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Coloration frugale des graphesRésumé : Une oloration k-frugale d'un graphe G est une oloration propre des sommets de
G telle que haque ouleur apparaît au plus k fois au voisinage de haque sommet. Ce type deoloration a été introduit pour la première fois par Hind. Moloy et Reed en 1997. Dans et artile,on étudie le nombre hromatique frugal des graphes planaires en général, eux de maille assezgrande, et les graphes planaires extérieurs. On relie e paramètre à plusieurs autres paramètresbien onnus omme la oloration du arré, la oloration ylique, et les L(p, q)−étiquetages desgraphes planaires. On étudie aussi la version arête oloration frugale des multigraphes.Mots-lés : alloation de fréquenes, oloration de graphes



Frugal Colouring of Graphs 31 IntrodutionMost of the terminology and notation we use in this paper is standard and an be found in anytext book on graph theory ( suh as [1℄ or [4℄ ). All our graphs and multigraphs will be �nite. Amultigraph an have multiple edges; a graph is supposed to be simple; loops are not allowed.For an integer k ≥ 1, a k-frugal olouring of a graph G is a proper vertex olouring of G ( i.e.,adjaent verties get a di�erent olour ) suh that no olour appears more than k times in theneighbourhood of any vertex. The least number of olours in a k-frugal olouring of G is alledthe k-frugal hromati number, denoted χk(G). Clearly, χ1(G) is the hromati number of thesquare of G; and for k at least the maximum degree of G, χk(G) is the usual hromati numberof G.A k-frugal edge olouring of a multigraph G is a ( possibly improper ) olouring of the edgesof G suh that no olour appears more than k times on the edges inident with a vertex. Theleast number of olours in a k-frugal edge olouring of G, the k-frugal edge hromati number ( or
k-frugal hromati index ), is denoted by χ′

k(G). Remark that for k = 1 we have χ′

1(G) = χ′(G),the normal hromati index of G.When onsidering the possibility that eah vertex or edge has a list of available olours, weenter the area of frugal list ( edge ) olourings.Frugal vertex olourings were introdued by Hind et al [13, 14℄, as a tool towards improvingresults about the total hromati number of a graph. One of their results is that a graph withlarge enough maximum degree ∆ has a (log8∆)-frugal olouring using at most ∆+1 olours. Theyalso show that there exist graphs for whih a (

log ∆
log log ∆

)-frugal olouring annot be ahieved usingonly O(∆) olours.Our aim in this note is to study some aspets of frugal olourings and frugal list olourings intheir own right. In the �rst part we onsider frugal vertex olourings of planar graphs. We showthat for planar graphs, frugal olouring are losely related to several other aspets that have beenthe topi of extensive researh the last ouple of years. In partiular, we exhibit lose onnetionswith olouring the square, yli olourings, and L(p, q)-labellings.In the �nal setion we derive some results on frugal edge olourings of multigraphs in general.1.1 Further notation and de�nitionsGiven a graph G, the square of G, denoted G2, is the graph with the same vertex set as G andwith an edge between any two di�erent verties that have distane at most two in G. We alwaysassume that olours are integers, whih allows us to talk about the �distane� |γ1 − γ2| of twoolours γ1, γ2.The hromati number of G, denoted χ(G), is the minimum number of olours required so thatwe an properly olour its verties using those olours. A t-list assignment L on the verties ofa graph is a funtion whih assigns to eah vertex v of the multigraph a list L(v) of t presribedintegers. The list hromati number or hoie number ch(G) is the minimum value t, so that foreah t-list assignment on the verties, we an �nd a proper olouring in whih eah vertex getsassigned a olour from its own private list.We introdued k-frugal olouring and the k-frugal hromati number χk(G) in the introdutorypart. In a similar way we an de�ne k-frugal list olouring and the k-frugal hoie number chk(G).Further de�nitions on edge olourings will appear in the �nal setion.2 Frugal Colouring of Planar GraphsIn the next four setions we onsider k-frugal ( list ) olourings of planar graphs. For a large part,our work in that area is inspired by a well-known onjeture of Wegner on the hromati numberof squares of planar graphs. If G has maximum degree ∆, then a vertex olouring of its squarewill need at least ∆ + 1 olours, but the greedy algorithm shows it is always possible with ∆2 + 1

RR n° 0123456789



4 Amini & Esperet & v.d. Heuvelolours. Diameter two ages suh as the 5-yle, the Petersen graph and the Ho�man-Singletongraph ( see [1, page 239℄ ) show that there exist graphs that in fat require ∆2 + 1 olours.For planar graphs, Wegner onjetured that far less than ∆2 + 1 olours should su�e.Conjeture 2.1 (Wegner [24℄ )For a planar graph G of maximum degree ∆(G) ≥ 8 we have χ(G2) ≤
⌊

3
2 ∆(G)

⌋

+ 1.Wegner also onjetured maximum values for the hromati number of the square of planar graphwith maximum degree less than eight and gave examples showing his bounds would be tight. Foreven ∆ ≥ 8, these examples are skethed in Figure 1.
m − 1verties

m verties
m verties

z

x

yFigure 1: The planar graphs Gm.Inspired by Wegner's Conjeture, we onjeture the following bounds for the k-frugal hromatinumber of planar graphs.Conjeture 2.2For any integer k ≥ 1 and planar graph G with maximum degree ∆(G) ≥ max { 2 k, 8 } we have
χk(G) ≤







⌊∆(G)−1
k

⌋

+ 3, if k is even;
⌊3 ∆(G)−2

3 k−1

⌋

+ 3, if k is odd.Note that the graphs Gm in Figure 1 also show that the bounds in this onjeture are best possible.The graph Gm has maximum degree 2 m. First onsider a k-frugal olouring with k = 2 ℓ even.We an use the same olour at most 3
2 k times on the verties of Gm, and every olour that appearsexatly 3

2 k = 2 ℓ times must appear exatly ℓ times on eah of the three sets of ommon neighboursof x and y, of x and z, and of y and z. So we an take at most 1
ℓ (m− 1) = 1

k (∆(Gm)− 1) oloursthat are used 3
2 k times. The graph that remains an be oloured using just three olours.If k = 2 ℓ + 1 is odd, then eah olour an appear at most 3 ℓ + 1 = 1

2 (3 k − 1) times, and theonly way to use a olour so many times is by using it on the verties in V (Gm) \ {x, y, z}. Doingthis at most 3 m−1
(3 k−1)/2 = 3 ∆(G)−2

3 k−1 times, we are left with a graph that an be oloured using threeolours.We next derive some upper bounds on the k-frugal hromati number of planar graphs. The�rst one is a simple extension of the approah from [11℄. In that paper, the following struturallemma is derived.
INRIA



Frugal Colouring of Graphs 5Lemma 2.3 (Van den Heuvel & MGuinness [11℄ )Let G be a planar simple graph. Then there exists a vertex v with m neighbours v1, . . . , vm with
d(v1) ≤ · · · ≤ d(vm) suh that one of the following holds :(i) m ≤ 2;(ii) m = 3 with d(v1) ≤ 11;(iii) m = 4 with d(v1) ≤ 7 and d(v2) ≤ 11;(iv) m = 5 with d(v1) ≤ 6, d(v2) ≤ 7, and d(v3) ≤ 11.Van den Heuvel and MGuinness [11℄ use this strutural lemma to prove that the hromatinumber of the square of a planar graph is at most 2 ∆ + 25. Making some slight hanges in theirproof, it is not di�ult to obtain a �rst bound on chk ( and hene on χk ) for planar graphs.Theorem 2.4For any planar graph G with ∆(G) ≥ 12 and integer k ≥ 1 we have chk(G) ≤

⌊ 2∆(G)+19
k

⌋

+ 6.Proof We will prove that if a planar graph satis�es ∆(G) ≤ C for some C ≥ 12, then chk(G) ≤
⌊

2 C+19
k

⌋

+ 6. We use indution on the number of verties, noting that the result is obvious forsmall graphs. So let G be a graph with |V (G)| > 1, hoose C ≥ 12 so that ∆(G) ≤ C, andassume eah vertex v has a list L(v) of ⌊

2 C+19
k

⌋

+ 6 olours. Take v, v1, . . . , vm as in Lemma 2.3.Contrating the edge vv1 to a new vertex v′ will result in a planar graph G′ in whih all vertiesexept v′ have degree at most as muh as they had in G, while v′ has degree at most ∆(G) ( forase (i) ) or at most 12. ( for the ases (ii) � (iv) ). In partiular we have that ∆(G′) ≤ C. If wegive v′ the same list of olours as v1 had ( all verties in V (G)\ {v, v1} keep their list ), then, usingindution, G′ has a k-frugal olouring. Using the same olouring for G, where v1 gets the olour v′had in G′, we obtain a k-frugal olouring of G with the one de�it that v has no olour yet. Butthe number of olours forbidden for v are the olours on its neighbours, and for eah neighbour vi,the olours that already appear k times around vi. So the number of forbidden olours is at most
m +

m
∑

i=1

⌊d(vi)−1
k

⌋. Using the knowledge from the ases (i) � (iv), we get that |L(v)| =
⌊

2 C+19
k

⌋

+ 6is at least one more than this number of forbidden olours, hene we always an �nd an allowedolour for v. 2In the next setion we will obtain ( asymptotially ) better results based on more reent work onspeial labellings of planar graphs.3 Frugal Colouring and L(p, q)-LabellingLet dist(u, v) denote the distane between two verties u, v in a graph. For integers p, q ≥ 0, an
L(p, q)-labelling of G is an assignment f of integers to the verties of G suh that :
• |f(u) − f(v)| ≥ p, if dist(u, v) = 1, and
• |f(u) − f(v)| ≥ q, if dist(u, v) = 2.The λp,q-number of G, denoted λp,q(G), is the smallest t suh that there exists an L(p, q)-labellingsof G using labels from 1, 2, . . . , t.1. Of ourse we an also onsider the list version of L(p, q)-labellings. Given a graph G, the list λp,q-number, denoted λl

p,q(G), is the smallest integer t suhthat, for every t-list assignment L on the verties of G, there exists an L(p, q)-labelling f suhthat f(v) ∈ L(v) for every vertex v.The following is an easy relation between frugal olourings and L(p, q)-labellings.Proposition 3.1For any graph G and integer k ≥ 1 we have χk(G) ≤
⌈

1
k λk,1(G)

⌉ and chk(G) ≤
⌈

1
k λl

k,1(G)
⌉.1The de�nition of λp,q(G) is not uniform aross the literature. Many authors de�ne it as the minimum distanebetween the largest and smallest label used, whih gives a λ-value one less than with our de�nition. We hoseour de�nitions sine it means that λ1,1(G) = χ(G2), and sine it �ts more natural with the notion of list L(p, q)-labellings.RR n° 0123456789



6 Amini & Esperet & v.d. HeuvelProof We only prove the seond part, the �rst one an be done in a similar way. Set ℓ =
⌈

1
k λl

k,1(G)
⌉, and let L be an ℓ-list assignment on the verties of G. Using that all elements in thelists are integers, we an de�ne a new list assignment L∗ by setting L∗(v) =

⋃

x∈L(v){k x, k x + 1,

. . . , k x + k − 1}. Then L∗ is a (k ℓ)-list assignment. Sine k ℓ ≥ λl
k,1(G), there exists an L(k, 1)-labelling f∗ of G with f∗(v) ∈ L∗(v) for all verties v. De�ne a new labelling f of G by taking

f(v) =
⌊

1
k f∗(v)

⌋. We immediately get that f(v) ∈ L(v) for all v. Sine adjaent verties reeivedan f∗-label at least k apart, their f -labels are di�erent. Also, all verties in a neighbourhood of avertex v reeived a di�erent f∗-label. Sine the map x 7→
⌊

1
k x

⌋ maps at most k di�erent integers xto the same image, eah f -label an appear at most k times in eah neighbourhood. So f is a
k-frugal olouring using labels from eah vertex' list. This proves that chk(G) ≤ ℓ, as required.

2We will ombine this proposition with the following reent result.Theorem 3.2 (Havet et al [9℄ )For eah ǫ > 0, there exists an integer ∆ǫ so that the following holds. If G is a planar graph withmaximum degree ∆(G) ≥ ∆ǫ, and L is a list assignment so that eah vertex gets a list of at least
(3
2 + ǫ)∆(G) integers, then we an �nd a proper olouring of the square of G using olours fromthe lists. Moreover, we an take this proper olouring so that the olours on adjaent verties of Gdi�er by at least ∆(G)1/4.In the terminology we introdued earlier, an immediate orollary is the following.Corollary 3.3Fix ǫ > 0 and an integer k ≥ 1. Then there exists an integer ∆ǫ so that if G is a planar graphwith maximum degree ∆(G) ≥ max {∆ǫ, k4 }, then λl

k,1(G) ≤ (3
2 + ǫ)∆(G).Combining this with Proposition 3.1 gives the asymptotially best upper bound for χk and chkfor planar graphs we urrently have.Corollary 3.4Fix ǫ > 0 and an integer k ≥ 1. Then there exists an integer ∆ǫ,k so that if G is a planar graphwith maximum degree ∆(G) ≥ ∆ǫ,k, then chk(G) ≤ (3+ǫ)∆(G)

2 k .In [17℄, Molloy and Salavatipour proved that for any planar graphG, we have λk,1(G) ≤
⌈

5
3 ∆(G)

⌉

+
18 k + 60. Together with Proposition 3.1, this re�nes the result of Proposition 2.4 and gives abetter bound than Corollary 3.4 for small values of ∆. Note that this orollary only onernsfrugal olouring, and not frugal list olouring.Corollary 3.5For any planar graph G and integer k ≥ 1, we have χk(G) ≤

⌈5 ∆(G)+180
3 k

⌉

+ 18.Proposition 3.1 has another orollary for planar graphs of large girth that we desribe below. Thegirth of a graph is the length of a shortest yle in the graph.In [23℄, Lih and Wang proved that for planar graphs of large girth the following holds :
• λp,q(G) ≤ (2 q − 1)∆(G) + 6 p + 12 q − 8 for planar graphs of girth at least six, and
• λp,q(G) ≤ (2 q − 1)∆(G) + 6 p + 24 q − 14 for planar graphs of girth at least �ve.Furthermore, Dvo°ák et al [5℄ proved the following tight bound for (k, 1)-labellings of planargraphs of girth at least seven, and of large degree.Theorem 3.6 (Dvo°ák et al [5℄ )Let G be a planar graph of girth at least seven, and maximum degree ∆(G) ≥ 190 + 2 k, for someinteger k ≥ 1. Then we have λk,1(G) ≤ ∆(G) + 2 k − 1.Moreover, this bound is tight, i.e., there exist planar graphs whih ahieve the upper bound.

INRIA



Frugal Colouring of Graphs 7A diret orollary of these results are the following bounds for planar graphs with large girth.Corollary 3.7Let G be a planar graph with girth g and maximum degree ∆(G). For any integer k ≥ 1, we have
χk(G) ≤















⌈∆(G)−1
k

⌉

+ 2, if g ≥ 7 and ∆(G) ≥ 190 + 2 k;
⌈∆(G)+4

k

⌉

+ 6, if g ≥ 6;
⌈∆(G)+10

k

⌉

+ 6, if g ≥ 5.4 Frugal Colouring of Outerplanar GraphsWe now prove a variant of Conjeture 2.2 for outerplanar graphs ( graphs that an be drawn inthe plane so that all verties are lying on the outside fae ). For k = 1, i.e., if we are olouring thesquare of the graph, Hetherington and Woodall [10℄ proved the best possible bound for outerplanargraphs G : ch1(G) ≤ ∆(G) + 2 if ∆(G) ≥ 3, and ch1(G) = ∆(G) + 1 if ∆(G) ≥ 6.Theorem 4.1For any integer k ≥ 2 and any outerplanar graph G with maximum degree ∆(G) ≥ 3, we have
χk(G) ≤ chk(G) ≤

⌊∆(G)−1
k

⌋

+ 3.Proof Esperet and Ohem [6℄ proved that any outerplanar graph ontains a vertex u suh thatone of the following holds : (i) u has degree at most one; (ii) u has degree two and is adjaent toanother vertex of degree two; or (iii) u has degree two and its neighbours v and w are adjaent,and either v has degree three or v has degree four and its two other neighbours ( i.e., distintfrom u and w ) are adjaent.Let G be a ounterexample to the theorem with minimum number of verties, and let u bea vertex of G having one of the properties desribed above. By minimality of G, there existsa k-frugal list olouring c of G − u if the lists L(v) ontain at least ⌊∆(G)−1
k

⌋

+ 3 olours. If
u has property (i) or (ii), let t be the neighbour of u whose degree is not neessarily boundedby two. It is easy to see that at most 2 +

⌊∆(G)−1
k

⌋ olours are forbidden for u : the oloursof the neighbours of u and the olours appearing k times in the neighbourhood of t. If u hasproperty (iii), at most 2 +
⌊∆(G)−2

k

⌋ olours are forbidden for u : the olours of the neighboursof u and the olours appearing k times in the neighbourhood of w. Note that if v has degree four,its two other neighbours are adjaent and the k-frugality of v is respeted sine k ≥ 2. In all aseswe found that at most ⌊∆(G)−1
k

⌋

+ 2 olours are forbidden for u. If u has a list with one moreolour, we an extend c to a k-frugal list olouring of G, ontraditing the hoie of G. 2We an re�ne this result in the ase of 2-onneted outerplanar graphs, provided that ∆ is largeenough.Theorem 4.2 For any integer k ≥ 1 and any 2-onneted outerplanar graph G with maximumdegree ∆(G) ≥ 7, we have chk(G) ≤
⌊∆(G)−2

k

⌋

+ 3.Proof In Lih and Wang [16℄ it is proved that any 2-onneted outerplanar graphs with maximumdegree ∆ ≥ 7 ontains a vertex u of degree two that has at most ∆−2 verties at distane exatlytwo.Let G be a ounterexample to the theorem with minimum number of verties, and let u be avertex of G having the property desribed above, and let v and w be its neighbours. Let H be
G − u if the edge vw exists, or G − u + vw otherwise. By minimality of G, there is a k-frugal listolouring c of H if all lists ontain at least ⌊∆(G)−2

k

⌋

+3 olours. At most ⌊∆(G)−2
k

⌋

+2 olours areforbidden for u : the olours of v and w, and the olours appearing k times in their neighbourhood.So, the olouring c of H an be extended to a k-frugal list olouring of G, ontraditing the hoieof G. 2RR n° 0123456789



8 Amini & Esperet & v.d. Heuvel5 Frugal Colouring and Cyli ColouringIn this setion, we disuss the link between frugal olouring and yli olouring of plane graphs.A plane graph G is a planar graph with a presribed planar embedding. The size ( number ofverties in its boundary ) of a largest fae of G is denoted by ∆∗(G).A yli olouring of a plane graph G is a vertex olouring of G suh that any two vertiesinident to the same fae have distint olours. This onept was introdued by Ore and Plum-mer [18℄, who also proved that a plane graph has a yli olouring using at most 2 ∆∗ olours.Borodin [2℄ ( see also Jensen and Toft [15, page 37℄ ) onjetured that any plane graph has a yliolouring with ⌊

3
2 ∆∗

⌋ olours, and proved this onjeture for ∆∗ = 4. The best known upperbound in the general ase is due to Sanders and Zhao [20℄, who proved that any plane graph hasa yli olouring with ⌈

5
3 ∆∗

⌉ olours.There appears to be a strong onnetion between bounds on olouring the square of planargraphs and yli olourings of plane graphs. One should only ompare Wegner's onjeture inSetion 2 with Borodin's onjeture above, and the suessive bounds obtained for eah of theseonnetions. Nevertheless, the similar looking bounds for these types of olourings have alwaysrequired independent proofs. No expliit relation that would make it possible to translate a resulton one of the types of olouring into a result for the other type, has ever been derived.In this setion we show that if there is an even k ≥ 4 so that Borodin's onjeture holds forall plane graphs with ∆∗ ≤ k, and our Conjeture 2.2 is true for the same value k, then Wegner'sonjeture is true up to an additive onstant fator.Theorem 5.1Let k ≥ 4 be an even integer suh that every plane graph G with ∆∗(G) ≤ k has a yli olouringusing at most 3
2 k olours. Then, if G is a planar graph satisfying χk(G) ≤

⌊∆(G)−1
k

⌋

+ 3, we alsohave χ(G2) = χ1(G) ≤
⌊

3
2 ∆(G)

⌋

+ 9
2 k − 1.Proof Let G be a planar graph with a given embedding and let k ≥ 4 be an even integer suhthat t = χk(G) ≤

⌊∆(G)−1
k

⌋

+ 3. Consider an optimal k-frugal olouring c of G, with olourlasses C1, . . . , Ct. For i = 1, . . . , t, onstrut the graph Gi as follows : Firstly, Gi has vertexset Ci, whih we assume to be embedded in the plane in the same way they were for G. For eahvertex v ∈ V (G) \ Ci with exatly two neighbours in Ci, we add an edge in Gi between thesetwo neighbours. For a vertex v ∈ V (G) \ Ci with ℓ ≥ 3 neighbours in Ci, let x1, . . . , xℓ be thoseneighbours in Ci in a yli order around v ( determined by the plane embedding of G ). Now addedges x1x2, x2x3, . . . , xℓ−1xℓ and xℓx1 to Gi. These edges will form a fae of size ℓ in the graphwe have onstruted so far. Call suh a fae a speial fae. Note that sine Ci is a olour lass ina k-frugal olouring, this fae has size at most k.Do the above for all verties v ∈ V (G) \ Ci that have at least two neighbours in Ci. Theresulting graph is a plane graph with some faes labelled speial. Add edges to triangulate allfaes that are not speial. The resulting graph is a plane graph with vertex set Gi and every faesize at most k. From the �rst hypothesis it follows that we an ylily olour eah Gi with 3
2 knew olours. Sine every two verties in Ci that have a ommon neighbour in G are adjaent in Gior are inident to the same ( speial ) fae, verties in Ci that are adjaent in the square of Greeive di�erent olours. Hene, ombining these t olourings, using di�erent olours for eah Gi,we obtain a olouring of the square of G, using at most 3

2 k ·
(⌊∆(G)−1

k

⌋

+ 3
)

≤
⌊

3
2 ∆

⌋

+ 9
2 k − 1olours. 2Sine Borodin [2℄ proved his yli olouring onjeture in the ase ∆∗ = 4, we have the followingorollary.Corollary 5.2If G is a planar graph so that χ4(G) ≤

⌊∆(G)−1
4

⌋

+ 3, then χ(G2) ≤
⌊

3
2 ∆(G)

⌋

+ 17.
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Frugal Colouring of Graphs 96 Frugal Edge ColouringAn important element in the proof in [9℄ of Theorem 3.2 mentioned earlier is the derivation of arelation between ( list ) olouring square of planar graphs and edge ( list ) olourings of multigraphs.Beause of this, it seems to be opportune to have a short look at a frugal variant of edge olouringsof multigraphs in general.If we need to properly olour the edges of a multigraph G, the minimum number of oloursrequired is the hromati index, denoted χ′(G). The list hromati index ch
′(G) is de�ned anal-ogously as the minimum length of list that needs to be given to eah edge so that we an useolours from eah edge's list to give a proper olouring.A k-frugal edge olouring of a multigraph G is a ( possibly improper ) olouring of the edgesof G suh that no olour appears more than k times on the edges inident with a vertex. Theleast number of olours in a k-frugal edge olouring of G, the k-frugal edge hromati number ( or

k-frugal hromati index ), is denoted by χ′

k(G).Note that a k-frugal edge olouring of G is not the same as a k-frugal olouring of the vertiesof the line graph L(G) of G. Sine the neighbourhood of any vertex in the line graph L(G) an bepartitioned into at most two liques, every proper olouring of L(G) is also a k-frugal olouringfor k ≥ 2. A 1-frugal olouring of L(G) ( i.e., a vertex olouring of the square of L(G) ) wouldorrespond to a proper edge olouring of G in whih eah olour lass indues a mathing. Suholourings are known as strong edge olourings, see, e.g., [7℄.The list version of k-frugal edge olouring an also be de�ned in the same way : given lists ofsize t for eah edge of G, one should be able to �nd a k-frugal edge olouring suh that the olourof eah edge belongs to its list. The smallest t with this property is alled the k-frugal edge hoienumber, denoted ch
′

k(G).Frugal edge olourings and its list version were studied under the name improper edge-olouringsand improper L-edge-olourings by Hilton et al [12℄.It is obvious that the hromati index and the edge hoie numbers are always at least themaximum degree ∆. The best possible upper bounds in terms of the maximum degree only aregiven by the following results.Theorem 6.1(a) For a simple graph G we have χ′(G) ≤ ∆(G) + 1. (Vizing [22℄ )(b) For a multigraph G we have χ′(G) ≤
⌊

3
2 ∆(G)

⌋. ( Shannon [21℄ )() For a bipartite multigraph G we have ch
′(G) = ∆(G). ( Galvin [8℄ )(d) For a multigraph G we have ch

′(G) ≤
⌊

3
2 ∆(G)

⌋. ( Borodin et al [3℄ )We will use Theorem 6.1 () and (d) to prove two results on the k-frugal hromati index and the
k-frugal hoie number. The �rst result shows that for even k, the maximum degree ompletelydetermines the values of these two numbers. This result was earlier proved in [12℄ in a slightlymore general setting, involving a more ompliated proof.Theorem 6.2 (Hilton et al [12℄ )Let G be a multigraph, and let k be an even integer. Then we have χ′

k(G) = ch
′

k(G) =
⌈

1
k ∆(G)

⌉.Proof It is obvious that ch
′

k(G) ≥ χ′

k(G) ≥
⌈

1
k ∆

⌉, so it su�es to prove ch
′

k(G) ≤
⌈

1
k ∆

⌉.Let k = 2 ℓ. Without loss of generality, we an assume ∆ is a multiple of k and G is a ∆-regularmultigraph. (Otherwise, we an add some new edges and, if neessary, some new verties. If thislarger multigraph is k-frugal edge hoosable with lists of size ⌈

1
k ∆

⌉, then so is G. ) As k, andhene ∆, is even, we an �nd an Euler tour in eah omponent of G. By given these tours adiretion, we obtain an orientation D of the edges of G suh that the in-degree and the out-degreeof every vertex is 1
2 ∆. Let us de�ne the bipartite multigraph H = (V1 ∪ V2, E) as follows : V1, V2are both opies of V (G). For every ar (a, b) in D, we add an edge between a ∈ V1 and b ∈ V2.Sine D is a direted multigraph with in- and out-degree equal to 1

2 ∆, H is a (1
2 ∆)-regularbipartite multigraph. That means we an deompose the edges of H into 1

2 ∆ perfet mathingsRR n° 0123456789



10 Amini & Esperet & v.d. Heuvel
M1, M2, . . . , M∆/2. De�ne disjoint subgraphs H1, H2, . . . , Hℓ as follows : for i = 0, 1, . . . , ℓ− 1 set
Hi+1 = M i

k
∆+1 ∪ M i

k
∆+2 · · · ∪ M i+1

k
∆. Notie that eah Hi is a bipartite multigraph of regulardegree 1

k ∆.Now, suppose that eah edge omes with a list of olours of size 1
k ∆. ( If we had to add edgesto make ∆ a multiple of k or the multigraph ∆-regular, then give arbitrary lists to these edges. )Eah subgraph Hi has maximum degree 1

k ∆, so by Galvin's theorem we an �nd a proper edgeolouring of eah Hi suh that the olour of eah edge is inside its list. We laim that the sameolouring of edges in G is k-frugal. For this we need the following observation :Observation Let M be a mathing in H. Then the set of orresponding edges in G form asubgraph of maximum degree at most two.To see this, remark that eah vertex has two opies in H : one in V1 and one in V2. The ontributionof the edges of M to a vertex v in the original multigraph is then at most two, at most one fromeah opy of v.To onlude, we observe that eah olour lass in H is the union of at most ℓ mathings, onein eah Hi. So at eah vertex, eah olour lass appears at most two times the number of Hi's,i.e., at most 2 ℓ = k times. This is exatly the k-frugality ondition we set out to satisfy. 2For odd values of k we give a tight upper bound of the k-frugal edge hromati number.Theorem 6.3Let k be an odd integer. Then we have ⌈∆(G)
k

⌉

≤ χ′

k(G) ≤ ch
′

k(G) ≤
⌈3 ∆(G)

3 k−1

⌉.Proof Again, all we have to prove is ch
′

k(G) ≤
⌈3 ∆(G)

3 k−1

⌉.Let k = 2 ℓ + 1. Sine 3 k − 1 is even and not divisible by three, we an again assume,without loss of generality, that ∆ is even and divisible by 3 k − 1, and that G is ∆-regular. Set
∆ = m (3 k− 1) = 6 ℓ m+2 m. Using the same idea as in the previous proof, we an deompose Ginto two subgraphs G1, G2, where G1 is (6 ℓ m)-regular and G2 is (2 m)-regular. ( Alternatively, wean use Petersen's Theorem [19℄ that every even regular multigraph has a 2-fator, to deomposethe edge set in 2-fators, and ombine these 2-fators appropriately. ) Sine 1

2 ℓ ·6 ℓ m = 3
3 k−1 ∆, byTheorem 6.2 we know that G1 has a 2 ℓ-frugal edge olouring using the olours from eah edge'slists. Similarly we have 3

2 · 2 m = 3
3 k−1 ∆, and hene Theorem 6.1 (d) guarantees that we anproperly olour the edges of G2 using olours from those edges' lists. The ombination of thesetwo olourings is a (2 ℓ + 1)-frugal list edge olouring, as required. 2Note that Theorem 6.3 is best possible : For m ≥ 1, let T (m) be the multigraph with three vertiesand m parallel edges between eah pair. If k = 2 ℓ + 1 is odd, then the maximum number of edgeswith the same olour a k-frugal edge olouring of T (m) an have is 3 ℓ + 1. Hene the minimumnumber of olours needed for a k-frugal edge olouring is ⌈

3 m
3 ℓ+1

⌉

=
⌈

3
3 k−1 ∆(T (m))

⌉.7 DisussionAs this is one of the �rst papers on frugal olouring, many possible diretions for future researhare still open. An intriguing question is inspired by the results on frugal edge olouring in theprevious setion. These results demonstrate an essential di�erene between even and odd k as faras k-frugal edge olouring is onerned. Based on what we think are the extremal examples ofplanar graphs for k-frugal vertex olouring, also our Conjeture 2.2 gives di�erent values for evenand odd k. But for frugal vertex olourings of planar graphs in general we have not been able toobtain results that are di�erent for even and odd k. Most of our results for vertex olouring ofplanar graphs are onsequenes of Proposition 3.1 and known results on L(k, 1)-labelling of planargraphs, for whih no fundamental di�erene between odd and even k has ever been demonstrated.Hene, a major step would be to prove that Proposition 3.1 is far from tight when k is even.
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Frugal Colouring of Graphs 11A seond line of future researh ould be to investigate whih lasses of graphs have k-frugalhromati number equal to the minimum possible value ⌈

∆
k

⌉

+ 1. Corollary 3.7 and Theorems 4.1and 4.2 give bounds for planar graphs with large girth and outerplanar graphs with large maxi-mum degree that are very lose to the best possible bound. We onjeture that, in fat, planargraphs with large enough girth and outerplanar graphs of large enough maximum degree do satisfy
χk(G) =

⌈∆(G)
k

⌉
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