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Equations de Vlasov-Poisson avec champ magnétique
extérieur fort. Régime du rayon de Larmor fini

Résumé : Nous abordons ici le régime asymptotique du rayon de Larmor fini pour les équa-
tions de Vlasov-Poisson avec champ magnétique extérieur fort. Un des points clé consiste
a remplacer la densité de particules par la densité de centres de Larmor. La limite de ces
densités vérifie une équation de transport dont la vitesse est donnée par la gyro-moyenne du
champ électrique.

Mots-clés : Equations de Vlasov-Maxwell, Rayon de Larmor fini, Gyro-moyenne
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1 Introduction

The dynamics of a population of charged particles interacting only through electro-magnetic
fields created collectively is described by the Vlasov-Maxwell equations. The Cauchy prob-
lem for this model is now well understood [11], [15], [16], [17]. Nevertheless the existence of
global smooth solution for the three dimensional Vlasov-Maxwell system is still a classical
open problem. Conditional results for the global existence of strong solutions, depending
on the behavior of the support of the particle densities, have been obtained by different
approaches in [18], [9], [24]. It is also worth mentioning the recent results when considering
data close to equilibrium [21], [29] or reduced models [10], [4].

The numerical resolution of the Vlasov-Maxwell equations is also a challenge problem
since we are working in a phase space with three spatial dimensions and three momentum
dimensions. Moreover new difficulties appear when studying asymptotic regimes due to
the multi-scale character of the problem. Motivated by the magnetic confinement fusion
(MCF) the study of strong magnetic field effect is now of crucial importance. Results
for the Vlasov or Vlasov-Poisson equations with large external magnetic fields have been
investigated recently [13], [19], [14], [7]. The guiding-center approximation for the Vlasov-
Maxwell system with strong initial magnetic field was studied in [6] by the modulated energy
method, see also [5], [8], [20] for other applications of this technique.

The asymptotic regime we wish to address here is the gyro-kinetic model with finite Lar-
mor radius. We consider a population of non relativistic electrons whose density is denoted
by f. We work in the two dimensional setting assuming that f = f(¢,z,p), (t,x,p) € Ry X
R2xR? and that the electro-magnetic field has the form (E, B) = (Ey, E»,0,0,0, B3)(t,x), (t,x) €
R, x R%. The particle density satisfies the Vlasov equation

e e

af+-L.v f—e(E(tw)—FBs(tﬂc)lp)'VfZO (1)
t m T ’ ’ m p ’

where —e < 0 is the electron charge, m. > 0 is the electron mass and the notation v stands
for (vg,—v;) for any v = (vi,vs) € R2. The self-consistent electro-magnetic field (E, B)
verifies the Maxwell equations

e
OE —2V,By =< [ L f(t,,p) dp, (2)
€0 Rr2 Me
OyBs + div,tE =0, (3)

div, B = = <n - /RQf(t,x,p) dp) . ()

Here ¢ is the vacuum permittivity, cg is the light speed in the vacuum and n is the con-
centration of the background ion distribution. We introduce the following characteristic
scales

t=Tt' x=MXpx', p=Pp’,
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4 M. Bostan

1/2
where \p = (%) / is the Debye length, K is the Boltzmann constant and Ty, is

the temperature. Consider also the thermal momentum p¢;, and the inverse of the plasma
frequency T, given respectively by

Pl meo
Me

=KgTi, T2 = )
P e2n

Let us denote by f’, E’, B’ the dimensionless unknowns given by

n .,({t x p Apen _, [t = Apenme _, [t =z
= — =, = E= E'| =, — B=—F—"—-B"=—].
f P2 (T’)\D’P>’ €0 (Tv)\p>’ 5250P T’)\D

Observing that

ADEN Me  PthMe

eoP  Pel,’
we also have )
MePth
B(t,x) = = .
t2) = 5 on,p
In this case the equations become having dropped the primes
TP T pwm p
——p-V.f — =—— [ E(t, — Bjs(t, - =0,
atf+Tppthp Vaof T, P ( ( fr)—k52 3(t,x) ) -Vpf=0
1Tpth(m600>2L (Bg> T P
WE — ——— Ve | — ) =7 —ilt2),
' el, P Pth € Ty pthj( )
B3 P .
o | — — —div, E=0
' ( € > T} pen N ’

div, E =1— p(t,x),

where p = [oof dp,j = [gepf dp. We choose the reference units such that

TP _1 Tp

=1

T,pm €2 T, P

)

which means £ = £ = % Note that in this case the unit for the magnetic field becomes

Ty Dth

é;”T" and the Larmor radius corresponding to this magnetic field and the reference velocity
P
2
mﬁ is given by R = T2 = A\p. Up to a multiplication constant (";ﬂcf’) we obtain the

following system, known as the finite Larmor radius regime see [12]

1

o+ 5 Vg (B )+ B ) -V, =0, )

2
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1 BE yE
atEE—*LVm (3) _J (t;$)7 (6)
€ € €
BS 1
o <3> + —diviE* =0, (7)
€ €
divy, B =1 — p(t, ). (8)

We address here the case of a large external constant magnetic field B = By 3 # 0 i.e., we
investigate the Vlasov-Poisson equations

afs+ L v, (E(t,2) + B PNy, —0 9)
t 22 z » 032 p) =Y
div,E° =1 — p°(t,z), div,"E° =0, (10)
with the initial condition
[0, z,p) = f5(z,p). (11)

In order to simplify our analysis we assume periodicity with respect to the space variable
x € T?, where T? = R?/Z? is equipped with the restriction of the Lebesgue measure of R?
on [0, 1[2. We are searching for electric fields E deriving from space periodic potentials ®¢
satisfying

Ef =V,0°, A0 =1-)p°(t,x), (t,z) € R, x T2

The above problem has solution provided that the global neutrality condition is satisfied
i.e., fTZ,os(t7 x) dx = 1. Note also that the solution is unique up to a constant. We consider
here zero average solutions fTQ ®°(t,x) dr = 0. There are in the literature a lot of studies
concerning the Cauchy problem for the Vlasov-Poisson system. The existence of weak so-
lutions has been studied in [1], [23]. For smooth solutions the reader can refer to [28], [22],
2], [271, [25], [26].

The analysis of (9) is carried out by replacing the particle distribution functions f¢ by
the center distribution functions ¢° given by

g°(t,y,p) = f°(t,z,p),

€L
where y = x — ﬁ”a is the center of the Larmor circle. Performing the above change of

unknown yields the equation

1 1
8tgg—BO’3Lp~V ge—i—il LE(t y—l——p )-V,9° — E°(t y—i——p ) Vg =0
g2 b Bo3 ’ Bo3 Y ’ Bo3 b -

Observing that
1L

LdiV {J‘Es(t Y+ p)} = div {Ea(t y+ J_p)}
Bos Y ’ B3 P ’ Bos' |’
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6 M. Bostan

the above equation can be written in the conservative form

cTE(tx)
B3

B . £ . : 151 €
Drg” — —5divy (") + div, (9 ) — divy (9°E°(t, 7)) =0, (12)

supplemented with the initial condition

1

p
Sap) ) (yap) € Tz X ]Rz'

g (Ovyap) = fO (y+ BO

)

The asymptotic behavior of (12) follows by using the weak formulation. As e goes to zero we
expect that the limit center distribution g is invariant under the rotation of R2, since formally

we have *p - Vpg = 0. The limit model is obtained by multiplying with test functions

. . . . . . . T B
invariant under the rotations of R?, since in this case the singular term fo ng fRQ = g° Lp.

Vo dpdydt vanishes. The treatment of the electric Gauss law is performed in a natural
way.

The paper is organized as follows. In Section 2 we establish uniform estimates with
respect to the small parameter € > 0. These estimates come basically from the conservation
of the total energy, combined with Sobolev and interpolation inequalities. In Section 3 we
investigate the limit of the center distributions. We use compactness methods.

2 Uniform estimates

We assume that the initial conditions (f§)e>o satisfy the hypotheses

H1) f§ >0, [ fpaf5(z,p)dpda=1,Ve>0;

H2) sup,~q 3 [p2 Jge [PI* f§ (2, p) dp do < +00 ;

H3) there is a bounded non increasing function Fy € L*®(Ry) N LY(Ry; rdr) such that
f5(x,p) < Fo(Ipl), ¥ (z,p) € T* x R?, € > 0.

We consider weak solutions (f¢, E€).~¢ of the Vlasov-Poisson problem (9), (10), (11)). Inte-
grating with respect to the momentum the Vlasov equation yields the continuity equation

1
Orp® + g divej© =0, (13)

where pf = [po f€ dp, j° = [gopf¢ dp. We deduce easily by HI that the global neutrality
condition holds true for any ¢t € R

/ fet,z,p)dpde =1, Ve >0.
T2 JR2

By standard arguments we deduce that the total energy is non increasing on R

d (1 22
{3 [ Lpereep it S [ peopa) <o (1)
T2 JR2 T2

INRIA



Régime du rayon de Larmor fini pour les équations de Vlasov-Poisson 7

Usual computations involving interpolation inequalities provide an estimate for the L? norm
of the charge densities (p):0.

2 1/2
1% ()]l 222y < (8715w ) (/2/2|p2f5(t,x,p) dp da:) L tER,, £>0.
T2JR
In particular H2, H3 imply that

sup ||E8HH1('JT2)2 < 400,
e>0

and by (14) we deduce that
1
sup {/ / Ip|*fe(t,z,p) dp dx—i—/ |p°(t, x)|? dm} < 400, (15)
O<e<lteRy |2 Jr2JR2 T2

sup  [[ES(t)|| g1 (r2)2 < +o0. (16)
0<e<1,teR

and

Actually following the ideas in [3] it is possible to obtain more uniform bounds with respect
to the parameter €. By using regularization procedure it is sufficient to treat the case of
smooth solutions (f¢, E¢). For any R > 0 we can write

pe(t,x) = pi(t, z) + p5(t, ),

with pf = [pof Lipi<2r) dD, P5 = [/ 1{p|>2r} dp. In order to estimate the charge
density p§ we combine the Holder inequality and the bound for the kinetic energy. For any

1 > 0 we denote by (2+n)’ the conjugate exponent of 2+ 7 i.e., ﬁ + 7(%:”), = 1. We have
= i
n ) PR
pi(t,x) < (/ Il f* dp) (/ [p| 7> 725 £ dp :
[p|<2R |p|<2R
We deduce that .
05| p2+n(r2y < C1R?F1, t€R,y, 0<e <1, (17)

for some constant C; not depending on R or t. For estimating the charge density p5 observe
that

[t @, p) = f5(X°(0st, %, p), P*(0s¢, 7, p)),
where (X¢, P¢) solve the characteristic system

dXe  P(s) dP® _ o e LPe(s)
ds &2 7 ds __(E (5, X5()) + Bos g2 ’

and the conditions X¢(t) = x, P*(t) = p. Multiplying the second characteristic equation by
P%(s) we obtain easily that |L|P*(s)| | < [[E*(s)||r(r2)> implying that

[P0 8, 2, p) = [pl = ¢ | B[ L~ o.apxr2)2-

RR n° 0123456789



8 M. Bostan

We fix now ¢ > 0 and let us consider R = R(t) =t ||E®| 1 (o,x12)2- The hypothesis H3
yields for any s € [0, t]

(s.z) = / J5(X5(0; 5, 2,p), P*(0; 5,2, ) dp
[p|>2R
< / Fo(lp| - R) dp
lp|>2R
+oo
< 47T/ rFy(r) dr =: Cs. (18)
0

Finally combining (17), (18)) and Sobolev inequalities we deduce

HEE(S)”LOC(']I‘?')2 < C3||p€(s)||L2+71(11'2) < C(tﬂ?) (1 + HEEHEZI(]Ot ><’JI‘2)2> ’ Vse [O’t]v

and by taking 0 < n < 2 we obtain that the following estimate holds

sup ||E%|| Lo (jo,¢[xm2)2 < +00, t € Ry,
0<e<1

3 Center distribution limit

In this section we investigate the limit of the center distribution functions (¢°).s0 as € goes
to zero. By the hypothesis H3 we deduce that sup,-q ||g°|/z= < ||Fo|lz~ and therefore there
is a sequence (gj)r converging towards zero such that (¢°*); converges to some function g
with respect to the weak % topology of L™= (R, x T? x R?) and (¢g°*(0)) converges to some
function gy with respect to the weak % topology of L>(T? x R?). We assume also that
limy_, oo E°* = E strongly in L*(]0,T[xT?)2, VT € R,. Since div, - E* =0 for any k we
have div,~FE = 0. Multiplying (12) by a test function 0(¢,y)p(p) where 6 € C1([0, T[xT?),
¢ € CL(R?) yields after integration by parts

T
- // 048 ©(p)g (typ)dpdydt—/ 90y) (»)g°(0,y,p) dp dy
T2 .JR2

.B T
=2 //29( Y)p- Ve g° dp dy dt
R

Jr
Lp
— t —_— dp dy dt
- ]R2BOB (y""‘B’)‘PQ P ay
Lp
+ // 0(t,y)Vpp - E° (t,y + ) g dp dy dt = 0. (19)
0Jr2JR? B3

Obviously we have the convergences

T T
lim / 010 ¢ g°* dp dy dt = // 040 v g dp dy dt,
k—+co Jo JT2 JR2 0JT2JR2

INRIA



Régime du rayon de Larmor fini pour les équations de Vlasov-Poisson 9

and

lim // 0,9)¢(P)g™ (0, y,p) dpdy—// (0,9)p(p) go dp dy.
k*"‘rOO TQ Rz R2

We claim that for any test function ¢ € C2([0,7] x T? x R?) we have

T i
lim // / E**x (t y—i—)wg’f’“dp dy dt // E(t,y+p>wg dp dy dt. (20)
k—+tooJg /12 0JT2 JR? Bo,s

Indeed we have

T
// / Ekpg™ dp dy dt = /// (E°* — E)g® dp dy dt
0J12JR? T2/ R?

+ // Evyg® dp dy dt
0J12JR2
= If+1}.

We can write

1
| = (B — B)(t, 2)0 (t,zp,p) [ dp de dt
0JT2JR2 Bos
T
<l [ [ 18 = Bt (6 o) do i
0JT2
< [l E* = EllL2qo,7ixT2)2 107 | L2 0, 7[xT2) 5

and therefore by (15) we deduce that limg_, ., I} = 0. Obviously we have the convergence

T J_p
lim I} = // / E <t,y + ) Y(t,y,p) g dp dy dt,
k—-+o00 oJ12JR2 BO73

and thus (20) holds. Taking € = ¢ in (19) and passing to the limit for k& — 400 we deduce
easily that

T
// 0(t,y)(*p-Vyp) g dp dy dt =0,
T2 JR2

saying that ¢ is invariant under the rotations of R2. Passing in polar coordinates we deduce
that for any function ¢ € C2([0,7] x T? x R?) we have

T T
// U(t,y,p) g(t,y,p) dp dy dt:// O(t,y,r) §(t,y,r) dr dy dt, (21
0.JT2JR? oJr2Jr,

where
27

~ 1
Y(t,y,r) = Py Y(t,y,rcosa,rsina) da, (t,y,r) € Ry x T? x Ry,
0

RR n° 0123456789



10 M. Bostan

and
g(t,y,r) = 2mrg(t,y,r,0), (t,y,7r) € Ry x T> x Ry.

We multiply now (12) by a test function 6(¢, y)y(|p|) where § € CL([0, T[xT?), v € CL(R,),
¥ /(0) = 0. Notice that the function p — 9(|p|) belongs to C}(R?), V(| - |)|p=0 = (0,0)
and thus we obtain

///@wmg@@m.//My|M(wm@@
T2
LE€< +p) dp dy dt
//TZ/WBO3 Bos ¥(|plg® dp dy
tp
o R (= PR
0J12.JR2 p ‘ By

Taking € = ¢} and letting k — +00 we obtain as before

// 910 (Ipl) gdpdydt’// (0,9)¢(Ipl) g0 dp dy
T2 JR2
V,0 | ( )
E +7 dp dy dt
//EZ/HQZB03 B 0,3 (|p|)g P y

1
// 0(t,y) () - E <t y+ =2 )g dp dy dt = 0. (22)
0JT2JR2 |P\ Bos

Using now (21) we have

// / o Y(|p|) g dp dy dt = // O Y(r) g dr dy dt, (23)
T2 T2JR,
// (0, 9)¢ m%@@—// (0, 9)(r) Go dr dy, (24)
T2 T2 JR,

where go(y,7) = rfo 9o(y,r cos a, rsin ) dev. Similarly we obtain

T 1 1 T
LI L (e g ) vwhadraya=g [ [ oo
oJ12JR2 0,3 T™JoJT2J R,

2m .
/J_E (t’y1+T81na7y2_rcosa> dov 5 dr dy dt. (25)
0 By 3 By s

)

Finally observe that the last term in (22) vanishes. Indeed we have

/oT/w R2 0t, y)y (IP|)T (t’y+ ;(f?)) g dp dy dt = /oT/qrz R+9(t,y)z/}/(7“)

rsin T COS (¢
Y2 —
Boy3 ’ B

X —/cosaEl—i—sma E») (t,yl—i— ) da g dr dy dt.

)

INRIA
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Since divy E = 0 there is ® such that E = V,® and thus

d rsin o 7 COS (¢ T COS (v rsin o
— Pty + ——, 92— )}:( B+ E2>,
do { ( By s Bo,3 By,3 By 3

implying that

27 .
/(cosa E; +sina Es) (t,y1 + rsma,yz — TCOS&) da=0, VreR,.
0 By,3 Bo3

Combining now (22 —25) yields

/OT/TQ/(at(ow)JFV(t,y,r)~Vy(91/)))§drdydt/ /R+ s y)U(r) go dr dy =0, (26)

R
Vit y,7) = 1 /QJ‘FE : +rsina reosay
) 3 - .
y,r 27TBQ 3 U1 BO,3 Y2 BO73

Taking into account that divyl E = 0 we deduce that div,V = 0 and therefore (26) can be
written formally

where

atg + V(ta Y, T) yg - O
2 (27)
g(0,y,r 7r/go Y, T cos a, T sin ) dov.
0

It remains to pass to the limit in the electric Gauss law. For any function ¢ € C1([0, 7] x T?)
we have

T T T
—// EE’“-chpdxdt—//godxdt = —///cpfe’“ dp dx dt
0JT? 0JT? 0J12JR?

T Ly
= —// / @(t7y+>g” dp dy dt,
0J12JR2 Bo,s
and after letting k — 400 we obtain

T T T 1
//E~Vm<pdxdt//gadxdt—///<p<t,y+p)gdpdydt
0JT2 0JT2 0Jr2JR2 Bos
T 1
*// / o(t,x)g <t,:vp,p) dp dx dt
0J12JR2 Bo3
T 1 [ rsin o 7 COS (v
— t,x — [ glt,xz — T r | dodr dx dt.
\/OAQ¢( ) )/R+27T /Og< s U1 B0,3 s L2 + BO,S ) )

RR n° 0123456789
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Therefore the finite Larmor radius regime is characterized by the system

2

0 +V(t,y,r)-Vyg=0, §0,y,7) = r/go(y,rcosa,rsina) da,
0

1 2 7 sin T COS (v
V(t,y,r) = /LE(t, +— Yy — ) da,
(t,y,7) 27 Bos /) Nt g T

1 27 = .
div, F =1 —/ —/g (t,xl — Tbma,xQ + TCOba,r) da dr, div,“E = 0.
r, 27 Jo Bo,s Bo,3

Note that when the Larmor radius goes to zero, meaning that the particle distribution and
the center distribution coincide (i.e., x = y) the above model converges to the model

1
E
Oip+V(t,2) - Vep=0, V= o div,E =1—p, div,TE =0,
0,3

which is the guiding-center approximation regime see [6].

Acknowledgement: The author is thankful to Prof. E. Sonnendriicker for fruitful discus-

sions.
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