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V/WYX�Z�[]\�^`_badcfeTgihjX�Z�[-g)klmZ�ZonYpYqrk�stpChug
vKwxlmyi[h6V�z�{x^

z6st|Y|Rlmwxh6}T[�wx[~kuWY[�wukuWY[�pO���U�t�U��ad�UnYpY[��t�U�C��a��m�o|<st�m[~g

�����-�����Y�m�m� v�lCg�q����-�m�U�Y������klUZ�|Y��qrstpCh�g�eTg�hx[�Z3g)|Ywxl��fqr}T[ hi¡¢l,¡¢[����¤£¥g�|R[-k�q¤¦<[-}GgjkuWY[-}YnY��q�pY�,|Rlm��qrkq�[-g-§Rp<stZ�[���e©¨ªu«Y¬u-®]¯%¯
° z�lmnYp<}f£±z6lm�Yq�p²��q�³m[>´,smpµ}E¨�ªj«µ¬j-®¢¶µ·¸ °A¹ vKvº��q�³U[~´��»6|²hjl¼pYl�¡ §���q¤hxhx��[½WµsUg3�<[-[�p¾}YlmpY[�hjl¿hjsm³m[½sU}T��stpChjsm�m[�lmÀ`hjWY[
k�lmZ]�µq�pµsthxq�lmp¼lmÀ)�RlthxWÁ|Rlm��q�k�q�[~g�hjl�Z3s��Tq�Z�q�Â-[�gjkuWY[-}YnY��sm�Yq���q�hiem��{¥p¼hjWYqrg2g�hxn<}Tem§K¡¢[�|YwxlU|<lCg�[�hi¡Ãl�|Ywjq�lUwxq�hiem§Ä|Rlm��q�k�e¿stpµ}
Å nµsmpUhjnYZbsUgxgxq��UpYZ�[�pCh`sm���Ulmwjq¤hjWYZ3g6ÀÆlUw v�lUgxq¤�¼�~�m�m�µ���-�Gg�eTg�hx[-Z�gÇhjWµs�h�stwj[]lU|Thxq�Z3st�Ä¡�q�hxW©wx[-�Usmwj}Yg6hxl�hxWµ[2|Rl�¡¢[�w`ltÀÈhjWY[
ÀÆ[~smgxq��Yq���q¤hie�hj[-g�h ° qA� [m��q�hjgÄst�µq���q¤hie�hjl`}Yq�g�hxq�pY�mnµq�gxW]ÀÆ[~smgxq��µ��[/stpµ}]pYlmp]ÀÆ[-sUg�q��Y��[/k�lmpT¦<�mnYwus�hjq�lUpµgj´�#V/WYlUnY�mWoZ]nµkuWo��[~gxg�klUZ�|Y��[��
hjWµstp�stp
[�TWµstn<gihjq��U[Ç[��f|µ��lUwjsthxq�lmp4§UhxWY[�[��f|Rlmpµ[�pChxqrst�ÉklUZ�|Y��[��Tq¤hie3lmÀ4hxWY[ sm���Ulmwjq¤hjWYZ3gÈ��q�Z�q�hjg¢hjWY[�q�w�st|Y|Y��qrk�st�µq���q¤hie�hjl3g�Z3st���
lUw�Z2[~}Tq�nYZ2£±gxq�Â-[�|YwxlU�Y��[�Z3g��ÄV/WYqrg�qrg/¡�Wfe
s2WY[�nµwxqrgihjq�k`qrg�|Ywjlm|RlUgx[-},hxl3Wµsmpµ}T��[`�rstwj�m[-w¢hjsmgx³�gx[hug��
Ê g`gxWYl�¡�pGq�p�hxWY[2[�T|R[�wjq�Z�[�pChug�§Olmnµw`|µwxlU|<lCgxsm��st����l�¡6gÇsUkuWYq�[-�fq�pY��s�gxq��UpYq�¦<k�smpUh`�Usmq�p�q�p½ÀÆ[-smgxq��Yq���q�hie�l��m[�w ¹ vKv�§4stpµ}

hjWY[�wj[ÀÆlUwx[ nµgxq�pY��hxWY[oklmZ�|YnYhjs�hjq�lUpµst�#wx[~g�lUnYwjk�[-g/s�h�hjWY[�q�w6ÀÆnµ����[-g�h)|Rlthx[-pChxqrst�P�È{¥p�Z3stpfe
k-smgx[-g/¡�WY[-wx[ ¹ vKv:}Tlf[-g�pYlmh)��[-sm}
hjl
s3ÀÆ[~smgxq��µ��[]gjkuWY[~}TnY��[m§Onµgxq�pY���<lmhxW ¹ vKvEstpµ}½z6zËZ3s>e
|µwxl��fqr}T[]stp�st��hx[�wjpµsthxq��m[�hxl
ÌÈÍ ¹ §O¡�WYqrkuW4§OZ�lUg�h)ltÀÎhj[�p4§Oqrg)pµlth
q�Z�|Y��[-Z�[�pChx[~}�sth�hxWY[o^�c�³m[-wxpµ[��É��[��m[-�A�
Ï�ÐCÑOÒxÓoÔ ��Õ��m� ^Ç|R[�wus�hjq�pµ��cfeTg�hx[-Z�g-§µ_�nµ�¤hjq¤£PhjsUg�³fq�pY�µ§µcTkuWµ[-}TnY��q�pY�µ§Yz�lUnYpµ}f£¥z�lU�Yq�p#§ ¹ q��T[-}f£±vKwjq�lUwxq�hie,vKwj[�[-Z�|Thxq��m[U�
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	 � ��� [-gÇg�eTg�hxX�Z�[~g6klUpTÀÆlmwjZ�[-g6smnGgihustpµ}Ysmwj}�v�lUgxq��©�~�m�m�µ���-�
l�Rwj[�pChÇ}Y[�nT��|<lU��q�hxq Å nY[-gÇ}�� lmwu}TlmpYp<stpµk�[�Z�[�pCh6�Yq�[�p
gx|��~kq�¦���[~g�§
��gxs>�Ulmq�w]¨�ªu«Y¬u�®o¯%¯`[h3¨�ªu«Y¬u�®¢¶µ·¸t���)lmnµg���hxnµ}Yq�lUpµg }Ystp<g�k[�wust|Y|Rlmwxh ��� nThxq���q�gjs�hjq�lUp�k�lmZo�Yq�p���[3}T[,k[~g }T[�nY�
|Rlm��q¤hjq Å nY[~g]}Ysmpµg���� lU|Thxq Å nY[,}T[,Z3s��Tq�Z�q�gx[�w �rs�ÀÞstqrgxsm�Yq���q�h��3[�h�|YwxlU|<lCg�lUpµg�}T[-g]st���mlmwjq�hxWYZ�[-g }�� sm����lTk�s�hjq�lUp©}Y[3|Ywxq�lmwjq�h��m§�}T[
|Rlm��q¤hjq Å nY[�}�� lUwj}TlUpYpµsmpµk[-Z2[-pCh¢[�h)}T[ Å nµstpChxnµZ |<lUnYw���[-g6gxeTgihjX�Z�[-g/v�lUgxq��½�-�U�m�Y�����#� � [~g�st���mlUwxq�hxWYZ�[~g¢}�� sm����lTk�s�hjq�lUp�gxlmpCh
Z�lmpChjw��~g,lm|Yhxq�Z�smnT�Ásmn²wx[-�Usmwj} }Tn²|RlmnY�Ulmq�w�}Tn hj[-g�h�}T[�ÀÞsmq�gjst�µq���q¤h��m§6k�� [~gihx£��t£±}Tq�wj[���s¼k-st|µsUkq�h��G}Tn hj[-g�h��¼}Yq�g�hxq�pY�mnµ[�w
��[-g,k�lmpT¦<�mnYwus�hjq�lUpµgoÀÞstqrgxsm�Y��[~g,}T[~g,klUpT¦µ�mnµwjsthxq�lmpµg2pYlUpT£AÀÞsmq�gjst�µ��[~g����¢q�[�p Å nY[���[~g,st���mlUwxq�hxWµZ2[~g2|YwxlU|<lCg��~g�w��~}TnYqrg�[-pCh,��s
k�lmZ�|Y��[�Tq¤h���}Yn |Ywjlm�Y��X�Z�[U§Kk[�����[£¥kq¢wx[~gihj[�[�T|RlmpY[-pChxq�[�����[�[�p ��[�pYlmZo�Ywj[�}T[
h� mkuWµ[-g2k[ Å nµq¢��q�Z2q�hx[���� nThjq���qrgxsthxq�lmp }Y[�k�[-g
sm���Ulmwjq¤hjWYZ�[-g!� }T[~gK|Ywjlm�µ��X-Z2[~gK}T[6|R[hjq¤hj[-gÃ[hÈZ�l�eU[�pYpY[~g�hjsmq�����[-g-�Ä\"� [-g�hÈ|RlmnYw Å nYlmqP§mpYlUnµgK|µwxlU|<lCg�lUpµg�nYpY[6Wµ[�nYwjq�g�hxq Å nY[6|R[�n
k�lmZ�|Y��[�T[ k�st|<st�Y��[ }T[�hxwustq�hx[-w/}Y[-g�|Ywjlm�µ��X-Z2[~g/}T[ �mwustpµ}Y[-gÃhjsmq�����[~g��
vÄstw�gxq�ZonY�rs�hxq�lmp#§Cpµlmnµg/klUpµg�hjs�hjlmpµg Å nY[`pYlUg¢|Ywjlm|RlUgxq�hxq�lmpµg¢|R[�wjZ2[�h�hj[�pCh6}�� lU�Thx[-pYq�w¢nµp
�Cstq�p
gxq��UpYq¤¦Rk�s�hjq¤À�[�p�ÀÞstqrgxsm�Yq���q�h��

[-p¼klmZ�|µsmwjsmq�gxlmp#� ¹ vÈv���Í`stpµg�}Y[3pYlmZo�Ywx[-nµgx[-g klUpT¦µ�UnYwjsthxq�lmpµg`pYlUpT£PÀÞstqrgxsm�Y��[~g�s>�m[-k ¹ vKv�§#��� nThxq���qrgjs�hxq�lmp¼k�lmZo�Yq�p���[3}T[
¹ vKv [�h
z6z |R[�wjZ�[h
}T[�klmp<}TnYq�wx[$�¿nµp²lmwu}TlmpYp<stpµk�[�Z�[�pCh�ÀÞstqrgxsm�Y��[m§/[h
smq�p<g�q)}Y[�ÀÆlmnYwjpYq�w,nYpY[�st��hx[�wjpµsthxq��m[$��ÌÈÍ ¹ §
|Rlm��q¤hjq Å nY[ Å nYqP§Y��[�|Y��n<g6g�lUnY�m[-pCh-§Tp�� [-g�h�|µsmg�}Tqrgx|<lUpYq��µ��[�}Ysmpµg/��[-g6gxeTgihjX�Z�[-g�}�� [�T|Y��lmq�hjsthxq�lmp4�
%�Ô �-� Ò �'& � �
� cfeTgihjX�Z�[-g/}�� ÌÄ�T|Y��lmq�hjs�hjq�lUp4§Y_�nY��hxq�£Ph� mkuWµ[-g-§<^Çwj}TlUpYpµsmpµk[-Z2[-pCh-§fz�lmnYp<}f£±z6lm�Yq�p4§ ¹ q¤�T[~}f£PvÈwxq�lmwjq¤hie�vKwj[�[-Z�|T£
hjq��U[m�
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� Ô�� � Ð� � Ô�� ��� Ð ������Õ Ñ�� V/WYqrg3gihjnµ}Te¼}T[~st�rg]¡�q�hxW hxWµ[�gjkuWY[~}TnY��q�pY��ltÀ)wj[-sm�¤£Phxq�Z�[�gxeTgihj[�Z3goq�Z�|Y��[�Z�[�pChj[-} lmp v�lCg�q��
�~�m�m�µ���-�¼klUZ2|µ��qrstpCh3^Ç|R[�wus�hjq�pµ��cfeTgihj[�Z ° ^�cµ´%��v�lUgxq¤�²�-�U�m�µ���-� � ��!±§K|Ywj[��fq�lmnµgx��e�³fpYl�¡�p¼sUg]v�lUgxq��#"<§K}T[¦<pY[-gowx[~st��£Ahjq�Z�[
[��Chj[�pµgxq�lmp2hxl v�lUgxq��]Z3stq�pY��e2klUpµk[-wxpYq�pY� gxq��Upµst�rg�§mq�pChx[-w�£±|YwjlTk[-gjg�klUZ2ZonYpYqrk�sthxq�lmpµg-§tZ�[�Z�lmwje�Z3st|µ|<[~}]¦<��[~g�§Cg�efpµkuWYwjlmpµlmnµg
smpµ}
sUg�efpµkuWµwxlUpYlmnµgÃ{x^o§Chxq�Z�[�wug�stpµ}�gxkuWµ[-}TnY��q�pY� ° s2wx[~k�st|
ltÀ�v�lCg�q���� gÃÀÆ[~s�hxnµwx[~g/wx[-��sthx[-},hxl3gjkuWY[-}Tnµ��q�pY�2q�g/�Uq��U[�p�q�p%$u�Y���-´�
V/WYqrg6g�hjsmpµ}Ystwu},W<smg/�R[-klUZ�[ �m[�wje3|Rlm|YnY�rstw6smpµ}
Z2lCgih6lmÀ#hjlf}µs>e � g)^�c
klmpYÀÆlmwjZ�§Ysth6��[~smg�h�|µstwxhxqrst����eU§Chxl3q�h-�

& � Ô �
& Ð 	 Õ Ð'(�*) � )ÞÔ��+� v�lUgxq��¼�-�m�U�Y�����Gk�lmZ�|Y��q�smpUho^�cTg`|Ywjl��fq�}Y[�hi¡¢l�gjkuWY[-}YnY��q�pY��|<lU��qrkq�[-g-§ÉpµsmZ2[-��e�¨�ªu«Y¬u�®¢¶<·¸�stpµ}
¨�ªu«Y¬u�®o¯%¯%§�¡�WYqrkuW²nYpµ}T[-w�gxlmZ�[�wx[~gihjwxqrk%hjq�lUpµg3}Tqrgxk�nµgjg�[~} q�p,$u�Y���m§/smwx[�wj[-gx|R[-k%hjq��U[���e¼[ Å nYq���st��[�pCh3hxl ¹ q��T[-}ÁvKwj[�[-Z2|Yhxq��m[
vKwjq�lmwjq¤hie °Þ¹ vKvÃ´ostpµ}�z�lUnYpµ}f£¥z�lU�Yq�p ° z6z ÀÆlmwog�WYlUw�h%´%��V/Wfnµg�§�nYpµ}Y[�w]v�lCg�q�� �~�m�m�µ���-�4§4[~smkuW�|Ywjlfk�[-gjg qrg�smgjg�q��mpµ[-}©�<lmhxW
s�|Ywjq�lUwxq�hiem§Äs½gjkuWY[~}TnY��q�pY��|<lU��qrke¼smpµ}É§Äq�p¼hjWY[�k-smgx[�lmÀÇz�lmnµpµ}f£¥z�lm�Yq�p4§Ks Å n<stpChxnYZ�� Ê h�[-smkuW |<lUq�pCh�q�p hxq�Z2[U§Klmpµ[�ltÀ
hjWY[�wx[~sm}Te�|YwjlTk[-gjgx[-g6¡�q�hxW�hxWµ[oWYq��mWµ[-g�h`|Ywjq�lmwjq¤hie�qrgÇ[��T[-knYhx[-}4§4smk�k�lmwu}Tq�pY�3hxl
hxWµ[2wjnY��[-gÇltÀ¢q¤hug`gjkuWY[~}TnY��q�pY�
|<lU��qrke ° [m� �µ��§
efq�[��r}Tq�pµ��hxWY[o\ÃvÈ»ËstÀÎhx[-w/hxWY[ [-pµ}�ltÀ�s Å nµsmpChxnYZ nµpµ}T[�w6z)z)´%�
V/WY[ |µwxlU�Y��[-Zºsm}µ}Twx[~gxgx[-}
WY[-wx[ qrg/hxl3sUgxgxq��Up
|µwxq�lmwjq¤hjq�[~g�§T|Rlm��qrkq�[-g6smpµ} Å n<stpChjsohxl�husmgx³Tg/q�p�gxnµkuW�so¡/s>e�sUg/hxl�wj[-gx|<[~k%h

}T[~sm}T��q�pY[3klmp<gihjwjsmq�pChjg-� ¹ lmw ¹ vKv�st��lmpµ[m§OhxWµ[2¡¢[�����£P³fpYl�¡�p Ê nµ}Ygx��[�e½sm���Ulmwjq¤hjWYZ-� �.!Èq�g�lU|Thxq�Z3st�P�0/)[�wj[o¡¢[3klUpµg�qr}T[-wÇhjWY[
k-smgx[-g ° �~´)¡�WY[-wx[ohxWY[ Å nµstpChjnYZ ��st��nY[oqrg�s�gxeTgihj[�Z2£P¡�qr}T[2klmp<gihustpCh�smpµ} ° �m´)¡�WY[�wj[ Å nµsmpChjs�k-stp��<[�kuWYlUgx[�p½lmp�s,hjsUg�³C£
|R[�wx£Ahusmgx³��µsUg�qrg-� Ê h6hjWY[�hxq�Z�[�ltÀÄ¡�wjq¤hjq�pY�<§µk�sUg�[ ° �~´/qrg�nYp<}T[�w)gxnY�YZ�qrgxgxq�lmp�stpµ}�k-smgx[ ° �m´�Wµsmg��R[�[-p�|YnY�Y��qrg�WY[~}�q�p1� �.!±� Ê g
q�hÃ¡�q����R�R[Çgx[�[�p�q�p2$u�Y�í��stpµ}2$3"µ�í�f§UhxWY[`klUZ2|µ��[��fq�hxq�[-gÃltÀOhjWY[-gx[6hi¡¢l�|Ywjlm�Y��[�Z3gÃstwj[6g�nµkuW,hxWµsthÃstp,[��TWµstnµg�hxq��m[Çg�[~stwukuW2qrgKpµlth
ÀÆ[~smgxq��Y��[�[��U[�p�lmp�g�Z3st���Ég�q�Â�[�|Ywjlm�µ��[-Z�g-� ¹ lUw�q�pµg�hjsmpµk[U§Ys�husmgx³�gx[h�ltÀ�k�stwu}Tq�pµst��q�hie

10
¡�q�hxW�husmgx³U£¥gx|<[~kq�¦<k Å nµsmpChjs2kuWYlUgx[�p

smZ2lUpY�04]}Tq R[-wx[-pUh/��st��nY[-gÃwj[ Å nYq�wx[~gÄhxl�stp<st��eCÂ-[�hxWµ[)ÀÆ[~smgxq��Yq���q¤hie3lmÀ4Z2lUwx[)hxWµsmp 1011 }Tq R[-wx[-pCh/k�lmpT¦µ�UnYwus�hxq�lmp<g ° gx[�[5$3"<� �t´�

� Ô�� ��� ) � �#� )ÞÔ�� � � V#wusm}Yq¤hjq�lUpµst����eU§µhjWY[oz)z�|Rlm��q�k�e�qrgÇlmpY��e�klmp<g�qr}T[�wj[-}�n<g�[�ÀÆnY��ÀÆlmw`��l�¡ |Ywjq�lUwxq�hie�|YwxlTk�[-gjg�[~g6|R[�wxÀÆlmwjZ2q�pY�
gxlmZ�[½�<smku³f�mwjlmnYp<}Ák�lmZ�|YnThus�hjq�lUp hjsmgx³Tg56�¡�WY[�p¾pYlthjWYq�pµ� Z�lmwj[Gq�Z2|RlmwxhjsmpCh
qrg�wjnYpYpYq�pY��7u��{¥p!hxWYqrg
g�hxn<}Tem§`smg,¡¢[�}Yq�}
q�p8���~�T§4��!±§#¡¢[3stwj�mnY[ohxWµsth�hxWY[,k�lmZ]�µq�pY[~}½n<g�[�ltÀ/z6z stpµ} ¹ vKv�st����l�¡6g6hjlGg�nµk-k[~gxg�ÀÆnY����eGgjkuWY[-}YnY��[3s��rstwj�m[2pCnµZ]�R[�w ltÀ
gxeTgihj[�Z3g¢hxWµsth)stwj[�nYpµgjkuWY[-}Tnµ��sm�Y��[�¡�q�hxW ¹ vKv!st��lmpµ[m�
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V/WY[�|Ywjlm�Y��[�Z sU}Y}Twj[-gjg�[~}�WY[�wj[�qrg�}Tq O[�wj[�pChohxWµsmp q�p¼hxWµ[
|Y�rstq�p ¹ vKv k�sUg�[
�<[~k�stn<g�[�hxWY[�nµgx[
lmÀ)z6z ��[-sU}Yg�hjl½hjWY[
lTk�k�nYwjwx[-pµk[3lmÀ/gjkuWY[-}YnY��q�pY� 6xstpµlmZ3st��q�[~g 7%§4¡�WYqrkuW¼stwj[3g�lUZ�[hxq�Z�[-goklmnµpUhj[�wx£Pq�pChxnYq�hxq��m[U� ¹ lmw�q�pµg�hjstp<k[m§�smg�q¤h]¡�q����È�R[�g�[-[�p
q�p $u�T�o4f§4q�pµk�wx[~smgxq�pY��hxWY[ Å nµsmpChxnYZ���sm��nY[2ÀÆlUw�s
husmgx³Gk�stp©��[-sm}©gxlmZ�[hjq�Z�[-gÇhjl�s��Uwx[~s�hx[-wÇwj[-gx|Rlmpµgx[]hjq�Z�[�ÀÆlUwÇhjWYqrg�hjsUg�³O�
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�R[,k�sUg�[~gÇ¡�Wµ[�wj[]hjWY[3st���mlmwjq�hxWYZ ¡¢lmnY�r}©}Tq�gjk�smwj}�gxkuWµ[-}TnY�rst�µ��[�smgjg�q��mpµZ2[-pChjg`stpµ}½hxWfnµg�pYlmh �<[3lU|Thxq�Z3st�P�]{¥p©hxWYqrg g�hxnµ}TeU§
ÀÆ[~smgxq��Yq���q¤hie�qrg)smgjgx[-gjg�[~}
�fe
hxWY[2stpµsm��eTgxq�g6|YnY�Y��q�gxWY[~}�q�p � ��!±§R¡�WYq�kuW½[�pµgxnYwj[-g/hjWµs�hÇhxWY[2klmZ�|YnYhx[-}Gwx[~g�|Rlmpµgx[�hxq�Z�[]�RlmnYp<}Yg
}T[~kwj[-sUg�[�¡�WY[�pÁhjWY[�g�[�h,ltÀÇWµq��UWY[�w�|Ywjq�lUwxq�hie�hjsUg�³Tg�qrg�wx[~}Tnµk�[-}É� V/WYqrg3|Ywjlm|R[�wxhie¿[�pµsm�Y��[~g2nµg�hxl�nµgx[�stp Ê nµ}µg���[�eC£±��q�³m[
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ÀÆ[-smgxq��Y��[ k�lmpT¦µ�UnYwus�hxq�lmp<g��
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° qA� [m��§ Å n<stpChjs
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^�cTg-§µq�hÇqrg)g�hxwjlmpY�U��e�gxnY�U�m[-g�hx[~}�pYlth6hjl,nµgx[�q�hÇq�ÀÄs,|<lUw�hust�Yq���q�hie�q�gÇs�Z�sth�hj[�w)lmÀKklmp<k[�wjp4� O©[�¡�q�����pYlthÇk�lmpµgxqr}T[�w6q�h
q�p�lUnYw6stpµsm��eTgxq�g-�

Ê gxgxlTkqrs�hx[~}�¡�q¤hjW,[-sUkuW3|<lU��qrke2qrgÈs |Ywjq�lmwjq¤hieowjsmpY�m[U��ÍÇ[�|R[�pµ}Yq�pY�olmp�hjWY[)q�Z�|Y��[-Z�[�pChjsthxq�lmp4§UhxWY[~g�[)|Ywxq�lmwjq�hieowustpY�U[-g�Z3s>e2lmw
Z3s>e3pYlmh/l��U[�wj��sm|,�YnTh�Z�lUg�h/q�Z�|Y��[�Z�[�pChus�hxq�lmp<g�st����l�¡²l��U[�wj��sm|Y|Yq�pY�µ� �6lmhx[ÇhxWµsth¢hjWY[-gx[�|Ywj[��fq�lUnµgx��e�[�T|Y�rstq�pY[~}
gjkuWY[-}YnY��q�pY�
Z�[-kuW<stpYqrg�Z3gKgxq�Z2q��rstwj��e]sm|Y|Y��e]hjl v�lUgxq¤�ohxWYwj[-sU}Yg�¡�q¤hjW�hxWY[Çg�eTg�hx[�Z klUpUhj[�pChxq�lmp3gjklU|<[6sUgKgihustpµ}µstwu}Tq�gx[-}o�fe]v�lUgxq��
�-�U�m�µ���~k
g�hjsmpµ}Ystwu}%�í� !±�
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V/WY[3sUk%hxq��fq¤hjq�[~g`ltÀKhjWY[3g�eTg�hx[�Z�smwx[2Z�lT}T[���[-}½�CeGs�gx[h
T
lmÀ
n
|R[�wjq�lT}Tqrk�stpµ}½q�p<}T[�|R[�pµ}Y[�pCh�hjsmgx³Tg

T = {τ1, τ2, ..., τn}
�

ÌÈsUkuW]husmgx³
τi
qrgÄkuWµstwusmkhx[-wxq�Â�[~} �fe]sÇhxnY|Y��[

(Ci, Ti, Di)
¡�WY[-wx[/[-sUkuW]wj[ Å nY[~gihÄltÀ τi §mk�sm����[-}2stp2q�p<gihustpµk�[m§tWµsUgÄstp2[�T[-k�nThxq�lmphjq�Z�[�ltÀ

Ci
§Ysowx[-��sthxq��m[Ç}Y[-sm}Y��q�pY[

Di
smpµ}�so|<[-wxq�lT}�[ Å nµst�Rhxl Ti hxq�Z2[�nYpµq¤hug��Ã^ÇpY[�}T[-pYlthj[-g¢�fe τi,j hxWY[ jth wj[���[-smgx[)lmÀ τi �Ê g�nµgxnµst�P§fhxWY[ wj[-gx|Rlmpµgx[`hxq�Z2[ lmÀ�smp�q�pµg�hjsmpµk[�qrg¢hxWY[�hjq�Z�[ [��rst|<g�[~}��R[hi¡¢[�[-p�q�hjg�smwxwjq��>sm�Éstpµ}�q�hjg�[-pµ}�lmÀ�[��T[-knYhxq�lmp4�

»)pµ}T[�wÇv�lUgxq¤���-�U�m�Y�����#§µg�[-[<$u�Y���m§<[~smkuW�hjsUg�³
τi
|<lCgxgx[-gjgx[-g��RlthjW½s3|Ywjq�lUwxq�hie

pi
smpµ}�s�gjkuWY[-}YnY��q�pY�,|Rlm��qrke

schedi
�6{¥p

hjWYq�gÄg�hxn<}Tem§t¡¢[�kuWYlflUgx[KhjWY[�klmpf�U[�pChxq�lmp=6ihxWµ[/gxZ3st����[-w#hjWY[/pfnYZ�[�wjq�k-st�f��st��nY[m§�hjWY[/WYq��mWY[-w�hjWY[/|Ywjq�lUwxq�hiei7u�4{¥p�sm}µ}Tq¤hjq�lUp�hjlÇhjWY[
|Ywjq�lmwjq¤hieU§UnYp<}T[�w/z6z §f[-sUkuW3hjsUg�³

τi
qrg¢sUgxgxq��mpY[~}3s Å nµstpChjnYZÜ��st��nY[ ψi ��V/Wµ[Ç|Ywjq�lmwjq¤hie�stpµ}�gxkuWY[~}TnY��q�pµ�]|Rlm��q�k�e�sUgxgxq��mpYZ�[�pCh

P
q�g¢ÀÆnY����e�}T[¦<pY[-}
�fe,s2gx[h�lmÀ

n
hjnY|Y��[-g

(τi, pi, sched
P
i )
° qP� [U�ÄlmpY[`ÀÆlmw/[~smkuW,husmgx³Y´%� Ê Å n<stpChxnYZ smgjg�q��mpYZ�[-pUh/nYpµ}Y[�w P §}T[-pYlthj[-}
�fe

ΨP
§Y}T[¦<pY[-gÃhxWµ[�g�[�h¢lmÀ Å nµstpChjnYZÜ��st��nY[-g ψΨP

i

¡�WY[�wj[
ψΨP

i

qrgÃhxWY[ Å nµstpChjnYZ ltÀ τi �KV/Wµ[`¡�Wµlm��[`gjkuWY[-}YnY��q�pY�qrg/ÀÆnY����e�}T[¦<pY[-}��fe3hxWµ[�hxnY|Y��[
(P ,ΨP)

¡�WYqrkuW�qrg�k�sm����[-}�s�ªu¸�
~¶*� �T¯3�����Þ¸�
�lmÀ�hjWY[�g�eTg�hx[-Z��
»)pµ}T[�w�sUgxgxq��UpYZ�[�pCh

P
§ChxWµ[`gx[h/ltÀÉhusmgx³fg

T
qrg¢|µstwxhxq�hxq�lmpµ[-}3q�pChxlogx[�|<stwus�hx[)��s>eU[�wug�§ClmpY[Ç��s>eU[�wÈÀÆlmw¢[-smkuW�|Ywxq�lmwjq�hieo��[��U[��

j¡�WY[-wx[ÇhxWµ[`�rs>em[-w
T P
j

qrgÈhjWY[�g�nY�<g�[�h¢lmÀ#hjsUg�³Tg¢smgjg�q��mpµ[-}�hjlo|Ywjq�lmwjq¤hie���[��m[-�
j
�K»)pµ}T[�w

P
§
T P
hp(j)

° wx[~g�|#�
T P
lp(j)

´¢}T[�pYlmhx[~gÈhjWY[
gx[h)lmÀÈst���ÉhjsUg�³Tg)|<lCgxgx[-gjg�q�pY�3s3WYq��mWµ[�w ° wx[~g�|4�/��l�¡Ã[-wu´¢|µwxq�lmwjq¤hie�hxWµsmp

j
� Ê ��s>eU[�w�q�pG¡�WYqrkuWGst���4husmgx³fg)stwj[�gxkuWY[~}TnY��[-}�¡�q�hxW

z6z ° wj[-gx|4� ¹ vKv¢´6qrgÇk-st����[~}Gstp�z6zË�rs>em[�w ° wj[-gx|4� ¹ vKv:��s>eU[�w%´%�6{¥p�hjWY[oÀÆlm����l�¡�q�pY�µ§
P
lmw

ΨP
¡�q������<[2lmZ�q�h�hx[~}�¡�WY[-pGpYl

k�lmpTÀÆnµgxq�lmpµg�smwx[�|RlUgjg�q��Y��[m� Ê ��qrg�h6ltÀ#hjWY[ pYlmhjs�hjq�lUpµg/qrg�|Ywjl��Cqr}T[~},q�p�sm|Y|R[�pµ}Tq���sth/hxWY[ [-pµ}�ltÀ#hjWYqrg�wx[-|<lUw�h~�
{¥p hjWY[�ÀÆlm����l�¡�q�pY�<§�s�hjsUg�³

τi
qrg�gjstqr}E¨�ªj«µ¬j���� ���H��¬©nYp<}T[�w�smgjg�q��mpYZ�[-pUh

(P ,ΨP)
q�À�q�hjg,wj[-gx|Rlmpµgx[�hxq�Z�[½�RlmnYpµ}4§6smg

k�lmZ�|YnThj[-}��fe,hjWY[�[�Tqrgihjq�pµ�3v�lCg�q����~�m�U�Y�����
gjkuWY[~}TnY�rst�Yq���q�hie
smpµst��eTg�qrgD� ��!±§µqrg�pYl3�mwj[-sthx[-w/hxWµsmp�q�hjg)wx[-��sthxq��m[ }T[~sm}T��q�pµ[ ° qP� [U�
Z3s��Tq�Z]nYZ }Tnµwjsthxq�lmpGst����l�¡Ã[~}
�R[hi¡¢[�[-p�hxWY[2stwjwxq���st�4lmÀÈstp�q�pµg�hjstp<k[]smpµ}�q¤hug)[-pµ}�lmÀ�[��T[-knYhxq�lmp<´�)V/WY[]¡�Wµlm��[]g�eTg�hx[-Z qrg
gjstqr}�gxkuWµ[-}TnY�rst�µ��[�q�ÀKst���4husmgx³fgÇstwj[�gxkuWµ[-}TnY�rst�µ��[U� �)lthj[ hxWµsth6hxWµ[�hx[~gih`|Ywj[-gx[�pChx[~}
q�pR� �.!�q�gÇg�n"�,k�q�[-pUhÇ�YnThÇpµlth)pY[~k[~gxgjstwjem§
hjWY[�wj[ stwj[)hjWCn<g¢hjsmgx³�gx[hug/¡�WYq�kuW�¡�q����ÉpYlmh��<[ k�rsmgjgxq¤¦µ[~}
sUg/gxkuWY[~}TnY�rst�Y��[`¡�WYq���[�hxWµ[�wj[Ç[��fqrg�h�k�lmpT¦<�mnYwus�hjq�lUpµgÈnµpµ}T[�w�¡�Wµq�kuW
pYl,}Y[-sm}Y��q�pY[-g�smwx[`Z�q�gjgx[-}É�

��� 3 	 ././=
���
�"#4'�A@.

{¥p½hxWYqrg�gihjnµ}Te�M�smgÇ[�T|Y�rstq�pY[~}�q�p� �/���t§OlUpY��e©¨�ªu«Y¬u�®¢¶µ·¸�smpµ}�¨�ªj«µ¬u�®o¯%¯,stwj[ok�lmpµgxq�}Y[�wj[-}�ÀÆlmw`|Rlmwxhjst�µq���q¤hie�klUpµk[-wxp#�`ÍÇnY[
hjl�hxWY[�k�lmZ�|Y��[�Tq¤hie�ltÀ�sUgxgxq��mpYq�pY�2|Ywxq�lmwjq�hxq�[-g-§ Å n<stpChjs2stpµ}�gjkuWY[-}YnY��q�pY��|Rlm��q�k�q�[~g�§fhjWY[�ÀÆlm����l�¡�q�pY�2wx[~gihjwxqrk%hjq�lUpµg�stwj[`Z�sU}T[ P
�m��klUpUhj[�fhÇgx¡�q¤hukuW���sthx[-pµkq�[-gÇstwj[ pY[��U��[~k%hx[~}É§R�YnTh)hjWY[�e�klUnY�r}��<[oq�pµk���n<}T[-}�q�p�hxWµ[ogjkuWY[-}Tnµ��sm�Yq���q�hie�smpµst��eTg�qrg�ltÀ � �.!Äsmg
k�rsmgjg�qrk�sm����e,}TlUpY[ ° gx[�[m§YÀÆlmw�q�pµgihustpµk�[m§W���m��!Æ´%§
�T��g�q�pµk�[os
|Ywxq�lmwjq�hie
��[��U[���¡�q¤hjWYlmnTh stpfe�hjsUg�³TgÇWµsmgÇpYl�[ O[-kh`lUp�hxWY[3gjkuWY[-}YnY��q�pY�<§R¡¢[]q�Z�|<lCg�[ohxWµ[o|Ywjq�lmwjq¤hie�wjsmpY�m[�hxl
�<[�k�lmpChxq��mnµlmnµg-§
�Y�¢hi¡Ãl�hjsUg�³Tg6W<s>�Cq�pY��}Tq O[�wj[�pCh�gxkuWY[~}TnY��q�pµ��|Rlm��q�k�q�[~g)Wµs>�U[o}Tq O[�wj[�pChÇ|Ywjq�lmwjq¤hjq�[~g�§OqP� [U��§

∀i 6= j
§
schedi 6= schedj =⇒

pi 6= pj
§

"µ��st���Ä¨�ªj«µ¬u�®¢¶µ·¸2husmgx³Tg/Z]nµg�h)|RlUgjg�[~gxg/}Tqrgihjq�p<k%h)|Ywjq�lmwjq¤hjq�[~g °
schedi = schedj = sched � fifo =⇒ pi 6= pj

´�GO²q�hxW
hxWYqrg3smgjgxnYZ�|Thxq�lmpÁstpµ} ¡�q¤hjWYlmnYh�|µwxq�lmwjq¤hie¼kuW<stpY�U[
s�h3wjnYpT£Phxq�Z�[m§6¨�ªu«Y¬u�®¢¶<·¸©q�g�[ Å nµq���st��[�pCh2hxl©¦Y�T[-}T£P|Ywj[�[-Z�|Thxq��m[
|Ywjq�lUwxq�hie °A¹ vKvÃ´%�KV/Wfnµg-§Kgx[��m[-wjsm�ÄhjsUg�³TgoWµs>�fq�pµ��hxWY[�gxsmZ�[�|Ywjq�lUwxq�hie�stwj[,pY[-k�[-gjgxsmwxq���e©gjkuWY[-}YnY��[~}�nYpµ}T[-w�¨ªu«Y¬u-®]¯%¯
|<lU��qrkeU§

4T�¢hxWY[ Å nµsmpChxnYZ ��sm��nY[�k-stp��<[�s�gxeTgihj[�Z2£P¡�qr}T[ klUpµg�hjstpCh�lmw�gx|<[~kq�¦<k`hxl3[~smkuW�hjsmgx³O�

����� � 8 :@�!<@=>?�� 5>#�?4#�� � ��A
� ? � .9#�. =@A><$�6 +-'�./#10����  �!8�������� �

{¥p�hjWYq�g)|µstwust�Uwjsm|YW4§f¡¢[]g�nµZ2Z3smwxq�Â�[`hxWµ[]gxkuWµ[-}TnY�rst�µq���q¤hie�stpµsm��eTgxq�ge� �.!�ltÀKs3klUpT¦µ�mnµwjsthxq�lmp
(P ,ΨP)

nYpµ}T[-w)v�lUgxq¤�É�¢V�sUg�³Tg
gjkuWY[-}YnY��[~}�nYpµ}T[-wÇv�lCg�q���k-stp��R[o}T[~gxk�wxq��<[~}�smgÇs,g�nµ|<[-wx|RlUgxq¤hjq�lUp�ltÀK|Ywjq�lUwxq�hie��rs>em[-wjgD� �.!±� Ê h)[~smkuW�|Rlmq�pUhÇq�p�hjq�Z�[U§<lUpY[�ltÀ
hjWY[�wx[~sm}Te�q�pµg�hjstp<k[-gÇ¡�q�hxW�hxWY[�WYq��mWY[~gih�|Ywjq�lUwxq�hie ° ��[h�� g�gjs>e

pi
´)qrg`[�T[-k�nThx[~}�sUgÇgxlflmp©smg�stpµ}�smg`��lmpY��smg`pYl�q�p<gihustpµk�[-g

q�p�hxWY[ WYq��mWµ[�w/|Ywjq�lUwxq�hie3��s>eU[�wug ° q�pµgihustpµk�[-g/lmÀ#hjsUg�³Tg¢q�p
Thp(pi)

´/smwx[`|R[�pµ}Tq�pY�<�Ä{¥pµg�qr}T[�[-sUkuW
|µwxq�lmwjq¤hie3�rs>em[-w-§Cq�pµgihustpµk�[-g�smwx[

Ø�Ø î�pµú%ô%ù%ö



� �����/¯x¬?
��Þ¬¯bM������n�
	>¬H�

gjkuWY[-}YnY��[~}½[-q¤hjWY[�w sUk�klUwj}Yq�pY��hxl ¹ vKv lmw z6z ¡�q¤hjW½hjWY[owj[-g�hxwjqrk%hxq�lmp<g)hjWµs�h�sm����q�pµgihustpµk�[-g`�R[���lmpY�Uq�pY�
hxl
hxWµ[�gjstZ�[2��s>eU[�w
Wµs>�U[`hxWY[�gjstZ�[�|<lU��qrkeU�
¹ vKv |Rlm��q�k�e,q�g�sUkuWYq�[��m[~},¡�WY[-p�sowj[-sm}Ye3q�pµg�hjsmpµk[

τi,j
q�g/[��f[~knThj[-}
¡�WY[�p�pYl�WYq��mWY[-w/|Ywxq�lmwjq�hie2q�pµg�hjsmpµk[~g/q�g/|R[�pµ}Yq�pY�<�

»)pµ}T[�w z6z�§Rs,hjsmgx³
τi
Wµsmg)wx[-|<[~s�hx[~}T��e
hjWY[2lm|Y|RlmwxhxnYpµq¤hie
hxl
[�T[-k�nThx[2}TnYwjq�pY��s3hjq�Z�[�g���lth`ltÀKZ3s��Tq�Z�sm�#��[�pY�mhxW

ψΨP

i

�Ç{±À
hjWY[`hjsmgx³3WµsUgÃpµlo|R[�pµ}Yq�pY��q�pµg�hjstp<k[`lmw/��[~gxg¢|R[�pµ}Yq�pY��¡¢lmwj³2hxWµsmp,hxWµ[�gx��lth/q�g/��lmpY�<§ChxWY[-p�hjWY[Çwj[-g�h/ltÀ#hjWY[ g���lth/qrgÃ��lUg�h�stpµ}
hjWY[�husmgx³�WµsUg�hxl3¡/stq�h6ÀÆlUw6hxWµ[�pY[�fhÇk�eTk��[ hxl,wj[-gxnYZ�[m�/V/WY[ hjq�Z�[o�<[�hi¡Ã[-[�p�hi¡¢l,klmp<g�[~knThjq��U[ lm|Y|RlmwxhxnYpµq¤hjq�[~g/hxl,[��T[-knYhx[
Z3s>e���stwjem§É}T[-|<[-pµ}Tq�pY�
lUpGhjWY[2sUk%hjnµst�Ä}T[-Z�smpµ}GlmÀKhxWµ[olmhxWY[-wjg)hjsUg�³Tg-§R�µnTh q¤h qrg)�RlmnYp<}T[-}��fe

ψ
ΨP

i =
∑

τk∈T P
pi

ψΨP

k

q�p
smpCe
q�pChj[�wj�>sm�4¡�WY[-wx[ hjWY[]k�lmpµgxq�}Y[�wj[-}�hjsmgx³�Wµsmg�|R[�p<}Tq�pµ�,q�p<gihustpµk�[-g6sthÇstpfe�Z�lUZ2[-pCh-�¢{¥p1� ��!P§<¡ÃlUwjg�h�£¥k�sUg�[`wx[~g�|Rlmp<g�[�hjq�Z�[
�RlmnYp<}Yg�ÀÆlUw]|Ywjq�lmwjq¤hie©��s>eU[�wug Wµs>�U[3�<[-[�p }T[-wxq��m[~}�q�p s�¡¢s>e�hxW<s�hoqrgoq�pµ}Y[�|R[�pµ}T[-pCh]ÀÆwjlmZ hxWY[�gxkuWµ[-}TnY��q�pY�G|Rlm��q�k�q�[~g�nµgx[-}
ÀÆlUw][-sUkuW¿��s>eU[�w~��V/WYq�g2stp<st��efgxqrg q�go�µsUg�[~}�lmp�hxWµ[
klUpµk[-|Th]lmÀ6Z�styilmwjq�Â-q�pµ��¡ÃlUwx³©stwjwxq���st�ÄÀÆnYp<k%hxq�lmp<g�§Ä¡�WYqrkuW¿Z�[-sUg�nYwj[�s
�RlmnYp<}
lUp�hjWY[ |YwjlTk[-gjgxlmw/}T[�Z3stp<}É§TÀÆlmw�[~smkuW�hjsmgx³O§Tl��m[-w/smp
q�pChx[-wx��st�4g�hjsmw�hjq�pµ�2sth�s 6��m[-pY[�wust��q�Â-[-}
kwjq¤hjq�k-st�Éq�pµgihustpChZ7%�ÄV/WY[
Z3s�yilUwxq�Â�q�pY�2¡ÃlUwx³,smwxwjq��>sm�RÀÆnYpµk%hjq�lUp�lmp�stp�q�pChj[�wj�>sm�ÉltÀ���[-pY�thjW

t
ÀÆlmw6s2|R[�wjq�lT}TqrkÇhjsUg�³

τi
q�g P

si(t) = Ci ·

⌈
t

Ti

⌉ � ° �~´

V/WY[ ¡¢lmwug�h�£¥k�smgx[)wj[-gx|Rlmpµgx[)hjq�Z�[ �RlmnYp<}�k-stp��R[ [�T|Ywj[-gjg�[~}�smg

Z�st�
j<j∗ (ei,j − ai,j)

§ ° �m´

¡�WY[-wx[
j∗ =
Z�q�p

{j | ei,j ≤ ai,j+1}
§C¡�WY[�wj[

ai,j
qrgKhjWY[Çwj[���[-sUg�[)ltÀÉhxWµ[

j
hxW q�pµg�hjsmpµk[ÇltÀ

τi
stÀÎhx[�wÃhxWµ[`k�wxq�hxqrk�sm�<q�pµg�hjstpCh/stpµ}

ei,j
qrg�s]�RlmnYp<}�lUp,hxWµ[`[��T[-knYhxq�lmp�[�pµ}
ltÀ4hjWYqrg/q�pµg�hjsmpµk[U�Kcfq�p<k[

τi
qrg�s]|R[�wjq�lT}Tqrk)hjsmgx³O§

ai,j = (j − 1) · Ti (j = 1, 2, ...)
�

{±À
τi
qrg/q�p�smp ¹ vKv �rs>em[-w-§ChxWµ[�p

ei,j =
Z�q�p

{t > 0 | s̃i(t) + si,j = t}
§ ° �C´

¡�WY[-wx[
s̃i(t) =

∑
τk∈T P

hp(pi)
sk(t)
qrg�hxWµ[)}T[�Z3smpµ}oÀÆwxlUZ�WYq��mWY[-wÄ|Ywjq�lUwxq�hie hjsUg�³Tg ° qA� [m��hjsUg�³]q�p

T P
hp(pi)

´�smpµ}
si,j =

∑j
i=1 Ciqrg/hxWµ[�}T[�Z3stp<},ÀÆwjlmZ |Ywx[-�fq�lUnµg¢q�pµg�hjsmpµk[~g�stpµ}�hxWµ[�knYwjwx[-pCh/q�pµg�hjsmpµk[�ltÀ

τi
�Ä{±À

τi
q�g�q�p�stp�z6zE��s>eU[�w~§mhjWY[�p

ei,j =
Z2q�p

{t > 0 | Ψi(t) + si,j = t}
§ ° "f´

¡�WY[-wx[`hjWY[�}T[�Z3smpµ}
ÀÆwxlUZ WYq��mWY[-w�|Ywxq�lmwjq�hie�hjsmgx³Tg�stpµ}
ltÀÄst���ÉlthjWY[�w/husmgx³Tg/ltÀ#hjWY[�z6zE�rs>em[�w/qrg �

Ψi(t) =
Z�q�p (⌈ si,j

ψΨP
i

⌉
· (ψ

ΨP

i − ψΨP

i
) + s̃i(t), s

∗
i (t)

) § ° 4m´

¡�WY[-wx[
ψ

ΨP

i − ψΨP

i

q�g/hjWY[ g�nµZºltÀ�hxWµ[ Å n<stpChjsoltÀÄst���ÉlthjWY[�w/husmgx³fg/lmÀ#hjWY[�z6zE��s>eU[�w�stp<}

s∗i (x) = max
u≥0

(si(u) + s̃i(u+ x) + si(u+ x) − u)
§ ° �C´

¡�WY[-wx[
si(u + x) =

∑
τk∈T P

pi
\{τi}

sk(u + x)
qrg�hjWY[,}T[�Z3smpµ}GÀÆwjlmZ lthjWY[�w�husmgx³fg`hjWµstp

τi
q�p

T P
pi

�,V/WY[,st���mlUwxq�hxWYZ�ÀÆlmw
k�lmZ�|YnThjq�pY��hxWµ[�¡¢lmwug�h�£¥k�smgx[,wj[-gx|<lUpµgx[,hxq�Z�[��<lUnYpµ}Yg�k�smp �R[�ÀÆlmnYpµ} q�p � ��!±�¼{±h3q�gohxl�g�hxwj[-gjg]hjWµs�h2hxWµq�g3gjkuWY[-}YnY��sm�Yq���q�hie
smpµst��eTg�qrg`q�g�gxn"�,kq�[�pCh �YnTh�pµlth�pY[~k[-gjgjstwje���g�lUZ2[2husmgx³½g�[�hjg�Z3s>e�ÀÞstq��ÄhjWY[�hx[~gih�¡�WYq���[ohjWY[�e©stwj[o|R[�wxÀÆ[-khx��e�gjkuWY[-}YnY��sm�Y��[m�
V/WYqrg ¡�q����Ãk[�wxhjsmq�pµ��e�q�pµ}Ynµk[,k�lmpµgx[�wj��s�hxq��m[2wj[-gxnY�¤hug��YnTh�hjWY[,st|µ|YwxlCsmkuW©}T[��U[���lm|R[-}©WY[�wj[�wx[-Z3stq�pµg���st��q�}©¡�q�hxW¿stpYlmhxWY[-w�£
�R[hxhx[�w6£ÃgxkuWµ[-}TnY�rst�µq���q¤hie�hj[-g�h)smg/��lmpY�3sUg/q¤h6qrg�g�n �3k�q�[-pCh)stpµ}
|<lCgxgx[-gjgx[-gÃhxWY[ |µwxlU|<[-w�hjq�[~g�}T[-gjkwjq��R[-}
q�p%$%�T�o4f�

����� � 8 :@�!<@=>?4#4A@B =>A@<$�! +-'�./#%0 �62*2�3 �4��5 ��5
��./#48 �> ' � �6 �"#4�!.

»)pµ}T[�w ¹ vKv�§µsUg/¡Ã[-���ÉsUg/nYpµ}T[-w/z)z §Ystpfe,WYq��mWµ[�w/|Ywjq�lUwxq�hie2hjsmgx³,¡�q����É|µwx[-[�Z�|Th6s]��l�¡¢[�w¢|Ywxq�lmwjq�hie�hjsmgx³�hxWfnµg¢hjWY[`ÀÆlm����l�¡�q�pY�
|Ywjlm|R[�wxhxq�[-g/Wµlm�r},ÀÆlUw6stpfe3hjsUg�³

τi
P
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�m��st����wx[~sm}Te�q�pµgihustpµk�[-g-§É¡�q¤hjW�Wµq��UWY[�w�|Ywjq�lUwxq�hxq�[-g)hxW<stp
pi
§É¡�q����K}T[��rs>e�hxWY[2[�p<}f£PlmÀÎ£P[��T[-knYhxq�lmp½lmÀKhxWµ[2q�pµg�hjsmpµk[~gÇlmÀ

τi
�

{±h`qrg`¡ÃlUw�hjW½pYlmhxq�pY�,hjWµs�h�hjWYq�g�}T[-��s>e�qrg`pYlth }T[-|<[-pµ}T[�pCh�lmp½hxWY[�wj[��rs�hxq��m[o|Ywjq�lUwxq�hie
lUwj}Y[�wjq�pY��stZ�lmpµ�,hxWµ[-gx[oWYq��mWµ[�w
|Ywjq�lUwxq�hie3q�p<gihustpµk�[-g�stp<},hjWY[�q�w Å nµstpChjnYZ ��st��nY[-g-§
�T�/��l�¡¢[�w)|Ywxq�lmwjq�hie�q�pµgihustpµk�[-g-§µ¡�Wµsthx[-�m[�w6hxWY[-q�wÇ|<lU��qrkeU§<¡�q�����pYlth`q�pChj[�wxÀÆ[�w6¡�q�hxW�hjWY[][��T[-knYhxq�lmp�ltÀÄq�pµg�hjstp<k[-g)ltÀ

τi
stpµ}

hxWfnµg/¡¢lmp�� h)}T[-��s>e�hjWY[�q�w6[�p<}f£PlmÀÎ£P[��T[-knYhxq�lmp4�
V/WY[~g�[�hi¡¢l2|YwxlU|<[-w�hjq�[~g/[�pµgxnYwj[`hxWµsth�hxWY[�ÀÆlU����l�¡�q�pµ�o��[�Z�Z3sY§Y¡�Wµq�kuW�q�g6¡Ã[-����£P³fpYl�¡�p
q�p�hjWY[ ¹ vÈv!k�smgx[m§TWµlm�r}Yg��
�ÃÐ 	 	¼���������
	 «Y¬��È¸t¯u¨b��@�ªb�>¨�¬`¯x¬¨�Y¸�
Y¨�¬D������¬ ¸�·=��
 ��
µ¨b� ��
Oªu¬ ¸i·

τi
¸�
��	>2U¬�µ¬?
O>¨ ¸�
 �Î«µ¬Ç¨�¬?�È¸�·6¨H���3¬�R¯��Þ¸t¯����F>e� �>¨���¨�M

�Æ«Y¬$	.���	�µ¬%¨6¸i· �Æ«Y¬H�Î¯��?����
������ ��
OD�Æ«Y¬/¨�¬H��¸i·È«����~«µ¬¯�O¯��Þ¸�¯�����>J� �>¨��>¨ � 	 «µ¬�¯x¬H� ���F� 	�¬�O¯��Þ¸�¯�����>]¸�¯xU¬¯C����¸�
�`«#���>«Y¬�¯�R¯��Þ¸�¯�����>
� �>¨���¨J��
Rl�Î«µ¬�	����	�µ¬¨]¸i· �Æ«Y¬H�Î¯��H����
������ «��>¨ 
R¸l��
�� �µ¬H
Rªu¬ �
/)l�¡Ã[-�m[�w~§T}T[-gx|Yq�hx[���[�Z�Z3s�� WYlU��}Tq�pY�<§YgxkuWY[~}TnY��q�pµ�3nYpµ}T[-w)z6z ��[-sm}µg¢hxl,gjkuWY[-}Tnµ��q�pY�,stpµlmZ3st��q�[~g��Ä{¥p<}T[�[~}É§<gjkuWY[-}YnY��q�pY�

nYp<}T[�w,v�lCg�q�� qrg�ltÀÎhj[�p!klUnYpChx[-w�£±q�pChjnYq¤hjq��U[m� ¹ lmw3q�pµgihustpµk�[m§¢q¤h
Wµsmg��R[�[-p!g�WYl�¡�pÁq�p � "�!±§ÃhxWµsth�[-smwx��e¿[�pµ}T£PlmÀÎ£P[��f[~knThjq�lUpµg
k-stp¿��[-sm}©hjlGZ�q�gjgx[-}¿}T[~sm}T��q�pµ[-g�q�p k�lmpT¦µ�UnYwus�hxq�lmp<g`hxWµsth]¡ÃlUnY�r}��<[�ÀÆ[-smgxq��Y��[�¡�q¤hjW1O²\ÃÌÈV�g-�L/6[-wx[U§�¡¢[,WYq��mWY��q��mWCh�hxW<s�h
q�pµkwj[-sUg�q�pY�ohxWY[ Å nµsmpChxnYZ g�q�Â�[�ltÀ�s2hjsUg�³,k-stp�q�p<kwj[-smgx[`q¤hug�wx[~g�|Rlmp<g�[Çhxq�Z�[m� ¹ q��UnYwj[-g�� stpµ}��2|Ywj[-gx[�pCh¢hxWY[�gjkuWY[-}YnY��q�pY��ltÀ
husmgx³
gx[h

T = {τ1, τ2}
¡�WY[-wx[

τ1 = (C1 = 2, T1 = 5)
smpµ}

τ2 = (4, 10)
� Ê ���4hxWµ[�hjsmgx³Tg��R[���lmpY�2hxl,hxWY[�gjstZ�[ �rs>em[�w�smpµ}

hjWY[�kuWYlUgx[�p Å nµstpChjnYZºsmgjgxq��UpYZ�[�pChjg�smwx[ Ψ = {ψ1 = 2, ψ2 = 2}
° ¦µ�UnYwx[��>´/stpµ}

Ψ
′

= {ψ1 = 2, ψ2 = 3}
° ¦<�mnYwj[]�t´`�

� � �� � �� � �� � �
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τ1, ψ1 = 2

τ2, ψ2 = 2
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¹ q��mnYwj[)�iP#cTkuWY[-}YnY��q�pY�ÇltÀThjsUg�³ gx[h
T = {τ1, τ2}

¡�q�hxWoz�lmnYp<}f£±z6lm�Yq�p]stp<} Å nµstpChxnµZ sUgxgxq��mpYZ�[�pCh Ψ = {ψ1 = 2, ψ2 = 2}
�
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τ1, ψ1 = 2

τ2, ψ2 = 3

¹ q��mnYwj[]��PÃcYkuWY[-}Tnµ��q�pY�3ltÀ�hjsUg�³
g�[�h
T = {τ1, τ2}

¡�q¤hjWGz�lmnYp<}f£±z6lm�Yq�p�stpµ} Å nµstpChjnYZ sUgxgxq��UpYZ�[�pCh Ψ′

= {ψ1 = 2, ψ2 =
3}
�
Ê gKq�hÃk�smp2�R[Çgx[�[-p�lmp�¦µ�UnYwx[~g��6stp<},�f§CgxnYwj|Ywjq�gxq�pµ�m��e hxWY[)wx[~g�|Rlmpµgx[/hxq�Z�[6ltÀ

τ2
q�g

6
¡�q¤hjW,s Å nµstpChjnYZ�lmÀ 2 smpµ} 8

¡�q�hxW
3
�J/6l�¡¢[��m[-w-§R¡�q�hxWGhjWY[3gxkuWµ[-}TnY�rst�µq���q¤hie�smpµst��eTg�qrg)n<g�[~}Gq�pGhxWµq�g�g�hxnµ}TeU§É|Ywjlm|R[�wxhie©�2WYlU��}Yg`stp<}G¡�q������R[2n<g�[~}�hxl
wx[~gihjwjsmq�p
hjWY[�g�[~stwukuW
gx|µsmk�[�q�p�gx[-k%hjq�lUp "<� Ê |YwxlflmÀ�qrg��mq��m[-p
q�p�sm|Y|R[�pµ}Tq�� Ê �
& � Ô/.ÈÐ �~� Ñ � K#¬H�

τi
�u¬D�n�U��¨0�n��
2�=ACA,� ��>m¬�¯bM(��
Rª�¯x¬b�>¨���
�21±¯x¬¨36�6¯j¬j��µª?��
#�54J���A¨6�?����
������ 	������µ¬�M���«#����¬�¯j¬j��µª?��
#�71±¯x¬¨���

��
Oª¯x¬b��¨b��
#�54e�Æ«Y¬8�H����
��F��� 	����	�µ¬]¸i· �Î«µ¬]¸��Î«µ¬¯ �U��¨��>¨ ¸i· ���Þ¨ AIA � ��>m¬�¯bMÃ����0��
��r¨x«Y¬¨91±¯x¬%¨�6�I��
Oª¯x¬b��¨¬¨�40�Æ«Y¬ ¯x¬%¨�µ¸�
µ¨¬ �F���3¬
�u¸���
O�¸�·

τi
ªu¸��� ���±¬u9� ���Æ« �Æ«Y¬2ªu«Y¸>¨�¬H
½¨�ªu«Y¬u���� ���H���	���F> ��
 ���	>>¨��r¨ �

¹ nYw�hjWY[�wjZ�lmwj[m§�¡¢[
¡¢lmnY�r}¿��q�³U[,hjl½WYq��mWY��q��mWCh]hjWµs�h~§ Å nYq¤hj[�gxnYwj|Ywjq�gxq�pµ�m��em§�wx[~}Tnµk�q�pY�½hxWY[�gx[h�ltÀ6WYq��mWY[-wolUw5:tstpµ}¿gjstZ�[
|Ywjq�lmwjq¤hie�hjsUg�³TgoltÀ)s�husmgx³©}YlC[~g]pµlth�pY[-k�[-gjgxsmwxq���e©}Tq�Z2q�pYqrg�W lmwo��[~s>�m[,nYp<kuWµstpY�U[-}¿q�hjgowj[-gx|<lUpµg�[,hxq�Z2[U�¿V/WY[
gjkuWY[-}YnY��q�pY�
lmÀ�hjsmgx³¿g�[�h

T = {τ1, τ2, τ3}
¡�WY[-wx[

τ1 = (C1 = 1, T1 = 5, D1 = 5)
§
τ2 = (1, 5, 5)

stpµ}
τ3 = (6, 10, 10)

¡�q�hxWÁs
gxeTgihj[�Z2£P¡�qr}T[ Å nµstpChjnYZºlmÀ 3 q�g6|Ywx[~g�[-pChx[-}
nYpµ}Y[�w/hxWµ[�smgjg�q��mpYZ�[-pUhugHP

C P = {(τ1, 1, sched � fifo)
§
(τ2, 2, sched � rr)

§
(τ3, 2, sched � rr)}

lmp�¦µ�UnYwj[��Y§

Ø�Ø î�pµú%ô%ù%ö
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C Q = {(τ1, 2, sched � fifo), (τ2, 1, sched � rr), (τ3, 1, sched � rr)}
lUp�¦µ�mnYwj[ "<�

Ê g�q�h]k�stp��<[3gx[�[-p�lUp½¦µ�UnYwj[-g`��smpµ}%"Y§ÉhxWµ[2¡¢lmwug�h�£¥k�smgx[]wj[-gx|Rlmpµgx[]hjq�Z�[�ltÀ
τ2
q�g

4
nYp<}T[�w

P
¡�WYq���[2q�h q�g

5
nYp<}T[�w

Q
�
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(τ3, 2, sched � rr)

(τ2, 2, sched � rr)

(τ1, 1, sched � fifo)

¹ q��mnYwj[3� P]cTkuWY[~}TnY��q�pµ��lmÀÈhusmgx³½g�[�h
T = {τ1, τ2, τ3}

¡�Wµ[�wj[2|µwxq�lmwjq¤hjq�[~g
p1 = 1

§
p2 = p3 = 2

stpµ}�|Rlm��q�k�q�[~g
sched1 =

sched � fifo § sched2 = sched3 = sched � rr ° smgjg�q��mpµZ2[-pCh P ´�

� � �� � �    

� � �� � �� � �� � �� � �� � �� � �� � �
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���
�
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(τ1, 2, sched � fifo)

(τ3, 1, sched � rr)

(τ2, 1, sched � rr)

t
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¹ q��mnYwj[ "�P�cTkuWY[-}YnY��q�pY��ltÀÇhjsUg�³ gx[h
T = {τ1, τ2, τ3}

¡�WY[�wj[�|Ywxq�lmwjq�hxq�[-g
p2 = p3 = 1

§
p1 = 2

stp<} ¡�WY[-wx[�|Rlm��q�k�q�[~g
sched2 = sched3 = sched � rr § sched1 = sched � fifo ° sUgxgxq��mpYZ�[�pCh Q ´�

/)l�¡Ã[-�m[�w~§fnµgxq�pY��wj[-gx|<lUpµgx[Çhjq�Z�[ �RlmnYp<}�smpµst��eTg�qrg¢|Ywjlm|RlUgx[-},q�p � ��!4[�pµgxnYwj[-g¢hjWµs�h6|Ywjlm|R[�wxhie��oWYlm�r}Yg-�
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τi
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��r¨x«Y¬¨�¸�¯

��¬b�
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Rªu« ��
�C¬jl�Î«µ¬�¯j¬%¨�µ¸�
Y¨�¬n�F���3¬ �j¸���
R,¸�·
τi
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Ê |Y|<[-pµ}Tq�� � g�WYl�¡6gÇhjWµs�h hjWY[,klUpµg�[-wx��sthxq��m[]wj[-gx|Rlmpµgx[2hxq�Z2[3�Rlmnµpµ}�klmZ�|YnYhx[-}©¡�q�hxW8� �.!È[�p<g�nYwj[-gÇhjWµs�h�|Ywjlm|R[�wxhie��
WYlU��}µg�� Ê g/q�h�¡�q����É�R[�gxWYl�¡�p
q�p�st|Y|R[�p<}Tq¤��\Ç§Ys�gjkuWY[-}YnY��sm�Yq���q�hie2hx[-g�h�¡�WYqrkuW
[-pµg�nµwx[~gÈhjWµs�h/|Ywjlm|R[�wxhie���qrg/�m[-wxq�¦µ[~}É§Tst����l�¡6g
hjl�n<g�[3stp©[�fhj[�pµgxq�lUp�lmÀÈhjWY[ Ê nµ}Ygx��[�e�sm���Ulmwjq¤hjWYZ ° sUg�}TlmpY[�q�p¿g�[~k%hxq�lmp<g`��smpµ}L"C´�stpµ}�|Ywj[-gx[�wj�m[-gÇq�hjg�lm|Yhxq�Z�sm��q�hieG¡�q�hxW
wj[��Cstwu}Yg/hxl,hxWY[2st�Yq���q�hie�ltÀ�hxWµ[�hx[~gihÇhxl�}Tq�g�hxq�pY�UnYq�gxWG�R[hi¡¢[�[-p�ÀÆ[-smgxq��Y��[2stpµ}�pµlmpT£PÀÆ[-sUg�q��Y��[]g�lU��nYhxq�lmpµg ° qP� [U��§R¡�Wµs�h`q�g`k�sm����[-}
hjWY[ |<l�¡¢[�w�lmÀ#hjWY[�hx[~gih6q�p�hxWY[�ÀÆlU����l�¡�q�pµ�C´%�
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O©[/|Ywx[~g�[-pCh�stpolm|Thjq�Z3sm�C|µwxq�lmwjq¤hie smpµ}�gjkuWY[-}Tnµ��q�pY�`|<lU��qrke�sUgxgxq��UpYZ�[�pCh�sm���Ulmwjq¤hjWYZ ¡�WY[�p]hxWY[ Å nµstpChjnYZË��st��nY[Ãqrg�sÇgxeTgihj[�Z2£
¡�qr}T[]k�lmpµg�hjsmpUh �t��V/WYqrg)sUgxgxq��UpYZ�[�pCh�q�g)lm|Thjq�Z3sm�#¡�WY[-p�hxWY[]gjkuWY[~}TnY�rst�Yq���q�hie�stpµsm��eTgxq�g/nµgx[-}��U[�wjq¤¦<[-g�|Ywjlm|R[�wxhie���g�hjsthx[~}�q�p
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ihjWY[�p3q�hjgÈ|<lU��qrkeoq�g ¹ vKv ° qA� [m�Äs z6z �rs>em[-w�ltÀ4k�smwj}Tq�pµsm��q�hie3��q�gÃgihjwxqrk%hj��eo[ Å nYq���st��[�pChÄhxl�smp ¹ vKv¿�rs>em[-w-§Ug�[-[D$u�T���-´§mlthjWY[�wj¡�qrg�[
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��l�¡Ã[~gih�|Ywjq�lmwjq¤hie

n
hjl�hxWY[ WYq��mWµ[-g�h6|Ywxq�lmwjq�hie

1
° ��q�pY[

3
q�p�st���mlUwxq�hxWµZ��~´�ÃV/WY[�}Yq O[�wj[�pµk�[�¡�q�hxW Ê)Ê ��q�[-g�q�p�hxWY[�ÀÞsUk%h6hjWµs�h~§

sthÃ[-sUkuW�|Ywxq�lmwjq�hieo��[��U[��P§thxWµ[Çst���mlUwxq�hxWµZ�qrgÈpYlmhÈ��lClU³fq�pY��ÀÆlmwÃs]g�q�pY�m��[�husmgx³R§U�YnThÃÀÆlmwÃs]g�[�hÃltÀOhusmgx³fg ° ��q�pµ[
5
q�p�st���mlUwxq�hxWYZ �~´�

� �T� )AÔ�� � & Ð
Ô�� � � Ð � & � Ô � ) ����	 � V/WY[6Z3stq�p,qr}T[-s�q�gKhxl�Z�l��m[U§m¡�WY[-p,pY[-[-}T[~}É§mhjWY[)Z3st�fq�Z]nµZ smZ2lUnYpChÈltÀÉ¡¢lmwj³f��lCsm}]hxl
hjWY[/��l�¡¢[�w�|Ywjq�lUwxq�hie���[-�m[-��g�stp<}�hjl`gjkuWY[-}YnY��[¢hjWY[�klmwjwj[-gx|<lUpµ}Tq�pY��hjsUg�³Tg�nYpµ}Y[�wKz6z ��O²Wµ[�p�stp2q�pµg�hjsmpµk[

τi,j
qrg�smgjg�q��mpµ[-} hjWY[

gjstZ�[ |Ywjq�lUwxq�hie�sUg
τk,h
stpµ}��RlthjWGstwj[�gjkuWY[~}TnY��[-}�nYpµ}T[-wÇz6z�§

τi,j
k�stp�}T[-��s>e

τk,h
��[~gxg/hjWµstp�q�À

τi,j
¡¢lmnµ��}��R[�gxkuWY[~}TnY��[-}

¡�q�hxW�s]WYq��mWµ[�w¢|Ywxq�lmwjq�hiem��V/WY[ÇgjstZ�[Çsmwx�UnYZ�[�pChÃWµlm�r}YgKÀÆlUwÈhjWY[�}T[��rs>e�q�pµ}Ynµk[~},�fe
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τi,j
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lU|Thxq�Z3st�4|Ywjq�lmwjq¤hie,smpµ}�|Rlm��qrke
sUgxgxq��mpYZ�[�pCh~�
�?� . �#� P�hjsmgx³�gx[h

T = {τ1, τ2..., τn}�
Ð ���
&Æ� P�gjkuWY[-}Tnµ��sm�Y��[�|Ywjq�lmwjq¤hieU§YgxkuWY[~}TnY��q�pµ�2|Rlm��qrke�sUgxgxq��UpYZ�[�pCh
P� �T�-� P

i
P�|Ywjq�lUwxq�hie3��[��m[-�Ohxl,sUgxgxq��Up

R
P�hjsUg�³C£¥g�[�h�¡�q¤hjW�pµl�sUgxgxq��mpY[~},|Ywjq�lUwxq�hie

P
P�|µstwxhxqrst�É|µwxq�lmwjq¤hie,smpµ}�|<lU��qrke
smgjg�q��mpYZ�[-pUh

R = T
��

P = ∅
��

�±Ô �
i = n
� Ô � Õ Ô�
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i /0 g�[~stwukuW
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Ti
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#Ti = 1
� � Ð#��G�

P = P ∪ {(τk, i, sched � fifo)}τk∈Ti

��A� Ð &A� Ð�H0
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	 � PG;=�µ�¨���¬?>�@BACAD@FE(�G�¼sm���Ulmwjq¤hjWYZ ¡�q�hxW�s�g�eTg�hx[-Zo£±¡�qr}T[ Å n<stpChxnYZº�>sm��nµ[m�

K4� Ð . Ô�� � � Ð � & � Ô � ) � �
	 � ¹ lUwÈ[-sUkuW3|Ywjq�lUwxq�hieo��[��U[��
i
§ ;=�µ>¨���¬H>�@BAIAD@FE(�G�:sm���Ulmwjq¤hjWYZ sth�hj[�Z�|ThjgÈhxl]¦µpµ},sogxkuWµ[-}TnY�rst�µ��[

gxnY�µgx[h
Ti
q�p]hjWY[6gxnY�µgx[h

R
° ��q�pY[

5
q�p�st���mlUwxq�hxWµZÜ�~´�¡�WY[-wx[

R
q�g�Z3sm}Y[¢lmÀOsm���fhjWY[¢hjsUg�³Tg�hxW<s�hÄWµs>�m[¢pYlmhK�<[-[�p2em[hKsUgxgxq��UpY[-}

s�|Ywjq�lmwjq¤hie½smpµ}©s�|<lU��qrkeU��V/WY[,st���mlUwxq�hxWµZ hxwjq�[~g�st���Ä|RlUgjg�q��Y��[,g�nY�<g�[�hjg q�p
R
§�lUpY[3�feGlmpY[U§#nYpChjq��¢s�gjkuWY[~}TnY�rst�Y��[3lmpY[�qrg

lU�Thjsmq�pY[~}�lmw2st���È|RlUgjg�q��Y��[�smgjg�q��mpµZ2[-pChjg Wµs>�U[3�<[-[�p k�lmpµgxqr}T[�wj[-}É��{¥p�hjWY[��rs�hxhx[-wok�sUg�[U§#hjWY[
gxeTgihj[�Z q�gopYlmhogxkuWµ[-}TnY�rst�µ��[
° ��q�pY[-g

7 − 8
q�p¿st���mlUwxq�hxWµZ �-´��^)hxWµ[�wj¡�q�gx[m§#s�gjkuWY[~}TnY�rst�Y��[3g�nY�<g�[�h

Ti
Wµsmg��<[-[�p©ÀÆlmnYp<}É��vKwj[-k�q�gx[���em§

Ti
qrg�gxkuWµ[-}TnY�rst�µ��[

¡�WY[-p
sm���<hjsUg�³TgÃltÀ
Ti
stwj[�ÀÆ[-sUg�q��Y��[Çsth¢|Ywjq�lmwjq¤hie

i
° gjkuWY[-}Tnµ��[~}3nYpµ}T[-w�z6z!q�À

#Ti > 1
lmw¢nYpµ}T[-w ¹ vKvÁlthjWY[�wj¡�q�gx[~´K¡�WYq���[`st���

husmgx³fg6¡�q¤hjW�pYl,smgjg�q��mpµZ2[-pCh ° qA� [m��§Yhusmgx³Tg�q�p
R\Ti
´/W<s>�m[�s�|Ywjq�lUwxq�hie,�Uwx[~s�hx[-w¢hxWµsmp

i
� Ê h)[-sUkuW�g�hx[-|4§<sth6��[~smg�h6lmpY[�husmgx³�qrg

sUgxgxq��UpY[-}�s�|Ywjq�lUwxq�hie�smpµ}�so|Rlm��qrke ° ��q�pY[~g
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hxl
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q�p�st���mlUwxq�hxWYZb�~´� �)lthx[�hjWµs�h~§Y¡�WY[-pGz6zEq�g�n<g�[~}�sth6��[~smg�h6lmpµk�[m§Y��[-gjg

hjWµstp
n
|Ywxq�lmwjq�hie3��[-�m[��rg/stwj[�pY[�[~}T[-} ° [~stwj��e3[��Tq¤h6lUp
��q�pµ[
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2#R |RlUgjgxq��Y��[)gxnY�µgx[hug Ti ltÀ R hxW<s�h¢k-stp3�R[ÇsUgxgxq��UpY[-}|Ywjq�lmwjq¤hie���[��m[-�
i
° ��q�pY[

5
q�p�sm���Ulmwjq¤hjWYZ �-´%� Ê �Yq�pµsmwxe�hxwj[�[2gihjwxn<k%hxnµwx[2wx[��µ[-khjg)hxWY[2|Ywjq�lUwxq�hie�kuWYlmqrk[~g)smpµ}�hjWY[2gx[-smwjkuWGÀÆlmw

hjWY[2gjkuWY[~}TnY�rst�Y��[ogxnY�µgx[h`q�gÇ|<[-w�ÀÆlUwxZ�[~}��fe�[��T|Y��lUwxq�pY�3hjWY[�hjwx[-[m��V/WY[]�<smgxq�k][�TWµstn<gihjq��U[]g�[~stwukuW�q�gÇ[�T|Y�rstq�pY[~}��<[-��l�¡ � Ê
Z�[hjWYlT}3hjWµs�h�g�|R[�[~}YgÃnY|3hxWµ[`gx[-smwjkuW3�fe�|YwjnYpYq�pY�]s>¡/s>e2gxnY�T£Phxwj[�[~gÄhxW<s�h¢k-stpYpµlth¢k�lmpChjsmq�p
s]gxlm��nThxq�lmp3qrgÈ|µwxl��fqr}T[-}3q�p2$u�Y�í�f�
Ê g�stp�q�����nµg�hxwus�hxq�lmp#§É¦µ�mnµwx[l4�gxWYl�¡6gÇhxWY[,gx[-smwjkuW�hxwj[�[3klUwxwj[-gx|Rlmpµ}Tq�pY�
hxl�gx[h

R = {τ1, τ2, τ3}
�3ÌÃsmkuW©[-}T�U[2qrg �rst�R[���[-}

[-q¤hjWY[�w ¡�q�hxW26
= i
7 ° qA� [m��§4|Ywjq�lmwjq¤hie�[ Å n<st��hxl i ´6lUwI6 > i

7 ° qA� [m��§4|Ywjq�lmwjq¤hie��Uwx[~s�hx[-w)hjWµstp
i
´� Ê �rst�R[�� 6

= i
7 ° wj[-gx|4�=6
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7�´
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stpµ}

k + 1
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(k + 1)th
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|Ywjq�lmwjq¤hie
i
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k
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k
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R
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τ1
�R[���lmpY�CgÄhjl���s>eU[�w

lmÀÈ|Ywjq�lUwxq�hie
i
¡�WYq���[]husmgx³

τ2
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¹ q��mnYwj[C4�PÄcf[-smwjkuWohxwj[�[6k�lmpµg�hxwjnµkhx[-}2q�p�hxWY[6gx[-smwjkuW2ltÀ4s`ÀÆ[~smgxq��Y��[6gxnY�µgx[hKltÀ
R = {τ1, τ2, τ3}

s�hK|Ywjq�lUwxq�hie
i
� ¹ lmwÄq�pµg�hjsmpµk[U§

pYlT}T[��¼Z�lT}T[��rg]hxWY[�|µstwxhxqrst�Ã|Ywjq�lUwxq�hie©sUgxgxq��mpYZ�[�pCh2¡�WY[�wj[
τ1
q�g2smgjgxq��UpY[-}¿|µwxq�lmwjq¤hie�q/¡�WYq���[�pµlf}Y[�k�Z2[~stpµg]hxW<s�h

τ1
qrg

sUgxgxq��UpY[-}�s2�mwj[-sthx[�w/|Ywjq�lmwjq¤hieU�
V/WY[�g�[~stwukuW�q�go|<[-w�ÀÆlUwxZ�[~}¼smk-klmwu}Tq�pY��hxl©s½}T[-|ThxWY£A¦µwug�h2g�hxwus�hx[-�meU�½V/WY[
sm���Ulmwjq¤hjWYZ klmp<g�qr}T[�wug�hjWY[�¦<wjg�h2kuWYq��r}¿ltÀ)s

�U[�wxhx[��hxWµsthost|µ|<[~stwug stpµ}��UlC[~g }T[�[-|<[-wosmpµ}�}T[�[-|<[-w]nYpChxq��Ãs���[-stÀ�q�g wj[-sUkuWY[-}4§ � �Î¬ ��§ÄnYpChxq��KhxWµ[�g�[�h
Ti
qrg ÀÆnY����e©}T[�¦µpY[~}É�

O²WY[-p�so��[-s�À�q�g¢wj[-sUkuWY[-}É§ChjWY[ gxkuWY[~}TnY�rst�Yq���q¤hie�ltÀ
Ti
q�g�sUgxgx[-gjg�[~}É��{±À

Ti
q�gÃÀÆ[~smgxq��Y��[m§fhjWY[ st���mlUwxq�hxWYZ wj[hjnYwxp<g�§flthjWY[�wj¡�qrg�[U§Cq�h

�µsUku³Chxwusmku³TgKhjq����4hjWY[`¦µwugih6�U[�wxhx[��gxnµkuW�hxW<s�h�pYlth)sm���Éq�hjg)kuWYq��r}��m[-w�hjq�k�[-g¢Wµs>�m[`�R[�[�p�[��f|µ��lUwx[~}É�

3�� � &�' ���>?%�60 #�� � ��A@< # ���> '!� ��� �!A �".

K )"'UÐoÔ�� ��� Ð � Ð �Y�>�.�©� . �Y� Ð�� ¹ wxlUZ ���~�.!P§m¡Ã[Ã³Cpµl�¡�hxWµsth�q�p�hjWY[/¡ÃlUwjg�h�£¥k�sUg�[Ksmp]smgjg�q��mpµZ2[-pCh�¡�q�hxWosmp][��fW<stnµg�hxq��m[¢g�[~stwukuW
q�Z�|Y��q�[-g6hx[~gihjq�pY� Pn

k=1

Pk

i=0(−1)(k−i)

 
k

i

!
in
}Tq�g�hxq�pµkhÇgxkuWµ[-}TnY��q�pY�,klUpT¦µ�mnµwjsthxq�lmpµg ° [U� �<��§

≈ 108 klUpT¦µ�UnYwjsthxq�lmpµg¢¡�q�hxW
�~��husmgx³fgu´%� Ê g/q¤h6k�smp��R[ g�[-[�p�lUp�¦<�mnYwj[`�Y§fhxWY[ gx|µsmk�[ÇlmÀ�gx[-stwukuW,�Uwxl�¡6gÈZ2lUwx[ÇhxW<stp�[�T|<lUpY[�pChjq�sm����e3¡�q¤hjW�hjWY[�pfnYZ]�R[�w/ltÀ
husmgx³fg-§fhxWfnµg)stp�[�TWµstn<gihjq��U[�gx[-smwjkuW
q�g/pµlth�ÀÆ[-sUg�q��Y��[�q�p�|Ywusmkhxqrk[`q�p�s2¡�q�}Y[ wjsmpY�m[`ltÀ�wx[~st��£Ahjq�Z�[ gxefg�hx[-Z3g��

(*)�+-,/.�0214365757368:9;9=< V/Wµ[6st���mlmwjq�hxWYZË��lflm³TgÄs�hK[~smkuW2|Ywxq�lmwjq�hie ��[-�m[��
i
ÀÆlmwÈs�gxnY�µgx[hKltÀ<hjsUg�³Tg

Ti
q�p2hxWY[6gx[h

R
¡�WYqrkuW2smwx[

gjkuWY[-}YnY��sm�Y��[Ãs�h�|Ywxq�lmwjq�hie
i
° ��q�pµ[

5
q�posm���Ulmwjq¤hjWYZ��>´%� Ê h�[~smkuW |Ywjq�lUwxq�hie)��[��U[��P§~hxWY[-wx[Ãq�g

2#R }Tq O[�wj[�pCh�|RlUgjg�q��Y��[ÈgxnY�µgx[hjg Ti q�p
R
�Kcfq�pµk[Çs�hK��[-smg�hÄlmpY[/husmgx³]qrgKsmgjgxq��UpY[-}]hxl [~smkuW2|Ywxq�lmwjq�hie���[-�m[-� ° lmhxWY[-wx¡�qrg�[¢hjWY[)smgjgxq��UpYZ�[�pChÄ¡ÃlUnY��}2�R[�pYlmpY£±gjkuWY[-}YnY��sm�Y��[m§
gx[�[���q�pY[

8
q�p�st���mlUwxq�hxWµZ �>´%§fhjWY[�pCnµZ]�R[�w�ltÀ#hjsmgx³Tg¢�<[-��lUpY�mq�pY�ohxl

R
qrg/��l�¡¢[�wÃhxW<stp�lmw¢[ Å nµst�Ohjl #T − (n− i) = i

¡�WY[-p
hjWY[�smgjg�q��mpµZ2[-pChÃÀÆlUw¢|µwxq�lmwjq¤hie���[��U[��

i
qrg/klmp<g�qr}T[�wj[-}4��V/Wfnµg-§fhxWµ[�sm���Ulmwjq¤hjWYZÜ��lClU³TgÈÀÆlUw ∑n

i=1 2i = 2n+1 − 2
smgjg�q��mpµZ2[-pChjg

q�p½hjWY[�¡ÃlUwjg�h`k-smgx[m��V/WYqrg�klUZ2|µ��[��fq�hie�ÀÆlmw s
��stwjeCq�pY�
pCnµZ]�R[�w�ltÀKhusmgx³Tg)qrg g�Wµl�¡�pGlmp½¦µ�mnYwj[��T§ÉÀÆlmw`q�pµgihustpµk�[m§OÀÆlUw�s�gx[h
lmÀ

10
husmgx³fg)q¤h�qrg)[ Å n<st�4hjl 2046

� ¹ q��mnµwx[2�,gxWYl�¡6gÇst�rg�l3hjWY[�g�q�Â�[oltÀÄhxWµ[ogx[-stwukuWGgx|µsmk�[m� Ê �¤hjWYlmnµ�mW½s��mwj[-s�h`klmZ�|Y��[�Tq�hie
wj[-}Tn<k%hxq�lmp�¡�q�hxW3wj[��Cstwu}Yg�hxl�s��YwjnThj[£PÀÆlmwuk[�[�TWµsmnµg�hxq��m[�g�[~stwukuWoqrgÈsUkuWYq�[��m[~}É§�hjWY[)klUZ�|Y��[��Tq¤hie�wj[�Z3smq�pµgK[�T|<lUpY[�pChjq�sm�Yq�p�hjWY[
pfnYZo�<[-wKltÀRhjsUg�³Tg-��V/Wfnµg-§mq�p�|YwjsUk%hjq�k�[m§thjWY[�|Ywjlm|RlUgjst�TqrgÄpYlmhÈg�nYq�hx[~}2ÀÆlmwÄ�rstwj�m[�£±gxq�Â-[Èhusmgx³ogx[hug�hxWµsthÈ¡¢lmnY�r}É§�ÀÆlUwKq�p<gihustpµk�[m§m�R[

Ù���Ø#ÙÎÚ
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¹ q��mnYwj[2��P�\ÃlUZ2|µ��[��fq�hie�ltÀÃhxWY[2|Ywjlm�Y��[�Z ÀÆlUw�s
pfnYZ]�R[�w`ltÀÃhjsUg�³TgÇ�>smwxefq�pY�,ÀÆwjlmZ
5
hxl

50
° ��lm�µ�ogxk-st��[�ÀÆlmw�eC£¥s��Tq�gu´�¡�Wµ[�p

hjWY[ Å nµstpChxnµZºqrg�s2gxeTgihj[�Z2£±¡�q�}T[���st��nY[U�

�R[hxhx[�w/Wµsmpµ}T��[-}��fe�WY[�nµwxqrgihjq�k-gK�UnYq�}Yq�pY�]hxWY[`g�[~stwukuW2hxl�¡/stwu}YgÄ|YwjlmZ�qrg�q�pY��|µsmw�hugKlmÀÉhxWY[`g�[~stwukuW�gx|µsUk[m�K^ÇpY[`g�nµkuW3Wµ[�nYwjq�g�hxqrk
qrg�|Ywjlm|RlUgx[-}�q�p�gx[-k%hjq�lUp 4Y�

� Ô 	 . & Ð� ) � Ñ � Ð Õ����t� )ÞÔ�� � Ê g�gx[�[-p �<[�ÀÆlmwj[m§~hxWY[ ;=�µ>¨���¬H>�@BAIAD@FE(�G� |R[�wxÀÆlmwjZ�g�stp�[��TWµstnµg�hxq��m[Kgx[-smwjkuW`ÀÆlUw�[~smkuW |Ywjq�lUwxq�hie
��[��U[��

i
�ÄV�l]s�k[-w�hustq�p3[�fhx[-pCh-§Cq¤h¢q�gÃ|<lCgxgxq��Y��[6hxl�wj[-}Tn<k[�hjWY[)pfnYZo�<[-wÈltÀ#gx[hugÄhjWµs�h/stwj[/hxl]�R[)k�lmpµgxq�}Y[�wj[-}É��{¥pµ}T[-[-}É§ChxW<stpY³Tg

hjl2|µwxlU|<[-w�hie,�T§TlUpY[�k�stp�qr}T[�pChxq�ÀÆe�smpµ},|YwjnYpY[ s>¡/s>e��YwjsmpµkuWY[~gÈlmÀ#hxWµ[�gx[-smwjkuW,hxwj[�[`¡�WYq�kuW�pY[~k[-gjgjstwjq���e���[~sm}3hjl3g�nY�<g�[�hjg
TihjWµs�h)smwx[�pYlmh�gjkuWY[~}TnY�rst�Y��[m�

O²q�hxW�hjWY[ �µsmgxqrk`sm���Ulmwjq¤hjWYZ [��f|µ��smq�pµg/q�p $j�µ���t§YÀÆ[-smgxq��Yq���q�hie�qrg6smgjg�[~gxgx[-}
s�h�hjWY[ ��[~s�ÀÞg/¡�WY[-p�st���ÉhjsUg�³Tg/Wµs>�U[`�R[�[-p��mq��m[�p
s�|Ywjq�lmwjq¤hieU��V/WY[ qr}T[~soqrg�WY[-wx[`hjl3[���st��nµs�hj[`ÀÆ[-smgxq��Yq���q�hie�s�h6q�pChx[�wjZ�[-}Tqrs�hj[��m[�wxhxqrk[~g/smg/¡¢[����A§Y�fe�sUgxgxq��mpYq�pY��s�|Ywxq�lmwjq�hie3��l�¡¢[�w
hjWµstp

i
hxlohxWY[ÇhjsUg�³TgÈÀÆlmw¢¡�WYq�kuW
pYl2|Ywxq�lmwjq�hie2kuWYlUq�k�[)WµsUg¢�<[-[�p�Z3sU}T[ÇeU[h~��»)pµ}T[-wÈhjWµs�h6klUpT¦µ�UnYwjsthxq�lmp4§Uq¤À�s husmgx³

τi
¡�Wµq�kuW

qrg�smgjgxq��UpY[-}½hxWY[3|µwxq�lmwjq¤hie
i
qrg pYlth]gjkuWY[~}TnY�rst�Y��[m§ÉhjWY[�wj[3qrg pYl�pY[-[-}�hxlGk�lmpµgxq�}Y[�w�hxWµ[,kuWYq��r}Twj[�p�ltÀ¢hxWµq�g �U[�wxhx[��O�3{¥p<}T[�[~}É§

ÀÆwjlmZ |Ywjlm|R[�wxhie��f§Kgxq�pµk[3hjWY[�|µwxq�lmwjq¤hie©smgjg�q��mpµZ2[-pCh�ltÀ/hxWY[�kuWYq���}Twj[�p¿lmÀ�hxWYqrg��U[�wxhx[��©¡�q����Ãq�p<kwj[-smgx[3hjWY[�gx[holmÀ6gxsmZ2[�lmw
WYq��mWµ[�w�|Ywjq�lUwxq�hie�husmgx³Tg�§RhxWµ[2wj[-gx|Rlmpµgx[ hxq�Z�[�ltÀ

τi
k-stpYpYlmh`}T[~kwj[-sUg�[U��V/Wfnµg-§Ést���ÄkuWYq��r}G�U[�wxhxqrk[~gÇk�lmwjwx[~g�|Rlmpµ}µg�hxl�|Ywjq�lUwxq�hie

sUgxgxq��UpYZ�[�pChjg¢hjWµs�h6smwx[�pYlmh�gjkuWY[~}TnY�rst�Y��[m�
V/WY[
¦µpµ}Yq�pY�©ltÀ)hxWYqrg2|µstwust�Uwjsm|YW¼st����l�¡6gos½�U[�wje¿g�q��mpYq�¦<k-stpCh2}T[~kwj[-sUg�[
q�p hxWY[�s>�m[-wjsm�m[3pfnYZ]�R[�w�lmÀÇklUpT¦µ�mnµwjsthxq�lmpµg

hj[-g�hx[-}��fe,hjWY[5;=�µ>¨���¬H>�@BAIAD@FE(�G��st���mlUwxq�hxWYZ�� ¹ lUw�q�p<gihustpµk�[��t§<smg�k�smp��<[�gx[�[-p�lUp�¦<�mnYwj[]� ° sC´%§ThjWY[�s>�m[-wjsm�m[ÇpCnµZ]�R[�w�ltÀ
k�lmpT¦µ�UnYwus�hxq�lmp<gÄhxW<s�h�pY[�[~}3hjlo�R[)hj[-g�hx[~}�¡�q�hxW
lmnYw/Z�[hjWYlT}3ÀÆlmw

20
hjsUg�³TgÃq�g/st�RlmnYh

300
hjq�Z�[-g/gxZ3st����[-wÈhjWµstp
hxWY[�s>�m[-wjsm�m[

pfnYZo�<[-wÃ¡�q�hxWYlUnThÈhjWYqrgÃq�Z�|Ywjl��m[�Z�[-pUh~�#{±h/q�g¢st�rgxl�pYlthj[�¡¢lmwxhxWfe�hjWµs�hÃhxWY[`q�Z2|µwxl��U[�Z�[�pChKwus�hxq�l�q�pµkwj[-sUg�[~gK¡�q�hxW3hjWY[)pfnYZo�<[-w
lmÀ#hjsUg�³Tg ° ÀÆwxlUZ

3
hjl

300
WY[�wj[~´� � lm�Uq�k-st����eU§fsUg/k�stp��R[�gx[�[-p
lUp�¦<�mnYwj[�� ° �<´%§ThjWY[�wxnµpYpYq�pY�2hxq�Z2[`ÀÆlU����l�¡6gÃhxWY[�gjstZ�[Çhxwj[�pµ}

gxq�p<k[3q�h�q�g�}Yq�wj[-khx��eG|Ywjlm|Rlmwxhxq�lmpµsm��hjl�hxWY[3pfnYZo�<[-w�ltÀ�klUpT¦µ�UnYwjsthxq�lmp½hx[-g�hx[~}WP ¡�q�hxW�hxWµ[,klmZ�|Y��[�Tq�hieG|YwjnYpYq�pY��Z�[hjWYlT}É§
hjWY[ wxnµpYpYq�pY�2hxq�Z2[]wjsmpY�m[~gKÀÆwjlmZ

0.145
gÈÀÆlmw

8
husmgx³fg¢hjl

60
gÃÀÆlUw

20
hjsmgx³Tg¢lmp�stp�{¥pChx[���\Ãlmwj[`ÍÇnYl

1.8
� /)Âm�

V/WY[2��q�Z�q�h�lmÀÈhjWY[o|µwxlU|<lCgxsm��qrgÇhxWµsth-§4[-�m[�p�¡�q¤hjW½hjWY[�klmZ�|Y��[�Tq�hie�wx[~}Tnµkhxq�lmp½|µwxlTk[~}TnYwj[m§RhxWµ[�k�lmZ�|Y��[�Tq�hie�q�pµk�wx[~smgx[-g
[��f|Rlmpµ[�pChxqrst����e�¡�q�hxW
hxWY[`pfnYZ]�R[�w/lmÀ4hjsUg�³Tg-� ¹ nYw�hjWY[�w/[��f|R[�wjq�Z2[-pChjg¢g�WYl�¡ hjWµs�h¢hjsUg�³,gx[hugÈlmÀ�k�smwj}Yq�pµsm��q�hie

30
hjl

35
k�smp��R[

Wµsmpµ}T��[-}�q�p�soÀÆ[�¡EWYlUnYwjg-� Ê �Rl��m[`hxWµq�g¢hjWYwx[~g�Wµlm�r}É§fhxWY[ wjnYpYpµq�pY�2hjq�Z�[ ¡�q����4wustqrgx[Ç|Ywjlm�µ��[-Z lmp�k[-w�hustq�p�husmgx³,g�[�hjg6smpµ},hjWY[
� Ý V>ìÄì��-ãtì�àÞëíç�ìiî�ïPæuþTèPì¥ïAâ>ã`ëíè c%ë ýìiî`ëíîÇèPìiê¥ïPëíá%î`ú �
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d a�g
¹ q��mnYwj[���P Ê �m[-wjsm�m[6pfnYZo�<[-wÃlmÀ#klmpY¦µ�mnYwus�hjq�lUpµg�hj[-g�hx[-},hxl]¦µpµ}�sog�lU��nYhxq�lmp,stp<}�s>�m[-wjsm�m[/wjnYpYpYq�pY��hjq�Z�[`lmp�smp,{¥pChx[-�É\ÃlUwx[
ÍÇnYl

1.8
� /6Â,¡�q�hxWÁstpµ}¼¡�q¤hjWYlmnThohxWY[�klUZ�|Y��[��Tq¤hie©wx[~}Tnµkhxq�lmp¼Z�[hjWYlT}É��V/WY[�\ÃvÈ» ��lUsm}

U
q�g2[ Å nµsm�Khjl 0.84

¡�q�hxWÁs
pfnYZo�<[-wÇlmÀÄhjsmgx³Tg6wustpY�Uq�pµ�3ÀÆwxlUZ

8
hxl

20
�ÇÌÈsmkuWG|Rlmq�pChÇqrg6hjWY[�s>�m[�wust�U[��>sm��nµ[]l��m[-w

100
[�T|<[-wxq�Z�[�pChjgÇstpµ}G��lU�µ�Çgjk�sm��[]q�g

nµgx[-}
ÀÆlUw�eU£¥s��T[~g��

sm���Ulmwjq¤hjWYZ qrg6pYl3Z�lmwj[ g�nµq¤hj[-}É� � stwj�m[-w¢hjsmgx³
gx[hug6k�smp��<[ hjwx[~s�hj[-}�¡�q¤hjW�WY[�nYwjqrgihjq�k-g6s�h�hjWY[�[�T|R[�pµgx[�hxW<s�h)wj[-gxnY��hjg�stwj[�pYl
Z�lmwj[�lm|Thjq�Z3sm�A§Ygx[�[�gx[-khxq�lmp24f�

� � �����-57���¿��"#"������57���o�Ü�]���� ���u����5 � �u��� ����"�� �µ"6�©���Ã���� �2	����o���

O©[Ç[��fhx[�p<}�hxWY[�st���mlUwxq�hxWµZ |Ywjlm|RlUgx[-}�q�p
gx[-khxq�lmp,��hxl�hjWY[�k�smgx[6¡�WY[-wx[ Å nµstpChjs]k�stp��<[�kuWYlUgx[�p3lUp�s husmgx³C£P|R[�wx£Ahusmgx³]�µsUg�qrg
q�p,hjWY[Çq�pChx[-wx��st�

[ψmin, ψmax]
§f¡�WY[-wx[

ψmin
stpµ}

ψmax
stwj[6pµsthxnYwust�RpfnYZ]�R[�wugÈ¡�WµlUgx[)��st��nY[-g¢stwj[�^�cf£±gx|<[~kq�¦<k)k�lmpµg�hxwustq�pChjg

lUw]kuWYlUgx[�p��fe�hxWY[�sm|Y|Y��q�k-s�hjq�lUp�}Y[-gxq��UpY[�w~�
V/WY[
klmwjwj[-gx|<lUpµ}Tq�pY��st���mlmwjq�hxWYZ�qrg�p<stZ�[-} ;=�µ�¨b��¬?>�@BAIA @FE�� � ∗ ��V/WYq�g]pY[�¡
sm���Ulmwjq¤hjWYZ wx[-Z�smq�p<g#lU|Thxq�Z3st�P§tg�[-[¢sm|Y|<[-pµ}Tq��,\��f¡�WY[-p�hjWY[¢ÀÆ[-smgxq��Yq���q�hie`qrg�smgjg�[~gxgx[-}�¡�q¤hjWogjkuWY[-}Tnµ��sm�Yq���q�hie�stpµsm��eTgxq�g#�m[�wjq�ÀÆeCq�pY�
|Ywjlm|R[�wxhie��,}T[-gjkwjq��R[-}�q�p1$u�Y� 4T� O²q�hxWGhxWY[]sUgxgxnYZ�|Thjq�lUpµg�Z3sm}T[]q�pGgx[-khxq�lmp½�f§<hxWY[]|<lU��qrke�q�g)q�Z�|Y��q�[-}��fe�hjWY[]pfnYZo�<[-w6ltÀ
husmgx³fgÈWµs>�fq�pµ� hxWY[`gxsmZ�[6|Ywjq�lUwxq�hie]��[��U[���P�gxWYlmnµ��}�lUpY��e2lmpµ[�hjsUg�³��R[Çsmgjgxq��UpY[-}2|Ywjq�lUwxq�hie]��[��U[��<qµhjWY[�p,q�hjgÃ|Rlm��q�k�eoqrg ¹ vKv ° qP� [U�
s,z)zË��s>eU[�w�lmÀÄk-stwu}Tq�pµst��q¤hie���qrg)g�hxwjq�khx��e
[ Å nµq���st��[�pCh6hjl�stp ¹ vKv:��s>eU[�w~§µgx[�[<$%�T���-´%§RlthjWY[�wj¡�q�gx[�hxWµ[]|Rlm��q�k�e
qrg6pY[~k[~gxgjstwjq���e
z6z��µV/WY[ |Ywjlm�Y��[�Zºq�g¢hjWCn<g�wx[~}Tnµk�[-}�hxl,smgjgxq��UpYq�pµ�o|Ywjq�lmwjq¤hjq�[~g�§f|Y��nµg Å nµsmpUhus�hjl�hjsUg�³Tg¢hxW<s�h��<[-��lUpY��hxl3s�z6zE�rs>em[�w~�

�$��� ���������
	��������������
∗
��?%B*'* ;#�� :
�

{¥p�hjWY[]gjstZ�[ ¡¢s>e
smg/hjWY[0;=�µ>¨���¬H>�@BAIAD@FE(�G��st���mlUwxq�hxWYZ�§ThjWY[]sm���Ulmwjq¤hjWYZ ��lClU³Tg¢ÀÆlmw)s3gjkuWY[-}YnY��sm�Y��[�g�[�h)ltÀ�hjsUg�³Tg6sth6[-smkuW
|Ywjq�lmwjq¤hie���[��U[��P��/)l�¡Ã[-�m[-w-§tgxq�p<k[¢hxWY[ Å n<stpChxnYZ k�smpo�R[)kuWYlCg�[-p4§�hxWµ[6st���mlmwjq�hxWYZ�[��YstZ�q�pµ[-g-§�ÀÆlmwÄ[~smkuW2|<lCgxgxq��µ��[6gx[hKlmÀ<husmgx³fg-§
sm���4|RlUgjgxq��Y��[ Å nµstpChxnµZºsmgjg�q��mpµZ2[-pChjg¢nYpChxq��4q�h�¦µpµ}Yg6s�gxnYq�hjst�µ��[ lUpY[ ° ��q�pY[ 5 q�p�st���mlmwjq�hxWYZº�U´%�

K4� Ð .�Ô�� � � Ð � & � Ô � ) � �
	 � ¹ lmw�[~smkuW½|µwxq�lmwjq¤hie���[��U[��
i
° ��q�pY[3�
q�p�st���mlmwjq�hxWYZ��m´§ÉhxWµ[l;=�µ�¨���¬?>�@BACAD@FE(�G���
sm���Ulmwjq¤hjWYZ

sth�hx[-Z�|ThjgÇhxl
¦µpµ}�s�gjkuWY[-}YnY��sm�Y��[ogxnY�µgx[h
Ti
q�p�gxnY�µgx[h

R
° ��q�pY[<43q�p�st���mlUwxq�hxWµZ �m´6¡�WY[-wx[

R
qrg)Z3sU}T[olmÀÈst����hxWY[ohjsUg�³Tg

¡�WYqrkuWGWµs>�U[ pYlth`�<[-[�pGeU[h�smgjg�q��mpY[~}�s3|Ywjq�lUwxq�hiem§Rs,|Rlm��q�k�e�smpµ}Gs Å nµsmpUhjnYZ��)V/WY[2st���mlmwjq�hxWYZºhxwjq�[~gÇsm����|<lCgxgxq��µ��[]gxnY�µgx[hug
lmÀ

R
§ÄlmpY[,�fe�lmpµ[m§Ästpµ}¿sm���¢|RlUgjg�q��Y��[ Å nµstpChxnµZ sUgxgxq��mpYZ�[�pChug�ÀÆlmwo[-smkuW¼gxnY�µgx[h2nYpChxq��¢s½gxkuWY[~}TnY�rst�Y��[�k�lmpT¦µ�UnYwus�hxq�lmp�qrg

lU�Thjsmq�pY[~}GlUw�sm���Äk�lmpT¦µ�UnYwus�hxq�lmp<g6Wµs>�U[]�R[�[�p�klUpµgxq�}T[-wx[~}É��{¥p½hjWY[2��sth�hx[-w k�smgx[m§OhjWY[�g�eTg�hx[�Z qrg`pYlth�gjkuWY[-}YnY��sm�Y��[ ° ��q�pY[-g]�
smpµ} � q�p½sm���Ulmwjq¤hjWYZ �m´%��^)hxWY[-wx¡�qrg�[U§µ¡¢[]Wµs>�U[ ÀÆlmnµpµ}Gs�gjkuWY[~}TnY�rst�Y��[]gxnY�µgx[h-§O}T[-pYlthj[-}��fe

Ti
§O¡�WYqrkuW4§Rq�pGhxWY[�z6z�k-smgx[m§

|RlUgjg�[~gxgx[-g Å nµsmpUhjnYZ smgjgxq��UpYZ�[�pCh {ψk}τk∈Ti

° ��q�pY[��-�oq�p�sm���Ulmwjq¤hjWYZ �m´%�ÄvÈwx[~kqrg�[-��eU§
Ti
qrg�gjkuWY[-}Tnµ��sm�Y��[`¡�WY[-p�sm���RhjsUg�³Tg¢ltÀ

Ti
smwx[ÇÀÆ[-sUg�q��Y��[ s�h�|Ywjq�lUwxq�hie

i
¡�WYq���[�sm���Ohusmgx³Tg/¡�q¤hjWYlmnTh6sUgxgxq��UpYZ�[�pCh ° qP� [U��§Yhjsmgx³Tg¢q�p

R\Ti
´ÃWµs>�m[ s2|Ywjq�lUwxq�hie3�mwj[-sthx[-wÈhjWµstp
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�?� . �#� P�hjsmgx³�gx[h
T = {τ1, τ2..., τn}�
Ð ���
&Æ� P�gjkuWY[-}Tnµ��sm�Y��[�|Ywjq�lmwjq¤hieU§YgxkuWY[~}TnY��q�pµ�2|Rlm��qrke�smpµ} Å nµsmpChxnYZ smgjg�q��mpYZ�[-pUh Pk = (P ,Ψk)� �T�-� P

i
P�|Ywjq�lUwxq�hie3��[��m[-�Ohxl,sUgxgxq��Up

R
P�hjsUg�³C£¥g�[�h�¡�q¤hjW�pµl�sUgxgxq��mpY[~},|Ywjq�lUwxq�hie

P
P�|µstwxhxqrst�É|µwxq�lmwjq¤hie,smpµ}�|<lU��qrke
smgjg�q��mpYZ�[-pUh

ΨP
PÄ|µsmw�hjq�sm� Å n<stpChxnYZ st����lTk-s�hxq�lmp

R = T
��

P = ∅
��

�±Ô �
i = n
� Ô � Õ Ô�

����� �"!$#�%�%"&('�)+*"�,&-!.��&(���
i /0 g�[~stwukuW
s�gjkuWY[-}Tnµ��sm�Y��[ gxnY�µgx[h�ltÀ�hjsUg�³Tg

Ti
nYp<}T[�w Å nµsmpUhjnYZ sm����lTk�sthxq�lmp {ψk}τk∈Ti

q�p
R1

)B�e
O¸�¨�� �%¨�¬H�
Ti
�r¨ ¨ªu«Y¬u���� ���H��¬e��� R¯��Þ¸t¯����F>

i
� � Ð�2 3

#4&65-7��98�:;�986��7"��)+*�#6����&-#"5�#�%�%"&('.)�8(<�86)�� /= � Ð � ��� �
(P ,ΨP)

�>
Ð &Þ� Ð? ��[h

Ti
s�gjkuWY[-}YnY��sm�Y��[�gxnY�µgx[h6sth6|Ywxq�lmwjq�hie

i
¡�q¤hjW Å n<stpChxnYZ st����lTk-s�hxq�lmp {ψk}τk∈Ti

��A@
#�%�%"&('.)+*"��&-!.�,&(���B:C*�!"5�&�D(� #6)9E F.7�#6)"�.76< /���
)F�

#Ti = 1
� � Ð#��G�

P = P ∪ {(τk, i, sched � fifo)}τk∈Ti

��A� Ð &A� Ð�H0
P = P ∪ {(τk, i, sched � rr)}τk∈Ti

��G1
ΨP = ΨP ∪ {ψk}τk∈Ti

��A2
Ð#� Õ� =
�98(<�!.I"8

Ti

3
�9!(<

R /�A>
R = R\Ti

��A?
Ð#� Õ�G@
)B�

R = ∅
� � Ð#� � Ð � ��� �

(P ,ΨP)
��J�

Ð#� Õ���
��& � Ô � ) � �
	 �WP+;=�µ�¨b��¬?>�@BAIA @FE�� � ∗ st���mlUwxq�hxWYZº¡�q¤hjW
husmgx³C£±gx|<[~kq�¦<k Å n<stpChxnYZ��
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� " �����/¯x¬?
��Þ¬¯bM������n�
	>¬H�

i
� Ê h6[~smkuW�gihj[�|4§Rs�h6��[-smg�h�lmpY[�husmgx³,qrg6smgjg�q��mpµ[-}�so|µwxq�lmwjq¤hie
stpµ}�s2|<lU��qrke ° ��q�pµ[-g �U�Çhjl��>�]q�p�sm���Ulmwjq¤hjWYZ �t´� �)lthx[�hjWµs�h~§
¡�WY[-p�z6zEq�g/nµgx[-}�sth/��[-sUgih�lUpµk[U§Y��[~gxg¢hjWµstp

n
|Ywxq�lmwjq�hie3��[-�m[��rg�stwj[`pY[�[~}T[-} ° [~stwj��e�[�Tq¤h6lUp
��q�pY[]�T�`q�p�sm���Ulmwjq¤hjWYZº�m´�

�ÃÔ4Ô N )F� � �PÔ �2� � Ð � Ð � Ô�� �~�.� Ð Õ
��&A�T� & Ð �~�Y� N4�
Ti
� V/Wµ[�wj[Çstwj[

2#R |RlUgjgxq��Y��[)gxnY�µgx[hug Ti ltÀ R hxW<s�h¢k-stp3�R[ÇsUgxgxq��UpY[-}|Ywjq�lmwjq¤hie,��[��U[��
i
° ��q�pY[54m´�¢cfq�pµk�[ hxWY[ Å n<stpChxnYZ k�smp
hust³U[ ‖ψ‖ = ψmax − ψmin + 1

}Tq O[�wj[�pCh6��st��nY[-g-§YhjWY[�wj[�stwj[
‖ψ‖#Ti

}Tq O[�wj[�pCh Å nµsmpChxnYZ sUgxgxq��UpYZ�[�pChjg]ÀÆlmw2[-sUkuW gxnY�µgx[h Ti � V/Wµ[
�µsUg�qrk,[��TWµstnµg�hxq��m[�hxwj[�[�£±gx[-smwjkuW¿nµgx[-}¼hxl©g�[�h2|Ywjq�lmwjq¤hjq�[~g]qrghjWY[]gjstZ�[�smg�q�p�hxWµ[5;=�µ>¨���¬H>�@BAIAD@FE(�G��st���mlmwjq�hxWYZ�§Ygx[�[�gx[-k%hjq�lUpG�T�¢{¥p
hjWY[ ÀÆlU����l�¡�q�pµ�µ§Y¡¢[�k�sm��� O¯��Þ¸�¯�����>�@±¨�¬��t¯xªu«#@ �P¯x¬u¬�hjWY[
gx[-smwjkuW�hxwj[�[�Z�lf}Y[���q�pY�2hjWY[�|Ywxq�lmwjq�hie,kuWYlmqrk[~g�� /6[-wx[U§f¡Ã[�[�T|Y�rstq�p�WYl�¡!¡¢[`n<g�[ s�g�q�Z�q��rstw�gx[-smwjkuW�hxl3kuWYlflUgx[)hjWY[ Å nµstpChxnµZ
sUgxgxq��UpYZ�[�pChÄÀÆlmwÃ[-sUkuW2|RlUgjgxq��Y��[)gx[h

Ti
� Ê Z�[hjWYlT}�hxWµsthÃgx|<[-[-}Yg�£Pnµ|�hxWY[`g�[~stwukuWo�fe2|YwxnµpYq�pµ�]s>¡¢s>eog�nY�Y£Ahjwx[-[-g�hjWµs�h/k�stpµpYlth

k�lmpChjsmq�p�s�g�lU��nThjq�lUp
qrg�|Ywjl��fq�}Y[-},q�p $3"<� �f�
cfq�Z�q��rstwj��eÇhjl ;=�µ�¨���¬?>�@BACAD@FE(�G�¢§-hxWY[/g�[~stwukuW�ÀÆlmw�hxWY[/gjkuWY[-}Tnµ��sm�Y��[¢g�nµ�µg�[�h

Ti
qrg�|R[�wxÀÆlmwjZ�[-} �fe [��f|µ��lUwxq�pY��hjWY[Ã|µwxq�lmwjq¤hieC£

gx[-smwjkuWT£Phxwj[�[Ãsmk�k�lmwu}Tq�pY�6hjl`sÇ}T[�|ThjWT£P¦µwjg�hKgihjwjsthx[-�mem�QO²WY[�p�s6��[-stÀ<qrg�wj[-sUkuWY[-}4§-hjWY[/gxkuWY[~}TnY�rst�Yq���q¤hie lmÀ
Ti
q�g�smgjgx[-gjg�[~}É�#{±À

Ti
qrg

ÀÆ[~smgxq��Y��[m§>hjWY[/st���mlmwjq�hxWYZEwx[�hxnYwjpµg-§>lthxWµ[�wj¡�q�gx[m§>q�h��µsUku³Chxwusmku³TgOhxq����UhjWY[Ã¦µwjg�h��U[�wxhx[�� gxnµkuW hjWµs�h�pYlthÄst���Cq¤hug�kuWµq��r} �m[-w�hjq�k�[-g#Wµs>�m[
�R[�[-p
[��f|µ��lUwx[~}É��V�l�smgjg�[~gxgKhxWY[�gxkuWµ[-}TnY�rst�µq���q¤hie3lmÀ

Ti
§fsm���O|RlUgjg�q��Y��[ Å nµsmpUhjnYZ smgjgxq��UpYZ�[�pChjg¢stwj[Çgxnµk�k�[-gjg�q��m[-��e�klUpµgxq�}T[-wx[~}É�

{¥p�hjWY[�gjstZ�[3Z3stpYpY[-w]smg ÀÆlmw hjWY[,|Ywjq�lUwxq�hie�sm����lTk�sthxq�lmp4§�s�hxwj[�[�£¥k�st����[-}��?����
������5@±¨�¬b��¯jªj«�@ �A¯x¬u¬�£6wj[ �µ[~k%hjg hxWY[�kuWµlmqrk[-g ÀÆlmw
Å nµsmpUhjnYZ ��st��nY[-g-� Ê }T[�|YhxWT£P¦µwugih/gihjwjsthx[��Ue]qrgKnµgx[-}�smgK¡¢[����Yhjl][��f|µ��lUwx[/hjWYq�g¢gx[-stwukuW3g�|<smk[U��{¥p,hxWYqrgÃk-smgx[m§Cs pYlT}T[)W<smg ‖ψ‖kuWYq��r}Twx[-p�¡�WY[�wj[�[-smkuW�kuWYq���}
Z�lT}T[��rg6s�}Tq R[-wx[-pUh Å nµsmpChxnYZ ��sm��nY[U�G/6[-wx[U§Y¡Ã[��rst�R[��ÉhjWY[ [-}Y�m[��<[�hi¡Ã[-[�p��m[-w�hjq�k�[-g/ltÀÄ}T[-|ThxW
k
smpµ}

k + 1
¡�q¤hjW�hxWY[ Å nµstpChxnµZ ��st��nY[�lmÀ�hxWY[ (k + 1)th

hjsmgx³�lmÀ
Ti
�6V/Wfnµg-§<s,�m[�wxhx[��
lmÀÄ}Y[�|ThjW

k
Z�lT}T[��rg�hjWY[]kuWYlUq�k�[-g

|R[�wxÀÆlmwjZ�[-}�ÀÆlmw/hxWµ[
k
¦<wjg�h/hjsmgx³Tg/ltÀ

Ti
�

�$� � &�' ���>?%�60 #�� � ��A@< # ���> '!� ��� �!A �".

K )"'UÐ!Ô�� ��� Ð � Ð �T���.�Ü� . �Y� Ð�� Ê gxgxq��mpYq�pY�
n
hjsmgx³Tgohxl�}Tq O[�wj[�pCh�pYlmpY£P[-Z2|Yhie©�rs>em[-wjg]q�g2��q�³U[�gxnY�O}Tq��Cqr}Tq�pY��s�gx[h�ltÀ

n[-��[-Z2[-pChjg/q�pUhjl�pYlmpT£±[�Z�|Thie
g�nY�<g�[�hjg-� � [h
k
�<[�hjWY[�pfnYZ]�R[�w�lmÀ��rs>em[-wjg-��V/WY[ pfnYZo�<[-w�ltÀ�|RlUgjgxq��Y��[ smgjg�q��mpµZ2[-pChjg¢q�g/[ Å nµst�P§

�fe
}Y[¦µpYq�hxq�lmp#§Thxl2hxWµ[�hxWY[]cChjq�wj��q�pY��pfnYZo�<[-w6ltÀ�hxWY[�gx[-k�lmpµ}
³fq�pµ} ° g�[-[0���?!±§T|µsm�m[ � ��"C´�P

1

k!

k∑

i=0

(−1)(k−i)

(
k

i

)
in
§

¡�WY[-wx[  k

i

! q�g6hxWY[��µq�pYlUZ�q�sm�#klf[ �,k�q�[-pUh~§µqP� [U��§µhxWY[]pCnµZ]�R[�w6lmÀ�¡/s>eTg/ltÀÄ|Yqrku³fq�pY�,smp�nYpYlmwu}T[-wx[~}�gxnY�µgx[h6lmÀ
i
[���[�Z�[-pUhug

q�p�s2gx[h6lmÀ
k
[���[�Z�[-pUhug��

V/WY[�klUZ�|Y��[��Tq¤hie3}T[-|<[-pµ}Yg/lmp,hxWY[�pfnYZ]�R[�w¢ltÀ#hjsmgx³TgÃgjkuWY[~}TnY��[-},nµpµ}T[�w�z6z:g�q�pµk�[)hjWY[�q�w Å n<stpChxnYZÜ��sm��nY[~gÈW<s>�m[6hjlo�R[
kuWYlCg�[-p4�(O²WY[�p�hxWY[-wx[`stwj[

k
��s>eU[�wug�§Cs�hÃ��[-sUgih

n− k+ 1
hjsmgx³TgÃsmwx[Çq�p�stp�z)z!�rs>em[�w ° qP� [U��§

n− k+ 1
husmgx³fgÈq�p�sogxq�pY�m��[Çz6z

�rs>em[-wKstpµ}2lmpµ[/hjsmgx³]q�p3[-sUkuW�ltÀRhxWY[6wj[�Z3smq�pYq�pY�
k−1
¹ vKv¼�rs>em[-wjgu´#smpµ}�nY|2hxl

max(n, 2(n−k))
° qP� [m��§mhusmgx³fgÄsmwx[ 6�[��U[�pY��ei7

}Tqrg�hxwjq��YnYhx[-}½stZ�lmpY�
z6z ��s>eU[�wugj´�6cfq�p<k[�hjWY[ Å nµsmpChxnYZ k�smp�hjst³U[ ‖ψ‖ = ψmax − ψmin + 1
}Tq R[-wx[-pUhÇ�>sm��nµ[-g-§µhjWY[�wj[]stwj[

�R[hi¡¢[�[-p
‖ψ‖ n−k+1 smpµ} ‖ψ‖max(n,2(n−k)) }Tq R[-wx[-pUh Å nµsmpChxnYZºsUgxgxq��mpYZ�[�pChug¢ÀÆlmw6s�klUpT¦µ�mnµwjsthxq�lmp�lmÀ k �rs>em[�wug-�{¥p¼sU}Y}Tq�hxq�lmp4§

n
husmgx³Tg�k�smp©�R[�gxnY�O}Tq��fqr}T[-}�q�pChxl

k = 1, 2, ..., n
Z3smpCe���s>eU[�wug stpµ}�hjWY[�wj[�stwj[

k!
}Tq O[�wj[�pCh]|RlUgjg�q��Y��[

|Ywjq�lmwjq¤hie©lmwu}T[�wjq�pY�UgostZ�lmpY�GhxWY[
k
|Ywjq�lUwxq�hie©��s>eU[�wug��©V/WCn<g�§Ks½��l�¡¢[�w��RlmnYp<}¿ÀÆlmwohxWµ[�gx[-smwjkuW¼gx|µsmk�[,ltÀ)hxWY[
|YwxlU�Y��[�Z ltÀ

sUgxgxq��UpYq�pY�o|µwxq�lmwjq¤hieU§T|<lU��qrke
stpµ} Å nµstpChxnµZ ÀÆlmw6s�gx[h6lmÀ n hjsmgx³Tg¢q�g

n∑

k=1

k∑

i=0

(−1)(k−i) ·

(
k

i

)
· in · ‖ψ‖n−k+1 �

{¥p�s�g�q�Z�q��rstw�¡/s>em§f¡¢[�}T[�wjq��m[�stp�nY|Y|R[�w��RlmnYp<}
�fe,wj[�|µ��sUkq�pY�
‖ψ‖n−k+1 ¡�q¤hjW ‖ψ‖max(n,2(n−k)) �

¹ lmw�q�pµg�hjstp<k[m§�smg]k�stp¿�R[�gx[�[-p©lUp�¦µ�mnµwx[ � §�hjWY[�gxq�Â-[3ltÀ/hxWY[
g�[~stwukuW�gx|µsUk[,klUZ�|Ywxqrgx[-g st�RlmnYh
2 · 1011 gjkuWY[-}YnY��q�pY�

k�lmpT¦µ�UnYwus�hxq�lmp<gÄÀÆlmw/s]gx[h/ltÀ
10
hjsUg�³Tg-��V/Wµ[`gx[-smwjkuW,gx|µsmk�[)�Uwxl�¡6gÄZ�lUwx[)hxWµsmp�[�T|RlmpY[-pChxqrst����eU§mhjWCn<g¢smp,[�TWµsmnµg�hxq��m[Çgx[-smwjkuW

qrg�pYlmh/|RlUgjgxq��Y��[ q�p
|Ywusmkhxqrk[�q�p�s2¡�qr}T[ wustpY�U[ÇlmÀ�wj[-sm�¤£Phxq�Z�[Ç|Ywjlm�µ��[-Z�g-�
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 1

 1e+10

 1e+20

 1e+30

 1e+40

 1e+50

 1e+60

 1e+70

 1e+80

 1e+90

 5  10  15  20  25  30  35  40  45  50

Number of tasks (n)

Size of the problem - task specific quanta (lower bound)
Audsley-RR-FPP* - task specific quanta (worst-case)
Audsley-RR-FPP - system-wide quantum (worst-case)

¹ q��mnYwj[ � P¢\ÃlUZ�|Y��[��Tq¤hie
ltÀ�hxWY[ |µwxlU�Y��[-Z ÀÆlUw)s�pfnYZ]�R[�w6lmÀ�hjsmgx³Tg/��stwjeCq�pY�2ÀÆwjlmZ
5
hxl

50
° ��lm�<�Ãgjk�sm��[�ÀÆlUw6eC£±st�fqrgu´%�K{¥p�hjWY[

k-smgx[`lmÀ�husmgx³C£±gx|<[~kq�¦<k Å n<stpChjsµ§fhxWY[ Å nµsmpUhjnYZ ��st��nY[ wustpY�U[-g/k�smp
�R[�kuWYlCg�[-p�q�p
hjWY[ q�pUhj[�wj��st� [1, 5]
�

(*)�+-,/.�0214365757368:9;9
∗ � ^Çnµw�sm���Ulmwjq¤hjWYZ ��lClU³TgÇsth�[~smkuWG|µwxq�lmwjq¤hie���[��U[�� i ÀÆlmw s�g�nµ�µg�[�h Ti q�p R ¡�WYqrkuW½qrg gxkuWµ[-}TnY�rst�µ��[sth`|Ywjq�lmwjq¤hie

i
° ��q�pY[

5
´%�ocTq�pµk�[2sth`��[-sUgih�lmpµ[]husmgx³�q�g�smgjgxq��UpY[-}�hjl
[~smkuWG|µwxq�lmwjq¤hie���[��U[��P§OhxWY[2pfnYZ]�R[�w�ltÀÃhjsUg�³TgÇ�<[-��lUpY�mq�pY�

hjl
R
¡�Wµ[�p½}T[~st��q�pµ��¡�q�hxW½|µwxq�lmwjq¤hie���[��m[-�

i
qrg)��l�¡¢[�w6hjWµstp�lmwÇ[ Å nµst��hxl i �`{¥p�sm}Y}Tq�hxq�lmp#§R¡¢[]³fpYl�¡ hjWµs�h`hxWµ[�wj[ostwj[ ‖ψ‖k}Tq O[�wj[�pCh Å n<stpChxnYZ�sUgxgxq��mpYZ�[�pChug6ÀÆlUw�s�gxnY�µgx[h�ltÀ k hjsUg�³Tg-��V/WCn<g�§4sth�[~smkuWG|Ywjq�lmwjq¤hie���[��m[-� i §OhjWY[3st���mlUwxq�hxWYZ [��TsmZ�q�pY[~g

∑i
j=1

(
i

j

)
· ‖ψ‖j = (‖ψ‖ + 1)i − 1

sUgxgxq��mpYZ�[�pChug)q�p½hjWY[2¡ÃlUwjg�h�£¥k�sUg�[U��V/Wfnµg-§OÀÆlmw�|Ywjq�lmwjq¤hie���[��m[-�#ÀÆwjlmZ
1
hxl
n
§OhxWµ[

sm���Ulmwjq¤hjWYZºklUpµgxq�}T[-wjg¢q�p�hxWY[ ¡¢lmwugihx£±k-smgx[Çs2pfnYZ]�R[�w�lmÀ�sUgxgxq��mpYZ�[�pChugÃ�Uq��U[�p��fe�P
n∑

i=1

(‖ψ‖ + 1)i − 1 =
1 − (‖ψ‖ + 1)n+1

1 − (‖ψ‖ + 1)
− (n+ 1)

V/WYqrg2klmZ�|Y��[�Tq�hie½ÀÆlUwos½�>smwxefq�pY��pfnYZ]�R[�w2ltÀ�husmgx³Tg�qrg]gxWYl�¡�p¿lmp¿¦<�mnYwj[ � §�ÀÆlUw]q�pµgihustpµk�[m§�ÀÆlUwosGgx[h2ltÀ
10
husmgx³Tg�¡�q�hxW

ψmin = 1
stpµ}

ψmax = 5
q�h)q�gÇst|Y|µwxl>�Tq�Z�sthx[-��e
[ Å nµst�4hxl 72 · 106 � ¹ q��mnµwx[ � gxWYl�¡6g6sm��gxl�hxWµ[ogxq�Â-[�ltÀ�hxWµ[]g�[~stwukuW�g�|µsUk[

smpµ}É§TÀÆlUw)klUZ2|<stwjq�gxlmp4§ChjWY[ ¡ÃlUwjg�h�£¥k�sUg�[`klUZ2|µ��[��fq�hie�lmÀ ;=�µ�¨b��¬?>�@BAIA @FE�� �¢§ � �Î¬ ��§µhjWY[�k�sUg�[�¡�WY[-wx[`hxWµ[ Å n<stpChxnYZ g�q�Â�[ qrg6s
gxeTgihj[�Z2£P¡�qr}T[�klUpµgihustpCh-� Ê ��hxWµlmnY�UW�¡¢[ÇsmkuWµq�[-�m[Çs]�mwj[-sth¢klUZ�|Y��[��Tq¤hie�wj[-}Tnµkhxq�lmp
¡�q¤hjW�wj[��Usmwj}µgÄhxl2stp
[�TWµstn<gihjq��U[Çgx[-stwukuW4§
hjWY[�klUZ2|µ��[��fq�hie,wj[�Z3stq�pµg/[��f|Rlmpµ[�pChxqrst�Éq�p�hxWY[ pfnYZo�<[-w�ltÀ#husmgx³Tg�§YsUg/|Ywx[-�fq�lUnµg���e3pYlmhxqrk[-}�q�p�g�[~k%hxq�lmp��T�

� Ô 	 . & Ð� ) � Ñ � Ð Õ����t� )ÞÔ�� � V/WY[�q�}T[~s�q�g hxWY[�gjstZ�[,sUg`ÀÆlmw0;=�µ�¨b��¬?>�@BAIA @FE�� �¢� O©[,¡¢smpCh`hjlGwj[-}Tnµk�[2hxWY[,pfnYZo�<[-w�ltÀ
gx[hug/hxWµsthÇstwj[�hxl3�R[]k�lmpµgxq�}Y[�wj[-}É�KvÈwxlU|<[-w�hie����mq��m[�p�q�p�hxWYqrg�|µsmwjsm�mwust|YW�g�WYl�¡6g�hxWµsth6q¤h)qrg�|RlUgjg�q��Y��[�hxl,qr}T[-pUhjq¤ÀÆe�|Ywjq�lUwxq�hie
smpµ}�|Rlm��q�k�e�sUgxgxq��mpYZ�[�pChug/hxWµsth�smwx[ pµlth`gjkuWY[~}TnY�rst�Y��[]¡�Wµsthx[-�m[�w6hxWY[ Å nµstpChxnµZ sm����lTk�s�hjq�lUp4�)V/WµsmpY³Tg�hjl�|Ywjlm|R[�wxhie��,stpµ}
|Ywjlm|R[�wxhie �µ§/lmpY[½k-stp qr}T[�pChxq�ÀÆe²stpµ} |µwxnYpµ[Gs>¡¢s>e¼�µwjsmpµkuWY[-g,ltÀ�hxWY[½|Ywxq�lmwjq�hieU£¥gx[-stwukuWT£Phxwj[�[
¡�WYq�kuW²pµ[-k[~gxgjstwjq���e¼��[-sU} hxl
gxnY�µgx[hug

Ti
hxW<s�h3stwj[,pYlth3gjkuWY[-}Tnµ��sm�Y��[�¡�Wµs�hj[��m[-w]hjWY[ Å nµsmpChxnYZ sUgxgxq��UpYZ�[�pChjg-� ¹ nYwxhxWY[-wxZ�lmwj[m§�¡�q�hxW |YwxlU|<[-w�hie��Y§ÈlmpY[

k-stp�wx[~}Tnµk�[ q�pGs�gxq�Z�q���smw6Z3stpYpY[-w�hxWµ[ pCnµZ]�R[�w6lmÀ Å nµsmpChxnYZ smgjg�q��mpYZ�[-pUhug¢hxl,k�lmpµgxq�}Y[�w/ÀÆlmwÇs�|µstwxhxqrknY�rstw6gxnY�µgx[h Ti q�pGsÅ nµsmpUhjnYZ2£±gx[-smwjkuWY£Ahjwx[-[m�
O²q�hxW
hxWY[��µsUg�qrk)sm���Ulmwjq¤hjWYZ [�T|Y�rstq�pµg¢q�pL$3"<���t§fÀÆ[~smgxq��µq���q¤hie3lmÀ�so|Ywxq�lmwjq�hie�sm����lTk�sthxq�lmp,qrg/smgjg�[~gxgx[-},sthÃhjWY[`��[~s�ÀÞg¢¡�WY[�p�st���

husmgx³fg/W<s>�m[`�<[-[�p��mq��m[-p�s2|Ywjq�lUwxq�hie3�fe,hj[-g�hxq�pY�3st��� Å n<stpChxnYZ smgjg�q��mpµZ2[-pChjg-��V/WY[ qr}T[~soqrg�WY[-wx[`hjl2[-��st��nµs�hj[ÇÀÆ[~smgxq��µq���q¤hie
s�h
q�pChx[�wjZ�[-}Tqrs�hj[��m[-w�hjq�k�[-g6sUg�¡¢[����A§R�fe�sUgxgxq��UpYq�pY�3s3|Ywjq�lUwxq�hie���l�¡Ã[-w/hxWµsmp

i
hjl3hxWµ[�hjsUg�³Tg/ÀÆlUw)¡�WYqrkuW�pYl,|µwxq�lmwjq¤hie
kuWYlmqrk[�W<smg

�R[�[-p2Z3sU}T[/em[h~��»)pµ}T[-wÄhxWµsthÈklUpT¦µ�mnµwjsthxq�lmp4§>q�ÀOsÇhjsUg�³
τi
¡�WYqrkuWoqrgKsUgxgxq��UpY[-}�hxWY[�|µwxq�lmwjq¤hie

i
q�g�pYlmhÈgxkuWµ[-}TnY�rst�µ��[¢¡�Wµs�hj[��U[�w

Ø�Ø î�pµú%ô%ù%ö
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hjWY[ Å nµsmpUhjnYZ smgjg�q��mpYZ�[-pUh~§thjWY[�wj[6qrgÈpYl]pY[�[~}2hxlok�lmpµgxqr}T[�wÄhjWY[ÇkuWµq��r}Twj[�p3ltÀOhjWYq�gÃ�m[-w�hj[�É�#{¥p<}T[�[~}É§CÀÆwxlUZ |Ywjlm|R[�wxhie2�T§Cgxq�p<k[
hjWY[3|Ywjq�lUwxq�hie�smgjg�q��mpYZ�[-pUh�ltÀÃhxWY[3kuWYq��r}Twx[-p�lmÀÈhjWYq�g�pµlf}Y[2¡�q����Äq�pµk�wx[~smgx[�hjWY[,g�[�h ltÀÃgjstZ�[�lmw�WYq��mWY[-w�|Ywxq�lmwjq�hie�hjsmgx³Tg�§OhjWY[
wj[-gx|<lUpµgx[�hxq�Z�[�ltÀ

τi
k-stpYpµlth }T[-k�wx[~smgx[m� V/Wfnµg�§4sm���ÄkuWYq��r}G�m[-w�hjq�k�[-g`klUwxwj[-gx|<lUpµ}Yg)hxl�|Ywjq�lUwxq�hie�smgjg�q��mpYZ�[-pUhug�hjWµs�h�stwj[]pµlth

gjkuWY[-}YnY��sm�Y��[m� �6l�¡ §Tq�h�wx[-Z�smq�p<gÈhjl�q�}T[-pChxq�ÀÆe,|Ywjq�lUwxq�hie,stpµ}
|Rlm��q�k�e,smgjg�q��mpYZ�[-pUhugÃhxWµsth�smwx[`pYlmh�gjkuWY[~}TnY�rst�Y��[Ç¡�W<s�hx[-�m[-wÃhjWY[
Å nµsmpUhjnYZ sm����lTk�sthxq�lmp4��V/WY[�ÀÆlm����l�¡�q�pY��|Ywjlm|R[�wxhiem§f|Ywjl��m[-p�q�p�st|Y|R[�pµ}Yq¤� Ê � �T§µk�smp
�R[�g�hjs�hj[-}É�
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V/Wfnµg-§Rsth)[-sUkuW��m[�wxhx[��
lmÀ�hjWY[]|µwxq�lmwjq¤hie�g�[~stwukuW�hjwx[-[m§Rs3|Ywjq�lUwxq�hie
sUgxgxq��UpYZ�[�pCh
P
q�g)pYlth)ÀÆ[-smgxq��Y��[]¡�Wµs�hj[��m[-w�hxWµ[ Å nµstpChxnµZ

sUgxgxq��UpYZ�[�pCh-§Tq�ÀÄs]husmgx³
τk
¡�WYqrkuW
W<smg�s�|Ywjq�lUwxq�hie

i
qrg/pYlth�ÀÆ[~smgxq��µ��[�¡�q�hxW�hxWY[ Å nµsmpChxnYZ st����lTk�sthxq�lmp
�mq��m[�p�q�p�|µwxlU|<[-w�hie,�µ�

cfq�Z�q��rstwj��em§�¡Ã[,k-stp¼knYh]�YwustpµkuWY[~g�¡�WY[�p¿[��T|Y��lUwxq�pY��hxWµ[ Å nµstpChjnYZ2£±gx[-smwjkuWT£Phxwj[�[2ltÀ�sGgx[h Ti ��V/WY[,qr}T[-s�qrg]sm�Ustq�p�hxl[-�>sm��n<s�hx[)ÀÆ[-sUg�q��Yq���q�hie2sthÃq�pChx[�wjZ�[-}Tqrs�hj[6�m[-w�hjq�k�[-g-��cTq�pµk�[Çsmp3q�pChx[-wxZ�[~}Tq�sthx[Ç�m[�wxhx[��2Z�lT}T[-��gÃs�|µsmw�hjq�sm� Å nµstpChjnYZ sUgxgxq��mpYZ�[�pCh
ÀÆlUw/s2gx[h

Ti
§T¡¢[`sUgxgxq��mp3hjWY[Ç��l�¡¢[-g�h Å nµstpChjnYZÜ��st��nY[)hjl�[-smkuW,hjsmgx³3q�p Ti ¡�WYqrkuW
WµsUgÈpµl Å nµsmpUhjnYZ smgjgxq��UpY[-}3eU[h~��{¥p
hxW<s�hk-smgx[m§fq¤ÀÄs]hjsmgx³

τk
ÀÆlmw/¡�WYqrkuW�hjWY[ Å nµstpChxnµZ Wµsmg/sm��wj[-sU}Te��<[-[�p�g�[�h�sth/hxWYqrg/�m[-w�hj[�3q�g/pµlth6gxkuWµ[-}TnY�rst�µ��[U§UhjWY[�p
hxWµ[�wj[`qrg¢pYl

pY[-[-},hxl�klmp<g�qr}T[�wÃhxWµ[`kuWYq��r}Twx[-p,ltÀ#hxWYqrg¢�m[�wxhx[��É��{¥p<}T[�[~}É§f�mq��m[�p�|YwxlU|<[-w�hie��t§ChjWY[�wx[~g�|Rlmpµgx[�hjq�Z�[�ltÀ
τk
k�smp,lmpµ��e�q�pµkwj[-sUg�[

¡�WY[-p�hxWY[�kuWYq��r}Twx[-p
lmÀ�hjWYqrg/�m[�wxhx[��
stwj[ klUpµg�qr}T[-wx[~}É�
V/WY[
¦µpµ}Yq�pY�©ltÀ)hxWYqrg2|µstwust�Uwjsm|YW¼st����l�¡6gos½�U[�wje¿g�q��mpYq�¦<k-stpCh2}T[~kwj[-sUg�[
q�p hxWY[�s>�m[-wjsm�m[3pfnYZ]�R[�w�lmÀÇklUpT¦µ�mnµwjsthxq�lmpµg

hj[-g�hx[-}��fe�hxWµ[l;=�µ�¨���¬?>�@BACAD@FE(�G� ∗ sm���Ulmwjq¤hjWYZ�� ¹ lUw�q�pµg�hjsmpµk[U§ÉÀÆlmw`husmgx³Gg�[�hjg�klUpµgihjq¤hjnThx[~}½lmÀÇ�~�,husmgx³fg-§RhxWY[3sm���Ulmwjq¤hjWYZ
[��TsmZ�q�pY[~g lmp¿s>�U[�wust�m[olmpY��e�sm�<lUnTh

4000
klmpY¦µ�mnYwus�hjq�lUpµg`�<[�ÀÆlmwj[,klUZ2q�pY��nY|¿¡�q�hxW¼s
ÀÆ[~smgxq��Y��[�gxlm��nThxq�lmp©lmwoklmp<k��nµ}Tq�pY�

hjWµs�h�hxWµ[�husmgx³¼g�[�h2qrg2nYpTÀÆ[-sUg�q��Y��[
¡�Wµq���[
q�h�¡ÃlUnY��} wx[ Å nYq�wj[
sm�<lUnTh 7 · 107 hj[-g�hjg2lthjWY[�wj¡�qrg�[U� ^Çp¿hxWY[�k�lmpChxwustwje½hjl½hjWY[
gxeTgihj[�Z2£P¡�qr}T[ Å nµstpChjnYZ k-smgx[m§T¡¢[�smwx[�nYp<st�Y��[�WY[�wj[`hxl,klUZ�|µstwj[)hjWY[5;=�µ>¨���¬H>�@BAIAD@FE(�G� ∗ sm���Ulmwjq¤hjWYZÜ¡�q�hxW�stpµ}�¡�q�hxWYlUnTh
hjWY[GklUZ2|µ��[��fq�hie¼wj[-}Tn<k%hxq�lmp Z�[hjWYlT} g�q�pµk[�wjnYpYpYq�pY��hjWY[%;=�µ>¨���¬H>�@BAIAD@FE(�G� ∗ ¡�q�hxWYlUnTh�klUZ�|Y��[��Tq¤hie¼wj[-}Ynµk%hjq�lUp qrg2hxlfl
k�lmZ�|YnThus�hxq�lmp<st����e,q�pChx[-pµg�q��m[`ÀÆlUw/hjsmgx³�gx[hug/ltÀÄk�stwu}Tq�pµst��q�hie3WYq��UWY[�w/hjWµstp

10
�

� � ��	
���"É����� � � �������]������� � ��� ���]�/�º���]"�� "��¢��"

V/WY[©[�T|RlmpY[-pChxqrst� klUZ2|µ��[��fq�hie ltÀe;=�µ�¨���¬?>�@BACAD@FE(�G� stp<} ;=�µ>¨���¬H>�@BAIAD@FE(�G� ∗ qrg�}YnY[½hjl hjWY[©pCnµZ]�R[�w�ltÀo}Yq O[�wj[�pCh
|RlUgjg�q��Y��[]gxnY�µgx[hjg

Ti
hxW<s�h`k-stp��R[]smgjg�q��mpµ[-}�s�h)[~smkuW�|Ywjq�lUwxq�hie,��[��U[��

i
§Rg�[-[e$j�Y�í�f� /6[-wx[U§µ¡¢[�|Ywj[-gx[�pCh)stp�Wµ[�nYwjq�g�hxqrkt§<q�p�hjWY[

k-smgx[olmÀÃs
gxeTgihj[�Z2£±¡�q�}T[ Å nµstpChxnµZ�§OhjWµs�h�k�lmpµgxq�}Y[�wugÇs���q�Z�q¤hj[-}�pCnµZ]�R[�w�ltÀ Ti sth`[~smkuWG|µwxq�lmwjq¤hie���[��U[�� i ��V/WY[oqr}T[~s�qrgÇhxl|Y�rsmk�[/hxWY[)Z2lCgih¢\ÃvÃ»¾}T[-Z�smpµ}Tq�pY��hjsUg�³TgÄsUgKg�lflUp�sUgÄ|RlUgjg�q��Y��[m§Usmpµ}ohxWfnµgÃs�hÄhxWµ[6��l�¡¢[-g�hÄ|Ywjq�lUwxq�hie���[��m[-��g-��V/WYq�gÈst���mlmwjq�hxWYZ�§
k-st����[~}1K�¸��m�@BACAD@FE(�G�+M�q�g lmÀ¢|Rlm��efpYlmZ�qrst�Kk�lmZ�|Y��[�Tq¤hie�stpµ}½hxWfnµg �R[hxhx[-w]g�nµq¤hj[-}�ÀÆlmw �rstwj�m[-wÇhusmgx³½gx[hjg-��V/WY[3sm���Ulmwjq¤hjWYZ
}T[~gxk�wxq��R[-}��R[���l�¡Ëwxnµpµg)q�p

O(n3)
stpµ}�hjWfnµg`q�gÇ¡Ã[-����gxnYq¤hj[-}�nµ|�hxl

100
husmgx³fg-�=/)l�¡Ã[-�m[-w-§<nµg�q�pY�3hjWY[�gxsmZ2[ogxkuWY[-Z�[m§Oq¤h`q�g

|RlUgjg�q��Y��[�hxl2ÀÆnYwxhxWY[-w�wx[~}Tnµk�[ÇhjWY[�gx[-stwukuW
gx|µsUk[`hxl3Wµsmpµ}T��[���smwx�U[�w¢hjsUg�³�gx[hug��

����� �
	��B�B�������������	,�����H�������
Ê �m[-wxe¿gxq�Z�q���smw2sm���Ulmwjq¤hjWYZ hxlGhjWY[�lmpY[
q�pÁg�[~k%hjq�lUp �½qrg2[�Z�|Y��l�em[~}©hxl�¦µpµ} s©gjkuWY[-}Tnµ��sm�Y��[�klUpT¦µ�mnµwjsthxq�lmp4��V/WY[�lmpY��e
}Tq O[�wj[�pµk�[���q�[-g�q�p hjWY[Gg�[~stwukuW¼ltÀ�s�gxkuWY[~}TnY�rst�Y��[�g�nY�<g�[�h

Ti
sth3[-smkuW |Ywjq�lUwxq�hie¿��[-�m[-�

i
° ��q�pY[

5
ltÀ�st���mlmwjq�hxWYZ �>´%� V/WY[

WY[-nYwjq�g�hxqrk3hjwxq�[-g�hxl½|µ��sUk[,hjWY[,husmgx³Tg�¡�q�hxW¿hjWY[
Wµq��UWY[-g�h]nThjq���q�gjs�hjq�lUp¼wus�hx[
s�h]hjWY[
k�lmpµgxqr}T[�wj[-}�|Ywjq�lmwjq¤hie���[-�m[��
i
��cfWµsmwxq�pY�

hjWY[�\ÃvÈ»�nYpµ}T[-wÇz6z�[�pµsm�Y��[~g��rstwj�m[�hjsUg�³Tg6hxl,�R[�ÀÆ[~smgxq��Y��[ ¡�WYq���[o�<[-q�pµ��gxkuWµ[-}TnY��[-}�sth)��l�¡E|µwxq�lmwjq¤hie
��[-�m[-��g-§<smpµ}�hxWfnµg-§<q�h
wj[-}Tn<k[-g¢hjWY[ q�pUhj[�wxÀÆ[�wj[�pµk�[ k�stn<g�[~},hjlohjWY[ lthjWY[�w/husmgx³Tg��

� [h
L
�R[2hxWY[���q�g�h ltÀKhusmgx³TgÇlmÀ

R
° � �Î¬ ��hjsmgx³Tg)pµlth em[�h�sUgxgxq��UpY[-}½s�|Ywjq�lmwjq¤hieGsmpµ}½s
|<lU��qrkeY´Çlmwu}T[-wx[~}��feG}T[-k�wx[~smgxq�pY�

nThjq���qrgxsthxq�lmp�wjsthx[ °
Ck/Tk
´%� � [�h

Lk
�R[�hxWY[

kth
husmgx³,ltÀ

L
§Q� �Î¬ ��§µhxWY[�husmgx³,ltÀ

R
¡�q�hxW�hjWY[

kth
WYq��mWY[~gih�nThjq���qrgxsthxq�lmp�wjsthx[U�

�m� ° \Ãwj[-sthx[
L
§ � �Î¬ ��§<gxlmwxh/hxWY[�husmgx³TgÃlmÀ

R
�fe�}T[~kwj[-smgxq�pY�onYhxq���qrgxsthxq�lmp�wus�hx[U� ´

Ù���Ø#ÙÎÚ
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�T� ° � lClU³©ÀÆlmw�s½gjkuWY[-}Tnµ��sm�Y��[�g�[�h
Ti
�í´�vK�rsmk�[
q�p

Ti
hxWµ[�husmgx³©¡�q�hxW hxWY[�WYq��mWY[~gih�nThjq���q�gjs�hjq�lUp¼wus�hx[U§ � �Î¬ ��§

L1
�¿V/WY[�p

q¤hj[�wus�hjq��U[���e,sm}Y}
hxWµ[�hjsmgx³,¡�q�hxW�hxWµ[ pY[�fh�WYq��mWY[~gih6nThjq���qrgxsthxq�lmp�wjsthx[m§W� �Î¬ ��§
L2,L3
§
L4
§T[hukt�����

¹ lUw
j
ÀÆwxlUZ

1
hxl

#L
§

° sC´ ° vKnTh�hjWY[
j
¦µwug�h¢husmgx³Tg/ltÀ

L
q�p

Ti
�í´

Ti = {L1, ...,Lj}
§

° �<´ ° V#[~gih/ÀÆ[~smgxq��Yq���q¤hieU� ´
qA� °

Ti
ÀÆ[-sUg�q��Y��[m§Twj[hjnYwxp#� ´2z�[�hxnYwjp�hjWY[�gx[h

Ti
ÀÆ[-sUg�q��Y��[�s�h�|Ywjq�lUwxq�hie

i
�

q�qA� °
Ti
pYlmh¢ÀÆ[~smgxq��µ��[U§YklmpChjq�pfnY[U� ´3^)hxWµ[�wj¡�q�gx[ klmpChjq�pfnY[U�

�Y� ° z�[�hxnYwjp�ÀÞstq���[~}É�í´ �)l2ÀÆ[-smgxq��Y��[�gx[h
Ti
¡/smgÃÀÆlUnYpµ}É§Ywj[hjnYwjp

∅
�

V/WYqrgÃWY[�nYwjqrgihjq�k6k-stp3�R[�ÀÆnYwxhxWY[-wÃq�Z�|Ywjl��m[-} P4¡�WY[�p,hxWY[`g�[�h
Ti
qrgKpYlmhÈÀÆ[~smgxq��Y��[)sthÃgihj[�|�� ° �<´iq�q±§C¡Ã[6q�hx[-wjsthxq��m[-��eowx[-Z2l��U[/ÀÆwxlUZ

Ti
gxlmZ�[`hjsUg�³Tg¢hjWµs�h6stwj[�pYlth�ÀÆ[~smgxq��µ��[U��V/Wµ[�gihj[�|�� ° �R´¥q�q4�<[~klUZ2[~gHP
�m� °

Ti
pµlth6ÀÆ[~smgxq��Y��[m§µwx[-Z2l��U[ÇnµpTÀÆ[-sUg�q��Y��[�hjsmgx³Tg��í´�^)hjWY[�wj¡�q�gx[�wx[-Z�l��m[�q¤hj[�wus�hjq��U[���e3ÀÆwxlUZ

Ti
hjWY[�nYpYÀÆ[-smgxq��Y��[�husmgx³Tg��GO©[

wx[-Z�l��m[Ç¦µwjg�h/hxWY[�husmgx³Tg/¡�q¤hjW
hjWY[ �mwj[-sthx[~gih/nThxq���q�gjs�hjq�lUp
wus�hj[m�
Ê g���lmpµ�2sUg¢hxWY[-wx[�smwx[`nYpTÀÆ[~smgxq��Y��[�hjsUg�³Tg¢q�p

Ti
§

° sC´ ° z�[�Z�l��U[)hjWY[ nYpTÀÆ[~smgxq��Y��[�hjsUg�³�¡�q¤hjW
hjWY[ WYq��mWY[~gih�nThjq���qrgxsthxq�lmp�wjsthx[m�í´
° �<´ ° V#[~gih/ÀÆ[~smgxq��Yq���q¤hieU� ´
qA� °

Ti
ÀÆ[-sUg�q��Y��[m§Twj[hjnYwxp#� ´2z�[�hxnYwjp�hjWY[�gx[h

Ti
ÀÆ[-sUg�q��Y��[�s�h�|Ywjq�lUwxq�hie

i
�

q�qA� °
Ti
pYlmh¢ÀÆ[~smgxq��µ��[U§YklmpChjq�pfnY[U� ´3^)hxWµ[�wj¡�q�gx[ klmpChjq�pfnY[U�

Ê g)q�h)¡�q������<[2g�[-[�p�q�p�hxWY[o[�T|R[�wjq�Z�[�pChug6ltÀKgx[-khxq�lmpG�T§<hxWYqrgÇWY[�nYwjqrgihjq�k qrg6[ �,kq�[�pChÇstp<}�g�nµk-k[~gxg�ÀÆnY����e
¦µpµ}YgÇs�ÀÆ[-sUg�q��Y��[]gx[h
Ti
q�p�Z�lUg�h�k-smgx[-g-�

��� � � '* . ���8���.9� 8 ' � � ?%��0$#�� �

Ê h�[-sUkuW!|Ywjq�lUwxq�hie ��[-�m[-�
i
§)hxWY[¿st���mlUwxq�hxWµZ ��lflm³Tg�ÀÆlmw�s gjkuWY[-}YnY��sm�Y��[©gxnY�µgx[h�ltÀ�husmgx³Tg

Ti
q�p¾hjWY[©gx[h

Ri

° ��q�pY[
5
ltÀ

sm���Ulmwjq¤hjWYZº�-´�
Ri
qrgÄhxWµ[)g�[�hKltÀOhjsUg�³

R
¡�q¤hjW3pYl]smgjgxq��UpYZ�[�pChÄ¡�WY[�p�hjWY[6|Ywjq�lUwxq�hie]��[��U[��

i
q�gÃklUpµg�qr}T[-wx[~}É��V/WY[ÇklmZ�|Y��[�Tq�hie

qrg/hxWfnµg/[ Å nµst�Ohjl�P
n∑

i=1

klUZ�| � Ri
§ ° �t´

¡�WY[-wx[ k�lmZ�| � Ri
qrg/hxWY[ ¡¢lmwug�h�£¥k�smgx[)pfnYZo�<[-w�ltÀ�g�[�hjg/hj[-g�hx[-}
ÀÆlUw6so�Uq��U[�p

Ri
�

cfq�pµk�[�s�h)��[-sUgih6lUpY[�hjsUg�³,qrg)sUgxgxq��mpY[~},hjl3[-smkuW�|Ywjq�lmwjq¤hie,��[��U[��P§ThxWµ[�pfnYZ]�R[�w6lmÀ�husmgx³Tg��<[-��lUpY�mq�pY�2hxl
Ri
q�g6��l�¡¢[�w/hjWµstp

lUwÇ[ Å n<st��hxl i §(� �Î¬ � M #Ri ≤ i
��cfq�p<k[oÀÆlmw s,�Uq��U[�p½gx[h

Ri
hxWY[�WY[-nYwxqrg�hxqrk�q�hx[�wus�hjq��U[���e�sm}Y}Yg)hxWµ[]husmgx³fgÇ¡�q�hxWGhjWY[2WYq��UWY[-g�h

nThjq���qrgxsthxq�lmpGwus�hj[]q�p
Ri

° g�hx[�|©�m´%§RhjWY[�wj[osmwx[oq�pYq�hxqrst����e
#Ri
}Tq R[-wx[-pCh`gx[hjg)hx[~gihj[-}É�D/6l�¡¢[��U[�w~§µ¡�WY[-p�hxWµ[2k�lmpµgxq�}Y[�wj[-}�gx[h

Ti
qrgÇpµlth`ÀÆ[-smgxq��Y��[U§OhxWY[�nYpYÀÆ[-smgxq��Y��[ohjsUg�³Tg`stwj[]wj[�Z�l��m[~}�lmpY[2�fe�lmpY[ ° g�hx[-|©� ° �<´iq�qÄq�Z�|Ywxl��U[-}µ´� Ê h`¡¢lmwugih~§Ést����husmgx³TgÇsmwx[
pYlmh)ÀÆ[~smgxq��Y��[]smpµ}�hxWfnµg

#Ti
}Tq R[-wx[-pCh`gx[hjg

Ti
smwx[]k�lmpµgxqr}T[�wj[-}�[-sUkuW�hxq�Z�[�hxWµ[]WY[-nYwxqrg�hxqrk�sm}Y}µg)s�husmgx³R�)cTlµ§<hxWY[�pfnYZo�<[-w

lmÀ�gx[hug
Ti
klUpµg�qr}T[-wx[~}3ÀÆlmw6s2�Uq��U[�p�g�[�h

Ri
q�g P

klmZ�| � Ri =

#Ri∑

j=1

j =
#Ri · (#Ri + 1)

2
,

° � ´

hjWCn<g/ÀÆwxlUZ [ Å nµsthxq�lmpµg)�osmpµ} � §ThxWµ[�st���mlmwjq�hxWYZÜ��lflm³TgÃÀÆlmw�P

n∑

i=1

i∑

j=1

j =

n∑

i=1

i · (i+ 1)

2
⇒ O(n3)

§
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Number of tasks (n)

Audsley-RR-FPP - system-wide quantum (worst-case)
Load-RR-FPP - system-wide quantum (worst-case)

¹ q��mnYwj[,� P �)nYZ]�R[�w�lmÀ/k�lmpT¦<�mnYwus�hjq�lUpµgÇhx[-g�hx[~}©q�p©hxWµ[3¡ÃlUwjg�h�£¥k�sUg�[2¡�q¤hjW ;=�µ>¨���¬H>�@BAIAD@FE(�G�Üsmpµ}RK#¸��m�@BAIAD@FE(�G� ÀÆlmw]s
pfnYZo�<[-w6ltÀ�hjsmgx³Tg/��stwjeCq�pY�oÀÆwxlUZ 4ohxll4m�o¡�Wµ[�p
hxWY[ Å nµsmpUhjnYZºqrg�s�g�eTg�hx[-Zo£±¡�qr}T[��>sm��nµ[ ° ��lm�µ�Ägjk�sm��[`ÀÆlmw�eC£¥s��Tqrgj´�

sUgxgxq��UpYZ�[�pChjg/q�p
hxWY[ ¡¢lmwugihx£±k-smgx[m�
V/WY[3k�lmZ�|Y��[�Tq¤hieGÀÆlmw�s���stwjeCq�pY��pfnYZ]�R[�w�lmÀÈhusmgx³fg�qrg gxWYl�¡�p�lUp½¦<�mnYwj[3�T� ¹ lUw q�pµg�hjsmpµk[U§4q�h�q�g�[ Å n<st��hxl 220

ÀÆlmw�s
gx[h)lmÀ

10
hjsUg�³Tg-� ¹ lmw6wj[ÀÆ[-wx[-pµk[U§T¦µ�UnYwx[o�3g�Wµl�¡6g/hxWY[oklmZ�|Y��[�Tq�hie
lmÀ+;=�µ>¨���¬H>�@BAIAD@FE(�G�¢� Ê g6[��f|R[-khx[~}É§<lUpY[�lU�µg�[-wx�U[-g�s

�Uwx[~s�h6klUZ2|µ��[��fq�hie,wj[-}Tn<k%hxq�lmp�¡�q�hxW�wx[-�Usmwj}YgÈhxl ;=�µ�¨���¬?>�@BACAD@FE(�G�:ÀÆlmw/husmgx³�gx[hjg6ltÀ�k-stwu}Tq�pµst��q¤hie3Wµq��UWY[�w/hjWµstp
10
�

� � $ ���/����57���o�����¿����"#	��u��"

V/WYqrg�g�[~k%hjq�lUpG¦µwugih�q�pC�U[-g�hxq��Usthx[-g)hxWµ[2s>�U[�wust�m[oklmZ�|Y��[�Tq�hie�ltÀKhjWY[�|YwxlU|<lCg�[~}Gst���mlUwxq�hxWµZ�g P=;=�µ>¨���¬H>�@BAIAD@FE(�G�/§ ;=�µ�¨���¬?>�@
AIA @FE�� � ∗ stpµ}2K#¸��m�@BAIAD@FE(�G�Ëq�p�lmwu}T[-wÃhjl�[-g�hxq�Z�sthx[`hxWµ[`�rstwj�m[~gih¢hjsUg�³
g�[�hjg¢hxW<s�h)k�smp��R[ Wµstp<}T��[~}�q�p�|Ywusmk%hjq�k�[m�ÄV/WY[-p4§
hjWY[/[�fhx[-pUh�hxl`¡�WYqrkuW]nµgxq�pY�)�RlthjW2z6z stpµ} ¹ vKv�[-pµst�µ��[~g#nµg�hjlÇq�Z�|Ywxl��U[KhjWY[¢gjkuWY[~}TnY�rst�Yq���q�hie qrg Å nµsmpUhjq¤¦<[-}��fe�k�lmZ�|µstwjqrg�lUp
¡�q�hxW ¹ vÈv©sm��lUpY[m��/6[�wj[m§>¡¢[ Å nµsmpChxq�ÀÆeÇhjWY[¢q�Z�|Ywjl��m[-Z2[-pCh#�YwjlmnY�UWUh�¡�WY[�pog�eTg�hx[�Z2£±¡�q�}Y[ Å nµstpChjnYZËlmw#hjsmgx³C£±gx|R[-kq�¦<k Å n<stpChjs
smwx[�[�p<st�Y��[-}
�fe
klUZ�|µstwjq�gxlmp�¡�q¤hjW ¹ vKv�� ¹ nYwxhxWY[-wxZ�lUwx[U§fhxWY[ [ �3k�q�[-pµke�ltÀ�hxWY[ WY[-nYwjq�g�hxqrkJK#¸��m�@BAIAD@FE(�G� qrg6sUgxgx[-gjg�[~}É�

����� � 0 � �6 # � �!A � ��?�. � �"=
� �

{¥pohxWY[¢ÀÆlU����l�¡�q�pµ�Ç[��f|R[�wjq�Z2[-pChjg-§�¡Ã[¢lmpY��e]k�lmpµgxq�}Y[�w�hjsmgx³�gx[hjg�hjWµs�hKsmwx[ÃnYpµgjkuWY[-}Tnµ��sm�Y��[¢¡�q�hxW ¹ vÈv�sm��lUpY[m��cfq�pµk[/¡¢[¢kuWYlflCg�[
hjl�k�lmpµgxqr}T[�w�|R[�wjq�lT}Tqrkohjsmgx³Tg�¡�q¤hjW©}Y[-sm}Y��q�pY[-g�[ Å nµst��hjl�|R[�wjq�lf}µg ° Di = Ti

´%§#¡¢[�nµgx[ohjWY[3z6s�hj[3_�lmpYlmhxlUpYq�k °A¹ vÈvÄ£±z)_½´
|Ywjq�lmwjq¤hie�smgjg�q��mpµZ2[-pCh-§µ¡�Wµq�kuWGqrg6lU|Thxq�Z3st��q�pGhxWµsth`klUpChx[�fh~�)V/WY[]�U��lU�µst�#��lCsm}

U
° qA� [m��§ ∑n

i=1
Ci

Ti

´�W<smg�hjl��R[]pY[~k[~gxgjstwjq���e
�Uwx[~s�hx[-w�hjWµstp

n · (21/n − 1)
° ÀÆwxlUZ � � !Î´]q�p lmwu}T[�w]hxl½�R[
sm�Y��[,hxl�[�TWYq��Yq�hopYlUpT£AÀÆ[~smgxq��µ��[3husmgx³¿g�[�hjg-�½{¥p¿hjWY[,ÀÆlU����l�¡�q�pµ�µ§

¡¢[2kuWµlClCg�[2s Å nµsmpChxnYZ���sm��nY[2ltÀ 1 ÀÆlUwÇhjWY[3g�eTg�hx[-Zo£±¡�qr}T[ Å nµsmpChxnYZ��2lmw~§É¡�WY[�p½hjsmgx³C£±gx|R[-kq�¦<k Å nµstpChjs�q�g�k�lmpµgxq�}Y[�wj[-}É§4sÅ nµsmpUhjnYZ �>sm��nµ[ ¡�WYq�kuWGk-stp��R[]kuWYlUgx[�p�q�p�hxWY[�q�pChx[-wx��st� [1, 5]
�ÃV/WY[]|µstwustZ�[hj[�wug/ltÀÄstp�[��f|R[�wjq�Z2[-pCh)stwj[�}T[¦µpµ[-}��fe,hjWY[

hjnY|Y��[
(n,U)

¡�Wµ[�wj[
n
q�gKhxWY[`pfnYZ]�R[�wÃltÀÉhusmgx³fgÃstpµ}

U
q�gÈhxWY[Ç�m��lm�µsm�µ��lUsU}É��V/Wµ[)nThjq���q�Â~s�hjq�lUp,wjsthx[ ° Ci

Ti

´ÄlmÀ4[-smkuW�husmgx³
τi
qrg

nYpµq¤ÀÆlUwxZ���e�}Tqrgihjwxq��YnThj[-}�q�p
hxWµ[`q�pChx[-wx��st� [U
n · 0.85, Un · 1.15

] �KV/WY[ k�lmZ�|YnThus�hxq�lmp�hxq�Z�[
Ci
qrg/wustpµ}TlUZ���e,kuWYlCg�[-p�¡�q�hxW�stp

nYpµq¤ÀÆlUwxZ �rs>¡²q�p�hjWY[Çq�pChx[-wx��st�
[1, 50]

stpµ},hxWY[`|R[�wjq�lT}
Ti
qrg¢nY|Y|R[�w��RlmnYpµ}Y[-},�fe

1000
��V/WY[`wx[~g�nµ�¤hugÃW<s>�m[)�R[�[-p
lU�Thjsmq�pµ[-}

¡�q�hxW
200
husmgx³�gx[hjg/wustp<}TlmZ���e3�m[�pµ[�wus�hx[~}�¡�q�hxW�hjWY[�s�ÀÆlUwx[-Z2[-pChxq�lmpY[~},|µsmwjsmZ2[�hx[-wjg-�

� 	 �~ãtìiàÞëíç�ì�îïAèOî>áuïOü~ìiïPæuëíþíìiü V>ìiàÞì�èPâ�c�c%ì�èÞïRïAáKâ>è<ïFV�æjïOá%î/æ�ýìiàPæbc%ì#ï�V~ì�èAç6æuþíþíì�àTïFV>ì#ñ-â�æuîïAâ>ç�ý%æuþíâ>ì%äïFV>ì�ì�æuèAëíì�à<ë ïRëíèµïPá�ð>î>ü6æ�èPêUV~ì�ü~â>þ æba>þíìã>àÞëíá%àAë ï ��æuî>ü3ãtá%þíëíê �2æuèPèAëoc%î>ç�ìiî�ï � ÙÎîïPâ~ë ïPë ýìiþ �äRïFV>ëíèÈëíè atìiêxæuâ~èPì)â>èPâ�æuþíþ �oèPç6æuþíþíìiàÄñ�â�æuîï±æ]æuþíþíá3h¿ïAá�ü>ëíç�ëíî>ëíè�V ïFV>ì)ëíî�ïAìià ��ìiàAìiî>êiì�ê�æuâ>èAì�ü<a �è±æuç�ì¥ÛÎã>àÞëíá%àÞë ï �)ïPæuè�j�è#ü>â>àÞëíî.c6æ+c%ë ýìiî`ïAëíç�ì�èAã�æuî �

Ù���Ø#ÙÎÚ



��¸�¨����
¨ªu«Y¬u����	��
��ªu¸�
-¶����T¯������Þ¸�
 �-�

��� � &�' ���>?%�60 #�� � '*) � :$� 8 ' ��� = � � �"#4'�A

{¥p�hxWYqrg/|µstwust�Uwjsm|YW4§t¡¢[`[���st��nµs�hj[6hjWY[ÇpfnYZo�<[-w/ltÀ4hjwxqrst�rgÈpµ[�[-}Y[-}3hjl2k�lmZ�[)nµ|�¡�q�hxW�s]gxlm��nThxq�lmp4§ � �Î¬ �K|µwxl��fqr}Tq�pµ�]s ÀÆ[~smgxq��Y��[
sUgxgxq��UpYZ�[�pCholUw2k�lmpµk���n<}Tq�pµ�½hjWµs�h2hxWY[
hjsUg�³¿gx[h�q�g2pYlmhoÀÆ[~smgxq��µ��[U�¼V�sUg�³¿gx[hjg�kuWµsmwjsUk%hj[�wjq�Â-[-}©�fe�hxWY[
hxnY|µ��[

(10, U)
stwj[

wustpµ}YlmZ���e��m[�pµ[�wus�hx[~}�¡�q�hxWGs��U��lU�µst�É��lUsU}
U
wustpY�Uq�pµ�oÀÆwjlmZ

0.75
hjl

0.95
� ¹ lmw�[~smkuW���lUsm}
ltÀ�hxWµ[ hjsUg�³�gx[h~§YhjWY[�s>�m[-wjsm�m[

k�lmZ�|Y��[�Tq¤hie
ÀÆlmw]�~´C;=�µ�¨b��¬?>�@BAIA @FE�� � ∗
° lU|Thxq�Z3st��g�lU��nThjq�lUp4§Yhusmgx³C£±gx|<[~kq�¦<k Å nµstpChusU´%§O�m´C;=�µ�¨���¬?>�@BACAD@FE(�G� ° lm|Thjq�Z3sm��gxlt£

��nThxq�lmp#§Yg�eTg�hx[�Z2£±¡�q�}Y[ Å nµstpChjnYZ,´Kstp<}��U´ K#¸��m�@BAIAD@FE(�G� ° WY[�nYwjqrgihjq�km§fgxeTgihj[�Z2£±¡�q�}T[ Å nµstpChxnµZ3´ÃklUZ�|YnThx[~},l��U[�w 200
husmgx³

gx[hug�q�g�gxWYl�¡�p�lmp
¦µ�mnµwx[��-�Y�

 10

 100

 1000

 10000

 0.76  0.78  0.8  0.82  0.84  0.86  0.88  0.9  0.92  0.94

N
um

be
r 

of
 c

on
fig

ur
at

io
ns

Load

Audsley-RR-FPP* - task-specific quanta
Audsley-RR-FPP - system-wide quantum

Load-RR-FPP - system-wide quantum
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hjWY[ klmZ�|Y��[�Tq�hie�wx[~}Tnµk%hjq�lUp
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Audsley-RR-FPP* - task-specific quanta
Audsley-RR-FPP - system-wide quantum

Load-RR-FPP - system-wide quantum
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hxl3so��lCsm}�[ Å nµst�Ohjl 89 � � Ê g/q�h/¡/smg¢[��f|R[-khx[~}É§T¡�WY[�p
hxWµ[`��lUsU},�U[hjg¢WYq��mWµ[�w~§fÀÆ[-smgxq��Y��[�gjkuWY[-}Tnµ��q�pY��g�lU��nThjq�lUp,hj[�pµ}Yg¢hjlwustwj[ÀÆeU�K^Çpµ[`k-stp�lU�µgx[�wj�m[6hjWY[ gxsmZ�[)hjwx[-pµ}3ÀÆlUw/gxeTgihj[�Z2£±¡�q�}T[ Å nµstpChjnYZ PÄ¡�WY[�p�hxWY[���lUsm}�q�g/��l�¡¢[�wÃhxWµsmp 79%
§Ys2gxlm��nThxq�lmp

qrg6ÀÆlUnYpµ}½q�p½sthÇ��[-sUgih
80%
ltÀÈk-smgx[-g-�)V/WY[]|R[�wuk[-pChjst�U[�ltÀÈgxnµk-k[-gjgx[-g6wj[�Z3smq�pYq�pY�,�Uwx[~s�hj[�w�hjWµstp

40%
nY|Ghjl
s3��lUsU}�[ Å nµsm�

hjl
83 � � ¹ q��mnYwj[]�U�ÇgxWYl�¡6gÈsm��gxl�hjWµs�h¢hxWµ[ K�¸ �U�@BAIA @FE�� �:WY[�nYwjqrgihjq�k)q�g¢pYlmhÈÀÞstwÃÀÆwjlmZ hxWµ[ÇlU|Thxq�Z3st�Og�lU��nThjq�lUp,|Ywjl��fq�}T[~}��fe;=�µ�¨b��¬?>�@BAIA @FE�� �Ëstp<}
sm����l�¡6g/Z�lUg�h/lmÀÎhx[-p
hjl2¦µpµ}�s�gxkuWY[~}TnY�rst�Y��[ klUpT¦µ�mnµwjsthxq�lmp�¡�Wµ[�p�lmpY[�[��fqrg�hjg-�

����� �9A�� =$�!A>8 � '�) � :$� ./#���� '�) � :$� � � .�� . � �".

ÌÄ�T|R[�wjq�Z�[-pUhug�pµlth
gxWYl�¡�p²WY[-wx[½gxnY�U�m[-g�h3hxW<s�h,hjWY[½pfnYZo�<[-w�ltÀ�gjkuWY[-}YnY��sm�Y��[�hjsUg�³ g�[�hjg
g���q��UWChx��eÁ}T[~kwj[-sUg�[~g�¡�WY[�p²hjWY[
pfnYZo�<[-w`lmÀÈhusmgx³fgÇq�pµkwj[-sUg�[~g���V/WYqrg`wx[~g�nµ�¤h�q�g Å nYq�hx[3gxnYwx|µwxqrg�q�pY�,�R[-k-stnµgx[2q�pChxnµq¤hjq��U[���em§ÉhjWY[oWµq��UWY[�w`hxWµ[2pfnYZo�<[-w�ltÀKhusmgx³fg-§
hjWY[)gxZ�sm����[�wKhxWY[-eostwj[6stp<}]hjWY[6WYq��mWµ[�wÄqrgÄhxWµ[6}T[��Uwx[-[�ltÀRÀÆwx[-[-}TlUZ�hxl�gx|Ywj[-sU}]hjWY[6¡¢lmwj³f��lCsm}�l��U[�wÄ}Tq R[-wx[-pChÈ|Ywjq�lUwxq�hie���[��m[-��g-�
V/WYqrg6k�lmnYpChx[-w�£±q�pUhjnYq�hxq��m[`wx[~g�nY��h�q�g6|YwxlU�µst�µ��e,}Tnµ[�hxl�hxWµ[ |<[~gxgxq�Z�qrg�ZºltÀ�hxWY[�gjkuWY[-}YnY��sm�Yq���q�hie,stpµsm��eTgxq�g/n<g�[~}�q�p�hxWYqrg6g�hxnµ}TeU�
{¥pµ}Y[�[-}4§4lmnYw�[��f|R[�wjq�Z2[-pChjg�g�Wµl�¡ËhxWµsth lmp�s>�U[�wust�U[ hxWY[�wj[-gx|<lUpµgx[]hjq�Z�[��<lUnYpµ}�ltÀ/s�h���[~smg�h

90 � ltÀÃhxWY[2hjsUg�³Tg`q�p©s�z6z�rs>em[-wKq�gÃklUZ2|µnThx[~}3¡�q¤hjW3hxWµ[�¦µwugihKhj[�wjZ ⌈ si,j

ψi

⌉
· (ψi−ψi)+ s̃i(t)

ltÀÉ[ Å nµsthxq�lmp 4T��V/Wµq�gÃ��st��nY[)}T[-|<[-pµ}YgKlUp3hxWµ[ Å nµstpChxnµZ
��st��nY[~g�ltÀ/hjWY[,lthjWY[�w�hjsmgx³Tg q�p�hxWY[�z)zÜ��s>eU[�w�smpµ}©pYlth]lUp�hxWY[
smk%hjnµst�È¡ÃlUwx³f��lUsm}��YwjlmnY�UWCh��Ce½hxWY[�lthxWµ[�w�husmgx³Tg q�p�hjWY[
z6z���s>eU[�w~�6V/WY[2�<lUnYpµ}�qrg6hjWfnµg)lmÀÎhx[-p½|R[-gjg�q�Z�q�g�hxqrk]smpµ}�q�hÇqrg)¡¢lmwugihÇ¡�WY[�p�hjWY[2pCnµZ]�R[�w`ltÀÄhjsUg�³Tg)q�p�hjWY[�z6zË�rs>em[�wÇ�m[�hjg
WYq��mW#�oV�l�gxlmZ�[2[�fhx[-pUh~§4q�h gx[�[-Z3g)hjWµs�h�hjWYq�g`|YWµ[�pYlUZ2[-pYlmp�[��U[�pµg`lmnYh`hjWY[��<[-pY[¦µhjg�ltÀÈhxWY[2hjsUg�³Tg`�R[�q�pY��gxZ3st����[-w�¡�WY[�p
hjWY[3pfnYZ]�R[�w lmÀÈhjsUg�³Tg`qrg�WYq��UW4�3V/WYqrg�Z�s>e�[��T|Y��smq�p©¡�Wfe�hxWµ[2pfnYZo�<[-w ltÀÃhjsmgx³Tg g���q��mWChx��eG}T[-k�wx[~smgx[-}GhxWY[�|R[�wuk[�pChust�m[2ltÀ
gjkuWY[-}YnY��sm�Y��[Çhusmgx³�gx[hjg/q�p�lmnYw�[��T|<[-wxq�Z�[�pChjg-�
V/WY[
gxsmZ2[,hxwj[�pµ}¿k-stp��<[
lm�µgx[�wj�m[~}½¡�q�hxW8K#¸��m�@BAIAD@FE(�G�ºWY[�nµwxqrgihjq�k P]¦<�mnYwj[��~��|Ywj[-gx[�pChug�hxWY[
|<[-wjk�[�pChjsm�m[3lmÀ¢husmgx³

gx[hugKnYpµgjkuWY[~}TnY�rst�Y��[�¡�q¤hjW ¹ vKvÄ£¥z6_ ÀÆlmwK¡�Wµq�kuW K�¸ �U�@BAIA @FE�� �²WY[-nYwjq�g�hxqrk/¦µpµ}µgKs�gjkuWY[-}Tnµ��sm�Y��[�k�lmpT¦µ�UnYwus�hxq�lmp#��V/WY[�husmgx³
gx[hugosmwx[,wustp<}TlmZ���e��U[�pY[-wjsthx[-}¿sUk�k�lmwu}Tq�pµ��hxl

(n, 0.84)
¡�WY[�wj[3hjWY[
pfnYZo�<[-w]lmÀ�hjsmgx³Tg

n
��stwjq�[-g ÀÆwjlmZ

25
hxl

45
�½V/WYqrg

[��f|R[�wjq�Z2[-pChjgÃWYq��UWY��q��UWUhugKhjWµs�h¢hxWµ[ÇWY[-nYwjq�g�hxqrk6qrgÈn<gxsm�Y��[Ç¡�q¤hjW�ZonµkuW,�rstwj�m[�wÈhjsUg�³3gx[hjgÈhxW<stp�¡�q�hxW2;=�µ>¨���¬H>�@BAIAD@FE(�G� ∗ stpµ}
;=�µ�¨b��¬?>�@BAIA @FE�� �¢�
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¹ q��mnYwj[,�~� P/v�[-wjk�[�pChjsm�m[ lmÀ�husmgx³�gx[hug)nµpµgxkuWµ[-}TnY�rst�µ��[�¡�q�hxW ¹ vÈvÄ£±z)_ ÀÆlmwÇ¡�WYqrkuW�hxWY[oWY[�nµwxqrgihjq�k0K#¸��m�@BAIAD@FE(�G��¦µpµ}µgÇs
gjkuWY[-}YnY��sm�Y��[�k�lmpT¦<�mnYwus�hjq�lUpG¡�q¤hjW½hjWY[,klUZ]�Yq�pY[~}Gnµgx[-}�ltÀ/z6z ° g�eTg�hx[-Zo£±¡�qr}T[ Å n<stpChxnYZ,´`stp<} ¹ vKv��#V/WY[�\ÃvÈ» ��lUsU}Gqrg[ Å n<st�Ohxl 0.84

smpµ},hjWY[ pfnYZ]�R[�w)ltÀ#husmgx³Tg/wjsmpY�m[~gÈÀÆwjlmZ
25
hxl

45
�

^ÇnYw�[�T|R[�wjq�Z�[�pChug#gxWYl�¡½hjWµs�h�hxWY[¢klUZ]�Yq�pY[-}�n<g�[~} ltÀYz6z¼smpµ} ¹ vKvG¡�q�hxW]|YwxlTk�[-gjgi£¥g�|R[-k�q¤¦Rk Å n<stpChjs6sm����l�¡6gOhjlÇgjkuWY[-}Tnµ��[
s��rstwj�m[�pfnYZo�<[-w�ltÀ/hjsUg�³©g�[�hjg ¡�Wµq�kuW¿stwj[3pY[-q¤hjWY[�w2gxkuWY[~}TnY�rst�Y��[�¡�q¤hjW ¹ vKvËpYlUw�¡�q¤hjW¼sGgxefg�hx[-Z2£P¡�qr}T[ Å nµstpChjnYZ���{±h]qrg

Ø�Ø î�pµú%ô%ù%ö
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¡¢lmwxhxW�pYlmhxq�pY�3hjWµs�h�klmpChj[�fhÇgx¡�q¤hukuW���sthx[�p<kq�[-g6¡¢[�wj[ pY[-�m��[-k%hj[-}�¡�WYq���[oz6zËq�pµ}Tn<k[-g)Z�lmwj[�klmpChj[�fhÇgx¡�q¤hukuWY[-g6hxWµsmp ¹ vKv��
V/WYqrg/ÀÞsUk%h�¡Ã[~st³U[�pµgÃhxl3s�k[-w�hustq�p
[��fhx[�pCh�lmnµw/k�lmpµk���n<g�q�lmpµg-� Ê ÀÆnThxnµwx[�¡¢lmwj³3q�g¢hjl�¦µpµ}�hxWY[�ÀÆ[~smgxq��Y��[ Å nµstpChxnµZºst����lTk-s�hxq�lmp
hjWµs�h6Z�q�pYq�Z�q�Â�[~g/hxWY[ �U��lU�µst�OpfnYZo�<[-w6ltÀ�klmpChj[�fh6g�¡�q�hjkuWY[~g��

� �������Ã�	�"#�����

{¥p hxWYqrg�hj[-kuWYpµq�k-st�¢wx[-|<lUw�h~§�¡¢[,|Ywjlm|RlUgx[�sm���Ulmwjq¤hjWYZ3g ÀÆlmw2smgjg�q��mpµq�pY�½|Ywxq�lmwjq�hiem§�|<lU��qrke�stp<} Å nµstpChxnµZ lUp¼v�lUgxq¤� �-�U�m�µ���-�
k�lmZ�|Y��q�smpUhÇ^�cO§<}Tq�g�hxq�pY�UnYq�gxWYq�pY�2hxWY[�k-smgx[�¡�WY[�wj[`hxWY[ Å nµsmpUhjnYZºqrg6s�gxefg�hx[-Z2£P¡�qr}T[ klUpµgihustpCh6stpµ}�hxWµ[]k�sUg�[`¡�WY[�wj[�q¤h`k�stp
kuWYlCg�[-p
lUp�s2husmgx³C£P|R[�wx£Ahusmgx³��µsmgxq�g-�Ä{±h6WµsUg/�<[-[�p�g�Wµl�¡�p�hjWµs�h�hjWY[-gx[�st���mlUwxq�hxWYZ3g/stwj[�lm|Thjq�Z3sm�Éq�p�hxWµ[�g�[-pµg�[`hjWµs�h6q�À�hjWY[�wj[
qrgÇsthÇ��[-sUgih)lUpY[ogjkuWY[~}TnY��[m§<hxWµsth`k�smp��<[oq�}Y[�pChxq�¦µ[-}½smg)ÀÆ[-smgxq��Y��[]�Ce�hjWY[ogjkuWY[-}YnY��sm�Yq���q�hie�hj[-g�h-§És�ÀÆ[~smgxq��Y��[]gxlm��nThxq�lmp½¡�q������R[
wj[hjnYwxpµ[-}
�Ce�hxWY[�sm���Ulmwjq¤hjWYZ3g��
{¥p
hx[-wxZ3g/ltÀ�¡ÃlUwjg�h�£¥k�sUg�[ÇklmZ�|Y��[�Tq�hiem§fhjWY[ st���mlmwjq�hxWYZ3gÃ�mwj[-s�hj��e3q�Z�|Ywjl��m[)nµ|<lUp�so�YwjnThx[`ÀÆlUwjk�[`sm|Y|YwjlUsmkuW��YnTh)stwj[�gihjq����

[��f|Rlmpµ[�pChxqrst��q�p�hjWY[�pfnYZ]�R[�w)ltÀ�hjsUg�³Tg-�¢V/WY[-wx[�ÀÆlmwj[m§ThjWY[�e�stwj[ pYlmh)g�nYq�hx[~}�hxl,�rstwj�m[`husmgx³�gx[hug��/V/Wµs�hÇq�g)¡�WCe
¡Ã[ |µwxlU|<lCg�[
hjWY[%K#¸��m�@BAIAD@FE(�G� Wµ[�nYwjq�g�hxqrk
hxWµsth3q�g3sm�Y��[�hjl©W<stpµ}T��[�[ �,kq�[�pChj��e¼�rstwj�m[-w2gxeTgihj[�Z3g-� Ê ÀÆnThjnYwx[�¡¢lmwj³�q�g2hjl�hust³U[
q�pChxl
sUk�klUnYpChÃklUpChx[�fh/g�¡�q�hjkuWY[~gÃsmpµ}3klUZ�[)nY|,¡�q�hxW�s�¡/s>e]lmÀ#smgjg�q��mpYq�pY� Å nµsmpChxnYZ ��st��nY[-gÃq�p�g�n<kuW�s ¡/s>e2sUgKZ�q�pµq�Z�q�Â�q�pY�]hjWY[
k�lmpChx[��Chx£±gx¡�q�hjkuW�l��m[�wjWY[~sm}É�
Ê wx[~g�nµ�¤h�efq�[-��}Ygo�fe�hxWY[�[�T|R[�wjq�Z�[-pUhug2q�gohxW<s�h2hxWY[�klUZ]�Yq�pY[-} nµgx[-}¼lmÀ ¹ vKv stpµ}¼z)zº¡�q�hxW hjsmgx³C£±gx|R[-kq�¦<k Å n<stpChjs

[-pµst�Y��[-g¢hjl,g�q��mpµq¤¦<k-stpChx��e,q�Z�|Ywxl��U[`gjkuWY[~}TnY�rst�Yq���q�hie,�fe�k�lmZ�|µstwjqrg�lUp�¡�q�hxW ¹ vKv!st��lmpµ[`smpµ}�¡�q¤hjW�gxeTgihj[�Z2£±¡�q�}T[ Å nµsmpUhjnYZ��
V/WYqrg�qrgÇ|<stwxhxqrknY�rstwj��e�q�pChx[�wj[-g�hxq�pY��q�p�hxWµ[�k�lmpChx[��fh`lmÀÃ[�Zo�<[~}Y}T[~}�gxeTgihj[�Z3g`¡�WY[�wj[]hjWY[3klCgih�|Ywj[-gjg�nYwj[]qrg`WYq��mW4§#smpµ}�hjWfnµg
��[-sU}
n<g¢hxl3[�T|Y��lmq�h/hxWY[�k�lmZ�|YnThus�hjq�lUpµst�Éwj[-gxlmnYwuk[~gÃsth/hxWY[-q�w�ÀÆnµ����[-g�h-�

� � ���3� �Á� � �
��� �©�/�#������"b& ����� �

{¥p½hxWYqrgÇsm|Y|R[�pµ}Tq��É§O¡Ã[o|Ywxl��U[ hxW<s�h)hjWY[�gxkuWY[~}TnY�rst�Yq���q¤hie�stp<st��efgxqrg � ��!�[-pµgxnYwx[~g6hjWµs�h`|Ywjlm|R[�wxhxq�[-go�]stpµ}½�,WYlU��}É��V/WY[]¦µwjg�h
|µsmwjsm�mwust|YW
q�gÇ}T[��Ulthj[-}
hxl3hjWY[]g�hxnµ}Ye�ltÀ�hjWY[�[�T[~knThjq�lUp�[-pµ}

ei,j
lmÀ
τi,j
klUZ�|YnThx[~}�¡�q¤hjW1� ��!�nYpµ}Y[�w�hi¡¢l,klUpT¦µ�mnµwjsthxq�lmpµg

(P ,ΨP)
smpµ}

(P ,Ψ
′

P)
hjWµs�h6lUpY��e
}Tq O[�w)�Ce,hxWY[-q�w Å nµsmpChxnYZºsUgxgxq��mpYZ�[�pCh~��V/Wµq�g�wj[-gxnY��h�q�g/nµgx[-}�q�p�g�nY�<g�[ Å nµ[�pCh�|YwxlflmÀÞg��

	 �4� � 0 �!8�= � #%' A �!A>< 5 '�=@A>< � 5
��./#48 �@ ' � �! � #%�!.

O©[�klmZ�|µsmwx[��<lUnYpµ}Yg2lmp hxWY[�[�T[~knThjq�lUp¼[�pµ} ltÀ
τi
nµpµ}T[�w2hjWY[�gjstZ�[
|Ywxq�lmwjq�hie�smpµ}¼|Rlm��qrke¿smgjg�q��mpµZ2[-pCh

P
¡�q�hxW hi¡Ãl

}Tq O[�wj[�pCh Å nµstpChxnµZ st����lfk-s�hjq�lUpµg�� � [h ei,j stpµ} e′i,j �R[3wx[~g�|R[-khxq��m[���e�hjWY[3[�T[-k�nThxq�lmp�[-pµ}½�Rlmnµpµ}©ltÀ τi nYpµ}Y[�w (P ,ΨP)smpµ}�nYpµ}T[-w
(P ,Ψ

′

P)
�Ècfq�pµk[

τi
q�g�q�p�stp�z6zE��s>eU[�w~§

ei,j
qrg�klUZ�|YnThx[~}�¡�q¤hjW�[ Å nµs�hjq�lUp "�ltÀ $u�Y� "�P

ei,j =
Z2q�p

{t > 0 | Ψi(t) + si,j = t}
§

¡�WY[-wx[ ° [ Å nµs�hjq�lUp 4]lmÀ $%�T� "U´

Ψ
ΨP

i (t) = �����
„‰

si,j

ψ
ΨP
i

ı
· (ψ

ΨP

i − ψ
ΨP

i
) + esi(t), s

∗

i (x)

« �

¡�WY[-wx[
ψ

ΨP

i − ψΨP

i

qrg)hjWY[�g�nYZbltÀKhjWY[ Å nµsmpChjs
ltÀÃsm����lthjWY[�w`hjsUg�³TgÇltÀKhjWY[3z6z��rs>em[-w-��cfq�pµk�[ si,j § s̃i(t) stp<} s∗i (x) stwj[q�pµ}T[-|<[-pµ}T[�pCh/ltÀOhxWµ[ Å nµstpChjnYZÜsmgjg�q��mpYZ�[-pUh ° g�[-[ $u�Y� "C´%§fq¤h¢q�gÈ[�pYlUnY�mW�hjlok�lmZ�|µstwj[/hxWµ[6¦µwugihÈhx[�wjZ ltÀOhxWµ[ min()
hjl]}T[~kqr}T[

¡�WYqrkuW�hjsUg�³,¡�q����4Wµs>�m[ÇhxWµ[�g�Z3st����[-g�h/wj[-gx|Rlmpµgx[)hjq�Z�[��Rlmnµpµ}É�KV�¡Ãl3k�sUg�[~g/stwjq�gx[ P

�m� ⌈ si,j

ψ
ΨP
i

⌉
· (ψ

ΨP

i − ψΨP

i
) >

⌈
si,j

ψ
Ψ

′

P
i

⌉
· (ψ

Ψ
′

P

i − ψΨ
′

P
i

)
hxWY[-p�¡Ã[ klUpµk��nµ}T[

ei,j ≥ e
′

i,j

§

�T�/lthjWY[�wj¡�q�gx[ P
⌈
si,j
ψΨP

i

⌉
· (ψ

ΨP

i − ψΨP

i
) ≤

⌈
si,j

ψ
Ψ

′

P
i

⌉
· (ψ

Ψ
′

P

i − ψΨ
′

P

i
)
§
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stpµ}
ei,j ≤ e

′

i,j

�
O²WY[-p

s∗i (x)
qrg/hxWY[ Z�q�pYq�ZonYZ�§Y¡¢[`W<s>�m[

ei,j = e
′

i,j
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