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La File d’Attente Avec Service & Temps Partagé Avec
Arrivées en Rafale

Résumé : Nous étudions la file d’attente avec service & temps partagé avec arrivées en
rafale, BPS (“Batch Processor Sharing”), lorsque les temps de service ont une distribution
hyper-exponentielle et que le processus d’arrivée des rafales est Poisson. Une des motivations
de cette étude est que la file BPS apparait naturellement lorsque 1’on étudie les procédures
d’ordonnancement favorisant les connexions courtes sur un réseau internet. Dans le cas
d’une distribution hyper-exponentielle des temps de service nous trouvons une expression
analytique pour le temps de réponse moyen conditionné sur le temps de service pour une
file d’attente BPS. Nous montrons que ce temps de réponse moyen conditionné est une
fonction concave du temps de service. Nous appliquons les résultats obtenus a la file
d’attente munie d’une politique & Temps Partagées avec Deux-Niveaux “Two Level Processor
Sharing” (TLPS) avec distribution hyper-exponentielle des temps de service. Nous trouvons
I’expression du temps de réponse moyen pour la file TLPS. La discipline de service TLPS
peut étre utilisée pour ordonner ’accés aux ressources en fonction de la taille dans un réseau
TCP/IP ou sur un serveur Web.

Mots-clés : La file d’attente avec service & temps partagé avec arrivées en rafale, la file
d’attente munie d’une politique & Temps Partagées avec Deux-Niveaux, réseau TCP/IP,
distribution hyper-exponentielle, Laplace transforment, Matrices de Cauchy.
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1 Introduction

The Processor-Sharing (PS) queuing systems are now often used to model communication
and computer systems. The PS systems were first introduced by Kleinrock (see [6] and
references therein). Under the PS policy each job receives an equal share of the processor.
The most important feature of PS is no requirement of knowledge of job sizes.

PS with batch arrivals (BPS) is not yet characterized fully. Kleinrock et al. [B] first studied
BPS. They found, that the derivative of the expected response time satisfies the integral
equation and found the analytical solution in the case when the job size distribution func-
tion! has the type F'(z) = 1 — p(z)e™"® where p(x) is a polynomial.

Bansal [4], using Kleinrok’s integral equation, obtained the solution for the Laplace trans-
form of the expected conditional service time as a solution of the system of linear equations,
when the job size distribution is a hyper-exponential distribution. Also he considers distri-
butions with a rational Laplace transform. Rege and Sengupta [I2] obtained the expression
for the response time in condition upon the number of customers in the system. Feng and
Mishra [8] provided bounds for the expected conditional response time, the bounds depend
on the second moment of the service time distribution. Avrachenkov et al. [2] prove exis-
tence and uniqueness of the Kleinrok’s integral equation and provide asymptotic analysis
and bounds of the expected conditional response time.

One of the main goals to study BPS is the possibility of its application in size-based
scheduling and the possibility to take into account the burstiness of the arrival process.
Bursty arrivals often occur in such modern systems as web server. Size-based scheduling is
used in differentiation of Short and Long flows in the Internet. A general set of size-based
scheduling mechanisms was introduced by Kleinrock and termed as Multy-Level PS (MLPS).

In MLPS jobs are classified into different classes depending on their attained amount of
service. Jobs within the same class are served according to FCFC, PS or FB policy. The
classes themselves are served according to the FB policy, so the priority is given to the jobs
with small sizes.

We study the particular case of MLPS, Two-Level PS (TLPS) scheduling mechanism. It
is based on the differentiation of jobs according to some threshold and gives priority to jobs
with small sizes. TLPS scheduling mechanism could be used to model such applications as
size based differentiation in TCP/IP networks and Web server request differentiation.

It was shown in [T, that when a job size distribution has a decreasing hazard rate, then
with the selection of the threshold the expected sojourn time of the TLPS system could be

I'We shall use terms “job size” and “service time” interchangeably.
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4 N. Osipova

reduced in comparison to pure PS system.

The distribution of file sizes in the Internet has a decreasing hazard rate and often mod-
elled with heavy-tailed distributions. In [9] it is shown, that heavy-tailed distributions such
as Pareto distribution could be approximated with hyper-exponential distributions with a
significant number of phases.

So, we study the TLPS model with hyper-exponential service time distribution. We apply
the results of BPS queuing model for the TLPS model and find the expression of expected
conditional sojourn time for TLPS model. We prove the concavity of the expected condi-
tional sojourn time function for both BPS and TLPS models. We use this results in [3]. We
note, that the concavity of the expected conditional sojourn time for BPS was proven by
another method in [T0)].

The paper is organized as follows. In the Section Plthe BPS scheduling mechanism is consid-
ered in the case when the job service time distribution is a hyper-exponential distribution.
For this case we provide the solution of the Kleinrok’s integral equation according to the
expected conditional service time. In the Section Bl the results received for the BPS model
are applied to the TLPS model, where the job size distribution is also hyper-exponential.
The analytical expression of the expected sojourn time is found. We put some technical
proofs in the Appendix.

INRIA
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2 Batch Arrival PS queue analysis

2.1 Main definitions

Let us consider an M/G/1 system with batch arrivals and Processor-Sharing (PS) queu-
ing discipline. The batches arrive according to a Poisson process with arrival rate A. Let
E[N] = m be the average size of a batch. Let b be the average number of jobs that arrive
with (and in addition to) the tagged job, b+ 1 = E[N?]/E[N].

B(x) is the required job size (service time) distribution and B(x) = 1 — B(z) is its comple-
mentary distribution function.

The load is given by p = Aum, with m = [;° B(z)dz = [;° 2dB(x). We consider that
the system is stable, p < 1.

Let «(z) be the expected conditional response time for a job with service time x and o/ (z)

be its derivative. Kleinrock showed in [6] that o/ (z) satisfies the following integro-differential
equation

o (x) = )\ﬁ/ o (y)B(z +y)dy + )\ﬁ/ o (y)B(x — y)dy + bB(z) + 1. (1)
0 0
We are interested in the case, when the job size distribution is a hyper-exponential function
N
Blx)=1-=Y pie ™" > pi=1,p>0,p >0, ¥i=1,..N, 1<N<oo. (2
i=1 i

By >, or [[, we will mean Zf;l and Hfil By Zi# or H#j we will mean 3, N, it
and [[,_, u i2j- By Vi we will mean Vi =1,..., N.

Without loss of generality, we can assume, that

0 < puny < pn—1 < .o < g < pp < 00. (3)

2.2 The expected conditional sojourn time for BPS

Let us first prove additional Lemma.

Lemma 1 . The zeros b; of the rational function

pi_ ILi(s+b)
S+ [ Hi(er,“i)

RR n° 6180



6 N. Osipova

are oll real, distinct, positive and satisfy the following inequalities:
0<by <pn, i1 <b;<p;, Yi=1,..,N—1.
Proof. Let us study the following equation
T(s)=0

Repeating the considerations of [[7] we get, that it has N roots —b;, i = 1, ..., N1, where Ny is
the number of distinct elements within p;. As p;, i = 1,..., N are all different, p; # pj, @ # j,
then N; = N and there are N different roots —b;. All —b; are real, distinct, negative, satisfy
the following inequalities: 0 > —by > —pun, —fit1 > —b; > —p;, Vi=1,..., N — 1. With
this we have the statement of Lemma [l So, then it is possible to present ¥(s) in the
following form:
\IJ(S) — Hz(s + bZ) ,
[T:(s + i)

and from here we have ().

Now we can prove our main result.

Theorem 2 . The derivative of the expected conditional responce time for BPS system with
hyper-exponential job size distribution function given by (@) is given by:

o () = co+ che_b’“””,
k

where
I (2 =23
c b 1
el e
2\ o T T (07 - 03)
q#k
and where by, are the solutions of the following equation:
1- 7 bi .y,
St i

and are all positive, distinct, real, satisfy the following inequalities
0<by < pn, i1 <bj<p;, Yi=1,...,N—1.
Proof. We can rewrite integral equation ([I) in the following way:
o (z) = N7 / o' (y) 3 pie T dy + Aa / o' (y)Blx — y)dy + bB(x) + 1,
0 p 0
0

o (x) = )\ﬁZpief‘”x/ o (y)e HM¥dy + )\ﬁ/ o (y)B(z —y)dy +bB(x) + 1.
; 0

INRIA



Batch Processor Sharing with Hyper-Exponential Service Time 7

We note that in the latter equation fOOO o/ (y)e #¥dy, i = 1,..., N are the Laplace transforms
of o/ (y) evaluated at p;,i =1,..., N. Denote

L; :/ o (y)e M¥dy, i=1,..,N.
0

Then, we have
o (z) = /\ﬁZpiLief‘“m + /\ﬁ/ o (y)B(x —y)dy + bB(x) + 1.
p 0

Now taking the Laplace transform of the above equation and using the convolution property,
we get the following equation. Here we denote L, (s) the Laplace transform of o’ ().

_ pz 7 — Pz o Di 1

Lo/(s) = A\l + A7 A

() S+ Z — S+ [ S
i L i 1
— 17)\n§ ST 2R Ly bi 2
S+M — S+ l; - S+ W s

Let us note that L/ (p;) = Li, i =1,..., N. According to Lemma [l and (@), the following
equation holds:

. b; i L i 1
Ll wb) gy~ ke 5~ ey 1 (5)

La/s
(>Hi(5+lh’) ~ 5+ p ~ S+ s

Hk;&z + ) Hk#zs+ﬂk) LTTi(s + i)
() =) Pk bz Leth tslere ©

From here we see, that there exist such cg, that:

Co Ck
La'(s):_""Zs—i—bk' @
k

Then, taking the inversion of the Laplace transform, we have the expression for o/(z):
x) =co+ che_b"m.
k

Now let us find ¢;. To find ¢g let us multiply both parts of the equation (@) by s and find
the value at the point s = 0. Then, we have that

Hi Hi
Hi bi

co = Lo/ (8)8|s=0 = (8)

RR n° 6180



8 N. Osipova

From (@) we have the following;:

Hi bi
Hi Hi

:\If(s)|s:0:1—)\ﬁz%:1—)\ﬁm:1—p.

So, then

Let us find the other coefficients ¢;.
Let us denote:

L) =3 5

€o Ci %
— LM$:—+Z%+b S+L()

c;
Lt = — VY,
J ;Mj‘f'b' J

; b; L} i
B— @D gy Pl 5 P
[1;(s+ pi) S+ —~ 5+ [
* H(S+bz) AT p
== Ly, L S+ fig)|s=— s+u s=—pg T
(I sy & F )l Z D=
Pi
b s=—pgr VG,
JF;S_’_MSﬁLMq” Kq q
[1:(bi — pg) —
= = A\np, L, + bpy, Vg,
Zb - Hz;ﬁq(:ul /Lq) a !
. Z b= p) gy S Gy g
b - Hz;ﬁq(:u’l MQ) j b]+ﬂq

Let us notice, that from ) we have the following;:

[Li(bi — 1) _ ILi(s+0bi)
Hi;ﬁq(ﬂi —ng)  TIi(s + )

= (1—)@21:8

(S + Mq)|s:7,uq = \II(S)(S + MQ)|S:7:U‘Q =

Di _
ﬂu—) (8 + Hg)ls=—p, = —Aipg, Vg,

INRIA



Batch Processor Sharing with Hyper-Exponential Service Time 9
then
cj _ _ cj
= Z 5 L (—Xnp,) = )\npqz 5 L — +bp,, Vg,
Cj Cj b
— - = 1= v )
;Hq*bj ;Mqubj o
c;b; b
— Y oLy
. pa —b?  2\n
So, c; are solutions of the following linear system:
Cjbj b
= — =1,...,N.
Z 2 2 — q PR 9
—~ b7 2)m 9)
Let us give the additional Lemma.
Lemma 3 . The solution of the following system of linear equations:
Ty
Y 515 =1 ¢=1..,N
— 12 ) greey LV 10
; ug b? (10)
is given by
I w2-u)
ap = ool . k=1,..,N.
[T -0
qFk
Proof. The proof is given in the appendix.
O
Corollary 4 . The solution of equation {I) is positive. Namely, xy >0 for k=1,...,N.

Proof. The proof is given in the appendix.

If we denote

Ckbk
T
Y

the system () will take the form (I0) and for ¢; the final result is as follows:

I (2 =)

e () = [ ] e
21 \ by AN by H (bﬁ _ bi) ’ T
qF#k

Tl = j=1,...,N,

N.

This completes the proof of Theorem

RR n° 6180



10 N. Osipova

O

Corollary 5 .  The expected conditional sojourn time function in the BPS system with

hyper-exponential job size distribution given by (@) is a concave function.

Proof. The function

_ Ck bz Ck _
a(x) —cox—zae k +ZE’ a(0)=0
k k
is a concave function if o/’ (x) < 0.
o (x) = — chl)k(fbkz <0
k

as cg > 0,by >0, k=1,..., N which follows from Corollary Bl and Lemma [

O

INRIA



Batch Processor Sharing with Hyper-Exponential Service Time 11

3 Two Level PS model analysis

3.1 Main definitions

We study the Two Level Processor Sharing (TLPS) scheduling discipline with the hyper-
exponential job size distribution. The model description is the following.

Jobs arrive to the system according to a Poisson process with rate .

Let 0 be a given threshold. The jobs in the system that attained a service less than 6 are
assigned to the high priority queue. If in addition there are jobs with attained service greater
than 6, such a job is separated into two parts. The first part of size 6 is assigned to the
high priority queue and the second part of size x — 6 waits in the lower priority queue. The
low priority queue is served when the high priority queue is empty. Both queues are served
according to the Processor Sharing (PS) discipline.

Let us denote the job size distribution by F(z). By F(z) =1 — F(x) we denote the com-
plementary distribution function. We consider the case, when F(z) is a hyper-exponential
distribution function, so

N
F(w)zl—Zﬁie—um, Zﬁizl, pi >0, pu; >0, Vi. (11)
i=1 ;

K2

The mean job size is given by m = fooo xdF(x) and the system load is p = Am. We assume
that the system is stable (p < 1) and is in steady state.

3.2 Expected conditional sojourn time in TLPS system

= S s . . .
Let us denote by TTLP_ (x) the expected conditional sojourn time in the TLPS system for
a job of size x and by T'(6) the expected sojourn time of the system.

According to [6] the expected conditional sojourn time of the system is given by:

xT

_TLPS 1—pp’
@)= We)+0+alz—0)

1 —po

z € [0,6],

, @€ (0,00),

where pg is the utilization factor for the truncated distribution py = /\X_el, the n-th moment
of the distribution truncated at 6 is

0
Xy = / ny"F(y)dy,
0

RR n° 6180



12 N. Osipova

(W(0) +0)/(1 — pg) expresses the time needed to reach the low priority queue. This time
consists of the time /(1 — pg) spent in the high priority queue, where the flow is served up
to the threshold 6, plus the time W (6)/(1 — pg) which is spent waiting for the high priority

queue to empty. Here W(G) = —2(/\1239)-

The remaining term «(x — 6)/(1 — pg) is the time spent in the low priority queue.

To find «(x) we use the interpretation of the lower priority queue as a PS system with
batch arrivals.

Let us denote L
Fi=pie ™% i=1,.,N,
and prove the following Theorem:

Theorem 6 . The derivative of the expected conditional response time in TLPS system,
when the job size distribution is a hyper-exponential distribution function given by (@) is
given by:

o/ () = co(0) + Y er()e O,
k

() = =22,
. I w-6i)
_ v q=1,..., N _
O =m bi(0) [T (2(0) - 63(0)) | b

and b;(0) are roots of

A F,
1—pe s+ p

and satisfy the following inequalities:
0< bN(G) < UN, Mit1 < bZ(G) < i, Vi=1,...,N —1.

Proof. As was shown in [6], ¢/(z) = da/dz is the solution of the integral equation we
looked at in Section

o (z) = \n /OOO o (y)B(z + y)dy + )\ﬁ/om o (y)B(z — y)dy + bB(x) + 1.

1-F(6)
1—po

and the average number of jobs that arrive

to the low priority queue in addition to the tagged job is given by b = 2 (14?((103)13(3/(6”0).

Here the average batch size is given by m =

INRIA



Batch Processor Sharing with Hyper-Exponential Service Time 13

The complementary truncated distribution is B(z) = %ﬁgf), then:

n.e Hi

ol 0
o) = T = gy e ) = Y P = Y e

1 1
Jp— oy _Hze [
Di F(@)pz F(@)

, Vi

2 -]

We apply the results of Theorem B for the TLPS model. To calculate ¢y we use &) and @)
and get the following

1 b, (0 ; F Am — X} 1-—
_Hz ():\Ij(s)ls—ozl_)\ﬁz%zl_ A Z—G—l— (m 9>_ P

co)  TI, 1—pyg <~ 1 l—py  1—pg
So, then
co(6) = 11:’;9.
For ¢ (6), b (0) we use the results of Theorem Pl and get the the statement of Theorem Bl
a
Corollary 7 . The coefficients ¢, (6) >0, k=1,..,N.
Proof. As
0 <bn(0) < pun, pit1 <bi(0) <p;, Vi=1,.,N—1,
0<puny < pn—1 < ... < g < 1 < 00,
then the statement of Corollary holds.
a

Corollary 8 . The expected conditional sojourn time function in the TLPS system with
hyper-exponential job size distribution given by {[1)) is a concave function with respect to job
sizes.

Proof. The function
— _ k(0) —bp(0)a ck(6) _
a(x) = co(0)x Zbk(e)e +Zbk(9), a(0) =0
k k
is a concave function if o/’ (x) < 0.

== c(0)br(0)e @ <0

)
as ¢x(0) > 0,b,(0) >0, k=1,...,N, as it follows from Corollary [ and Theorem B

RR n° 6180



14 N. Osipova

3.3 Expected sojourn time for TLPS model

Theorem 9 . The expected sojourn time in the TLPS system with hyper-exponential dis-
tribution function is given by the following equation:

— XU+ WOF®) | (m—X]) (W) +90) 5 p
L Y R %bj(a)(,“ierj(G))H(bg(@)—b?(@))
q#]

where b;(0) are defined as in Theorem [Q.
Proof. According to [6] and Theorem [l we have the following;:

— X;+W(O)F(0 —

T(0) — 0+W()()+ 1 TBPS
1 —po 1—pe

T "(0) = /900 a(z — 0)dF (z) = /000 o (z)F(z + 0)dx,

(6),

(Theorem B) = TBPS(Q) = co(0)(m — X_el) + Z Fyc;(9)

— i+ b;(0)
then
— XJHWOFEO)  (m—X3) (W) +0) E g(ugib?w))
O = YIS, T 1w S0t [[ 00 -5

INRIA
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4 Appendix
Lemma 10 . The solution of the following system of linear equations
Ly
> =1, ¢g=1,..,N
2 ) g reey iV 12
. pg — b7 (12)
is given by:
|| )
q=1,..., N
T = (13)
[T @ -0
a7k
Proof. Let
z = [r;]j=1:N,
1=1[1,.. 1N
be two vectors of size N,
-1 _1 1
#f;bf #?Ibg #?Ib?\r
D=| #-0 w3y T pd-b% ,
e ) )
My =bT pR by T aR by
then equation ([Z) could be rewritten
Dz =1,
and with the Cramer formulas [IT] the following is correct:
oy = det Dy, _ det [D[l], ...D[k_l],l, D[k-i—l]; D[N]] b1
det D det D ’ T
Dy = [Dpy, D1, 1, Digegry, - Dy
Since D is a Cauchy matrix, its determinant is known [T1]:
I & - e o)
SR T S— (14)
H (Mj = bi;)
7,k=1,..., N

RR n° 6180



16 N. Osipova

AsO<by < pun < oo < fjg1 < by < py < ... < by < pq, then det D > 0 and we can use Cramer

formulas to calculate z. Let us find

det Dk = det [D[l], ...D[kfl],l, D[k+1]’ D[N]]

1 1 1 1
ui—bi H?_{)i—l ”?_11)244 Ttopi-bg
Dk us—b3 Hg_bi—l Hg_bi+1 n3—b%
1 1 1 1 1
”?v_b? H?\I—b%—l ”?v_bi+1 /‘N_b?v
1 1 1 1 1
“%;b% F‘%*fi71 “%7{%4@ l“lzb?v
1
> > 12 272
det D, = pi5—b3 my—bi_1 M3 =bit1 Hy—by
1 1 1 1
3 —b3 13 —bi “?V*bi+1 13 —b% N
1 1 1 1
/‘f;b? N‘f_bi—l ”?_11)244 “%Ib?\f
1 1 _
(71)1671 p3—b3 n3—bi_y Hg_bi+1 p3—b%y
1 1 1 1 1
pA b T R b ”?v_bi+1 ni—b% N

For simplify the following computations let us denote the following notations:

Bi = —b?_,i=2, ..k,
Bi=—bii=k+1,.., N.

Then
1 L ! : -
#%J{ﬁz #%‘{Bk #%*1@#1 “%JEBN
det Dy = (11| L T HatBe BB paton
1 ) . . .
102,432 W0 R FBr+1 pA BN N
1 1 n .
Hi+B2 KB, TR
det Dy, = (—1) (13 +82) (13 +P2) (13+81) (17 +Bk) (13+8N8) (1 +5n)
..... . ) .
0 P — PN My — PN M1 =N
W% B2 (131 52) (% +B8) (W7 +Bx) Wi +ON)(Bi+08) | N
2 2 2 2 Mg-}-BQ ugiﬁk M§+lﬁk+1 HgiﬁN
_ (_1)k—1 (Né - Mz)---(ﬂé —py) | M
(11 + B2).(ui+Bn) | 1 1 1 1
w2 +32 W0 B FBri HAHBN | N_q

INRIA



Batch Processor Sharing with Hyper-Exponential Service Time 17

So, as the received matrix is a Cauchy matrix of size N — 1, the following equation holds:

I -3 -8
(uf = p3)--(uf — pR) 2<i<a<N
(1 + B2)--- (1% + B) [T 2+5)

5,4=2,...,N

det Dy, = (—1)*1

Let us remember, that 8; = —b? ;,i =2k, f;=—b?,i=k+1,..,N, then

I wi-ud ] 0 —udB—5)

det Dy, = (—1)k_1 2 B =rmash B
I w+8) I 3 +8)
q=2,..., N 7,9=2,..., N
I - II 6-8y
k—11<j<g¢<N 2<j<qg<N

- (-1)

H (M? + Bq)

j=1,...,N,q=2,...,N

|| ) 11 (b2 — b2)

k—11<j<q<N 1<j<q<N, j,q#k

I w-

J,q=1,...,N,q#k

T w-u I e:-v)

1<j<¢<N 1<j<g¢<N

I w-dev= I @ -

J,q=1,...,N,q#k q=1,...,N, q#k

2 0; 1)
II -0 (b2 — b)

J.q=1,....N q=1,...,N, q#k

~(-1)

Then, as (), we have the following expressions for xj:

I w2-u)

q=1,...,N

[T @-8

q=1,...,N, g#k

T =

Corollary 11 . The solution of equation [IA) is positive. Namely, xy >0, fork =1,...,N.

RR n° 6180
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Proof. As
0<by < pn, i1 <bj <p, Vi=1,..,N—1,

and
O<puny < pn—1 < ... < 2 < 1 < 00,

then the statement of Corollary holds.

INRIA
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