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R)SUT�V'W�XZY8[]\ ^<_<`bacT�V'W�`ed?fUVhg�icjlk<fPW�`
mJibnpobW�aZq5m>rZs�t

uevxwUwynzi{a}|UW	icW�~�SPW�ic~�SPW�dQ���P�����e\ [Hvxic~�S��x�z����\ ����w�v��zW�`

�0�.�����p�U�x��� m nxwUfU��vpa�j�nxd�� ��v�`cW�|¡nxwPa�jlVhjl¢�v�acj�nzd�VhW�a�SUn<|U`(��jl£xW¤�xW�dUW�a�j�~¥vx�l�znzibjla�SPVh`
vxdU|'w�vxibacj�~���W)`b¦§vxibV�nzwPa�jlVhjl¢�v�acj�nzdCvxicW)¨xW�ib_'�zW�dUW�icvx�QvxdU|'icnx�UfU`ba��UfPaG~�vxd��yW}~�nz`{a��l_
`cj�dP~�W�a�SUW�_©icW�k?fUj�ibW'��vxic�xWªd?fUVª�yW�i	nx«G«NfUdU~�acj�nzd¬W�¨xv���f�v�acj�nzdP`�­ªR)SUW'~�nx`ba��®_�«NfUdP~�a�jlnzd
W�¨�vx��fUv�a�jlnzdU`�~�v�dC�yW�ibW�wU��vx~�W�|C��_	~�SUW�v�w>W�i.V'n�|UW���`¯¦}SUjl~�S�vxibWGibW�«NW�icW�|�a�n°vx`J±�²<³´³�µc¶�·x¸º¹
nzi�»�¹�¸¼·�Vhn<|UW���` ∗ ­¾½°W�icW¤¦�W¤~�nzdP`cj�|PW�i0|�vpa�vp�¼¿Uacacj�dU�ÀVhn<|UW��l`�Á)w�v�iba�jl~�fU��vxic�®_Âi�v�|Uj�vx�
��vx`cjl`e«NfPdU~�acj�nzdU`°vxdU|�£<ibj��zjldU�U­§ÃÀW�`ba�fP|P_HacSUW�w>W�ib«NnzibV�vxdP~�W�nx«Äa�SPW�`cWCj�d�a�W�icwynz��v�acj�nzd
Vhn<|UW��l`$nzd�`cnzV'W	vxd�v��l_?a�jl~�vx�y«NfUdU~�acj�nzdP`°v�dU|�v�W�icn<|P_<d�vxV'j�~Z|�v�a�v�­JÅ§nxa�S�a�SPW�V'n<|UW��l`
S�v�¨zW�wUvxi�vxV'W�acW�ib`'¦}SUjl~�SÆVªfP`bah�>W�`cW���W�~�a�W�|Ç~�vxibW�«NfU�l�l_ÈacnÉW�dU`cfUibW��zn<n<|Ævx~�~�fUicvx~�_x­
ÊQnxi°ueÅ$Ê§Á�¦�Wªj�V'wU�lW�V'W�d�aevh�lW�v�¨zW´� nzdUW´� nzf�a°¨�vx�lj�|�v�acj�nzd0acW�~�SUdPj�k?fUW�vxdP|�«Nnzi}£?icj��xj�dU�UÁ
a�SUWËw�vxicvxV'W�a�W�ic`�vxibW'|PW�a�W�icV'j�dUW�|À��_¬VhvpÌ�j�V'j�¢�j�dU�'a�SUW'wUicnx��vx�Ujl��jla _H|UW�dU`cj®a _¬nx«�acSUW
v:¨�vxjl��vx�P��We|�v�a�vªfP`cj�dP�Ëvªw�vxibacj�~���WZ`{¦$v�icV�nxwPa�jlVhjl¢�v�acj�nzd¯­%R)SUW5V'W�a�vxVhn<|UW���`$v�icWZacSUW�d
j�V'wU��W�VhW�d?acW�|(jld�acSUW	`cS�v�w>W	nzwPacj�V'j�¢�v�a�jlnzd�wU��v�ac«NnxicVÍÊ�r5[�q�^<rC­
ÎHÏ�ÐOÑbÒªÓ �pÔ �x� [HW�a�vxVhn<|UW���`�ÁPi�vx|Uj�vx�¯��v�`cj�`$«NfPdU~�acj�nzdU`�Á�£?icj��xj�dU�UÁ�nzwPacj�V'j�¢�vpa�j�nxd
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 � s�W�`JVhg�a�SUn<|UW�`�|��ânxwPa�jlVhjl`�v�acj�nzd���vx`cg�W�`G`cfUi�|PW�`Gw>nzwPfU��v�acj�nzdP`.~�nxVhV'W$��W�`
vx���znxicjlacSUV'W�`y�zg�dUg�a�jlk<fPW�`�W�a%��� nzwPacj�V'j�`cv�a�jlnzd}w�vxi�W�`b`�vxjlV |UW�w�v�iba�jl~�fU�lW�`¯`bnzd�a�a�icT�`��zg�dUg´�
i�vx�lW�`�W�a%ibnz�UfU`{a�W�`�ÁxVhvxj�`O`cnzfP¨xW�d�aÄ~�n��PacW�fU`bW�`%~�vxi�W��l��W�`�dUg�~�W�`c`bjlacW�d�aÄfUd�dUnzVC�UicW�jlVhwynzi{�
a�vxd�ae|�� g�¨�vx��fUv�a�jlnzdU`)|UW	��vª«NnzdP~�a�jlnzdUdUW����lWx­��§W�`eg�¨�vx�lf�v�acj�nzdU`§~�n��PacW�fU`bW�`°w>W�fP¨zW�d?a���acicW
icW�V'wU��vx~�g�W�`}w�vxi)|UW�`°V'n<|UT��lW�`)wU�lfU`}g�~�nxdUnzV'j�k?fUW�`}~�nzdUd?fU`e`cnzfU`}�lW5dUnzV |UW�V'n�|UT���W�`
vxwUwUibn�~�SUg�`ªnzfÈV'W�a�vxV'n�|UT���W�` † ­¬q8dÈ~�nzdU`bj�|UT�icW0jl~�jG|UW�`ªV'n<|UT��lW�`C|�� vxwPwUicn�Ì�j�Vhv�a�jlnzd¯Á
wU��fU`�wPicg�~�j�`bg�V'W�VCa�|UW�`%«NnxdU~�acj�nzdU`��e��v�`cWJi�vx|Pj�vx�lW��éueÅ$Ê��OW�a%|UW�`�V'n�|UT���WÄ|PW �5ibj��zW�vx�zWx­
q5dHg�acfU|Uj�W���v'w>W�ib«NnzibV�vxdP~�W�|UWC~�W�`8V'n�|PT���W�`}w>nzfPiZ|UW�`°«NnzdU~�a�jlnzdU`8v�d�vx�l_?acj�k?fUW�`ewUfUjl`
`cfUi�|UW�`�|UnxdUdUg�W�`�vxg�icn<|P_<d�vxV'j�k?fUW�`�­¤s�W�`C|UW�f�ÌÉV'n�|UT���W�`Cnzd�aª|PW�`ªw�v�i�vxV'T�acicW�`�k?fUj
|Unzjl¨xW�d�a���a�ibW�~�SPnzj�`bj�`�wUicfP|UW�V'VhW�d�a wynzfUi%vx`b`cfUibW�i fUdUWG�>nzdPdUW�wPicg�~�j�`bj�nzd¯­ m nxfUi���WJVhnp�
|UT��lWCueÅ$Ê§ÁQnzd¤jlVhwP��g�V'W�d�acW�fPdUW�acW�~�SUdUjlk?fUWª|UW�¨xv���j�|Uv�a�jlnzd!�â�lW�v�¨zW´� nzdPW�� nxfPa
�QW�aZw>nxfUi
��W"�5icjl�zW�v��zWª��W�`5w�vxicvxVhg�a�ibW�`5`cnxd?a�|Ug�a�W�icV'j�dUg�`5W�d¥V�vpÌ�jlVhjl`�vxd�a°��v0|UW�dU`cj®a�gË|UW�wUibn��
��vx�Ujl��jlacgZwynzfUi)�lW�`}|UnzdUdPg�W�`e|Ujl`cwynzdUj��P��W�`§W�d�fPa�jl��j�`cvxd�a)fUdUW	nzw�a�j�V'j�`cv�a�jlnzd�wUvxi)W�`b`�vxjlV
|UW�w�vxi{a�j�~�fU��W�`�­�s�W�`	Vhg�a�vxV'n<|UT��lW�`Z`bnzd�a	W�dU`bfUjlacW�j�V'wU��g�VhW�d�a�g�`Z|�vxdU`5��v�wU��vpa�W�«NnxicV'W
Ê�r5[�q�^<rC­
# Ó ��� Ñ ��$ 
 ��� [Hg�a�vxVhn<|UT���W�`�ÁP«NnzdU~�a�jlnzdU`%�Ë��vx`cW	icvx|Uj�v���WxÁ&�5icj��xW�vx�zW�ÁPnzw�a�j�V'j�`cv�a�jlnzd
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q5w�a�j�V'j�¢�v�a�jlnzdÉV'W�acSUn<|U`Ë��j�£�W(�zW�dPW�a�jl~�vx���znxicjlacSUV'`�Á�w�vxi{a�jl~���W(`{¦$v�icV nzwPacj�V'j�¢�v�a�jlnzd¯Á
W�a�~�­ S�v�¨zW¤�yW�W�d�«NnzfUdP|Æa�nÀ�>W�j�|UW�vx�)«Nnzi'`cnz�®¨�jldU�¥��vxib�zW�`c~�v���W�wUicnz�P��W�V'`�­¡r°VhnxdU�
a�SUW�j�i§Vhvxd�_hvx|P¨�vxd�a�v��zW�`)v�icW°acSUW�jli$vx�Pj���j®a _ªa�nCS�vxdU|U�lWZdUnxd�� `bVhn<nxa�S'«NfUdU~�a�j�nxdU`�� `bj�dU~�W
�zi�vx|Pj�W�d�aGj�d�«NnzicVhv�a�jlnzd�j�`JdUn�a§ibW�k?fUj�ibW�| �JvxdU|'a�SUWewynz`c`bj��Ujl��jla _Cnx«O¿UdU|Uj�dP�C�z�lnz��vx�UnxwPa�j �
V�vx��`bnz��f�a�j�nxdU`�­Gr |Pj�`bacj�dU�xfUj�`bSUj�dU�ª«NW�v�a�fPicW�nx«.acSUW�`bWCV'W�a�SPn�|U`ej�`)acS�v�a}a�SUW�_�nzw>W�i�v�acW
¦}jla�Sªv���µ��y²��®·x¸��¼µ��
��±��G·x³´»�Á�jé­âW�­lÁpa�SUW�_CVhvx£�W§fU`bW)nx«�VªfU�®a�jlwU��WJ~�v�dU|Uj�|Uv�a�W�`cnz�lfPa�jlnzdU` v�a
W�vx~�S¤`{a�W�w¤nx«ÄacSUW�jliej®a�W�i�v�acj�nzd¯­�R)SUj�`°icW�k<fPj�icW�`eacSUWC~�nzV'wUfPa�vpa�j�nxdHnx« a�SUW�
�µ:±�¸����J¸��O¹�±�±
«NfUdU~�acj�nzd(«Nnzi}W�vx~�S�~�vxdU|Ujl|�v�a�W	jld�W�¨zW�ib_�nzwPacj�V'j�¢�vpa�j�nxd0jlacW�i�vpa�j�nxd¯­�R)SUW�vx�Uj��ljla _'a�nË��np�
~�v�acW8a�SUW5�z�lnz��vx�>nzwPacj�VªfUV3|UW�w>W�dU|U`enzd(`cf� h~�j�W�d?aeW´ÌPwP��nzicv�a�jlnzd0nx«%a�SUW5|PW�`cjl�zd�`cw�v�~�W
¦}SUj�~�S¡ibW�k?fUj�ibW�`0fP`cj�dP� vÉ`cf! '~�j�W�d�ac�l_Ç��vxic�xWHwynzwUfU��v�a�jlnzdÆ`bj�¢�Wx­¾R)SUjl`0j�`hW�`cwyW�~�j�vx�l�l_
a�icfPW'¦}SUW�dÈa�SUWh~�nz`{a�«NfPdU~�acj�nzdÀj�`�VªfU�lacj®� Vhn<|�vx� vxdU|ÉacSUW'|Uj�V'W�dU`bj�nzd¥nx«$acSUW�|PW�`cjl�zd
¨xv�icj�v��U��Wh`cw�vx~�W(j�`ªSPj��zS¯­¬Ã jlacSÈa�SUW(jldU~�ibW�vx`bj�dU�©fP`cW�nx«eSUj��xSÈ¿�|UW��ljla _ÀVhn<|UW���`�Á�W�­â�P­
XZv�¨<j�W�iº�{^<acnz£xW�`ªW�k?f�vpa�j�nxdU`�«Nnzi#"�n:¦Ívxd�vx�®_�`bj�`�Á a�SPW�~�nxVhwUf�a�v�acj�nzdÀnx«)a�SUWh~�nz`{aª«NfUdU~´�
a�j�nxdh«Nnzi§v�`cjldU�z�lW°|UW�`cjl�zd(~�vxd��>W°~�nz`{a��l_hj�d'a�W�icV'`§nx«�acj�V'WZvxdP|0icW�`cnzfUib~�W8f�a�j��lj�¢�v�a�jlnzd¯­
R)SUW}~�nzVª�Pj�d�v�acj�nzd�n�«O`bfU~�S�SUjl�zS��¼¿�|UW��ljla _Cvxd�vx�®_<`cj�`Äacn�nx��`.¦}j®a�S'w>nzwPfU��v�acj�nzd<� ��vx`bW�|ªnxw��
a�j�V'j�¢�v�a�jlnzdªa�W�~�SUdUjlk<fPW�`)~�v�d(icW�dP|UW�i§acSUW�V3jlVhwUicvx~�acj�~�vx��nzi§`bW�¨xW�icW��l_���j�V'jla.a�SUW8`bj�¢�WZnx«
a�SUW	wynzwUfU��v�a�jlnzd�a�SUv�a}~�vxd��yW�fP`cW�|O­
R n�n�¨xW�ib~�nzV'WZa�SPj�`G��vxicibj�W�i�Á<`cW�¨xW�icvx�OibW�`cW�vxic~�SPW�ic`)SUv:¨xW8fU`bW�|0`bfUicibnz��v�acWZV'n�|UW���`�$â��Á!%�Á
�PÁ��:�PÁ��:��&Jj�d¥wU��vx~�WËnx«§acSUWh~�nz`bac�l_¬W�¨xv���f�v�acj�nzd¤acn�nx�¼­'R)SUW�`bW�`cfPicicnx��v�a�W'V'n�|UW���`	vxibW
j�dUW´ÌPwyW�dP`cjl¨xWC~�nzVhwUvxicW�|�a�n'a�SUW�W�ÌPvx~�aZVhn<|UW��¼­)R)SUW�icWªv�icWC`bW�¨xW�i�v�� ¦§v:_<`8jldH¦}SUjl~�S©v
`cfUibicnz��vpa�W5V'n�|UW��¯~�v�dH�yW	|UW�¨xW���nxw>W�|¯­

')(*' +-,/.)01012/3546.87�2/9):;9=<>0�?�@!@!9)A=.87�BDCE9GFHBI,*0

JLK v�a�vp� ¿Uaba�jldU�¡Vhn<|UW���`�M¾r°d vxwPwUicn�Ì�j�Vhv�a�jlnzd acn acSUW�~�nz`ba¬«NfUdP~�a�jlnzd j�`©~�nxd��
`bacicfU~�a�W�|�fU`bj�dU�Ëv�¨�vxjl��vx�U�lW}|�v�a�v�­�R)SUj�`$|Uv�a�vªVhv�_h�yW5W�j®a�SUW�i$�zW�dUW�icv�a�W�|(`cwyW�~�j®«��
j�~�vx���®_�«Nnzi�~�nzdU`{a�ibfU~�acj�dU��acSUW�V'n<|UW��Jnzi�V�v�_¬�yWha�v�£xW�dÈ«NibnzV a�SUWhj�dUj®a�j�vx�.«NW�¦
jlacW�i�vpa�j�nxdU`}nx«Äa�SPWªnzwPacj�V'j�¢�vpa�j�nxd(VhW�a�SUn<|¯­°tÄÌPvxV'wU�lW�`Zn�«�|�v�a�vp� ¿Uaba�jldU�hV'n<|UW��l`
vxicW)wynz�®_�dPnzVhj�vx��`+� fU`bf�vx�l�l_ªk?f�v�|Ui�v�acj�~�Á?vx��`bn�£?dUn:¦}d�vx`JicW�`bw>nxdU`cWe`cfUi{« vx~�W}V'n�|<�
W��l` ��Á vxi{a�jl¿U~�j�v��ÄdUW�fPi�vx�JdUW�a ¦§nzib£?` � �lj�£xWËVªfP�la�j � ��v:_xW�i5wyW�ib~�W�w�a�icnxd¯Á.icvx|Uj�v�����vx`cjl`
«NfUdU~�a�j�nxdHdUW�a ¦§nxic£?` �Zv�dU|ON	vxfU`b`cj�v�dHwUibn�~�W�`b`ZV'n�|UW���` � £?ibj��zjldU� ��­�R)SUW�`bWCV'n�|<�
W��l`�~�vxd¥�>W'W�j®a�SUW�i��x��nz��v��¼ÁO¦}SUjl~�SÉVhvx£xWËfU`bWhn�«)vx�l��v�¨xv�j���v��U��Wª|Uv�a�vPÁ�nzi	�ln�~�vx�¼Á

PQP (
RTS�UWVXU
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¦}SUj�~�S©Vhvx£�WªfU`cWCnx«JnzdU�®_¤v�`bV�v�����`cW�a	nx«J|�v�a�v0vxicnxfUdU|¤a�SPWªw>nxj�d�aZ¦}SUW�icWCacSUW
«NfUdU~�a�j�nxd'jl`Äa�n��>WevxwPwUicn�Ì�j�Vhv�a�W�|¯­ N5��nx��vx�UV'n�|PW���`.S�v�¨zWe�>W�W�d�fP`cW�|�vx`Gv�~�nzV��
wU��W�a�W�ibW�wU��vx~�W�VhW�d?a�nx«Ga�SPW�nzicjl�zj�d�v��.~�nx`ba	«NfUdU~�a�j�nxd¬¦}j®a�S¬nzwPacj�V'j�¢�v�a�jlnzd��yW�jldU�
~�vxibicjlW�|ÉnxfPaªnzdÀa�SUW0`bfUicibnz��v�acW�V'n�|PW��¼­Hs�n�~�vx�GVhn<|UW��l`�SUv:¨xW0�yW�W�dÈa _<wUjl~�vx�l�l_
fU`cW�|0vx`GwUibW�~�nxdU|Ujlacj�nzdPW�ic`�acnCvx~�~�W���W�icv�a�W}a�SPWeW´Ì�wU��nzicv�a�jlnzdËnx«OacSUWe`cW�v�ic~�S0`bw�vx~�W�­

J	� vxicj�vx�U�lW8~�nzd�¨xW�ic�xW�dU~�WªVhn<|UW���`�MJR)SUW�~�nx`bae«NfUdU~�acj�nzd�fU`bf�vx���®_0|UW�w>W�dU|U`°nzd�acSUW
d?fUVhW�icjl~�vx�J`cnx��fPacj�nzd¥nx«}v¤m K t)­Ä[Hnz`baCd?fUVhW�icjl~�vx�JV'W�a�SPn�|U`CvxicWhjlacW�i�vpa�jl¨xWhjld
d�v�acfUicW�vxdU|É~�nzd�a�vxjldÂvH`{a�nzwPwUj�dU�H~�ibjla�W�icjlnzd¥¦}SPj�~�SÂj�`�V'W�vx`bfUicW�|Èj�d¥a�W�ibVh`�nx«
vÀ`bnz��fPacj�nzd�icW�`cj�|Pf�vx�¼­ R%nÈ�zW�a0vxd¡vx~�~�fUicv�a�W�`cnz�lfPa�jlnzdÇvÉ`bV�v����$¨�vx��fPW�nx«8acSUW
icW�`cj�|Pf�vx�Äjl`�fP`cf�vx�l�l_�fU`cW�|¯­0^<fU~�SÈvxdÀvx~�~�fUicv�a�WË`cnx��fPacj�nzd©Vhv�_��yWËfUdUdUW�~�W�`c`�v�ib_
¦}SUW�d�v�����¦§W8¦§vxd�a)jl`$vxd0W�`bacj�Vhv�a�Wenx«%vC~�nz`ba$«NfPdU~�acj�nzd�¦}SPj�~�S(j�`GfU`bf�vx���®_'`cnzV'W
j�d�a�W��zi�v��$a�S�v�a'~�nzd�¨zW�ib�zW�`�VªfU~�S�« v�`ba�W�i�­�
 dÆ`cfP~�S¡v¥`bjlacf�v�a�jlnzdÂa�SUW�`bacnzwUwUjldU�
~�ibjla�W�icjlnzd�~�vxdh�>W}ibW���v�ÌPW�|'acSUW�ibW���_'~�nzdP`cj�|PW�i�v��U�l_�ibW�|UfP~�j�dP��acSUW)a�j�V'W$a�v�£xW�dh��_
v�`cj�dP�z��W8~�nzV'wUfPa�vpa�j�nxd¯­

J	� vxicj�vx�U�lW°ibW�`cnx��fPacj�nzd(V'n�|PW���` M�
 d(a�SPW�`cW	V'n�|PW���`�ÁUvªSUjlW�icvxic~�S�_0n�«.�zibj�|U`§j�`$fU`bW�|
vxdU|�acSUWª`bfUicibnz��v�acWªVhn<|UW�� jl`JobfU`{a8a�SUWC~�nz`{a��l_HW�¨�vx�lf�v�acj�nzd�a�n<nz� �PfPa5icfPd©nzd©v
~�n�v�ic`cW	�zibj�|¯­

J	� vxicj�vx�U�lW�¿�|UW���j®a _�V'n�|PW���` M

 d©a�SPW�`cWËV'n�|PW���`�Á�v(SUj�W�i�vxib~�S�_¤nx«�wUS�_<`cj�~�vx�ÄV'n�|<�
W��l`ZvxibWCfU`bW�|¯Á>«Nnzi°W´ÌPvxVhwP��Wªt�fU�lW�i°W�k?f�v�acj�nzdU` � `bfUicibnz��v�acWCV'n�|UW�� �)vxdU|¤uerZX8^
W�k?f�v�acj�nzdP` �NW�ÌPvx~�a°V'n<|UW�� ��­JtÄ¨zW�dH¦}SUW�d¤vËSUj��zS(¿�|PW���j®a _0V'n�|PW��¯�lj�£xW	u}r8XZ^�jl`
fU`cW�|¯Á�nzdUWh~�vxdÉfU`cW(v�¦$vx�l�G«NfPdU~�acj�nzdÉvxwUwUibn:Ì�jlV�v�acj�nzdÀvx`CvH`cfPicicnx��v�a�WhVhn<|UW��
vxdU|�v�a�fUib�UfU��W�dU~�W	V'n�|PW���vxwPwU��jlW�|(fUwPacn'acn�a�SUW5¦§vx����v�`}acSUW	W�ÌPvx~�a°V'n<|UW��é­


 d¬acSUj�`5ibW�wynziba5¦�WË~�nzdP`cj�|PW�i	|�v�a�vp� ¿Uaba�jldU�0V'n�|UW���`�Á�w�vxibacj�~�fU��vxib�l_�i�v�|Uj�vx� ��vx`bj�`8«NfUdU~´�
a�j�nxdU`$vxdP|(��vxfU`b`cj�v�d(i�vxdU|PnzVÍwPicn<~�W�`b`)Vhn<|UW���`�ÁPvx��`bnª£?dUn:¦}d�vx`$£?icjl�zj�dU�P­�Å§nxacS0a�SUW�`cW
VhW�a�SUn<|U`ZSUv:¨xW��>W�W�d¤«NnzfPdU|�a�n��>WªW��OW�~�acjl¨zWCj�d¤jld?acW�ibw>nz��v�a�jlnzd�nx«JSUjl�zS�|UjlVhW�dU`cjlnzd�vx�
|�v�a�ve¦}jla�SC`cVhvx���<d?fUVª�yW�iÄnx«Q|Uv�a�v8wynzj�d�ac`Ävx`Ä~�nzV'w�vxicW�|Ca�n5wynz�®_�dPnzVhj�vx����vx`bW�|ËV'W�a�S<�
n�|U`�­

')(�� � : 7�B @�� 9=,/.87!2/9=:��H@T9�� ,/B C

N	j®¨zW�d�v�`cW�aZn�«
N
|Ujl`bacj�dU~�a}w>nzjld�a�`

���QP�� ÷



�À¹�¸¼·x»�µ��<¹�� ±����¬·<¹�³�µ��
	��y·x»���
ªµ��y¸��ô»����:·x¸��¼µ�� �

X°vxVhW
φ(r)

m.vxicvxV'W�a�W�ic` ^�Vhn<nxacSUdUW�`b`
N	vxfU`b`cj�v�d

exp (−r2/a2) − C∞


 d�¨zW�ic`cW�VªfU�®a�j�k?f�v�|Uicjl~
(r2 + a2)s/2 s < 0 C∞

^<nz�>nx��W�¨�`cwU�lj�dUW
rsKs(r) s > 0 Cbsc

R vx�U�lW�� MJY°dU~�nzdU|Uj®a�jlnzd�vx�l�l_'w>nx`cjlacjl¨xW5|UW�¿�dPjla�W5«NfUdP~�a�jlnzdU`

XN = {x1, x2, . . . , xN} ⊂ R
d

vxdU|(a�SUW5¨�vx�lfUW�`}nx«%a�SUW5«NfUdP~�a�jlnzd�v�a)a�SPW�`cW���n<~�vpa�j�nxdU`

FN = [f1, f2, . . . , fN ]>

¦§W	S�v�¨zW	a�nËjldP«NW�i$acSUW5¨xv���fUW5nx«%a�SPW	«NfPdU~�acj�nzd
fN+1

vpaev'dUW�¦ wynzj�d�a
xN+1

­

� �����(���	� �H��
���
 * �����������C� & �'�(#)��


u°vx|Pj�vx�Ä�Uvx`cjl`�«NfUdP~�a�jlnzdU` $ �PÁJ�X% &JS�v�¨zWh�>W�W�dÉ«NnxfUdU|ÀacnH�yWË¨zW�i{_Àvx~�~�fUi�v�acW'«Nnxi�jld?acW�iº�
w>nz��v�a�jlnzd�j�d¤SUjl�zS¤|UjlVhW�dU`cjlnzdU`ZvxdU|¬vxibWCj�|PW�vx�%«NnziZjld?acW�ibw>nz��v�a�jlnzd�nx«J`c~�v�acacW�icW�|¬|�v�a�v�­
K fUWZacnªa�SUW�j�i§`bw>W�~�aci�vx�>~�nzd�¨zW�ic�zW�dU~�W	wUibnzwyW�iba _�vxdU|(V'W�`bSU��W�`c`$dUv�a�fUibWxÁPacSUW�_�vxibW5vx��`bn
�>W�j�dU�0fP`cW�|¬«Nnzi8`bnz�l¨<jldU�(m K t�` $®�z�xÁ.����Á¯�z��&é­Cuevx|Uj�vx�%��vx`cjl`8«NfUdU~�a�j�nxd©j�d�a�W�icwynz��v�acj�nzd
`cW�W�£?`ZvxdHvxwUwPicn�Ì�j�Vhv�a�jlnzd

f̂
nx«%a�SUW5«NnzibV

f̂(x) =

N
∑

n=1

wnΦ(x − xn)

¦}SUW�ibW
Φ(x) = φ(‖x‖)

jl`Zvhi�vx|Uj�vx��«NfUdU~�a�j�nxd¯­Zt.ÌPvxV'wU��W�`Znx«Äi�vx|Uj�vx����vx`bj�`°«NfPdU~�acj�nzdU`
vxicW��zjl¨xW�d¤jld�R vx�U�lWh�z­ 
 d�acSUWªueÅ$Ê acW�ibVhjldUnz��nx�x_zÁPacSUWCwynz`bjla�jlnzdU`

xn, n = 1, . . . , NvxicW5~�vx���lW�|(a�SUW������ 
�¹���¸º¹�³�±�­
R)SUWª~�n<W  '~�j�W�d�ac`

w = [w1, w2, . . . , wN ]>
vxibWª|UW�acW�ibVhjldUW�|�«NibnzV�a�SUWCj�d�a�W�icwynz��v�acj�nzd

~�nzdU|Pjla�jlnzdU`

PQP (
RTS�UWVXU



� ��³c·��x¹�¹������	²��X�®¶
�O¹c·x²

f̂(xm) = fm, m = 1, 2, . . . , N

¦}SUj�~�S�~�vxd��yW8¦}icjlaba�W�dHjld(V�v�acicj Ì�«NnzibV�vx`��

Aw = F

R)SUW�Vhv�a�ibj®Ì
A
S�v�`CW��lW�V'W�d�a�`

Amn = Φ(xm − xn)
vxdU|Èjl`	`b_<VhV'W�acicjl~'`bj�dU~�W

Φ
j�`

v�i�vx|Pj�vx�¯«NfUdP~�a�jlnzd¯­ZÊQnxieacSUWC«NfUdU~�a�jlnzdU`ej�d¤R vx�U�lWh�zÁya�SUW�V�vpa�icj Ì
A
jl`8vx�l`cn ��µ:±��ô¸�� �x¹��

�<¹ �=� �ô¸º¹°«Nnzi5W�¨xW�i{_¬`cW�a�nx«
N

|Ujl`ba�jldU~�a	wynzjld?ac`5j�d
R

d � a�SUjl`5j�`8acicfUW�«Nnzi	vxd�_¤¨�vx�lfUW�nx«
N
nzi

d
­�^�fP~�S�«NfUdU~�a�j�nxdU`}vxicW	`cvxj�|�a�n'�>WË²1�6
�µ�� �
�ô¸��¼µ��y·
��� 	 ��µ:±��ô¸�� �x¹ �<¹ �=� �ô¸º¹�­JR)SUW�icW

vxicW8icvx|Uj�vx�>�Uvx`cjl`§«NfUdU~�a�j�nxdU`$¦}SUj�~�S(|Pn�dUnxa}S�v�¨zW8acSUj�`§wUicnzwyW�i{a _ � `cnzV'W8W�ÌPvxV'wU�lW�`)vxibW�zjl¨xW�dÂj�dÉR.vx�P��W���­ 
 dÈacSUj�`ª~�vx`cW�Á�¦§W(~�vxd V�vx£�W�a�SPW�u°Å$Ê 
�µ�� �
�ô¸��¼µ��y·
��� 	 ��µ:±��ô¸�� �x¹
�<¹ �=� �ô¸º¹§��_�vx|U|UjldU�'v�`cfUj®a�vx�U�lWZ« vxV'j��®_hn�«Äwynz�l_<dUnzV'j�v���`�­

f̂(x) =
N

∑

n=1

wnΦ(x − xn) +

M(q)
∑

l=1

αlpl(x)

¦}SUW�ibW
pl, l = 1, ...M(q)

«NnxicV'`Jv���v�`cj�`�«Nnzi
Pq

Á�a�SUWe`cwUvx~�Wenx«¯wynz�®_�dPnzVhj�vx��` nx«¯|PW��zibW�W
≤ q

­�R)SPW�W�k<fUv�a�jlnzdU`$a�n'|UW�a�W�ibVhjldUW8a�SPW�~�n�W� '~�j�W�d�a�`
w
vxdU|

α
vxibW

N
∑

n=1

wnΦ(xm − xn) +

M
∑

l=1

αlpl(xm) = fm, m = 1, . . . , N

N
∑

n=1

wnpl(xn) = 0, l = 1, . . . , M

R)SUW�vx�yn�¨xW�`cW�aËn�«ZW�k<fUv�a�jlnzdU`ªjl`��zf�vxicvxd�a�W�W�|Âa�n©S�v�¨zW�v©fUdUjlk?fUW(`cnz�lfPa�jlnzdÉ«Nnziªvxd�_
|Uj�`ôobnzj�d�a$|Uv�a�vª`bW�a�­ 
 «

N ≥ M
vxdU|(a�SUW5fPdU£?dUn:¦}d�«NfUdP~�a�jlnzd

f ∈ Pq

a�SUW�d�acSUW	vx�yn:¨zW
j�d�a�W�icwynz��v�acj�nzdh¦}j����>W�ÌPvx~�a��l_0icW�wPicn<|UfU~�W5acSUW5«NfUdU~�acj�nzdO­
�HÓ � Ï M�R)SUW§��v�`cj�`%«NfUdU~�a�j�nxdU` ~�vxdª�yW§W�jla�SPW�i%|UW�~�icW�v�`cj�dP� �N«Nnzi%W�ÌPvxV'wU�lWGacSUWGN	vxfU`b`cj�v�d �
nzi�jldU~�ibW�vx`bj�dU� �N«Nnzi�W�ÌPvxV'wU��W'a�SUW'a�SUjldÉwU��v�a�Wh`cwU�lj�dUW�` �5«NfUdU~�acj�nzdP`�ÁÄv�dU|Â��W�vx|Àacn�«NfU���

��� ×�Ö
	�Ö¼Ù���ùâÛ�
}×´ü ( ×´Û Ý�Ûéù × (�� Û���Ù�ú .�	pú¼ÚºÖ¼ùâà�Û N � ù áâá�	�ÙJø:Ö¼×�àpà�Ùcøeù ( Û���ùûú�úéÙbÚ Û¼ùâ× (��

���QP�� ÷



�À¹�¸¼·x»�µ��<¹�� ±����¬·<¹�³�µ��
	��y·x»���
ªµ��y¸��ô»����:·x¸��¼µ�� �

X°vxV'W
φ(r)

m.vxicvxV'W�a�W�ic`
q^�wU�lj�dUW

rs s > 0, s /∈ 2N q ≥ ds/2eR)SPj�d�� wU��v�acW8`cwP��j�dPW
rs log r s > 0, s ∈ 2N q > s/2[�fU�lacj®� k?f�v�|Uicjl~

(r2 + a2)s/2 s > 0, s /∈ 2N q ≥ ds/2e

R vx�U�lW���M��§nzdU|Uj®a�jlnzd�vx�l�l_'w>nx`cjlacjl¨xW5|UW�¿�dPjla�W5«NfUdP~�a�jlnzdU`

V�v�acicjl~�W�`�­°R)SPW�icWËv�icWªv���`cnh��vx`bj�`°«NfPdU~�acj�nzdU`e¦}jlacS¤~�nzV'w�vx~�a8`bfUwUwynziba°¦}SUj�~�S©�lW�vx|�a�n
`cw�vxib`cW�~�n<W  '~�jlW�d�aÄVhv�a�ibj�~�W�` � SUn:¦§W�¨zW�i a�SUW�`cW$�zj®¨zWGnzdU�®_�vx���zW��Ui�v�j�~J~�nzd�¨xW�ic�xW�dU~�W$¦}SUj��lW
a�SUW	`cV'n<nxa�S(��v�`cj�`)«NfUdP~�a�jlnzdU`)�zj®¨zW	W�Ì�wynzdUW�d?acj�vx��~�nzd�¨zW�ic�zW�dU~�W�­
�HÓ � Ï M�
 d'a�SUW°wUicW�`cW�d�a$¦�nzib£Ë¦�WZ~�nzdU`bj�|UW�i�nzdP�l_Ëj�d�acW�icwynz��v�a�jldU�	u°Å§ÊQ`J¦}SUjl~�S�W�ÌPvx~�a��®_
icW�wPicn<|UfU~�Wea�SUW°j�dUwPfPa§|Uv�a�vP­�q5dPWZ~�v�d0vx�l`cnCfP`cW°¿Paca�W�|(ueÅ$ÊÀV'n�|PW���`�¦}SUjl~�S0Vhv:_ËdPnxa
W�ÌPvx~�ac�l_¬jld?acW�ibw>nz��v�a�W�acSUWh|Uv�a�vP­0u°Å$Ê Vhn<|UW���`5~�v�dÈvx�l`cn��>Wh~�nzdU`bj�|UW�icW�|À¦}SUW�icWhacSUW
~�W�d�acW�ic`e|Un'dUnxa}~�nzj�dU~�j�|UW8¦}j®a�S(a�SPW��ln�~�v�a�jlnzd0nx«%a�SPW�|Uv�a�v�wynzj�d�a�`�­

�G(*' ��� BI4 7L9)< . 7 7�BI: ?H. 7�2/9=:;<�.=4 7!9 @

R)SUW�v�acacW�d?f�v�acj�nzd(« vx~�a�nzi$jld�i�vx|Uj�vx�O�Uvx`cjl`$«NfUdU~�acj�nzdP`)S�vx`ev�~�icj®a�jl~�vx�>j�d!"�fPW�dU~�W�nxd�acSUW
vx~�~�fUi�vx~�_¬nx«Ga�SUWËj�d�acW�icwynz��v�a�jlnzd¤V'n�|UW��¼­ªÃÀWËj����lfU`baci�v�acWCa�SPj�`8¦}jlacSÉv(d?fUV'W�ibj�~�v���W�Ì?�
vxVhwP��Wx­%R)SUWeueÅ$Ê¤j�d�a�W�icwynz��v�d?aÄj�`�~�nxdU`bacicfU~�a�W�|Ë«Nnzi�R%W�`{a§Ê�fUdP~�a�jlnzd�� � `bW�WevxwUwyW�dU|Pj®Ì �
fU`cjldU�hacSUWC|�vpa�v�«NicnzV �:�ËW�k?f�vx�l�l_�`bw�vx~�W�|©w>nxj�d�a�`ej�d

[0, 2]
­}R)SUWCW�icicnxi°�yW�a ¦�W�W�d¤a�SUW

j�d�a�W�icwynz��vxd�a�vxdP|Àa�SPWhW´ÌUv�~�aC«NfPdU~�acj�nzd¥j�`	W�¨�vx�lf�v�acW�|ÉnxdÉv��zicjl|¥n�«5�:�z��w>nxj�d�a�`�­�R vp�
�U��W ��� �G`cSPn�¦}`�a�SUWeW�ibicnzi§vxdU|�~�nzdU|Uj®a�jlnzdhd?fUVC�>W�i�«NnziG|Uj �>W�ibW�d�a§v�acacW�d?f�v�acj�nzd'« vx~�acnzic`�­
ÃÉW¤dPnxa�jl~�WHacS�v�ah«Nnzi��ynxa�S�¨zW�i{_Ç`bV�vx�l�evxdU|Æ¨xW�ib_Æ��vxib�zW�¨xv���fUW�`0nx«

a
a�SPW¤W�ibicnzihj�`

SUj��zSO­ R)SPWH~�nzdU|Uj®a�j�nxdÂd<fPVª�>W�ihn�«°acSUWH~�n�W� '~�j�W�d�ahVhv�acicj®Ì
A
j�`�`cW�W�dÆacn¬j�dU~�icW�v�`cW

¦}jla�SËjldU~�ibW�vx`bj�dU�	¨�vx��fUW�`�nx«OacSUWev�acacW�d?f�v�acj�nzdË« vx~�a�nzi�­.R)SUWeSUj��xS'W�icibnziGv�aG��vxib�zW$¨�vx��fUW�`
nx«

a
j�`�|UfUW'a�n�a�SUWhd<fPVhW�icj�~�vx�Jj�dU`{a�vx�Pj���j®a _©icW�`cfU�®a�jldU��«NibnzV j��l�®� ~�nzdU|Pjla�jlnzdUjldU��nx«§a�SUW

V�v�acicj Ì
A
­¬X°n�a�W�acS�v�a�v�`ª��nzdP�©vx`CacSUW0~�nxdU|Ujlacj�nzdÀd?fUVª�yW�iªjl`ªdUnxa�¨zW�i{_ÈSUjl�zS¯Á.acSUW

j�d�a�W�icwynz��vxd�a�W�ÌPvx~�a��l_ÀicW�wUicn<|UfU~�W�`CacSUW�aci�vxjldUj�dU�H|�v�a�vP­�R)SUW�ueÅ$Ê jld�a�W�ibw>nx��vxd�aCvxdU|
a�SUW'W�ÌPvx~�aC«NfUdU~�a�jlnzdÈvxibWhwP��nxaba�W�|¥j�dÉÊ.j��xfUicW�`'�x­�Ê.j��zfPicWh��`bSUn:¦}`�a�SPWh¨�vxicj�v�a�jlnzd©nx«
v:¨xW�icvx�zW�W�ibicnzi	v�dU|¬~�nzdU|Pjla�jlnzd¤d?fUVª�yW�i8¦}j®a�S¥v�aba�W�d?f�vpa�j�nxd¤« vx~�acnzi�­�ÃÉW�dUn�a�j�~�WCa�SUv�a
a�SUW°W�icibnzi§SUvx`$vCV'j�dPj�VªfUV «Nnzi$v�w�vxibacj�~�fU��vxi�¨�vx�lfUW°n�«�v�acacW�d?f�v�acj�nzdh« vx~�acnzi

ao ≈ 0.45

PQP (
RTS�UWVXU



� ��³c·��x¹�¹������	²��X�®¶
�O¹c·x²

a
�P­â�P� �P­®� ��­û� �z­â� ��­ �

[HW�v�dHW�icicnxi �z­ �
% ��­l����� �P­â�P�z��� �P­ �
%�� � �:��­ �
[�v�Ì�W�ibicnzi �z­ ��� ��­û��� � �P­â�P� � � �P­®���x� �X%�­ �

�§nzdU|Uj®a�jlnzd(dUnU­ �z­â� �P­â�
1.1 × 109 3.4 × 1014 2.8 × 1018

R.vx�P��W �!MHt��>W�~�a�n�«5v�aba�W�d?f�vpa�j�nxd « v�~�a�nxi'nxd acSUWHW�icibnziËnx«5ueÅ$Ê j�d�a�W�icwynz��v�acj�nzdÀ«Nnzi
R W�`bae�
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 d $ ����&éÁQ`cW�¨xW�icvx��W�V'wUj�ibj�~�v��¯VhW�a�SUn<|U`)«Nnzi}~�SUn<nz`cjldU��a�SUW�v�aba�W�d?f�vpa�j�nxd�« vx~�a�nzi}v�icW�|Uj�`º�
~�fU`b`cW�| � `bW�WªacSUj�`8wUvxw>W�i°«Nnzi°«NfUibacSUW�i8ibW�«NW�icW�dP~�W�`�­ª^<nzVhW�icW�`cW�v�ic~�SUW�ic`	S�vx|©W´ÌPwPicW�`b`cW�|a�SUWHSUnzwyWHa�SUv�a�acSUW�ibW�Vhv:_ �yW¤v¥fUdUjl¨xW�ib`�vx�l�l_ nzwPacj�Vhvx�$¨�vx��fUW�nx«8acSUW©v�aba�W�d<fUv�a�jlnzd
« vx~�acnzi�­�Å$v�`cW�|ÉnzdÉd?fUV'W�ibj�~�v���W�Ì�w>W�icjlVhW�d?ac`�Á�u}j�wPw�v $ ���X&§~�nzdU~��lfU|UW�`�a�SUv�a�acSUW'�>W�`ba
v�acacW�d?f�v�acj�nzd0« vx~�a�nzi§|UW�wyW�dU|P`°nzd0acSUW	d?fUVª�yW�i}vxdU|�|Ujl`bacicj��PfPa�jlnzd�nx« |�v�a�vªw>nxj�d�a�`�ÁUnzd
a�SUW5«NfUdU~�a�jlnzd

f
v�dU|Hnxd�acSUW	wUibW�~�jl`cjlnzd�nx« acSUW	~�nzV'wUfPa�v�a�jlnzd���­

rZd¥nz��¨�jlnzfU`	¦$v�_©acnHnzw�a�j�V'j�¢�WCa�SPW�v�aba�W�d<fUv�a�jlnzd¥« v�~�a�nxi5j�`5a�n�|Ujl¨<jl|UW�a�SUW'v�¨�vxj���vx�U��W
|�v�a�vªjld�a�nCa ¦�nh`bfU�U`bW�a�`�ÁQv0¸é³b·
��� ���<¶Ë±:¹�¸OvxdU|�v0¸ ¹�±�¸����<¶Ë±:¹�¸ � ¦�W5~�vxd�fU`bW8a�SUW8aci�vxjldUj�dP�`cW�aËacn©~�nzdU`{a�ibfU~�a'a�SUW�ueÅ$Ê¾V'n�|UW��$vxdP|�fU`bW�jlaªacn¥W�¨�vx��f�vpa�W�acSUW(«NfUdU~�acj�nzdÂnxd acSUW
a�W�`{a�jldU��`bW�a�­�R)SUW8v�aba�W�d<fUv�a�jlnzd'« v�~�a�nxiG~�vxd0�yW°nxwPa�jlVhjl¢�W�|Ë`bn�a�SUv�aJa�SUW°W�icibnziJnx«�jld?acW�iº�
w>nz��v�a�jlnzd©nzd¬a�SUWËa�W�`bacj�dU��`cW�aCjl`5VhjldUj�V'j�¢�W�|¯­Ë½en�¦�W�¨xW�i�ÁÄj�d¥wUi�v�~�a�jl~�vx�.nzwPa�jlVhjl¢�v�acj�nzd
wUicnz�P��W�V'`�Á%¦§W(Vhv�_¥dUnxaªSUv:¨xW(`cf! '~�j�W�d�a�d?fUVC�>W�iªnx«)|�vpa�v�wynzj�d�ac`�a�n�w>W�ib«NnzibV acSUW
vx�>n:¨xW�`bfU��� |Ujl¨<j�`bj�nzdO­ÄrZdHvx�lacW�ibd�v�a�j®¨zW	vxwPwUicn�v�~�SHjl`$a�SUW ��¹c·��x¹��cµ��O¹��cµp²<¸>a�W�~�SUdUjlk<fPWx­
s�W�a

f̂ (n)(x; a)
|UW�dUnxa�W5acSUW�u°Å$ÊÂjld?acW�ibw>nz��vxd�a)~�nxdU`bacicfU~�a�W�|HfU`cjldU��a�SUW	|�vpa�vËw>nzjld�a�`

X(n) = {x1, x2, . . . , xn−1, xn+1, . . . , xN}
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Ê.j��xfUicW ��M � v�icj�vpa�j�nxd0nx« C(a)
¦}jla�S�v�aba�W�d<fUv�a�jlnzd(« vx~�acnzi$«Nnzi)R%W�`ba°�

j¼­ Wx­®Á)�?_Æj��zdPnzicjldU�ÀacSUW¤d�� a�S¡|�vpa�vÉwynzj�d�a�j�dÆacSUW�«NfU�l�°|�vpa�vÉ`bW�a�­ R)SUjl`0j�d�acW�icwynz��vxd�a
~�vxdÂ�yW�fU`bW�|Âa�n�W�`bacj�Vhv�a�W'a�SUWh«NfUdU~�acj�nzdÀ¨xv���fUW�v�aCacSUW0j��xdUnzicW�|Èwynzj�d�a

xn

vxdU|ÉacSUW
~�nzibicW�`bw>nxdU|Uj�dP�hW�icicnxi

En = fn − f̂ (n)(xn; a)
~�vxdHvx��`bnh�yW�~�nzV'wUfPacW�|¯­§Å�_�j��zdPnzicjldU�

W�vx~�Sª|Uv�a�vew>nzjld�a `bfU~�~�W�`b`cjl¨xW��®_ªvxdP|ª~�nzdP`ba�ibfU~�acj�dU�ZvxdCjld�a�W�ibw>nx��vxd�a�¦§W�nz�Pa�vxj�d�vxdCW�icibnzi
¨zW�~�a�nzi

E(a) = [E1, E2, . . . , EN ]>

uejlwUw�v $®�:��&	`cfU�x�zW�`{a�`�V'j�dPj�V'j�¢�jldU�É`bnzV'W¥dPnzicV nx«�a�SPWÉvx�yn:¨zW¥W�ibicnzi�¨zW�~�a�nxi�¦}j®a�S
icW�`bw>W�~�aea�n�a�SPW�vpaca�W�d?f�v�a�jlnzd(« vx~�acnzi�ÁPj¼­ Wx­®ÁP¿�dU|

a∗
`bfU~�SHacS�v�a

a∗ =
v�ic�zV'j�d

‖E(a)‖

uejlwUw�v)�zjl¨xW�`�`cnxVhWJd?fUV'W�icjl~�vx��W´ÌPvxVhwP��W�`�acn°`bSUn:¦Èa�S�vpa%acSUW�«NfUdU~�a�j�nxd
C(a) = ‖E(a)‖�>W�S�v�¨zW�`)`bj�V'j���vxi.a�n�a�SUWZvx~�acf�vx�yW�icibnzi�­�
 d�w�vxibacj�~�fU��vxi�Á�a�SUW�_0vx~�SPj�W�¨xWZa�SPW�j�iGV'j�dUjlVªfUV

v�a}`cjlVhjl��vxi�¨�vx��fPW�`)nx«.v�acacW�d?f�v�acj�nzd0« v�~�a�nxi�­JÊ.jl�zfUicW"�����§wU�lnxa�`
C(a)

«Nnxi$R W�`bae��¦}SUj�~�S
j�dU|Ujl~�v�acW�`$acSUW	W�Ì�j�`{a�W�dP~�W�nx«Äv�d�nxwPa�jlVªfUVÍ¨�vx�lfUW

a∗ ≈ 0.353
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R)SUW�~�nzV'wUfPa�v�a�jlnzd¤nx«
C(a)

ibW�k?fUj�ibW�`5a�SPW�`cnz�lfPa�jlnzd¤nx«
N

�lj�dUW�vxiZW�k<fUv�a�jlnzdU`5W�v�~�S¥n�«
nzic|UW�i

(N −1)× (N −1)
­ 
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O(N3)
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X(n) j�`)�zj®¨zW�d���_

f̂ (n)(x) =

N
∑

m=1,m6=n

w(n)
m Φ(x − xm)

¦}SUW�ibW§a�SUW§~�n<W  '~�jlW�d�a�`
w(n) v�icW§|PW�a�W�icV'j�dUW�|ª��_C`bnz�l¨<jldU�°acSUW$j�d�acW�icwynz��v�a�jlnzd	wUicnz�P��W�V

f̂ (n)(xr) = f(xr), r = 1, . . . , n − 1, n + 1, . . . , N
­�ÃÀWH|PW�dUnxacW�acSUj�`'j�d Vhv�a�ibj®Ì

dUnxa�vpa�j�nxd�vx`

A(n)w(n) = F (n)
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F (n) = (f1, . . . , fn−1, fn+1, . . . , fN)>

­§ÃÀWCdUn�a�W	a�S�v�aej®«
y ∈ R

N j�`}`bfU~�S�a�SUv�a
yn = 0

acSUW�d

Ay = z =⇒ A(n)(y1, . . . , yn−1, yn+1, . . . , yN)> = (z1, . . . , zn−1, zn+1, . . . , zN )>�º� �
X°n:¦ ~�nzdU`cjl|UW�i)acSUW	`cnz�lfPa�jlnzd
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A
j�`

O(N3)
ÁP¦}SPj���Wea�SUWZ~�nz`{a}nx«�`cnz�®¨<j�dU�CacSUW

N
��j�dPW�vxi$W�k?f�v�a�jlnzdU` �¼� �)jl`

O(N2)
`bn'acS�v�a)a�SPW	acnxa�v��¯~�nz`{aej�`

O(N3)
­

uejlwUw�v(S�vx`�fU`cW�|ÂÅ§ibW�d�a
� `�V'W�acSUn<|¥¦}SUjl~�SÉjl`�v��Uicvx~�£xW�a�j�dP�¤vx�l�znzicj®a�SUV,«Nnzi	��n<~�vpa�j�dP�
a�SUW¬V'j�dUjlVªfUV�­ 
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C(a)
­�^�j�dP~�W

a�SUjl`Cj�`ªv�nzdUW0|Pj�V'W�dU`bj�nzd�v���V'j�dUjlVhjl¢�v�acj�nzd�wUicnz�P��W�V v¤`cVhvx�l�Gd?fUVC�>W�iªnx«ew�vxi{a�j�~���W�`
`cSUnzfP��|��yW)`cf! '~�jlW�d�a � ¦�W)S�v�¨zW}fU`cW�|'¿P¨zW}w�vxi{a�j�~���W�`Äj�dªacSUW)`b¦§vxicV vxdU|�a�W�`bac`GjldU|Ujl~�v�acW
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�G(�� �G9)CEB �H@T.=4 7�2/46.=, 2/0�01?5BI0

R)SUWÉicvx|Uj�v��5��vx`cjl`H«NfUdP~�a�jlnzdU`�|UW�wyW�dP|¾nzd acSUWÈt�fU~���j�|PW�vxd |Uj�`{a�vxdU~�WÉ�yW�a ¦�W�W�d a ¦§n
|�v�a�vÀw>nzjld�a�`�­ 
 «�acSUW¤~�nzVhwynzdUW�d�a�`0nx«5acSUW¤jldU|UW�wyW�dP|UW�d�a(¨�vxicj�vx�U�lW�`

x ∈ R
d S�v�¨zW

¦}j�|UW��l_ª|Pj �>W�icW�d�aJ`c~�v���W�`�acSUW�d'a�SUW}t�fU~���j�|PW�vxdËdUnzibV Vhv:_CdUnxaG�yW}vxwUwUibnzwUicj�v�a�W�­�
 d $ %�&
v¬¦�W�jl�zS�a�W�|�dUnzibV S�vx`'�>W�W�dÆfP`cW�|Æj�d wU��vx~�W�nx«ZacSUW�t�fU~���jl|UW�vxd dUnzibVHÁG¦}SUW�ibW�acSUW
¦§W�j��zS�a�`	|UW�w>W�dU|Énxd¬acSUWË�zi�v�|Uj�W�d?a	n�«�acSUW�«NfUdU~�acj�nzdO­Ë½°W�ibWxÁ�a�SUWËjldU|UW�wyW�dP|UW�d�a�¨xv�icj®�
vx�U��W�`

{xn, n = 1, . . . , N}
vxdP| «NfUdP~�a�jlnzdÂ¨�vx��fUW�`

{fn, n = 1, . . . , N}
vxibW�`c~�v���W�|

�>W�«NnzicWh~�nzdU`{a�ibfU~�acj�dU�¤acSUW(ueÅ$Ê V'n�|PW��¼­HR)SUW0jldU|UW�wyW�dP|UW�d�a�¨�vxicj�vx�U�lW�`
x ∈ R

d vxibW
`c~�v���W�|C`cnZacS�v�aÄW�vx~�S�~�nxVhwynzdUW�d?a.nx«

x
��jlW�`%j�d�a�SUW�j�d�a�W�ib¨�vx�

(−1/2, +1/2)
¦}SPj���WJ«NfUdU~´�

a�j�nxd�¨�vx��fUW�`5vxibW�`c~�v���W�|¤acn(��jlWCj�d¤acSUW�j�d�acW�ib¨�vx�
(0, 1)

­ 
 «JacSUWª«NfUdU~�a�j�nxd©j�`8~�nzdU`ba�vxd�a�Á
a�SUW�dhjld'acSUW}`c~�v���W�|h`cw�v�~�W°vx���PacSUW)«NfUdU~�a�j�nxd'¨�vx�lfUW�`�¦}j��l�P�yW°¢�W�ibnCvxdP|'acSUW°~�n�W� '~�j�W�d�a�`
w
v�icW'vx��`bn�¢�W�ibnU­0r3~�nxdU`ba�vxd�a�«NfUdP~�a�jlnzd¥j�`5a�S?fU`�icW�~�n:¨zW�icW�|ÂW´ÌPvx~�ac�l_©«Nnzi	vxd�_©¨�vx�lfUW

nx«�v�aba�W�d<fUv�a�jlnzdH« vx~�a�nzi�­)X°n�a�W�acS�v�a}a�SPj�`°v:¨xnzj�|P`eacSUWC|Uj� '~�fU�®a _�nx«ÄibW�wUibn�|UfP~�j�dP��~�nxd��
`ba�v�d?a�«NfUdU~�a�j�nxdU`�¦}j®a�SÉu°Å$Ê ¦}SUj�~�SÉnxa�SUW�ib¦}jl`cW�ibW�k?fUjlicW�`�¨zW�ib_-"Qv�a��

a → ∞
�5��vx`bj�`

«NfUdU~�acj�nzdP`�­
R)SUWC~�n�W� h~�j�W�d?a8V�v�acicj Ì

A
~�vxd¤�yW�~�nzVhW�j��l�®� ~�nzdU|Uj®a�jlnzdUW�|h«Nnzi �®·x³é¶<¹}¨�vx�lfUW�`enx«Jv�aba�W�d��

f�v�a�jlnzdÉ« vx~�a�nzi�ÁJvxdU| vx�l`cn¤«NnziC¨xW�i{_Â��vxib�zW0v�dU| |UW�dU`bW�|�v�a�v¤`bW�ac`�­ÀÃ SUv�aËj�`�v¤��vxic�xW
v�acacW�d?f�v�acj�nzdÉ« v�~�a�nxiC|UW�w>W�dU|U`�nzdÈacSUW0d?fUVª�yW�iªn�«°|Uv�a�v�wynzjld?ac`�ÁÄacSUW�jliC|Ujl`ba�ibj��Uf�a�j�nxd

PQP (
RTS�UWVXU



��� ��³c·��x¹�¹������	²��X�®¶
�O¹c·x²

vxdU|Èa�SPW0|Uj�V'W�dP`cj�nxd
d
­©R)SUW0�yW�`{a'v�acacW�d?f�v�acj�nzdÀ« vx~�acnziCfU`bf�vx�l�l_¥��W�vx|U`�acn¬v�SUjl�zSU�l_

j���� � ~�nzdU|Uj®a�j�nxdUW�|0~�n�W� '~�j�W�d�aZVhv�a�ibj®Ì>­§r°d¤fUdU~�W�i{a�vxjld?a _�wUibj�dU~�j�wU�lW5W�`{a�vx�U�lj�`bSUW�|Hj�d $ ��� &
`ba�vpa�W�`	a�SUv�a5a�SUWhv�aba�vxjld�vx�U�lWªW�ibicnzi	vxdP|¥acSUWh~�nzdU|Uj®a�jlnzd©d?fUVª�yW�i	nx«§acSUW'u°Å§Ê jld?acW�iº�
w>nz��v�a�jlnzd�V�v�acicj Ì�~�vxdUdPnxa8�ynxa�S��>Wª`bV�v����%v�aZacSUWª`cvxVhW�a�jlVhW�­°Ã SUW�d¬acSUWCVhv�acicj®Ì�jl`
SUj��zSP�l_'j��l�®� ~�nzdU|Uj®a�jlnzdUW�|OÁzjla)jl`§dUn�a}w>nz`b`cjl�U��Wea�n�~�nxVhwUf�a�W8a�SPW8j�d�a�W�icwynz��v�d?a�¦}jlacS0¿�dUjlacW
wUicW�~�j�`bj�nzdÉvxicj®a�SUV'W�acj�~Ë`cjldU~�W'a�SUW�`cnz�lfPa�jlnzdÀn�«}��j�dPW�vxi�vx�l�zW��Uicvxj�~ËW�k<fUv�a�jlnzdU`C�yW�~�nzV'W�`
fUdU`ba�vx�U�lWx­ 
 d $ � &}v©VhW�a�SUn<|Âj�`�wUibnzwynz`cW�| acn¬~�nzV'wUfPacW0a�SUW�ueÅ$Ê¾j�d�a�W�icwynz��vxd�a�«Nnzi
`cfU~�S¤jl��� � ~�nxdU|Ujlacj�nzdPW�|0~�vx`cW�`�­e½°n:¦�W�¨zW�i8a�SUjl`}j�`e~�nz`{a��l_(«NnxienxfUi°wPicW�`bW�d�a5wUfPicwynz`cWCvxdU|
¦§W�fU`bWËv0`cjlVhwU�lW��lj�V'jlacj�dU�'vxwUwPicn�vx~�SO­	Ã SPj���W�VhjldUj�V'j�¢�j�dU�ªacSUW�~�nx`ba8«NfUdP~�a�jlnzd

C(a)¦§W0~�nzV'wUfPa�W'a�SUW�~�nzdU|Pjla�jlnzdÉd?fUVC�>W�iCnx«)acSUW0~�n<W  '~�j�W�d�a�Vhv�acicj®Ì
A � jl«)j®aCjl`C��v�ic�zW�ia�S�vxdh`cnzV'We`cwyW�~�j®¿�W�|h¨xv���fUW�Á?acSUW�dha�SUWe~�nz`{a§«NfUdP~�a�jlnzd'j�`GdUnxa�~�nzV'wUfPacW�|��PfPa$jl`G`bW�a�a�n

vxd�v�ic�Uj®a�i�v�icj��®_'��vxib�zW8wynz`cj®a�jl¨xW	d<fPVª�>W�i�­GR)SUW�w�vxibacj�~���W�`)jld�m�^Pq vxicW5acSUW�d�d�v�acfUi�vx�l�l_
wUfU���lW�|(a�n:¦§vxic|P`ZicW��zj�nxdU`}nx«.¦�W��l��~�nzdU|Pjla�jlnzdUW�|�v�aba�W�d<fUv�a�jlnzd(« vx~�acnzic`�­ 
 d�acSUW�wUicW�`cW�d�a
~�nzV'wUfPa�v�a�jlnzdU`�Áya�SUWCfUwUwyW�i5��jlVhj®a}nzd¤a�SPWª~�nzdP|Ujlacj�nzd¤d?fUVC�>W�i8j�`8`bW�a5acn

1/ε
¦}SPW�icW

εj�`$a�SPW�Vhvx~�SUjldUW5wUibW�~�jl`cjlnzd¯­

�G(�� � ?5CEB @T2/46.=, B�� .)C � ,/BI0

R)SUW8ueÅ$ÊÀV'W�a�vxV'n�|UW��Uj�`�vxwUwP��j�W�|'acnC`bnzVhW°vxd�v��l_?a�jl~�vx�U«NfUdP~�a�jlnzdU`�vxdU|�vxW�ibn�|P_<d�v�Vhjl~
|�v�a�v�­ R)SUW)wPicnz�zicvxV'`%«Nnzi ~�nzdP`ba�ibfU~�acj�dU�°a�SUW$V'W�a�vxV'n�|UW��<vxicWG¦}icjlaba�W�d�j�d�^<~�j���vx�¯­%R)SUW
��j�dPW�vxi�W�k<fUv�a�jlnzdU`�vxicWe`cnz�®¨zW�|0fU`cjldU��acSUW}«NfUdU~�acj�nzdP`����
	
�
����vxdU|������������
�UÁ<¦}SUj��lW}acSUW
~�nzdU|Pjla�jlnzd d?fUVª�yW�i�j�`�~�nzV'wUfPacW�| fU`cjldU�������
�Q­�Ê�nzi(a�SUW¬a�W�`baH~�vx`bW�`HfU`cjldU����vxic�xW
|�v�a�v�`cW�ac`	vx`8jld¤`cW�~�a�jlnzdÀ��­ ��­ ��vxdU|¥��­ ��­ �ha�SUW�wUibnz�zicvxVh`ZvxicW�¦}icjlaba�W�d©j�d©Ê�nzi{a�i�v�d¬�z�
vxdU|ª�lj�dUW�vxi�W�k?f�v�acj�nzdU`ÄvxicW�`cnz�®¨zW�|�fP`cj�dP�°a�SPW)s�
ºXZm>r �+� icnxfPa�jldUW�`����
�����5v�dU|���������� �a�SUW	icnxfPa�jldUW ���������'vx�l`cnË~�nxVhwUf�a�W�`)acSUW	~�nzdU|Pjla�jlnzd(d?fUVª�yW�i�­

!#"%$&"(' ' Ñ*) � Ï ���,+ �.- �x��/ Ó - �

R)SUW�u°Å$ÊÈV'n<|UW��>j�`)~�nxdU`bacicfU~�a�W�|�«Nnzi$acW�`ba)«NfPdU~�acj�nzdU`5��� ����_(nzwPacj�V'j�¢�j�dU��a�SUW	v�aba�W�d��
f�v�a�jlnzd0« vx~�a�nzi)fU`bj�dU�Ëu}j�wPw�vªVhW�a�SUn<| � jld�W�vx~�S�~�vx`bWË�:�ªW�k?f�vx�l�l_�`cw�vx~�W�|�|�v�a�vËwynzjld?ac`vxicW�fU`cW�|¯Á)¦}SUj��lW�acSUW�ibW�~�nzdU`bacicfU~�a�W�|Ç«NfUdU~�acj�nzdÇvxdU|ÆW�icibnzic`�vxicWHW�¨�vx��fUv�a�W�|Ænzd ���z�
W�k?f�vx�l�l_Ë`cwUvx~�W�|0w>nxj�d�a�`�­�Ê�nzi�R%W�`{a)�UÁ?¦§W°`bacfU|P_'a�SUW°|UW�wyW�dU|PW�dU~�W5nx«�W�ibicnzi�vx`§v�«NfUdU~´�
a�j�nxdÉnx«}d?fUVª�yW�iCnx«}|�v�a�v�w>nxj�d�a�`C«NnxiC|Uj �OW�icW�d�aC~�SUnzj�~�W�`�nx«evpaca�W�d?f�v�a�jlnzdÉ« vx~�a�nzi�­ 
 d
Ê.j��zfPicWË�HacSUW�V'W�vxdÀW�ibicnzi�j�`�wU��nxaba�W�|¥«Nnzi�v�aba�W�d?f�vpa�j�nxdÀ« vx~�a�nzib`ª�P­®�zÁ �P­û�<Á§�z­â�PÁ

1/N

���QP�� ÷



�À¹�¸¼·x»�µ��<¹�� ±����¬·<¹�³�µ��
	��y·x»���
ªµ��y¸��ô»����:·x¸��¼µ�� ���

 1e-07

 1e-06

 1e-05

 1e-04

 0.001

 0.01

 0.1

 1

 6  8  10  12  14  16  18  20

L_
2 

er
ro

r

Number of data points

Optimal
0.1
0.5
1.0
1/N

 1

 100

 10000

 1e+06

 1e+08

 1e+10

 1e+12

 1e+14

 1e+16

 1e+18

 1e+20

 6  8  10  12  14  16  18  20

C
on

di
tio

n 
nu

m
be

r

Number of data points

Optimal
0.1
0.5
1.0
1/N

 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

 100

 6  8  10  12  14  16  18  20

T
im

e 
in

 s
ec

on
ds

Number of data points
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�:� ��³c·��x¹�¹������	²��X�®¶
�O¹c·x²

R%W�`ba
a∗

�§nzdU|¯­JdUnU­ [HW�vxdHW�ici [�vpÌ>­JW�ici�­ [HW�|¯­�W�ici�­
� �z­®���z�
� �U­ � � t��ª��� ��­ �����x�xtÄ� � � �z­ � � � �zt.�º�z� ��­ � �x���:t.�º� %
� �z­®���z��� �U­ � %zt��ª��� �z­ � %z�P��tÄ� ��� �z­ �z�z�
%zt.�º�x� �P­ ���
� � t.�º� �

� �P­ �
%z�z� �z­ ����t��5��� �z­ �x���x�xtÄ� � � �z­ �x�z� %zt.�º�z� ��­ �x�z�z�xt.�º�x�
� �P­ ���x� � ��­ �z�xt��5�z� �P­ ��� % %xtÄ� � � �P­ � � %x��t.�º�z� �z­ �x� %x�zt.�º� �

R vx�U��W	�TMJueÅ$ÊÂicW�`cfU�®a�`)«Nnzi5��� K a�W�`{a}«NfUdU~�acj�nzdP`

vxdU|(a�SUW	u}j�wPw�vªVhW�a�SUn<|¯­ÄR)SPW	¨�vx�lfUW8nx«
1/N

j�`§W�k?f�vx�Oacn�a�SUW5`bw�vx~�jldU�Ë�>W�a ¦§W�W�d�a�SUW
|�v�a�v(wynzj�d�ac`�­CÃÀWË`cW�WË«NicnxV]a�SPWË¿U�zfUicW�acS�v�a�vx�l� a�SPWhvpaca�W�d?f�v�a�jlnzd©« vx~�acnzic`5wyW�i{«NnzicV
w>n<nzic�®_'~�nzV'w�vxibW�|(a�nªacSUW�uejlwUw�v�¨�vx�lfUWxÁUW´Ì�~�W�w�ae«Nnxi$a�SUW8¨�vx�lfUW8nx«

a = 0.5 �
W�¨xW�d�a�SUW

~�SUnzj�~�W	nx«.acSUW�|Uv�a�vË`cw�v�~�j�dP�
a = 1/N

Á�j�`}`cW�W�dHacnh�xjl¨zW	¨zW�ib_�SUjl�zS�W�icibnzic`�­$Ê.jl�zfUibW	�
vx��`bn�`cSPn�¦}`ªacSUWh¨�vxibj�v�acj�nzd¥nx«$acSUW0~�nzdU|Uj®a�j�nxdÀd?fUVª�yW�iªvxdU|ÉacSUWhacj�V'W'a�vx£xW�dÂj�dÀacSUW
~�vx`bW�nx«�u}j�wUwUv¥nzw�a�j�V'j�¢�v�a�jlnzd¯­¡Ê�nzi��x�¥|�v�a�v¥w>nxj�d�a�`�Á$a�SUW�a�j�V'W(a�nÈ~�nzdU`{a�icfP~�a�acSUW
u°Å$Ê Vhn<|UW��G��_ÉnxwPa�jlVhjl¢�j�dP��acSUW(v�aba�W�d<fUv�a�jlnzdÉ« vx~�a�nzi�j�`ªv��>nzf�a�%z��`bW�~�nzdU|U`�­ÀR)SUjl`
a�j�V'Wªjl`�dPW�vxib�l_©jldU|UW�wyW�dP|UW�d�a�nx«§acSUWË|Uj�V'W�dU`bj�nzd¬nx«Ga�SPWhjldU|UW�wyW�dP|UW�d�a�`cw�vx~�W

d
vxdU|

|UW�wyW�dU|P`0Vhnx`ba��®_ nzdÆacSUW�`bj�¢�WHnx«8acSUW�|�vpa�vÉ`bW�a
N
­ R)SPW¤nzwPacj�V'j�¢�W�|Ævpaca�W�d?f�v�a�jlnzd

« vx~�acnzi�Á<~�nzdP|Ujlacj�nzdhd<fPVª�>W�i§nx«�acSUW8�lj�dUW�vxiJ`b_<`bacW�V v�dU|(W�ibicnzib`�«NnziGa�SUWª��� K acW�`ba§~�vx`bW�`
vxicW8�lj�`{a�W�|�j�d0R vx�U�lW8�U­JÊ�nzi�acSUWZ¿�ib`ba)a ¦�n�«NfUdU~�acj�nzdP`§¦}SUj�~�S�v�icW8`bj�V'wU��W�Á<¦�W5`cW�W8¨zW�i{_
`cVhvx���%vxwUwPicn�Ì�j�Vhv�a�jlnzd�W�icicnxic`Z¦}SUjl��W�«Nnzi°acSUWª��v�`baZa ¦�nUÁOacSUWªW�icicnxic`	vxibWCSUjl�zSUW�i�­5R)SUW
icW�~�nzdU`{a�icfP~�a�W�|�«NfUdU~�a�jlnzd¯Á�|�v�a�v�wynzjld?ac`JvxdU|'W�ÌPvx~�a�«NfUdP~�a�jlnzdhvxicW)wU�lnxacacW�|'j�d'Ê.jl�zfUicWe�<­

!#"%$&"%! 	 �U���:��/���/(- + �.-%�x��/ Ó - / - ! Ñ*)

R)SUW(uevx`bacicj��xj�dÀ«NfPdU~�acj�nzdÈjldÂ��� K j�`�icW�~�nzdU`{a�icfP~�a�W�| nzd
[−1, +1] × [−1, +1]

fU`cjldU�
5 × 5

a�n
10 × 10

|�v�a�vHw>nzjld�a�`C¦}SUjl~�S vxicW0|Pj�`bacicjl�UfPa�W�|Ènzd v¤fUdPjl«NnzibV �xicj�|O­©R)SUW
icW�~�nzdU`{a�icfP~�a�W�|h«NfUdP~�a�jlnzd'j�`�wU�lnxacacW�|Ënzdhv�fUdPjl«NnzibV �zibj�|Ënx«

100×100
w>nxj�d�a�`JvxdP|'acSUW

W�icibnzic`}v�icW	vx�l`cn�W�¨�vx�lf�v�acW�|�nzd(a�SUjl`)�zicjl|¯­�Ê.jl�zfUibW �é���§`bSUn:¦}`)a�SUW	icW�~�nzdP`ba�ibfU~�acW�|�vxdU|
W�ÌPvx~�aC«NfUdU~�acj�nzdÉ~�nzd�a�nxfUic`�v���nzdU��¦}jlacSÉa�SUW���n<~�v�acj�nzd¥nx«)a�SPW0|�v�a�v�w>nxj�d�a�`�­©Ê�nzi�acSUW
~�vx`bW8nx«

5× 5
|�v�a�vCwynzj�d�a�`Ja�SPW8vx~�~�fUicvx~�_hj�`G¨zW�i{_�wyn<nzi�W�¨zW�d�k?f�v���jla�v�a�j®¨zW��l_C¦}SPj���W}«Nnzi

10×10
w>nzjld�a�`�a�SUWGicW�~�nzdU`{a�ibfU~�acW�|�«NfUdU~�a�j�nxd�jl` k?f�vx�ljla�v�a�j®¨zW��®_5�yW�acacW�i�­�
 dªR vx�U�lW$�<Á�acSUW

W�icibnzi§«Nnzi§j�dU~�icW�v�`cj�dP�ªd?fUVª�yW�i)nx«%|�v�a�vªw>nxj�d�a�`$jl`§�zj®¨zW�dHv�dU|0¦§W	dUn�a�j�~�W5vªV'nzdUnxacnzdUj�~
|UW�~�icW�v�`cW�j�d��>n�a�S(a�SUW	V'W�vxd�vxdP|HVhvpÌ�j�VªfPVÍW�icicnxic`�­
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Ê.jl�zfUicW��1M)��� K a�W�`ba}«NfUdU~�a�jlnzdU`}icW�~�nzdU`{a�ibfU~�acW�|H¦}j®a�S�ueÅ$ÊÂfU`cjldU�H���Ë|Uv�a�v�wynzj�d�a�`

N a
�§nzdU|¯­JdUnU­ [HW�vxd�W�ici [�vpÌ�W�ici

5 × 5
��­ �?���:�
�P��� �U­ �U��W ���:� �z­â���
�z�
����W �	��� �P­ ��� � �x� �xW �	���

6 × 6
�z­ � �z� � ��� � �U­ �z�xW ���:� �P­®�X%�� � %z�xW �	�x� �z­ %��x�z�z�z��W �	���

7 × 7
�P­ � % �z�x� %z� �U­ ����W ���:� ��­ �x� � ������W �	�x� �z­â���z� � �U��W �	���

8 × 8
�P­â���z� � �z�x� �U­ ���xW ���:� %P­ % ���
��� � W�� �P� �U­â���z�p�?����W �	�x�

9 × 9
�P­ �?�
�x�z�x� � ��­â�x�zW ���:� �P­ �����U�z���xW�� ��� ��­â�P���z�<�X�xW�� �P�

10 × 10
��­â�U���z�z���
� �z­ � ��W �ª��� ��­ �P� � �<�X%xW�� ��� �z­ �z���
������W´�º�P�

R vx�U�lW���MJueÅ$ÊÂicW�`bfU�lac`)«Nnzie��� K uevx`bacicjl�zj�d0«NfUdP~�a�jlnzd

PQP (
RTS�UWVXU
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|�v�a�vËwynzjld?ac`

Ê.j��zfPicW��!M5��� K uevx`bacicj��xj�d�«NfUdP~�a�jlnzd¬icW�~�nzdU`{a�ibfU~�acW�|Éjld
100 × 100

�zibj�|¬fU`cjldU��ueÅ$Ê
¦}jla�S�nzw�a�j�V'j�¢�W�|�v�aba�W�d<fUv�a�jlnzd0« vx~�acnzi

���QP�� ÷



�À¹�¸¼·x»�µ��<¹�� ±����¬·<¹�³�µ��
	��y·x»���
ªµ��y¸��ô»����:·x¸��¼µ�� �X%
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 d�acSUj�`$acW�`ba�Á�¦§W5a�v�£xW�vxW�ibn�|P_<d�v�Vhjl~8|�v�a�v �N|Ui�vx�Ë~�n�W� h~�j�W�d?a
Cd

vxdU|���jl«ôa§~�n<W  '~�jlW�d�a
Cl

�.«NnziJv#�p� K ¦}jldU�5¦}SUnz`cW°`cS�v�w>W}j�`Jw�v�i�vxV'W�acW�icjl¢�W�|'jld'acW�ibVh`Jnx«ya�SUWe|Ujl`cwU��vx~�W�VhW�d?ac`
nx«>�x�Z~�nzd�a�icnx�Pwynzj�d�a�` nx«yvxd�Ê.Ê K �yn:Ì>­ÄR)SPW§¦}j�dU�Z`cS�vxwyW$jl`.nzwPacj�V'j�¢�W�|CfP`cj�dP�8`cjlVhwU�lW�Ì
VhW�a�SUn<|�`cn�a�S�vpa°j®a)V'j�dUjlVhjl¢�W�`Ga�SUW	~�nz`ba}«NfUdU~�a�jlnzd-$®��&

J =
Cd

Cdo

+ 104 · max

[

1 −
Cl

Clo

, 0

]

r¡`cW�a�nx«¯�x�z�5|�v�a�v5w>nzjld�a�`�j�d
R

20 jl`J�zW�dUW�i�v�acW�|'��_ËicfUdUdPj�dU�5a�SPW��$Ê K `bnz�l¨xW�iGvxicnxfUdU|
a�SUW�nzwPacj�Vhvx�Owynzj�d�a

Y ∗ j�d�a�SUW	«Nnz�l��n:¦}j�dU�ª¦§v�_ M Y = Y ∗ + Yr

ÁQ¦}SPW�icW
Yr ∈ R

20 j�`evi�vxdU|PnzVÍ¨xW�~�acnzieW�vx~�S�nx«%¦}SUnz`cW�W��lW�V'W�d�a�`)jl`$a�vx£�W�d�«NicnzV
{−1, 0, +1}

j�d�vËfUdUjl«NnxicV
i�vxdU|PnzV�V�v�dUdUW�i�­$ueÅ$Ê Vhn<|UW��l`evxicW�~�nzdP`ba�ibfU~�acW�|�«Nnxi

Cd
vxdU|

Cl
fU`cjldU�hacSUWCu}j�wPw�v

VhW�a�SUn<|0¦}SUj�~�S��zj®¨zW�`}acSUW	v�aba�W�d?f�vpa�j�nxd0« vx~�acnzic`}vx`e� � ­û�x�ªvxdU| �z� %P­ �?��ibW�`bw>W�~�a�j®¨zW��l_���­

 dÈnzic|PW�iCacnHa�W�`baªacSUW(vx~�~�fUicvx~�_Ànx«)acSUW�~�nzdU`bacicfU~�a�W�| V'n<|UW��éÁÄvH«NfUi{a�SUW�iC`bW�a�nx«	���z�
|�v�a�v¬wynzj�d�a�`'j�`Ë�zW�dUW�icv�a�W�|Ç��_ icfUdUdPj�dU�¬a�SUW �$Ê K `bnz�l¨xW�i � acSUW�`bW¤|�v�a�v¥wynzj�d�ac`�vxibWa�vx£�W�d¤v�`

Y = Y ∗ + Yr

¦}SPW�icW�a�SUW�W��lW�V'W�d�a�`enx«
Yr

vxibW�fPdUjl«NnzibV i�v�dU|UnzV d?fUVC�>W�ic`
«NicnzV

(−0.5, +0.5)
­ÄÊ�nziÄa�SPW°|Uicvx��~�n<W  '~�jlW�d�a�Á?a�SUWev�¨zW�i�vx�xWZvxdP|�VhvpÌ�j�VªfUV icW���v�acjl¨zW

W�icibnzic`�vxibW
2.78× 10−5 vxdU| 1.10× 10−4 icW�`cwyW�~�acjl¨xW��l_xÁ�¦}SUjl��W)«NnziJa�SUWe��j®«ôaJ~�n<W  '~�jlW�d�aa�SUW�_(vxibW

1.66× 10−5 vxdP| 6.24× 10−5 icW�`cwyW�~�a�jl¨xW��®_z­JR)SUW�`bW	W�icibnzic`$vxicWZ¨xW�i{_(`cVhvx���
j�dU|Ujl~�v�acj�dU��a�SUW�vxwUwPicn�Ì�j�Vhv�a�jlnzd0wyn�¦�W�i}nx«Äu°Å§Ê§­

!#"%$&"�� � Ñ*) � Ï � Ó Ô Ð -%� � /é��Ô%���:�

R)SUj�`8jl`Z`bj�V'j���v�i$a�n�acSUWªwUibW�¨<j�nzfP`8W�ÌPvxV'wU��WC�UfPaZ¦}j®a�S � |PW�`cjl�zd¤¨�vxicj�vx�U�lW�`�­°r `cW�a5nx«
%��
%¤wynzj�d�a�`
	'j�`��zW�dUW�icv�a�W�|�jld

R
8 fU`bj�dU�¬��vpa�j�dÉS?_<wyW�ib~�fU�yWH`cvxV'wU��jldU�¤j�dÈacSUW�i�vxdP�zW

[Y ∗ − 50, Y ∗ + 50]8
­ R)SUW¬nzw�a�j�V'j�¢�W�|¡vpaca�W�d?f�v�a�jlnzdÇ« vx~�a�nzib`0«Nnzi

Cd

vxdU|
Cl

vxibW
«NnzfUdU|¬a�n��>W��z­ �x� %z��v�dU|��x­ � � �z�(icW�`bw>W�~�acjl¨zW��l_¥vxdP|¥acSUWh~�nzdU|Uj®a�jlnzd©d?fUVª�yW�i�nx«�acSUW
~�n<W  '~�jlW�d�a�Vhv�a�ibj®Ì	jld�u°Å§ÊH¦$v�`��P­ �����z�xt��5� � vxdU|Ë�P­®�z�X����t �ª�:�eicW�`cwyW�~�acjl¨xW��l_x­ Ã j®a�S
a�SUWªnxwPa�jlVhjl¢�W�|¤v�acacW�d?f�v�acj�nzd¤« vx~�a�nzi�Á>acSUW�W�ibicnzi8n�«�jld�a�W�ibw>nx��v�acj�nzd�nzd¥v0|Uj �>W�ibW�d�a5`bW�a
nx« % � |Uv�a�v5wynzj�d�a�`Ä¦§vx`J«NnzfUdU|�acn��yW°��­®��� � t.�/�5v�dU|H�x­ � � �xt.�/�8icW�`cwyW�~�a�jl¨xW��®_z­�
 d'nzic|UW�i

� Ü ��ÙJøpÝ�Û¼Ý � Ý�ú ( ×�Û%úéÚbÝ´á Ùbø°ù ( Û��pù ú�ÚbÝ�úéÙ� ÷ ÚºÛ .pÝ�áâá 
 U�
�
�
 à�×�ù ( Û ú � ÙbÖéÙ � Ù ( Ù{Ö Ý�Û¼Ùbø%.�ú ù (�� á Ý´Ûéù ( � 
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PQP (
RTS�UWVXU



�x� ��³c·��x¹�¹������	²��X�®¶
�O¹c·x²

 0.001

 0.01

 0.1

 1

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2  2.2
 0.001

 0.01

 0.1

 1

E
rr

or
 in

 C
d

E
rr

or
 in

 C
l

Attenuation factor

Cd
Cl

Optimized

Ê.j��zfPicWZ��MÄr�¨zW�icvx�zW8W�icibnzi§nx«�jld�a�W�ibw>nx��v�acj�nzd'vx`)v�«NfUdU~�acj�nzdhnx«%v�aba�W�d?f�vpa�j�nxd�« vx~�acnziJ«Nnzi
� � K vxW�icn<|P_<d�vxV'j�~8|�vpa�v

a�n0`bW�Wªa�SPWC¨�vxicj�v�a�jlnzdHn�«Gvx~�~�fUi�vx~�_�n�«�a�SUWªV'n<|UW���¦}jlacS�a�SUWªv�acacW�d?f�v�acj�nzd�« v�~�a�nxi�Á>¦�W
~�nzV'wUfPacW'acSUW�W�icicnxi�nx«$j�d�a�W�icwynz��v�acj�nzd©nxdÉa�SUWËa�W�`baC|�v�a�v�«Nnzi�|Uj �>W�ibW�d�a�v�aba�W�d<fUv�a�jlnzd
« vx~�acnzic`%vxdU|�wU��n�a�a�SUW�V¾j�d5¿��zfUibW$�<­ R)SUWGa ¦§ne¨zW�iba�jl~�vx���lj�dUW�`�icW�wPicW�`bW�d�a.acSUWGnzwPa�jlVhjl¢�W�|
v�acacW�d?f�v�acj�nzd�« vx~�a�nzi�­ ÃÀWe~�vxd'`cW�W}a�SUv�a�a�SUW}V'j�dUjlVªfUV W�ibicnzi�nx«>j�d�acW�icwynz��v�a�jlnzdªn<~�~�fPic`
v�a8v�d©v�acacW�d?f�v�acj�nzdH« vx~�acnzi°k?fUj®a�W�~���nx`cW�acn�a�SPW�¨�vx��fPW�`Z|PW�a�W�icV'j�dUW�|�«NicnxV a�SUW�u}j�wPw�v
VhW�a�SUn<|¯­
R)SUW	u°Å§ÊÉVhW�a�vxV'n<|UW��Q¦$v�`}vx��`bnªfU`cW�|�acnª`cnx�l¨zW	vª~�nzdU`{a�i�v�j�dUW�|(VhjldUj�V'j�¢�v�a�jlnzd�wUicnx���
��W�V���M

min Cd

`bfU~�SHacS�v�a
Cl = Cl0

j�d
[Y ∗ − 40, Y ∗ + 40]8

^<a�vxi{a�jldU��«NibnzV-vC`cnx��fPacj�nzd'nz�Pa�vxj�dUW�|�¦}jlacS0vC`bj�V'wU��W´Ì'VhW�a�SUn<|!�
Cd = 0.01399

Á
Cl =

0.31870
��Á>a�SUWËV'W�a�v�Vhn<|UW��%_<j�W��l|UW�|©acSUWª¨�vx��fUW�`

Cd = 0.01365
vxdU|

Cl = 0.31870
Á

¦}SUj��lW�v�dHW´ÌUv�~�a��$Ê K ~�nxVhwUf�a�v�acj�nzd��zj®¨zW�`
Cd = 0.01376

vxdU|
Cl = 0.31847

­§R)SUjl`
� Ü ��ùûú�à�Ö¼×�	páâÙbÞ � Ý�ú¯ú ×�á ��Ùbø .pú ù (�� � ����� Õ �
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�À¹�¸¼·x»�µ��<¹�� ±����¬·<¹�³�µ��
	��y·x»���
ªµ��y¸��ô»����:·x¸��¼µ�� ���

SUn:¦§W�¨zW�i5|Pn�W�`8dUnxa°_�jlW��l|©v�~�nxd?¨xW�ib�zW�|¬`cnx��fPacj�nzd�a�nhacSUWªnzibj��zjld�vx��wUibnz�U�lW�V,`cjldU~�WC¦�W
w>W�ib«NnzibVhW�|ÂnzdU�l_Èv©��n<~�vx��VhjldUj�V'j�¢�v�a�jlnzd¯­¤r�`bW�k?fUW�dP~�W�n�«°`bfU~�SÆ�ln�~�vx�§V'W�a�vxV'n�|UW��®�
��vx`cW�|©VhjldUj�V'j�¢�v�a�jlnzdU`$~�vxd¤�yWªwyW�ib«NnxicV'W�|Hacn0nz�Pa�vxj�dPW�|©v�~�nzd�¨zW�ic�zW�|¥`bnz��f�a�j�nxd¯­eÃÀW
S�v�¨zW'j�V'wU��W�VhW�d?acW�|¤`bfU~�SÈv�dÉvxwPwUicn�v�~�SÀfU`bj�dU��v0a�ibfU`ba�ibW��zjlnzd©`baci�v�acW��x_¤¦}SPj�~�S¬¦}j����
�>W	wUibW�`cW�d�a�W�|Hj�d�v�`cW�w�vxi�vpa�W�icW�wynzi{a�­

!#"%$&"%$ !�� Ñ ) � ����Ô%���P� /é��� Ó $ Ð - Ó � /N� ${� �y����Ô./ Ï -y�¬� - Ô�� Ï ��� /N� -�� Ó �������:� Ñ
��/ Ó -

r V'W�a�vxV'n�|UW��$~�v�dÆvx�l`cn¬�yWHfU`bW�| a�n¥W�`bacj�Vhv�a�W0acSUW��zi�v�|Uj�W�d?ahvxdP|�SUW�`c`bj�vxd�nx«°acSUW
fUdU£?dUn:¦}d¤«NfUdU~�a�j�nxd¤��_�|Uj �OW�icW�d?acj�v�acj�dU��acSUWªV'W�a�v�Vhn<|UW��é­$ÃÉW�a�W�`ba8acSUWªvx~�~�fUicvx~�_Hnx«
u°Å$Ê j�dHW�`bacj�Vhv�a�jldU��a�SUWC�zi�vx|Pj�W�d�aZvxdU|¤SPW�`c`bj�vxd�nx«Jvhk?f�v�|Ui�v�acj�~�w>nz�®_<dUnzV'j�vx�¯jld©�x���
|Uj�V'W�dU`bj�nzdP`�­Är |�v�a�vª`bW�a)n�« �x�z�Cjl`$�zW�dPW�i�vpa�W�|(jld�a�SPW8`�vxV'WZ¦§v�_(vx`$jld0`cW�~�acj�nzd��<­û��­ �
�UfPaefU`cjldU��a�SUW5acW�`ba}«NfUdP~�a�jlnzd

f(x) =
1

10

20
∑

i=1

ix2
i

R)SUW¤ueÅ$Ê V'n<|UW��}j�`'~�nxdU`bacicfU~�a�W�|¡fP`cj�dP�Éa ¦§nÈv�acacW�d?f�v�acj�nzd « vx~�acnzic`�Á)vxdÇW�VhwUjlicjl~�vx�
«NnzicVªfP��v $ ���X&�vxdU|0acSUW5u}j�wUwUvCVhW�a�SUn<|¯­ÄR)SPW8W�V'wUj�ibj�~�vx�yv�acacW�d?f�v�acj�nzd�« v�~�a�nxi§j�`§�zjl¨xW�d
�?_

a = d ���
	 (Nd)−1/d

¦}SUW�ibW
d ���
	

j�` a�SUW$VhvpÌ�j�VCfUV |Uj�`{a�vxdU~�W)�>W�a ¦§W�W�dËa�SUW)|Uv�a�v8wynzj�d�ac`�­ÄÊ�nzi%a�SUW)|Uv�a�v8`bW�a
fU`cW�|�j�d(acSUj�`$acW�`ba�ÁUa�SUW�W�V'wUjlicj�~�vx�Q«NnzicVªfP��vª�zj®¨zW�`

a = 5.6
¦}SPj���W8acSUW�uejlwUw�vªV'W�acSUn�|

�zjl¨xW�`
a = 330.0

­.R)SUW	�zi�vx|Pj�W�d�a}v�dU|�SUW�`b`cj�v�d�vxibW5W�`{a�j�Vhv�acW�|�v�a)acSUW5nzicjl�zj�d0vxdU|�vxicW
�zjl¨xW�d¤jld�R vx�U��W��P­eR)SUWCW´ÌPvx~�a5�xi�vx|UjlW�d�a°j�`e¢�W�ibn(vxdU|Ha�SUW�SUW�`b`cj�v�d©j�`e|Uj�vx�xnzd�vx�¯¦}j®a�S
|Uj�vx�xnzd�vx�JW�d�acicj�W�`

λi = i/5
¦}SUj�~�S v�icW0v���`cn�a�SUW�W�j��xW�d�¨�vx��fUW�`Cnx«)acSUW�SPW�`c`bj�vxdO­�ÃÉW

dUnxa�W0acS�v�a�¦}j®a�S uejlwUw�v¤V'W�acSUn�|OÁJacSUW(�zicvx|Uj�W�d�a'vxdU| SUW�`b`cj�vxdÆv�icW(~�nxVhwUf�a�W�|Â¦}j®a�S
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(
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√
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 d�acSUWJ`cW�~�nzdU|�a�W�ibVHÁ
θ2

�zjl¨xW�`
vxdÀn �O`bW�a�nx«Ga�SUWË«NfUdU~�a�j�nxd¬¨�vx�lfUW�`5«NibnzV ¢�W�icnP­ 
 a�j�`�vx�l`cn(~�nzVhV'nzd©a�n�fU`bW�v�`cjldU�z�lW
��W�dP�xa�Sh`c~�v���W

r
¦}SUjl~�S0icW�|UfU~�W�`$a�SPWZd?fUVª�yW�i�nx«�w�vxicvxVhW�a�W�ic`Ja�nCacSUicW�WZj�ibicW�`cwyW�~�acjl¨xWZnx«

a�SUW'|Uj�V'W�dP`cj�nxd
d
n�«$a�SUWhj�dU|PW�wyW�dU|UW�d�aC¨�vxicj�vx�U�lW�`�­�R)SUj�`�~�SUnzj�~�WhVhv�_¬�>Wh`cf! '~�j�W�d�a

«Nnzi)~�nzdP`ba�ibfU~�acj�dU�Ë�ln�~�vx�¯£?icjl�zj�dU�CVhn<|UW��l`�­
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 aJdUn:¦ÇicW�V�v�j�dU`.acn8¿�dU|Ëa�SUW}w�v�i�vxV'W�acW�ic`
Θ
jldËacSUW)~�nxicicW���v�acj�nzd�«NfUdU~�acj�nzdO­ÄR)SUW�`bW}w�vp�

i�vxV'W�acW�ic`¯vxicW�|UW�a�W�icV'j�dUW�|���_ZV�vpÌ�jlVhjl¢�j�dP�GacSUW>obnzj�d�a�wPicnz��v��Uj��ljla _e|UW�dP`cjla _
p(FN |XN)

­
R)SUj�`)jl`eW�k?fUjl¨�vx�lW�d�a)a�nËV'j�dUjlVhjl¢�j�dP��acSUW	��nz��� ��jl£xW��lj�SUn<n<|Ë«NfPdU~�acj�nzd��zj®¨zW�d���_

L = F>
N C−1

N FN + log det(CN)

R)SUj�`�«NfUdU~�a�j�nxd�jl`%£?dUn:¦}dCacnZ�yW�VCfU�lacj®� V'n<|�vx� � SUW�dU~�W§ibnz�UfU`{a acW�~�SUdUjlk?fUW�`Ä�lj�£�W N5W�dPW�a�jl~
rZ���xnzicj®a�SUV'`)$ ��&Pnzi�m vxibacj�~��lW)^<¦§vxibV q8wPacj�V'j�¢�vpa�j�nxd $â��� &PVhjl�zS�aÄ�yW$wUibW�«NW�icvx�U�lWx­�[Hvxd�_
icW�`bW�vxib~�SUW�ib` SUv:¨xWJ~�nzVª�Pj�dUW�|�`bfU~�S	a�W�~�SPdUj�k?fUW�`%¦}j®a�S	v$¿�d�vx�x�zi�vx|Pj�W�d�a�`bW�vxib~�S�acn}��n<~�v�acW
a�SUWªV'j�dPj�VªfUV�VhnzibWCv�~�~�fPi�v�acW��l_ $â��&¼­

 d¤a�SUjl`°¦�nzic£�¦§WCS�v�¨zW�fU`bW�|¥mG^Uq a�W�~�SPdUj�k?fUW
�UfPa}¦}jlacSUnzfPaevxd�_(�xi�vx|UjlW�d�a}`cW�vxic~�SO­
R)SUW�ibW�vxibWHVhvxd�_ÂwUicvx~�acj�~�vx�)j�`b`cfUW�`ha�SUv�a'VªfU`bah�yW�a�vx£xW�dÆ~�v�icW�nx«8`bnÀa�SUv�ahvx���§acSUW
~�nzV'wUfPa�v�a�jlnzdU`8v�icWª`{a�vx�U�lW � ¦�Wª«Nnz���ln:¦ $ ��&Äj�d¤acSUj�`ZicW�`bw>W�~�a�­�R)SUW�S�_<wyW�i{� w�vxicvxVhW�a�W�ic`
VªfU`ba'�yW(dUnzd�� dUW��zv�a�j®¨zW � SPW�dU~�WHj®aËj�`��yW�acacW�i�a�n©¦�nzic£È¦}j®a�SÂa�SPW��lnz��vxibjlacSUV nx«°acSUW
w�vxi�v�VhW�a�W�ib`�`cn}a�S�vpa�a�SUW�_�vx�l¦§v�_�`�ibW�Vhvxj�d5wynz`cj®a�j®¨zWx­%R)SUWJnzwPacj�V'j�¢�v�a�jlnzdZfU`bj�dU�emG^Uq�jl`
a�S?fU`GvxwUwU�lj�W�|ªa�n5a�SUW}�lnz��vxibjla�SPV n�«>acSUW}S?_<wyW�iº� w�vxicvxV'W�a�W�ic`�­�R)SUW}~�nzibicW���v�a�jlnzdªVhv�a�ibj®Ì
~�vxd��yW5j���� � ~�nzdU|Uj®a�j�nxdUW�|'j�d0¦}SUjl~�S�~�vx`bW	acSUW	~�nzV'wUfPa�v�a�jlnzd0nx«%j®a�`)j�d�¨xW�ic`bW5¦}j����>dUnxa}�yW
vx~�~�fUi�v�acWx­ 
 «�a�SUW5~�nzdU|Uj®a�jlnzd0d?fUVª�yW�i)jl`}vx�>n:¨xW	vª`cwyW�~�j®¿�W�|�a�nx��W�icvxdU~�WxÁ�acSUW�d�a�SPW5��nz���
��j�£�W��lj�SUn<n�|°j�`Oa�vx£xW�d�acn}�>WJv)��v�ic�zW w>nz`bjlacjl¨zWÄ¨�vx�lfUWx­ 
 «<a�SUWJ~�nzdU|Uj®a�j�nxd8d?fUVª�yW�i�j�`¯¦}j®a�SUjld
a�SUW0`bw>W�~�j®¿�W�|Èacnz��W�i�vxdU~�WxÁJvxdÈs%YÍ|UW�~�nzVhwynz`bjla�jlnzd¥nx«

CN

jl`�¿�ib`ba�wyW�i{«NnzicV'W�| � acSUW�d
C−1

N FN

v�dU|
C−1

N k
vxibWC~�nxVhwUf�a�W�|�fU`cjldU��a�SPW�s�Y |UW�~�nzV'w>nx`cjlacj�nzdO­eR)SPWª��nz�zvxicj®a�SUV

nx« acSUW	|UW�acW�ibVhjld�vxd�a}nx«
CN

j�`}vx�l`cnË~�nxVhwUf�a�W�|�fU`bj�dU��a�SPW�s�Y |UW�~�nzV'wynz`cj®a�j�nxd

���QP�� ÷



�À¹�¸¼·x»�µ��<¹�� ±����¬·<¹�³�µ��
	��y·x»���
ªµ��y¸��ô»����:·x¸��¼µ�� �z�

log det(CN) =
N

∑

n=1

log Lnn +
N

∑

n=1

log Unn

R)SUj�` v�¨znzjl|U`%acSUWGfUdU|UW�i{� "Un�¦ wPicnz�U�lW�V vx`b`cn<~�j�v�a�W�|�¦}j®a�SCVCfU�lacj�wU�®_�jldU�)ve��vxib�zW�d?fUVª�yW�i
nx«O`bV�v����Pd?fUVC�>W�ic`J¦}SUj�~�SË¦§nxfU��|Ë�yW}acSUW}~�vx`bW°j®«Qa�SUW}Vhv�a�ibj®Ì

CN

j�`���vx|P�l_ª`b~�vx�lW�|¯­.rZ`
j�d�acSUW5~�vx`bW5nx« u°Å§Ê§ÁUvxd(fPwUw>W�i)��jlVhj®a�n�«

1/ε
j�`�j�V'w>nx`cW�|(nxd0a�SUW5~�nzdU|Uj®a�j�nxd�d?fUVª�yW�i

nx«
CN

ÁP¦}SUW�icW
ε
jl`$a�SUW	Vhvx~�SUjldUW5wUicW�~�jl`cj�nxd¯­

rZ��vxjldH«Nnz�l��n:¦}j�dP� $â��&%¦§W�`b~�vx�lW�a�SPWª~�n<nzic|Pj�d�v�acW�`ZvxdU|�«NfUdP~�a�jlnzd�¨�vx�lfUW�`Zvx`8|UW�`c~�ibj��yW�|
j�d'`cW�~�a�jlnzd(��­ �U­�Ê�nziJW�vx~�S0w�vxi{a�jl~���W�Á�a�SUW°w�vxi�v�VhW�a�W�ib`Jj�dhacSUWe~�n:¨�vxicj�vxdU~�W}«NfUdU~�a�jlnzd0vxibW
j�dUj®a�j�v���j�¢�W�|'i�vxdP|UnzV'�l_0jld0a�SUW	jld?acW�i{¨xv���`}vx`}�zj®¨zW�d��yW��ln�¦�M

θ1 ∈ [10−3, 1]

θ2 ∈ [10−3, 1]

ri ∈ [10−2, 10], i = 1, . . . , d


 dÆa�SUW�mG^Uq�VhW�a�SUn<|¯Á)jl«5vÀw�vxi{a�jl~���W��zn<W�`hnzfPa�`bj�|UW�a�SPj�`�icvxdU�zW�a�SUW�dÇjlac`hwPicW�¨<jlnzfU`
w>nz`bjlacj�nzd¬j�`�icW�`bacnzicW�|ÂvxdU|Èj®a
� `5¨zW��ln�~�jla _¬jl`�`bW�aCacn�¢�W�icnP­ 
 «)¦�W�|Pn�dUnxa�icW�`bacicj�~�a�acSUW
i�vxdU�xW5j�d(a�SUjl`)V�v�dUdUW�i�ÁPa�SPW�d�¦§W5«NnzfUdP|�acS�v�a)acSUW�m�^Pq ~�vxd�~�nzd�¨zW�ib�zW	a�n'v�`cnz�lfPa�jlnzd
¦}SUj�~�S�|Un<W�`edUnxa}�zj®¨zW�vxdHvx~�~�fUi�v�acW�jld�a�W�ibw>nx��v�acj�nzd¯­Ä½°n:¦§W�¨zW�iZjla}jl`)dUnxae~��lW�vxi}SUn:¦ a�n
~�SUn�nx`cW�acSUW§icvxdU�zWGnx«�wUvxi�vxV'W�acW�i�¨�vx��fPW�`�­ 
 dC`bnzVhW�nx«PacSUW�acW�`{aÄ~�v�`cW�`.wUicW�`cW�d�acW�|��yW���n:¦
¦§W8dPnxa�jl~�W°acS�v�a�a�SUW8nxwPa�jlV�vx�U¨�vx�lfUWZn�«¯a�SUWZw�vxi�v�VhW�a�W�ib`§jl`§~��lnz`cWea�nCacSUW8�ynzfUdU|Uvxib_'nx«
a�SUW	`cwyW�~�jl¿�W�|HicvxdU�zW�­

��(�� � ?5CEB @T2/46.=, B�� .)C � ,/BI0
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ÃÉW�vxwUwU�®_5a�SUWG£?icjl�zj�dU�°vxwUwPicn�Ì�j�Vhv�a�jlnzd5a�neicW�~�nzdU`{a�icfP~�aÄacSUW°��� K acW�`{a.«NfUdU~�a�jlnzdU`%�zjl¨xW�d
j�d¬vxwUwyW�dP|Uj®Ì¤rC­ËÊ�nzi8R%W�`{a��PÁ¯a�SUWËicW�~�nzdP`ba�ibfU~�acW�|¥«NfUdU~�acj�nzd¤«Nnxi��:��vxdU|À�x�0W�k?f�v����l_
`cw�vx~�W�| |�v�a�v¤w>nxj�d�a�`ªjl`ª`cSPn�¦}d j�dÈÊ.j��zfPicW � ­�
 dÂa�SPW0`�vxV'W�¿��xfUicW0¦�W�vx��`bn©wU��n�a�v
��n:¦§W�i�W�`bacj�Vhv�a�WËnx«�a�SUW'«NfUdU~�acj�nzd

f̂ − σ
vxdU|ÉvxdÉfUwPw>W�i�W�`ba�jlV�vpa�W

f̂ + σ
Á%¦}SUW�ibW

σj�`ªa�SPWHW�`ba�jlV�vpa�W�|Â¨�vxibj�vxdU~�W0¦}SUj�~�S�j�`Ëvx�l`cn¬�zj®¨zW�d ��_Âa�SUW�£?icjl�zj�dP�©Vhn<|UW��é­ Ê�nzi(�:�

PQP (
RTS�UWVXU
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Ê.jl�zfUicW %!M �5icj��xj�dU�ªW�icibnzievxdU|(a�jlVhW8¨xW�ic`bfU`ed<fPVª�>W�i}nx«.|Uv�a�v�wynzj�d�a�`

|�v�a�v'w>nxj�d�a�`)a�SPW�«NfUdU~�a�jlnzd�jl`edPnxa°¦�W��l� ibW�`bnz�l¨xW�|¯Á>vxdU|�¦�WCdPnxa�jl~�W	a�S�v�aea�SPW�¨�vxibj�vxdU~�W
j�`5vxwPwUicW�~�j�v��U�l_H��vxib�zW � «Nnxi	�x�0|�v�a�v(w>nzjld�a�`ZacSUWª«NfUdU~�a�j�nxd©j�`5k?fUjlacWC¦�W����.icW�`bnz�l¨xW�|¥��_a�SUW	|�v�a�vËvxdU|�a�SUW8¨�vxibj�vxdU~�W5j�`}`cVhvx�l�¼­

 d©Ê.j��xfUicW %�Á>¦�W�wU�lnxa°acSUW�¨�vxibj�v�acj�nzd�nx«�acSUW�vxwUwPicn�Ì�j�Vhv�a�jlnzdHW�icibnzi8vxdP|�a�jlVhW	a�vx£�W�d
a�n(~�nxdU`bacicfU~�a�acSUWËvxwUwPicn�Ì�j�Vhv�a�jlnzd©vx`	v�«NfUdP~�a�jlnzd¬nx«Gd?fUVª�yW�i5nx«�|�v�a�v0w>nzjld�a�`�­�R)SUW
W�icibnziGj�`§`bW�W�d0a�nC|PW�~�ibW�vx`bW5VhnxdUnxa�nxdUj�~�vx���®_�¦}j®a�S�jldU~�ibW�vx`bj�dU��d?fUVª�yW�i§n�«�|�v�a�v�w>nxj�d�a�`�­
Ê.j��zfPicW �:� `cSUn:¦}`HacSUW¥icW�~�nzdU`{a�icfP~�a�W�| «NfUdU~�a�j�nxdU`�«Nnxi�R%W�`{aÈ��� ��fP`cj�dP� �:� W�k?f�v����l_
`cw�vx~�W�|H|�v�a�v�wynzj�d�ac`�­JR)SUW	¿��zfUibW�`°vx��`bn'wP��nxa)acSUW	��n:¦§W�ievxdU|�fUwUwyW�i}W�`{a�j�Vhv�acW5nx« acSUW
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Ê.j��xfUicWª���!M)��� K acW�`ba}«NfUdP~�a�jlnzdU`}icW�~�nzdP`ba�ibfU~�acW�|�¦}jla�S�£?icjl�zj�dP��fU`cjldU���:��|�v�a�vËwynzj�d�a�`

«NfUdU~�acj�nzdP`Ä��vx`bW�|Ënzd�v
σ
� ~�nzd�¿�|UW�dP~�W)j�d�acW�ib¨�vx�é­.Ê�nzi.R W�`ba}�§acn��Za�SUW§¨�vxibj�vxdP~�W§jl`Äk?fUjlacW

`cVhvx���U¦}SUjl��WejlaGj�`�dUnxa�`cnC«Nnxi�R%W�`{a)��¦}SUjl~�S(vx`�|Uj�`b~�fU`b`cW�|�v��>n:¨zWZj�`GdUnxaG¦§W����yicW�`bnz�l¨xW�|
�?_H�:�C|Uv�a�vCwynzjld?ac`�­�R vx�U�lW5���lj�`bac`�acSUW8w�vxicvxV'W�a�W�ic`�nx«�a�SUWZ~�n:¨�vxicj�vxdU~�W°«NfUdU~�acj�nzd0vxdU|
W�icibnzic`'nz�Pa�vxj�dPW�|�«NnxiËacSUWH«NnxfUi�a�W�`{a�«NfUdP~�a�jlnzdU`�­¡rZ`�jld acSUW�~�vx`bW�nx«	ueÅ$Ê§Á�¦�W�`bW�W
W�Ì�~�W�����W�d�aCv�wUwUicn�Ì�j�Vhv�acj�nzd¤n�«§a�SPWË¿Uic`ba	a ¦�n�«NfPdU~�acj�nzdU`	�Uf�a�acSUW'vx~�~�fUi�v�~�_¬|UW��zi�vx|PW�`
~�nzdU`bj�|UW�i�vx�P�l_�«Nnxi$a�SUW	��v�`ba)a ¦�n'«NfUdP~�a�jlnzdU`�­

�#"��&"%! ! Ñ*) 	 ������� / ��/ - + �.- �x� / Ó -

R)SUW(uevx`bacicj��xj�dÀ«NfPdU~�acj�nzdÈjldÂ��� K j�`�icW�~�nzdU`{a�icfP~�a�W�| nzd
[−1, +1] × [−1, +1]

fU`cjldU�
5×5

acn
10×10

|�v�a�v�wynzj�d�ac`Ä¦}SUj�~�S�vxicW}|Ujl`ba�ibj��Uf�a�W�|Ënzdhv	fUdUjl«NnxicV �xicj�|O­ÄÊ.jl�zfUicW8�z�
`cSUn:¦}`5a�SUW�ibW�~�nzdU`bacicfU~�a�W�|ÉvxdP|¥W´ÌPvx~�a5«NfUdP~�a�jlnzd©~�nxd?acnzfUib`�v���nzdU�h¦}jla�S¤acSUW���n<~�vpa�j�nxd

PQP (
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�z� ��³c·��x¹�¹������	²��X�®¶
�O¹c·x²

R W�`ba i
θ1 θ2

[�W�vxdHW�ici [�vpÌ>­JW�ici [HW�|HW�ici
� ��­ � � �z�zt��5� �P­ ���U���zt �5� ��­ � �����xt.��� ��­ � �x�z�xt.�{� ��­â�?� � �zt.�º� �P­l�:�x� �zt.�{�
� ��­û� � � �zt��5� �P­ % % � ��t �5� �P­ % % �P�:t��5� ��­û�x�
� %zt.�º� ��­l�:�x� � t.�{� �P­ �
�x�z��t.�{�
� ��­û�x�z�
%zt��5� �P­®�:�z�z�xt �ª� ��­l�:�x�z�zt.�{� ��­l���<�X�zt.�{� ��­l�:�
%P�:t.��� �P­û�p� %��xt.�/�
� �P­ � �P�X�xtÄ��� �P­ � � ���xt.��� ��­û� � � �zt.��� ��­ � �z�z�xt.��� �P­ �
%��
%zt��5� �P­ %������xt.�{�

R vx�U�lW���M �5icjl�zj�dU�CicW�`bfU�lac`)«Nnzi5��� K a�W�`ba}«NfUdU~�a�jlnzdU`

X i
θ1 θ2

[�vpÌ>­�¨�vxi [HW�vxd�W�ici [�vpÌ�W�ici
5 × 5

��­l�:�x� �P­®�z� � �P­®�:�x� ���<­ � %z� � ­û� � � W���� ��­â� � ��W �5�
6 × 6

��­ � �x� �P­ % % % �P­ � � � �<­û�z��� �U­â�����zW �	� �z­ �?�z��W �ª�
7 × 7

��­l� � � �P­ �z�x� �P­®��� � �x­û�
%�� ��­û� %x�zW���� ��­ � � ��W �5�
8 × 8

��­û�z�x� �P­ �U�:� �P­ �
��� �<­û�x�x� �P­ �x� %xW���� �z­®�X����W �5�
9 × 9

��­û�x��� �P­ % % % �P­â�z�P� ��­l���p� ��­l������W��º� �z­ � � ��W����
10 × 10

�P­û�x��� �P­ % % % �P­ % %�� ��­ ����� ��­ �z�x�xW´�{� �z­â���
�xW´���
R vx�U��W � M �	ibj��zjldU��icW�`cfU�®a�`$«Nnzie�:� K u°vx`{a�ibj��zjld�«NfUdU~�a�j�nxd

nx«.acSUW�|Uv�a�vËw>nxj�d�a�`�­ 
 d�R vx�U�lW � Á�a�SUW�W�ibicnzi)«Nnzi}j�dP~�icW�vx`cjldU�'d<fPVª�>W�i°n�«Ä|�v�a�v'wynzjld?ac`
j�`)�zj®¨zW�dHvxdU|�¦§W�dUnxacj�~�W	v'V'nzdUnxacnzdUjl~8|UW�~�icW�vx`cW�j�d��>n�a�S�a�SUW�VhW�vxd�vxdU|�V�v�ÌPjlVªfUV
W�icibnzic`JW´ÌP~�W�wPa�«Nnzi�a�SUW}¿�ib`ba�vxdU|h��vx`{aJicW�`bfU�lac`�­JÊ�nziÄacSUW°~�vx`cWenx«

5×5
|�v�a�v�wynzjld?ac`Äa�SUW

icW�~�nzdU`{a�icfP~�a�W�|É«NfUdU~�a�jlnzdÀjl`5icW�V�vxib£pvx�U�l_©vx~�~�fUi�v�acW'v�a��lW�vx`{a�k?f�v���jla�v�a�j®¨zW��l_z­'½en�¦�W�¨xW�i
a�SUjl`G`bW�W�Vh`Ja�n	�yW°nzdP�l_C«Nnxiba�fPjla�nxfU` � a�SPWZvx~�~�fUicvx~�_Ëjl`J`cW�W�dhacn�|UW�~�ibW�vx`bW°«Nnzi 6×6

|�v�a�v
w>nzjld�a�`°vx`Z`bW�W�d©jld�R vx�U�lW � ­°Ê�nzieacSUj�`}a�W�`ba�Á>¦�WªS�v�¨zWªfP`cW�|¤a ¦�n(`cwUv�a�j�vx��w�vxi�v�VhW�a�W�ib`
r1, r2

vxdP| acSUW�VhjldUj�V'j�¢�v�a�jlnzd¬nx«}a�SUW��lnz��� �lj�£�W���jlSUn<n�|¤«NfUdP~�a�jlnzd �zjl¨xW�`�dUW�vxic�®_ÈW�k<fUvx�
� fUwPacnhacSUicW�W�|UW�~�jlV�vx��wU��vx~�W�` �$¨�vx��fUW�`e«Nnxi}acSUW�V�¦}SUjl~�S�jl`eacn��yW�W´ÌPwyW�~�a�W�|¤«NicnzV�acSUW
`b_<VhV'W�acib_�nx«.acSUW8«NfUdU~�a�j�nxd¯­

��(�� � ��� .=B @T9GF �G:5.)CE2/4 FH.87!.

R)SUj�`ea�W�`{a5j�`ej�|PW�d�a�jl~�vx��a�n0`bW�~�a�j�nxd¬��­ ��­â��­Zr `cj�dP�z��W�`cw�vpa�j�v�� w�v�i�vxV'W�acW�i}¦$vx`ZfU`cW�|¥jld
a�SUW5~�nzicibW���vpa�j�nxd�«NfUdU~�a�j�nxd¯­�R)SUW5w�vxicvxV'W�a�W�ic`)nx«�acSUW	~�nzibicW���v�a�jlnzd�«NfUdP~�a�jlnzd�vxibW5�zjl¨xW�d

���QP�� ÷
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5 × 5
|Uv�a�v�wynzj�d�a�`

−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0
−1.0

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

Computed

x

y

−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0
−1.0

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

Exact

x

y

10 × 10
|�v�a�vËwynzjld?ac`

Ê.j��zfPicW5�z� MÄ��� K uevx`bacicj��xj�d�«NfUdU~�a�j�nxdhfU`bj�dU��£?icjl�zj�dU� � 5×5
vxdU|

10×10
|�vpa�v	w>nzjld�a�`�­

PQP (
RTS�UWVXU



��� ��³c·��x¹�¹������	²��X�®¶
�O¹c·x²

� f�vxd�acjla _
Cd Cl

r
�P­ � � � �x­û���x�

θ1 4.641 × 10−2 3.302 × 10−2

θ2

�P­ �z�z� ��­û�z�x�
R vx�U��W�%�MJm.vxicvxVhW�a�W�ic`}nx« ~�nzibicW���v�a�jlnzd0«NfUdU~�a�jlnzd(«Nnzi$a�SUW � � K vxW�ibn�|P_<d�v�Vhjl~8|�v�a�v

� vxibj�vx�P��W 
 dUj®a�j�vx� u°Å$Ê �	ibj��zjldU�
� ��­l�:�z�����
%zt��5� � ��­û�x�z�x�z�z�zt��5� � �P­ �x�����z�z�zt��5� �
� �º�P­®���x�������zt��5� � �º�P­®���x�����
%zt��5� � �º�P­®���
%
�z���xt��5� �
� �º�P­ �z�z�x�
%��xt��5� � �º�P­ �
��� � ����t��5� � �º�P­ �
���x�z�
�zt��5� �
� ��­l�������z���:t��5� � ��­l�X�
%��
�z�zt��5� � �P­®���?�<���x�zt��5� �
� ��­l��� %x�?� � t��5� � ��­l�X�z�x�z���xt��5� � �P­®�X�z�x� % %zt��5� �
� �º�P­®�������z�z�zt��5� � �º�P­ ���:�
%z�z�zt��5� � �º�P­ ���:�
%z�z�zt��5� �
� �º�P­®� � �<� � ��t��5� � �º�P­®�X%P��� � �:t��5� � �º�P­®�X%��p���P�:t��5� �
� ��­û�x� � �X%z�zt��5� � ��­û�
%
%��
% %zt��5� � �P­ �z�z�x���z�xt��5� �

R.vx�P��WC���!MG[HW�a�vxV'n�|UW��®� ��vx`cW�|0`cSUvxw>W5nxwPa�jlVhjl¢�v�acj�nzd�«Nnzi � � K vxW�icn<|P_<d�vxV'j�~°wUicnz�P��W�V

j�dCa�vx�U��W %�­ÄR)SPW$W�ibicnziÄn�«Qj�d�a�W�icwynz��v�acj�nzd�nzdªacSUW§a�W�`ba�|Uv�a�v°¦§vx`Ä«NnzfPdU|ªa�n8�yW}��­ � �P��tÄ� �
vxdU|¬�z­â� %��xt.�/�ª«Nnzi

Cd

vxdU|
Cl

ibW�`bw>W�~�a�j®¨zW��l_z­
R)SUWË£<ibj��zjldU�0V'n�|PW��.¦§vx`�vx��`bn�VhjldUj�V'j�¢�W�|¤v�`5j�d¬`cW�~�a�jlnzdÀ��­ ��­â��vxdP|¬_<jlW���|PW�|¬dUW�v�ic�l_
j�|UW�d?acj�~�vx�%vxdU`b¦�W�ib`�­5R vx�U�lWh�:�h`cSUn:¦}`ZacSUW � |PW�`cjl�zd�¨�vxibj�vx�U�lW�`enz�Pa�vxj�dUW�|¤v�«ôacW�i°VhjldUj®�
Vhjl¢�j�dP�Ca�SUW�ueÅ$Ê vxdU|�£?icj��xj�dU�ªV'n<|UW��l`�­

� � �C& 2��5�.��
��C� � * ��
�� ����� ��� ��!�����!

R.vx�P��W¬�z��~�nzV'w�vxibW�`Ëa�SUWHvxwUwPicn�Ì�j�Vhv�a�jlnzdÈW�ibicnziË«Nnzi(��� K acW�`{ah«NfUdP~�a�jlnzdU`Ënz�Pa�vxj�dPW�|
«NicnzV u°Å§Ê�vxdU| �5icjl�zj�dU�P­ ÊQnxi�R%W�`bac`¬���/�PÁ)acSUW©W�ibicnzib`(nx«	a�SUW¤a ¦�n VhW�a�SUn<|U`(vxibW
~�nzV'w�vxicvx�U��W�ÁPa�SPnzfU�zSHu°Å§Ê wyW�i{«NnzicV'`}`c�lj��zS�a��®_��yW�aba�W�i�­$Ê�nzi)R%W�`{aZ�PÁQu°Å$ÊÂwyW�i{«NnzicV'`
vxd nzic|UW�i�nx«CVhvx�zdPjla�fP|UW¤�yW�acacW�i(a�SUvxd £<ibj��zjldU�U­ �§nxVhw�v�icj�dP�Èa�SUW©a�jlVhWHa�vx£�W�d a�n
~�nzdU`{a�ibfU~�a8acSUWCV'W�a�vxV'n�|UW���`)«NicnxV,Ê.j��zfPicW�`°�0vxdP|O%PÁQ¦§Wª`bW�WCacS�v�aZ£<ibj��zjldU�'j�`°vx�>nxfPa

���QP�� ÷



�À¹�¸¼·x»�µ��<¹�� ±����¬·<¹�³�µ��
	��y·x»���
ªµ��y¸��ô»����:·x¸��¼µ�� � �

R%W�`ba [HW�vxdHW�icibnzi [HvpÌ>­GW�icibnzi
ueÅ$Ê �	ibj��zjldU� ueÅ$Ê �5icjl�zj�dU�

� ��­û�<���xt.� � � ­û�x�z�xt.� � �z­â� � �zt.�{� �U­ � � �zt.�º�
� �z­ � %z�zt.�{� ��­ �
� %zt.�{� �z­ ���
�zt.�º� �z­â�z� � t.� �
� �z­û�����xt.�/� �z­û�<�X�zt.�/� �z­â�z���xt.�{� �z­â� %P�:t.�º�
� �P­û�p� %zt.�/� �P­ �z�z�xt.�{� �P­ � � %zt.�{� ��­ %��
%zt.���

R vx�U�lWË�z� M��§nzV'w�vxibj�`cnxd(nx«ÄueÅ$Ê vxdU| �5icjl�zj�dU��«Nnzi5��� K acW�`ba}«NfUdP~�a�jlnzdU`

X [HW�vxd�W�icibnzi [HvpÌ>­GW�icibnzi
u°Å$Ê �	ibj��zjldU� ueÅ$Ê �5ibj��zjldU�

5 × 5
�z­â���
�zt��ª� � ­ �
� � t.��� �P­ �z� � t��ª� ��­â� � ��t �5�

6 × 6
�P­®�X%��xt��5� �U­â�����zt �5� �z­ %��x�zt��ª� �z­ �?�z��t �ª�

7 × 7
��­ �x� � t��5� ��­ �
%x��t.��� �z­â���z�xt��ª� ��­ � � ��t �5�

8 × 8
%�­ % �z�xt.��� �P­â�z� %zt.��� �U­â���z�xt��5� �z­®�X����t �5�

9 × 9
��­ ���p��t.�{� ��­®�:���xt.�º� �<­ �P�:�xt.��� �z­ � � �xt.���

10 × 10
��­ ��� � t.�{� ��­ �z�x�xtÄ�º� �z­â�x���zt.��� �z­â���
�zt.���

R.v��U��W����1M�rZwUwUibn�ÌPjlV�vpa�j�nxd(W�icibnzic`$«Nnxie��� K u°v�`ba�ibj��zjld�«NfUdU~�a�jlnzd

a ¦}j�~�WCvx`Z« vx`{a5vx`Zu°Å§Ê§­O½en:¦§W�¨zW�i�Á¯a�SUWªvx�U`cnx��fPacW�a�jlVhW�`Zv�icWC`bV�v�����W�dUnxfU�zS¤a�n�V�vx£�W
a�SUjl` |Ujl`bacj�dU~�a�j�nxd�jlicibW���W�¨�vxd�a�ÁpW�`cwyW�~�j�vx�l�l_8¦}SPW�dCacSUW�wPicnz�zicvxV'` v�icW�¦}ibjlaba�W�d�j�dCÊ�nzibaci�vxd¯­
R)SUWZv�wUwUicn�Ì�j�Vhv�acj�nzdªW�icibnzic`J«NnziÄa�SPW8��� K u°vx`{a�ibj��zjldª«NfUdU~�acj�nzdhvx`J`cSPn�¦}dhj�d'R.v��U��W5���<­

 dÉa�SUjl`CW´ÌUv�VhwU�lWxÁ��5ibj��zjldU��j�`C`bW�W�d acn�wyW�i{«NnzicV �yW�acacW�iCacS�vxdÂueÅ$Ê§­ 
 dÂÊ.jl�zfUibWH���<Á
a�SUW5ibW�~�nxdU`bacicfU~�a�W�|�«NfUdU~�a�j�nxd�¦}j®a�S

7 × 7
|�v�a�v�wynzj�d�ac`)j�`$`bSUn:¦}dH«Nnzi$�ynxacSHueÅ$Ê vxdU|

�	ibj��zjldU�U­�ÃÉW5dPnxa�jl~�WZacS�v�aeueÅ$ÊÈS�vx`)wyn�nxi$vx~�~�fUicvx~�_(dPW�vxi$�ynzfUdP|�vxicjlW�`�$â��&éÁP¦}SUjl~�S�jl`
wUicnz�Uvx�U�l_'a�SPW�ibW�vx`bnzd(«Nnzi)jlac`$wyn�nzi$vxwUwUibn:Ì�jlV�v�acj�nzd�wUicnzwyW�i{a _zÁP¦}SPj���W �	ibj��zjldU�ª`bW�W�V'`
a�nËw>W�ib«NnzibV�VªfP~�SH�yW�aba�W�i}W�¨zW�i{_?¦}SUW�ibWx­

PQP (
RTS�UWVXU
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Ê.j��zfPicW��:��M0ueÅ$Ê � �lW�«ôa ��vxdU| �5icjl�zj�dP� � ibj��zS�a ��vxwUwPicn�Ì�j�Vhv�a�jlnzdU`�fU`cjldU�
7 × 7

|�v�a�v
w>nzjld�a�`

� � ��& & �	�%/

ÃÉW8SUv:¨xW5a�W�`{a�W�|�icvx|Uj�vx�>�Uvx`cjl`§«NfUdU~�a�j�nxd(vxdU|(£?icjl�zj�dP�C«Nnzi§jld�a�W�ibw>nx��v�acj�nzd'nx«�«NfUdU~�a�j�nxdU`
�zjl¨xW�dÂv�|Pj�`c~�icW�a�W0`bW�a�nx«}|Uv�a�vP­HR)SUW(v�aba�W�d<fUv�a�jlnzdÉ« vx~�a�nzi�j�dÉicvx|Uj�vx�J��vx`cjl`�«NfUdP~�a�jlnzd
VhW�a�SUn<|Æjl`h`bW�W�dÇacnÉS�v�¨xW¤~�nzdP`cj�|PW�i�v��U��WHj�V'w�vx~�a'nzd a�SUW�vx~�~�fUi�v�~�_z­ r]¨�vx�lj�|�v�acj�nzd
VhW�a�SUn<|Èa�n©nzw�a�j�V'j�¢�W'acSUW�v�aba�W�d?f�vpa�j�nxdÈ« vx~�acnziªj�`�fU`cW�|Æv�dU|Â«NnzfUdU|Èacn©�zjl¨xW0�>W�acacW�i
vx~�~�fUi�vx~�_(~�nxVhw�v�icW�|(acn'~�SPn�nz`bj�dU�Ëj®a}j�d�vxd�W�V'wUj�ibj�~�vx�>VhvxdUdPW�i�­�R)SPW�wUvxi�vxV'W�acW�ib`ejld
a�SUW0~�nzicibW���v�a�jlnzdÀ«NfUdP~�a�jlnzdÉ«Nnzi�£?icj��xj�dU�¤jl`C|UW�a�W�icV'j�dUW�|È��_ÈVhvpÌ�j�V'j�¢�jldU�(a�SUW(wPicnz��v��
�Uj��ljla _�|UW�dU`cj®a _©nx«�a�SPW��zjl¨xW�d¬|�v�a�vP­�ÊQnxi5vxd � � |Uj�V'W�dU`bj�nzdUvx�%vxW�ibn�|P_<d�v�Vhjl~CwUibnz�U��W�VHÁ
�>nxacS¬u°Å§ÊÇvxdU|¬£?icjl�zj�dU�hVhW�a�SUn<|U`Z_<jlW���|PW�|©`cjlVhjl��vxi}ibW�`cfP�la�`�­C½en:¦§W�¨zW�i	£?icjl�zj�dP�(vx��`bn
wUicn:¨<j�|UW�`�vxdªW�`bacj�Vhv�a�W�nx«�a�SUW§~�n:¨�vxicj�vxdU~�WG¦}SUj�~�S�~�vxd��yW$fU`cW�«NfU��acn8|UW�a�W�ibVhjldUW�acSUW)vx~´�
~�fUicvx~�_�nx«�acSUWCV'n�|PW��¼­}Å�nxa�S�a�SUW�VhW�a�SUn<|U`ZSUv:¨xWª�yW�W�d�j�V'wU��W�VhW�d?acW�|�j�d�a�SUW�`cS�vxwyW
nzwPa�jlVhjl¢�v�acj�nzdÉwU��v�ab«NnzicVEÊ�r8[¤q	^�r v�dU|ÆwUibnzV'j�`cjldU�©icW�`cfU�®a�`'S�v�¨zWH�>W�W�dÆnx�Pa�vxjldUW�|O­
[HW�a�vxVhn<|UW���`8S�v�¨xW�vx�l`cn��yW�W�d¥fU`bW�|Éjld¬v�acicfU`{ab� icW��xj�nzd¤«NicvxVhW�¦§nxic£©vxdP|¬¦}jl��� �>WËicW´�
w>nzi{a�W�|�jld�v�«Nnxiba�SP~�nzV'j�dU��wPfU�U��jl~�v�acj�nzdO­
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�À¹�¸¼·x»�µ��<¹�� ±����¬·<¹�³�µ��
	��y·x»���
ªµ��y¸��ô»����:·x¸��¼µ�� ���

+����h��������#}�(!�#}& #}���%


R)SUj�`}¦§nxic£(S�vx`e�yW�W�d�`cfUwUwynzi{a�W�|H��_HrZXZu¾j�d�a�SPW�«NicvxVhW�¦§nxic£(nx«Äu°XeR}s �x�z���ªwUibn��
�zi�vxV�­

+ �À#}
¯� * �����������C��


�z­es�j�dUW�vxi§«NfUdU~�a�jlnzd�j�d¬��� K

f(x) = 2x + 1, x ∈ [0, 2]

��­ � f�vx|Uicv�a�jl~Z«NfUdU~�a�j�nxd�jld¬��� K

f(x) = x2 + x + 1, x ∈ [0, 2]

�P­°^�j�dPW8«NfUdU~�acj�nzd�jld¥��� K

f(x) = sin(2πx), x ∈ [0, 2]

�U­ � f�vx|Uicv�a�jl~�� `bj�dUW°«NfUdU~�acj�nzd�jld¥��� K

f(x) = x(1 − x) sin(2πx), x ∈ [0, 2]

��­
d
� |UjlVhW�dU`cjlnzd�vx�>uevx`bacicj��xj�d�«NfUdP~�a�jlnzd

f(x) = 10d +
d

∑

i=1

[

x2
i − 10 cos(2πxi)

]

� # * #$� #}���§#}
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