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i�vx�lW�`�W�a%ibnz¡UfU`{a�W�`�ÃxVhvxj�`O`cnzfPªxW�d�aÆ~�n��PacW�fU`bW�`%~�vxi�W��l��W�`�dUg�~�W�`c`bjlacW�d�aÆfUd�dUnzVC¡UicW jlVhwynzi{�
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q5w a�j�V'j�¤�v�a�jlnzdËV'W�acSUn<|U`Í��j�¥�W(�zW�dPW�a�jl~�vx���znxicjlacSUV'`�Ã w�vxi{a�jl~���W(`{¨$v�icV nzwPacj�V'j�¤�v�a�jlnzd±Ã
W�a�~�¯ S�v�ªzW¦¡yW�W�d�NnzfUdP|Èa�nÂ¡>W�j�|UW�vx�)Nnzi'`cnz�°ª jldU�§��vxib�zW�`c~�v���W�wUicnz¡P��W�V'`�¯£r²VhnxdU�
a�SUW�j�i©Vhvxd�_hvx|Pª�vxd�a�v��zW�`)v�icW²acSUW�jli$vx¡Pj���j°a¢_¬a�nCS�vxdU|U�lWZdUnxd �¢`bVhn<nxa�S'NfUdU~�a�j�nxdU`�� `bj�dU~�W
�zi�vx|Pj�W�d�aGj�d NnzicVhv�a�jlnzd�j�`JdUn�a©ibW�k?fUj�ibW�| �JvxdU|'a�SUWewynz`c`bj�¡Ujl��jla¢_CnxOÁUdU|Uj�dP�C�z�lnz¡�vx�UnxwPa�j �
V�vx��`bnz��f a�j�nxdU`�¯Gr |Pj�`bacj�dU�xfUj�`bSUj�dU�¬NW�v�a�fPicW�nx.acSUW�`bWCV'W�a�SPn |U`ej�`)acS�v�a}a�SUW�_�nzw>W�i�v�acW
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��³��G¹xµ¶½�Ã�jë¯äW�¯lÃpa�SUW�_CVhvx¥�W©fU`bW)nx�V¬fU�°a�jlwU��WJ~�v�dU|Uj�|Uv�a�W�`cnz�lfPa�jlnzdU` v�a
W�vx~�S¦`{a�W�w¦nxÆacSUW�jliej°a�W�i�v�acj�nzd±¯�R)SUj�`²icW�k<fPj�icW�`eacSUWC~�nzV'wUfPa�vpa�j�nxdHnx a�SUW��·:³�º����Jº��O»�³�³
NfUdU~�acj�nzd(Nnzi}W�vx~�S�~�vxdU|Ujl|�v�a�W	jld�W�ªzW�ib_�nzwPacj�V'j�¤�vpa�j�nxd0jlacW�i�vpa�j�nxd±¯ R)SUW�vx¡Uj��ljla¢_'a�nÍ��np�
~�v�acW8a�SUW5�z�lnz¡�vx�>nzwPacj�V¬fUV3|UW�w>W�dU|U`enzd(`cf��h~�j�W�d?aeW¶ÎPwP��nzicv�a�jlnzd0nx%a�SUW5|PW�`cjl�zd�`cw�v�~�W
¨}SUj�~�S£ibW�k?fUj�ibW�`0fP`cj�dP� vË`cf �'~�j�W�d�ac�l_É��vxic�xWHwynzwUfU��v�a�jlnzdÈ`bj�¤�Wx¯ÀR)SUjl`0j�`hW�`cwyW�~�j�vx�l�l_
a�icfPW'¨}SUW�dÊa�SUWh~�nz`{a�NfPdU~�acj�nzdÂj�`�V¬fU�lacj°� Vhn<|�vx� vxdU|ËacSUW'|Uj�V'W�dU`bj�nzd§nx$acSUW�|PW�`cjl�zd
ªxv�icj�v�¡U��Wh`cw�vx~�W(j�`¬SPj��zS±¯®Å jlacSÊa�SUW(jldU~�ibW�vx`bj�dU�«fP`cW�nxeSUj��xSÊÁ�|UW��ljla¢_ÂVhn<|UW���`�Ã W�¯ä�P¯
XZv�ª<j�W�i¼�{^<acnz¥xW�`¬W�k?f�vpa�j�nxdU`�Nnzi"!�n:¨Ïvxd�vx�°_ `bj�`�Ã a�SPW�~�nxVhwUf a�v�acj�nzdÂnx)a�SUWh~�nz`{a¬NfUdU~¶�
a�j�nxdhNnzi©v�`cjldU�z�lW²|UW�`cjl�zd(~�vxd�¡>W²~�nz`{a��l_hj�d'a�W�icV'`©nx�acj�V'WZvxdP|0icW�`cnzfUib~�W8f a�j��lj�¤�v�a�jlnzd±¯
R)SUW}~�nzV¬¡Pj�d�v�acj�nzd�n�O`bfU~�S�SUjl�zS �¾Á�|UW��ljla¢_Cvxd�vx�°_<`cj�`Æacn nx��`.¨}j°a�S'w>nzwPfU��v�acj�nzd<�¢¡�vx`bW�|¬nxw �
a�j�V'j�¤�v�a�jlnzd¬a�W�~�SUdUjlk<fPW�`)~�v�d(icW�dP|UW�i©acSUW�V3jlVhwUicvx~�acj�~�vx��nzi©`bW�ªxW�icW��l_���j�V'jla.a�SUW8`bj�¤�WZnx
a�SUW	wynzwUfU��v�a�jlnzd�a�SUv�a}~�vxd�¡yW�fP`cW�|O¯
R n�n�ªxW�ib~�nzV'WZa�SPj�`G¡�vxicibj�W�i�Ã<`cW�ªxW�icvx�OibW�`cW�vxic~�SPW�ic`)SUv:ªxW8fU`bW�|0`bfUicibnz��v�acWZV'n |UW���`�#ä� ÃP� Ã
�PÃ �:�PÃ �:��$Jj�d§wU��vx~�WÍnx©acSUWh~�nz`bac�l_®W�ªxv���f�v�acj�nzd¦acn nx�¾¯'R)SUW�`bW�`cfPicicnx��v�a�W'V'n |UW���`	vxibW
j�dUW¶ÎPwyW�dP`cjlªxWC~�nzVhwUvxicW�|�a�n'a�SUW�W�ÎPvx~�aZVhn<|UW��¾¯)R)SUW�icW¬v�icWC`bW�ªxW�i�v�� ¨©v:_<`8jldH¨}SUjl~�S«v
`cfUibicnz��vpa�W5V'n |UW��±~�v�dH¡yW	|UW�ªxW���nxw>W�|±¯
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`bacicfU~�a�W�|�fU`bj�dU�Ív�ª�vxjl��vx¡U�lW}|�v�a�v ¯ R)SUj�`$|Uv�a�v¬Vhv�_h¡yW5W�j°a�SUW�i$�zW�dUW�icv�a�W�|(`cwyW�~�j°��
j�~�vx���°_�Nnzi�~�nzdU`{a�ibfU~�acj�dU��acSUW�V'n<|UW��Jnzi�V�v�_®¡yWha�v�¥xW�dÊNibnzV a�SUWhj�dUj°a�j�vx�.NW�¨
jlacW�i�vpa�j�nxdU`}nxÆa�SPW¬nzwPacj�V'j�¤�vpa�j�nxd(VhW�a�SUn<|±¯²tÆÎPvxV'wU�lW�`Zn� |�v�a�vp� ÁUaba�jldU�hV'n<|UW��l`
vxicW)wynz�°_ dPnzVhj�vx��`+� fU`bf�vx�l�l_¬k?f�v�|Ui�v�acj�~�Ã?vx��`bn�¥?dUn:¨}d�vx`JicW�`bw>nxdU`cWe`cfUi{ vx~�W}V'n |<�
W��l` ��Ã vxi{a�jlÁU~�j�v��ÆdUW�fPi�vx�JdUW�a¢¨©nzib¥?` � �lj�¥xWÍV¬fP�la�j �¢��v:_xW�i5wyW�ib~�W�w a�icnxd±Ã.icvx|Uj�v�� ¡�vx`cjl`
NfUdU~�a�j�nxdHdUW�a¢¨©nxic¥?` �Zv�dU|ML	vxfU`b`cj�v�dHwUibn ~�W�`b`ZV'n |UW���` � ¥?ibj��zjldU� ��¯�R)SUW�`bWCV'n |<�
W��l`�~�vxd§¡>W'W�j°a�SUW�i��x��nz¡�v��¾ÃO¨}SUjl~�SËVhvx¥xWÍfU`bWhn�)vx�l� v�ªxv�j���v�¡U��W¬|Uv�a�vPÃ�nzi	�ln ~�vx�¾Ã
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H	� vxicj�vx¡U�lW8~�nzd�ªxW�ic�xW�dU~�W¬Vhn<|UW���`�KJR)SUW�~�nx`baeNfUdU~�acj�nzd�fU`bf�vx���°_0|UW�w>W�dU|U`²nzd�acSUW
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vÂ`bnz��fPacj�nzd�icW�`cj�|Pf�vx�¾¯ R%nÊ�zW�a0vxd£vx~�~�fUicv�a�W�`cnz�lfPa�jlnzdÉvË`bV�v����$ª�vx��fPW�nx8acSUW
icW�`cj�|Pf�vx�Æjl`�fP`cf�vx�l�l_�fU`cW�|±¯0^<fU~�SÊvxdÂvx~�~�fUicv�a�WÍ`cnx��fPacj�nzd«Vhv�_ ¡yWÍfUdUdUW�~�W�`c`�v�ib_
¨}SUW�d�v�����¨©W8¨©vxd�a)jl`$vxd0W�`bacj�Vhv�a�Wenx%vC~�nz`ba$NfPdU~�acj�nzd�¨}SPj�~�S(j�`GfU`bf�vx���°_'`cnzV'W
j�d�a�W��zi�v��$a�S�v�a'~�nzd�ªzW�ib�zW�`�V¬fU~�S� v�`ba�W�i�¯�
¢dÈ`cfP~�S£v§`bjlacf�v�a�jlnzdÄa�SUW�`bacnzwUwUjldU�
~�ibjla�W�icjlnzd�~�vxdh¡>W}ibW���v�ÎPW�|'acSUW�ibW�¡�_'~�nzdP`cj�|PW�i�v�¡U�l_�ibW�|UfP~�j�dP��acSUW)a�j�V'W$a�v�¥xW�dh¡�_
v�`cj�dP�z��W8~�nzV'wUfPa�vpa�j�nxd±¯

H	� vxicj�vx¡U�lW²ibW�`cnx��fPacj�nzd(V'n |PW���` K�
¢d(a�SPW�`cW	V'n |PW���`�ÃUv¬SUjlW�icvxic~�S�_0n�.�zibj�|U`©j�`$fU`bW�|
vxdU|�acSUW¬`bfUicibnz��v�acW¬Vhn<|UW�� jl`JobfU`{a8a�SUWC~�nz`{a��l_HW�ª�vx�lf�v�acj�nzd�a�n<nz� ¡PfPa5icfPd«nzd«v
~�n�v�ic`cW	�zibj�|±¯

H	� vxicj�vx¡U�lW�Á�|UW���j°a¢_�V'n |PW���` K
¢d«a�SPW�`cWÍV'n |PW���`�Ã�v(SUj�W�i�vxib~�S�_¦nx�wUS�_<`cj�~�vx�ÆV'n |<�
W��l`ZvxibWCfU`bW�|±Ã>Nnzi²W¶ÎPvxVhwP��W¬t fU�lW�i²W�k?f�v�acj�nzdU` � `bfUicibnz��v�acWCV'n |UW�� �)vxdU|¦uerZX8^
W�k?f�v�acj�nzdP` �NW�ÎPvx~�a²V'n<|UW�� ��¯JtÆªzW�dH¨}SUW�d¦vÍSUj��zS(Á�|PW���j°a¢_0V'n |PW��±�lj�¥xW	u}r8XZ^�jl`
fU`cW�|±Ã nzdUWh~�vxdËfU`cW(v�¨$vx�l�GNfPdU~�acj�nzdËvxwUwUibn:Î jlV�v�acj�nzdÂvx`CvH`cfPicicnx��v�a�WhVhn<|UW��
vxdU|�v�a�fUib¡UfU��W�dU~�W	V'n |PW���vxwPwU��jlW�|(fUwPacn'acn�a�SUW5¨©vx����v�`}acSUW	W�ÎPvx~�a²V'n<|UW��ë¯


¢d®acSUj�`5ibW�wynziba5¨�WÍ~�nzdP`cj�|PW�i	|�v�a�vp� ÁUaba�jldU�0V'n |UW���`�Ã�w�vxibacj�~�fU��vxib�l_�i�v�|Uj�vx� ¡�vx`bj�`8NfUdU~¶�
a�j�nxdU`$vxdP|(��vxfU`b`cj�v�d(i�vxdU|PnzVÏwPicn<~�W�`b`)Vhn<|UW���`�ÃPvx��`bn¬¥?dUn:¨}d�vx`$¥?icjl�zj�dU�P¯ Ç©nxacS0a�SUW�`cW
VhW�a�SUn<|U`ZSUv:ªxW�¡>W�W�d¦NnzfPdU|�a�n�¡>W¬W��OW�~�acjlªzWCj�d¦jld?acW�ibw>nz��v�a�jlnzd�nxJSUjl�zS�|UjlVhW�dU`cjlnzd�vx�
|�v�a�ve¨}jla�SC`cVhvx���<d?fUV¬¡yW�iÆnxQ|Uv�a�v8wynzj�d�ac`Ævx`Æ~�nzV'w�vxicW�|Ca�n5wynz�°_ dPnzVhj�vx��¡�vx`bW�|ÍV'W�a�S<�
n |U`�¯

%'&�� � 8 5�@ >�� 7;*-,65 0-7;8��F> 7�� *-@ A

L	j°ªzW�d�v�`cW�aZn�
N
|Ujl`bacj�dU~�a}w>nzjld�a�`

���ON�� ù
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X²vxVhW
φ(r)

m.vxicvxV'W�a�W�ic` ^ Vhn<nxacSUdUW�`b`
L	vxfU`b`cj�v�d

exp (−r2/a2) − C∞


¢d�ªzW�ic`cW�V¬fU�°a�j�k?f�v�|Uicjl~
(r2 + a2)s/2 s < 0 C∞

^<nz¡>nx��W�ª�`cwU�lj�dUW
rsKs(r) s > 0 Cbsc

R vx¡U�lW�� KJY²dU~�nzdU|Uj°a�jlnzd�vx�l�l_'w>nx`cjlacjlªxW5|UW�Á�dPjla�W5NfUdP~�a�jlnzdU`

XN = {x1, x2, . . . , xN} ⊂ R
d

vxdU|(a�SUW5ª�vx�lfUW�`}nx%a�SUW5NfUdP~�a�jlnzd�v�a)a�SPW�`cW���n<~�vpa�j�nxdU`

FN = [f1, f2, . . . , fN ]>

¨©W	S�v�ªzW	a�nÍjldPNW�i$acSUW5ªxv���fUW5nx%a�SPW	NfPdU~�acj�nzd
fN+1

vpaev'dUW�¨ wynzj�d�a
xN+1

¯

� �����(���	� �H����� * �����������C� & �'�(#)��

u²vx|Pj�vx�Æ¡Uvx`cjl`�NfUdP~�a�jlnzdU` # �PÃJ�:� $JS�v�ªzWh¡>W�W�dËNnxfUdU|ÂacnH¡yWÍªzW�i{_Âvx~�~�fUi�v�acW'Nnxi�jld?acW�i¼�
w>nz��v�a�jlnzd�j�d¦SUjl�zS¦|UjlVhW�dU`cjlnzdU`ZvxdU|®vxibWCj�|PW�vx�%NnziZjld?acW�ibw>nz��v�a�jlnzd�nxJ`c~�v�acacW�icW�|®|�v�a�v ¯
I fUWZacn¬a�SUW�j�i©`bw>W�~�aci�vx�>~�nzd�ªzW�ic�zW�dU~�W	wUibnzwyW�iba¢_�vxdU|(V'W�`bSU��W�`c`$dUv�a�fUibWxÃPacSUW�_�vxibW5vx��`bn
¡>W�j�dU�0fP`cW�|®Nnzi8`bnz�lª<jldU�(m I t ` #°�z�xÃ.��� Ã±�z��$ë¯Cuevx|Uj�vx�%¡�vx`cjl`8NfUdU~�a�j�nxd«j�d�a�W�icwynz��v�acj�nzd
`cW�W�¥?`ZvxdHvxwUwPicn�Î j�Vhv�a�jlnzd

f̂
nx%a�SUW5NnzibV

f̂(x) =

N
∑

n=1

wnΦ(x − xn)

¨}SUW�ibW
Φ(x) = φ(‖x‖)

jl`Zvhi�vx|Uj�vx��NfUdU~�a�j�nxd±¯Zt.ÎPvxV'wU��W�`ZnxÆi�vx|Uj�vx��¡�vx`bj�`²NfPdU~�acj�nzdU`
vxicW��zjlªxW�d¦jld�R vx¡U�lWh�z¯ 
¢d�acSUW¬ueÇ$Ì acW�ibVhjldUnz��nx�x_zÃPacSUWCwynz`bjla�jlnzdU`

xn, n = 1, . . . , NvxicW5~�vx���lW�|(a�SUW������ �»���º¼»�µ�³�¯
R)SUW¬~�n<W �'~�j�W�d�ac`

w = [w1, w2, . . . , wN ]>
vxibW¬|UW�acW�ibVhjldUW�|�NibnzV�a�SUWCj�d�a�W�icwynz��v�acj�nzd

~�nzdU|Pjla�jlnzdU`

NON (
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� ��µc¹��x»�»������	´�� �°¸
�O»c¹x´

f̂(xm) = fm, m = 1, 2, . . . , N

¨}SUj�~�S�~�vxd�¡yW8¨}icjlaba�W�dHjld(V�v�acicj Î�NnzibV�vx`��

Aw = F

R)SUW�Vhv�a�ibj°Î
A
S�v�`CW��lW�V'W�d�a�`

Amn = Φ(xm − xn)
vxdU|Êjl`	`b_<VhV'W�acicjl~'`bj�dU~�W

Φ
j�`

v�i�vx|Pj�vx�±NfUdP~�a�jlnzd±¯ZÌQnxieacSUWCNfUdU~�a�jlnzdU`ej�d¦R vx¡U�lWh�zÃya�SUW�V�vpa�icj Î
A
jl`8vx�l`cn ��·:³��öº�� �x»��

�<» �;� �öº¼»²Nnzi5W�ªxW�i{_®`cW�a�nx
N

|Ujl`ba�jldU~�a	wynzjld?ac`5j�d
R

d � a�SUjl`5j�`8acicfUW�Nnzi	vxd�_¦ª�vx�lfUW�nx
N
nzi

d
¯�^ fP~�S�NfUdU~�a�j�nxdU`}vxicW	`cvxj�|�a�n'¡>WÍ´/�4�·�� �
�öº��¾·��y¹
��� 	 ��·:³��öº�� �x» �<» �;� �öº¼»�¯JR)SUW�icW

vxicW8icvx|Uj�vx�>¡Uvx`cjl`©NfUdU~�a�j�nxdU`$¨}SUj�~�S(|Pn�dUnxa}S�v�ªzW8acSUj�`©wUicnzwyW�i{a¢_ � `cnzV'W8W�ÎPvxV'wU�lW�`)vxibW�zjlªxW�dÄj�dËR.vx¡P��W�� ¯ 
¢dÊacSUj�`¬~�vx`cW�Ã ¨©W(~�vxd V�vx¥�W�a�SPW�u²Ç$Ì �·�� �
�öº��¾·��y¹
��� 	 ��·:³��öº�� �x»
�<» �;� �öº¼»©¡�_�vx|U|UjldU�'v�`cfUj°a�vx¡U�lWZ vxV'j��°_hn�Æwynz�l_<dUnzV'j�v���`�¯

f̂(x) =
N

∑

n=1

wnΦ(x − xn) +

M(q)
∑

l=1

αlpl(x)

¨}SUW�ibW
pl, l = 1, ...M(q)

NnxicV'`Jv�¡�v�`cj�` Nnzi
Pq

Ã�a�SUWe`cwUvx~�Wenx±wynz�°_ dPnzVhj�vx��` nx±|PW��zibW�W
≤ q

¯ R)SPW�W�k<fUv�a�jlnzdU`$a�n'|UW�a�W�ibVhjldUW8a�SPW�~�n W��'~�j�W�d�a�`
w
vxdU|

α
vxibW

N
∑

n=1

wnΦ(xm − xn) +

M
∑

l=1

αlpl(xm) = fm, m = 1, . . . , N

N
∑

n=1

wnpl(xn) = 0, l = 1, . . . , M

R)SUW�vx¡yn�ªxW�`cW�aÍn�ZW�k<fUv�a�jlnzdU`¬jl`��zf�vxicvxd�a�W�W�|Äa�n«S�v�ªzW�v«fUdUjlk?fUW(`cnz�lfPa�jlnzdËNnzi¬vxd�_
|Uj�`öobnzj�d�a$|Uv�a�v¬`bW�a�¯ 
 

N ≥ M
vxdU|(a�SUW5fPdU¥?dUn:¨}d�NfUdP~�a�jlnzd

f ∈ Pq

a�SUW�d�acSUW	vx¡yn:ªzW
j�d�a�W�icwynz��v�acj�nzdh¨}j����>W�ÎPvx~�a��l_0icW�wPicn<|UfU~�W5acSUW5NfUdU~�acj�nzdO¯
�HÕ � Ñ K�R)SUW©¡�v�`cj�`%NfUdU~�a�j�nxdU` ~�vxd¬¡yW©W�jla�SPW�i%|UW�~�icW�v�`cj�dP� �NNnzi%W�ÎPvxV'wU�lWGacSUWEL	vxfU`b`cj�v�d �
nzi�jldU~�ibW�vx`bj�dU� �NNnzi�W�ÎPvxV'wU��W'a�SUW'a�SUjldËwU��v�a�Wh`cwU�lj�dUW�` �5NfUdU~�acj�nzdP`�ÃÆv�dU|Ä��W�vx|Âacn�NfU���

��� Ù�Ø
	�Ø¾Û���ûäÝ�}Ù¶þ ( Ù¶Ý ß�Ýëû Ù (�� Ý���Û ü .�	pü¾Ü¼Ø¾ûäâ�Ý N � û ãäã�	�ÛJú:Ø¾Ù�âpâ�Ûcúeû ( Ý���ûýü�üëÛbÜ¢Ý¾ûäÙ (��

���ON�� ù



�Â»�º¾¹x½�·��<»�� ³����®¹<»�µ�·��
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X²vxV'W
φ(r)

m.vxicvxV'W�a�W�ic`
q^ wU�lj�dUW

rs s > 0, s /∈ 2N q ≥ ds/2eR)SPj�d � wU��v�acW8`cwP��j�dPW
rs log r s > 0, s ∈ 2N q > s/2[�fU�lacj°�¢k?f�v�|Uicjl~

(r2 + a2)s/2 s > 0, s /∈ 2N q ≥ ds/2e

R vx¡U�lW���K��©nzdU|Uj°a�jlnzd�vx�l�l_'w>nx`cjlacjlªxW5|UW�Á�dPjla�W5NfUdP~�a�jlnzdU`

V�v�acicjl~�W�`�¯²R)SPW�icWÍv�icW¬v���`cnh¡�vx`bj�`²NfPdU~�acj�nzdU`e¨}jlacS¦~�nzV'w�vx~�a8`bfUwUwynziba²¨}SUj�~�S«�lW�vx|�a�n
`cw�vxib`cW�~�n<W �'~�jlW�d�aÆVhv�a�ibj�~�W�` � SUn:¨©W�ªzW�i a�SUW�`cW$�zj°ªzWGnzdU�°_�vx���zW�¡Ui�v�j�~J~�nzd�ªxW�ic�xW�dU~�W$¨}SUj��lW
a�SUW	`cV'n<nxa�S(¡�v�`cj�`)NfUdP~�a�jlnzdU`)�zj°ªzW	W�Î wynzdUW�d?acj�vx��~�nzd�ªzW�ic�zW�dU~�W�¯
�HÕ � Ñ K�
¢d'a�SUW²wUicW�`cW�d�a$¨�nzib¥Í¨�WZ~�nzdU`bj�|UW�i�nzdP�l_Íj�d�acW�icwynz��v�a�jldU�	u²Ç©ÌQ`J¨}SUjl~�S�W�ÎPvx~�a��°_
icW�wPicn<|UfU~�Wea�SUW²j�dUwPfPa©|Uv�a�vP¯ q5dPWZ~�v�d0vx�l`cnCfP`cW²ÁPaca�W�|(ueÇ$ÌÂV'n |PW���` ¨}SUjl~�S0Vhv:_ÍdPnxa
W�ÎPvx~�ac�l_®jld?acW�ibw>nz��v�a�W�acSUWh|Uv�a�vP¯0u²Ç$Ì Vhn<|UW���`5~�v�dÊvx�l`cn�¡>Wh~�nzdU`bj�|UW�icW�|Â¨}SUW�icWhacSUW
~�W�d�acW�ic`e|Un'dUnxa}~�nzj�dU~�j�|UW8¨}j°a�S(a�SPW��ln ~�v�a�jlnzd0nx%a�SPW�|Uv�a�v�wynzj�d�a�`�¯

�E&(% ��� @G2 5J7': , 5 5�@G8 =F, 5�0-7;89:�,;2 5 7 >

R)SUW�v�acacW�d?f�v�acj�nzd( vx~�a�nzi$jld�i�vx|Uj�vx�O¡Uvx`cjl`$NfUdU~�acj�nzdP`)S�vx`ev�~�icj°a�jl~�vx�>j�d !�fPW�dU~�W�nxd�acSUW
vx~�~�fUi�vx~�_®nxGa�SUWÍj�d�acW�icwynz��v�a�jlnzd¦V'n |UW��¾¯¬ÅÂWÍj����lfU`baci�v�acWCa�SPj�`8¨}jlacSËv(d?fUV'W�ibj�~�v�� W�Î?�
vxVhwP��Wx¯%R)SUWeueÇ$Ì¦j�d�a�W�icwynz��v�d?aÆj�` ~�nxdU`bacicfU~�a�W�|ÍNnzi R%W�`{a©Ì�fUdP~�a�jlnzd�� � `bW�WevxwUwyW�dU|Pj°Î �
fU`cjldU�hacSUWC|�vpa�v�NicnzV �:�ÍW�k?f�vx�l�l_�`bw�vx~�W�|«w>nxj�d�a�`ej�d

[0, 2]
¯}R)SUWCW�icicnxi²¡yW�a¢¨�W�W�d¦a�SUW

j�d�a�W�icwynz��vxd�a�vxdP|Âa�SPWhW¶ÎUv�~�aCNfPdU~�acj�nzd§j�`	W�ª�vx�lf�v�acW�|ËnxdËv��zicjl|§n�5�:�z��w>nxj�d�a�`�¯�R vp�
¡U��W �ë� �G`cSPn�¨}`�a�SUWeW�ibicnzi©vxdU|�~�nzdU|Uj°a�jlnzdhd?fUVC¡>W�i�NnziG|Uj �>W�ibW�d�a©v�acacW�d?f�v�acj�nzd' vx~�acnzic`�¯
ÅËW¦dPnxa�jl~�WHacS�v�ahNnzi�¡ynxa�S�ªzW�i{_É`bV�vx�l�evxdU|ÈªxW�ib_È��vxib�zW�ªxv���fUW�`0nx

a
a�SPW¦W�ibicnzihj�`

SUj��zSO¯ R)SPWH~�nzdU|Uj°a�j�nxdÄd<fPV¬¡>W�ihn�²acSUWH~�n W��'~�j�W�d�ahVhv�acicj°Î
A
j�`�`cW�W�dÈacn®j�dU~�icW�v�`cW

¨}jla�SÍjldU~�ibW�vx`bj�dU�	ª�vx��fUW�` nxOacSUWev�acacW�d?f�v�acj�nzdÍ vx~�a�nzi�¯.R)SUWeSUj��xS'W�icibnziGv�aG��vxib�zW$ª�vx��fUW�`
nx

a
j�`�|UfUW'a�n�a�SUWhd<fPVhW�icj�~�vx�Jj�dU`{a�vx¡Pj���j°a¢_«icW�`cfU�°a�jldU��NibnzV j��l�°� ~�nzdU|Pjla�jlnzdUjldU��nx©a�SUW

V�v�acicj Î
A
¯®X²n�a�W�acS�v�a�v�`¬��nzdP�«vx`CacSUW0~�nxdU|Ujlacj�nzdÂd?fUV¬¡yW�i¬jl`¬dUnxa�ªzW�i{_ÊSUjl�zS±Ã.acSUW

j�d�a�W�icwynz��vxd�a�W�ÎPvx~�a��l_ÂicW�wUicn<|UfU~�W�`CacSUW�aci�vxjldUj�dU�H|�v�a�vP¯�R)SUW�ueÇ$Ì jld�a�W�ibw>nx��vxd�aCvxdU|
a�SUW'W�ÎPvx~�aCNfUdU~�a�jlnzdÊvxibWhwP��nxaba�W�|§j�dËÌ.j��xfUicW�`'�x¯�Ì.j��zfPicWh��`bSUn:¨}`�a�SPWhª�vxicj�v�a�jlnzd«nx
v:ªxW�icvx�zW�W�ibicnzi	v�dU|®~�nzdU|Pjla�jlnzd¦d?fUV¬¡yW�i8¨}j°a�S§v�aba�W�d?f�vpa�j�nxd¦ vx~�acnzi�¯�ÅËW�dUn�a�j�~�WCa�SUv�a
a�SUW²W�icibnzi©SUvx`$vCV'j�dPj�V¬fUV Nnzi$v�w�vxibacj�~�fU��vxi ª�vx�lfUW²n��v�acacW�d?f�v�acj�nzdh vx~�acnzi

ao ≈ 0.45

NON (
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a
�P¯ä�P� �P¯°� � ¯ý� �z¯ä� � ¯ �

[HW�v�dHW�icicnxi �z¯ �x� � ¯l����� �P¯ä�P�z��� �P¯ �x���x� �:� ¯ �
[�v�Î�W�ibicnzi �z¯ ��� � ¯ý� ��� �P¯ä�P�:�P� �P¯°���x� �:� ¯ �

�©nzdU|Uj°a�jlnzd(dUnU¯ �z¯ä� �P¯ä�
1.1 × 109 3.4 × 1014 2.8 × 1018

R.vx¡P��W�� KHt��>W�~�a�n�5v�aba�W�d?f�vpa�j�nxd  v�~�a�nxi'nxd acSUWHW�icibnziÍnx5ueÇ$Ì j�d�a�W�icwynz��v�acj�nzdÂNnzi
R W�`bae�
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Ì.j��zfPicW'� Keu²Ç$Ì�j�d�a�W�icwynz��vxd�aeNnziZR%W�`{a	� K �ëv��
a = 0.01

Ã � ¡ �
a = 0.1

Ã�� ~�
a = 0.5

Ã
vxdU| � | �

a = 1.0

¨}jla�SÂv�ªzW�i�vx�zWhW�ibicnzi�nxe� ¯ä����W¶�¢�U¯�r-acSUW�nzibW�acj�~�v��±obfP`ba�j°Á�~�vpa�j�nxd§Nnzi5acSUW�W¶ÎPjl`bacW�dU~�W�nx
vxd�nzwPa�jlV�v��>ª�vx��fPW8Nnzi$a�SUW�v�aba�W�d<fUv�a�jlnzd( vx~�acnzi)S�vx`}¡yW�W�d�icW�~�W�d?ac�l_(�xjlªzW�dHjld+#°�:��$¾¯
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Ì.j��zfPicW���K � vxibj�v�acj�nzd�nx L2
W�ibicnzi}vxdP|H~�nzdU|Uj°a�j�nxd(d<fPV¬¡>W�i)¨}jla�S�v�aba�W�d<fUv�a�jlnzd( vx~�acnzi
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¢d # ����$ëÃQ`cW�ªxW�icvx��W�V'wUj�ibj�~�v��±VhW�a�SUn<|U`)Nnzi}~�SUn<nz`cjldU��a�SUW�v�aba�W�d?f�vpa�j�nxd� vx~�a�nzi}v�icW�|Uj�`¼�
~�fU`b`cW�| � `bW�W¬acSUj�`8wUvxw>W�i²Nnzi²NfUibacSUW�i8ibW�NW�icW�dP~�W�`�¯¬^<nzVhW�icW�`cW�v�ic~�SUW�ic`	S�vx|«W¶ÎPwPicW�`b`cW�|a�SUWHSUnzwyWHa�SUv�a�acSUW�ibW�Vhv:_ ¡yW¦v§fUdUjlªxW�ib`�vx�l�l_ nzwPacj�Vhvx�$ª�vx��fUW�nx8acSUW«v�aba�W�d<fUv�a�jlnzd
 vx~�acnzi�¯�Ç$v�`cW�|ËnzdËd?fUV'W�ibj�~�v�� W�Î w>W�icjlVhW�d?ac`�Ã u}j�wPw�v # ��� $©~�nzdU~��lfU|UW�`�a�SUv�a�acSUW'¡>W�`ba
v�acacW�d?f�v�acj�nzd0 vx~�a�nzi©|UW�wyW�dU|P`²nzd0acSUW	d?fUV¬¡yW�i}vxdU|�|Ujl`bacicj�¡PfPa�jlnzd�nx |�v�a�v¬w>nxj�d�a�`�ÃUnzd
a�SUW5NfUdU~�a�jlnzd

f
v�dU|Hnxd�acSUW	wUibW�~�jl`cjlnzd�nx acSUW	~�nzV'wUfPa�v�a�jlnzd���¯

rZd§nz¡�ª jlnzfU`	¨$v�_«acnHnzw a�j�V'j�¤�WCa�SPW�v�aba�W�d<fUv�a�jlnzd§ v�~�a�nxi5j�`5a�n�|Ujlª<jl|UW�a�SUW'v�ª�vxj���vx¡U��W
|�v�a�v¬jld�a�nCa¢¨�nh`bfU¡U`bW�a�`�ÃQv0ºëµb¹
��� ���<¸Í³:»�ºOvxdU|�v0º¢»�³�º����<¸Í³:»�º � ¨�W5~�vxd�fU`bW8a�SUW8aci�vxjldUj�dP�`cW�aÍacn«~�nzdU`{a�ibfU~�a'a�SUW�ueÇ$ÌÀV'n |UW��$vxdP|�fU`bW�jla¬acn§W�ª�vx��f�vpa�W�acSUW(NfUdU~�acj�nzdÄnxd acSUW
a�W�`{a�jldU��`bW�a�¯ R)SUW8v�aba�W�d<fUv�a�jlnzd' v�~�a�nxiG~�vxd0¡yW²nxwPa�jlVhjl¤�W�|Í`bn�a�SUv�aJa�SUW²W�icibnziJnx�jld?acW�i¼�
w>nz��v�a�jlnzd«nzd®a�SUWÍa�W�`bacj�dU��`cW�aCjl`5VhjldUj�V'j�¤�W�|±¯Í¿en�¨�W�ªxW�i�ÃÆj�d§wUi�v�~�a�jl~�vx�.nzwPa�jlVhjl¤�v�acj�nzd
wUicnz¡P��W�V'`�Ã%¨©W(Vhv�_§dUnxa¬SUv:ªxW(`cf �'~�j�W�d�a�d?fUVC¡>W�i¬nx)|�vpa�v�wynzj�d�ac`�a�n�w>W�ibNnzibV acSUW
vx¡>n:ªxW�`bfU¡ � |Ujlª<j�`bj�nzdO¯ÆrZdHvx�lacW�ibd�v�a�j°ªzW	vxwPwUicn�v�~�SHjl`$a�SUW ��»c¹��x»��c·��O»��c·p´<º>a�W�~�SUdUjlk<fPWx¯
s�W�a

f̂ (n)(x; a)
|UW�dUnxa�W5acSUW�u²Ç$ÌÄjld?acW�ibw>nz��vxd�a)~�nxdU`bacicfU~�a�W�|HfU`cjldU��a�SUW	|�vpa�vÍw>nzjld�a�`

X(n) = {x1, x2, . . . , xn−1, xn+1, . . . , xN}
� ù ( û ( Ý¾Û{Ø¾Ûbü Ýëû (�� Ø¾Ûbü .�ãäÝ>û (	� V�
 üNÝ ß�Ý¾ÛbüyÝ��pß¶ÝyÝ��pÛ{Ø¾Û%Û��:ûýüNÝ ü>ß ( ß¶Ý ÝëÛ ( .pß�Ý¾ûäÙ ( þ°ß�Ü¢Ý¾Ù�Ø±ß ( ú}ãäÙ:Ü{ß¶Ýëû Ù ( Ù�þÝ ��Û N� � Ü{Û ( ÝëÛbØ¾ü � �pû Ü �$ã Ûbß�úpüPÝëÙJß ( û ( ÝëÛ{Ø¾âxÙ�ãýß�Ýëû Ù ( þ Ù�Ø¾à�.pã ß�. ( ûäþ Ù�Ø¾à$ã ©ß�Ü{Ü .�Ø ß�ÝëÛOþ Ù�ØQß¶ã ã:þ . ( Ü¼Ýëû Ù ( üû ( ß$Ü¼Ù�à$âpß�Ü¢Ý�ü .�	püëÛ¼Ý�Ù¶þ C(K) � � ��ÛbØëÛ K

û ü�ß)Ü{Ù�à$âpß�Ü¢Ý�ü . 	pü Û{Ý�Ù¶þ
R

d �

NON (
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Ì.j��xfUicW5��K � v�icj�vpa�j�nxd0nx C(a)
¨}jla�S�v�aba�W�d<fUv�a�jlnzd( vx~�acnzi$Nnzi)R%W�`ba²�

j¾¯ Wx¯°Ã)¡?_Èj��zdPnzicjldU�ÂacSUW¦d�� a�S£|�vpa�vËwynzj�d�a�j�dÈacSUW�NfU�l�²|�vpa�vË`bW�a�¯ R)SUjl`0j�d�acW�icwynz��vxd�a
~�vxdÄ¡yW�fU`bW�|Äa�n�W�`bacj�Vhv�a�W'a�SUWhNfUdU~�acj�nzdÂªxv���fUW�v�aCacSUW0j��xdUnzicW�|Êwynzj�d�a

xn

vxdU|ËacSUW
~�nzibicW�`bw>nxdU|Uj�dP�hW�icicnxi

En = fn − f̂ (n)(xn; a)
~�vxdHvx��`bnh¡yW�~�nzV'wUfPacW�|±¯©Ç�_�j��zdPnzicjldU�

W�vx~�S¬|Uv�a�vew>nzjld�a `bfU~�~�W�`b`cjlªxW��°_¬vxdP|¬~�nzdP`ba�ibfU~�acj�dU�ZvxdCjld�a�W�ibw>nx��vxd�a�¨©W�nz¡Pa�vxj�d�vxdCW�icibnzi
ªzW�~�a�nzi

E(a) = [E1, E2, . . . , EN ]>

uejlwUw�v #°�:��$	`cfU�x�zW�`{a�`�V'j�dPj�V'j�¤�jldU�Ë`bnzV'W§dPnzicV nx�a�SPWËvx¡yn:ªzW§W�ibicnzi�ªzW�~�a�nxi�¨}j°a�S
icW�`bw>W�~�aea�n�a�SPW�vpaca�W�d?f�v�a�jlnzd( vx~�acnzi�ÃPj¾¯ Wx¯°ÃPÁ�dU|

a∗
`bfU~�SHacS�v�a

a∗ =
v�ic�zV'j�d

‖E(a)‖

uejlwUw�v)�zjlªxW�`�`cnxVhWJd?fUV'W�icjl~�vx��W¶ÎPvxVhwP��W�`�acn²`bSUn:¨Êa�S�vpa%acSUW NfUdU~�a�j�nxd
C(a) = ‖E(a)‖¡>W�S�v�ªzW�`)`bj�V'j���vxi.a�n�a�SUWZvx~�acf�vx�yW�icibnzi�¯�
¢d�w�vxibacj�~�fU��vxi�Ã�a�SUW�_0vx~�SPj�W�ªxWZa�SPW�j�iGV'j�dUjlV¬fUV

v�a}`cjlVhjl��vxi ª�vx��fPW�`)nx.v�acacW�d?f�v�acj�nzd0 v�~�a�nxi�¯JÌ.jl�zfUicW"�ë���©wU�lnxa�`
C(a)

Nnxi$R W�`bae��¨}SUj�~�S
j�dU|Ujl~�v�acW�`$acSUW	W�Î j�`{a�W�dP~�W�nxÆv�d�nxwPa�jlV¬fUVÏª�vx�lfUW

a∗ ≈ 0.353
¯
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R)SUW�~�nzV'wUfPa�v�a�jlnzd¦nx
C(a)

ibW�k?fUj�ibW�`5a�SPW�`cnz�lfPa�jlnzd¦nx
N

�lj�dUW�vxiZW�k<fUv�a�jlnzdU`5W�v�~�S§n�
nzic|UW�i

(N −1)× (N −1)
¯ 
 OacSUWe��j�dPW�vxi `{_ `{a�W�V-jl`J`cnz�°ªzW�|hfU`cjldU��s%Y£|UW�~�nzV'wynz`cj°a�j�nxd

a�SUW(a�n�a�vx�$d?fUVC¡>W�i'n�ZnzwyW�icv�a�jlnzdU`¬jl`�nx²nzic|UW�i
N4 ¨}SUj�~�S ~�vxd ¡yW�ªxW�i{_ W�Î w>W�dU`cj°ªzW

W�ªzW�dHNnzi}V'n |PW�i�vpa�W5`cjl¤�W�|�v�a�vÍ`bW�ac`�¯©r²d�W��h~�j�W�d?aZvx�l�znzicj°a�SUV3jl`e�xjlªzW�dHjld # ��� $�¨}SUj�~�S
icW�k?fUjlicW�`$nzdU�°_�nzdPW5s�Y |UW�~�nzV'w>nz`bjlacj�nzd�v�a)v¬~�nz`ba)n�

O(N3)
¯JÇ�W���n:¨	Ã<¨©W5W�`c`cW�d�a�j�v����l_

icW�wPicn<|UfU~�W5acSUW�vx���znxicjlacSUV-vx`}�zjlªxW�d�j�d+# ����$ë¯
R)SUW�u²Ç$ÌÄjld?acW�ibw>nz��vxd�a)fU`bj�dU�Ía�SUW	|�vpa�v�w>nxj�d�a�`

X(n) j�`)�zj°ªzW�d�¡�_

f̂ (n)(x) =

N
∑

m=1,m6=n

w(n)
m Φ(x − xm)

¨}SUW�ibW©a�SUW©~�n<W �'~�jlW�d�a�`
w(n) v�icW©|PW�a�W�icV'j�dUW�|¬¡�_C`bnz�lª<jldU�²acSUW$j�d�acW�icwynz��v�a�jlnzd	wUicnz¡P��W�V

f̂ (n)(xr) = f(xr), r = 1, . . . , n − 1, n + 1, . . . , N
¯�ÅÂWH|PW�dUnxacW�acSUj�`'j�d Vhv�a�ibj°Î

dUnxa�vpa�j�nxd�vx`

A(n)w(n) = F (n)

¨}SUW�ibW
A(n) j�`�nx¡Pa�vxjldUW�|ÊNibnzV

A
¡�_ÄibW�V'n:ª jldU�«a�SUW

n
� a�S icn:¨ v�dU|

n
� a�S ~�nz�lfUVhdOÃ

vxdU|
F (n) = (f1, . . . , fn−1, fn+1, . . . , fN)>

¯©ÅÂWCdUn�a�W	a�S�v�aej°
y ∈ R

N j�`}`bfU~�S�a�SUv�a
yn = 0

acSUW�d

Ay = z =⇒ A(n)(y1, . . . , yn−1, yn+1, . . . , yN)> = (z1, . . . , zn−1, zn+1, . . . , zN )>�¼� �
X²n:¨ ~�nzdU`cjl|UW�i)acSUW	`cnz�lfPa�jlnzd

u[n] a�n�acSUW	`b_<`bacW�V

Au[n] = e[n] �ë���
¨}SUW�ibW

e[n] j�`Ja�SUW n
� a�S0~�nz��fPVhd'nx±acSUW

N ×N
j�|UW�d?acjla¢_'Vhv�a�ibj°Î>¯ 
 a©j�`GW�vx`{_Ía�n�ªxW�ibjlö_

a�S�v�a
u

[n]
n 6= 0

¯�
¢dU|PW�W�|OÃyj°
u

[n]
n = 0

a�SUW�dH¡�_ �{�-�}v�dU| �¾����¨�W�~�nzdU~���fU|UW5acS�v�a

A(n)(u
[n]
1 , . . . , u

[n]
n−1, u

[n]
k+1, . . . , u

[n]
N )> = 0

NON (
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¨}SUj�~�Shj�V'wU��jlW�`�Ã�¡�_Ía�SPW²dUnxd �¢`bj�dU�zfP��vxibjla¢_¬n�
A(n) a�SUv�a u[n] = 0

Ã?¨}SUjl~�S0j�`Jj�V'wynz`c`bj�¡U�lW
¡>W�~�vxfU`bW

u[n] j�`ZacSUWÍ`cnz�lfPa�jlnzd�acn �¼�-�¶¯�s�W�a	fU`	dUn:¨ ~�nzdU`bj�|UW�i5a�SUW¬ªxW�~�acnzi
v[n] ∈ R

N

|UW�Á�dPW�|�¡�_

v[n] = w −
wn

u
[n]
n

u[n]

R)SUW�d�¨©W�S�v�ªzW	a�SUv�a

Av[n] = Aw−
wn

u
[n]
n

Au[n] = F−
wn

u
[n]
n

e[n] =

(

f1, . . . , fn−1, fn −
wn

u
[n]
n

, fn+1, . . . , fN

)>

vxdU|�`cjldU~�W
v

[n]
n = 0

ÃU¨©W	fU`bW��¼� ��a�nÍ~�nxdU~��lfU|UW5a�S�vpa

w(n) =
(

v
[n]
1 , . . . , v

[n]
n−1, v

[n]
n+1, . . . , v

[n]
N

)>

R)SUj�`)jlVhwU�lj�W�`©a�S�vpa

f̂ (n)(xn) =

N
∑

m=1,m6=n

w(n)
m Φ(xn − xm)

=
N

∑

m=1,m6=n

v[n]
m Φ(xn − xm)

=

N
∑

m=1

v[n]
m Φ(xn − xm)

=
(

Av[n]
)

n

= fn −
wn

u
[n]
n

¨}SUj�~�S®�zj°ªzW�`8acSUWCNnz�l��n:¨}j�dP��`cjlVhwP��W�NnxicV¬fU��vhNnziea�SUW�W�icicnxi5nxGj�d�a�W�icwynz��v�acj�nzdHv�a8acSUW
W�Î ~��lfU|UW�|�wynzj�d�a

xn
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En = fn − f̂ (n)(xn) =
wn

u
[n]
n


 �¨�W�fU`cW's�Y |UW�~�nzV'w>nx`cjlacj�nzdHa�n(`cnx�lªzW�acSUW���jldUW�vxi²W�k?f�v�acj�nzd«`{_<`ba�W�Vh`�Ã%acSUW�~�nx`ba	nx
nzdUW5s�Y |UW�~�nzV'wynz`cj°a�j�nxd�nx�a�SPW5V�v�acicj Î

A
j�`

O(N3)
ÃP¨}SPj���Wea�SUWZ~�nz`{a}nx�`cnz�°ª<j�dU�CacSUW

N
��j�dPW�vxi$W�k?f�v�a�jlnzdU` �¾� �)jl`

O(N2)
`bn'acS�v�a)a�SPW	acnxa�v��±~�nz`{aej�`

O(N3)
¯

uejlwUw�v(S�vx`�fU`cW�|ÄÇ©ibW�d�a� `�V'W�acSUn<|§¨}SUjl~�SËjl`�v�¡Uicvx~�¥xW�a�j�dP�¦vx�l�znzicj°a�SUV,Nnzi	��n<~�vpa�j�dP�
a�SUW®V'j�dUjlV¬fUV�¯ 
¢d nxfUi0a�W�`ba�`�¨�W§NnzfPdU| acS�v�a�jla�jl`(dUnxa�wynz`c`bj�¡U�lW¦a�n wUicW�|Uj�~�aHjld
vx|Pª�vxdU~�WCv'`cfUj°a�vx¡U�lW	¡Ui�vx~�¥�W�acj�dU�0jld�a�W�i{ª�vx��`cjldU~�W�a�SUjl`²|UW�w>W�dU|U`²nzdHacSUWC|�vpa�vÍ`cW�a�ÃyacSUW
NfUdU~�acj�nzd¦vxdU|«|UjlVhW�dU`cjlnzd¦nxJa�SPW¬wUicnx¡U��W�VH¯	¿eW�dU~�W¬¨©W�S�v�ªxW'fP`cW�|§m vxibacj�~��lW�^<¨©vxibV
q5w a�j�V'j�¤�v�a�jlnzd �ëmG^Uq��eacn0��n<~�v�acW�acSUW¬V'j�dUjlV¬fUV�nx acSUW¬~�nz`ba8NfPdU~�acj�nzd

C(a)
¯�^ j�dP~�W

a�SUjl`Cj�`¬v�nzdUW0|Pj�V'W�dU`bj�nzd�v���V'j�dUjlVhjl¤�v�acj�nzd�wUicnz¡P��W�V v¦`cVhvx�l�Gd?fUVC¡>W�i¬nxew�vxi{a�j�~���W�`
`cSUnzfP��|�¡yW)`cf �'~�jlW�d�a � ¨�W)S�v�ªzW}fU`cW�|'ÁPªzW}w�vxi{a�j�~���W�`Æj�d¬acSUW)`b¨©vxicV vxdU|�a�W�`bac`GjldU|Ujl~�v�acW
a�S�v�a)acSUW	VhjldUj�VCfUV3w>nzjld�a}~�vxd�¡>W5�ln ~�v�a�W�|(¨}jla�S��lW�`c`)acS�vxd§�:�z�¬jlacW�icv�a�jlnzdU`�¯

�E&�� �E7'AC@ �F> ,;2 5�0-24,;* 0-.�./=3@G.

R)SUWËicvx|Uj�v��5¡�vx`cjl`HNfUdP~�a�jlnzdU`�|UW�wyW�dP|Ànzd acSUWÊt fU~���j�|PW�vxd |Uj�`{a�vxdU~�WË¡yW�a¢¨�W�W�d a¢¨©n
|�v�a�vÂw>nzjld�a�`�¯ 
 �acSUW¦~�nzVhwynzdUW�d�a�`0nx5acSUW¦jldU|UW�wyW�dP|UW�d�a(ª�vxicj�vx¡U�lW�`

x ∈ R
d S�v�ªzW

¨}j�|UW��l_¬|Pj �>W�icW�d�aJ`c~�v���W�` acSUW�d'a�SUW}t fU~���j�|PW�vxdÍdUnzibV Vhv:_CdUnxaG¡yW}vxwUwUibnzwUicj�v�a�W�¯�
¢d #ä��$
v®¨�W�jl�zS�a�W�|�dUnzibV S�vx`'¡>W�W�dÈfP`cW�|Èj�d wU��vx~�W�nxZacSUW�t fU~���jl|UW�vxd dUnzibVHÃG¨}SUW�ibW�acSUW
¨©W�j��zS�a�`	|UW�w>W�dU|Ënxd®acSUWÍ�zi�v�|Uj�W�d?a	n��acSUW�NfUdU~�acj�nzdO¯Í¿²W�ibWxÃ�a�SUWÍjldU|UW�wyW�dP|UW�d�a�ªxv�icj°�
vx¡U��W�`

{xn, n = 1, . . . , N}
vxdP| NfUdP~�a�jlnzdÄª�vx��fUW�`

{fn, n = 1, . . . , N}
vxibW�`c~�v���W�|

¡>W�NnzicWh~�nzdU`{a�ibfU~�acj�dU�¦acSUW(ueÇ$Ì V'n |PW��¾¯HR)SUW0jldU|UW�wyW�dP|UW�d�a�ª�vxicj�vx¡U�lW�`
x ∈ R

d vxibW
`c~�v���W�|C`cnZacS�v�aÆW�vx~�S�~�nxVhwynzdUW�d?a.nx

x
��jlW�`%j�d�a�SUW�j�d�a�W�ibª�vx�

(−1/2, +1/2)
¨}SPj���WJNfUdU~¶�

a�j�nxd�ª�vx��fUW�`5vxibW�`c~�v���W�|¦acn(��jlWCj�d¦acSUW�j�d�acW�ibª�vx�
(0, 1)

¯ 
 JacSUW¬NfUdU~�a�j�nxd«j�`8~�nzdU`ba�vxd�a�Ã
a�SUW�dhjld'acSUW}`c~�v���W�|h`cw�v�~�W²vx���PacSUW)NfUdU~�a�j�nxd'ª�vx�lfUW�` ¨}j��l�P¡yW²¤�W�ibnCvxdP|'acSUW²~�n W��'~�j�W�d�a�`
w
v�icW'vx��`bn�¤�W�ibnU¯0r3~�nxdU`ba�vxd�a�NfUdP~�a�jlnzd§j�`5a�S?fU`�icW�~�n:ªzW�icW�|ÄW¶ÎPvx~�ac�l_«Nnzi	vxd�_«ª�vx�lfUW

nx v�aba�W�d<fUv�a�jlnzdH vx~�a�nzi�¯)X²n�a�W�acS�v�a}a�SPj�`²v:ªxnzj�|P`eacSUWC|Uj��'~�fU�°a¢_�nxÆibW�wUibn |UfP~�j�dP��~�nxd �
`ba�v�d?a�NfUdU~�a�j�nxdU`�¨}j°a�SËu²Ç$Ì ¨}SUj�~�SËnxa�SUW�ib¨}jl`cW�ibW�k?fUjlicW�`�ªzW�ib_+!Qv�a��

a → ∞
�5¡�vx`bj�`

NfUdU~�acj�nzdP`�¯
R)SUWC~�n W��h~�j�W�d?a8V�v�acicj Î

A
~�vxd¦¡yW�~�nzVhW�j��l�°�¢~�nzdU|Uj°a�jlnzdUW�|hNnzi �°¹xµë¸<»}ª�vx�lfUW�`enxJv�aba�W�d �

f�v�a�jlnzdË vx~�a�nzi�ÃJvxdU| vx�l`cn¦NnziCªxW�i{_Ä��vxib�zW0v�dU| |UW�dU`bW�|�v�a�v¦`bW�ac`�¯ÂÅ SUv�aÍj�`�v¦��vxic�xW
v�acacW�d?f�v�acj�nzdË v�~�a�nxiC|UW�w>W�dU|U`�nzdÊacSUW0d?fUV¬¡yW�i¬n�²|Uv�a�v�wynzjld?ac`�ÃÆacSUW�jliC|Ujl`ba�ibj�¡Uf a�j�nxd

NON (
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�O»c¹x´

vxdU|Êa�SPW0|Uj�V'W�dP`cj�nxd
d
¯«R)SUW0¡yW�`{a'v�acacW�d?f�v�acj�nzdÂ vx~�acnziCfU`bf�vx�l�l_§��W�vx|U`�acn®v�SUjl�zSU�l_

j���� �¢~�nzdU|Uj°a�j�nxdUW�|0~�n W��'~�j�W�d�aZVhv�a�ibj°Î>¯©r²d¦fUdU~�W�i{a�vxjld?a¢_�wUibj�dU~�j�wU�lW5W�`{a�vx¡U�lj�`bSUW�|Hj�d # ��� $
`ba�vpa�W�`	a�SUv�a5a�SUWhv�aba�vxjld�vx¡U�lW¬W�ibicnzi	vxdP|§acSUWh~�nzdU|Uj°a�jlnzd«d?fUV¬¡yW�i	nx©acSUW'u²Ç©Ì jld?acW�i¼�
w>nz��v�a�jlnzd�V�v�acicj Î�~�vxdUdPnxa8¡ynxa�S�¡>W¬`bV�v����%v�aZacSUW¬`cvxVhW�a�jlVhW�¯²Å SUW�d®acSUWCVhv�acicj°Î�jl`
SUj��zSP�l_'j��l�°�¢~�nzdU|Uj°a�jlnzdUW�|OÃzjla)jl`©dUn�a}w>nz`b`cjl¡U��Wea�n�~�nxVhwUf a�W8a�SPW8j�d�a�W�icwynz��v�d?a�¨}jlacS0Á�dUjlacW
wUicW�~�j�`bj�nzdËvxicj°a�SUV'W�acj�~Í`cjldU~�W'a�SUW�`cnz�lfPa�jlnzdÂn�}��j�dPW�vxi�vx�l�zW�¡Uicvxj�~ÍW�k<fUv�a�jlnzdU`C¡yW�~�nzV'W�`
fUdU`ba�vx¡U�lWx¯ 
¢d #ä��$}v«VhW�a�SUn<|Äj�`�wUibnzwynz`cW�| acn®~�nzV'wUfPacW0a�SUW�ueÇ$ÌÀj�d�a�W�icwynz��vxd�a�Nnzi
`cfU~�S¦jl��� �¢~�nxdU|Ujlacj�nzdPW�|0~�vx`cW�`�¯e¿²n:¨�W�ªzW�i8a�SUjl`}j�`e~�nz`{a��l_(NnxienxfUi²wPicW�`bW�d�a5wUfPicwynz`cWCvxdU|
¨©W�fU`bWÍv0`cjlVhwU�lW��lj�V'jlacj�dU�'vxwUwPicn�vx~�SO¯	Å SPj���W�VhjldUj�V'j�¤�j�dU�¬acSUW�~�nx`ba8NfUdP~�a�jlnzd

C(a)¨©W0~�nzV'wUfPa�W'a�SUW�~�nzdU|Pjla�jlnzdËd?fUVC¡>W�iCnx)acSUW0~�n<W �'~�j�W�d�a�Vhv�acicj°Î
A � jl)j°aCjl`C��v�ic�zW�ia�S�vxdh`cnzV'We`cwyW�~�j°Á�W�|hªxv���fUW�Ã?acSUW�dha�SUWe~�nz`{a©NfUdP~�a�jlnzd'j�`GdUnxa�~�nzV'wUfPacW�|�¡PfPa$jl`G`bW�a�a�n

vxd�v�ic¡Uj°a�i�v�icj��°_'��vxib�zW8wynz`cj°a�jlªxW	d<fPV¬¡>W�i�¯GR)SUW�w�vxibacj�~���W�`)jld�m�^Pq vxicW5acSUW�d�d�v�acfUi�vx�l�l_
wUfU���lW�|(a�n:¨©vxic|P`ZicW��zj�nxdU`}nx.¨�W��l��~�nzdU|Pjla�jlnzdUW�|�v�aba�W�d<fUv�a�jlnzd( vx~�acnzic`�¯ 
¢d�acSUW�wUicW�`cW�d�a
~�nzV'wUfPa�v�a�jlnzdU`�Ãya�SUWCfUwUwyW�i5��jlVhj°a}nzd¦a�SPW¬~�nzdP|Ujlacj�nzd¦d?fUVC¡>W�i8j�`8`bW�a5acn

1/ε
¨}SPW�icW

εj�`$a�SPW�Vhvx~�SUjldUW5wUibW�~�jl`cjlnzd±¯

�E&�� � =3AC@ > 0-24,;* @�� ,'A � *-@G.

R)SUW8ueÇ$ÌÂV'W�a�vxV'n |UW��Uj�`�vxwUwP��j�W�|'acnC`bnzVhW²vxd�v��l_?a�jl~�vx�UNfUdP~�a�jlnzdU`�vxdU|�vxW�ibn |P_<d�v�Vhjl~
|�v�a�v ¯ R)SUW)wPicnz�zicvxV'`%Nnzi ~�nzdP`ba�ibfU~�acj�dU�²a�SUW$V'W�a�vxV'n |UW��<vxicWG¨}icjlaba�W�d�j�d�^<~�j���vx¡±¯%R)SUW
��j�dPW�vxi W�k<fUv�a�jlnzdU`�vxicWe`cnz�°ªzW�|0fU`cjldU��acSUW}NfUdU~�acj�nzdP`����
	
�����vxdU|�������������UÃ<¨}SUj��lW}acSUW
~�nzdU|Pjla�jlnzd d?fUV¬¡yW�i�j�`�~�nzV'wUfPacW�| fU`cjldU�������
�Q¯�Ì�nzi(a�SUW®a�W�`baH~�vx`bW�`HfU`cjldU����vxic�xW
|�v�a�v�`cW�ac`	vx`8jld¦`cW�~�a�jlnzdÂ� ¯ � ¯ ��vxdU|§� ¯ � ¯ �ha�SUW�wUibnz�zicvxVh`ZvxicW�¨}icjlaba�W�d«j�d«Ì�nzi{a�i�v�d®�z�
vxdU|¬�lj�dUW�vxi�W�k?f�v�acj�nzdU`ÆvxicW�`cnz�°ªzW�|�fP`cj�dP�²a�SPW)s�
¼XZm>r �+� icnxfPa�jldUW�`����
�����5v�dU|���������� �a�SUW	icnxfPa�jldUW ���������'vx�l`cnÍ~�nxVhwUf a�W�`)acSUW	~�nzdU|Pjla�jlnzd(d?fUV¬¡yW�i�¯

!#"%$&"(' ' Ó*) � Ñ ���,+ �.- �x��/ Õ - �

R)SUW�u²Ç$ÌÊV'n<|UW��>j�`)~�nxdU`bacicfU~�a�W�|�Nnzi$acW�`ba)NfPdU~�acj�nzdU`5���¢��¡�_(nzwPacj�V'j�¤�j�dU��a�SUW	v�aba�W�d �
f�v�a�jlnzd0 vx~�a�nzi)fU`bj�dU�Íu}j�wPw�v¬VhW�a�SUn<| � jld�W�vx~�S�~�vx`bWÍ�:�¬W�k?f�vx�l�l_�`cw�vx~�W�|�|�v�a�vÍwynzjld?ac`vxicW�fU`cW�|±Ã)¨}SUj��lW�acSUW�ibW�~�nzdU`bacicfU~�a�W�|ÉNfUdU~�acj�nzdÉvxdU|ÈW�icibnzic`�vxicWHW�ª�vx��fUv�a�W�|Ènzd ���z�
W�k?f�vx�l�l_Í`cwUvx~�W�|0w>nxj�d�a�`�¯ Ì�nzi�R%W�`{a)�UÃ?¨©W²`bacfU|P_'a�SUW²|UW�wyW�dU|PW�dU~�W5nx�W�ibicnzi�vx`©v�NfUdU~¶�
a�j�nxdËnx}d?fUV¬¡yW�iCnx}|�v�a�v�w>nxj�d�a�`CNnxiC|Uj �OW�icW�d�aC~�SUnzj�~�W�`�nxevpaca�W�d?f�v�a�jlnzdË vx~�a�nzi�¯ 
¢d
Ì.j��zfPicWÍ�HacSUW�V'W�vxdÂW�ibicnzi�j�`�wU��nxaba�W�|§Nnzi�v�aba�W�d?f�vpa�j�nxdÂ vx~�a�nzib`¬�P¯°�zÃ �P¯ý�<Ã©�z¯ä�PÃ

1/N

���ON�� ù
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Ì.j��zfPicWJ� K%u²Ç©ÌHW�ibicnzi�Ãx~�nzdU|Uj°a�j�nxd�d?fUVC¡>W�iÆvxdU|�a�jlVhW a�n²~�nzdP`ba�ibfU~�aÆVhW�a�vxV'n |PW�� �NnzdU�l_
Nnzi}uejlwUw�v¬V'W�acSUn | ��ªzW�ib`cfU`²d?fUV¬¡yW�i}nx |�v�a�vNON (
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�:� ��µc¹��x»�»������	´�� �°¸
�O»c¹x´

R%W�`ba
a∗

�©nzdU|±¯JdUnU¯ [HW�vxdHW�ici [�vpÎ>¯JW�ici�¯ [HW�|±¯�W�ici�¯
� �z¯°���z�x� �U¯ ���zt��¬��� � ¯ � ���x�xtÆ�¢�z� �z¯ �x�z�z�zt.�¼�z� � ¯ä���x� �:t.�¼�z�
� �z¯°���z� � �U¯ ���zt��¬��� �z¯ä�z�z�P��tÆ�¢��� �z¯ �z�z�x�zt.�¼�x� �P¯ä���x�x�zt.�¼�z�
� �P¯ �x�z�z� �z¯ ����t��5��� �z¯ �x���x�xtÆ�¢�z� �z¯ �x�z�z�zt.�¼�z� � ¯ �x�z�z�xt.�¼�x�
� �P¯ä���x�z� � ¯ �z�xt��5�z� �P¯ �����z�xtÆ�¢�z� �P¯ �x�z�x��t.�¼�z� �z¯ �x�z�x�zt.�¼�z�

R vx¡U��W	� KJueÇ$ÌÄicW�`cfU�°a�`)Nnzi5��� I a�W�`{a}NfUdU~�acj�nzdP`

vxdU|(a�SUW	u}j�wPw�v¬VhW�a�SUn<|±¯ÆR)SPW	ª�vx�lfUW8nx
1/N

j�`©W�k?f�vx�Oacn�a�SUW5`bw�vx~�jldU�Í¡>W�a¢¨©W�W�d�a�SUW
|�v�a�v(wynzj�d�ac`�¯CÅÂWÍ`cW�WÍNicnxV]a�SPWÍÁU�zfUicW�acS�v�a�vx�l� a�SPWhvpaca�W�d?f�v�a�jlnzd« vx~�acnzic`5wyW�i{NnzicV
w>n<nzic�°_'~�nzV'w�vxibW�|(a�n¬acSUW�uejlwUw�v�ª�vx�lfUWxÃUW¶Î ~�W�w aeNnxi$a�SUW8ª�vx�lfUW8nx

a = 0.5 �
W�ªxW�d�a�SUW

~�SUnzj�~�W	nx.acSUW�|Uv�a�vÍ`cw�v�~�j�dP�
a = 1/N

Ã�j�`}`cW�W�dHacnh�xjlªzW	ªzW�ib_�SUjl�zS�W�icibnzic`�¯$Ì.jl�zfUibW	�
vx��`bn�`cSPn�¨}`¬acSUWhª�vxibj�v�acj�nzd§nx$acSUW0~�nzdU|Uj°a�j�nxdÂd?fUV¬¡yW�i¬vxdU|ËacSUWhacj�V'W'a�vx¥xW�dÄj�dÂacSUW
~�vx`bW�nx�u}j�wUwUv§nzw a�j�V'j�¤�v�a�jlnzd±¯£Ì�nzi��x�§|�v�a�v§w>nxj�d�a�`�Ã$a�SUW�a�j�V'W(a�nÊ~�nzdU`{a�icfP~�a�acSUW
u²Ç$Ì Vhn<|UW��G¡�_ËnxwPa�jlVhjl¤�j�dP��acSUW(v�aba�W�d<fUv�a�jlnzdË vx~�a�nzi�j�`¬v�¡>nzf a��z��`bW�~�nzdU|U`�¯ÂR)SUjl`
a�j�V'W¬jl`�dPW�vxib�l_«jldU|UW�wyW�dP|UW�d�a�nx©acSUWÍ|Uj�V'W�dU`bj�nzd®nxGa�SPWhjldU|UW�wyW�dP|UW�d�a�`cw�vx~�W

d
vxdU|

|UW�wyW�dU|P`0Vhnx`ba��°_ nzdÈacSUW�`bj�¤�WHnx8acSUW�|�vpa�vË`bW�a
N
¯ R)SPW¦nzwPacj�V'j�¤�W�|Èvpaca�W�d?f�v�a�jlnzd

 vx~�acnzi�Ã<~�nzdP|Ujlacj�nzdhd<fPV¬¡>W�i©nx�acSUW8�lj�dUW�vxiJ`b_<`bacW�V v�dU|(W�ibicnzib`�NnziGa�SUW¬��� I acW�`ba©~�vx`bW�`
vxicW8�lj�`{a�W�|�j�d0R vx¡U�lW8�U¯JÌ�nzi�acSUWZÁ�ib`ba)a¢¨�n�NfUdU~�acj�nzdP`©¨}SUj�~�S�v�icW8`bj�V'wU��W�Ã<¨�W5`cW�W8ªzW�i{_
`cVhvx���%vxwUwPicn�Î j�Vhv�a�jlnzd�W�icicnxic`Z¨}SUjl��W�Nnzi²acSUW¬��v�`baZa¢¨�nUÃOacSUW¬W�icicnxic`	vxibWCSUjl�zSUW�i�¯5R)SUW
icW�~�nzdU`{a�icfP~�a�W�|�NfUdU~�a�jlnzd±Ã�|�v�a�v�wynzjld?ac`JvxdU|'W�ÎPvx~�a�NfUdP~�a�jlnzdhvxicW)wU�lnxacacW�|'j�d'Ì.jl�zfUicWe�<¯

!#"%$&"%! 	 �U���:��/���/(- + �.-%�x��/ Õ - / - ! Ó*)

R)SUW(uevx`bacicj��xj�dÂNfPdU~�acj�nzdÊjldÄ��� I j�`�icW�~�nzdU`{a�icfP~�a�W�| nzd
[−1, +1] × [−1, +1]

fU`cjldU�
5 × 5

a�n
10 × 10

|�v�a�vHw>nzjld�a�`C¨}SUjl~�S vxicW0|Pj�`bacicjl¡UfPa�W�|Ênzd v¦fUdPjlNnzibV �xicj�|O¯«R)SUW
icW�~�nzdU`{a�icfP~�a�W�|hNfUdP~�a�jlnzd'j�` wU�lnxacacW�|Ínzdhv�fUdPjlNnzibV �zibj�|Ínx

100×100
w>nxj�d�a�`JvxdP|'acSUW

W�icibnzic`}v�icW	vx�l`cn�W�ª�vx�lf�v�acW�|�nzd(a�SUjl`)�zicjl|±¯ Ì.jl�zfUibW �ë���©`bSUn:¨}`)a�SUW	icW�~�nzdP`ba�ibfU~�acW�|�vxdU|
W�ÎPvx~�aCNfUdU~�acj�nzdË~�nzd�a�nxfUic`�v���nzdU��¨}jlacSËa�SUW���n<~�v�acj�nzd§nx)a�SPW0|�v�a�v�w>nxj�d�a�`�¯«Ì�nzi�acSUW
~�vx`bW8nx

5× 5
|�v�a�vCwynzj�d�a�`Ja�SPW8vx~�~�fUicvx~�_hj�`GªzW�i{_�wyn<nzi�W�ªzW�d�k?f�v���jla�v�a�j°ªzW��l_C¨}SPj���W}Nnzi

10×10
w>nzjld�a�`�a�SUWGicW�~�nzdU`{a�ibfU~�acW�|�NfUdU~�a�j�nxd�jl` k?f�vx�ljla�v�a�j°ªzW��°_5¡yW�acacW�i�¯�
¢d¬R vx¡U�lW$�<Ã�acSUW

W�icibnzi©Nnzi©j�dU~�icW�v�`cj�dP�¬d?fUV¬¡yW�i)nx%|�v�a�v¬w>nxj�d�a�`$jl`©�zj°ªzW�dHv�dU|0¨©W	dUn�a�j�~�W5v¬V'nzdUnxacnzdUj�~
|UW�~�icW�v�`cW�j�d�¡>n�a�S(a�SUW	V'W�vxd�vxdP|HVhvpÎ j�V¬fPVÏW�icicnxic`�¯

���ON�� ù
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Ì.jl�zfUicW��/K)��� I a�W�`ba}NfUdU~�a�jlnzdU`}icW�~�nzdU`{a�ibfU~�acW�|H¨}j°a�S�ueÇ$ÌÄfU`cjldU�H���Í|Uv�a�v�wynzj�d�a�`

N a
�©nzdU|±¯JdUnU¯ [HW�vxd�W�ici [�vpÎ�W�ici

5 × 5
� ¯ �?� �:�x�P��� �U¯ �U��W ���:� �z¯ä���x�z�x����W �	� � �P¯ ���z�z�x�z�xW �	� �

6 × 6
�z¯ä�z�z�x�z���x� �U¯ä�z�xW ���:� �P¯°�:�����z�z�xW �	�x� �z¯ä���x�z�z�z��W �	� �

7 × 7
�P¯ä�z�z�z�x�z�z� �U¯ä����W ���:� � ¯ �x�z�x��� ��W �	�x� �z¯ä���z���x�U��W �	� �

8 × 8
�P¯ä���z�����z�x� �U¯ ���xW ���:� �P¯ä�z���x�����xW��¢�P� �U¯ä���z�p�?� ��W �	�x�

9 × 9
�P¯ �?�x�x�z�x��� � ¯ä�x�zW ���:� �P¯ä�����U�z���xW��¢��� � ¯ä�P���z�<�:�xW��¢�P�

10 × 10
� ¯ä�U���z�z���x� �z¯ä����W �¬��� � ¯ä�P�:���<�:�xW��¢��� �z¯ �z���x��� ��W¶�¼�P�

R vx¡U�lW���KJueÇ$ÌÄicW�`bfU�lac`)Nnzie��� I uevx`bacicjl�zj�d0NfUdP~�a�jlnzd

NON (
P4QSRUTUVXWUYXZ�[�\



�:� ��µc¹��x»�»������	´�� �°¸
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5 × 5
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10 × 10
|�v�a�vÍwynzjld?ac`

Ì.j��zfPicW�� K5��� I uevx`bacicj��xj�d�NfUdP~�a�jlnzd®icW�~�nzdU`{a�ibfU~�acW�|Ëjld
100 × 100

�zibj�|®fU`cjldU��ueÇ$Ì
¨}jla�S�nzw a�j�V'j�¤�W�|�v�aba�W�d<fUv�a�jlnzd0 vx~�acnzi

���ON�� ù



�Â»�º¾¹x½�·��<»�� ³����®¹<»�µ�·��
	��y¹x½���¬·��yº��ö½����:¹xº��¾·�� �:�
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¢d�acSUj�`$acW�`ba�Ã�¨©W5a�v�¥xW�vxW�ibn |P_<d�v�Vhjl~8|�v�a�v �N|Ui�vx�Í~�n W��h~�j�W�d?a
Cd

vxdU|���jlöa©~�n<W �'~�jlW�d�a
Cl

�.NnziJv��p� I ¨}jldU�5¨}SUnz`cW²`cS�v�w>W}j�`Jw�v�i�vxV'W�acW�icjl¤�W�|'jld'acW�ibVh`Jnxya�SUWe|Ujl`cwU��vx~�W�VhW�d?ac`
nx>�x�Z~�nzd�a�icnx�Pwynzj�d�a�` nxyvxd�Ì.Ì I ¡yn:Î>¯ÆR)SPW©¨}j�dU�Z`cS�vxwyW$jl`.nzwPacj�V'j�¤�W�|CfP`cj�dP�8`cjlVhwU�lW�Î
VhW�a�SUn<|�`cn�a�S�vpa²j°a)V'j�dUjlVhjl¤�W�`Ga�SUW	~�nz`ba}NfUdU~�a�jlnzd+#°��$

J =
Cd

Cdo

+ 104 · max

[

1 −
Cl

Clo

, 0

]

r£`cW�a�nx±�x�z�5|�v�a�v5w>nzjld�a�` j�d
R

20 jl`J�zW�dUW�i�v�acW�|'¡�_ÍicfUdUdPj�dU�5a�SPW��$Ì I `bnz�lªxW�iGvxicnxfUdU|
a�SUW�nzwPacj�Vhvx�Owynzj�d�a

Y ∗ j�d�a�SUW	Nnz�l��n:¨}j�dU�¬¨©v�_ K Y = Y ∗ + Yr

ÃQ¨}SPW�icW
Yr ∈ R

20 j�`evi�vxdU|PnzVÏªxW�~�acnzieW�vx~�S�nx%¨}SUnz`cW�W��lW�V'W�d�a�`)jl`$a�vx¥�W�d�NicnzV
{−1, 0, +1}

j�d�vÍfUdUjlNnxicV
i�vxdU|PnzV�V�v�dUdUW�i�¯$ueÇ$Ì Vhn<|UW��l`evxicW�~�nzdP`ba�ibfU~�acW�|�Nnxi

Cd
vxdU|

Cl
fU`cjldU�hacSUWCu}j�wPw�v

VhW�a�SUn<|0¨}SUj�~�S��zj°ªzW�`}acSUW	v�aba�W�d?f�vpa�j�nxd0 vx~�acnzic`}vx`e���P¯ý�x�¬vxdU|��z�z�P¯ �?��ibW�`bw>W�~�a�j°ªzW��l_���¯

¢dÊnzic|PW�iCacnHa�W�`ba¬acSUW(vx~�~�fUicvx~�_Ânx)acSUW�~�nzdU`bacicfU~�a�W�| V'n<|UW��ëÃÆvHNfUi{a�SUW�iC`bW�a�nx	���z�
|�v�a�v®wynzj�d�a�`'j�`Í�zW�dUW�icv�a�W�|É¡�_ icfUdUdPj�dU�®a�SUW �$Ì I `bnz�lªxW�i � acSUW�`bW¦|�v�a�v§wynzj�d�ac`�vxibWa�vx¥�W�d¦v�`

Y = Y ∗ + Yr

¨}SPW�icW�a�SUW�W��lW�V'W�d�a�`enx
Yr

vxibW�fPdUjlNnzibV i�v�dU|UnzV d?fUVC¡>W�ic`
NicnzV

(−0.5, +0.5)
¯ÆÌ�nziÆa�SPW²|Uicvx��~�n<W �'~�jlW�d�a�Ã?a�SUWev�ªzW�i�vx�xWZvxdP|�VhvpÎ j�V¬fUV icW���v�acjlªzW

W�icibnzic`�vxibW
2.78× 10−5 vxdU| 1.10× 10−4 icW�`cwyW�~�acjlªxW��l_xÃ ¨}SUjl��W)NnziJa�SUWe��j°öaJ~�n<W �'~�jlW�d�aa�SUW�_(vxibW

1.66× 10−5 vxdP| 6.24× 10−5 icW�`cwyW�~�a�jlªxW��°_z¯JR)SUW�`bW	W�icibnzic`$vxicWZªxW�i{_(`cVhvx���
j�dU|Ujl~�v�acj�dU��a�SUW�vxwUwPicn�Î j�Vhv�a�jlnzd0wyn�¨�W�i}nxÆu²Ç©Ì©¯

!#"%$&"�� � Ó*) � Ñ � Õ Ö Ò -%� � /ë��Ö%� �:�

R)SUj�`8jl`Z`bj�V'j���v�i$a�n�acSUW¬wUibW�ª<j�nzfP`8W�ÎPvxV'wU��WC¡UfPaZ¨}j°a�S®��|PW�`cjl�zd¦ª�vxicj�vx¡U�lW�`�¯²r `cW�a5nx
���x�¦wynzj�d�a�`
	'j�`��zW�dUW�icv�a�W�|�jld

R
8 fU`bj�dU�®��vpa�j�dËS?_<wyW�ib~�fU¡yWH`cvxV'wU��jldU�¦j�dÊacSUW�i�vxdP�zW

[Y ∗ − 50, Y ∗ + 50]8
¯ R)SUW®nzw a�j�V'j�¤�W�|£vpaca�W�d?f�v�a�jlnzdÉ vx~�a�nzib`0Nnzi

Cd

vxdU|
Cl

vxibW
NnzfUdU|®a�n�¡>W��z¯ �x�z�z��v�dU|��x¯ �z�x�z�(icW�`bw>W�~�acjlªzW��l_§vxdP|§acSUWh~�nzdU|Uj°a�jlnzd«d?fUV¬¡yW�i�nx�acSUW
~�n<W �'~�jlW�d�a Vhv�a�ibj°Î	jld�u²Ç©ÌH¨$v�` �P¯ �����z�xt��5�z�²vxdU|Í�P¯°�z�:����t �¬�:�eicW�`cwyW�~�acjlªxW��l_x¯ Å j°a�S
a�SUW¬nxwPa�jlVhjl¤�W�|¦v�acacW�d?f�v�acj�nzd¦ vx~�a�nzi�Ã>acSUW�W�ibicnzi8n��jld�a�W�ibw>nx��v�acj�nzd�nzd§v0|Uj �>W�ibW�d�a5`bW�a
nx±�x�	|Uv�a�v5wynzj�d�a�`Æ¨©vx`JNnzfUdU|�acn�¡yW²� ¯°���x�zt.�¼�5v�dU|H�x¯ �z�z�xt.�¼�8icW�`cwyW�~�a�jlªxW��°_z¯�
¢d'nzic|UW�i

� Þ ��ÛJúpß�Ý¾ß � ß�ü ( Ù�Ý%üëÜbß¶ã Ûbú²û ( Ý��pû ü�Übß�üëÛ� ù Ü¼Ý .pß�ãäã  Q��� â�Ù�û ( Ý ü � ÛbØëÛ � Û ( Û{Ø ß�Ý¾Ûbú%.�ü û (�� ã ß¶Ýëû ( � �âxÛ{Ø Ü .�	xÛ üëß�à$â�ãäû (�� 	 .:Ý%ßGþ Û � Ù¶þ Ý���Ûbàã Ûbß�ú}Ý¾Ù$â�ØëÙ 	�ã Û{à)ü±û ( � Øëûýú²ú�Û¼þ Ù�Ø¾à)ß�Ý¾ûäÙ ( ß ( ú²ß�ØëÛ ( Ù�Ý�Ý¾ß���Û ( þ Ù�Ø � Û ( ÛbØ¾ß¶Ýëû (�� Ý ��Û à$Û¼Ý ß¶à$Ù:ú:Û{ã �

NON (
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Attenuation factor

Cd
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Optimized

Ì.j��zfPicWZ��KÆr�ªzW�icvx�zW8W�icibnzi©nx�jld�a�W�ibw>nx��v�acj�nzd'vx`)v�NfUdU~�acj�nzdhnx%v�aba�W�d?f�vpa�j�nxd� vx~�acnziJNnzi
�p� I vxW�icn<|P_<d�vxV'j�~8|�vpa�v

a�n0`bW�W¬a�SPWCª�vxicj�v�a�jlnzdHn�Gvx~�~�fUi�vx~�_�n� a�SUW¬V'n<|UW���¨}jlacS�a�SUW¬v�acacW�d?f�v�acj�nzd� v�~�a�nxi�Ã>¨�W
~�nzV'wUfPacW'acSUW�W�icicnxi�nx$j�d�a�W�icwynz��v�acj�nzd«nxdËa�SUWÍa�W�`baC|�v�a�v�Nnzi�|Uj �>W�ibW�d�a�v�aba�W�d<fUv�a�jlnzd
 vx~�acnzic`%vxdU|�wU��n�a�a�SUW�VÀj�d5Á��zfUibW$�<¯ R)SUWGa¢¨©neªzW�iba�jl~�vx���lj�dUW�`�icW�wPicW�`bW�d�a.acSUWGnzwPa�jlVhjl¤�W�|
v�acacW�d?f�v�acj�nzd� vx~�a�nzi�¯ ÅÂWe~�vxd'`cW�W}a�SUv�a a�SUW}V'j�dUjlV¬fUV W�ibicnzi nx>j�d�acW�icwynz��v�a�jlnzd¬n<~�~�fPic`
v�a8v�d«v�acacW�d?f�v�acj�nzdH vx~�acnzi²k?fUj°a�W�~���nx`cW�acn�a�SPW�ª�vx��fPW�`Z|PW�a�W�icV'j�dUW�|�NicnxV a�SUW�u}j�wPw�v
VhW�a�SUn<|±¯
R)SUW	u²Ç©ÌËVhW�a�vxV'n<|UW��Q¨$v�`}vx��`bn¬fU`cW�|�acn¬`cnx�lªzW	v¬~�nzdU`{a�i�v�j�dUW�|(VhjldUj�V'j�¤�v�a�jlnzd�wUicnx¡ �
��W�V���K

min Cd

`bfU~�SHacS�v�a
Cl = Cl0

j�d
[Y ∗ − 40, Y ∗ + 40]8

^<a�vxi{a�jldU��NibnzV-vC`cnx��fPacj�nzd'nz¡Pa�vxj�dUW�|�¨}jlacS0vC`bj�V'wU��W¶Î'VhW�a�SUn<|!�
Cd = 0.01399

Ã
Cl =

0.31870
��Ã>a�SUWÍV'W�a�v�Vhn<|UW��%_<j�W��l|UW�|«acSUW¬ª�vx��fUW�`

Cd = 0.01365
vxdU|

Cl = 0.31870
Ã

¨}SUj��lW�v�dHW¶ÎUv�~�a��$Ì I ~�nxVhwUf a�v�acj�nzd��zj°ªzW�`
Cd = 0.01376

vxdU|
Cl = 0.31847

¯©R)SUjl`
� Þ ��ûýü�â�Ø¾Ù�	pãäÛbà � ß�ü±ü Ù�ã ��Ûbú .pü û (�� � ����� × �

���ON�� ù



�Â»�º¾¹x½�·��<»�� ³����®¹<»�µ�·��
	��y¹x½���¬·��yº��ö½����:¹xº��¾·�� � �

SUn:¨©W�ªzW�i5|Pn W�`8dUnxa²_ jlW��l|«v�~�nxd?ªxW�ib�zW�|®`cnx��fPacj�nzd�a�nhacSUW¬nzibj��zjld�vx��wUibnz¡U�lW�V,`cjldU~�WC¨�W
w>W�ibNnzibVhW�|ÄnzdU�l_Êv«��n<~�vx��VhjldUj�V'j�¤�v�a�jlnzd±¯¦r�`bW�k?fUW�dP~�W�n�²`bfU~�SÈ�ln ~�vx�©V'W�a�vxV'n |UW��°�
¡�vx`cW�|«VhjldUj�V'j�¤�v�a�jlnzdU`$~�vxd¦¡yW¬wyW�ibNnxicV'W�|Hacn0nz¡Pa�vxj�dPW�|«v�~�nzd�ªzW�ic�zW�|§`bnz��f a�j�nxd±¯eÅÂW
S�v�ªzW'j�V'wU��W�VhW�d?acW�|¦`bfU~�SÊv�dËvxwPwUicn�v�~�SÂfU`bj�dU��v0a�ibfU`ba�ibW��zjlnzd«`baci�v�acW��x_¦¨}SPj�~�S®¨}j����
¡>W	wUibW�`cW�d�a�W�|Hj�d�v�`cW�w�vxi�vpa�W�icW�wynzi{a�¯

!#"%$&"%$ !�� Ó ) � ����Ö%���P� /ë��� Õ $ Ò - Õ � /N� ${� �y����Ö./ Ñ -y�®� - Ö�� Ñ ��� /N� -�� Õ �������:� Ó
��/ Õ -

r V'W�a�vxV'n |UW��$~�v�dÈvx�l`cn®¡yWHfU`bW�| a�n§W�`bacj�Vhv�a�W0acSUW��zi�v�|Uj�W�d?ahvxdP|�SUW�`c`bj�vxd�nx²acSUW
fUdU¥?dUn:¨}d¦NfUdU~�a�j�nxd¦¡�_�|Uj �OW�icW�d?acj�v�acj�dU��acSUW¬V'W�a�v�Vhn<|UW��ë¯$ÅËW�a�W�`ba8acSUW¬vx~�~�fUicvx~�_Hnx
u²Ç$Ì j�dHW�`bacj�Vhv�a�jldU��a�SUWC�zi�vx|Pj�W�d�aZvxdU|¦SPW�`c`bj�vxd�nxJvhk?f�v�|Ui�v�acj�~�w>nz�°_<dUnzV'j�vx�±jld«�x���
|Uj�V'W�dU`bj�nzdP`�¯Ær |�v�a�v¬`bW�a)n� �x�z�Cjl`$�zW�dPW�i�vpa�W�|(jld�a�SPW8`�vxV'WZ¨©v�_(vx`$jld0`cW�~�acj�nzd��<¯ý� ¯ä�
¡UfPaefU`cjldU��a�SUW5acW�`ba}NfUdP~�a�jlnzd

f(x) =
1

10

20
∑

i=1

ix2
i

R)SUW¦ueÇ$Ì V'n<|UW��}j�`'~�nxdU`bacicfU~�a�W�|£fP`cj�dP�Ëa¢¨©nÊv�acacW�d?f�v�acj�nzd  vx~�acnzic`�Ã)vxdÉW�VhwUjlicjl~�vx�
NnzicV¬fP��v # ��� $�vxdU|0acSUW5u}j�wUwUvCVhW�a�SUn<|±¯ÆR)SPW8W�V'wUj�ibj�~�vx�yv�acacW�d?f�v�acj�nzd� v�~�a�nxi©j�`©�zjlªxW�d
¡?_

a = d ���
	 (Nd)−1/d

¨}SUW�ibW
d ���
	

j�` a�SUW$VhvpÎ j�VCfUV |Uj�`{a�vxdU~�W)¡>W�a¢¨©W�W�dÍa�SUW)|Uv�a�v8wynzj�d�ac`�¯ÆÌ�nzi%a�SUW)|Uv�a�v8`bW�a
fU`cW�|�j�d(acSUj�`$acW�`ba�ÃUa�SUW�W�V'wUjlicj�~�vx�QNnzicV¬fP��v¬�zj°ªzW�`

a = 5.6
¨}SPj���W8acSUW�uejlwUw�v¬V'W�acSUn |

�zjlªxW�`
a = 330.0

¯.R)SUW	�zi�vx|Pj�W�d�a}v�dU|�SUW�`b`cj�v�d�vxibW5W�`{a�j�Vhv�acW�|�v�a)acSUW5nzicjl�zj�d0vxdU|�vxicW
�zjlªxW�d¦jld�R vx¡U��W��P¯eR)SUWCW¶ÎPvx~�a5�xi�vx|UjlW�d�a²j�`e¤�W�ibn(vxdU|Ha�SUW�SUW�`b`cj�v�d«j�`e|Uj�vx�xnzd�vx�±¨}j°a�S
|Uj�vx�xnzd�vx�JW�d�acicj�W�`

λi = i/5
¨}SUj�~�S v�icW0v���`cn�a�SUW�W�j��xW�d�ª�vx��fUW�`Cnx)acSUW�SPW�`c`bj�vxdO¯�ÅËW

dUnxa�W0acS�v�a�¨}j°a�S uejlwUw�v¦V'W�acSUn |OÃJacSUW(�zicvx|Uj�W�d�a'vxdU| SUW�`b`cj�vxdÈv�icW(~�nxVhwUf a�W�|Ä¨}j°a�S
SUj��zSPW�i¬v�~�~�fPi�vx~�_ vx`¬~�nzVhwUvxicW�|Êa�n¦a�SPW(W�V'wUj�ibj�~�v��JNnxicV¬fU��vP¯¦R)SUjl`�W�ÎPvxV'wU��W�vx��vxjld
|UW�V'nzdU`{a�i�vpa�W�`}a�SPW�jlVhwynziba�vxdU~�W�n�.a�SPW�~�SUn<nz`bj�dU��v'�zn<n<|�ª�vx�lfUW	nx.acSUW¬v�aba�W�d<fUv�a�jlnzd
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���z¯ý�x�z�xt.�¼�P� �¢�P¯ý�x�x�zt.�¼��� � ¯ý�x�z� �:��� �<¯ �z�x�P���x�
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FN
j�`}v�`c`cfPVhW�|�acn'¡yW	nzdUW	icW�vx��jl¤�v�acj�nzd
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p(FN |XN) =
exp

(

−1
2
F>

N C−1
N FN

)

√

(2π)N det(CN)

� ���

¨}SUW�ibW
CN

j�` a�SPW
N ×N

~�n�ª�vxibj�vxdP~�WeV�v�acicj ÎO¯%R)SUW²W���W�VhW�d�a
Cmn

nx>a�SUWe~�n:ª�vxibj�vxdU~�W
V�v�acicj Î«�zj°ªzW�`	a�SPW�~�nxicicW���v�acj�nzd«¡yW�a¢¨�W�W�dÊa�SUW'NfUdU~�a�j�nxd§ª�vx�lfUW�`

fm

vxdP|
fn

¯0R)SUjl`�jl`
W�Î wUicW�`c`bW�| j�dÊa�W�icV'`¬nxev¦~�n�ª�vxibj�vxdP~�W�NfUdP~�a�jlnzd

c
Ã j¾¯ Wx¯°Ã

Cmn = c(xm, xn)
¯«Å SUW�d

vx|U|UjldU��v(dUW�¨ w>nzjld�a
xN+1

Ã�a�SPW'ibW�`bfU�lacj�dU�0ªxW�~�acnzi	nxGNfUdU~�acj�nzd¦ª�vx�lfUW�`
FN+1

j�`	vx`¼�
`cfUV'W�|�a�n'¡>W�vÍicW�vx��jl¤�v�acj�nzd0n�.a�SPW

(N + 1)
� ª�vxibj�vx¡U�lW L	vxfU`b`cj�v�dHwUibn ~�W�`b`e¨}j°a�S¬obnzj�d�a
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exp

(
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2
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N+1C
−1
N+1FN+1

)

√

(2π)N+1 det(CN+1)

�N� �
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p(A|B) =
p(A, B)

p(B)

¨©WH~�vxdÈ¨}ibjlacW�acSUW�wUibnz¡�vx¡Pj���j°a¢_Ä|UW�dU`cj°a¢_ Nnxi'acSUW�fUdP¥<dPn�¨}dÉNfPdU~�acj�nzd ªxv���fUW
fN+1

Ã
�zjlªxW�d(a�SUW	|�vpa�v

(XN , FN)
vx`

p(fN+1|XN+1, FN) =
p(FN+1|XN+1)

p(FN |XN)

�ë���


¢d0nzic|PW�i�acnC`bj�V'wU��j°ö_¬a�SUjl`�W¶Î wUicW�`c`cjlnzd0¨�W8dUnxacj�~�W}a�SUv�a©acSUW
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� ª�vxibj�vx¡P��W)~�n:ª�vxibj°�
vxdU~�W	Vhv�a�ibj°Î

CN+1

~�vxd�¡yW5¨}icjlaba�W�dHv�`

CN+1 =

[

CN k
k> κ

]

¨}SUW�ibW

k = [c(x1, xN+1), c(x2, xN+1), . . . , c(xN , xN+1)]
>

vxdU|

κ = c(xN+1, xN+1)

R)SUj�`)�zj°ªzW�`

C−1
N+1 =

[

M m
m> µ

]

¨}SUW�ibW

M = C−1
N +

1

µ
mm>, m = −µC−1

N k, µ = (κ − k>C−1
N k)−1
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p(fN+1|XN+1, FN ) ∝ exp

[

−
(fN+1 − f̂N+1)

2

2σ2
fN+1

]

¨}SUW�ibW

f̂N+1 = k>C−1
N FN , σ2

fN+1
= κ − k>C−1

N k
� ���
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xN+1
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vxdP|(`ba�v�dU|�vxib|(|UW�ª<j�vpa�j�nxd
σfN+1
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k
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CN
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f̂N+1 = k>C−1
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¯
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c(x, y) = θ1 exp

[

−
1

2

d
∑

i=1

(xi − yi)
2

r2
i

]

+ θ2
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¨}SUW�ibW
Θ = (θ1, θ2, r1, r2, . . . , rd)
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θ1
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r
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Nnzi)~�nzdP`ba�ibfU~�acj�dU�Í�ln ~�vx�±¥?icjl�zj�dU�CVhn<|UW��l`�¯
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 aJdUn:¨ÉicW�V�v�j�dU`.acn8Á�dU|Ía�SUW}w�v�i�vxV'W�acW�ic`
Θ
jldÍacSUW)~�nxicicW���v�acj�nzd�NfUdU~�acj�nzdO¯ÆR)SUW�`bW}w�vp�

i�vxV'W�acW�ic`±vxicW |UW�a�W�icV'j�dUW�|�¡�_ZV�vpÎ jlVhjl¤�j�dP�GacSUW>obnzj�d�a�wPicnz¡�v�¡Uj��ljla¢_e|UW�dP`cjla¢_
p(FN |XN)

¯
R)SUj�`)jl`eW�k?fUjlª�vx�lW�d�a)a�nÍV'j�dUjlVhjl¤�j�dP��acSUW	��nz��� ��jl¥xW��lj�SUn<n<|ÍNfPdU~�acj�nzd��zj°ªzW�d�¡�_

L = F>
N C−1

N FN + log det(CN)

R)SUj�`�NfUdU~�a�j�nxd�jl`%¥?dUn:¨}dCacnZ¡yW�VCfU�lacj°�¢V'n<|�vx� � SUW�dU~�W©ibnz¡UfU`{a acW�~�SUdUjlk?fUW�`Æ�lj�¥�W L5W�dPW�a�jl~
rZ���xnzicj°a�SUV'`'# ��$Pnzi m vxibacj�~��lW)^<¨©vxibV q8wPacj�V'j�¤�vpa�j�nxd #ä� � $PVhjl�zS�aÆ¡yW$wUibW�NW�icvx¡U�lWx¯ [Hvxd�_
icW�`bW�vxib~�SUW�ib` SUv:ªxWJ~�nzV¬¡Pj�dUW�|�`bfU~�S	a�W�~�SPdUj�k?fUW�`%¨}j°a�S	v$Á�d�vx�x�zi�vx|Pj�W�d�a�`bW�vxib~�S�acn}��n<~�v�acW
a�SUW¬V'j�dPj�V¬fUV�VhnzibWCv�~�~�fPi�v�acW��l_ #ä��$¾¯
¢d¦a�SUjl`²¨�nzic¥�¨©WCS�v�ªzW�fU`bW�|§mG^Uq a�W�~�SPdUj�k?fUW
¡UfPa}¨}jlacSUnzfPaevxd�_(�xi�vx|UjlW�d�a}`cW�vxic~�SO¯
R)SUW�ibW�vxibWHVhvxd�_ÄwUicvx~�acj�~�vx�)j�`b`cfUW�`ha�SUv�a'V¬fU`bah¡yW�a�vx¥xW�dÈ~�v�icW�nx8`bnÂa�SUv�ahvx���©acSUW
~�nzV'wUfPa�v�a�jlnzdU`8v�icW¬`{a�vx¡U�lW � ¨�W¬Nnz���ln:¨ # ��$Æj�d¦acSUj�`ZicW�`bw>W�~�a�¯�R)SUW�S�_<wyW�i{� w�vxicvxVhW�a�W�ic`
V¬fU`ba'¡yW(dUnzd � dUW��zv�a�j°ªzW � SPW�dU~�WHj°aÍj�`�¡yW�acacW�i�a�n«¨�nzic¥Ê¨}j°a�SÄa�SPW��lnz��vxibjlacSUV nx²acSUW
w�vxi�v�VhW�a�W�ib`�`cn}a�S�vpa�a�SUW�_�vx�l¨©v�_ `�ibW�Vhvxj�d5wynz`cj°a�j°ªzWx¯%R)SUWJnzwPacj�V'j�¤�v�a�jlnzdZfU`bj�dU�emG^Uq�jl`
a�S?fU`GvxwUwU�lj�W�|¬a�n5a�SUW}�lnz��vxibjla�SPV n�>acSUW}S?_<wyW�i¼�¢w�vxicvxV'W�a�W�ic`�¯ R)SUW}~�nzibicW���v�a�jlnzd¬Vhv�a�ibj°Î
~�vxd�¡yW5j���� �¢~�nzdU|Uj°a�j�nxdUW�|'j�d0¨}SUjl~�S�~�vx`bW	acSUW	~�nzV'wUfPa�v�a�jlnzd0nx%j°a�`)j�d�ªxW�ic`bW5¨}j����>dUnxa}¡yW
vx~�~�fUi�v�acWx¯ 
 �a�SUW5~�nzdU|Uj°a�jlnzd0d?fUV¬¡yW�i)jl`}vx¡>n:ªxW	v¬`cwyW�~�j°Á�W�|�a�nx��W�icvxdU~�WxÃ acSUW�d�a�SPW5��nz���
��j�¥�W��lj�SUn<n |²j�`Oa�vx¥xW�d�acn}¡>WJv)��v�ic�zW w>nz`bjlacjlªzWÆª�vx�lfUWx¯ 
 <a�SUWJ~�nzdU|Uj°a�j�nxd8d?fUV¬¡yW�i�j�`±¨}j°a�SUjld
a�SUW0`bw>W�~�j°Á�W�|Êacnz��W�i�vxdU~�WxÃJvxdÊs%YÏ|UW�~�nzVhwynz`bjla�jlnzd§nx

CN

jl`�Á�ib`ba�wyW�i{NnzicV'W�| � acSUW�d
C−1

N FN

v�dU|
C−1

N k
vxibWC~�nxVhwUf a�W�|�fU`cjldU��a�SPW�s�Y |UW�~�nzV'w>nx`cjlacj�nzdO¯eR)SPW¬��nz�zvxicj°a�SUV

nx acSUW	|UW�acW�ibVhjld�vxd�a}nx
CN

j�`}vx�l`cnÍ~�nxVhwUf a�W�|�fU`bj�dU��a�SPW�s�Y |UW�~�nzV'wynz`cj°a�j�nxd

���ON�� ù



�Â»�º¾¹x½�·��<»�� ³����®¹<»�µ�·��
	��y¹x½���¬·��yº��ö½����:¹xº��¾·�� �z�

log det(CN) =
N

∑

n=1

log Lnn +
N

∑

n=1

log Unn

R)SUj�` v�ªznzjl|U`%acSUWGfUdU|UW�i{� !Un�¨ wPicnz¡U�lW�V vx`b`cn<~�j�v�a�W�|�¨}j°a�SCVCfU�lacj�wU�°_ jldU�)ve��vxib�zW d?fUV¬¡yW�i
nxO`bV�v����Pd?fUVC¡>W�ic`J¨}SUj�~�SÍ¨©nxfU��|Í¡yW}acSUW}~�vx`bW²j°Qa�SUW}Vhv�a�ibj°Î

CN

j�` ¡�vx|P�l_¬`b~�vx�lW�|±¯.rZ`
j�d�acSUW5~�vx`bW5nx u²Ç©Ì©ÃUvxd(fPwUw>W�i)��jlVhj°a�n�

1/ε
j�`�j�V'w>nx`cW�|(nxd0a�SUW5~�nzdU|Uj°a�j�nxd�d?fUV¬¡yW�i

nx
CN

ÃP¨}SUW�icW
ε
jl`$a�SUW	Vhvx~�SUjldUW5wUicW�~�jl`cj�nxd±¯

rZ��vxjldHNnz�l��n:¨}j�dP� #ä��$%¨©W�`b~�vx�lW�a�SPW¬~�n<nzic|Pj�d�v�acW�`ZvxdU|�NfUdP~�a�jlnzd�ª�vx�lfUW�`Zvx`8|UW�`c~�ibj�¡yW�|
j�d'`cW�~�a�jlnzd(� ¯ �U¯ Ì�nziJW�vx~�S0w�vxi{a�jl~���W�Ã�a�SUW²w�vxi�v�VhW�a�W�ib`Jj�dhacSUWe~�n:ª�vxicj�vxdU~�W}NfUdU~�a�jlnzd0vxibW
j�dUj°a�j�v���j�¤�W�|'i�vxdP|UnzV'�l_0jld0a�SUW	jld?acW�i{ªxv���`}vx`}�zj°ªzW�d�¡yW��ln�¨�K

θ1 ∈ [10−3, 1]

θ2 ∈ [10−3, 1]

ri ∈ [10−2, 10], i = 1, . . . , d


¢dÈa�SUW�mG^Uq�VhW�a�SUn<|±Ã)jl5vÂw�vxi{a�jl~���W��zn<W�`hnzfPa�`bj�|UW�a�SPj�`�icvxdU�zW�a�SUW�dÉjlac`hwPicW�ª<jlnzfU`
w>nz`bjlacj�nzd®j�`�icW�`bacnzicW�|ÄvxdU|Êj°a� `5ªzW��ln ~�jla¢_®jl`�`bW�aCacn�¤�W�icnP¯ 
 )¨�W�|Pn�dUnxa�icW�`bacicj�~�a�acSUW
i�vxdU�xW5j�d(a�SUjl`)V�v�dUdUW�i�ÃPa�SPW�d�¨©W5NnzfUdP|�acS�v�a)acSUW�m�^Pq ~�vxd�~�nzd�ªzW�ib�zW	a�n'v�`cnz�lfPa�jlnzd
¨}SUj�~�S�|Un<W�`edUnxa}�zj°ªzW�vxdHvx~�~�fUi�v�acW�jld�a�W�ibw>nx��v�acj�nzd±¯Æ¿²n:¨©W�ªzW�iZjla}jl`)dUnxae~��lW�vxi}SUn:¨ a�n
~�SUn nx`cW�acSUW©icvxdU�zWGnx�wUvxi�vxV'W�acW�i�ª�vx��fPW�`�¯ 
¢dC`bnzVhW�nxPacSUW�acW�`{aÆ~�v�`cW�`.wUicW�`cW�d�acW�|�¡yW���n:¨
¨©W8dPnxa�jl~�W²acS�v�a�a�SUW8nxwPa�jlV�vx�Uª�vx�lfUWZn�±a�SUWZw�vxi�v�VhW�a�W�ib`©jl`©~��lnz`cWea�nCacSUW8¡ynzfUdU|Uvxib_'nx
a�SUW	`cwyW�~�jlÁ�W�|HicvxdU�zW�¯

��&�� � =3AC@ > 0-24,;* @�� ,'A � *-@G.

�#"��&"(' ' Ó*) � Ñ ���,+ �.- �x��/ Õ - �

ÅËW�vxwUwU�°_5a�SUWG¥?icjl�zj�dU�²vxwUwPicn�Î j�Vhv�a�jlnzd5a�neicW�~�nzdU`{a�icfP~�aÆacSUW²��� I acW�`{a.NfUdU~�a�jlnzdU`%�zjlªxW�d
j�d®vxwUwyW�dP|Uj°Î¦rC¯ÍÌ�nzi8R%W�`{a��PÃ±a�SUWÍicW�~�nzdP`ba�ibfU~�acW�|§NfUdU~�acj�nzd¦Nnxi��:��vxdU|Â�x�0W�k?f�v����l_
`cw�vx~�W�| |�v�a�v¦w>nxj�d�a�`¬jl`¬`cSPn�¨}d j�dÊÌ.j��zfPicW0� ¯�
¢dÄa�SPW0`�vxV'W�Á��xfUicW0¨�W�vx��`bn«wU��n�a�v
��n:¨©W�i�W�`bacj�Vhv�a�WÍnx�a�SUW'NfUdU~�acj�nzd

f̂ − σ
vxdU|ËvxdËfUwPw>W�i�W�`ba�jlV�vpa�W

f̂ + σ
Ã%¨}SUW�ibW

σj�`¬a�SPWHW�`ba�jlV�vpa�W�|Äª�vxibj�vxdU~�W0¨}SUj�~�S�j�`Ívx�l`cn®�zj°ªzW�d ¡�_Äa�SUW�¥?icjl�zj�dP�«Vhn<|UW��ë¯ Ì�nzi(�:�

NON (
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Ì.jl�zfUibW5� K �5icjl�zj�dU��¨}jla�S§�:�ÍvxdU|H�x��|�vpa�v�w>nxj�d�a�`
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Ì.jl�zfUicW8� K �5icj��xj�dU�¬W�icibnzievxdU|(a�jlVhW8ªxW�ic`bfU`ed<fPV¬¡>W�i}nx.|Uv�a�v�wynzj�d�a�`

|�v�a�v'w>nxj�d�a�`)a�SPW�NfUdU~�a�jlnzd�jl`edPnxa²¨�W��l� ibW�`bnz�lªxW�|±Ã>vxdU|�¨�WCdPnxa�jl~�W	a�S�v�aea�SPW�ª�vxibj�vxdU~�W
j�`5vxwPwUicW�~�j�v�¡U�l_H��vxib�zW � Nnxi	�x�0|�v�a�v(w>nzjld�a�`ZacSUW¬NfUdU~�a�j�nxd«j�`5k?fUjlacWC¨�W����.icW�`bnz�lªxW�|§¡�_a�SUW	|�v�a�vÍvxdU|�a�SUW8ª�vxibj�vxdU~�W5j�`}`cVhvx�l�¾¯

¢d«Ì.j��xfUicWC� Ã>¨�W�wU�lnxa²acSUW�ª�vxibj�v�acj�nzd�nx acSUW�vxwUwPicn�Î j�Vhv�a�jlnzdHW�icibnzi8vxdP|�a�jlVhW	a�vx¥�W�d
a�n(~�nxdU`bacicfU~�a�acSUWÍvxwUwPicn�Î j�Vhv�a�jlnzd«vx`	v�NfUdP~�a�jlnzd®nxGd?fUV¬¡yW�i5nx�|�v�a�v0w>nzjld�a�`�¯�R)SUW
W�icibnziGj�`©`bW�W�d0a�nC|PW�~�ibW�vx`bW5VhnxdUnxa�nxdUj�~�vx���°_�¨}j°a�S�jldU~�ibW�vx`bj�dU��d?fUV¬¡yW�i©n��|�v�a�v�w>nxj�d�a�`�¯
Ì.j��zfPicW �:� `cSUn:¨}`HacSUW§icW�~�nzdU`{a�icfP~�a�W�| NfUdU~�a�j�nxdU`�Nnxi�R%W�`{aÊ��� ��fP`cj�dP� �:� W�k?f�v����l_
`cw�vx~�W�|H|�v�a�v�wynzj�d�ac`�¯JR)SUW	Á��zfUibW�`²vx��`bn'wP��nxa)acSUW	��n:¨©W�ievxdU|�fUwUwyW�i}W�`{a�j�Vhv�acW5nx acSUW
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Ì.j��xfUicW¬��� K)��� I acW�`ba}NfUdP~�a�jlnzdU`}icW�~�nzdP`ba�ibfU~�acW�|�¨}jla�S�¥?icjl�zj�dP��fU`cjldU���:��|�v�a�vÍwynzj�d�a�`

NfUdU~�acj�nzdP`Æ¡�vx`bW�|Ínzd�v
σ
� ~�nzd Á�|UW�dP~�W)j�d�acW�ibª�vx�ë¯.Ì�nzi.R W�`ba}�©acn	�Za�SUW©ª�vxibj�vxdP~�W©jl`Æk?fUjlacW

`cVhvx���U¨}SUjl��WejlaGj�`�dUnxa�`cnCNnxi�R%W�`{a)��¨}SUjl~�S(vx`�|Uj�`b~�fU`b`cW�|�v�¡>n:ªzWZj�`GdUnxaG¨©W����yicW�`bnz�lªxW�|
¡?_H�:�C|Uv�a�vCwynzjld?ac`�¯ R vx¡U�lW5���lj�`bac`�acSUW8w�vxicvxV'W�a�W�ic`�nx�a�SUWZ~�n:ª�vxicj�vxdU~�W²NfUdU~�acj�nzd0vxdU|
W�icibnzic`'nz¡Pa�vxj�dPW�|�NnxiÍacSUWHNnxfUi�a�W�`{a�NfUdP~�a�jlnzdU`�¯£rZ`�jld acSUW�~�vx`bW�nx	ueÇ$Ì©Ã ¨�W�`bW�W
W�Î ~�W�����W�d�aCv�wUwUicn�Î j�Vhv�acj�nzd¦n�©a�SPWÍÁUic`ba	a¢¨�n�NfPdU~�acj�nzdU`	¡Uf a�acSUW'vx~�~�fUi�v�~�_®|UW��zi�vx|PW�`
~�nzdU`bj�|UW�i�vx¡P�l_�Nnxi$a�SUW	��v�`ba)a¢¨�n'NfUdP~�a�jlnzdU`�¯

�#"��&"%! ! Ó*) 	 ������� / ��/ - + �.- �x� / Õ -

R)SUW(uevx`bacicj��xj�dÂNfPdU~�acj�nzdÊjldÄ��� I j�`�icW�~�nzdU`{a�icfP~�a�W�| nzd
[−1, +1] × [−1, +1]

fU`cjldU�
5×5

acn
10×10

|�v�a�v�wynzj�d�ac`Æ¨}SUj�~�S�vxicW}|Ujl`ba�ibj�¡Uf a�W�|Ínzdhv	fUdUjlNnxicV �xicj�|O¯ÆÌ.jl�zfUicW8�z�
`cSUn:¨}`5a�SUW�ibW�~�nzdU`bacicfU~�a�W�|ËvxdP|§W¶ÎPvx~�a5NfUdP~�a�jlnzd«~�nxd?acnzfUib`�v���nzdU�h¨}jla�S¦acSUW���n<~�vpa�j�nxd
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�z� ��µc¹��x»�»������	´�� �°¸
�O»c¹x´

R W�`ba i
θ1 θ2

[�W�vxdHW�ici [�vpÎ>¯JW�ici [HW�|HW�ici
� � ¯ �P���z�zt��5� �P¯ ���U���zt �5� � ¯ �P�����xt.��� � ¯ ���x�z�xt.�{� � ¯ä�?���z�zt.�¼� �P¯l�:�x�z�zt.�{�
� � ¯ý�x�x�z�zt��5� �P¯ä�z�z����t �5� �P¯ä�z�z�P�:t��5� � ¯ý�x�x�z�zt.�¼� � ¯l�:�x�z�zt.�{� �P¯ �x�x�z��t.�{�
� � ¯ý�x�z�x�zt��5� �P¯°�:�z�z�xt �¬� � ¯l�:�x�z�zt.�{� � ¯l���<�:�zt.�{� � ¯l�:�x�P�:t.��� �P¯ý�p�����xt.�¼�
� �P¯ä�z�P�:�xtÆ��� �P¯ä�z�z���xt.��� � ¯ý�x�x�z�zt.��� � ¯ �z�z�z�xt.��� �P¯ �x���x�zt��5� �P¯ �������xt.�{�

R vx¡U�lW���K �5icjl�zj�dU�CicW�`bfU�lac`)Nnzi5��� I a�W�`ba}NfUdU~�a�jlnzdU`

X i
θ1 θ2

[�vpÎ>¯ ª�vxi [HW�vxd�W�ici [�vpÎ�W�ici
5 × 5

� ¯l�:�x� �P¯°�z�:� �P¯°�:�x� ���<¯ �z�z� �P¯ý���z�xW���� � ¯ä�z�P��W �5�
6 × 6

� ¯ �z�x� �P¯ä�z�z� �P¯ä�P�:� �<¯ý�z��� �U¯ä�����zW �	� �z¯ �?�z��W �¬�
7 × 7

� ¯l�:�x� �P¯ �z�x� �P¯°���x� �x¯ý�x� � � ¯ý���x�zW���� � ¯ä�z����W �5�
8 × 8

� ¯ý�z�x� �P¯ �U�:� �P¯ �x��� �<¯ý�x�x� �P¯ �x�z�xW���� �z¯°�:����W �5�
9 × 9

� ¯ý�x��� �P¯ä�z�z� �P¯ä�z�P� � ¯l���p� � ¯l������W��¼� �z¯ �x����W����
10 × 10

�P¯ý�x� � �P¯ä�z�z� �P¯ä�z��� � ¯ ����� � ¯ �z�x�xW¶�{� �z¯ä���x�xW¶���
R vx¡U��W	��K �	ibj��zjldU��icW�`cfU�°a�`$Nnzie�:� I u²vx`{a�ibj��zjld�NfUdU~�a�j�nxd

nx.acSUW�|Uv�a�vÍw>nxj�d�a�`�¯ 
¢d�R vx¡U�lW��PÃ�a�SUW�W�ibicnzi)Nnzi}j�dP~�icW�vx`cjldU�'d<fPV¬¡>W�i²n�Æ|�v�a�v'wynzjld?ac`
j�`)�zj°ªzW�dHvxdU|�¨©W�dUnxacj�~�W	v'V'nzdUnxacnzdUjl~8|UW�~�icW�vx`cW�j�d�¡>n�a�S�a�SUW�VhW�vxd�vxdU|�V�v�ÎPjlV¬fUV
W�icibnzic`JW¶ÎP~�W�wPa�Nnzi a�SUW}Á�ib`ba�vxdU|h��vx`{aJicW�`bfU�lac`�¯JÌ�nziÆacSUW²~�vx`cWenx

5×5
|�v�a�v�wynzjld?ac`Æa�SUW

icW�~�nzdU`{a�icfP~�a�W�|ËNfUdU~�a�jlnzdÂjl`5icW�V�vxib¥pvx¡U�l_«vx~�~�fUi�v�acW'v�a��lW�vx`{a�k?f�v���jla�v�a�j°ªzW��l_z¯'¿en�¨�W�ªxW�i
a�SUjl`G`bW�W�Vh`Ja�n	¡yW²nzdP�l_CNnxiba�fPjla�nxfU` � a�SPWZvx~�~�fUicvx~�_Íjl`J`cW�W�dhacn�|UW�~�ibW�vx`bW²Nnzi 6×6

|�v�a�v
w>nzjld�a�`²vx`Z`bW�W�d«jld�R vx¡U�lW¬�P¯²Ì�nzieacSUj�`}a�W�`ba�Ã>¨�W¬S�v�ªzW¬fP`cW�|¦a¢¨�n(`cwUv�a�j�vx��w�vxi�v�VhW�a�W�ib`
r1, r2

vxdP| acSUW�VhjldUj�V'j�¤�v�a�jlnzd®nx}a�SUW��lnz���¢�lj�¥�W���jlSUn<n |¦NfUdP~�a�jlnzd �zjlªxW�`�dUW�vxic�°_ÊW�k<fUvx�
� fUwPacnhacSUicW�W�|UW�~�jlV�vx��wU��vx~�W�` �$ª�vx��fUW�`eNnxi}acSUW�V�¨}SUjl~�S�jl`eacn�¡yW�W¶ÎPwyW�~�a�W�|¦NicnzV�acSUW
`b_<VhV'W�acib_�nx.acSUW8NfUdU~�a�j�nxd±¯

��&�� � ��� ,;@ > 7ED �E83,'AC0-2 DF,65 ,

R)SUj�`ea�W�`{a5j�`ej�|PW�d�a�jl~�vx��a�n0`bW�~�a�j�nxd®� ¯ � ¯ä� ¯Zr `cj�dP�z��W�`cw�vpa�j�v�� w�v�i�vxV'W�acW�i}¨$vx`ZfU`cW�|§jld
a�SUW5~�nzicibW���vpa�j�nxd�NfUdU~�a�j�nxd±¯ R)SUW5w�vxicvxV'W�a�W�ic`)nx�acSUW	~�nzibicW���v�a�jlnzd�NfUdP~�a�jlnzd�vxibW5�zjlªxW�d

���ON�� ù
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5 × 5
|Uv�a�v�wynzj�d�a�`
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10 × 10
|�v�a�vÍwynzjld?ac`

Ì.j��zfPicW5�z� KÆ��� I uevx`bacicj��xj�d�NfUdU~�a�j�nxdhfU`bj�dU��¥?icjl�zj�dU� � 5×5
vxdU|

10×10
|�vpa�v	w>nzjld�a�`�¯

NON (
P4QSRUTUVXWUYXZ�[�\



��� ��µc¹��x»�»������	´�� �°¸
�O»c¹x´

� f�vxd�acjla¢_
Cd Cl

r
�P¯ �x��� �x¯ý� �x�

θ1 4.641 × 10−2 3.302 × 10−2

θ2

�P¯ �z�z� � ¯ý�z�x�
R vx¡U��W	��KJm.vxicvxVhW�a�W�ic`}nx ~�nzibicW���v�a�jlnzd0NfUdU~�a�jlnzd(Nnzi$a�SUW��p� I vxW�ibn |P_<d�v�Vhjl~8|�v�a�v

� vxibj�vx¡P��W 
¢dUj°a�j�vx� u²Ç$Ì �	ibj��zjldU�
� � ¯l�:�z� ���x�zt��5�z� � ¯ý�x�z�x�z�z�zt��5�z� �P¯ �x�����z�z�zt��5�z�
� �¼�P¯°���x� �����zt��5�z� �¼�P¯°���x� ���x�zt��5�z� �¼�P¯°���x�x�z���xt��5�z�
� �¼�P¯ �z�z�x�x���xt��5�z� �¼�P¯ �x����������t��5�z� �¼�P¯ �x���x�z�x�zt��5�z�
� � ¯l�������z� �:t��5�z� � ¯l�:�x���x�z�zt��5�z� �P¯°���?�<���x�zt��5�z�
� � ¯l�����x�?�x�zt��5�z� � ¯l�:�z�x�z���xt��5�z� �P¯°�:�z�x�z�z�zt��5�z�
� �¼�P¯°��� ���z�z�zt��5�z� �¼�P¯ � �:�x�z�z�zt��5�z� �¼�P¯ � �:�x�z�z�zt��5�z�
� �¼�P¯°�:���<�:�x��t��5�z� �¼�P¯°�:�P���z�P�:t��5�z� �¼�P¯°�:���p���P�:t��5�z�
� � ¯ý�x�x�P�:�z�zt��5�z� � ¯ý�x�x���x�z�zt��5�z� �P¯ä�z�z�x���z�xt��5�z�

R.vx¡P��WC��� KG[HW�a�vxV'n |UW��°� ¡�vx`cW�|0`cSUvxw>W5nxwPa�jlVhjl¤�v�acj�nzd�Nnzi©�p� I vxW�icn<|P_<d�vxV'j�~²wUicnz¡P��W�V

j�dCa�vx¡U��W©� ¯ÆR)SPW$W�ibicnziÆn�Qj�d�a�W�icwynz��v�acj�nzd�nzd¬acSUW©a�W�`ba |Uv�a�v²¨©vx`ÆNnzfPdU|¬a�n8¡yW}� ¯ä�z�P��tÆ�¢�
vxdU|®�z¯ä�z���xt.�¼�¬Nnzi

Cd

vxdU|
Cl

ibW�`bw>W�~�a�j°ªzW��l_z¯
R)SUWÍ¥<ibj��zjldU�0V'n |PW��.¨©vx`�vx��`bn�VhjldUj�V'j�¤�W�|¦v�`5j�d®`cW�~�a�jlnzdÂ� ¯ � ¯ä��vxdP|®_<jlW���|PW�|®dUW�v�ic�l_
j�|UW�d?acj�~�vx�%vxdU`b¨�W�ib`�¯5R vx¡U�lWh�:�h`cSUn:¨}`ZacSUW¬��|PW�`cjl�zd�ª�vxibj�vx¡U�lW�`enz¡Pa�vxj�dUW�|¦v�öacW�i²VhjldUj°�
Vhjl¤�j�dP�Ca�SUW�ueÇ$Ì vxdU|�¥?icj��xj�dU�¬V'n<|UW��l`�¯

� � �C& 2��5�.����C� � * ��
�� ����� ��� ��!�����!

R.vx¡P��W®�z��~�nzV'w�vxibW�`Ía�SUWHvxwUwPicn�Î j�Vhv�a�jlnzdÊW�ibicnziÍNnzi(��� I acW�`{ahNfUdP~�a�jlnzdU`Ínz¡Pa�vxj�dPW�|
NicnzV u²Ç©Ì�vxdU| �5icjl�zj�dU�P¯ ÌQnxi�R%W�`bac`®���¼�PÃ)acSUW«W�ibicnzib`(nx	a�SUW¦a¢¨�n VhW�a�SUn<|U`(vxibW
~�nzV'w�vxicvx¡U��W�ÃPa�SPnzfU�zSHu²Ç©Ì wyW�i{NnzicV'`}`c�lj��zS�a��°_�¡yW�aba�W�i�¯$Ì�nzi)R%W�`{aZ�PÃQu²Ç$ÌÄwyW�i{NnzicV'`
vxd nzic|UW�i�nxCVhvx�zdPjla�fP|UW¦¡yW�acacW�i(a�SUvxd ¥<ibj��zjldU�U¯ �©nxVhw�v�icj�dP�Êa�SUW«a�jlVhWHa�vx¥�W�d a�n
~�nzdU`{a�ibfU~�a8acSUWCV'W�a�vxV'n |UW���`)NicnxV,Ì.j��zfPicW�`²�0vxdP|«�PÃQ¨©W¬`bW�WCacS�v�aZ¥<ibj��zjldU�'j�`²vx¡>nxfPa

���ON�� ù



�Â»�º¾¹x½�·��<»�� ³����®¹<»�µ�·��
	��y¹x½���¬·��yº��ö½����:¹xº��¾·�� �z�

R%W�`ba [HW�vxdHW�icibnzi [HvpÎ>¯GW�icibnzi
ueÇ$Ì �	ibj��zjldU� ueÇ$Ì �5icjl�zj�dU�

� � ¯ý�<���xt.�¼� �P¯ý�x�z�xt.�¼� �z¯ä�z�z�zt.�{� �U¯ �x�z�zt.�¼�
� �z¯ �x�z�zt.�{� � ¯ �x�z�zt.�{� �z¯ä���x�zt.�¼� �z¯ä�z�z�zt.�¢�
� �z¯ý�����xt.�¼� �z¯ý�<�:�zt.�¼� �z¯ä�z���xt.�{� �z¯ä�z�P�:t.�¼�
� �P¯ý�p���zt.�¼� �P¯ �z�z�xt.�{� �P¯ä�z�z�zt.�{� � ¯ä���x�zt.���

R vx¡U�lWÍ�z� K��©nzV'w�vxibj�`cnxd(nxÆueÇ$Ì vxdU| �5icjl�zj�dU��Nnzi5��� I acW�`ba}NfUdP~�a�jlnzdU`

X [HW�vxd�W�icibnzi [HvpÎ>¯GW�icibnzi
u²Ç$Ì �	ibj��zjldU� ueÇ$Ì �5ibj��zjldU�

5 × 5
�z¯ä���x�zt��¬� �P¯ �x�z�zt.��� �P¯ä�z�z�zt��¬� � ¯ä�z�P��t �5�

6 × 6
�P¯°�:���xt��5� �U¯ä�����zt �5� �z¯ä���x�zt��¬� �z¯ �?�z��t �¬�

7 × 7
� ¯ �x�z�zt��5� � ¯ �x�x��t.��� �z¯ä���z�xt��¬� � ¯ä�z����t �5�

8 × 8
� ¯ �z�z�xt.��� �P¯ä�z�z�zt.��� �U¯ä���z�xt��5� �z¯°�:����t �5�

9 × 9
� ¯ ���p��t.�{� � ¯°�:���xt.�¼� �<¯ �P�:�xt.��� �z¯ä�z���xt.���

10 × 10
� ¯ � �:�zt.�{� � ¯ �z�x�xtÆ�¼� �z¯ä�x���zt.��� �z¯ä���x�zt.���

R.v�¡U��W����/K rZwUwUibn�ÎPjlV�vpa�j�nxd(W�icibnzic`$Nnxie��� I u²v�`ba�ibj��zjld�NfUdU~�a�jlnzd

a¢¨}j�~�WCvx`Z vx`{a5vx`Zu²Ç©Ì©¯O¿en:¨©W�ªzW�i�Ã±a�SUW¬vx¡U`cnx��fPacW�a�jlVhW�`Zv�icWC`bV�v�����W�dUnxfU�zS¦a�n�V�vx¥�W
a�SUjl` |Ujl`bacj�dU~�a�j�nxd�jlicibW���W�ª�vxd�a�ÃpW�`cwyW�~�j�vx�l�l_8¨}SPW�dCacSUW�wPicnz�zicvxV'` v�icW�¨}ibjlaba�W�d�j�dCÌ�nzibaci�vxd±¯
R)SUWZv�wUwUicn�Î j�Vhv�acj�nzd¬W�icibnzic`JNnziÆa�SPW8��� I u²vx`{a�ibj��zjld¬NfUdU~�acj�nzdhvx`J`cSPn�¨}dhj�d'R.v�¡U��W5���<¯

¢dËa�SUjl`CW¶ÎUv�VhwU�lWxÃ��5ibj��zjldU��j�`C`bW�W�d acn�wyW�i{NnzicV ¡yW�acacW�iCacS�vxdÄueÇ$Ì©¯ 
¢dÄÌ.jl�zfUibWH���<Ã
a�SUW5ibW�~�nxdU`bacicfU~�a�W�|�NfUdU~�a�j�nxd�¨}j°a�S

7 × 7
|�v�a�v�wynzj�d�ac`)j�`$`bSUn:¨}dHNnzi$¡ynxacSHueÇ$Ì vxdU|

�	ibj��zjldU�U¯�ÅËW5dPnxa�jl~�WZacS�v�aeueÇ$ÌÊS�vx`)wyn nxi$vx~�~�fUicvx~�_(dPW�vxi$¡ynzfUdP|�vxicjlW�`�#ä��$ëÃP¨}SUjl~�S�jl`
wUicnz¡Uvx¡U�l_'a�SPW�ibW�vx`bnzd(Nnzi)jlac`$wyn nzi$vxwUwUibn:Î jlV�v�acj�nzd�wUicnzwyW�i{a¢_zÃP¨}SPj���W �	ibj��zjldU�¬`bW�W�V'`
a�nÍw>W�ibNnzibV�V¬fP~�SH¡yW�aba�W�i}W�ªzW�i{_?¨}SUW�ibWx¯

NON (
P4QSRUTUVXWUYXZ�[�\
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Ì.j��zfPicW��:��K0ueÇ$Ì � �lW�öa ��vxdU| �5icjl�zj�dP� � ibj��zS�a ��vxwUwPicn�Î j�Vhv�a�jlnzdU`�fU`cjldU�
7 × 7

|�v�a�v
w>nzjld�a�`

� � ��& & �	�%/

ÅËW8SUv:ªxW5a�W�`{a�W�|�icvx|Uj�vx�>¡Uvx`cjl`©NfUdU~�a�j�nxd(vxdU|(¥?icjl�zj�dP�CNnzi©jld�a�W�ibw>nx��v�acj�nzd'nx�NfUdU~�a�j�nxdU`
�zjlªxW�dÄv�|Pj�`c~�icW�a�W0`bW�a�nx}|Uv�a�vP¯HR)SUW(v�aba�W�d<fUv�a�jlnzdË vx~�a�nzi�j�dËicvx|Uj�vx�J¡�vx`cjl`�NfUdP~�a�jlnzd
VhW�a�SUn<|Èjl`h`bW�W�dÉacnËS�v�ªxW¦~�nzdP`cj�|PW�i�v�¡U��WHj�V'w�vx~�a'nzd a�SUW�vx~�~�fUi�v�~�_z¯ r]ª�vx�lj�|�v�acj�nzd
VhW�a�SUn<|Êa�n«nzw a�j�V'j�¤�W'acSUW�v�aba�W�d?f�vpa�j�nxdÊ vx~�acnzi¬j�`�fU`cW�|Èv�dU|ÄNnzfUdU|Êacn«�zjlªxW0¡>W�acacW�i
vx~�~�fUi�vx~�_(~�nxVhw�v�icW�|(acn'~�SPn nz`bj�dU�Íj°a}j�d�vxd�W�V'wUj�ibj�~�vx�>VhvxdUdPW�i�¯ R)SPW�wUvxi�vxV'W�acW�ib`ejld
a�SUW0~�nzicibW���v�a�jlnzdÂNfUdP~�a�jlnzdËNnzi�¥?icj��xj�dU�¦jl`C|UW�a�W�icV'j�dUW�|Ê¡�_ÊVhvpÎ j�V'j�¤�jldU�(a�SUW(wPicnz¡�v��
¡Uj��ljla¢_�|UW�dU`cj°a¢_«nx a�SPW��zjlªxW�d®|�v�a�vP¯�ÌQnxi5vxd®�p� |Uj�V'W�dU`bj�nzdUvx�%vxW�ibn |P_<d�v�Vhjl~CwUibnz¡U��W�VHÃ
¡>nxacS®u²Ç©ÌÉvxdU|®¥?icjl�zj�dU�hVhW�a�SUn<|U`Z_<jlW���|PW�|«`cjlVhjl��vxi}ibW�`cfP�la�`�¯C¿en:¨©W�ªzW�i	¥?icjl�zj�dP�(vx��`bn
wUicn:ª<j�|UW�` vxd¬W�`bacj�Vhv�a�W�nx�a�SUW©~�n:ª�vxicj�vxdU~�WG¨}SUj�~�S�~�vxd�¡yW$fU`cW�NfU� acn8|UW�a�W�ibVhjldUW�acSUW)vx~¶�
~�fUicvx~�_�nx acSUWCV'n |PW��¾¯}Ç�nxa�S�a�SUW�VhW�a�SUn<|U`ZSUv:ªxW¬¡yW�W�d�j�V'wU��W�VhW�d?acW�|�j�d�a�SUW�`cS�vxwyW
nzwPa�jlVhjl¤�v�acj�nzdËwU��v�abNnzicVEÌ r8[¦q	^ r v�dU|ÈwUibnzV'j�`cjldU�«icW�`cfU�°a�`'S�v�ªzWH¡>W�W�dÈnx¡Pa�vxjldUW�|O¯
[HW�a�vxVhn<|UW���`8S�v�ªxW�vx�l`cn�¡yW�W�d§fU`bW�|Ëjld®v�acicfU`{ab� icW��xj�nzd¦NicvxVhW�¨©nxic¥«vxdP|®¨}jl��� ¡>WÍicW¶�
w>nzi{a�W�|�jld�v�Nnxiba�SP~�nzV'j�dU��wPfU¡U��jl~�v�acj�nzdO¯

���ON�� ù



�Â»�º¾¹x½�·��<»�� ³����®¹<»�µ�·��
	��y¹x½���¬·��yº��ö½����:¹xº��¾·�� ���

+����h��������#}�(!�#}& #}���%

R)SUj�`}¨©nxic¥(S�vx`e¡yW�W�d�`cfUwUwynzi{a�W�|H¡�_HrZXZuÀj�d�a�SPW�NicvxVhW�¨©nxic¥(nxÆu²XeR}s �x�z���¬wUibn��
�zi�vxV�¯

+ �Â#}±� * �����������C��

�z¯es�j�dUW�vxi©NfUdU~�a�jlnzd�j�d®��� I

f(x) = 2x + 1, x ∈ [0, 2]

� ¯ � f�vx|Uicv�a�jl~ZNfUdU~�a�j�nxd�jld®��� I

f(x) = x2 + x + 1, x ∈ [0, 2]

�P¯²^ j�dPW8NfUdU~�acj�nzd�jld§��� I

f(x) = sin(2πx), x ∈ [0, 2]

�U¯ � f�vx|Uicv�a�jl~��¢`bj�dUW²NfUdU~�acj�nzd�jld§��� I

f(x) = x(1 − x) sin(2πx), x ∈ [0, 2]

� ¯
d
�¢|UjlVhW�dU`cjlnzd�vx�>uevx`bacicj��xj�d�NfUdP~�a�jlnzd

f(x) = 10d +
d

∑

i=1

[

x2
i − 10 cos(2πxi)

]

� # * #$� #}���©#}

#°� $�ÇZ¯�rZ¡ynzfhtJ�y[Hv�ob|±Ã u�¯ I f ª jl�zdUW�vxf�v�dU|��P¯ �¢r�¯ I g�`bj�|Ug�icjëÃ��¢r)W�ibn |P_<d�v�Vhjl~}^ S�vxwyW
q5w a�j�V'j�¤�v�a�jlnzd0fU`bj�dU�hv'ÌQfP����vxdU|�r)|�vxw a�jlªxW¬[�fU�lacj���W�ªzW���rZ���xnzicj°a�SUV
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R r � �©nxdPNW�ibW�dU~�W I W�`cjl�zdÊq8wPacj�V'j�¤�v�a�jlnzd K�[HW�a�SUn<|U`�vxdU|§rZwUwU�lj�~�v�a�jlnzdU`�Ã �$vp�
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# ��$ I j�ib¥hÇ��U~�SUWxÃQXej�~�nz�yX�¯�^<~�SUi�vxfP|Unz��wPS(vxdU|�m%W�a�ibnz`��enzfUV'nzfPa�`cvx¥xnx`�Ã �¢r)~�~�W���W�i�v�a{�
j�dU�hW�ªznx��fPacj�nzd�v�ib_�vx�l�znzicj°a�SUV'`)¨}jlacSML	vxfU`c`bj�vxdHwUicn<~�W�`c`8ÁUacdUW�`b`ZNfUdU~�a�jlnzd�V'n |<�
W���`���Ã 
¼tJtGtHR icvxd±¯:nzd�^<_<`bacW�V'`�Ãx[�vxd±Ã�vxdU| ��_<¡yW�icdPW�a�jl~�`±�>m.v�iba��3K:rZwPwU��jl~�v�acj�nzdU`
vxdU|HueW�ª jlW�¨}`�Ã � nz�¾¯��z� Ã�X²nP¯Q� Ãy[�v�_��x�x��� ¯

#ä��$�[Â¯ I ¯©Ç©fUSUVhvxdUdOÃ �¼u²v�|Uj�vx�}¡�v�`cj�`hNfUdU~�acj�nzdP` 	�Ã��3�º¾¹��Z´ ½�»�µU��c¹xÃ � nz�ë¯©�PÃ)wPw±¯
���¼�z� ÃQ�x�z�z� ¯

# � $	R)j�vxdUwPj�dU� �©SUW�d0vxdU|huenz¡yW�i{a��©SPW�d±Ã��¼r²wUwUicn�Î j�Vhv�acj�nzdÍ~�v�w�vx¡Ujl��jla¢_�a�n	NfUdU~�a�j�nxdU`
nx$`bW�ªzW�i�vx�Jª�vxicj�vx¡U�lW�`�Ã�dPnzdU��jldUW�v�i8NfUdU~�acj�nzdUvx��`�Ã�vxdU|§nzw>W�i�v�acnzic`	¡�_®i�v�|Uj�vx�.¡�vx`cjl`
NfUdU~�acj�nzd�dUW�fUicvx�%dUW�a¢¨�nzic¥?`���Ã	��� � � 
Pµb¹
�P³�¹/�º��¾·��P³�·��
��»�´<µb¹
�	��»�º��©·pµ��:³�Ã � nz�¾¯
�PÃ 
¢`c`bfUW��PÃ±�:�z���<¯

# ��$ �Í¯ I W�¡±ÃM��´�� º�� ��� ��»��º�� �x»�� �yº��ö½����:¹xº��¾·��3´�³����<¸ � �x·�� ´<º��¾·��y¹xµU	��3� ¸<·pµU�öº��<½C³�Ã
�xnzSUd�Å j���W�_(vxdP|�^<nzdU`�Ã>�x�x�P�z¯

#ä��$�[Hj�~�S�v�W��$t V'VhW�icjl~�S±Ã �8_<icj�vx¥xnz` L	j�vxdUd�v�¥xnz�z�lnzfÂvxdU|ÄÇ©nxicj�`CXZvxf�obnz¥?`�Ã �{^ j�dU�x��W��
vxdU|®V¬fU�°a�j°� nz¡<obW�~�a�j°ªzW�W�ªznx��fPacj�nzd�v�ib_HnzwPa�jlVhjl¤�v�acj�nzdHvx`b`cj�`{a�W�|§¡�_ML�vxfP`c`cj�vxd«i�v�d �
|UnzV ÁUW���| V'W�a�vxVhn<|UW���`��pÃ���� � �3º µc¹
�P³ �8»��x·�� � �·p½3�y´<º ��Ã � nz�ë¯©�:� Ã�XenU¯.�PÃGwPw±¯
�?� ��� ���z�PÃU�x�z�z�P¯

# ��$�ÇZ¯yÌQnxicd?¡>W�ic�UÃ�R5¯�r�¯ I icjl`c~�nx���¾Ã LÍ¯UÅÂicjl�zS�aevxdU|�u�¯ �©S�v�ic��W�`�Ã �{q5¡P`cW�i{ª�v�a�jlnzdU`}nzd
a�SUW¦¡yW�SUv:ª<jlnzi�nx	icvx|Uj�vx�}¡�vx`cjl`�NfUdU~�a�jlnzdÉvxwPwUicn�Î j�Vhv�a�jlnzdU`'dUW�v�i�¡ynzfUdU|�v�icj�W�` 	�Ã
� ·p½3� � �®¹xº�� � � �öº���� � � � � nz�¾¯P���PÃ 
¢`b`cfUW�`Z�p�¼� Ã�m vx�zW�`}�?���p�¢���x�PÃ��x�x��� ¯

#ä��$�ÇZ¯�Ì�nzicd?¡yW�ib��vxdU| LÍ¯yÅËibj��zS�a�Ã �b^?a�vx¡U�lW¬~�nxVhwUf a�v�acj�nzd¦n��VCfU�lacj°�¢k?f�v�|Uicjl~�jld?acW�i¼�
w>nz��vxd�a�`JNnziGvx���Uª�vx�lfUW�`Gnx±acSUWe`cS�vxwyWZwUvxi�vxV'W�acW�i 	�Ã � ·p½3�y´ º¢»�µ�³8¹
� � �«¹xº���»�½'¹xº��
���³"� �öº���� � � � ��c¹xº��¾·��P³�Ã � nz�¾¯ ���PÃ�wUwO¯Q���x�p�¢�z��� ÃP�x�z�x�P¯

#ä��$ �Í¯ �Z¯ L	j�vxdUd�vx¥�nz�z�lnzf±Ã � I W�`bj��zd nxÄnzwPacj�Vhvx�®vxW�icn<|P_<d�vxV'j�~ `cS�v�w>W�` fU`cjldU�
`ba�n<~�S�vx`{a�jl~(nzwPa�jlVhjl¤�v�acj�nzd§V'W�a�SPn |U`¬vxdU|Ä~�nxVhwUf a�v�acj�nzd�v���jld?acW��l��j��xW�dU~�W���Ã �©µ�·c¸ �
�8»�µ�·���� �����Ã � nz�ë¯��z�PÃPwUw±¯����p�¼�x�PÃU�x�z��� ¯

#°�:��$���¯ �xjld±Ã �¢r ~�nzVhwPicW�SPW�dU`bjlªzW5`bfUibªxW�_(n�%ÁPa�dUW�`c`}vxwUwPicn�Î j�Vhv�a�jlnzd�jld0W�ªxnz��fPacj�nzdUvxib_
~�nzV'wUfPa�v�a�jlnzd	��Ã<j�d��±·��¶º � ·p½3�y´<º����<¸ ��� �O´?³��¾·��«·�� �%·p´/� ��¹xº��¾·��P³��O�Â»�º���·��<·���· �
¸
�¾»�³�¹
� ��� � � � ��c¹xº��¾·��P³�Ã � nx�¾¯��PÃUX²nU¯��zÃ�^ wUicjldU�zW�i�ÃQ�x�x��� ¯

#°�z� $�t}¯ �	vxdU`cvPÃ �b[�nxa�j°ªxvpa�j�nxd NnxihfU`bj�dU�Âi�vx|Pj�vx�)¡�v�`cj�`ÍNfUdU~�a�jlnzdU`Ía�nË`bnz�lªxW¦m I t ` 	�Ã
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#°����$�t}¯zs%v�ic`c`bnzdÍvxdU|ÍÇ²¯zÌ�nzicd?¡yW�ib�UÃ �¼rÈd<fPVhW�icj�~�vx�<`ba�fP|P_�nxQ`bnzVhW©i�vx|Uj�vx�<¡�vx`cjl`.NfUdU~¶�
a�j�nxd�¡�v�`cW�|�`cnz�lfPa�jlnzd	VhW�a�SUn<|U`�Nnzi�W��l��jlwPa�jl~ m I t ` 	�Ã � ·p½3�y´ º¢»�µ�³$¹
� �3�«¹xº���»�½'¹xº��
���³"� �öº���� � � � ��c¹xº��¾·��P³ � nz�ë¯P��� Ã�X²nU¯y�:�¼�PÃUwPw±¯Q�z�P���¢�z��� ¯P^ W�wPa�¯y�x�x�z�P¯

#°�:��$�t}¯ s�vxic`b`cnzdÊvxdU|ÊÇ²¯ Ì�nzibd?¡>W�ic�UÃ �¼R)SUW�nzicW�a�j�~�vx�GvxdU|Â~�nzV'wUfPa�v�a�jlnzd�vx�Jvx`bw>W�~�ac`Cnx
V¬fU�lacjlª�vxibj�v�acW(j�d�a�W�icwynz��v�acj�nzdÄ¨}j°a�SÈjldU~�ibW�vx`bj�dU�x�l_ !Qv�a�i�vx|Pj�vx�)¡�v�`cj�`'NfUdU~�a�j�nxdU` 	�Ã
� ·p½3�y´ º¢»�µ�³)¹
� ���«¹xº���»�½'¹xº����³'� �öº���� � � � ��c¹xº��¾·��P³�Ã � nz�¾¯����PÃpwUw±¯��:�z�����:�z� Ãp�x�z��� ¯

#°��� $ I v�ª jl| �P¯ �Z¯�[�v�~�¥�v�_xÃ �(L�v�fU`c`bj�vxd«m ibn ~�W�`c`bW�` K�r icW�wP��vx~�W�V'W�d�a5NnziZ`bfUwyW�ibª<jl`cW�|
dUW�fUicvx��dUW�a¢¨©nzib¥?`�� ��Ã

#°����$�¿�¯>XZvx¥pv�_�vxVhvPÃ>[Â¯yrZicvx¥pv:¨©v�v�dU|«u	¯O^ vx`�vx¥?jëÃ �¢r ~�nzV'wUfPa�vpa�j�nxd�vx��j�d�acW����lj��zW�dU~�W
vxwUwUibn�vx~�S�acnCnzwPacj�V'j�¤�v�a�jlnzd¬¨}jlacS�fUdU¥?dUn:¨}d(nz¡?obW�~�acjlªxWZNfUdU~�a�j�nxdU`���Ã �Zµ¶º�� ��� ��»�´ �
µc¹
� ��»�º�� ��Ã�wUw±¯y�x�p�¢�z�PÃU�x�z�P�z¯

#°�:��$���¯y^>¯Qq8dU�PÃ�m ¯QÇZ¯UXZvxjli�ÃUr�¯ �P¯ �5W�vxdPW�v�dU| ��¯PÅ ¯ ÅËnzdP�UÃ �b^<fUicibnz��v�acW��¼v�`c`cjl`bacW�|
W�ªznx��fPacj�nzd�v�ib_'nzwPacj�V'j�¤�vpa�j�nxdÍNicvxV'W�¨�nzic¥?`©NnziGSUjl�zS � ÁU|UW��ljla¢_ÍW�dP�zj�dUW�W�ibj�dU�¬|PW�`cjl�zd
wUicnz¡P��W�V'`��pÃ��"�O·��E��» �:¸<»��U�4�·pµ ��·pµc¹xº��¾·��J��� � �x·�� ´ º��¾·��y¹xµU	 � ·p½3�y´ º¾¹xº��¾·���Ã W�|Uj �
a�nzi K���¯ �xj�d±ÃP^<acfU|Uj�W�`$j�d�Ì�fU¤�¤�j�dUW�`c`)vxdP|�^ nxöa��©nzVhwPfPa�jldU��^ W�icjlW�`�Ã wUw±¯P�z�����¢�z�P�zÃ
^ wUicjldU�zW�i � W�ic��vx�UÃQ���z�x�U¯

#°����$�^ ~�SUV¬fUW��Pu}j�wPw�vPÃ �¼r²d¬vx�l�znzicj°a�SUV Nnzi�`cW���W�~�a�jldU�²ve�zn<n<|�ª�vx�lfUWÆNnzi�a�SUWGw�vxicvxV'W�a�W�i
c
j�d�icvx|Uj�vx� ¡Uvx`cjl`.NfUdU~�a�j�nxd�j�d�a�W�icwynz��v�acj�nzd ��Ã)����� � � ·p½3� � �®¹xº�� ��Ã � nz�ë¯P�z�zÃP�:�z�z�P¯

#°�:��$ �P¯p^Pvx~�¥?`�ÃxÅ ¯ �P¯�ÅÂW��l~�S±ÃpR5¯ �P¯p[�jla�~�SPW����?v�dU|C¿�¯�m ¯�Å§_<dUd±Ã � I W�`bj��zd�vxdU|�vxd�v��l_<`cjl`
nx ~�nxVhwUf a�W�i}W¶ÎPwyW�ibj�V'W�d�a�` 	�Ã	�Qº ¹xº���³�º���c¹
�	� ��¾»��4�»�Ã � nx�¾¯��UÃyX²nP¯��UÃQwUw±¯y���z�p� ����� Ã
�:�z�z�P¯

#°�:��$�u�¯ ^ ~�S�vx¡�v�~�¥yÃ �{u}W�~�nzdU`{a�icfP~�a�jlnzd nx [�fU�lacjlª�vxicj�v�a�W Ì�fUdU~¶�
a�j�nxdU` Ì�ibnzV ^ ~�v�aba�W�icW�| I v�a�v 	�Ã v�ª�vxjl��vx¡U�lW nzd acSUW jld?acW�ibdUW�a v�a
�
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# �x��$ � ¯<R nzib~�¤�nzd0vxdP|�[Â¯�Å ¯ R%icnx`c`cW�a�Ã �{Y²`bj�dU��vxwUwPicn�Î j�Vhv�a�jlnzdU` a�nCvx~�~�W���W�i�v�acW²W�dU�zj �
dUW�W�icj�dP��|PW�`cjl�zd�nzwPacj�V'j�¤�v�a�jlnzd 	�Ã 
{^U^P[¦q�xX²r8^ r Ì.j�ib`ba�
¢d�acW�icdPW�a �©nzdPNW�icW�dP~�W}nzd
rZwUwUibn�ÎPjlV�vpa�j�nxdU`5vxdU|§ÌQvx`{a	ueW�vxd�vx�°_<`cj�`5jld®t dU�zj�dPW�W�ibj�dU��q8wPacj�V'j�¤�v�a�jlnzd±Ã �xfUdUW
�����{�x� ÃO�:�x�z�P¯

# � � $ LÍ¯ � W�d?acW�i�vxdU| �P¯G^y¯©^<nz¡Uj�W�`c¥?j¾Ã �{m vxibacj�~��lW(`b¨©vxicV nzw a�j�V'j�¤�v�a�jlnzd 	�Ã�� �$� ��� ��Ã
� nz�¾¯U�P�zÃ�X²nP¯��PÃy�x�z�x�P¯

NON (
P4QSRUTUVXWUYXZ�[�\



�z� ��µc¹��x»�»������	´�� �°¸
�O»c¹x´

# �z��$�¿�¯�ÅËW�dU|U��v�dU|±Ã �{[HW�`bSU��W�`c`6L�vx�lW�ib¥<jld¬[�W�a�SPn |U`.Y²`bj�dU�Zu²vx|Pj�vx�?Ç$v�`cj�`.Ì�fUdU~�acj�nzdP` 	�Ã
�®¹xº���»�½'¹xº����³�·�� � ·p½3�y´ º¾¹xº��¾·���Ã � nz�¾¯��x�PÃ�X²nP¯Q�z�x�PÃPwUw±¯����z�<���������P�zÃy�:�z�z�P¯

# �x��$ �Z¯ �Í¯ 
�¯hÅ j����lj�vxV'`�Ã �{m icW�|Uj�~�a�jlnzd�¨}jla�S9L	vxfU`b`cj�v�d wPicn<~�W�`b`cW�`�K ÌQibnzV �lj�d �
W�vxi�ibW��zibW�`c`bj�nzd acn �lj�dUW�vxi wPicW�|Pj�~�acj�nzd v�dU| ¡>W�_znzdU| 	�Ã R%W�~�SUdPj�~�v�� ueW�w>nzi{a
X �$uEL �x�������P��� ÃPX²W�fPi�vx�)�©nxVhwUf a�j�dP�ÍvxdU|�ueW�`cW�vxic~�S L	ibnzfUw±Ã I W�wPa�¯�nx �©nzVhwO¯
^ ~�jë¯�vxdU|�rZwUwO¯y[�v�a�SO¯lÃ�r²`ba�nxd�YedUjlªxW�ic`bjla¢_xÃQÇ©j�ibVhjldU�zS�vxV�ÃQ�:�z���<¯

# ��� $��.¯z[Â¯�ÅÂf�vxdU|�u	¯�^ ~�S�vx¡Uvx~�¥QÃ �{s�n ~�vx�?W�ibicnzi W�`bacj�Vhv�a�W�`%Nnxi icvx|Uj�v��<¡Uvx`cjl`%NfUdP~�a�jlnzd
j�d�a�W�icwynz��v�acj�nzd�nxÆ`c~�vpaca�W�icW�|«|�v�a�v 	�Ã ��� � � � �Z´ ½�� �3�y¹
� ��Ã � nz�¾¯��:� ÃOXenU¯��zÃ>wPw±¯
�:�p�{�x� ÃO�:�x�z�P¯
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�<¯ý� q5w a�j�V'j�¤�v�a�jlnzd�n�Æv�aba�W�d<fUv�a�jlnzd( vx~�acnzi ¯�¯�¯�¯�¯�¯�¯�¯	¯�¯�¯�¯�¯�¯�¯�¯ �
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� ¯ý�<¯l� ��� I acW�`{aeNfPdU~�acj�nzdU`�¯�¯�¯�¯	¯�¯�¯�¯�¯�¯�¯�¯�¯�¯	¯�¯�¯�¯�¯�¯�¯�¯ ���
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� � � �%��� /N� - � � Õ � Ñ ��� � Õ Ö Ñ $ë� ! �
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