(s 4+ 1) = sI'(s).
Coefficients. The path I' can also be a closed contour. For instance, if h is analytic
at the origin, then the kth coefficient of its Taylor series at the origin is given by
the Cauchy integral

Ly,

2mi | thtl
where the contour encloses the origin and no other singularity of h. The algebraic
manipulations are the same as in the previous case, followed by replacing k by —k—1
and the sequence c¢; by the sequence u_j_1.

For instance, if we apply this transform to the functional equation for I', we get
first c_s = —sc_s—1 and then us_1 = —sug, which is the expected recurrence for
the sequence of coefficients us = (—1)%/s! of exp(—t).

Similarly, starting from (5) we obtain the mirror recurrence

Akép_1 = (k+ 1)%Cgy1.

Observe that this is obeyed by the coefficients of In*(¢) in the series expansion

1 3 5
K3(t) = In*(t) (1 + §t2 + ﬁt‘* + %tﬁ + .. )

+ 1In(t) (27—21112—1—(7—1112—%)t2+...>+((1n2—”y)2+...), t— 07,
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The Frobenius computation of expansions of solutions of linear differential equations
at regular singular points (see, e.g., [7]) explains why this is so.
Further generalizations. The sequence {t*} in the integral of the proposition
can be replaced by more general sequences of functions that satisfy both a linear
recurrence in k and a linear differential equation in ¢. Provided that proper analytic
conditions are satisfied at the endpoints of the path, the same result will hold. This
makes it possible to compute, for instance, recurrences for the Fourier coefficients
with respect to various bases such as orthogonal polynomials, Bessel functions,. . ..
The algorithm that applies in this case is called creative telescoping as discovered
by Zeilberger [11] and further automated in [6, 5]. Again, the computation boils
down to linear algebra in a suitably constructed finite-dimensional vector space.
In summary, all these algorithms succeed in making effective and efficient the
familiar method of differentiation under the integral sign and integration by parts.

3. PROOF OF THE MAIN RESULT

If A is a linear differential operator, the operator of minimal-order annihilating
the nth power of every solution of A is called its nth symmetric power. Because
of its role in algorithms for differential Galois theory [10] there has been interest
in efficient algorithms computing symmetric powers. In the case of second order
operators, such an algorithm has been found in [4]. We state it in terms of the
derivation 0 := td/dt in order to get better control over the coefficients of the
resulting recurrence—but the statement and proof hold for any derivation.

Lemma 2 (Linear Differential Equation, [4]). Let A = 62 +a(t)0 + b(t) be a linear
differential operator with rational function coefficients a(t) and b(t). Let Ly = 1,
Ly =0 and for k=1,2,...,n define the operator Lii1 by

(6) Lyjy1:= (0 +ka)Ly +bk(n —k+1)Li_1.

Then, for k=0,...,n+ 1, and for an arbitrary solution y of Ay = 0,
Lyy" =n(n—1)---(n—k+1)y" " (0y)"

and in particular L,41y" = 0.

[This recursion can be viewed as an efficient computation of the kernel which
was described in the previous section, taking advantage of the special structure of
the current matrix.]

Proof. The proof is a direct verification by induction. For & = 0 and k& = 1 the
identity reduces respectively to y" = y™ and 0y™ = ny"'0(y) which are obviously
true for any function y. Assuming the identity to hold up to & > 1, the heart of
the induction is the rule for differentiation of a product 0(uv) = 6(u)v + uf(v):

0" " (0y)*) = 0(y" ") (0y)* + y"*6((0y)")
= (n—k)y" "0y + ky" R (0y) T (6%y)
= (n—k)y" 1 (0y) T + Ry R (0y)F (ay + by).

Reorganizing terms concludes the induction. 0
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Example 4. In the case of Ky, we have a = 0 and b = —t2. For n = 4, starting
with Lo =1 and Ly = 0, the recurrence of Lemma 2 gives

Ly = 62 — 442,

Ly = 03 — 10t%0 — 8¢2,

Ly = 0% — 161267 — 28t%0 + 8t%(3t* — 2),

Ls = 0° — 20t26° — 60t%0% + 8t*(8t* — 9)0 + 32t*(4t* — 1).

The operator Ls annihilates K. It is a rewriting in terms of 6 of the equation of
Example 1.

Some of the patterns that emerge on this example can be proved in the general
case.

Lemma 3 (Closed Form). With the same notation as in Lemma 2, when A =
6% — t2, Ly, may be written as

k—2

o

Ly =0 +3 " a (1)07,
=0

(k)

;18 a polynomial in t2, divisible by t*> and deg atP <k-—j.

where each a y

Proof. Again, the proof is by induction. For £k = 0 and & = 1 we recover the
definition of Ly and Lq. For larger k, the recurrence (6) simplifies to

L1 := 0Ly —k(n —k+ 1)t*Ly_1.

If the property holds up to £ > 1, then this shows that the degree of Lji1 in 6
is k + 1, with leading coefficient 1 and also that the coefficient of 6% in Ly, is 0.
Extracting the coefficient of 67 then gives

k k k-1 ,
LD ag-jl + 9(@5- )) —k(n—k+ 1)t2a§- ), 0<j<k-2
J “k(n—k+ D)2, j=k—1.

These last two identities give the desired degree bound and divisibility property for
the coefficients ag-k“), 0<j<k—-1 [l
We may now complete the proof of the main result.

Proof. (of Theorem 1.) Lemma 3 shows that the coefficients of L, 41 can be rewrit-
ten as

(7) Lo =0"" 4+ > £Q;(0),
2<j<n
J even
where the polynomials @; satisfy deg@Q; <n+1 —j.
Thanks to the properties of K recalled in the Introduction, an integration by
parts yields

+oo
(8) / O™ (K (1) dt = (=1 =k = )™ty
0
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for each m. Now, we multiply L,;1K@ from (7) by t* and integrate from 0 to
infinity:

/ {thom T Kp () + Y YQ(0)KG (1)} dt = 0.
0 2<j<n
] even

Integrating term by term and using (8) finally gives the recurrence
(—k=1)""en 4+ > Qi(=1—k—j)enir; =0,

2<j<n
J even

which is the desired one, up to renaming and sign changes. 0

4. ALGORITHM

In summary, we have a relatively straightforward algorithm to compute the linear
recurrences for the ¢, , or C,, i, for given n. First, the operators Lj can be computed

as commutative polynomials Ly, as follows:
- L - -
(9) Liy1:= t% + 0L — k(n —k+ l)tszfl, 1<k <n,

with initial values IN/O := 1 and l~/1 := f. These polynomials f/k coincide with the
operators Ly when the powers of 8 are written on the right of the monomials in ¢
and 6.

Ny collecting coefficients of ¢ in L, 1, we recover (7). Substituting —1 — k — j
for 0 in the coefficient of t/ then produces the desired recurrence for Cn,k, While
replacing ¢, k4 by (k+1)--- (k4 7)C k+; for all j produces one for C,, .

Example 5. We illustrate the process for n = 4. The last operator in Example 4
may be rewritten as
Ls = 0° — 4t%(50° + 1502 + 1860 + 8) + 64t*(0 + 2)
and annihilates K3(t). Substituting —1 — k — j for 6 in the coefficient of #/ for
7 =0,2,4 gives
—(k +1)%ca + 4(k + 2)(5k% 4+ 20k + 23)cy k1o — 64(k + 3)ca pra = 0.

Since ¢4 = %l—‘(k +1)Cy i, this is equivalent to
3

2
which was proven by different methods in [2].

(k+1)*Cyp+6(k+2)(5k2 +20k+23)Cy 42— 96(k+4) (k+3)*(k+2)Capra = 0

Here is the corresponding Maple code:
compute_Q:=proc(n,theta,t)
local k, L;
L[0]:=1; L[1] :=theta;
for k to n do
L[k+1] :=expand(series(
t*diff (L[k],t)+L[k]*theta-k*(n-k+1)*t~2*L[k-1],
theta,infinity))
od;
series(convert(L[n+1],polynom),t,infinity)
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end:

rec_c:=proc(c: :name,n: :posint,k: :name)
local Q,theta,t,j;

Q:=compute_Q(n,theta,t);

add (factor(subs(theta=-1-k-j,coeff(Q,t,j)))*c(n,k+j),j=0..n+1)=0
end:

rec_C:=proc(C: :name,n: :posint,k: :name)
local Q,theta,t,j,ell;

Q:=compute_Q(n,theta,t);

(-1~ (n+1) *(k+1) "nxC(n,k) +

add (factor (subs(theta=-1-k-j,coeff(Q,t,j))
*mul (k+1+ell,ell=1..j-1))*C(n,k+j),j=1..n+1)=0

end:
On a reasonably recent personal computer, all recurrences for n up to 100 can be
obtained in less than 5 minutes (further time could be saved by not factoring the
coefficients). For example, the recursions for ¢4, and Cy  may be determined thus:
> rec_c(c, 4, k);

—(k 4+ 1)%cyp + 4(k + 2)(5k% 4+ 20k + 23)cy o — (64K + 192)cy pya =0
> rec_C(C, 4, k);

— (k4 1)*Cyp + 4(k + 2)2(5k* + 20k + 23)Cy g 12

— 64(k +4)(k +3)*(k +2)Cypsa =0

The first six cases for C), ;, are

(10 = (E+1)C1p— (k+2)Chpre
(11D = (k+1)°Coy — 4(k +2)2Ca 42
0 = (k+1)°Csp —2(k+2) (5(k+2)*+1)Cs sz
(12) +9(k +2)(k + 3)(k + 4)Cs3 344
0 = (k+1)*Cup—4(k+2)%(5(k +2)* + 3)Cypso
(13) +64(k +2)(k + 3)*(k 4+ 4)Cy k44
0 = (k+1)°Csx — (k+2) (35k" + 280k® + 882k* + 1288k + 731) Cs 442
+(k +2)(k + 3)(k + 4) (259k2 + 1554k + 2435) C5 144
(14) —225(k + 2)(k + 3)(k + 4)(k + 5)(k + 6)C5 k16
0 = (k+1)°Cs —8(k+2)* (7k* + 56k + 182k* + 280k + 171) Cg 2
+16(k +2)(k + 3)*(k + 4) (49k* 4 294k + 500) C 44
(15) —2304(k + 2)(k + 3)(k + 4)*(k + 5)(k + 6)Cé -+

as given in [2], but in which only the first four were proven. Many more recursions
were determined empirically using Integer Relation Methods—this relied on being
able to compute the integrals in (3) to very high precision—and led to the now-
proven conjecture.

Implicit in this algorithm is an explicit recursion for the polynomial coefficients of
each recursion. In the case of (12) and (13) these recursions lead to new continued
fractions for L_3(2) and ((3) respectively [3, 2]. These rely additionally on the
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facts that 0311 = L73(2),Cg)3 = 2L73(2)/9 — 4/27 and 04)1 = 7((3)/12,04)3 =

S

(3)/288 — 1/48, [2].

REFERENCES

[1] Milton Abramowitz and Irene A. Stegun, editors. Handbook of mathematical functions with

formulas, graphs, and mathematical tables. Dover Publications Inc., New York, 1992. Reprint
of the 1972 edition.

2] D. H. Bailey, D. Borwein, J. M. Borwein, and R. E. Crandall. Hypergeo-

metric forms for Ising-class integrals. Ezperimental Mathematics, To appear.
http://locutus.cs.dal.ca:8088/archive/00000326/.

[3] D. H. Bailey, J. M. Borwein, and R. E. Crandall. Integrals of the Ising class. J. Phys. A.,

(4

39:12271-12302, 2007. http://locutus.cs.dal.ca:8088/archive/00000324/ .

| Manuel Bronstein, Thom Mulders, and Jacques-Arthur Weil. On symmetric powers of differ-

ential operators. In ISSAC ’97, pages 156-163, New York, NY, USA, 1997. ACM Press.

| Frédéric Chyzak. An extension of Zeilberger’s fast algorithm to general holonomic functions.

Discrete Mathematics, 217(1-3):115-134, 2000.

| Frédéric Chyzak and Bruno Salvy. Non-commutative elimination in Ore algebras proves multi-

variate holonomic identities. Journal of Symbolic Computation, 26(2):187-227, August 1998.

[7] E. L. Ince. Ordinary differential equations. Dover Publications, New York, 1956. Reprint of

the 1926 edition.

| Bruno Salvy and Paul Zimmermann. Gfun: a Maple package for the manipulation of generat-

ing and holonomic functions in one variable. ACM Transactions on Mathematical Software,
20(2):163-177, 1994.

(9] Richard P. Stanley. Enumerative combinatorics, volume 2. Cambridge University Press, 1999.
[10] Marius van der Put and Michael F. Singer. Galois theory of linear differential equations,

volume 328 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, 2nd edition, 2002.

[11] Doron Zeilberger. A holonomic systems approach to special functions identities. Journal of

Computational and Applied Mathematics, 32(3):321-368, 1990.

FacurLTy OF COMPUTER SCIENCE, DALHOUSIE UNIVERSITY, HALIFAX, NS, B3H 2W5, CANADA
E-mail address: jborwein@cs.dal.ca

ALGORITHMS PROJECT, INRIA ROCQUENCOURT, DOMAINE DE VOLUCEAU, BP 105 F 78153 LE

CHESNAY, CEDEX FRANCE

E-mail address: bruno.salvy@inria.fr


http://locutus.cs.dal.ca:8088/archive/00000326/
http://locutus.cs.dal.ca:8088/archive/00000324/

	1. Introduction
	2. Existence of a Recurrence
	3. Proof of the Main Result
	4. Algorithm
	References

