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Equations de Vlasov-Maxwell avec champ magnétique
initial fort. Partie II : régime du rayon de Larmor fini

Résumé : Nous abordons ici le régime asymptotique du rayon de Larmor fini pour les
équations de Vlasov-Maxwell avec champ magnétique fort. En utilisant la technique de
I’énergie modulée on montre des résultats de convergence pour le champ électromagnétique
et on justifie également la limite de la distribution des centres.

Mots-clés : Equations de Vlasov-Maxwell, Rayon de Larmor fini, Energie modulée
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1 Introduction

The dynamics of a population of charged particles interacting only through electro-magnetic
fields created collectively is described by the Vlasov-Maxwell equations. The Cauchy prob-
lem for this model is now well understood [8], [12], [13], [14]. Nevertheless the existence of
global smooth solution for the three dimensional Vlasov-Maxwell system is still a classical
open problem. Conditional results for the global existence of strong solutions, depending
on the behavior of the support of the particle densities, have been obtained by different
approaches in [15], [6], [19]. It is also worth mentioning the recent results when considering
data close to equilibrium [18], [20] or reduced models [7], [1].

The numerical resolution of the Vlasov-Maxwell equations is also a challenge problem
since we are working in a phase space with 3 spatial dimensions and 3 momentum dimensions.
Moreover new difficulties appear when studying asymptotic regimes due to the multi-scale
character of the problem. Motivated by the magnetic confinement fusion (MCF) the study
of strong magnetic field effect is now of crucial importance. Results for the Vlasov or Vlasov-
Poisson equations with large external magnetic fields have been investigated recently [10],
[16], [11], [4]. The guiding-center approximation for the Vlasov-Maxwell system with strong
initial magnetic field was studied in [3] by the modulated energy method, see also [2], [5],
[17] for other applications of this technique.

The asymptotic regime we wish to address here is the gyro-kinetic model with finite Lar-
mor radius. We consider a population of non relativistic electrons whose density is denoted
by f. We work in the two dimensional setting assuming that f = f(¢, z,p), (¢, z,p) € Ry X
R?xR? and that the electro-magnetic field has the form (E, B) = (E1, E»,0,0,0, B3)(t,z), (t,z) €
R, x R2. The particle density satisfies the Vlasov equation

1
o+ L Vaf = e (Bn) + Balta) ) - 9,0 =0 )
Me Me

where —e < 0 is the electron charge, m. > 0 is the electron mass and the notation +v stands
for (vg,—v;) for any v = (vy,vs) € R2. The self-consistent electro-magnetic field (E, B)
verifies the Maxwell equations

e
3tE — Cglvag - — if(t,ll’?p) dpa (2)
€0 Jr2Me
OyBs + div,tE =0, (3)

div, B = = <n - /sz(t,x,p) dp) . @)

Here ¢ is the vacuum permittivity, cg is the light speed in the vacuum and n is the con-
centration of the background ion distribution. We introduce the following characteristic
scales

t=Tt' x=Mpzx', p=Pp’,
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4 M. Bostan

1/2
where \p = (%) / is the Debye length, Kp is the Boltzmann constant and Tiy is

the temperature. Consider also the thermal momentum p¢, and the inverse of the plasma
frequency T, given respectively by

2
DPin
me

Me€o

2n

= KpT, T; ==

Let us denote by f’, E', B’ the dimensionless unknowns given by

n .,({t x p Apen ., (1t =z Apenme , (1 x
= — - —, = E = E'| =, — B=————B"|=,— .
f P2 (T’)\D’P), o (Tv)\p ’ 5250P T’)\D

Observing that

ADEN Me  PthMe

eoP  Pel,’
we also have )
MePth
B(t = — .
o) = 5o, p

In this case the equations become having dropped the primes

T P T pw Lp
——pVof — 2 (E(t,x) + —= Bs(t,x) | - V,f =0,
1Tpth(mec()>2L (Bs> T P

o —-_Ph () g () = — " it ),
' el, P Pth € Tppthj( )

B T P

0, (—3> te——diviE =0,
€ T} ptn

div, B =1-p(t, ),
where p = [oof dp,j = [zpf dp. We choose the reference units such that

TP 1 Tpa

=1

Tppth N 527 Tp?

)

which means Tl = pi = % Note that in this case the unit for the magnetic field becomes
o )

%;”T; and the Larmor radius corresponding to this magnetic field and the reference velocity

2
mﬁ is given by R = T;,22 = A\p. Up to a multiplication constant (%) we obtain the

following system, known as the finite Larmor radius regime see [9]

p P
o+ 5 9op = (B + B ) - 9,0 =0 )

INRIA



Régime du rayon de Larmor fini pour les équations de Viasov-Mazwell 5

1 B3 (¢
atEa__va(_us):](;m)’ (6)
€ € €
B3 1
o <3> + —diviE® =0, (7)
€ €
divy, ES =1 — p°(¢, ). (8)

Performing now the change of unknown
1
fa(t7$7p) = —4Fa(t7x7u), p= 52’“7
€
we have the equalities

PE:/ fadP:/ F*¢ du, j8=/pfsdp=€2/ uF? du =: €2 J°.
R2 R2 R2 R2

Thus the previous equations can be written

1
O F +u-V, F — g—Q(EE(t,:v) + B5(t,2)u) - V, F° =0, (9)
1 B:
OEF — =1V, (—3> = J(t, x), (10)
3 3
o (%) + ldivILEf =0, (11)
13 g
divy, B =1 — p°(¢, ). (12)

We also prescribe initial conditions
FE(O» z, u) = Fg(mv u>7 (Eia E§> B?E;)(O’ T) = (ES,I’ E8,2’ BS;;)(.%‘).

In order to simplify our analysis we assume periodicity with respect to the space variable
x € T?, where T? = R?/Z? is equipped with the restriction of the Lebesgue measure of R? on
[0,1[2. The asymptotic behavior of the previous system when € goes to zero was investigated
in [3] (see Section 4). We assume that the initial conditions satisfy the hypotheses

H1) F§ >0, [po fpeF§ (2, u) dude =1;

H2) lim €2 [p2 [po %Fg(a@u) du dx = 0;

H3) (E§ 1, Ef 2, B 3) € L*(T?)? and div,Ej = 1 — p§ where p§ =[5, F§ du;

H4) there are Ey = (Eo 1, Fo2) € L*(T?)? verifying 9., Fo2 — 04, E01 = 0 and a constant
magnetic field (0,0, By 3) with By 3 # 0 such that

2
. 1 ¢ 2 1 B§ 3(z) — Bos N
g%{iAQEO(x)—EO(xM dx+§/qr2<f de b = 0;

RR n° 6159



6 M. Bostan

H5) lime o [po B"%)QBM dr = 0.

Notice that H2 is equivalent to

p
6\082 /IF2 R2 | fo(fl? p)dpdm—O

Under the above conditions it was shown in [3] that

1 Ip|? 2, (B5—Bos ?
1 Sdpd E°—E T3T03) g b =
E{I}){EQ/TQRQQJ” pdr + /I "+ . z =0,

uniformly with respect to ¢t € [0,7] and

J° . B5 —Bogs o 2
il{r%)p =p, h{%?:J il{r})T:A;g in D'(Ry x T9),

provided that (p, J, E, A3) is a smooth solution of the limit system

1
J = pB—E, WE -1V, A3 =J, div, E =0, div,E=1—p, (13)
0,3
with the initial condition E(0,-) = Ey. It remains to study the limit as £ goes to zero of the
particle distributions (f¢)e~o given by (5). Actually this analysis can be carried out if we
replace the particle distribution functions f¢ by the center distribution functions g° given
by
9°(t,y,p) = f*(t,z,p),
‘p

where y = x — Bo; 18 the center of the Larmor circle. Performing the above change of
unknown yields the equation

3€_%l Voot Ay +i RPN wa V..of
9"~ P Vg Bos 5ty 303)19 vi"+ g (t, y+BO ) Vyg
E°(t —lp Sty D)t V,g° =0,
- ,y+303) 5(t, Yt B )'p- Vgt =

) 33

where A§ = @. Observing that

L 1 €L Lp
v {asy+ g b+ g v { s 5 ) o
{aewr g+ g v { s+ 52

and

1 div {iEE(t Y+ i)} = div {Eg(t Y+ l)}
Bos Y By 3 P ’ Bz’ |’

INRIA



Régime du rayon de Larmor fini pour les équations de Viasov-Mazwell 7

the above equation can be written in conservative form

B . e . i 5 5 : € € £
Ohg® — —5>divy (g7 p) — divy (ng}Agp—LE >) —divy, (g°(B° + 43'p)) =0, (14)

supplemented with the initial condition

€1

p
_37]9) ) (yap) € T2 X R2'

g°(0,y,p) = f§ (y+ Bo

)

In order to identify the limit of (¢%)c>0 as € goes to zero we intend to pass to the limit
in the weak formulation of (14). Besides the treatment of the second term of (14), which
becomes singular as £ goes to zero, the analysis of the center distribution limit requires
a strong convergence result for (A5)c~o. Recall that for the moment we have proved the
convergence in distribution sense of (A§)c>o towards the unknown Aj appearing in the limit
system (13). We will see that under appropriate hypotheses this convergence holds also
strongly in L?(T?), uniformly on compact subsets of R, . But this requires a higher order
approximation analysis for the system (9), (10), (11), (12).

The paper is organized as follows: in Section 2 we determine the first order correction
terms for (13). We identify these terms formally by Hilbert method; we expand in powers of
¢ the solution of (9), (10), (11), (12). Then we justify this higher approximation by using a
first order corrected version of the modulated energy introduced in [3]. Section 3 is devoted
to the limit procedure for the center distributions. We obtain a transport equation for the
limit density whose velocity field depends on the gyro-averages of the macroscopic quantities
E, As.

2 Second order approximation

In this section we discuss the second order approximation for (9), (10), (11), (12). As usual
we start with a formal analysis. Let us search for

Fe=F+eFM 4+ 2@
Ef=E+eEW +2E® 4
B = Byz + 52A3 + €3A;(31) + ...

Notice that since lim.\ o B§7€B°’3 =0 in L?(]0,T[; L*(T?)) for any T' € R, there is no first
order term in the expansion of B§. We denote by (p,J), (p*), J*));>, the charge and
current densities of F, (F(k))kzl. Since 9;p° + div,J¢ = 0 we have d;p + div,J = 0 and
ip™®) + div,J*) = 0 for any k > 1. Plugging these ansatz into the Vlasov equation (9)
yields

—(E+ Bostu)-V,F =0, (15)

RR n° 6159



8 M. Bostan

—(E+ Bystu)-V,FV - EV .y, F =0, (16)

OF+u-V,F—(E+Bostu) -V, F® - ED . v, FO — (E® 4 A3tw) -V, F=0. (17)
Multiplying (15), (16) by u and integrating with respect to u yields
pE 4+ BostJ =0, pWE + BystJW + pEM =0,

which is equivalent to

(18)
Multiplying now (17) by u we obtain after integration with respect to u

OpJ + div, / (u@u)F du+ pPE + BystJ® + pWEWD 4 pE@ 4 A3t =0,
R2
which is equivalent to
Ot J + div, / (fu@u)F du+ pP+E — ByzJ@ + pMWEED 4 ptE@ — A7 =0. (19)
R2

Multiplying now (15) by u? and ujus implies

EiJq FE1E,
urus F du = — =- , 20
/]1@2 o Bos ' (Bos)? 20)
and E\Js+ EsJ (E2)? — (By)?
+ Lndy 2)" — (1
ud — u)F du = ——2 =— . 21
/]RQ( 2 1) B073 14 (3073)2 ( )
We deduce that
1
(VI®V1):/(J‘U®U)F du=———=(Vo®V,): (p"E®E), (22)
R? (Bo,s)
and finally by taking the divergence in (19) we find
1
dydiviJ — W(% ®V,): (pE @ E) + div, (p P+ E) — By 3div,J?
0,3
+  div, (pW+EM) + div, (pt E®) — div,(AsJ) = 0. (23)

Plugging now the asymptotic expansions into the Maxwell equations (10), (11), (12) and
combining with the previous equations yields the systems

J=pg— O —1tV, A3 =J, diviE=0, div,E=1—-p, (24)
0,3

INRIA



Régime du rayon de Larmor fini pour les équations de Viasov-Mazwell 9

B L0, EW —t v Al = g diviED =0, div, ED = —pM) (25)

JO =

O As + diviE® =0, div,E® = —p®@),

Bo30ip® ++ E-V,p® ++ E? .V, p = —8,div, T + (Vo ®@V,): (p*E®E)

1
(Bo,3)?
—+EM . V,pW + div,(AsJ) 4 pd; As.
(26)
Obviously the system (24) is exactly the limit system (13). In order to solve the second
system it is convenient to eliminate J() by taking the divergence of the time evolution
equation for £ (or by using the continuity equation e pM) + div, JV = 0). We obtain

Bo30ipM +1 E-V,pM 4+ EW v, p =0, div,tEY =0, div,EY = —pW).

The last equation of the third system was obtained by eliminating J?) in (23) using the
continuity equation Btp@) + div,J® = 0. The equations divy,tE = div,tE® = 0 and
div, T E®) = —9, A3 have been used as well. We assume that all these systems have smooth
solutions (essentially we need that these solutions belong to W2°°(]0, T[xT?) for any T €
Ry ). We define the modulated energy

/ / ’ L(E +eEW)
T2 RQZ 073

1 B — B 2
+ 3 |Ef —cEW2(t,2) dx+2/2(3f0’3—&43) (t,z) da.
T

Fe(t,z,u) du dz

We assume that sup,. e *H5(0) < +oo, which is equivalent to

supe 4{/ /
e>0 T2 ]R2

2
0

Bo3

1
F¢ dudr + 5/ |ES — By — eEV)? da
’H‘Q

1 B:.— B 2
_/ <M_EAO’3) iz} < +oo.
2 T2 &

We write the Vlasov equation (9) in the form
£2(8,FF + divy (FFu)) — divy, (FE(E +eEW 4 (Bys + 62A3)J‘u))

— div, (Fg(EE ~ B~ B + (Bj — By - £243)*u)) = 0.

We multiply the above equation by h§(t,z,u) = & |u — (D +eDW)(t, x)| where D = iE

Bo,3
LE(l)
DM — =

)

, and we perform integration by parts. The computations are standard but long.

RR n° 6159



10 M. Bostan

Therefore we split them into three lemmas. The notation C' stands for generic constants
depending only on the W2°°(]0, T[xT?) norms of the solutions to the limit systems and 7.
These constants are allowed to change from line to line.

Lemma 2.1 Forany0<e <1, TRy, t€[0,T] we have

//52(8tF5+divm(F5u))hi du dr = —Q3(t) + ¢ —/ / hSF® du dx

T2 R2 T2 JR2
/{e/uFEdu—i— —Bos) (EF—E—EW)} - (8,D° +(V,DF)DF) da,

B(]ddt T2

where D = D + DWW and |Q3(t)| < Ce* + CH5(1).
Proof. We have

2
Qs + e 4 {E/uFadu—k(B —Bos)t(EF—E—eEW)} L (8,D°+(V,D?)D?) dx
Bog dt T2 R2

= 62//F5(8thi+u-vxhi)dudx
T2 JR2

- . /T/RF ) (0:D° + (Vo D*)D%) du dx
_ /T/RF ) - (VoD%)(u — D°) du dz
=: )+ Qo ) (27)

It is easily seen that

) < Ce? /T ] /R 2th€ du dz. (28)

Observe that we have
Qu(t) = —&? / (J% = pFD%) - (9,D° + (V. D) DF) da.
T2
We check easily that
Jo—p*Df=J° —J—eJY — (p° — p—epM)D? — 2pM DO (29)
Using now the equation div,(E* — E —eEM) = —(p° — p — £pV)) we deduce that

62

/(ps—p—ap(l))Dg~(3tDE—|—(VxD€)DE) do|< o2 |BF— E—cEM|dz  (30)
T2 T2

1
<Ce'+ 0 B =B eEW|2dz.
T2

INRIA



Régime du rayon de Larmor fini pour les équations de Viasov-Mazwell 11

Obviously we have

2

€ < Ccet (31)

/ e2pWDW . (9,D% + (V,D?)D?) dx
T2

It remains to analyze the term £2 [[,(J¢ — J — eJ1)) - (9, D% + (V,D?)D?) dz. Using the
momentum conservation

e <8t Feudu+div, | FE(u®u) du) + p°Ef +1 J°Bs =0,
R? R?

we obtain
Bost(JF—J —eJW) = T — Ty + Ty, (32)

where

T = &2 (8,5/ F‘sudu—i—divw/ Fs(u®u)du), T, =E° — E—ecEW,
RZ

R2
Ts = div, E°E° — div,EE — e(div, EEY + div, EVE) — (B — By3)*Je.
We have

PBos [ (7= T = eI ) (D + (VoDFIDF) do = ~Qut) = Qolt) + Qs(1),

where Q; = & [[,Tj - +(0,D° + (VD)D) dx, j € {6,7,8}. It is easily seen that

‘Qe‘)( —c —/T/]R L(0:D° + (V,D?)D?) du da

<Cet +C€//h4F€dudac (33)
R?

and

1
|Q(t)| < CE4+C/TZ§\EE — E—ecEWP da. (34)

For any w € C'(T?)? the notation F(w) stands for F(w) = div,w w — div,Tw tw. We
have Ty = Tg + T} with
Ty = F(E°—E—ecEW)+divy(E° — E—cEW)(E+¢EW)
+ divg(E 4 eEW)(E® — E —eEW) 4 2div, EVEW,

and
Tyo = div,* B L(B* — B — eBM) - (B5 — Bya) " J".

Since for any w € C*(T?)? we have F(w) = div,(w ® w) — 2V |w|? we check easily that

Qo ()] e?

/ Ty - H(0,DF + (Vo D) D7) d
T2

IN

1
Ce* +C 3B —E—eEW 2 dg. (35)
']1‘2

RR n° 6159



12 M. Bostan

For estimating the term T} we use the equations

1 B — B
0,(EF —E—eEW) - ~1vy, (303 - eAg) =J = J—eJD — ety AW,
13 g
and BB )
) (3 — 0’3) + —divy B¢ = 0.
g g
We obtain
Tio + (B — Boa) (J +eJ + 5V, AY) = —0,{(B5 — Bos)“(E° — E—cEW)}
1 B — B 2
_ 1y (3703 . Ag)
2 €
B - B
- EA?,VI (3?0’3 - 5A3> .

Therefore we deduce that the term Qg := €2 fWTlO 4 (0,Df + (V,D?)D?) dx satisfies

d
1Quo(t) + 2= [ (B5 — Bys)*(E° — E —eEW) 1 (8,D° + (V,D?)D?) dx| < Ce*

dt Jop
1 /BB 2
ol h(Ee ) w0
T22 &

Combining the partial computations (27 — 36) we deduce that |Q3(t)| < Ce* + CHL(t).

Remark 2.1 Using the computations of the previous proof yields also the inequalities
6" = p—epM |l e qorpa-1(12)) < CIE* — E = eED || qo7p22(12)2),
and
||J‘E —J—EJ(l) HW*lvl(]O,T[x’]FQ)Z S CEQ-FCHEE —E—EE(U ||Loo(]01T[;L2(']r2)2) +C||H4€1HL°°(]O,T[)-

For further computations we retain also the following estimate. Consider a smooth function
@ € Wh*°(]0,T[xT?)?. Then there is a constant C, depending also on [|¢[|yw1.5(jo,7[xT2)2
such that for any ¢ € [0,7] we have

2 d
52/15((]6—(] —eI D) pdat AE»SQ/Rngsdu—i—(Bg—Bo,g)L(EE—E—sE(l)))-goda:

< Cet + CH5(1). (37)

The above inequality follows by similar computations as those in the proof of Lemma 2.1:
start with the equality (32) and then transform the terms Tg, T7, Tg, T1o performing eventu-
ally integration by parts.

INRIA
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Lemma 2.2 For any e > 0,T € Ry, t € [0,T] we have

/ divi, (F*(E + eED + (Bo + £ A3) ) b du dr + Qi (1)
T2 JR2

d [ AsDe
= &2 S ( /Fsudqu(B — Bos)t(E® EsE(l))> dr,
dt T2 BO3 R2

where |Q13(t)] < Cet + CH5(t).
Proof. Observe that for any u € R? we have
(E+¢EW + Bystu) - (u— D) =0.
Thus integrating by parts and using (29) we obtain
f/ / div, (FE(E +eEW + (Bo g + 2 A3) w))hs du da
T2JR2
= —¢? | A3D®-H(JF - p°D?) da

T2

= _Qll(t) +Q12(t)a

where
Qu(t) = 52/ AsDF A+ (JF = J —eJW) da, Qua(t) = 54/ A3DF L (oM DW)Y .
T2 T2

Obviously we have |Q12(t)| < Ce* and by (37) we deduce that

od [ AsD
Qi1 +e*— il / Feudu+(B5 — By, 3)t (EF —FE — EE(l)) dz| < Ce*
dt T2 BO 3 R2
+ CH5 (),
which implies our conclusion.
Lemma 2.3 For any0<e <1, T € Ry, ¢t €[0,T] we have
/ leu —eEW 4 (BS — By s — £243) u)F€> hg du dx
T2 JR2
BS — By 3 )’
=3 dt . <|E€ —E—cEW _2E@12 4 (% — €Az — 52A§ )) dx
d , TE®
— / (B — Bog — €2A3) (B — E—cEW) . [ D* 4 &2 dx
dt ’ ‘Bos
et d
— / LE®. / Feudu+ A3t (EF — E—eEW) | da — Qaa(t),
BO 5 dt R2

where |Qa2(t)] < Ce* + CH5(2).

RR n° 6159



14 M. Bostan

Proof. Integrating by parts with respect to w and using (29) yields

- / div,, ((E‘S —E—¢EY + (B - Bys — 52A3)lu)Fs) h3 du dz
T2 JR2

/ Ef—E—eEW 4 (B5 — Bos — 62A3)J‘u> - (u— D*)F® du dx
T2 JR2

/ (B — E—eEW) . (J° — p°D%) dx — / (B — Boz — €2A3)D* - L J° da
T2 T2
Qua(t) — Q15(t) + Qu6(t), (38)

where

Q14:/(ngEfeE(l))-(JEferJ(l))d:r7 Q15(t):52/ pW(EF —E—eEM).DW dg,
T2 T2

Q6 = —/DE ((0° = p—epM)(E* = B = cEW) + (BS — By — £2A3)* (J° = p° D) ) d.
T2

It is easily seen that
1
Qis(t)] < Ce* + c/ BT — B - eEW)? dz. (39)
T2

We use now the equations

1 Bt — B,
O (E°—E—eEW —2E?)) — Z“" ( 3 - 03 _ cAy —52,4;“) = J —J—eJM 29, E?),
(40)
B — B 1
o, (%‘“” — Az — 52A§1)> + divy (B~ B —cBW — 2E®) = —e29,A8,  (41)

and we deduce that

1 B — B 2
5% <|EE —E—eEY —2E@2 4 (370’3 — Az — 52A§1)> ) dz
T2 g

= / (JF—J —eJW —29,E@) . (B° — E —eEY — 2E®) dx
’EQ

_ & (B35B — Az — 52Ag1)> dx =: Q17(1). (42)

By using (37) we obtain

_ 5 1 m(2) 5
t) = — FE Ffudud
Q17(¢) Q14(2) B03 at /T2 /]11{2 u du dx

g2 d
By dt /TQ(Bs — Bos) (B~ E—cBW) - YE® do + Qus(t),  (43)

INRIA



Régime du rayon de Larmor fini pour les équations de Viasov-Mazwell 15
where |Q15(t)| < Ce* + CHS(t). Using now (29) yields
Qis(t) = TQDE(ding(EE — E—-cEW)(E -~ E - cEW)
— (B5 —Bys —e2A3)(J5 — J —eJW)) dx
+ & /2(B§ — By —&%A3)D7 - L(pWDW) da
= ngq(rt) + Q20(t). (44)

Taking into account that

(= T e ) = (B~ B - eBO) 4 22 (BR’;BM

we deduce that

div,(E° — E —eEW)(E* —E—eEW) — (B — By — e243) - (J° — J —eJW)

= F(E°-—E—-eEW) +div, (E° — E—cEW) L(F* — E —eEW)

- €A3> — 5V1A§1),

1 B — B
— (B; — B()yg — €2A3) (@J‘(EE —F— EE(I)) + EVm <%0’3 — €A3) — Evagl)>

1 B - B 2 B - B
= F(E°—E-eBW)— 5Va (3703 - gAg) + 2 (3703 - aAg) v, AL
g

9

) {(B§ — By — e2A3) (B — B — eE(l))} — 29, A5 (B — B — eBW),

and therefore we obtain
d
ng(t) = _E / (B§ — 3073 — 82A3)L(EE — E — €E(1)) . l)8 dm + le(t),
T2

where

1 1 /B5-B 2
1Qa21(8)| SCe4+C/2§|E€fE75E(1)|2+f (3€0’35A3) da.
T

2

Observe also that we have

1 /B:—B 2
1Qa0(t)| < C&* +c/ 5 (3503 —5A3> dz,
T2

and finally combining (38), (39), (43 — 45) yields our conclusion.

(45)

(.

The previous lemmas allow us to justify that (E +eBEM, % + EAg) are second order

approximations for (EE, Bé)
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16 M. Bostan

Proposition 2.1 For any T € Ry there is a constant C' such that for € > 0 small enough,
t € [0,T] we have H5(t) < C(e* + H5(0)). Moreover if the following hypothesis holds

52
H6) sups*4{// —
e>0 T2 JR2 2

2
1
F¢ du dx + 5/ |ES — By — eE(V)?
TQ

B§ 3 — Bo,s
£

1
]
Bos

2
— €A073> dlL’} < +o0,

then sup.~¢ e, e 4H5(t) < +oo for any T € Ry. In particular

B3 — By3
9

2

— €A3 < +OO,

L= (10,T[;L*(T?))

Sup&‘iQHEE —E—eEW HLOO(]07T[;L2(’]I‘2)2) +supe
e>0 e>0

and

su%5_2||p5 —p— Ep(l)HLoo(]oyT[;Hfl(ﬂQ)) + sulg eI —J — 5J(1)||W*1s1(]0,T[><’]T2)2 < 400.
£> e>

Proof. By Lemmas 2.1, 2.2, 2.3 we deduce that

1
152/ hSF® dudx + 4 Z|EF —E—cEW —2E@)2 4y
dt T2 RQ dt ']I‘22
1 /B5— By s ) d
e (e e Py dr — —R;
+/Tzz(s sAsTE L A
< Ce' + OHi(t),
where
BosR5(t) = / (54 Feu du+52(B§—Bo,g)l(EE—E—gE“)))
T2 R2

L(0:D° + (VDD + A3t D7) da

+

/ (B — Bys — €2A3) - (E° — E —cEW) . (By3D® 4+ 2+ E?) dx
T2
+ 54/ 1p® </ Feu dquABJ_(EeEEE(l))) d.
T2 R2
We check easily that |R5(¢)| < Ce* + CeH5(t). Observe also that
| |E° — E —egW® —€2E(2)|2 de — / |E°— E —EE(1)|2 dz| < 354/ |E(2)‘2 di
T2 T2 T2

1
+ —/ |E* — E —eEW|? d,
2 Jp2
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Régime du rayon de Larmor fini pour les équations de Viasov-Mazwell 17

implying that

IN

|Ef — E —eEW —2E@)2 dx
T2

Ce* + 3 |Ef — E —eEW|? da.
2 Jo

1
—Ce*+ = | |[EF—E—-cEWPdx
2 Jope

IN

Similarly we have

1 B - B 2 B - B 2
—Cet 4 = / <3—0’3 — €A3> de < / <370’3 —eAs — szAél)) dx
2 'ﬂ*2 13 T2 1)

g __ . 2
Ce* + g/ (@ - EA3> dx.
T2

IN

Finally we deduce that
t
HE(1) < G+ CHE(0) + / He(s) ds, ¢ € [0,7].
0

Our conclusion follows immediately by Gronwall lemma and Remark 2.1. .

3 Center distribution limit

In this section we investigate the limit of the center distribution functions (¢¢).~¢ as € goes to
zero. By Proposition 2.1 we know that under suitable hypotheses the following convergences
hold

11{%(E5,A§) = (B, A3) strongly in L>°(]0, T[; L*(T?)%), VT € R,
where (E, A3) solves (24) together with [, A3(-,2) de = 0. We denote by M1 (X) the set
of bounded Radon non negative measures on X. Using the hypothesis H1 and the space
periodicity we deduce that

//gs(ty,p) dpdy:/ fet,z,p)dpde =1, teRy, £>0.
T2 .JR2 T2 .JR2

Therefore there is a sequence (gx)r converging towards zero such that (¢°*); converges
vaguely to dg € M ([0,T] x T? x R?) for any T' € R, and (¢°*(0))), converges vaguely to
dgo € M (T? xR?). After extraction, if necessary, we can also assume that (f§*)), converges
vaguely to dfy € ML (T? x R?). Notice that we have

1
/ o(y,p) dgo = / @ <x - B—p,p> dfo, ¥ ¢ € C2(T? x R?). (46)
T2 xR2 T2 xR2 0,3

s

RR n° 6159



18 M. Bostan

We use now interpolation inequalities. We have for any ¢ > 0, t € [0,T]

pa(t,fl') FE(tuxau)1{|u—D(t,r)\§R} du + /2F8(t7xvu)l{\u—D(t,m)|>R} du
R

R2

IN

1
HF ( )HLOC(T2XR2)7TR + = /Fa(t,x7u)|u—D(t,x)|2 du.

R2

Taking the optimal value for R one gets

1/2
£ I3 1/2 e
p°(t,x) < 2m'/2|| Fe(t )IILCO (T2 xR?2) (/RzF (t,z,u)|lu — D(t,z)|? du) ,

and finally since by Proposition 2.1 we know that

’/ Fe(,x,u)|u — D(-,2)|* du dx < Ce?,
T2 JR? Le=(10,T[)
we obtain for any € > 0, ¢ € [0, T
1/2
0% ()| 272y < C3[ £5I112 po e (47)

Multiplying (14) by a test function 6(¢,y)p(p) where 6 € CL([0, T[xT?), ¢ € C}(R?) yields
after integration by parts

T
— // o0 ©(p)g° (t,y,p) dp dy dt—/ 0(0,4)(p)g®(0,y,p) dp dy
0JT2JR2 T2 JR2
Bog T .
0(t,y)"p- Vpp g° dp dy dt
R2

1
(pA§ —+ F¢ (t +—p) dp dy dt
//Tz RQBM )ty B wg° dp dy

1
+ // 0(t,y)Vpp - (B° + pA3) (t,y + —p> g° dp dy dt = 0. (48)
T2 JR2 By s

+

Obviously we have the convergences

T
lim / 040 © ¢g°* dp dy dt = / 0:0 ¢ dg,
T2 JR2 [0,T] X T2 X R2

k—+o00 Jo
and
lim 0(0,y)¢(p)g** (0,y,p) dp dy = / 0(0,y)e(p) dgo-
k——+o0 T2 JR2 T2 x R2

In order to pass to the limit in the other terms we assume the following growth hypothesis
for the L norms of the initial densities

INRIA



Régime du rayon de Larmor fini pour les équations de Viasov-Mazwell 19

H7) lime o €8Hf5||L°°(T2xR2) =0.
Notice that the above condition is very weak, due to the large power of ¢ in front of || f§]| e
We claim that for any test function v € C2([0,T] x T2 x R?) we have

T Ly
lim // /EE" ASF) (t y+ > YgFdp dy dt / (E, A3) <t y+ ) wdg. (49)
k—+oo Jo Jr2 Jr2 Bo3 [0,7]x T2 xR2 By,

Indeed we have
T T
LI e wara = [ [ @ pag— agoe dpava
0JT2JR2 0.JT2JR2
T
// (E, A3)yg™ dp dy dt
0J12JR2

If + 15

+

By Proposition 2.1 we know that
[(EF — B, A5" — A3)|| L~ qo,rpr2(r2)3) < Ceg, V.

Combining with (47) we obtain

1
I = (B — B, A5 — Ay)(t,a)d (e — =L p) [ dp da dt
0JT2JR? Bos
T
< C/ |(EF — B, A3h — A3)(t,x)|p* (t, x) dedt
TQ
1/2
< ka k”L/oo (T2 xR2)?

and therefore limy,_, y o, IT = 0. Obviously we have the convergence

1
lim 12 - / (E7A3) <t7y + p) qu(tayap) dga
k—+oo [0,T] X T2 x R2 Bo,3

)

and thus (49) holds. Taking € = ¢, in (48) and passing to the limit for kK — 400 we deduce
easily that

/ 0(t,y)("p- Vpyp) dg =0,
[0,T] X T2 xR2

saying that the measure g is invariant under the rotations of R?

/ Y(t,y, R(a)p) dg = / Y(t,y,p) dg, (50)
[0,7] X T2 x R2

[0,T] X T2 X R2

RR n° 6159
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for any 1 € C9([0,T] x T? x R?) and any o € R. Here R(«) stands for the rotation of angle
a. For any function ¢ € C2([0,T] x T? x R.), ¢ > 0 we have

/ o(t,y.1p]) dg < [[@lleogorxrxis) / dg,
[0,T)x T2 xR? [0,T]x T2 xR?

and therefore there is a measure dg € M1 ([0, 7] x T? x R,.) such that

/ o(t,y,Ipl) dg = / o(t,y,r) dg, ¥ o € CO[0,T] x T2 x R.,).
[0,T]xT2 xR2 [0,T]XT2 xRy

For any function ¢ € C2([0,T] x T2 x R2) we denote by ¢ € C2([0, T] x T2 x R, ) the function
given by

27
W(t,y,r) = — [ Y(t,y,rcosa,rsina) da.
2m Jo
Applying (50) with ¢ € C2([0,T] x T? x R?), € [0, 27| and taking the angle average yields
2m

1
/ Y(t,y,p) dg =/ — [ ¥(t,y, R(a)p) da dyg.
[0,T]xT? xR? [0

T)xT2xR2 2T Jo

Consider now (t,y,p) € [0,T] x T2 x R2. There is ag € [0, 27| such that p = R(ag)po, where
po = (|p|,0). Therefore

27 2

1 1 -
27 1/)(157 Y, R(Oé)p) do = — 7/1(75, Y, R(Oé)po) do = ’L/)(t, Y, |p‘)a
™ 0 27T 0
and we deduce that
/ vltp) g = [ Blty,r) dg, ¥ € CO0,T] x T2 x B2, (51)
[0,T]xT2 xR2 [0,T]xT2 xRy

Remark 3.1 If the measure g € ML ([0, T] x T? x R?) is absolutely continuous with respect
to the Lebesque measure and it is invariant under the rotations of R2

dg = g(t,y.p) didydp, g € L'(J0,T[xT* x R?), g(t,y.p1.p2) = g(t,y, p|.0),
then the measure g € ML ([0,T] x T? x Ry) is absolutely continuous and is given by
dg = 2nrg(t,y,r,0) dtdydr.

We multiply now (14) by a test function 6(¢, y)i(|p|) where 8 € CL([0, T[xT?), ¢ € CL(R,),
¥ /(0) = 0. Notice that the function p — 1 (|p|) belongs to CL(R?), V(] - |)|p=0 = (0,0)
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and thus we obtain

T
/ / / 00 1 (Ipl)g* dp dy dt - / 2 / 000, ) (lp)g" (0,9,p) dp dy
L
e 1ge ' e
//ﬂ*z RQBO?, (pA5 — ~E7) <t7y+3073>¢(lp)9 dp dy dt

p Lp
///th "(Ip)= - FE (ty+ >g dp dy dt = 0.
e Ip| Bo,s

Taking € = ¢} and letting & — +00 we obtain as before

- / 810 (Ipl) dg — / 6(0,)(1p]) dgo
[0,T]xT2 xR2 T2 xR2

v,0 p
v 2 s =) (64 5 ) ol d
[0,T]xT2xR2 0,3 0,3

L
p 14
v o(t.5) (o) - (1 52 ) dg = (52)
[0,T]x T2 xR Ip| Bo,3
Using now (51) we have
/ 00 v(lo) dg = | 216 v(r) dg. (53)
[0,T]xT? xR? [0,T]XT2 xR+
[, 60t dsn= [ 60.5)0(r) dao (54)
T2 xR2 T2 xRy
V0 -p ( tp > r(r)
Az (ty+ 5— ) o(pl) dg = v, (55)
/[0,T]><’]1‘2><]R2 By s ’ Bo,s 0.7 xT2x®, 27Bos ¥
27 .
/(cos a,sin ) Ag <t,y1 + Tsma,yg - rcosa) da dg.
0 By 3 By s
Similarly we obtain
1 tp 1
[ v m (e g ) ot as = o IV, (56)
[0,T] X T2 xR2 Bo,s 2m [0,T]xT2 xR

27 .
i rsina 7 COS (v .
E(ty + yY2 — ) dadg.
/o ( Bo,3 By3

) 3

Finally observe that the last term in (52) vanishes. Indeed we have

1
/ 0ty () L - E (t M ) o= | 0ty (r)
[0,T]xT2 xR2 Ip Bos 0,T]xT2 xR

rsin o T COS (x
_/cosaE1 +sina Es) (t,y1+B—7y2_
0,3
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Since divy E = 0 there is ® such that £ = V,® and thus

d rsin o T COS (¢ T COS (¢ rsin o
— P |ty + ——,Y2 — )}:( B+ E2>,
do { ( Bo,3 Bo,3 By, 3 B3

implying that

27 :
/(cosa E; +sina Es) (t,y1 + r;ma’w - TCOSQ) da=0,VreR,.
0 0,3

Combining now (52 — 56) yields

= [ @0+ V(tpr) -V, (00)) dg - [ 60.5)0() g =0, (57)
[0,T]xT2 xRy T2 xRy
where
2m rsin o T COoSs o
t = LE - ina)As) (¢ — do.
Vityor) 2w Bo,3 /0( r{cos o sin ) s) ( o Bos 42 Bo,3 ) “

Notice that

d rsin o 7 COS Qv 7 COS Qv rsin o
— A3t —_ — = O, A —0,,A
da{ 3(7y1+ Bo 3 y Y2 Bos )} 3 y A3+ 3 Y2413

) )

and therefore

27 .
div,, /r(cos a,sin ) A (t,y1 + rsma’yg - TCOSQ) da = 0.
0 Bos By s

Taking into account that div,jE = 0 we deduce that div,V = 0 and therefore (57) can be
written formally

0+ V(t,y, 1) V,§ =0,
{ g+ V(L y,r) - Vyg (58)

9(0) = go-
We introduce now the characteristics Y (s;t,y,r) associated to the velocity field V

ay

di - V(S,Y(S;t,y,?"),’f'), Y(S = t;t,y,?") =Y.
S

Therefore the measure solution of (58) is given by

/ o(y,r) dj(t) = / SV (£:0,9,7),7) dio,
T2 xR T2 xR+
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for any ¢ € C2(T? x Ry). Using now (51), (46) we deduce that the limit measure dg is
defined by

/ by.p) dg(t) = / By,r) di(t) (59)
T2 xR? T2 xRy

Y(Y(t;0,y,7),7) dgo

I
\M

T2 XR+

DY (£0,, [p]), [p]) dgo

Il
S—

T2 xR2
-/ &(Y(t;O,x*B—,Ipl),lp\)dfo

T2 xR2 0,3
= / ! w( (tOx—i\|)||cosa||sina)dadf
- S 271' ) BO,37 Pl), P , 1P 0>

for any ¢ € C%(T? x R?) and any t € R,. Finally we have obtained a complete description
for the finite Larmor radius regime. Observing that H6 is stronger than H2, H4, H5 we
formulate our result as follows.

Theorem 3.1 Assume that the initial conditions (f§, E§ 1, E§ 2, BG 3)e>0 are smooth and
satisfy the hypotheses H1, H3, H6, H7. We denote by (fé,Ef,ES,Bg)DO the solutions of
(5), (6), (7), (8) and we suppose that the limit systems (24), (25), (26) have smooth solutions.
Then for any T € Ry we have

>0 te[O T) 2¢2 /’11‘2/]R

1 B — B 2
sup / |Ef — E —eEW)? + (370’3 - 5A3> dx < 400,
€>0,t€[0,T] 2e* Jp2 €

HE+ sE<1>)

Bo3

(t,z,p) dp dx < +o0,

and the center distribution functions (g% )y converge vaguely towards the solution defined by
(59).

Acknowledgement: The author is thankful to Prof. E. Sonnendriicker for fruitful discus-
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